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ʦʩʦʙʣʠʚʦʩʪʷʤʠ ʮʠʭ ʝʣʝʤʝʥʪʽʚ ʪʨʝʙʘ ʣʠʰʝ ʥʘʚʝʩʪʠ ʧʨʠʢʣʘʜʠ ʾʭ ʚʠʢʦʨʠʩʪʘʥʥʷ. ɺ 

ʜʦʢʫʤʝʥʪʘʮʽʾ ʚʦʥʠ ʻ, ʘʣʝ ʯʘʩʪʦ ʚʽʜʥʦʩʷʪʴʩʷ ʜʦ ʬʽʟʠʯʥʠʭ ʤʦʜʝʣʝʡ, ʷʢʽ ʟʨʦʟʫʤʽʣʽ 

ʥʝ ʚʩʽʤ ʢʦʨʠʩʪʫʚʘʯʘʤ. ɺ ʥʘʰʦʤʫ ʧʦʩʽʙʥʠʢʫ ʤʠ ʩʧʨʦʙʫʚʘʣʠ ʥʘʚʝʩʪʠ ʜʦʩʪʘʪʥʴʦ 

ʧʨʦʩʪʽ, ʟʨʦʟʫʤʽʣʽ ʙʽʣʴʰʦʩʪʽ ʯʠʪʘʯʽʚ, ʧʨʠʢʣʘʜʠ. 

  ʇʦʜʘʥʥʷ ʤʘʪʝʨʽʘʣʫ ʧʦ ʛʣʘʚʘʤ ʟʨʦʙʣʝʥʦ ʚʽʜʥʦʩʥʦ ʩʘʤʦʩʪʽʡʥʠʤ, ʪʦʤʫ ʤʦʞʝʪʝ 

ʥʝ ʭʚʠʣʶʚʘʪʠʩʷ ʯʝʨʝʟ ʟʘʡʚʫ ʟʘʣʝʞʥʽʩʪʴ ʨʦʟʜʽʣʽʚ ʦʜʠʥ ʚʽʜ ʦʜʥʦʛʦ. ɸʣʝ 

ʟʥʘʡʦʤʩʪʚʦ ʟ ʧʝʨʰʦʶ ʛʣʘʚʦʶ ʧʦʩʽʙʥʠʢʘ ʧʦʪʨʽʙʥʦ. ʆʩʦʙʣʠʚʦ ʮʝ ʩʪʦʩʫʻʪʴʩʷ 

ʜʦʤʦʚʣʝʥʦʩʪʝʡ ʩʢʦʨʦʯʝʥʦʛʦ ʧʦʟʥʘʯʝʥʥʷ ʽʥʩʪʨʫʢʮʽʡ, ʷʢʽ ʥʘʚʝʜʝʥʦ ʚ ʧ. 1.4 

[ http://geometry.karazin.ua/~Dolya/documents: ɼʦʣʷ ʇ. ɻ. ʆʩʥʦʚʠ ʤʦʜʝʣʶʚʘʥʥʷ ʚ 

COMSOL Multiphysics. ɻʣʘʚʠ 1 ï 3. ï ʍ.: ʍʅʋ ʤ̔. ɺ.ʅ. ʂʘʨʘʟʥ̔ʘ, 2019. ï 529 ʩ.] 
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4. ɸʣʛʝʙʨʘʾʯʥʽ ʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ. 

ʇʨʠ ʧʦʙʫʜʦʚʽ ʤʦʜʝʣʝʡ ʚ  COMSOL Multiphysics ʯʘʩʪʦ ʟʘʩʪʦʩʦʚʫʶʪʴʩʷ ʟʤʽʥʥʽ. 

ʂʦʣʠ ʚʦʥʠ ʟʘʜʘʶʪʴʩʷ ʷʚʥʦ, ʪʦ ʜʣʷ ʥʠʭ ʚ ɼʄ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʚʫʟʣʠ Variables. 

ʆʜʥʘʢ ʽʥʢʦʣʠ ʟʤʽʥʥʽ ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʽ ʩʧʽʚʚʽʜʥʦʰʝʥʴ, ʷʢʽ ʤʦʞʫʪʴ ʙʫʪʠ 

ʧʨʝʜʩʪʘʚʣʝʥʽ ʪʽʣʴʢʠ ʘʣʛʝʙʨʘʾʯʥʠʤʠ ʘʙʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ. ɺ ʪʘʢʠʭ 

ʚʠʧʘʜʢʘʭ ʟʘʤʽʩʪʴ ʟʤʽʥʥʠʭ ʤʠ ʦʪʨʠʤʫʻʤʦ ʥʝʚʽʜʦʤʽ, ʷʢʽ ʪʨʝʙʘ ʨʦʟʰʫʢʫʚʘʪʠ ʟ ʮʠʭ 

ʜʦʜʘʪʢʦʚʠʭ ʨʽʚʥʷʥʴ, ʚʢʣʶʯʘʶʯʠ ʾʭ ʜʦ çʦʩʥʦʚʥʦʾè ʤʦʜʝʣʽ. ɿʚʽʩʥʦ, ʱʦ ʘʣʛʝʙʨʘʾʯʥʽ 

ʽ ʟʚʠʯʘʡʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ ʤʦʞʫʪʴ ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʽ ʷʢ ʩʘʤʦʩʪʽʡʥʽ 

ʟʘʜʘʯʽ. 

  ʄʝʪʦʶ ʮʽʻʾ ʛʣʘʚʠ ʻ ʦʧʠʩ ʽʥʩʪʨʫʤʝʥʪʽʚ COMSOL Multiphysics, 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʥʠʭ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʘʣʛʝʙʨʘʾʯʥʠʭ (ɸʈ) ʪʘ ʟʚʠʯʘʡʥʠʭ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ (ɿɼʈ),  ̔ ʾʭ ʩʠʩʪʝʤ, ʥʝʟʘʣʝʞʥʦ ʚʽʜ ʪʦʛʦ, ʻ ʚʦʥʠ 

çʦʩʥʦʚʥʠʤʠè ʯʠ ʜʦʜʘʪʢʦʚʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ʤʦʜʝʣʽ. 

  ʉʧʦʯʘʪʢʫ ʙʫʜʝ ʨʦʟʛʣʷʥʫʪʦ ʤʝʪʦʜʠʢʫ ʨʦʟʚôʷʟʘʥʥʷ ʘʣʛʝʙʨʘʾʯʥʠʭ ʩʠʩʪʝʤ ʪʘ 

ʟʘʜʘʯ ʂʦʰʽ ʜʣʷ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ, ʷʢʽ ʥʝ ʤʽʩʪʷʪʴ ʧʨʦʩʪʦʨʦʚʠʭ 

ʢʦʦʨʜʠʥʘʪ. ʇʦʪʽʤ ʙʫʜʝ ʨʦʟʛʣʷʥʫʪʦ ʨʦʟʧʦʜʽʣʝʥʽ (distributed, ʧʨʦʩʪʦʨʦʚʦ ʟʘʣʝʞʥʽ) 

ʘʣʛʝʙʨʘʾʯʥʽ ʪʘ ʟʚʠʯʘʡʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ, ʷʢʽ ʦʧʠʩʫʶʪʴ ʥʝʧʝʨʝʨʚʥʽ 

ʩʠʩʪʝʤʠ ʙʝʟ ʧʨʦʩʪʦʨʦʚʦʾ ʚʟʘʻʤʦʜʽʾ. ɺ ʪʘʢʽ ʨʽʚʥʷʥʥʷ ʥʝ ʚʭʦʜʠʪʴ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʦ ʧʨʦʩʪʦʨʦʚʠʤ ʢʦʦʨʜʠʥʘʪʘʤ, ʘʣʝ ʚʽʜ ʢʦʦʨʜʠʥʘʪ ʤʦʞʫʪʴ 

ʟʘʣʝʞʘʪʠ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʴ ʘʙʦ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ. 

  ɺ ʪʝʨʤʽʥʦʣʦʛʽʾ   COMSOL Multiphysics ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʽ ʟʘʜʘʯʽ 

ʚʽʜʥʦʩʷʪʴʩʷ ʜʦ ʪʠʧʫ ʥʫʣʴʚʠʤʽʨʥʠʭ, ʙʦ ʾʭ ʤʦʞʥʘ ʽʥʪʝʨʧʨʝʪʫʚʘʪʠ ʷʢ 

ʦʙʯʠʩʣʶʚʘʥʥʷ ʟʥʘʯʝʥʴ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ ʚ ʪʦʯʢʘʭ. ʅʘʚʧʘʢʠ, ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ 

ʨʦʟʧʦʜʽʣʝʥʠʭ ʨʽʚʥʷʥʴ ʧʦʪʨʽʙʥʦ ʙʫʜʫʚʘʪʠ ʧʨʦʩʪʦʨʦʚʽ ʤʦʜʝʣʽ. 

  ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʠʭ ʽ ʨʦʟʧʦʜʽʣʝʥʠʭ ʨʽʚʥʷʥʴ 

ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʨʽʟʥʽ ʽʥʪʝʨʬʝʡʩʠ: 

¶ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ɸʈ ʪʘ 

ʟʘʜʘʯʽ ʂʦʰʽ ʜʣʷ ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʠʭ ɿɼʈ; 

¶ Domain ODEs and DAEs ʽʥʪʝʨʬʝʡʩ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʨʦʟʧʦʜʽʣʝʥʠʭ ʨʽʚʥʷʥʴ; 

ʂʨʘʡʦʚʽ ʟʘʜʘʯʽ ʜʣʷ ɿɼʈ, ʷʢʽ ʤʦʜʝʣʶʶʪʴ, ʥʘʧʨʠʢʣʘʜ, ʬʽʟʠʯʥʽ ʧʨʦʮʝʩʠ ʚ 

ʦʜʥʦʚʠʤʽʨʥʠʭ ʩʝʨʝʜʦʚʠʱʘʭ, ʙʫʜʫʪʴ ʨʦʟʛʣʷʥʫʪʽ ʚ ʥʘʩʪʫʧʥʽʡ ʛʣʘʚʽ. ʆʩʥʦʚʦʶ ʾʭ 

ʨʦʟʚôʷʟʘʥʥʷ ʻ ʤʘʪʝʤʘʪʠʯʥʽ PDE ʽʥʪʝʨʬʝʡʩʠ, ʚʠʢʦʨʠʩʪʦʚʫʚʘʥʽ ʚ ʩʪʘʮʽʦʥʘʨʥʠʭ 

ʦʜʥʦʚʠʤʽʨʥʠʭ ʤʦʜʝʣʷʭ. 

  ʆʪʞʝ ʢʦʣʠ ʚʠ ʤʘʻʪʝ ʩʧʨʘʚʫ ʟʽ ʟʚʠʯʘʡʥʠʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ, 

ʪʦ ʩʧʦʩʽʙ ʾʭ ʨʦʟʚôʷʟʘʥʥʷ ʚ COMSOL Multiphysics ʟʘʣʝʞʠʪʴ ʚʽʜ ʜʦʜʘʪʢʦʚʠʭ ʫʤʦʚ. 
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 ɿʘʜʘʯʘ ʂʦʰʽ, 

ʥʝʤʘ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ 

ʧʨʦʩʪʦʨʦʚʠʭ 

ʢʦʦʨʜʠʥʘʪ. 

ɿʘʜʘʯʘ ʂʦʰʽ, ʥʝʤʘ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʦ 

ʧʨʦʩʪʦʨʦʚʠʤ 

ʢʦʦʨʜʠʥʘʪʘʤ 

ʂʨʘʡʦʚʘ ʟʘʜʘʯʘ,  

ʥʝʤʘ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ 
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ɯʥʪʝʨʬʝʡʩ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩ 

Domain ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩ 

ʄʘʪʝʤʘʪʠʯʥʽ PDE 

ʽʥʪʝʨʬʝʡʩʠ 

ʆʢʨʽʤ  Global ODEs and DAEs   ʽ  Domain ODEs and DAEs   ʽʥʪʝʨʬʝʡʩʽʚ,  

ʚʠʢʦʨʠʩʪʦʚʫʚʘʥʠʭ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʟʘʜʘʯ ʂʦʰʽ ʜʣʷ ɿɼʈ, ʚ COMSOL Multiphysics 

ʽʩʥʫʶʪʴ ʽʥʰʽ ʩʧʝʮʽʘʣʽʟʦʚʘʥʽ ʽʥʪʝʨʬʝʡʩʠ, ʚ ʷʢʠʭ ʟʨʫʯʥʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʦʢʨʝʤʽ ʪʠʧʠ 

ʩʠʩʪʝʤ ɿɼʈ. ʆʜʥʠʤ ʟ ʥʠʭ ʻ Mathematical  Particle  Tracing  ʽʥʪʝʨʬʝʡʩ. 

ʇʨʠʢʣʘʜʠ ʡʦʛʦ ʟʘʩʪʦʩʫʚʘʥʥʷ ʙʫʜʫʪʴ ʪʫʪ ʥʘʚʝʜʝʥʽ. 

  ɹʽʣʴʰʽʩʪʴ ʨʦʟʛʣʷʥʫʪʠʭ ʚ ʮʽʡ ʛʣʘʚʽ ʟʘʜʘʯ ʤʦʞʝ ʙʫʪʠ  ʟ ʫʩʧʽʭʦʤ ʨʦʟʚôʷʟʘʥʘ ʚ 

ʽʥʰʠʭ ʧʨʦʛʨʘʤʥʠʭ ʩʝʨʝʜʦʚʠʱʘʭ. ʆʜʥʘʢ, ʱʦʙ ʟʚʠʢʥʫʪʠ ʜʦ ʽʥʩʪʨʫʤʝʥʪʽʚ ʩʠʩʪʝʤʠ 

ʧʦʪʨʽʙʥʦ ʥʘʚʯʠʪʠʩʷ ʜʦʩʣʽʜʞʫʚʘʪʠ ʨʽʟʥʦʤʘʥʽʪʥʽ ʤʦʜʝʣʽ. 

 

4.1. ɺʠʢʦʨʠʩʪʘʥʥʷ Global ODE and DAEs ʽʥʪʝʨʬʝʡʩʫ. 

ɺ ʮʴʦʤʫ ʨʦʟʜʽʣʽ ʤʠ ʧʦʢʘʞʝʤʦ, ʷʢ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʽ 

ʩʠʩʪʝʤʠ ʘʣʛʝʙʨʘʾʯʥʠʭ ʽ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. ʉʣʽʜ ʨʦʟʫʤʽʪʠ, ʱʦ 

ʩʠʩʪʝʤʘ COMSOL Multiphysics ʟʜʘʪʥʘ ʧʦʻʜʥʫʚʘʪʠ ʟʘʜʘʯʽ ʨʽʟʥʦʾ ʬʽʟʠʯʥʦʾ 

ʧʨʠʨʦʜʠ ʽ ʨʽʟʥʦʾ ʨʦʟʤʽʨʥʦʩʪʽ, ʧʨʠ ʯʦʤʫ ʦʩʥʦʚʥʽ ʜʦʩʣʽʜʞʫʚʘʥʽ ʤʦʜʝʣʽ ʟʚʦʜʷʪʴʩʷ 

ʜʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʚ ʯʘʩʪʠʥʥʠʭ ʧʦʭʽʜʥʠʭ (ɼʈʏʇ). ɿʘʜʘʯʽ, ʱʦ 

ʦʧʠʩʫʶʪʴʩʷ ʩʠʩʪʝʤʘʤʠ ʘʣʛʝʙʨʘʾʯʥʠʭ ʘʙʦ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 

(ɿɼʈ), ʻ ʜʦʧʦʤʽʞʥʠʤʠ. ɿʦʢʨʝʤʘ, ʪʘʢʽ ʟʘʜʘʯʽ ʤʦʞʫʪʴ ʚʠʥʠʢʥʫʪʠ ʚ ʧʨʦʩʪʦʨʦʚʠʭ 

ʤʦʜʝʣʷʭ, ʚ ʷʢʠʭ ʟʦʚʥʽʰʥʽʡ ʚʧʣʠʚ ʟʜʽʡʩʥʶʻʪʴʩʷ ʚ ʪʦʯʢʘʭ ʽ ʚʠʟʥʘʯʘʻʪʴʩʷ, 

ʥʘʧʨʠʢʣʘʜ, ʽʟ ɿɼʈ. ʉʘʤʦʩʪʽʡʥʽ ʤʘʪʝʤʘʪʠʯʥʽ ʤʦʜʝʣʽ, ʷʢʽ ʟʚʦʜʷʪʴʩʷ ʜʦ ʩʠʩʪʝʤ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʘʙʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ, ʢʨʘʱʝ ʨʦʟʚôʷʟʫʚʘʪʠ ʚ ʽʥʰʠʭ 

ʧʘʢʝʪʘʭ, ʥʘʧʨʠʢʣʘʜ, ʚ MatLab, ʟ ʷʢʠʤ ʫ COMSOL Multiphysics ʻ ʪʽʩʥʘ 

ʽʥʪʝʛʨʘʮʽʷ. ʆʜʥʘʢ, ʜʣʷ ʧʦʚʥʦʪʠ ʢʘʨʪʠʥʠ ʽ ʜʣʷ ʪʨʝʥʫʚʘʥʥʷ ʢʦʨʠʩʪʫʚʘʯʘ ʥʘ 

ʚʽʜʥʦʩʥʦ ʧʨʦʩʪʠʭ ʧʨʠʢʣʘʜʘʭ, ʤʠ ʪʫʪ ʥʘʚʦʜʠʤʦ ʦʧʠʩ ʰʣʷʭʽʚ ʨʦʟʚôʷʟʘʥʥʷ ʪʘʢʠʭ 

çʥʫʣʴʚʠʤʽʨʥʠʭè ʟʘʜʘʯ. 

 

4.1.1. ʇʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʽ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ  ̔ʩʠʩʪʝʤʠ.  

ʈʦʟʚôʷʟʘʥʥʷ ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʨʽʚʥʷʥʥʷ (ʘʙʦ ʩʠʩʪʝʤʠ ɸʈ) ʧʦʯʠʥʘʻʪʴʩʷ ʟʽ ʩʪʚʦʨʝʥʥʷ 

ɼʄ ʟʘʜʘʯʽ. ɺʠʙʝʨʽʪʴ ʧʫʥʢʪ ʤʝʥʶ File - > New, ʘ ʧʦʪʽʤ ʚʘʨʽʘʥʪ ʩʪʚʦʨʝʥʥʷ ʤʦʜʝʣʽ 

ʟʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ (Model Wizard). ɺʽʜʢʨʠʚʘʻʪʴʩʷ ʚʽʢʥʦ, ʚ ʷʢʦʤʫ ʦʙʠʨʘʻʪʴʩʷ 

ʧʨʦʩʪʦʨʦʚʘ ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
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ɺʘʨʽʘʥʪ 0D ʦʟʥʘʯʘʻ, ʱʦ ʟʘʜʘʯʘ ʙʫʜʝ ʤʽʩʪʠʪʠ ʟʥʘʯʝʥʥʷ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ ʚ 

ʪʦʯʢʘʭ. ɺʦʥʠ ʤʦʞʫʪʴ ʙʫʪʠ ʥʝʟʤʽʥʥʠʤʠ ʘʙʦ ʬʫʥʢʮʽʷʤʠ ʯʘʩʫ, ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ 

ʪʦʛʦ, ʷʢʝ ʜʦʩʣʽʜʞʝʥʥʷ (study ) ʤʠ ʚʠʙʝʨʝʤʦ (ʩʪʘʮʽʦʥʘʨʥʝ ʘʙʦ ʜʠʥʘʤʽʯʥʝ). 

ʊʠʩʥʝʤʦ ʤʠʰʝʶ ʥʘ ʢʥʦʧʢʫ 0D. ɺʽʜʢʨʠʚʘʻʪʴʩʷ ʚʽʢʥʦ ʚʠʙʦʨʫ ʤʦʜʝʣʽ (Select 

Physics ). ʉʝʨʝʜ ʤʦʞʣʠʚʠʭ ʚʘʨʽʘʥʪʽʚ, ʷʢʽ ʥʘʜʘʻ ʜʝʨʝʚʦ ʽʥʪʝʨʬʝʡʩʽʚ, 

ʨʦʟʢʨʠʚʘʻʤʦ ʛʽʣʢʫ Mathematics . ʇʦʪʽʤ ʨʦʟʢʨʠʚʘʻʤʦ ʧʽʜʛʽʣʢʫ ODE and DAE 

Interfaces  ʽ ʚʠʙʠʨʘʻʤʦ ʚʫʟʦʣ Global ODEs and DAEs(ge) . ʊʫʪ ODEs ʦʟʥʘʯʘʻ 

Ordinary Differential Equations (ʟʚʠʯʘʡʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ) ʽ DAEs - 

Differential Algebraic Equations (ʜʠʬʝʨʝʥʮʽʘʣʴʥʦ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ). 

ɯʥʪʝʨʬʝʡʩ Global ODEs and DAEs  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʩʪʚʦʨʝʥʥʷ 

ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʠʭ ʤʦʜʝʣʝʡ ʟ ʩʠʩʪʝʤʘʤʠ ʘʣʛʝʙʨʘʾʯʥʠʭ ʘʙʦ ɿɼ ʨʽʚʥʷʥʴ.  

 
ʂʣʘʮʥʽʪʴ ʤʠʰʝʶ ʧʦ ʢʥʦʧʮʽ Add. ɺ ʧʦʣʝ Added physics interfaces , ʷʢʝ 

ʨʦʟʪʘʰʦʚʘʥʦ ʥʠʞʯʝ, ʜʦʜʘʻʪʴʩʷ ʥʘʟʚʘ ʤʦʜʝʣʽ. ʅʘʪʠʩʥʽʪʴ ʤʠʰʝʶ ʢʥʦʧʢʫ.  

ɺʽʜʢʨʠʚʘʻʪʴʩʷ ʚʽʢʥʦ Select Study . ɺʠʙʝʨʽʪʴ ʚʘʨʽʘʥʪ Stationary , ʷʢʠʡ 

ʦʟʥʘʯʘʻ, ʱʦ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ ʥʝ ʟʘʣʝʞʘʪʴ ʚʽʜ ʯʘʩʫ (ʙʫʜʝʤʦ ʨʦʟʚôʷʟʫʚʘʪʠ 

ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ). ɿʘʚʝʨʰʫʻʤʦ ʚʩʝ ʥʘʪʠʩʢʘʥʥʷʤ ʥʘ ʢʥʦʧʢʫ,  

ʨʦʟʪʘʰʦʚʘʥʫ ʚʥʠʟʫ ʧʘʥʝʣʽ Select Study . ʉʪʚʦʨʶʻʪʴʩʷ ʚʽʢʥʦ ʟʘʜʘʯʽ ʟ ʧʘʥʝʣʣʶ 

Model Builder  ʚ ʡʦʛʦ ʣʽʚʽʡ ʯʘʩʪʠʥʽ. ɺ ʜʝʨʝʚʽ ʤʦʜʝʣʽ (ʚ ʧʘʥʝʣʽ Model Builder ) 

ʟ'ʷʚʠʪʴʩʷ ʛʽʣʢʘ Component 1, ʧʽʜʛʽʣʢʘ Global ODEs and DAEs (ge) ʽ ʚʫʟʦʣ 

Global Equations 1. ʊʘʢʦʞ ʟ'ʷʚʣʷʻʪʴʩʷ ʛʽʣʢʘ Study 1 ʟ ʚʫʟʣʦʤ Solver 

Configurations. ʅʘ ʩʪʨʽʯʮʽ ʟ'ʷʚʣʷʻʪʴʩʷ ʟʘʢʣʘʜʢʘ Global Equations , ʷʢʫ ʚ 

ʧʦʧʝʨʝʜʥʽʭ ʧʨʠʢʣʘʜʘʭ ʤʠ ʥʝ ʙʘʯʠʣʠ. 

  ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʨʦʟʪʘʰʦʚʘʥʘ ʪʘʙʣʠʮʷ, ʷʢʘ 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʚʚʝʜʝʥʥʷ ʨʽʚʥʷʥʴ. ʄʠ ʙʫʜʝʤʦ ʥʘʟʠʚʘʪʠ ʾʾ ʪʘʙʣʠʮʝʶ 

ʨʽʚʥʷʥʴ (ʊʈ). 
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ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʞʝʤʦ ʘʣʛʝʙʨʘʾʯʥʝ ʨʽʚʥʷʥʥʷ () 0=uf , ʜʝ  () 433 -+= uuuf . 

ʄʠ ʟʥʘʻʤʦ, ʱʦ ʚʦʥʦ ʤʘʻ ʻʜʠʥʠʡ ʜʽʡʩʥʠʡ ʢʦʨʽʥʴ 1=u . 

  ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʽʥʩʪʨʫʢʮʽʡ, ʷʢʽ 

ʟʘʧʠʰʝʤʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʩʪʠʩʣʠʭ ʧʦʟʥʘʯʝʥʴ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs(ge) - > Stationary 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʫ ʚʽʢʥʽ Select Physics  ʽʤôʷ ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ ʥʝ ʚʢʘʟʫʻʪʴʩʷ. 

  ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʚ ʧʝʨʰʦʤʫ ʨʷʜʢʫ ʚ 

ʧʝʨʰʽʡ ʢʦʣʦʥʮʽ (ʟ ʥʘʟʚʦʶ Name) ʚʚʝʜʽʪʴ ʽʤ'ʷ ʥʝʚʽʜʦʤʦ ʾ u, ʘ ʚ ʜʨʫʛʽʡ ʢʦʣʦʥʮʽ 

(ʚʦʥʘ ʤʘʻ ʥʘʟʚʫ f ( u, ut , utt , t )) ʚʚʝʜʽʪʴ ʚʠʨʘʟ u^3+3* u- 4. ʊʨʝʪʷ ʢʦʣʦʥʢʘ 

ʧʨʠʟʥʘʯʝʥʘ ʜʣʷ ʚʚʝʜʝʥʥʷ ʧʦʯʘʪʢʦʚʦʛʦ ʥʘʙʣʠʞʝʥʥʷ. ɺ ʨʘʟʽ ɿɼʈ ʪʨʝʪʷ ʽ ʯʝʪʚʝʨʪʘ 

ʢʦʣʦʥʢʠ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʜʣʷ ʚʚʝʜʝʥʥʷ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ. ɿʘʣʠʰʠʤʦ ʾʭ ʙʝʟ 

ʟʤʽʥ. ʎʽ ʢʨʦʢʠ ʚ ʧʦʜʘʣʴʰʦʤʫ ʙʫʜʝʤʦ ʟʘʧʠʩʫʚʘʪʠ ʩʪʠʩʣʦ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  -  Name = u 

            -  f(u, ut, utt, t) = u^3+3*u - 4 

 
ɼʣʷ ʫʪʚʦʨʝʥʥʷ ʨʽʚʥʷʥʥʷ ʚʠʨʘʟ u^3+3* u- 4 ʧʨʠʨʽʚʥʶʻʪʴʩʷ ʥʫʣʶ. 

  ʊʝʧʝʨ ʟʥʘʭʦʜʠʤʦ ʢʦʨʽʥʴ.  
  Home - > Compute 

ɿʜʽʡʩʥʶʶʪʴʩʷ ʨʦʟʨʘʭʫʥʢʠ ʽ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʟ'ʷʚʣʷʻʪʴʩʷ ʚʫʟʦʣ Results - Derived 

Values - State variable u. ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʮʴʦʛʦ ʚʫʟʣʘ. 

Results - Derived Values - State variable u: 

   Expression ï Expression = comp1.u     (ʚʠʨʘʟ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ) 

  LMB > Evaluate 
ɺ ʛʽʣʮʽ Results - Tables ʟ'ʷʚʣʷʻʪʴʩʷ ʚʫʟʦʣ Table 1, ʷʢʠʡ ʧʨʝʜʩʪʘʚʣʷʻ ʪʘʙʣʠʮʶ 

ʨʝʟʫʣʴʪʘʪʽʚ. ɺ ʧʨʘʚʽʡ ʥʠʞʥʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ ʧʨʦʛʨʘʤʠ ʟ'ʷʚʣʷʻʪʴʩʷ ʧʘʥʝʣʴ ʟ 

ʚʤʽʩʪʦʤ ʮʽʻʾ ʪʘʙʣʠʮʽ. ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʪʘʙʣʠʮʷ ʙʫʜʝ ʤʽʩʪʠʪʠ ʢʦʨʽʥʴ 

ʨʽʚʥʷʥʥʷ 1.0 . 

 
 

ʇʨʠʢʣʘʜ 2. ʈʦʟʚôʷʟʘʪʠ ʪʨʘʥʩʮʝʥʜʝʥʪʥʝ ʨʽʚʥʷʥʥʷ () 0=uf , ʜʝ () ueuf u-= - . 

  ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʪʘʢ, ʷʢ ʦʧʠʩʘʥʦ ʨʘʥʽʰʝ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs(ge) - > Stationary 
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ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ.  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  -  Name = u 

            -  f(u, ut, utt, t) = exp( - u) - u 

            ï Initial value  = 1 

 
ʊʫʪ ʚ ʪʨʝʪʽʡ ʢʦʣʦʥʮʽ ʤʠ ʚʚʝʣʠ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ ʢʦʨʝʥʷ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɿʜʽʡʩʥʶʶʪʴʩʷ ʦʙʯʠʩʣʝʥʥʷ, ʽ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʟ'ʷʚʣʷʻʪʴʩʷ ʚʫʟʦʣ Results - Derived 

Values - State variable u. ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʮʴʦʛʦ ʚʫʟʣʘ. 

Results - Derived Values - State variable u: LMB > Evaluate 
ɺ ʧʨʘʚʽʡ ʥʠʞʥʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ ʧʨʦʛʨʘʤʠ ʟ'ʷʚʣʷʻʪʴʩʷ ʪʘʙʣʠʮʷ ʟʽ ʟʥʘʯʝʥʥʷʤ 

ʢʦʨʝʥʷ, ʷʢʠʡ ʜʦʨʽʚʥʶʻ 0.56714 . 

 
ɿʙʝʨʝʞʽʪʴ ʤʦʜʝʣʴ ʚ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ʇʨʠʢʣʘʜ 3 . ʈʦʟʚôʷʟʘʪʠ ʨʽʚʥʷʥʥʷ () 0=uf , ʜʝ () 6116 23 -+-= uuuuf . ɺʽʜʦʤʦ, 

ʱʦ ʚʦʥʦ ʤʘʻ ʪʨʠ ʜʽʡʩʥʠʭ ʢʦʨʝʥʷ: 2,1 == uu   ̔ 3=u . ɺʽʜʰʫʢʘʻʤʦ ʾʭ. 

  ɹʫʜʝʤʦ ʧʨʘʮʶʚʘʪʠ ʚ ʬʘʡʣʽ, ʩʪʚʦʨʝʥʦʤʫ ʚ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʨʠʢʣʘʜʽ. ɺ ɼʄ 

ʤʦʞʥʘ ʤʘʪʠ ʢʽʣʴʢʘ ʚʫʟʣʽʚ ʪʠʧʫ Global Equations , ʚ ʢʦʞʥʦʤʫ ʟ ʷʢʠʭ 

ʨʦʟʚôʷʟʫʚʘʪʠ ʚʣʘʩʥʫ ʟʘʜʘʯʫ. ɼʣʷ ʜʦʜʘʚʘʥʥʷ ʥʦʚʦʛʦ ʚʫʟʣʘ Global Equations  

ʚʠʢʦʥʘʡʪʝ ʽʥʩʪʨʫʢʮʽʶ: 
  Global Equations - > Global -  Global Equations 

ɺ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʚ ʛʽʣʮ ̔Component 1 - Global ODEs and DAEs (ge) ʟôʷʚʠʪʴʩʷ 

ʥʦʚʠʡ ʚʫʟʦʣ Global Equations 2. ɺ ʡʦʛʦ ʇɺ ʚ ʊʈ ʚʚʝʜʽʪʴ: 

Global ODEs and DAEs(ge) - Global Equations 2: 

   Global Equations  -  Name = w 

            -  f(u, ut, utt, t) = w^3- 6*w^2+11*w - 6 

            ï Initial  value = - 1 

ʄʘʡʪʝ ʥʘ ʫʚʘʟʽ, ʱʦ ʚ ʤʝʞʘʭ ʩʧʽʣʴʥʦʛʦ ʢʦʤʧʦʥʝʥʪʘ ʟʤʽʥʥʽ ʧʦʚʠʥʥʽ ʤʘʪʠ ʨʽʟʥʽ 

ʽʤʝʥʘ. ʊʦʤʫ ʪʫʪ ʥʦʚʫ ʰʫʢʘʥʫ ʟʤʽʥʥʫ ʤʠ ʧʦʟʥʘʯʠʣʠ ʽʜʝʥʪʠʬʽʢʘʪʦʨʦʤ w. ʑʦʙ 

ʧʦʙʘʯʠʪʠ ʚʩʝ ʨʽʚʥʷʥʥʷ, ʷʢʱʦ ʚʦʥʦ ʥʝ ʚʤʽʱʫʻʪʴʩʷ ʚ ʧʦʣʽ f ( u, ut , utt , t ) , 

ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ çʈʦʟʛʦʨʥʫʪʠè, ʨʦʟʪʘʰʦʚʘʥʫ ʚ ʣʽʚʦʤʫ ʚʝʨʭʥʴʦʤʫ ʢʫʪʽ ʪʘʙʣʠʮʽ 

ʨʽʚʥʷʥʴ. 
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ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ʇʦʤʽʪʥʠʭ ʟʤʽʥ ʚ ɼʄ ʥʝ ʚʽʜʙʫʚʘʻʪʴʩʷ, ʘʣʝ ʟʥʘʯʝʥʥʷ ʥʝʚʽʜʦʤʦʾ w  ʙʫʜʝ ʟʙʝʨʝʞʝʥʦ 

ʚ ʨʦʙʦʯʦʤʫ ʧʨʦʩʪʦʨʽ ʩʠʩʪʝʤʠ. ʅʘʜʨʫʢʫʡʪʝ ʡʦʛʦ. 

Results - Derived Values - State variable u: RMB > Duplicate   

          Label = State variable w 

   Expression ï Expression = comp1. w  

  LMB > Evaluate ï New Table 

ɿ'ʷʚʣʷʻʪʴʩʷ ʥʦʚʘ ʪʘʙʣʠʮʷ ʨʝʟʫʣʴʪʘʪʽʚ ʟʽ ʟʥʘʯʝʥʥʷʤ ʢʦʨʝʥʷ 0.99987 . ʂʦʨʽʥʴ 

ʦʙʯʠʩʣʝʥʦ ʟ ʧʦʭʠʙʢʦʶ. ʑʦʙ ʧʽʜʚʠʱʠʪʠ ʪʦʯʥʽʩʪʴ ʦʙʯʠʩʣʝʥʴ, ʟʘʡʜʽʪʴ ʚ ʇɺ ʚʫʟʣʘ 

Study 1 - Solver Configurations - Solution 1 - Stationary Solver 1 ʽ ʚ ʧʦʣ ̔

Relative tolerance  (ʚʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ) ʚʚʝʜʽʪʴ ʟʥʘʯʝʥʥʷ 0.00001 . 

Study 1 - Solver Configurations - Solution 1- Stationary Solver 1: 

   General  ï Relative tolerance = 0.00001   

 
ɿʥʦʚʫ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʥʦʚʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ w ʚ ʽʩʥʫʶʯʫ ʪʘʙʣʠʮʶ Table  2. ɺ 

ʇɺ ʚʫʟʣʘ State variable w ʚʛʦʨʽ ʨʦʟʢʨʠʡʪʝ ʩʧʠʩʦʢ ʙʽʣʷ ʢʥʦʧʢʠ . 

 
ɺ ʩʧʠʩʢʫ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Table 2 - State variable w. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʟʥʘʯʝʥʥʷ 

ʥʝʚʽʜʦʤʦʾ ʙʫʜʝ ʚʠʚʦʜʠʪʠʩʷ ʚ ʽʩʥʫʶʯʫ ʪʘʙʣʠʮʶ, ʚ ʷʢʽʡ ʚʞʝ ʟʥʘʭʦʜʠʪʴʩʷ 

ʧʦʧʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ w. 

Results - Derived Values - State variable w : LMB > Evaluate ïTable 2 

ɺ ʜʨʫʛʽʡ ʢʦʣʦʥʮʽ ʪʘʙʣʠʮʽ ʟ'ʷʚʠʪʴʩʷ ʥʦʚʝ ʟʥʘʯʝʥʥʷ ʢʦʨʝʥʷ 1.00000 , ʦʙʯʠʩʣʝʥʝ ʟ 

ʥʦʚʠʤʠ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʉʦʣʚʝʨʘ (ʥʦʚʦʶ ʚʽʜʥʦʩʥʦʶ ʧʦʭʠʙʢʦʶ ʦʙʯʠʩʣʝʥʴ). 
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ʑʦʙ ʜʽʟʥʘʪʠʩʷ, ʯʠ ʻ ʫ ʨʽʚʥʷʥʥʷ ʽʥʰʽ ʢʦʨʝʥʽ, ʧʦʙʫʜʫʻʤʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ 

() 6116 23 -+-= xxxxf . ɼʣʷ ʮʴʦʛʦ ʩʪʚʦʨʽʪʴ ʮʶ ʬʫʥʢʮʽʶ ʚ ɼʄ.  

Global Definitions : RMB > Functions ï Analytic 

         Function name = f  

   Definition ï Expression = x^3- 6* x^2+11* x- 6 

          ï Arguments = x 

   Plot Parameters ï x, Lower limit , Upper limit  = x, 0, 4   (ʪʨʠ ʧʦʣʷ) 
  LMB > Create Plot          (ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʚ ʦʢʨʝʤʦʤʫ ʚʽʢʥʽ) 

 
ʂʦʤʘʥʜʘ Create Plot ʩʪʚʦʨʶʻ ʦʜʥʦʚʠʤʽʨʥʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Grid  1D ʽ 

ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 1 ʟ ʚʫʟʣʦʤ Line Graph 1 ʣʽʥʽʡʥʦʛʦ 

ʛʨʘʬʽʢʘ ()xf . ʋ ʮʴʦʤʫ ʚʫʟʣʽ ʚʠ ʤʦʞʝʪʝ ʥʘʣʘʰʪʫʚʘʪʠ ʩʪʠʣʴ ʢʨʠʚʦʾ (ʟʘʨʘʜʠ ʮʴʦʛʦ 

ʥʘʪʠʩʢʘʣʘʩʷ ʢʥʦʧʢʘ Create Plot). ɿ ʛʨʘʬʽʢʘ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʨʽʚʥʷʥʥʷ ʤʘʻ ʱʝ ʜʚʘ 

ʢʦʨʝʥʷ. ʑʦʙ ʟʥʘʡʪʠ ʾʭ, ʧʦʪʨʽʙʥʦ ʚ ʊʈ ʟʤʽʥʠʪʠ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ. 

  ʇʦʚʝʨʪʘʻʤʦʩʷ ʚ ʇɺ ʚʫʟʣʘ Global Equations 2 ʽ ʚ ʊʈ ʤʽʥʷʻʤʦ ʟʥʘʯʝʥʥʷ 

ʧʦʯʘʪʢʦʚʦʛʦ ʥʘʙʣʠʞʝʥʥʷ ʥʘ 1.6 . 

Global ODEs and DAEs(ge) - Global Equations 2: 

   Global Equations  ï Initial  value = 1.6  

 
ɿʥʦʚʫ ʦʙʯʠʩʣʶʻʤʦ ʤʦʜʝʣʴ ʽ ʜʨʫʢʫʻʤʦ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ w ʚ ʪʘʙʣʠʮʶ 

Table  2. 

  Home - > Compute 

Derived Values - State variable w: LMB > Evaluate ïTable 2 

ɺ ʪʨʝʪʽʡ ʢʦʣʦʥʮʽ ʪʘʙʣʠʮʽ Table  2 ʟ'ʷʚʣʷʻʪʴʩʷ ʟʥʘʯʝʥʥʷ ʢʦʨʝʥʷ 2.0000 , 

ʧʨʠʣʝʛʣʦʛʦ ʜʦ ʧʦʯʘʪʢʦʚʦʛʦ ʥʘʙʣʠʞʝʥʥʷ 1.6 . ʑʝ ʨʘʟ ʧʦʚʝʨʪʘʻʤʦʩʷ ʚ ʇɺ ʚʫʟʣʘ 

Global Equations 2 ʽ ʚ ʊʈ ʤʽʥʷʻʤʦ ʟʥʘʯʝʥʥʷ ʧʦʯʘʪʢʦʚʦʛʦ ʥʘʙʣʠʞʝʥʥʷ ʥʘ 5.  

Global ODEs and DAEs(ge) - Global Equations 2: 

   Global Equations  ï Initial  value = 5 

ʆʙʯʠʩʣʶʻʤʦ ʤʦʜʝʣʴ ʽ ʜʨʫʢʫʻʤʦ ʥʦʚʝ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ w  ʚ ʪʘʙʣʠʮʶ Table  2. 

  Home - > Compute 
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Derived Values - State variable w: LMB > Evaluate ïTable 2 

ɺ ʪʘʙʣʠʮʽ ʨʝʟʫʣʴʪʘʪʽʚ ʟ'ʷʚʣʷʻʪʴʩʷ ʟʥʘʯʝʥʥʷ ʱʝ ʦʜʥʦʛʦ ʢʦʨʝʥʷ 3.0000 . 

 
ɿʘʫʚʘʞʝʥʥʷ 1. ʄʦʞʥʘ ʥʝ ʩʪʚʦʨʶʚʘʪʠ ʜʚʘ ʨʽʟʥʽ ʚʫʟʣʠ Global Equations , ʘ ʚ ʊʈ 

ʚʫʟʣʘ Global Equations 1 ʚʚʝʩʪʠ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ. 

 
ɿʘʫʚʘʞʝʥʥʷ 2. ʗʢʱʦ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʥʝʤʘʻ (ʥʘʧʨʠʢʣʘʜ 023 =- +ueu ), ʪʦ ʚʠ 

ʦʪʨʠʤʘʻʪʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ ʧʨʠʙʣʠʟʥʦ ʪʘʢʦʛʦ ʟʤʽʩʪʫ 

 
ɺʧʨʘʚʘ. ʈʦʟʚ'ʷʞʽʪʴ ʨʽʚʥʷʥʥʷ 0cossin 2 =- xxx . ɿʥʘʡʜʽʪʴ ʚʩʽ ʢʦʨʝʥʽ, 

ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʚʽʜʨʽʟʢʫ [- 5,5 ]. 

ɺʽʜʧʦʚʽʜʴ: 0.0000, - 1.8539, - 4.7566,4.6665 .             
ƴ

 

ɺ Comsol Multiphysics ʤʦʞʥʘ ʯʠʩʝʣʴʥʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʟʘʜʘʯʽ ʟ ʧʘʨʘʤʝʪʨʘʤʠ. ɼʣʷ 

ʮʴʦʛʦ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ Parameters. ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʜʣʷ 

ʧʘʨʘʤʝʪʨʠʯʥʦʛʦ ʘʥʘʣʽʟʫ ʤʦʜʝʣʽ ʚ ʛʽʣʮʽ Study ʩʪʚʦʨʶʻʪʴʩʷ ʧʽʜʚʫʟʦʣ Parametric 

Sweep, ʘʙʦ ʫ ʚʫʟʣʠ Study 1 ï Step 1: Stationary ʚ ʨʦʟʜʽʣʽ Study Extensions  

ʚʩʪʘʥʦʚʣʶʻʪʴʩʷ ʧʝʨʝʤʠʢʘʯ Auxiliary Sweep  (ʜʦʧʦʤʽʞʥʠʡ ʘʥʘʣʽʟ). 

ʇʨʠʢʣʘʜ 4. ʈʦʟʚôʷʟʘʪʠ ʘʣʛʝʙʨʘʾʯʥʝ ʨʽʚʥʷʥʥʷ ʟ ʧʘʨʘʤʝʪʨʦʤ 

02 42 =-- axx  
ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ODEs and DAEs  ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺ ʛ̔ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters. ɺ ʡʦʛʦ ʇɺ ʚ ʪʘʙʣʠʮʽ 

ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name ʚʚʝʜʽʪʴ ʽʤ'ʷ ʧʘʨʘʤʝʪʨʘ a, ʘ ʚ ʢʦʣʦʥʮʽ Expression  

ʚʚʝʜʽʪʴ ʷʢʝ-ʥʝʙʫʜʴ ʟʥʘʯʝʥʥʷ, ʥʘʧʨʠʢʣʘʜ, ʦʜʠʥʠʮʶ. 

Global Definitions: RMB > Parameters 

   Parameters  ï Name, Expression = a, 1  

 
 

ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 
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   Global Equations  -  Name = u 

            -  f(u, ut, utt, t) = u^2- 2*u- a^4  

            ï Initial  value = 0 

 

 
ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʚʽʜ ʧʘʨʘʤʝʪʨʘ ʚʠʢʦʨʠʩʪʘʻʤʦ 

Auxiliary Sweep  (ʜʦʧʦʤʽʞʥʠʡ) ʘʥʘʣʽʟ, ʷʢʠʡ ʚʤʠʢʘʻʪʴʩʷ ʚʩʪʘʥʦʚʣʝʥʥʷʤ 

ʚʽʜʧʦʚʽʜʥʦʛʦ ʧʨʘʧʦʨʮʷ ʚ ʇɺ ʚʫʟʣʘ Study ï Step 1: Stationary (ʥʘʛʘʜʘʻʤʦ ʱʦ, 

ʢʦʣʠ ʧʘʨʘʤʝʪʨ ʥʝ ʟʤʽʥʶʻ ʛʝʦʤʝʪʨʽʶ ʤʦʜʝʣʽ, ʪʦ ʜʦʮʽʣʴʥʽʰʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

Auxiliary Sweep ʧʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ). 

Study 1 ï Step 1: Stationary: 

   Study  Extensions  ï Auxiliary  sweep = True  

ɺ ʇɺ ʚʫʟʣʘ Step 1: Stationary ʚ ʨʦʟʜʽʣʽ Study Extensions  ʘʢʪʠʚʫʻʪʴʩʷ 

ʪʘʙʣʠʮʷ ʚʠʙʦʨʫ ʧʘʨʘʤʝʪʨʽʚ. ʂʣʘʮʥʽʪʴ ʧʦ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʟ 

ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɿʽ ʩʧʠʩʢʫ, ʷʢʠʡ ʟôʷʚʠʪʴʩʷ ʚ ʩʪʦʚʧʮʽ 

Parameter name, ʚʠʙʝʨʽʪʴ ʧʘʨʘʤʝʪʨ a. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʮʴʦʛʦ ʧʘʨʘʤʝʪʨʘ.  

   Study  Extensions  ï Parameter name = a 

             ï Parameter value list = range ( - 1,0.1,1)  

ʌʫʥʢʮʽʷ range( - 1,0.1,1)  ʧʨʝʜʩʪʘʚʣʷʻ ʟʥʘʯʝʥʥ ̫ʧʘʨʘʤʝʪʨʘ a, ʷʢʽ ʟʤʽʥʶʶʪʴʩʷ 

ʚʽʜ - 1 ʜʦ 1 ʟ ʢʨʦʢʦʤ 0.1 .  

 

 
ʇʽʩʣʷ ʮʴʦʛʦ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ.  
   Study - > Compute 

ɺ ʛ̔ʣʮʽ Results ï Derived Values ʟ'ʷʚʣʷʻʪʴʩʷ ʚʫʟʦʣ State variable u. ʅʘʪʠʩʢʘʥʥʷ 

ʚ ʡʦʛʦ ʇɺ ʥʘ ʢʥʦʧʢʫ Evaluate ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʧʦʙʫʜʦʚʠ ʪʘʙʣʠʮʽ ʨʦʟʚôʷʟʢʽʚ, ʷʢʽ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʨʽʟʥʠʤ ʟʥʘʯʝʥʥʷʤ ʧʘʨʘʤʝʪʨʘ a ʟ ʟʘʜʘʥʦʛʦ ʜʽʘʧʘʟʦʥʫ            

range ( - 1,0.1,1) . 

Results ï Derived Values ï State variable u: LMB > Evaluate 
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ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʟʘʣʝʞʥʦʩʪʽ ʢʦʨʝʥʷ ʨʽʚʥʷʥʥʷ ʚʽʜ ʧʘʨʘʤʝʪʨʘ a. ɼʣʷ ʮʴʦʛʦ 

ʜʦʩʪʘʪʥʴʦ ʢʣʘʮʥʫʪʠ ʤʠʰʝʶ ʧʦ ʢʥʦʧʮʽ Table Graph, ʷʢʘ ʨʦʟʪʘʰʦʚʘʥʘ ʥʘʜ 

ʪʘʙʣʠʮʝʶ. 

Table 1 : LMB > Table Graph 

ɹʫʜʝ ʩʪʚʦʨʝʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 1D PlotGroup 1 ʟ ʚʫʟʣʦʤ Table Graph 1. 

ʉʢʦʨʝʛʫʡʪʝ ʚ ʥʴʦʤʫ ʩʪʠʣʴ ʢʨʠʚʦʾ ʽ ʣʝʛʝʥʜʫ. 

1D Plot Group 1 - Table Graph 1: 

   Coloring and Style  ï Width  = 3 

   Legends ï Show legends, Legends, Legends = True,  Manual, óu(a) ô 

  LMB > Plot 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ()au  ï ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ u 

ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʨʽʚʥʷʥʥʷ 02 42 =-- auu  ʚʽʜ ʧʘʨʘʤʝʪʨʘ a. 

 
ʇʨʠʢʣʘʜ 5. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ 

í
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=-+

023

01332

vu
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ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʚ ʧʝʨʰʦʤʫ ʨʷʜʢʫ ʚ ʩʪʦʚʧʮʽ 

Name ʚʚʝʜʽʪʴ ʽʤ'ʷ ʧʝʨʰʦʾ ʥʝʚʽʜʦʤʦʾ u, ʘ ʚ ʜʨʫʛʦʤʫ ʨʷʜʢʫ ʮʴʦʛʦ ʩʪʦʚʧʮʷ ʚʚʝʜʽʪʴ 

ʽʤ'ʷ ʜʨʫʛʦʾ ʥʝʚʽʜʦʤʦʾ v. ʇʦʪʽʤ ʚ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʊʈ ʚ ʧʝʨʰʦʤʫ ʨʷʜʢʫ ʚʚʝʜʽʪʴ 

ʚʠʨʘʟ 2* u+3* v- 13, ʘ ʚ ʜʨʫʛʦʤʫ ʨʷʜʢʫ ʚʚʝʜ̔ʪʴ ʚʠʨʘʟ 3* u- 2* v. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u,  2* u+3* v- 13  

            ï Name, f(u, ut, utt, t) = v,  3*u - 2*v  

 
ʆʩʢʽʣʴʢʠ ʨʦʟʚôʷʟʦʢ ʦʙʨʘʥʦʾ ʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ ʦʜʠʥ, ʪʦ ʟʥʘʯʝʥʥʷ ʧʦʯʘʪʢʦʚʠʭ 

ʥʘʙʣʠʞʝʥʴ ʜʣʷ ʥʝʚʽʜʦʤʠʭ ʥʝʩʫʪʪʻʚ,̔ ʽ ʤʠ ʟʘʣʠʰʘʻʤʦ ʾʭ ʨʽʚʥʠʤʠ 0. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛ̔ʣʮʽ Results - Derived Values ʟ'ʷʚʣʷʪʁʴʩʷ ʜʚʘ ʚʫʟʣʠ State variable u ʽ State 

variable v. 
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ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥ u, v  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable u: LMB > Evaluate 

Derived Values ï State variable v: LMB > Evaluate - Table 1 

 
ɸʥʘʣʦʛʽʯʥʦ ʨʦʟʚôʷʟʫʶʪʴʩʷ ʣʽʥʽʡʥʽ ʩʠʩʪʝʤʠ ʟ ʙʽʣʴʰʦʶ ʢʽʣʴʢʽʩʪʶ ʥʝʚʽʜʦʤʠʭ. 

ɺʧʨʘʚʘ. ʈʦʟʚôʷʞʽʪʴ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 

î
í

î
ì

ë

=+-

-=--

=++

223

32

6

321

321

321

xxx

xxx

xxx

 
ɺʽʜʧʦʚʽʜʴ: 1.0 ,2 .0 , 3.0 . 

ʇʨʠʢʣʘʜ 6. ʈʦʟʚôʷʞʽʪʴ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ 
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ʉʠʩʪʝʤʘ ʤʘʻ ʥʝʩʢʽʥʯʝʥʥʫ ʢʽʣʴʢʽʩʪʴ ʨʦʟʚôʷʟʢʽʚ. ɿʥʘʡʜʝʤʦ ʜʝʷʢʽ ʟ ʥʠʭ.  

ʇʝʨʰʠʡ ʩʧʦʩʽʙ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ʋ ʥʘʰʦʾ ʢʦʥʢʨʝʪʥʦʾ ʩʠʩʪʝʤʽ ʦʜʥʫ ʟʤʽʥʥʫ, ʥʘʧʨʠʢʣʘʜ ʪʨʝʪʶ, ʤʦʞʥʘ ʧʨʠʨʽʚʥʷʪʠ 

ʜʦʚʽʣʴʥʽʡ ʩʪʘʣʽʡ, ʪʦʙʪʦ ʜʦʜʘʪʠ ʪʨʝʪʻ ʨʽʚʥʷʥʥʷ ʫ ʚʠʛʣʷʜʽ 0a=-z , ʜʝ ʘ ï 

ʧʘʨʘʤʝʪʨ ʤʦʜʝʣʽ. ɿʤʽʥʶʶʯʠ ʡʦʛʦ, ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʨʽʟʥʽ ʨʦʟʚôʷʟʢʠ. 

  ʉʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters ʟ ʦʜʥʠʤ ʧʘʨʘʤʝʪʨʦʤ ʘ=1. 

Global Definitions: RMB > Parameters 

   Parameters  ï Name, Expression = a, 1  

ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u, ut, utt,  t), Initial  value = u,  u+v+w- 3,1   

         ï Name, f(u, ut, utt, t), Initial  value =v,  2*u+3*v+4*w - 9,1  

         ï Name, f(u, ut, utt, t) = w,  w- a 

 
ɿʘʫʚʘʞʝʥʥʷ. ʅʝ ʥʘʟʠʚʘʡʪʝ ʰʫʢʘʥʽ ʥʝʚʽʜʦʤʽ ʽʤʝʥʘʤʠ ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ x, 

y, z. ɺ ʧʦʪʦʯʥʽʡ ʟʘʜʘʯʽ ʮʝ ʥʝ ʩʫʪʪʻʚʦ. ɸʣʝ ʥʝ ʚʘʨʪʦ ʟʘʚʦʜʠʪʠ ʭʠʙʥʽ ʟʚʠʯʢʠ. 
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ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʨʽʟʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʩʠʩʪʝʤʠ ʚʠʢʦʨʠʩʪʘʻʤʦ ʜʦʧʦʤʽʞʥʠʡ 

ʧʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ Auxiliary Sweep . 

Study 1 ï Step 1: Stationary: 

   Study  Extensions (ʪʘʙʣʠʮʷ) ï Auxiliary  sweep = True  

              ï Parameter name = a 

               ï Parameter value list = - 1, - 0.5,0,0.5,1  

 

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛ̔ʣʮʽ Results - Derived Values ʟ'ʷʚʣʷʪʴʩʷ ʪʨʠ ʚʫʟʣʠ State variable u, State 

variable v   ̔ State variable w. 

 
ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥ u, v, w  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable u: LMB > Evaluate 

         ï State variable v: LMB > Evaluate - Table 1 

         ï State variable w: LMB > Evaluate - Table 1 

 
ʇʝʨʰʠʡ ʩʪʦʚʧʝʮʴ ʤʽʩʪʠʪʴ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ ʘ, ʘ ʽʥʰʽ ï ʪʨʽʡʢʠ ʨʦʟʚôʷʟʢʽʚ, ʷʢʽ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʮʴʦʤʫ ʧʘʨʘʤʝʪʨʫ. ʆʪʞʝ ʨʦʟʚôʷʟʢʘʤʠ ʻ ʪʨʽʡʢʠ ʯʠʩʝʣ: - 1,5, - 1;       

- 0.5,4, - 0.5    ̔   ʪ.ʜ. 

ɿʘʫʚʘʞʝʥʥʷ. ʄʦʞʥʘ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢʠ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʽʚ ()() ()awavau ,,  

ʚʽʜ ʧʘʨʘʤʝʪʨʘ ʘ ʪʘʢʠʤ ʞʝ ʯʠʥʦʤ, ʷʢ ʚ ʧʨʠʢʣʘʜʽ 4. 

ɼʨʫʛʠʡ ʩʧʦʩʽʙ.  ʉʪʚʦʨʽʪʴ ʥʦʚʠʡ ʬʘʡʣ (ʥʦʚʫ ʤʦʜʝʣʴ) ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ʆʩʢʽʣʴʢʠ ʚ ʩʠʩʪʝʤʽ ʪʨʠ ʥʝʚʽʜʦʤʠʭ, ʪʦ ʚ ʊʈ ʧʦʚʠʥʥʦ ʙʫʪʠ ʟʘʧʦʚʥʝʥʦ ʪʨʠ ʨʷʜʢʠ. ɺ 

ʪʨʝʪʴʦʤʫ ʨʷʜʢʫ ʤʦʞʥʘ ʧʦʚʪʦʨʥʦ ʟʘʧʠʩʘʪʠ ʦʜʥʝ ʟ ʧʝʨʰʠʭ ʜʚʦʭ ʨʽʚʥʷʥʴ, 

ʥʘʧʨʠʢʣʘʜ, ʧʝʨʰʝ. ʆʢʨʽʤ ʮʴʦʛʦ ʪʨʝʙʘ ʟʘʜʘʪʠ ʷʢʽʩʴ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ. 

Global ODEs and DAEs(ge) - Global Equations 1: 
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   Global Equations  ï  

         ï Name, f(u, ut, utt,  t), Initial  value = u, u+v+w- 3,2   

         ï Name, f(u, ut, utt,  t), Initial  value = v,  2*u+3*v+4*w - 9,1  

         ï Name, f(u, ut, utt,  t) , Initial  value = w, u+v+w- 3,1  

 
ʗʢʱʦ ʟʘʨʘʟ ʚʠʢʦʥʘʪʠ ʢʦʤʘʥʜʫ Compute, ʪʦ ʚʠ ʦʪʨʠʤʘʻʪʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ 

ʧʦʤʠʣʢʫ (ʧʝʨʝʚʽʨʪʝ ʮʝ). ʑʦʙ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ, ʟʤʽʥʽʪʴ ʩʦʣʚʝʨ (ʤʝʪʦʜ 

ʨʦʟʚôʷʟʘʥʥʷ) ʚ ʇɺ ʚʫʟʣʘ Study 1-Solution 1-Stationary Solver 1-Direct. ɺ ʨʦʟʜʽʣʽ 

General  ʮ̔ ʻʾ ʇɺ ʚ ʚʠʧʘʜʥʦʤʫ ʩʧʠʩʢʫ Solver  ʚʠʙʝʨʽʪʴ PARDISO, ʽ ʚʠʢʦʥʘʡʪʝ 

ʢʦʤʘʥʜʫ Compute. 

Study 1-Solution 1-Stationary Solver 1-Direct: 

   General  ï Solver = PARDISO 

  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʦʙʯʠʩʣʝʥʠʭ ʚʝʣʠʯʠʥ u, v, w  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable u: LMB > Evaluate 

         ï State variable v: LMB > Evaluate - Table 1 

         ï State variable w: LMB > Evaluate - Table 1 

 
ʑʦʙ ʟʥʘʡʪʠ ʽʥʰʠʡ ʨʦʟʚôʷʟʦʢ ʟʤʽʥʽʪʴ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ. 

ʅʘʧʨʠʢʣʘʜ, ʧʦʤʽʥʷʡʪʝ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʥʘ (- 1, - 2, - 1) ʽ ʧʝʨʝʦʙʯʠʩʣʽʪʴ 

ʤʦʜʝʣʴ. ɺʠ ʧʦʚʠʥʥʽ ʦʪʨʠʤʘʪʠ ʨʦʟʚôʷʟʦʢ 2.5000,  - 2.0000,2.5000 . 

Derived Values ï State variable u: LMB >  Evaluate ï New Table 

         ï State variable v: LMB >  Evaluate ï Table 2 

         ï State variable w: LMB > Evaluate ï Table 2 

 

ʇʨʠʢʣʘʜ 7. ʈʦʟʚôʷʞʽʪʴ ʩʠʩʪʝʤʫ ʥʝʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ 
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ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 
   Global Equations  ï  

      ï Name, f(u, ut, utt, t), Initial  value = u, 4*u^2 - v^2+9 , 1 

      ï Name, f(u, ut, utt, t), Initial  value = v, - u^2+v^2- u*v+u - v- 8,3  
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ɺ ʷʢʦʩʪʽ ʧʦʯʘʪʢʦʚʠʭ ʥʘʙʣʠʞʝʥʴ ʚʠʙʝʨʽʪ,ɹ ʥʘʧʨʠʢʣʘʜ, 1 ʽ 3, ʽ ʚʠʢʦʥʘʡʪʝ 

ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛ̔ʣʮʽ Results - Derived Values ʟ'ʷʚʣʷʪʁʴʩʷ ʜʚʘ ʚʫʟʣʠ State variable u ʽ State 

variable v. ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʥʘʡʜʝʥʠʭ ʚʝʣʠʯʠʥ u, v  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable u: LMB > Evaluate 

Derived Values ï State variable v: LMB > Evaluate - Table 1 

 
ʉʧʨʦʙʫʡʪʝ ʚʠʢʦʨʠʩʪʘʪʠ ʽʥʰʽ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ. ɼʝʷʢʽ ʟ ʥʠʭ, ʥʘʧʨʠʢʣʘʜ 

ʥʫʣʴʦʚʽ, ʥʝ ʧʨʠʟʚʦʜʷʪʴ ʜʦ ʨʦʟʚôʷʟʢʫ. 

ɺʧʨʘʚʘ. ɿʥʘʡʜʽʪʴ ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʪʨʠʚʽʘʣʴʥʦʛʦ ʨʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ 
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    ɺʽʜʧʦʚʽʜʴ: (1, 2) . 

ɺʧʨʘʚʘ. ɿʥʘʡʜʽʪʴ ʨʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ 
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   ɺʽʜʧʦʚʽʜʴ: ( 0.73909 , 0.44285 ) . 

ɿʘʫʚʘʞʝʥʥʷ 1. ɺ ʛ̔ʣʮʽ Results - Derived Values ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ ʚʫʟʦʣ ʪʠʧʫ 

Global Evaluation , ʟʘ ʜʦʧʦʤʦʛʦʶ ʷʢʦʛʦ ʦʙʯʠʩʣʠʪʠ ʙʫʜʴ-ʷʢʠʡ ʚʠʨʘʟ, 

ʟʘʣʝʞʥʠʡ ʚʽʜ ʰʫʢʘʥʠʭ ʟʤʽʥʥʠʭ. ʅʘʧʨʠʢʣʘʜ, ʚ ʤʦʜʝʣʽ ʦʩʪʘʥʥʴʦʛʦ ʬʘʡʣʫ ʢʣʘʮʥʽʪʴ 

ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʧʦ ʚʫʟʣʫ Derived Values ʽ ʫ ʚʠʧʘʜʥʦʤʫ ʩʧʠʩʢʫ ʚʠʙʝʨʽʪʴ 

ʢʦʤʘʥʜʫ Global Evaluation. ɹʫʜʝ ʩʪʚʦʨʝʥʦ ʚʫʟʦʣ Global Evaluation 3. ɺ ʡʦʛʦ ʇɺ 

ʚ ʧʦʣ ̔Expression  ʚʚʝʜʽʪʴ ʚʠʨʘʟ comp1. u^2+comp1. v^2   ̔  ʦʙʯʠʩʣʽʪʴ ʡʦʛʦ. 

Results-Derived Values: RMB > Global Evaluation 
Global Evaluation 3: 

   Expression ï Expression = comp1.u^2+comp1.v^2  

  LMB > Evaluate ï New Table 

 
ɺ ʪʘʙʣʠʮʽ ʨʝʟʫʣʴʪʘʪʽʚ ʚʽʜʦʙʨʘʟʠʪʴʩʷ ʯʠʩʣʦ 29.  

  ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʇɺ ʚʫʟʣʽʚ State variable u  ʽ State variable v 

ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʧʦʚʥʽ ʽʤʝʥʘ ʟʤʽʥʥʠʭ comp1.u    ̔ comp1.v .  ɺʦʥʠ ʤʽʩʪʷʪʴ 

ʧʨʝʬʽʢʩ comp1, ʷʢʠʡ ʻ ʽʤ'ʷʤ ʚʫʟʣʘ Component 1. 

ɿʘʫʚʘʞʝʥʥʷ 2. ɺʤʽʩʪ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʤʦʞʥʘ ʟʙʝʨʽʛʘʪʠ ʚ ʪʝʢʩʪʦʚʠʡ ʬʘʡʣ. ɼʣʷ 

ʮʴʦʛʦ ʚ ʇɺ ʚʫʟʣʘ Global Equations 1 ʥʘʪʠʩʥʽʪʴ ʥʘ ʢʥʦʧʢʫ Save to File, ʜʘʡʪʝ 

ʽʤ'ʷ ʪʝʢʩʪʦʚʦʛʦ ʬʘʡʣʫ ʽ ʟʙʝʨʝʞʽʪʴ ʡʦʛʦ. 
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ɿʙʝʨʝʞʝʥʽ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʚ ʽʥʰʠʡ ʤʦʜʝʣʽ, ʷʢʱʦ ʟʘʚʘʥʪʘʞʠʪʠ ʾʭ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʢʥʦʧʢʠ Load from File.                   ƴ 

ɺ ʤʦʜʝʣʷʭ ʟ Global ODEs an d DAEs  ʽʥʪʝʨʬʝʡʩʦʤ ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʚ ʩʪʦʚʧʮʽ ʟ 

ʟʘʛʦʣʦʚʢʦʤ f ( u, ut , utt , t )  ʤʦʞʥʘ ʚʚʦʜʠʪʠ ʥʝ ʪʽʣʴʢʠ ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʟʤʽʥʥʠʭ, 

ʪʘʢʠʭ ʷʢ u, ʘʣʝ ʪʘʢʦʞ ʾʭ ʧʝʨʰʽ (ut) ʽ ʜʨʫʛʽ (utt ) ʧʦʭʽʜʥʽ. ʄʠ ʮʝ ʙʫʜʝʤʦ ʨʦʙʠʪʠ ʚ 

ʥʘʩʪʫʧʥʠʭ ʧʘʨʘʛʨʘʬʘʭ. ɸʣʝ ʟ ʟʘʛʦʣʦʚʢʘ ʚʠʜʥʦ, ʱʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

ʧʘʨʘʤʝʪʨ ʯʘʩʫ t  ʚ ʢʦʝʬʽʮʽʻʥʪʘʭ ʽ ʚʽʣʴʥʠʭ ʯʣʝʥʘʭ ʨʽʚʥʷʥʴ. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʤʦʞʥʘ 

ʨʦʟʚôʷʟʫʚʘʪʠ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ ʟ ʧʘʨʘʤʝʪʨʦʤ t . 

ʇʨʠʢʣʘʜ 8. ʈʦʟʚôʷʞʽʪʴ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʟ ʧʘʨʘʤʝʪʨʦʤ. 
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ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʽʜ ʩʪʘʪʠʯʥʦʛʦ ʽʥʪʝʨʬʝʡʩʫ ʚʽʜʤʽʥʥʽʩʪʴ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʥʘ ʦʩʪʘʥʥʴʦʤʫ ʝʪʘʧʽ 

ʨʦʙʦʪʠ ʤʘʡʩʪʨʘ ʚ ʧʘʥʝʣʽ Select Study  ʚʠʙʠʨʘʻʪʴʩʷ ʜʠʥʘʤʽʯʥʘ ʤʦʜʝʣʴ Time 

Dependent , ʘ ʥʝ ʩʪʘʮʽʦʥʘʨʥʘ (Stationary ).  

  ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t .  

Step 1: Time Dependent: 

   Study Settings  ï Times = range ( - 3,0.1,3)  

ɺʠʨʘʟ range ( - 3,0.1,3)  ʦʟʥʘʯʘʻ, ʱʦ ʧʘʨʘʤʝʪʨ t  ʙʫʜʝ ʧʨʠʡʤʘʪʠ 

ʟʥʘʯʝʥʥʷ ʚʽʜ - 3 ʜʦ 3 ʟ ʢʨʦʢʦʤ 0.1 . ɺ ʮ̔ ʡ ʟʘʜʘʯʽ ʧʦʪʨʽʙʥʦ ʪʘʢʦʞ ʚʽʜʨʘʟʫ 

ʟʤʝʥʰʠʪʠ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ ʦʙʯʠʩʣʝʥʴ ʚ ʧʦʣ ̔Relative tolerance.  

   Study Settings ï Relative tolerance = True, 0.001  

 

 
ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 
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Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u, ut, utt,  t), Initial  value =  
               u, u^2 - u*(v*t+sin(t))+v*t*sin(t) , 0 

       ï Name, f(u, ut, utt, t), Initial  value = v,  v^2- v*(t - u) - u*t, - 2 

 
ɺ ʪʘʙʣʠʮʽ ʚʠʢʦʨʠʩʪʘʥʦ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ ( ) ( ) 23,03 -=-=- vu .  ʊʝ, ʱʦ 

ʜʘʥʽ ʚʟʷʪʽ ʧʨʠ 3-=t , ʚʠʟʥʘʯʘʻʪʴʩʷ ʧʦʯʘʪʢʦʤ ʜʽʘʧʘʟʦʥʫ range ( - 3,0.1,3) . ʉʘʤʽ 

ʟʥʘʯʝʥʥʷ ʟʘʜʘʥʽ ʚ ʩʪʦʚʧʮʽ ʟ ʟʘʛʦʣʦʚʢʦʤ Initial  value  ( u_0) . ʊʫʪ ʚʦʥʠ 

ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʷʢ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ, ʘ ʥʝ ʷʢ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. 

  ʅʘ ʟʘʢʣʘʜʮʽ Home ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ.   

  Home - > Compute 

ɺ ʛʽʣʮʽ Results-Derived Values ʟ'ʷʚʣʷʶʪʴʩʷ ʧʽʜʚʫʟʣʠ State variable u ʽ State 

variable v. ʊʘʢʦʞ ʟ'ʷʚʣʷʻʪʴʩʷ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 1D Plot Group 1. 

 
ʇʘʥʝʣʴ ʚʣʘʩʪʠʚʦʩʪʝʡ ʛʨʘʬʽʯʥʦʛʦ ʚʫʟʣʘ Global 1 ʤʽʩʪʠʪʴ ʪʘʙʣʠʮʶ ʚʠʨʘʟʽʚ, 

ʛʨʘʬʽʢʠ ʷʢʠʭ ʧʦʙʫʜʦʚʘʥʽ.  

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʽʤʝʥʘ ʟʤʽʥʥʠʭ ʚ ʩʪʦʚʧʮʽ Expression  ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ ʚʫʟʣʘ 

Global 1.  ɺʦʥʠ ʟʘʧʠʩʘʥʽ ʯʝʨʝʟ ʪʦʯʢʫ ʧʽʩʣʷ ʥʘʟʚʠ ʢʦʤʧʦʥʝʥʪʘ. ɯʤ'ʷ ʢʦʤʧʦʥʝʥʪʘ 

comp1 ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ Component 1  ʚ ʧʦʣ ̔ Name. ɿʘʜʘʯʘ ʤʦʞʝ 

ʩʢʣʘʜʘʪʠʩʷ ʟ ʢʽʣʴʢʦʭ ʢʦʤʧʦʥʝʥʪʽʚ, ʢʦʞʝʥ ʟ ʷʢʠʭ ʧʨʝʜʩʪʘʚʣʷʻ ʦʢʨʝʤʫ ʬʽʟʠʯʥʫ 

ʤʦʜʝʣʴ. ʇʦʚʥ ̔ ʽʤʝʥʘ ʟʤʽʥʥʠʭ, ʷʢʽ ʩʢʣʘʜʘʪʁʴʩʷ ʟ ʽʤʝʥʽ ʢʦʤʧʦʥʝʥʪʘ ʽ 

ʽʜʝʥʪʠʬʽʢʘʪʦʨʘ ʟʤʽʥʥʦʾ, ʚʠʢʦʨʠʩʪʦʚʫʪʁʴʩʷ ʚ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ. ʆʩʦʙʣʠʚʦ ʮʝ 

ʚʘʞʣʠʚʦ ʪʦʜʽ, ʢʦʣʠ ʨʦʟʚôʷʟʫʶʪʴʩʷ ʤʫʣʴʪʠʬʽʟʽʯʥ ̔ʟʘʜʘʯʽ. 

  ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʥʘʡʜʝʥʠʭ ʚʝʣʠʯʠʥ u, v  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable u: LMB > Evaluate 

Derived Values ï State variable v: LMB > Evaluate - Table 1ïState variable u 
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ʊʘʙʣʠʮʷ ʨʝʟʫʣʴʪʘʪʽʚ ʤʽʩʪʠʪʴ ʤʘʩʠʚʠ ʟʥʘʯʝʥʴ ʨʦʟʚôʷʟʢʽʚ u ʽ v ʚ ʨʽʟʥʽ ʤʦʤʝʥʪʠ 

ʯʘʩʫ ʟ ʜʽʘʧʘʟʦʥʫ  range ( - 3,0.1,3) . 

  ʆʩʢʽʣʴʢʠ ʜʦʩʣʽʜʞʫʚʘʥʘ ʩʠʩʪʝʤʘ ʥʝʣʽʥʽʡʥʘ, ʪʦ ʚʦʥʘ ʤʦʞʝ ʤʘʪʠ ʢʽʣʴʢʘ 

ʨʦʟʚôʷʟʢʽʚ. ɼʣʷ ʾʭ ʧʦhʫʢʫ ʟʤʽʥʠʤʦ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ. ʅʘʧʨʠʢʣʘʜ, ʚ ʪʘʙʣʠʮʽ 

ʨʽʚʥʷʥʴ ʚʚʝʜʽʪʴ ʟʥʘʯʝʥʥʷ u0=0.4 , v0=0.4 . ʉʧʨʦʙʘ ʨʦʟʚôʷʟʘʥʥʷ (ʥʘʪʠʩʥʽʪ ɹ

ʢʥʦʧʢʫ ) ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ: Nonlinear  

solver  did  not  converge . 

 
ʑʦʙ ʦʪʨʠʤʘʪʠ ʨʦʟʚôʷʟʦʢ ʟʤʽʥʽʪʴ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ, ʥʘʧʨʠʢʣʘʜ, ʟʤʝʥʰʠʪ ɹʾʾ ʚ 10 

ʨʘʟʽʚ, ʧʦʢʣʘʚʰʠ Rt =0.0001 .  

Step 1: Time Dependent: 

   Study Settings ï Relative tolerance = 0.0001  

ʊʝʧʝʨ ʨʦʟʚôʷʞʽʪʴ ʟʘʜʘʯʫ.  
  Home - > Compute 

ɻʨʘʬʽʢ ʫ ʚʫʟʣʽ Global 1 ʙʫʜʝ ʧʝʨʝʙʫʜʦʚʘʥʦ. ɿ ʥʴʦʛʦ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʦʪʨʠʤʘʥʘ 

ʽʥʰʘ ʧʘʨʘ ʬʫʥʢʮʽʡ. 

 
ʗʢʱʦ ʚʠ ʚʚʝʜʝʪʝ ʥʦʚʽ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ, ʥʘʧʨʠʢʣʘʜ, u0=0. 2 ʽ v0=0. 2, ʪʦ 

ʦʪʨʠʤʘʻʪʝ ʱʝ ʦʜʥʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ. ʇʦʜʘʣʴʰʝ ʟʤʝʥʰʝʥʥʷ ʚʽʜʥʦʩʥʦʾ 

ʧʦʭʠʙʢʠ ʥʝ ʧʨʠʚʦʜʠʪʴ ʜʦ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ. ʊʦʜʽ ʩʣʽʜ ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ 

ʧʦʭʠʙʢʫ ʦʙʯʠʩʣʝʥʴ. 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute Tolerance  ï Tolerance = 0.000 01 
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  Home - > Compute 

ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʧʨʠ ʧʦʯʘʪʢʦʚʠʭ ʥʘʙʣʠʞʝʥʥʷʭ u0=0.2  ʽ v0=0.2  ʮʴʦʛʦ ʜʦʩʠʪʴ 

ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʨʦʟʚôʷʟʢʫ. 

  ɺ ʨʦʟʜʽʣʽ Absolute Tolerance  ʚʫʟʣʘ Time-Dependent Solver 1 ʻ ʱʝ 

ʩʧʠʩʦʢ Global method . ɺ ʪʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʟʤʝʥʰʝʥʥʷ ʚʽʜʥʦʩʥʦʾ ʽ 

ʘʙʩʦʣʶʪʥʦʾ ʧʦʭʠʙʢʠ ʥʝ ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʨʝʟʫʣʴʪʘʪʫ, ʚ ʮʴʦʤʫ ʩʧʠʩʢʫ ʤʦʞʥʘ 

ʩʧʨʦʙʫʚʘʪʠ ʚʠʙʨʘʪʠ Unscaled  ʤʝʪʦʜ. ʂʨʽʤ ʪʦʛʦ, ʫ ʚʘʩ ʟʘʣʠʰʘʻʪʴʩʷ ʤʦʞʣʠʚʽʩʪʴ 

ʚʠʙʦʨʫ ʽʥʰʦʛʦ ʩʦʣʚʝʨʘ (ʯʠʩʝʣʴʥʦʛʦ ʤʝʪʦʜʫ ʨʦʟʚôʷʟʘʥʥʷ). ʎʝ ʨʦʙʠʪʴʩʷ ʚ ʨʦʟʜʽʣʽ 

General  ʚ ʚʠʧʘʜʥʦʤʫ ʩʧʠʩʢʫ Solver  ʇɺ ʚʫʟʣʘ Study 1-Solution 1-Stationary 

Solver 1-Direct.  

  ɺ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʧʦʚʝʨʥʽʪʴ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ u0=0.4 , v0=0.4 , ʽ ʱʝ 

ʨʘʟ ʧʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʧʦʭʽʜʥʠʭ () ()tvtu ¡¡ ,  ʦʪʨʠʤʘʥʠʭ ʨʦʟʚôʷʟʢʽʚ. ɼʣʷ ʮʴʦʛʦ 

ʩʪʚʦʨʽʪʴ ʱʝ ʦʜʥʫ ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʽ ʚ ʥʽʡ ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ Global 1. 

ɺ ʪʘʙʣʠʮʽ ʮʴʦʛʦ ʚʫʟʣʘ ʚʚʝʜʽʪʴ ʚʠʨʘʟʠ d( comp1. u, t )   ̔d( comp1. v, t ) . 

  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 2 - > Add Plot -  Global 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = d(comp1.u,t)        (ʧʝʨʰʠʡ ʨʷʜʦʢ ʪʘʙʣʠʮʽ) 

   y- Axis Data ï Expression = d(comp1.v,t)       (ʜʨʫʛʠʡ  ʨʷʜʦʢ ʪʘʙʣʠʮʽ) 

 
ʅʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Plot, ʽ ʦʪʨʠʤʘʡʪʝ ʱʦʩʴ ʥʘ ʟʨʘʟʦʢ ʥʘʩʪʫʧʥʦʛʦ ʛʨʘʬʽʢʘ (ʫ ʚʘʩ 

ʤʦʞʝ ʚʠʡʪʠ ʽʥʰʝ). 

 
ʋʚʘʞʥʦ ʧʨʠʜʠʚʠʚʰʠʩʴ, ʤʦʞʥʘ ʟʨʦʟʫʤʽʪʠ, ʱʦ ʧʨʠʯʠʥʦʶ ʪʘʢʦʛʦ ʛʨʘʬʽʢʘ ʻ ʚʝʣʠʢʽ 

ʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʠʭ ʚ ʧʦʯʘʪʢʦʚʽʡ ʪʦʯʮʽ ʜʽʘʧʘʟʦʥʫ. ʏʝʨʝʟ ʮʝ ʚʝʨʪʠʢʘʣʴʥʠʡ 

ʤʘʩʰʪʘʙ ʛʨʘʬʽʢʘ ʩʪʘʚ ʟʘʥʘʜʪʦ ʚʝʣʠʢʠʡ. ʉʧʨʘʚʘ ʚ ʪʦʤʫ, ʱʦ ʤʠ ʨʦʟʚôʷʟʫʻʤʦ 

ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ ʟ ʧʘʨʘʤʝʪʨʦʤ t, ʘ ʥʝ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ, ʽ ʪʦʤʫ ʧʦʭʽʜʥʘ ʚ 

ʧʦʯʘʪʢʦʚʽʡ ʪʦʯʮʽ ʥʝ ʟʘʜʘʻʪʴʩʷ. ʗʢ ʥʘʩʣʽʜʦʢ, ʚʦʥʘ ʙʫʣʘ ʦʙʯʠʩʣʝʥʘ ʥʝʢʦʨʝʢʪʥʦ. 

ɿʚʽʜʩʠ ʚʠʧʣʠʚʘʻ, ʱʦ  ʟ ʛʨʘʬʽʢʘ ʪʨʝʙʘ ʚʠʢʣʶʯʠʪʠ ʥʝʚʝʣʠʢʫ ʧʦʯʘʪʢʦʚʫ ʜʽʣʷʥʢʫ. 

ʎʝ ʤʦʞʥʘ ʟʨʦʙʠʪʠ ʚ ʇɺ ʚʫʟʣʘ 1D Plot Group 2 ʚ ʨʦʟʜʽʣʽ Axis , ʜʝ ʟʘʜʘʶʪʴʩʷ 

ʜʽʘʧʘʟʦʥʠ ʟʤʽʥʠ ʛʦʨʠʟʦʥʪʘʣʴʥʦʾ ʪʘ ʚʝʨʪʠʢʘʣʴʥʦʾ ʢʦʦʨʜʠʥʘʪ.  

1D Plot Group 2 : 

   Axis  ï Manual axis limits = True  

      ï x minimum, x maximum  = - 2. 9, 3.0    

      ï y minimum , y maximum  = - 1.1,1.1   
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ʑʝ ʨʘʟ ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Plot ʚ ʇɺ ʚʫʟʣʘ 1D Plot Group 2. ɻʨʘʬʽʢ ʧʦʭʽʜʥʠʭ, 

ʦʪʨʠʤʘʥʠʡ ʧʨʠ ʚʽʜʥʦʩʥʽʡ ʧʦʭʠʙʮʽ Rt=0.00001   ʽ ʘʙʩʦʣʶʪʥʽʡ ʧʦʭʠʙʮʽ T=0.01 , 

ʧʦʢʘʟʘʥʠʡ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʣʽʚʦʨʫʯ. ʇʨʘʚʦʨʫʯ ʧʦʢʘʟʘʥʠʡ ʛʨʘʬʽʢ, 

ʦʪʨʠʤʘʥʠʡ ʧʨʠ Rt=0.00001 , T = 0.00001 . 

    
 

4.1.2. ɿʘʜʘʯʘ ʂʦʰʽ ʜʣʷ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

ɺ ʦʩʪʘʥʥʽʭ ʧʨʠʢʣʘʜʘʭ ʚʠ ʙʘʯʠʣʠ, ʱʦ ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʚ ʩʪʦʚʧʮʽ ʟ ʟʘʛʦʣʦʚʢʦʤ 

f ( u, ut , utt , t )  ʤʦʞʥʘ ʚʚʦʜʠʪʠ ʚʠʨʘʟʠ, ʷʢʽ ʤʽʩʪʷʪʴ ʥʝ ʪʽʣʴʢʠ ʽʤʝʥʘ ʰʫʢʘʥʠʭ 

ʟʤʽʥʥʠʭ, ʪʘʢʠʭ ʷʢ u, ʘʣʝ  ̔ʧʘʨʘʤʝʪʨ ʯʘʩʫ t. ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʤʠ ʦʪʨʠʤʫʻʤʦ 

ʨʽʚʥʷʥʥʷ (ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ) ʟ ʧʘʨʘʤʝʪʨʦʤ. ʋ ʚʠʨʘʟʘʭ ʊʈ ʤʦʞʥʘ ʪʘʢʦʞ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʝʨʰʽ (ut) ʽ ʜʨʫʛʽ (utt ) ʧʦʭʽʜʥʽ ʰʫʢʘʥʦʾ ʬʫʥʢʮʽʾ ʧʦ ʧʘʨʘʤʝʪʨʫ 

ʯʘʩʫ. ɺ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʤʠ ʦʪʨʠʤʫʻʤʦ ʟʚʠʯʘʡʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ ʘʙʦ ʾʭ 

ʩʠʩʪʝʤʠ. 

  ʇʦʙʫʜʦʚʘ ʤʦʜʝʣʽ, ʧʨʠʟʥʘʯʝʥʦʾ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ, 

ʚʠʢʦʥʫʻʪʴʩʷ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʜʠʥʘʤʽʯʥʦʛʦ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʫ ʚ 

ʥʘʩʪʫʧʥʽʡ ʧʦʩʣʽʜʦʚʥʦʩʪʽ: 

1. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʶʻʪʴʩʷ ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
File - > New - >Model Wizard - > 0D - > Mathematics ï 

  ODE and DAE Interfaces - Global  ODEs and  DAEs(ge) - > 

  Time  Dependent  

2. ɿʘʟʚʠʯʘʡ ʦʜʠʥʠʮʽ ʚʠʤʽʨʶʚʘʥʥʷ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʽʛʥʦʨʫʶʪʴʩʷ (ʬʽʟʠʯʥʽ 

ʚʝʣʠʯʠʥʠ ʧʨʠʟʥʘʯʘʶʪʴʩʷ ʙʝʟʨʦʟʤʽʨʥʠʤʠ). ɼʣʷ ʮʴʦʛʦ ʚ ʇɺ ʢʦʨʝʥʝʚʦʛʦ 

ʚʫʟʣʘ (ʘʙʦ ʚ ʛʽʣʮʽ Component 1) ʚ ʩʧʠʩʢʫ Unit system   ʦʙʠʨʘʻʪʴʩʷ None. 

3. ɿʘʜʘʻʪʴʩʷ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t. ʎʝ ʚʠʢʦʥʫʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ 

Step 1: Time Dependent ʚ ʧʦʣʽ Times . 

4. ʅʘʣʘʰʪʦʚʫʻʪʴʩʷ ʪʦʯʥʽʩʪʴ ʦʙʯʠʩʣʝʥʴ. ɺʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ 

ʚʫʟʣʘ Step 1: Time Dependent ʚ ʧʦʣʽ Relative tolerance . 
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ɸʙʩʦʣʶʪʥʘ ʧʦʭʠʙʢʘ ʟʘʜʘʻʪʴʩʷ ʚ ʧʦʣ ̔Tolerance  ʇɺ ʚʫʟʣʘ Study 1- Solver 

Configuration-Solution 1-Time-Dependent Solver 1 (ʟʚʠʯʘʡʥʦ, ʱʦ ʥʦʤʝʨʠ 

ʚʫʟʣʽʚ ʤʦʞʫʪʴ ʙʫʪʠ ʽʥʰʠʤʠ) . 

 
5. ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʶʻʪʴʩʷ ʪʘʙʣʠʮ ̫ʨʽʚʥʷʥʴ ʽ ʧʦʪʽʤ  

ʚʠʢʦʥʫʶʪʴʩʷ ʦʙʯʠʩʣʝʥʥʷ. 

ɿʘʚʝʨʰʫʻʪʴʩʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ ʧʦʙʫʜʦʚʦʶ ʪʘʙʣʠʮʴ ʟʥʘʯʝʥʴ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ  

 ̔ʛʨʘʬʽʢʽʚ ʨʦʟʚôʷʟʢʽʚ. 

ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʟʘʪʠ ɿɼʈ 0'' =+uutt  ʟ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ ()10 =u , () 00' =tu  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t .  

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,2*pi)  

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, u tt+u  

            ï Initial  value(u_0), Initial value(u_t0) =1,0  

 
ʉʪʘʨʪʦʚʝ ʟʥʘʯʝʥʥʷ ʜʽʘʧʘʟʦʥʫ range (0,0.1,2* pi )  (ʚ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ 0) 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʷʢʦʩʪʽ 0t  ʧʨʠ ʟʘʜʘʚʘʥʥʽ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ () 0_u0 =tu ,  

() 0t_u0 =¡tut . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1 D Plot Group 1 - Global 1, ʚ ʛʨʘʬʽʯʥʦʤʫ 

ʚʽʢʥʽ ʷʢʦʛʦ ʙʫʜʫʻʪʴʩʷ ʛʨʘʬʽʢ. ɼʦʜʘʡʪʝ ʥʘ ʛʨʘʬʽʢ ʢʨʠʚʽ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʶʪʴ ʧʝʨʰʫ 
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ʽ ʜʨʫʛʫ ʧʦʭʽʜʥʽ ʨʦʟʚôʷʟʢʫ. ɼʣʷ ʮʴʦʛʦ ʚʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Global 1 ʽ ʚ ʨʦʟʜʽʣʽ    

y- Axis Data  ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʚʠʨʘʟʽʚ. 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression , Description  = comp1.u ,u   

           ï Expression , Description  = comp1.u t,ut  

           ï Expression , Description  = comp1.u tt,utt     

ɺ ʩʪʦʚʧʮʽ Description  ʤʦʞʥʘ ʜʦʜʘʪʠ ʢʦʤʝʥʪʘʨ (ʥʝʦʙʦʚôʷʟʢʦʚʦ). 

 
ʅʘʪʠʩʥ̔ʪʴ ʢʥʦʧʢʫ Plot ʚʛʦʨʽ ʇɺ. ʈʝʟʫʣʴʪʽʚʥʠʡ ʛʨʘʬʽʢ (ʧʨʠ ʟʥʘʯʝʥʥʷʭ ʚʽʜʥʦʩʥʦʾ ʽ 

ʘʙʩʦʣʶʪʥʦʾ ʧʦʭʠʙʦʢ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ Rt =0.01 , T=0.001 ) ʧʦʢʘʟʘʥʠʡ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. 

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʪʝʢʩʪʠ ʩʪʦʚʧʮʷ Description  ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ ʘʚʪʦʤʘʪʠʯʥʦ 

ʧʝʨʝʥʝʩʝʥʽ ʥʘ ʣʝʛʝʥʜʫ ʛʨʘʬʽʢʘ. 

  ʋ ʮʽʻʾ ʟʘʜʘʯʽ ʽʩʥʫʻ ʪʦʯʥʠʡ ʨʦʟʚôʷʟʦʢ tcos . ʇʦʙʫʜʫʻʤʦ ʛʨʘʬʽʢ ʨʽʟʥʠʮʽ 

ʥʘʙʣʠʞʝʥʦʛʦ  ̔ʪʦʯʥʦʛʦ ʨʦʟʚôʷʟʢʽʚ.  
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 2 - > Add Plot -  Global 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1.u - cos(t)    

  
  LMB > Plot 

 
ʆʩʪʘʥʥʽʡ ʛʨʘʬʽʢ ʧʦʙʫʜʦʚʘʥʠʡ ʧʨʠ ʚʽʜʥʦʩʥʽʡ ʽ ʘʙʩʦʣʶʪʥʽʡ ʧʦʭʠʙʢʘʭ ʦʙʯʠʩʣʝʥʴ 

Rt =0.01 , T=0.0 01. ɿ ʛʨʘʬʽʢʘ ʚʠʜʥʦ, ʱʦ ʤʘʢʩʠʤʘʣʴʥʝ ʟʥʘʯʝʥʥʷ ʤʦʜʫʣʷ ʨʽʟʥʠʮʽ 

ʪʦʯʥʦʛʦ ʽ ʥʘʙʣʠʞʝʥʦʛʦ ʨʦʟʚôʷʟʢʽʚ ʧʨʠʙʣʠʟʥʦ ʜʦʨʽʚʥʶʻ 0. 05. 
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  ʇʽʜʚʠʱʠʪʠ ʪʦʯʥʽʩʪʴ ʦʙʯʠʩʣʝʥʴ ʤʦʞʥʘ, ʟʤʝʥʰʠʚʰʠ ʚ ʛʽʣʮʽ Study 1 

ʚʽʜʥʦʩʥʫ ʽ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʠ. 

Study 1 ï Step 1: Time Dependent: 

   Study Settings ï Relative tolerance = 0.0001  

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute Tolerance  ï Tolerance = True,0.0001  

ʇʦʚʪʦʨʽʪʴ ʦʙʯʠʩʣʝʥʥʷ.  
  Home - > Compute 

ɻʨʘʬʽʢʠ ʧʦʭʽʜʥʠʭ ʩʪʘʥʫʪʴ ʙʽʣʴʰ ʛʣʘʜʢʠʤʠ (ʧʦʢʘʟʘʥʽ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ 

ʣʽʚʦʨʫʯ), ʘ ʟ ʛʨʘʬʽʢʘ ʨʽʟʥʠʮʽ comp1.u - cos(t)  (ʧʦʢʘʟʘʥʠʡ ʧʨʘʚʦʨʫʯ) ʚʠʜʥʦ, ʱʦ 

ʚʦʥʘ ʥʝ ʧʝʨʝʚʠʱʫʻ 2Ŀ10- 3. 

   
ʗʢ ʙʘʯʠʤʦ, ʚʝʣʠʯʠʥʘ ʘʙʩʦʣʶʪʥʦ ʾʧʦʭʠʙʢʠ ʦʙʯʠʩʣʝʥʴ, ʷʢʘ ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ 

Time-Dependent Solver 1, ʥʝ ʟʙʽʛʘʻʪʴʩʷ ʟ ʤʘʢʩʠʤʫʤʦʤ ʨʽʟʥʠʮʽ ʥʘʙʣʠʞʝʥʦʛʦ  ̔

ʪʦʯʥʦʛʦ ʨʦʟʚôʷʟʢʽʚ. 

  ʄʘʶʯʠ ʨʦʟʚôʷʟʦʢ, ʤʦʞʥʘ ʧʦʙʫʜʫʚʘʪʠ ʡʦʛʦ ʧʝʨʚʽʩʥʫ. ɼʣʷ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʚʠʨʘʟʽʚ ʧʦ ʯʘʩʫ ()ñ
2

1

expr
t

t
tdt  ʩʣʽʜ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʦʧʝʨʘʪʦʨ timeint . ɺʽʥ ʤʘʻ 

ʥʘʩʪʫʧʥʠʡ ʩʠʥʪʘʢʩʠʩ: 

timeint ( t 1, t 2, expr ) , 

ʜʝ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘ ʯʘʩʦʤ ʚʠʢʦʥʫʻʪʴʩʷ ʚ ʤʝʞʘʭ ʚʽʜ t1  ʜʦ t2 , ʽ ʟʤʽʥʥʫ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʢʘʟʫʚʘʪʠ ʥʝʧʦʪʨʽʙʥʦ. ɼʦ ʪʦʛʦ ʞ ʤʝʞʽ ʽʥʪʝʛʨʫʚʘʥʥʷ t 1, t 2 ʥʝ 

ʟʦʙʦʚ'ʷʟʘʥʽ ʙʫʪʠ ʢʦʥʩʪʘʥʪʘʤʠ (ʤʦʞʫʪʴ ʟʘʣʝʞʘʪʠ ʚʽʜ ʯʘʩʫ). ʋ ʬʦʨʤʘʪʽ  

timeint ( t 1, t 2, expr , tol ) , 

ʢʨʽʤ ʽʥʰʦʛʦ, ʟʘʜʘʻʪʴʩʷ ʚʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ ʦʙʯʠʩʣʝʥʥʷ ʽʥʪʝʛʨʘʣʘ, ʷʢʘ ʟʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʜʦʨʽʚʥʶʻ 1e- 8.  

  ɸʥʘʣʦʛʽʯʥʠʡ ʩʠʥʪʘʢʩʠʩ ʤʘʻ ʦʧʝʨʘʪʦʨ timeavg . 

time avg( t 1, t 2, expr )    ʘʙʦ   time avg( t 1, t 2, expr , tol ) . 

ɺʽʥ ʦʙʯʠʩʣʶʻ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʚʠʨʘʟʫ expr  ʥʘ ʚʽʜʨʽʟʢʫ ʯʘʩʫ t1 , t2  ʟʘ 

ʬʦʨʤʫʣʦʶ ()ñ-

2

1

expr
1

12

t

t

d
tt

tt . 

  ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʜʣʷ ʪʨʝʥʫʚʘʥʥʷ ʧʦʙʫʜʫʻʤʦ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʡ 

() ()ñ=
t

dutf
0

2

1 tt    ̔ () ()ñ=
t

dutf
02 tt . ɼʣʷ ʮʴʦʛʦ ʚ ʛʽʣʮʽ Results ʩʪʚʦʨʽʪʴ ʥʦʚʫ 

ʦʜʥʦʚʠʤʽʨʥʫ  ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʟ Global  ʚʫʟʣʦʤ  ̔ʪʘʙʣʠʮʝ  ʁʚʠʨʘʟʽʚ, ʛʨʘʬʽʢʠ ʷʢʠʭ 

ʙʫʜʫʪʴ ʧʦʙʫʜʦʚʘʥʽ (ʟʘʧʦʚʥʶʻʪʴʩʷ ʢʦʣʦʥʢʘ Expression , ʚ ʢʦʣʦʥʮʽ Description  

ʥʫʤʝʨʫʻʤʦ ʚʠʨʘʟʠ). 
  Results - > Plot Group - 1D Plot Group 
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  1D Plot Group 3 - > Add Plot -  Global 

1D Plot Group 3 - Global 1: 

   y- Axis Data ïExpression , Description =timeint (0, t , comp1.u^2 ) ,1  

          ï Expression ,  Description  = timeint(0,t, comp1.u) ,2  

          ï Expression ,Description =integrate(sin(x),x,0,t) ,3  

          ï Expression , Description  = at(0,comp1.u) ,4  

 

 
ɺ ʪʨʝʪʴʦʤʫ ʨʷʜʢʫ (ʜʣʷ ʧʦʨʽʚʥʷʥʥʷ) ʤʠ ʚʠʢʦʨʠʩʪʘʣʠ ʦʧʝʨʘʪʦʨ integrate,  ʷʢʠʡ 

ʤʘʻ ʥʘʩʪʫʧʥʠʡ ʩʠʥʪʘʢʩʠʩ: 

integrate ( expr ( x), x, x1, x2) , 

ʜʝ expr ( x)  ʷʚʣʷʻ ʧʽʜʽʥʪʝʛʨʘʣʴʥʠʡ ʚʠʨʘʟ, x ï ʽʤ'ʷ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ, x1  ʽ  x2 

- ʥʠʞʥ̫ ʽ ʚʝʨʭʥ ̫ʤʝʞʽ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʊʘʢʠʤ ʯʠʥʦʤ, ʚ ʪʨʝʪʴʦʤʫ ʨʷʜʢʫ ʟʘʧʠʩʘʥʦ 

ʚʠʨʘʟ ()ñ=
t

xdxtf
03 sin . 

  ɺ ʯʝʪʚʝʨʪʦʤʫ ʨʷʜʢʫ ʤʠ ʚʠʢʦʨʠʩʪʘʣʠ ʦʧʝʨʘʪʦʨ at. ɺ̔ʥ ʧʦʚʝʨʪʘʻ ʟʥʘʯʝʥʥʷ 

ʨʦʟʚôʷʟʢʫ (ʘʙʦ ʷʢʦʛʦʩʴ ʚʠʨʘʟʫ) ʚ ʟʘʜʘʥʠʡ ʤʦʤʝʥʪ ʯʘʩʫ. ʅʘʧʨʠʢʣʘʜ, ʟʘʧʠʩ 

at (0, comp1. u)  ʧʦʚʝʨʪʘʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ ʚ ʥʫʣʴʦʚʠʡ ʤʦʤʝʥʪ ʯʘʩʫ, ʽ ʛʨʘʬʽʢ 

ʮʴʦʛʦ ʚʠʨʘʟʫ ʻ ʛʦʨʠʟʦʥʪʘʣʴʥʦʶ ʧʨʷʤʦʶ. 

  ʇʝʨʝʚʽʨʪʝ, ʱʦ ʫ ʚʫʟʣʽ Global 1 ʚ ʨʦʟʜʽʣʽ x- Axis Data  ʚ ʩʧʠʩʢʫ Parameter  

ʦʙʨʘʥʦ Time (ʯʘʩ), ʩʢʦʨʝʛʫʡʪʝ ʨʦʟʪʘʰʫʚʘʥʥʷ ʣʝʛʝʥʜʠ, ʽ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ. 

1D Plot Group 3 : Legend  ï Position  = Upper left  

  LMB > Plot 

 
ʊʫʪ  ʪʝʢʩʪ ʩʪʦʚʧʮʷ Description  ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ ʚʫʟʣʘ 1D Plot Group 3 - 

Global 1 ʘʚʪʦʤʘʪʠʯʥʦ ʧʝʨʝʥʝʩʝʥʠʡ ʥʘ ʣʝʛʝʥʜʫ ʛʨʘʬʽʢʽʚ. 

  ʅʘʚʝʜʝʤʦ ʱʝ ʜʚʘ ʦʧʝʨʘʪʦʨʠ timemax    ̔ timemin . ɺʦʥʠ ʤʘʶʪʴ ʩʠʥʪʘʢʩʠʩ 

   timemax ( t 1, t 2, expr )  

   timemin ( t 1, t 2, expr )  

ʽ ʦʙʯʠʩʣʶʶʪʴ ʤʘʢʩʠʤʘʣʴʥʝ ʽ ʤʽʥʽʤʘʣʴʥʝ ʟʥʘʯʝʥʥʷ ʚʠʨʘʟʫ expr  ʥʘ ʚʽʜʨʽʟʢʫ ʯʘʩʫ 

t 1¢t¢t 2. ʋ ʬʦʨʤʘʪʽ 
   timemax ( t 1, t 2, expr ,ônointerp ô) 

   timemin(t1,t2,expr ,ônointerpô)  
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ʚʦʥʠ ʦʙʯʠʩʣʶʶʪʴ ʤʘʢʩʠʤʘʣʴʥʝ ʽ ʤʽʥʽʤʘʣʴʥʝ ʟʥʘʯʝʥʥʷ ʙʝʟ ʚʠʢʦʥʘʥʥʷ 

ʽʥʪʝʨʧʦʣʷʮʽʾ ʤʽʞ ʪʦʯʢʘʤʠ ʨʦʟʙʠʪʪʷ ʯʘʩʦʚʦʛʦ ʽʥʪʝʨʚʘʣʫ. 

  ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʤʘʢʩʠʤʘʣʴʥʦʾ ʨʽʟʥʠʮʽ ʤʽʞ ʥʘʙʣʠʞʝʥʠʤ 

ʨʦʟʚôʷʟʢʦʤ u  ʽ ʪʦʯʥʠʤ cos(t)  ʥʘ ʚʽʜʨʽʟʢʫ ʯʘʩʫ ʚʽʜ 0 ʜʦ 6.2 ʚʠʢʦʥʘʻʤʦ 

ʥʘʩʪʫʧʥʽ ʽʥʩʪʨʫʢʮʽʾ. 

  Results  ->  Derived Values  ï Global Evaluation 

Derived Values - Global Evaluation 2: 

   Expression ï Expression = timemax(0,6.2,abs(comp1.u - cos(t)))  

   Data Series Operation ï Operation = Maximum 

  LMB > Evaluate  

 
ʆʪʞʝ ʤʘʢʩʠʤʘʣʴʥʘ ʨʽʟʥʠʮʷ ʤʽʞ ʥʘʙʣʠʞʝʥʠʤ (comp1.u) ʽ ʪʦʯʥʠʤ (cos(t) ) 

ʨʦʟʚôʷʟʢʘʤʠ ʩʪʘʥʦʚʠʪʴ 0.0014551 . 

  ʌʫʥʢʮʽʾ timeint , time avg  , at , timemax , timem in  ʚʠʢʣʠʢʘʶʪʴʩʷ ʧʨʠ 

ʦʙʨʦʙʮʽ ʨʝʟʫʣʴʪʘʪʽʚ. ɰʭ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʪʽʣʴʢʠ ʚ ʚʠʨʘʟʘʭ, ʱʦ ʩʪʦʷʪʴ ʚ 

ʧʦʣʷʭ Expression  ʚʽʢʦʥ ʚʣʘʩʪʠʚʦʩʪʝʡ ʚʫʟʣʽʚ ʛʽʣʢʠ Results ʽ ʥʝ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʨʠ ʧʦʙʫʜʦʚʽ ʤʦʜʝʣʽ. 

ʇʨʠʢʣʘʜ 2. ʈʦʟʚôʷʟʘʪʠ ɿɼʈ 2028.04 =+¡+¡¡ uuu ttt  ʟ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ 

() () 00,10 =¡-= tuu . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʻʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,70)  

            ï Relative tolerance = True, 0.001  

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, 4* utt+ 0.8* ut+2*u - 20 

            ï Initial  value(u_0), Initial value(u_t0) =- 1,0  

 
ʇʝʨʰʠʡ ʤʦʤʝʥʪ ʜʽʘʧʘʟʦʥʫ range (0,0.1,70) (ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 0) 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʷʢʦʩʪʽ t0  ʧʨʠ ʟʘʜʘʚʘʥʥʽ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ u_0, u_t 0.  

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   
  Home - > Compute 
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ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1 D Plot Group 1 - Global 1, ʚ ʛʨʘʬʽʯʥʦʤʫ 

ʚʽʢʥʽ ʷʢʦʛʦ ʙʫʜʫʻʪʴʩʷ ʛʨʘʬʽʢ.  

 

 
ɺʛʦʨʽ ʇɺ ʚʫʟʣʘ Results - Derived Values - State variable u ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ 

Evaluate. ɺ ʧʨʘʚʦʤʫ ʥʠʞʥʴʦʤʫ ʢʫʪʽ  ʚʽʢʥʘ ʧʨʦʛʨʘʤʠ ʟ'ʷʚʠʪʴʩʷ ʧʘʥʝʣʴ 

ʨʝʟʫʣʴʪʘʪʽʚ ʟ ʪʘʙʣʠʮʝʶ ʟʥʘʯʝʥʴ ʨʦʟʚôʷʟʢʫ. 

 
ʇʨʠʢʣʘʜ 3. ʈʦʟʚôʷʟʘʪʠ ʜʚʘ ʥʝʧʦʚôʷʟʘʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʥ ̫

()

() ()í
ì
ë

=¡==+¡+¡¡

==+¡

10,00,02.0

01.00,05 3

tt

t

zzzzz

yyty
. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range( - 1.5,0.01,1.5)  

            ï Relative tolerance = True, 0.00001  

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʤʠ ʥʝ ʨʘʜʠʤʦ ʥʘʟʠʚʘʪʠ ʰʫʢʘʥʽ 

ʟʤʽʥʥʽ ʽʤʝʥʘʤʠ ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ. ʊʦʤʫ ʤʠ ʾʭ ʧʦʟʥʘʯʠʤʦ ʣʽʪʝʨʘʤʠ u ʽ v. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, u t+5 *u*t̂ 3  

            ï Initial  value(u_0), Initial value(u_t0) = 0.01 , 0 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vtt+0.2 *vt+v  

             ï Initial  value(u_0), Initial value(u_t0) = 0, 1  
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ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   

  Home - > Compute 

ʅʘ ʦʪʨʠʤʘʥʦʤʫ ʛʨʘʬʽʢʫ ʥʘʣʘʰʪʫʡʪʝ ʣʝʛʝʥʜʫ. 

1D Plot Group 1 ï Global 1: 

   Legends  ï Show legends, Legends, = True,  Manual  

       ï Legends = u     (ʨʷʜʦʢ 1) 

       ï Legends  = v   (ʨʷʜʦʢ 2) 

ɻʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ ʧʦʢʘʟʘʥʦ ʥʠʞʯʝ. 

 
 

ʇʨʠʢʣʘʜ 4. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʜʚʦʭ ɿɼʈ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ 
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î
î

í

î
î
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ʽ ʧʦʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global  Equations   ï Name, f(u, ut, utt, t) = y1, y1t - y2- 0.01*t̂ 2  

            ï Initial  value(u_0), Initial value(u_t0) = 0, 0 

   Global Equations   ï Name, f(u, ut, utt, t) = y2, y2t+y1  

            ï Initial  value(u_0), Initial value(u_t0) = 1, 0 

 
 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,20)  

            ï Relative tolerance = True, 0.00001  
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ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   
  Home - > Compute 

ʅʘ ʦʪʨʠʤʘʥʦʤʫ ʛʨʘʬʽʢʫ ʥʘʣʘʰʪʫʡʪʝ ʣʝʛʝʥʜʫ. 

1D Plot Group 1 ï Global 1: 

   Legends ï Show legends, Legends, = True,  Manual  

       ï Legends = y1    (ʨʷʜʦʢ 1) 

       ï Legends  = y2   (ʨʷʜʦʢ 2) 

  LMB > Plot 
ɻʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ ʧʦʢʘʟʘʥʽ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. 

 
 

ɼʣʷ ʧʦʙʫʜʦʚʠ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʩʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ  

1D Plot Group 2 - Global 1. 
  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot ï Global 

1D Plot Group 2 : 

   Legend  ï Show legends = False  

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. y2 

   x- Axis Data ï Parameter, Expression = Expression , comp1. y1 

ʆʩʪʘʥʥʽ ʚʠʨʘʟʠ ʢʘʞʫʪʴ, ʱʦ ʚʝʨʪʠʢʘʣʴʥʽ ʢʦʦʨʜʠʥʘʪʠ ʢʨʠʚʦʾ ʚʽʜʧʦʚʽʜʘʶʪʴ 

ʟʥʘʯʝʥʥʷʤ y2, ʘ ʛʦʨʠʟʦʥʪʘʣʴʥʽ - ʟʥʘʯʝʥʥʷʤ y1. 

   Title  ï Title type = None 

   Plot Settings  ï x-axis label  = True,y1  

            ï y-axis label  = True , y2 

ʆʩʪʘʥʥʽ ʜʚʽ ʦʧʮʽʾ ʩʪʚʦʨʶʶʪʴ ʧʽʜʧʠʩʠ ʙʽʣʷ ʦʩʝʡ ʥʘ ʛʨʘʬʽʢʫ. 

 
ʅʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Plot  ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʬʘʟʦʚʦ ʾʪʨʘʻʢʪʦʨʽʾ. 
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ʇʨʠʢʣʘʜ 5. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ ʜʣʷ ɿɼʈ 2-ʛʦ ʧʦʨʷʜʢʫ 02.0 =+¡Ö+¡¡ zzz ttt , 

() ()10,00 =¡= tzz , ʽ ʧʦʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʜʽʡ ʪʘʢʘ ʞ, ʷʢ ʚ ʧʦʧʝʨʝʜʥʽʭ ʧʨʠʢʣʘʜʘʭ.  
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʷʢʦʩʪʽ ʽʜʝʥʪʠʬʽʢʘʪʦʨʘ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ ʚʽʟʴʤʝʤʦ ʣʽʪʝʨʫ u.  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, utt+0.2*ut+u  

            ï Initial  value(u_0), Initial value(u_t0)  = 0,1  

 
 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,20)  

 

 
  Home - > Compute 

ɺ ʛ̔ ʣʮʽ Results ʟôʷʚʠʪʴʩʷ ʚʫʟʦʣ ʟ ʛʨʘʬʽʢʦʤ ʨʦʟʚôʷʟʢʫ. ɼʦʜʘʡʪʝ ʥʘ ʥʴʦʛʦ ʛʨʘʬʽʢʠ 

ʧʝʨʚʽʩʥʦʾ ʽ ʧʦʭʽʜʥʦʾ. 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression , Description  = comp1. u,u  

       ï Expression , Description  =timeint(0,t, comp1.u) ,int(u)  

       ï Expression , Description  = comp1. ut,ut  

 
ʊʫʪ ʤʠ ʱʝ ʟʘʧʦʚʥʠʣʠ ʩʪʦʚʧʝʮʴ Description , ʚʤʽʩʪ ʷʢʦʛʦ (ʟʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ) ʟôʷʚʠʪʴʩʷ ʥʘ ʣʝʛʝʥʜʽ ʛʨʘʬʽʢʽʚ. 
  LMB > Plot 
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ʇʦʙʫʜʫʡʪʝ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. ɼʣʷ ʮʴʦʛʦ ʩʪʚʦʨʽʪʴ ʜʨʫʛʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot 

Group 2 ʟ ʚʫʟʣʦʤ Global . 

  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot -  Global 

1D Plot Group 2: 

   Legends ï Show legends = False  

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. ut  

   x- Axis Data ï Parameter, Expression = Expression , comp1. u 

ʇʨʠ ʧʦʙʫʜʦʚʽ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʚ ʷʢʦʩʪʽ ʚʝʨʪʠʢʘʣʴʥʦʾ ʢʦʦʨʜʠʥʘʪʠ 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚʝʣʠʯʠʥʘ comp1. ut ,  ʘ ʚ ʷʢʦʩʪʽ ʛʦʨʠʟʦʥʪʘʣʴʥʦʾ - 

comp1u.  

  LMB > Plot 

            ƴ 

ɺʽʣʴʥʽ ʯʣʝʥʠ ʨʽʚʥʷʥʴ ʤʦʞʫʪʴ ʤʽʩʪʠʪʠ ʽʥʪʝʛʨʘʣʴʥʽ ʚʠʨʘʟʠ. ɯʩʥʫʻ ʜʚʘ ʩʧʦʩʦʙʠ ʾʭ 

ʚʠʢʦʨʠʩʪʘʥʥʷ. ʆʜʠʥ ʧʦʣʷʛʘʻ ʫ ʟʘʩʪʦʩʫʚʘʥʥʽ ʦʧʝʨʘʪʦʨʘ integrate (...) , ʘ 

ʜʨʫʛʠʡ ï ʫ ʚʚʝʜʝʥʥʽ ʜʦʜʘʪʢʦʚʦʛʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ, ʨʦʟʚôʷʟʘʥʥʷ ʷʢʦʛʦ 

ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʪʦʛʦ ʞ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʇʨʠʢʣʘʜ 6. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ 

() () () ( ) () () 00',00,cos10cos2
0

===+¡+¡¡ ñ vvdtvtvtv
t

ttt tt . 

ʗʢʱʦ ʧʦʟʥʘʯʠʪʠ () ( )ttut cos10cos=¡   ʽ ʜʦʜʘʪʠ ʫʤʦʚʫ () 00 =u , ʪʦ ʮʝ ʤʦʞʥʘ 

ʨʦʟʛʣʷʜʘʪʠ ʷʢ ʟʘʜʘʯʫ ʂʦʰʽ ʟ ʨʦʟʚôʷʟʢʦʤ () ( )ttdtu
t

ñ=0
cos10cos . ʊʦʜʽ ʚʭʦʜʦʚʫ 

ʟʘʜʘʯʫ ʤʦʞʥʘ ʟʘʤʽʥʠʪʠ ʩʠʩʪʝʤʦʶ ʥʘʩʪʫʧʥʦʛʦ ʚʠʛʣʷʜʫ 

() () () () () ()

() ( ) () 00,cos10cos

00',00,2

==¡

===+¡+¡¡

uttu

vvtutvtvtv

t

ttt
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ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʊʘʙʣʠʮʶ ʨʽʚʥʷʥʴ ʟʘʧʦʚʥʽʪʴ ʜʘʥʠʤʠ ʧʝʨʝʙʫʜʦʚʘʥʦʾ ʩʠʩʪʝʤʠ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - cos(10*cos(t))  

            ï Initial  value(u_0) = 0 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vtt+2*vt+v - u 

            ï Initial  value(u_0), Initial value(u_t0) = 0, 0 

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t . 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,20)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   
  Home - > Compute 

ɻʨʘʬʽʢʠ ʦʪʨʠʤʘʥʠʭ ʨʦʟʚôʷʟʢʽʚ ʧʦʢʘʟʘʥʽ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. 

 
ɿʙʝʨʝʞʽʪʴ ʤʦʜʝʣʴ ʚ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. ɺ ʮʴʦʤʫ ʬʘʡʣʽ ʨʦʟʚôʷʞʝʤʦ ʱʝ 

ʦʜʥʝ ɿɼʈ 

( ) () () 00,00,coscos
0

=¡==+¡¡ ñ VVdtVV tt

p

tt . 

ʗʢʱʦ ʧʦʟʥʘʯʠʪʠ () ( )ñ=
p

tt
0

coscos dttU , ʪʦ ʮʶ ʟʘʜʘʯʫ ʤʦʞʥʘ ʟʘʤʽʥʠʪʠ 

ʩʠʩʪʝʤʦʶ ʥʘʩʪʫʧʥʦʛʦ ʚʠʛʣʷʜʫ 

() ( )

() () 00,00,

)0(,coscos
0

=¡==+¡¡

==ñ
VVUVV

UdttU

tt

ptt
p

. 

ɼʦʜʘʡʪʝ ʚ ʬʘʡʣ ʧʦʧʝʨʝʜʥʴʦʾ ʤʦʜʝʣʽ ʱʝ ʦʜʠʥ Global Equations ʚʫʟʦʣ.  

Global ODEs and DAEs(ge): RMB > Global Equations 

ʊʘʙʣʠʮʶ ʨʽʚʥʷʥʴ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Global Equations 2 ʟʘʧʦʚʥʽʪʴ ʜʘʥʠʤʠ 

ʧʝʨʝʙʫʜʦʚʘʥʦʾ ʩʠʩʪʝʤʠ.  

Global ODEs and DAEs(ge) - Global Equations 2: 
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   Global Equations   ï Name, f(u, ut, utt, t), Initial  value(u_0)  =  

         U,  U- integrate(cos(t*cos(tau)),tau,0,pi) , pi   

   Global Equations   ï Name, f(u, ut, utt, t) = V, Vtt+V - U 

            ï Initial  value(u_0), Initial value(u_t0)  = 0, 0  

ɿʥʦʚʫ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.   
  Home - > Compute 

ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʦʪʨʠʤʘʥʠʭ ʨʦʟʚôʷʟʢʽʚ U ʽ V. 

1D Plot Group 1 : RMB > Duplicate 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression , Description  = comp1.U ,U 

          ï Expression , Description  = comp1. V,V 

 
  LMB > Plot 

 

ɺʧʨʘʚʘ 1. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ () () 00,10,cos
0

=¡=öö
÷

õ
ææ
ç

å
Ö=+¡-¡¡ ñ uuxdtxuuu

t

ttt . 

ɺʧʨʘʚʘ 2. ʇʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ñ
- xdxe x 4sin22

. 

ɺʢʘʟʽʚʢʘ. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ  teu t

t 4sin
2-=¡  ʟ ʧʦʯʘʪʢʦʚʦʶ ʫʤʦʚʦʶ () 00 =u . 

ʇʨʠʢʣʘʜ 7. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ ʜʣʷ ʥʝʣʽʥʽʡʥʦʛʦ ɿɼʈ 2-ʛʦ ʧʦʨʷʜʢʫ 

0sin3 =-+¡¡ tuu tt , () () 00,00 =¡= tuu , ̔  ʧʦʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʽʥʩʪʨʫʢʮʽʡ ʪʘʢʘ ʞ, ʷʢ ʽ ʚ ʧʦʧʝʨʝʜʥʽʭ ʧʨʠʢʣʘʜʘʭ.  
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, utt+u^3 - sin(t)  

            ï Initial  value(u_0), Initial value(u_t0)  = 0, 0 

 

 
Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0. 01, 50)  
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            ï Relative tolerance = True, 0.000 1 

 

 
  Home - > Compute 

1D Plot Group 1: 

   Legends ï Show legends = False  

  LMB > Plot 

 

 
ʌʘʟʦʚʘ ʪʨʘʻʢʪʦʨʽʷ ʙʫʜʫʻʪʴʩʷ ʥʘʩʪʫʧʥʠʤʠ ʽʥʩʪʨʫʢʮʽʷʤʠ. 
  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot -  Global 

1D Plot Group 2: 

   Legends ï Show legends = False  

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. ut  

   x- Axis Data ï Parameter, Expression = Expression , comp1. u 

  LMB > Plot 

 
ʇʨʠʢʣʘʜ 8. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ ʜʣʷ ʥʝʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ ʜʚʦʭ ɿɼʈ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ 

()

() ()í
ì
ë

==+Ö+¡

==-¡

1.20,0sin01.0

00,0

vuvv

uvu

t

t
, 

ʽ ʧʦʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʽʥʩʪʨʫʢʮʽʡ ʩʭʦʞʘ ʥʘ ʧʦʧʝʨʝʜʥʽ ʧʨʠʢʣʘʜʠ.  
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

Global ODEs and DAEs(ge) - Global Equations 1: 
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   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - v 

            ï Initial  value(u_0) = 0 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vt+0.01*v+sin(u)  

            ï Initial  value(u_0)  = 2.1  

 
 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1, 100)  

           ï Relative tolerance = True, 0.000 1 

 
 

  Home - > Compute 

1D Plot Group 1 : 

   Legend  ï Position = Midle right  

1D Plot Group 1 - Global 1: 

   Legends ï Show legends, Legends, = True,  Manual  

        ïLegends (row 1) = u 

        ïLegends (row 2) = v 

  LMB > Plot 

 

 
ɼʣʷ ʧʦʙʫʜʦʚʠ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʚʠʢʦʥʘʡʪʝ ʥʘʩʪʫʧʥʽ ʽʥʩʪʨʫʢʮʽʾ. 
  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot -  Global 

1D Plot Group 2: 

   Legends ï Show legends = False  

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. v 

   x- Axis Data ï Parameter, Expression = Expression , comp1. u 

  LMB > Plot 
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ʇʨʠʢʣʘʜ 9. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ ʜʣʷ ʥʝʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ ʜʚʦʭ ɿɼʈ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ 

()

()í
ì
ë

==-+¡

==-¡

1.00,0

00,0

3 yxxy

xyx

t

t
 

ʽ ʧʦʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʌʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ ʤʦʞʥʘ ʙʫʜʫʚʘʪʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ 

ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ ʪʠʧʫ Point Trajectories . ɸʣʝ ʜʣʷ ʮʴʦʛʦ ʧʦʪʨʽʙʥʦ ʤʘʪʠ 

ʜʚʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ. ʇʝʨʝʚʘʛʘ ʪʘʢʦʛʦ ʧʽʜʭʦʜʫ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʚʽʥ ʣʝʛʢʦ 

ʫʟʘʛʘʣʴʥʶʻʪʴʩʷ ʥʘ ʪʨʠʚʠʤʽʨʥʠʡ ʚʠʧʘʜʦʢ (ʪʨʠʚʠʤʽʨʥʽ ʬʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ). 

  ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ ʪʘʢʘ ʞ, ʷʢ ʽ ʚ ʧʦʧʝʨʝʜʥʽʭ ʧʨʠʢʣʘʜʘʭ, ʟʘ 

ʚʠʢʣʶʯʝʥʥʷʤ ʪʦʛʦ, ʱʦ ʩʪʚʦʨʶʻʪʴʩʷ ʜʚʦʚʠʤʽʨʥʘ ʤʦʜʝʣʴ.  
  File - > New - > Model Wizard - > 2D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ʐʫʢʘʥʽ ʟʤʽʥʥʽ ʧʦʟʥʘʯʠʤʦ ʣʽʪʝʨʘʤʠ u ʽ v. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - v 

            ï Initial  value(u_0) = 0 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vt+u^3 - u 

            ï Initial  value(u_0)  = 0.1  

 

 
Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1, 16)  

           ï Relative tolerance = True, 0.000 1 

 
 

  Home - > Compute 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression , Description  = comp1. u, u  

   y- Axis Data ï Expression , Description  = comp1. v, v  

ʊʝʢʩʪ ʚ ʩʪʦʚʧʮʽ Description  ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ 

ʷʢʦʩʪʽ ʣʝʛʝʥʜʠ ʛʨʘʬʽʢʘ. 

 
  LMB > Plot 
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ʇʦʯʥʝʤʦ ʙʫʜʫʚʘʪʠ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. ɼʣʷ ʮʴʦʛʦ ʩʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ 

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ.  
  Results  - > Plot Group - 2D Plot Group 

ɺ ʩʪʚʦʨʝʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʜʦʜʘʡʪʝ ʚʫʟʦʣ Point Trajectories . 

  2D Plot Group  2 - > More Plots  - > Point Trajectories 

2D Plot Group 2 - Point Trajectories 1 : 

   Trajectory  Data  ï Plot  data = Coordinates  

ʆʧʮʽʷ  Plot  data=Coordinates  ʦʟʥʘʯʘʻ, ʱʦ ʪʨʘʻʢʪʦʨʽʷ ʪʦʯʢʠ ʙʫʜʝ 

ʟʘʜʘʚʘʪʠʩʷ ʚʠʨʘʟʘʤʠ ʚ ʥʘʩʪʫʧʥʠʭ ʧʦʣʷʭ expression .  

   Trajectory Data  ï x-expression  = u 

            ï y-expression  = v 

 
   ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʦʾ. 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 01 

             ï Line style  ï Radius scale factor =True,1   

             ï Color  =Blue  

  LMB > Plot  

 

ʇʨʠʢʣʘʜ 10. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʪʨʴʦʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 

()

()

()î
í

î
ì

ë

==Ö+-¡

==+-¡

==+-¡

20,02

00,0

10,0

wvuw

vuwv

uwvu

t

t

t

 , 

ʽ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʆʩʢʽʣʴʢʠ ʬʘʟʦʚʘ ʪʨʘʻʢʪʦʨʽʷ ʩʠʩʪʝʤʠ ʻ ʢʨʠʚʦʶ ʚ ʪʨʠʚʠʤʽʨʥʦʤʫ 

ʧʨʦʩʪʦʨʽ, ʪʦ ʜʣʷ ʾʾ ʧʦʙʫʜʦʚʠ ʥʘʤ ʟʥʘʜʦʙʠʪʴʩʷ ʪʨʠʚʠʤʽʨʥʘ ʤʦʜʝʣʴ.  
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  File - > New - > Model Wizard - > 3D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ɼʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʽʚ ʨʦʟʚôʷʟʢʫ ʚʠʢʦʥʫʻʤʦ ʽʥʩʪʨʫʢʮʽʾ ʪʘʢʽ ʩʘʤʽ, ʷʢ ʽ ʚ 

ʧʦʧʝʨʝʜʥʽʭ ʧʨʠʢʣʘʜʘʭ.  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - v+w 

            ï Initial  value(u_0) = 1 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vt - w+u 

            ï Initial  value(u_0)  = 0 

   Global Equations   ï Name, f(u, ut, utt, t) = w, wt - u+2*v  

            ï Initial  value(u_0)  = 2 

 

 
Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1, 20)  

           ï Relative tolerance = True, 0.000 1 

 
 

  Home - > Compute 

1D Plot Group 1 : Legend  ï Position = Upper left  

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression , Description  = comp1. u, u  

          ï Expression , Description  = comp1. v, v  

          ï Expression , Description  = comp1. w, w  

ʅʘʛʘʜʘʻʤʦ, ʱʦ ʪʝʢʩʪ ʚ ʩʪʦʚʧʮʽ Description  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʷʢʦʩʪʽ 

ʣʝʛʝʥʜʠ ʛʨʘʬʽʢʘ. 

  LMB > Plot 

 

 
ɼʣʷ ʧʦʙʫʜʦʚʠ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʩʪʚʦʨʽʪʴ ʪʨʠʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ, ʚ ʷʢʫ 

ʜʦʜʘʡʪʝ ʚʫʟʦʣ Point Trajectories . 

  Results  - > Plot Group - 3D Plot Group 

  3D Plot Group  2 - > More Plots  - > Point Trajectories 

3D Plot Group 2 - Point Trajectories 1 : 
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   Trajectory Data  ï x-expression  = u 

            ï y-expression  = v 

            ï z-expression  = w 

   ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʦʾ. 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 3 

             ï Line style  ï Radius scale factor =True,1   

             ï Color  =Red 

  LMB > Plot  

            ƴ 

ɺ Comsol Multiphysics ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ɿɼʈ ʟ ʧʘʨʘʤʝʪʨʘʤʠ. ɼʣʷ ʮʴʦʛʦ ʚ 

ʛʽʣʮʽ Study ʩʪʚʦʨʶʻʪʴʩʷ ʧʽʜʚʫʟʦʣ Parametric Sweep, ʘʙʦ ʫ ʚʫʟʣ ̔ Study 1 ï

 Step 1: Stationary ʚ ʨʦʟʜʽʣʽ Study Extensions  ʚʩʪʘʥʦʚʣʶʻʪʴʩʷ ʧʝʨʝʤʠʢʘʯ 

Auxiliary Sweep  (ʜʦʧʦʤʽʞʥʠʡ ʘʥʘʣʽʟ). ɺ ʜʨʫʛʦʤʫ ʚʠʧʘʜʢʫ ʚʚʘʞʘʻʪʴʩʷ, ʱʦ 

ʧʘʨʘʤʝʪʨ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʢʦʝʬʽʮʽʻʥʪʘʭ ʨʽʚʥʷʥʴ ʘʙʦ ʚ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚʘʭ ʽ ʥʝ 

ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʛʝʦʤʝʪʨʠʯʥʠʭ ʨʦʟʤʽʨʽʚ. 

ʇʨʠʢʣʘʜ 11. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʂʦʰʽ 

0cos3.015.0 3 =Ö-+-¡Ö+¡¡ txxxx ttt , () () 00,10 tt xxx =¡-= , 

ʜʝ 0tx  - ʧʘʨʘʤʝʪʨ, ʷʢʠʡ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ  1.1,08.1,06.1,04.1,02.1,1 . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʋ ʚʫʟʣʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨ xt0 .  

Global Definitions : RMB > Parameters 

   Parameters ï Name, Expression  = xt0 ,  1 

 
 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) =  
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                u, utt+0.15*ut - u+u^3 - 0.3*cos(t)  

            ï Initial  value(u_0), Initial value(u_t0) = - 1, xt0  

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range (0,0.1,25)  

            ï Relative tolerance = True, 0.00001  

  
ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʚʽʜ ʧʘʨʘʤʝʪʨʘ ʚʠʢʦʨʠʩʪʘʻʤʦ 

Auxiliary Sweep  (ʜʦʧʦʤʽʞʥʠʡ) ʘʥʘʣʽʟ, ʷʢʠʡ ʚʤʠʢʘʻʪʴʩʷ ʚʩʪʘʥʦʚʣʝʥʥʷʤ 

ʚʽʜʧʦʚʽʜʥʦʛʦ ʧʨʘʧʦʨʮʷ ʚ ʇɺ ʚʫʟʣʘ Study ï Step 1: Stationary (ʥʘʛʘʜʘʻʤʦ ʱʦ, 

ʢʦʣʠ ʧʘʨʘʤʝʪʨ ʥʝ ʟʤʽʥʶʻ ʛʝʦʤʝʪʨʽʶ ʤʦʜʝʣʽ, ʪʦ ʜʦʮʽʣʴʥʽʰʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

Auxiliary Sweep ʧʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ). 

Study 1 ï Step 1: Stationary: 

   Study  Extensions  ï Auxiliary  sweep = True  

ɺ ʇɺ ʚʫʟʣʘ Step 1: Stationary ʚ ʨʦʟʜʽʣʽ Study Extensions  ʘʢʪʠʚʫʻʪʴʩʷ 

ʪʘʙʣʠʮʷ ʚʠʙʦʨʫ ʧʘʨʘʤʝʪʨʽʚ. ʂʣʘʮʥʽʪʴ ʧʦ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʟ 

ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɿʽ ʩʧʠʩʢʫ, ʷʢʠʡ ʟôʷʚʠʪʴʩʷ ʚ ʩʪʦʚʧʮʽ 

Parameter name, ʚʠʙʝʨʽʪʴ ʧʘʨʘʤʝʪʨ xt 0. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʤʥʦʞʠʥʫ ʟʥʘʯʝʥʴ ʮʴʦʛʦ ʧʘʨʘʤʝʪʨʘ.  

   Study  Extensions  ï Parameter name = xt 0 

          ï Parameter value list = 1,1.02,1.04,1.06,1.08,1.1  

 

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ.  
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʠʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1-Global 1. ʉʢʦʨʝʛʫʡʪʝ  ʡʦʛʦ 

ʣʝʛʝʥʜʫ ʽ ʧʝʨʝʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ. 

1D Plot Group 1 - Global 1: 

   Legends ï Show legends, Legends, = True,  Automatic  

       ï Description = False  

ɺʠʤʢʥʝʥʥʷ ʧʝʨʝʤʠʢʘʯʘ Description  ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʚʽʜʦʙʨʘʞʝʥʥʷ ʥʘ 

ʣʝʛʝʥʜʽ ʣʠʰʝ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʘ xt 0. 

  LMB > Plot 
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ʌʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ ʙʫʜʫʶʪʴʩʷ  ʫ Global  ʚʫʟʣʽ ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʽʤ ʧʨʠʢʣʘʜʘʤ. 

  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot -  Global 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. ut  

   x- Axis Data ï Axis source data  = Time 

           ï Parameter, Expression = Expression , comp1. u 

 
   Legends ï Show legends, Legends, = True,  Automatic  

        ï Description = False  

 
  LMB > Plot 

 
ɯʥʦʜʽ ʧʦʪʨʽʙʥʦ ʧʝʨʝʚʽʨʷʪʠ, ʱʦ ʫ ʚʫʟʣʽ Study 1 ï Solver Configurations ï 

Solution 1 - Time Dependent Solver 1 ʚʩʪʘʥʦʚʣʝʥʽ ʚʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ ʽ ʜʽʘʧʘʟʦʥ 

ʟʤʽʥʠ ʯʘʩʫ ʪʘʢʽ ʞ ʩʘʤʽ, ʷʢ ʫ ʚʫʟʣʽ Step1: TimeDependent. ɼʣʷ ʮʴʦʛʦ ʚ ʩʧʠʩʢʫ 
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Defined  by study  step  ʧʦʚʠʥʥʦ ʙʫʪʠ ʦʙʨʘʥʦ Step  1: Time Dependent . ɺ 

ʧʨʠʥʮʠʧʽ, ʮʽ ʥʘʣʘʰʪʫʚʘʥʥʷ ʤʦʞʫʪʴ ʚʽʜʨʽʟʥʷʪʠʩʷ. 

 

 

ƴ 

ʇʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ ʤʦʞʥʘ ʚʠʢʦʥʫʚʘʪʠ ʟʘ ʢʽʣʴʢʦʤʘ ʚʝʣʠʯʠʥʘʤʠ.  

ʇʨʠʢʣʘʜ 12. ʈʦʟʚôʷʟʘʪʠ ʨʽʚʥʷʥʥʷ 

t

u

td

ud

sin

sin
= , 

ʟ ʧʦʯʘʪʢʦʚʦʶ ʫʤʦʚʦʶ, ʷʢʘ ʙʫʜʝ ʫʧʨʘʚʣʷʪʠʩʷ ʜʚʦʤʘ ʧʘʨʘʤʝʪʨʘʤʠ () 210 pptu += . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʋ ʚʫʟʣʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters, ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ p1 ʪʘ p2  ʟ ʥʫʣʴʦʚʠʤʠ ʟʥʘʯʝʥʥʷʤʠ. 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = p1,  0    (row1) 

         ï Name, Expression    = p2,  0    (row2) 

 
 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - sin(u)/sin(t)  

            ï Initial  value(u_0) = p1+p2 

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range( - 10,0.1,10)  

            ï Relative tolerance = True, 0.00001  
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ʆʪʞʝ 100 -=t . 

  ɺ ʮ̔ ʡ ʟʘʜʘʯʽ ʙʘʞʘʥʦ ʚʽʜʨʘʟʫ ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʫ. ɸʣʝ ʥʝʦʙʭʽʜʥʠʡ 

ʜʣʷ ʾʾ ʚʚʝʜʝʥʥʷ ʚʫʟʦʣ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʩʧʦʯʘʪʢʫ ʥʝ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ. ʊʦʤʫ 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ 

  Study  - > Solver - Show Default Solver. 

ʋ ʚʫʟʣʽ Study 1 ʟ'ʷʚʠʪʴʩʷ ʢʽʣʴʢʘ ʜʦʯʽʨʥʽʭ ʚʫʟʣʽʚ ʽ ʤʦʞʥʘ ʙʫʜʝ ʚʠʢʦʥʘʪʠ 

ʽʥʩʪʨʫʢʮʽʶ  

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.00001  

ɼʣʷ ʚʠʢʦʥʘʥʥʷ ʧʘʨʘʤʝʪʨʠʯʥʦʛʦ ʘʥʘʣʽʟʫ ʚʩʪʘʥʦʚʽʪʴ ʚʽʜʧʦʚʽʜʥʠʡ ʧʨʘʧʦʨʝʮʴ ʚ ʇɺ 

ʚʫʟʣʘ Study ï Step 1: Stationary. 

Study 1 ï Step 1: Stationary: 

   Study  Extensions  ï Auxiliary  sweep = True  

ɺ ʨʦʟʜʽʣʽ Study Extensions  ʘʢʪʠʚʫʻʪʴʩʷ ʪʘʙʣʠʮʷ ʚʠʙʦʨʫ ʧʘʨʘʤʝʪʨʽʚ. 

ʂʣʘʮʥʽʪʴ ʧʦ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʟ ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʚʠʙʝʨʽʪʴ 

ʢʦʤʘʥʜʫ Add. ɿʽ ʩʧʠʩʢʫ, ʷʢʠʡ ʟôʷʚʠʪʴʩʷ ʚ ʩʪʦʚʧʮʽ Parameter name, 

ʚʠʙʝʨʽʪʴ ʧʘʨʘʤʝʪʨ p1. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ ʤʥʦʞʠʥʫ 

ʟʥʘʯʝʥʴ ʮʴʦʛʦ ʧʘʨʘʤʝʪʨʘ.  

   Study  Extensions  ï Parameter name = p1 

            ï Parameter value list =- 0.75*pi, - 0.5*pi,  

               - 0.25* pi ,0.25* pi ,0.5* pi , 0.75* pi  

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʤʠ ʧʨʦʧʫʩʪʠʣʠ ʥʫʣʴ. ʋ ʮʶ ʞ ʪʘʙʣʠʮʶ ʜʦʜʘʡʪʝ 

ʜʨʫʛʠʡ ʧʘʨʘʤʝʪʨ p2.  

   Study  Extensions  ï Parameter name = p2 

            ï Parameter value list = range( - 7*pi,2*pi,7*pi)  

ʑʦʙ ʘʥʘʣʽʟʫʚʘʣʠʩʷ ʚʩʽʣʷʢʽ ʧʦʻʜʥʘʥʥʷ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʽʚ p1 ʽ p2, ʫ 

ʩʧʠʩʢʫ Sweep Types ʚʠʙʝʨ̔ ʪʴ  All combinations .  

   Study  Extensions  ï Sweep Types = All combinations  

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ.  
  Home - > Compute 

ʋ ʩʪʚʦʨʝʥʦʤʫ ʚʫʟʣʽ 1D Plot Group 1 ʥʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʦʬʦʨʤʣʝʥʥʷ, 

ʟʦʢʨʝʤʘ, ʟʘʜʘʡʪʝ ʤʽʥʽʤʘʣʴʥʽ ( - 10)  ʽ ʤʘʢʩʠʤʘʣʴʥʽ (+10)  ʟʥʘʯʝʥʥʷ 

ʛʦʨʠʟʦʥʪʘʣʴʥʠʭ ʽ ʚʝʨʪʠʢʘʣʴʥʠʭ ʢʦʦʨʜʠʥʘʪ ʛʨʘʬʽʢʘ. 



45 

 

1D Plot Group 1 : 

   Axis   ɀ Manual axis limits  = True  

      ɀ x minimum, x maximum  = - 10,10  

      ɀ y minimum, y maximum  = - 10,10  

 
   Legend  ɀ Show legends  = False  

ɺ ʇɺ ʚʫʟʣʘ 1D Plot Group 1 - Global 1 ʧʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʨʦʟʜʽʣʽ y- Axis Data  ʚ 

ʪʘʙʣʠʮʽ ʟʘʧʠʩʘʥʦ ʚʠʨʘʟ comp1.u   ʽ, ʧʨʠ ʙʘʞʘʥʥʽ, ʥʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʠʭ ʚ 

ʨʦʟʜʽʣʽ Coloring and Style.  

  ʅʘʪʠʩʥʽʪʴ ʥʘ ʢʥʦʧʢʫ Plot. ʄʥʦʞʠʥʘ ʢʨʠʚʠʭ, ʷʢʽ ʧʨʝʜʩʪʘʚʣʷʶʪʴ ʨʦʟʚôʷʟʢʠ 

ʟʘʜʘʯʽ ʧʨʠ ʨʽʟʥʠʭ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚʘʭ ( ) 2110 ppu +=- , ʬʦʨʤʫʻ ʥʘʩʪʫʧʥʠʡ 

çʚʽʟʝʨʫʥʦʢè. 

   
ʅʘʩʧʨʘʚʜʽ ʮʝ ʤʥʦʞʠʥʘ ʢʨʠʚʠʭ, ʧʦʙʫʜʦʚʘʥʠʭ ʧʨʠ ʨʽʟʥʠʭ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʥʷʭ. 

ʇʦʷʩʥʠʤʦ ʮʝ, ʚʽʜʦʙʨʘʟʠʚʰʠ ʣʠʰʝ ʯʘʩʪʠʥʫ ʢʨʠʚʠʭ, ʷʢʽ ʚʽʜʧʦʚʽʜʘʶʪʴ ʟʥʘʯʝʥʥʷʤ 

ʧʘʨʘʤʝʪʨʽʚ: p1=- 0.75* pi  (ʧʝʨʰʦʤʫ ʟʥʘʯʝʥʥʶ ʚ ʤʥʦʞʠʥʽ ʧʝʨʰʦʛʦ ʧʘʨʘʤʝʪʨʘ), 

p2=- 7* pi , - 5* pi , - 3* pi , - pi , pi  (ʧʝʨʰʽ ʧôʷʪʴ ʟʥʘʯʝʥʴ ʚ ʩʧʠʩʢʫ ʜʨʫʛʦʛʦ 

ʧʘʨʘʤʝʪʨʘ).  

1D Plot Group 1 : RMB > Duplicate 

1D Plot Group 2 : 

   Data ï Parameter selection ( p1) = Manual  

       ï Parameter values (p1)( 1-6) = 1 

   Data ï Parameter selection ( p2) = Manual  

       ï Parameter  values (p2)(  1-8) = 1,2,3,4,5  

   ʊʫʪ ʚʚʦʜʷʪʴʩʷ ʥʦʤʝʨʠ ʧʘʨʘʤʝʪʨʽʚ, ʘ ʥʝ ʾʭ ʟʥʘʯʝʥʥʷ. 
  LMB > Plot 

ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʧʨʘʚʦʨʫʯ ʟʦʙʨʘʞʝʥʦ ʨʝʟʫʣʴʪʽʚʥʠʡ ʛʨʘʬʽʢ. ʆʪʞʝ ʨʽʟʥʽ 

ʩʧʦʣʫʯʝʥʥʷ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʽʚ p1 ʽ p2 ʜʘʶʪʴ ʨʽʟʥʽ ʢʨʠʚʽ, ʷʢʽ ʫʪʚʦʨʶʶʪʴ 

çʚʽʟʝʨʫʥʦʢè ʧʦʧʝʨʝʜʥʴʦʛʦ ʨʠʩʫʥʢʘ. 
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ʉʠʩʪʝʤʘ ʫʩʧʽʰʥʦ ʨʦʟʚôʷʟʫʻ ʟʘʜʘʯʫ ʂʦʰʽ ʜʣʷ çʢʫʩʢʦʚʠʭè ɿɼʈ. 

ʇʨʠʢʣʘʜ 13. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ 

() () () 00,10,02 =¡-==Ö+¡¡ ttt uuuufu , 

ʜʝ ()xf  ʢʫʩʢʦʚʦ ʟʘʜʘʥʘ ʬʫʥʢʮʽʷ, ʷʢʘ ʤʘʻ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ. 

 ()

î
î

í

î
î

ì

ë

>

¢<-

¢<--

-¢

=

1,5.0

10,

01,

1,1

2

x

xx

xx

x

xf                            (1) 

ʇʦʙʫʜʫʚʘʪʠ ʪʘʢʦʞ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 2D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ (1).  

Global Definitions: RMB > Functions ï Piecewise 

        Function name = psw 

   Definition ï Extrapolation  = Constant  

ɺ ʪʘʙʣʠʮʽ Intervals  ʟʘʜʘʡʪʝ ʧʦʯʘʪʦʢ ʽ ʢʽʥʝʮʴ ʽʥʪʝʨʚʘʣʽʚ, ʘ ʪʘʢʦʞ ʚʠʨʘʟ 

ʜʣʷ ʢʦʞʥʦʾ ʜʽʣʷʥʢʠ. 

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

         ï Start, End, Function = - 4, - 1,1  

         ï Start, End, Function = - 1,0, - x 

         ï Start, End, Function =   0,1,  - x^2  

         ï Start, End, Function =   1,4,0.5  
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ɺʠʙʽʨ ʟʥʘʯʝʥʥʷ Constant  ʚ ʩʧʠʩʢʫ Extrapolation  ʦʟʥʘʯʘʻ, ʱʦ ʧʦʟʘ ʟʘʜʘʥʠʭ 

ʜʽʣʷʥʦʢ ʬʫʥʢʮʽʷ ʧʨʦʜʦʚʞʫʻʪʴʩʷ ʢʦʥʩʪʘʥʪʘʤʠ - ʩʚʦʾʤʠ ʟʥʘʯʝʥʥʷʤʠ, ʷʢʽ ʚʦʥʘ 

ʥʘʙʫʚʘʻ ʥʘ ʣʽʚʦʤʫ ʽ ʧʨʘʚʦʤʫ ʢʨʘʷʭ ʦʙʣʘʩʪʽ ʚʠʟʥʘʯʝʥʥʷ. ʂʣʘʮʘʥʥʷ ʧʦ ʢʥʦʧʮʽ Plot 

ʚʛʦʨʽ ʚʽʢʥʘ ʙʫʜʫʻ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ (ʜʣʷ ʩʘʤʦʧʝʨʝʚʽʨʢʠ). 

  ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut t+psw(u)̂ 2*u  

            ï Initial  value(u_0), Initial value(u_t0) =- 1,0  

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,20)  

            ï Relative tolerance = True, 1e- 6 

  
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ.  
  Home - > Compute 

ɺ ʛʽʣʮʽ  Results ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʚʫʟʦʣ 1D Plot Group 1 - Global 1 ʟ ʛʨʘʬʽʢʦʤ 

ʨʦʟʚôʷʟʢʫ. ʆʜʥʘʢ ʦʪʨʠʤʘʥʠʡ ʨʝʟʫʣʴʪʘʪ ʥʝ ʟʦʚʩʽʤ ʢʦʨʝʢʪʥʠʡ. ʋ ʮʽʡ ʤʦʜʝʣʽ ʩʣʽʜ 

ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʫ ʦʙʯʠʩʣʝʥʴ, ʷʢʘ ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ Study 1 - 

Solver Configurations - Solution 1 - Time-Dependent Solver 1 (ʮʝʡ ʚʫʟʦʣ 

ʟ'ʷʚʣʷʻʪʴʩʷ ʧʽʩʣʷ ʧʝʨʰʦʛʦ ʦʙʯʠʩʣʝʥʥʷ ʘʙʦ ʚʠ ʤʦʞʝʪʝ ʩʪʚʦʨʠʪʠ ʡʦʛʦ ʚʽʜʨʘʟʫ 

ʢʦʤʘʥʜʦʶ Show Default Solver). 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.00001  

 
 

ʇʦʚʪʦʨʥʦ ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Compute. ʇʦʪʽʤ ʜʦʙʫʜʫʡʪʝ ʫ ʚʫʟʣʽ 1D Plot Group 1 

- Global 1 ʛʨʘʬʽʢ ʧʦʭʽʜʥʦʾ ʨʦʟʚôʷʟʢʫ. ɼʣʷ ʮʴʦʛʦ ʚ ʇɺ ʚʫʟʣʘ ʚ ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ 

ʟʘʧʦʚʥʽʪʴ ʜʨʫʛʠʡ ʨʷʜʦʢ, ʘ ʪʘʢʦʞ ʩʢʦʨʝʛʫʡʪʝ ʩʪʦʚʧʝʮʴ Description . 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression, Description =u, u      

          ï Expression , Description  =ut, ut     

 

 
  LMB > Plot 
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ɼʣʷ ʧʦʙʫʜʦʚʠ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʩʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ, ʚ ʷʢʫ 

ʜʦʜʘʡʪʝ ʚʫʟʦʣ Point Trajectories . 

  Results  - > Plot Group - 2D Plot Group 

  2D Plot Group  2 - > More Plots  - > Point Trajectories 

2D Plot Group 2 - Point Trajectories 1 : 

   Trajectory Data  ï x-expression  = u 

            ï y-expression  = ut  

 
   ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʦʾ. 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0.01  

              ï Line style  ï Radius scale factor =True, 1  

 
  LMB > Plot  

 
ɿʘʫʚʘʞʝʥʥʷ. ʂʫʩʢʦʚʽ ʚʠʨʘʟʠ ʤʦʞʥʘ ʟʘʜʘʚʘʪʠ ʘʥʘʣʽʪʠʯʥʠʤ ʩʧʦʩʦʙʦʤ ʚ ʩʪʠʣʽ 

Matlab. ʂʦʣʠ ʣʦʛʽʯʥʠʡ ʚʠʨʘʟ ʟ'ʷʚʣʷʻʪʴʩʷ ʚ ʘʨʠʬʤʝʪʠʯʥʽʡ  ʬʦʨʤʫʣʽ, ʪʦ ʚʽʥ 

ʽʥʪʝʨʧʨʝʪʫʻʪʴʩʷ ʷʢ +1, ʷʢʱʦ ʫʤʦʚʘ ʽʩʪʠʥʥʘ, ʘʙʦ 0, ʷʢʱʦ ʫʤʦʚʘ ʭʠʙʥʘ. ɿʦʢʨʝʤʘ, 

ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ (1), ʷʢʘ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ, ʤʦʞʥʘ ʟʘʜʘʪʠ 

ʥʘʩʪʫʧʥʦʶ ʬʦʨʤʫʣʦʶ: 
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IVIIIIII

0.51)>(x+x^21)<= x&&x <(0x0)< x&& 1>(x1)<=(x **-*---=xf  (2) 

ʊʫʪ ʩʠʤʚʦʣʠ ʧʦʜʚʽʡʥʦʛʦ ʘʤʧʝʨʩʘʥʜʘ && ʧʦʟʥʘʯʘʶʪʴ ʦʧʝʨʘʮʽʶ ʣʦʛʽʯʥʦʛʦ ɯ. 

  ʇʨʦʘʥʘʣʽʟʫʻʤʦ ʚʠʨʘʟ (2). ʗʢʱʦ x<=- 1, ʪʦ ʚ (2) ʜʦʜʘʥʦʢ I ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ, 

ʘ ʨʝʰʪʘ - ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ʗʢʱʦ x>- 1 && x<0 , ʪʦ ʚʠʨʘʟ ʚ ʜʫʞʢʘʭ ʫ ʜʦʜʘʥʢʘ II 

ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ, ʘ ʩʘʤ ʜʦʜʘʥʦʢ ʜʦʨʽʚʥʶʚʘʪʠʤʝ - x, ʚ ʪʦʡ ʯʘʩ ʷʢ ʽʥʰʽ ʯʣʝʥʠ ʚ 

(2) ʜʦʨʽʚʥʶʚʘʪʠʤʫʪʴ ʥʫʣʶ. ɸʥʘʣʦʛʽʯʥʦ ʽʥʰʽ ʜʦʜʘʥʢʠ ʚ (2) ʙʫʜʫʪʴ ʚʽʜʤʽʥʥʽ ʚʽʜ 

ʥʫʣʷ ʚ ʨʘʟʽ, ʢʦʣʠ ʚʽʜʧʦʚʽʜʥʠʡ ʣʦʛʽʯʥʠʡ ʚʠʨʘʟ, ʟʘʧʠʩʘʥʠʡ ʚ ʜʫʞʢʘʭ, ʥʘʙʫʚʘʻ 

ʟʥʘʯʝʥʥʷ ɯʉʊʀʅɸ. ʇʨʦʘʥʘʣʽʟʫʚʘʚʰʠ ʚʩʽ ʤʦʞʣʠʚʽ ʚʠʧʘʜʢʠ, ʙʘʯʠʤʦ, ʱʦ ʬʦʨʤʫʣʘ 

(2) ʧʨʝʜʩʪʘʚʣʷʻ ʬʫʥʢʮʽʶ (1). 

  ʇʝʨʝʚʽʨʠʤʦ ʮʝʡ ʩʧʦʩʽʙ ʟʘʧʠʩʫ ʢʫʩʢʦʚʠʭ ʚʠʨʘʟʽʚ. ɼʣʷ ʮʴʦʛʦ ʚ ʥʘʰʦʤʫ 

ʧʨʠʢʣʘʜʽ ʩʪʚʦʨʽʪʴ ʘʥʘʣʽʪʠʯʥʫ ʬʫʥʢʮʽʶ, ʟʘʜʘʥʫ ʚʠʨʘʟʦʤ (2).  

Global Definitions: RMB > Functions ï Analitic. 

        Function name = psw2 

   Definition ï Expression = ( x<=- 1) - (x> - 1 && x<0)*x -  

                 (0<x && x<=1)*x^2+(x>1)*0.5  

 

 
ʇʦʪʽʤ ʟʘʤʽʥʽʪʴ ʚ ʇɺ ʚʫʟʣʘ Global Equations 1 ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʽʤ'ʷ ʬʫʥʢʮʽʾ 

psw  ʥʘ psw2 ʽ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. ɺʠ ʦʪʨʠʤʘʪ̒ʝ ʪʦʡ ʞʝ ʨʝʟʫʣʴʪʘʪ, ʱʦ ʽ 

ʨʘʥʽʰʝ (ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʽ ʬʘʟʦʚʘ ʪʨʘʻʢʪʦʨʽʷ ʥʝ ʟʤʽʥʷʪʴʩʷ). 

ʇʨʠʢʣʘʜ 14. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʪʨʴʦʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ (ɸʪʨʘʢʪʦʨ ʃʦʨʝʥʮʘ) 

( )

( )
î
í

î
ì

ë

Ö-Ö=¡

--Ö=¡

-Ö=¡

zbyxz

yzrxy

xysx

t

t

t
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ʜʝ ʧʦʢʣʘʩʪʠ 3,25,10 === brs  ʽ ʫʟʷʪʠ ʥʘʩʪʫʧʥʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ: 

() ,10 =x  () ()100,10 =-= zy . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʪʨʠʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 3D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - 10*( v- u)  

            ï Initial  value(u_0) = 1 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vt - u*(25 - w)+v  
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            ï Initial  value(u_0)  = - 1 

   Global Equations   ï Name, f(u, ut, utt, t) = w, wt - u*v+3*w  

            ï Initial  value(u_0)  = 10 

 

 
ɿʘʫʚʘʞʝʥʥʷ. ɺ ʪʨʠʚʠʤʽʨʥʠʭ ʟʘʜʘʯʘʭ ʥʝ ʥʘʟʠʚʘʡʪʝ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ ʽʤʝʥʘʤʠ 

ʧʨʦʩʪʦʨʦʚʠʭ ʟʤʽʥʥʠʭ x, y, z. ʎʝ ʤʦʞʝ ʧʨʠʟʚʦʜʠʪʠ ʜʦ ʢʦʥʬʣʽʢʪʫ ʽʤʝʥ, ʽ ʜʝʷʢʽ 

ʧʦʙʫʜʦʚʠ ʧʨʘʮʶʚʘʪʠ ʥʝ ʙʫʜʫʪʴ. 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01, 40)  

            ï Relative tolerance = True, 1e- 6 

  
ɼʣʷ ʯʠʩʝʣʴʥʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ ʧʦʜʽʙʥʠʭ ʜʠʥʘʤʽʯʥʠʭ ʩʠʩʪʝʤ ʧʽʜʭʦʜʠʪʴ ʤʝʪʦʜ 

ɼʦʨʤʘʥʜʘ - ʇʨʽʥʩʘ. ɺʠʙʝʨʪ ɹʡʦʛʦ.  
  Study  - > Solver - Show Default Solver. 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.0000 01 

   Time S tepping ï Method = Dormand- Prince 5  

 

 
 

 

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ.  
  Home - > Compute 

ʋ ʚʫʟʣʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ 1D Plot Group 1 - Global 1, ʷʢʠʡ 

ʤʽʩʪʠʪʴ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ. ɺʦʥʠ ʟʦʙʨʘʞʝʥʽ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. ʄʠ ʣʠʰʝ 

ʩʢʦʨʝʛʫʚʘʣʠ ʣʝʛʝʥʜʫ. 

1D Plot Group 1 - Global 1: 

   Legends ï Show legends, Legends, = True,  Manual  

        ïLegends (row 1) = u 

        ïLegends (row 2) = v 

        ïLegends (row 3) = w 
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ɼʣʷ ʧʦʙʫʜʦʚʠ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ ʩʪʚʦʨʽʪʴ ʪʨʠʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ, ʚ ʷʢʫ 

ʜʦʜʘʡʪʝ ʚʫʟʦʣ Point Trajectories . 

  Results  - > Plot Group - 3D Plot Group 

  3D Plot Group  2 - > More Plots  - > Point Trajectories 

3D Plot Group 2 - Point Trajectories 1 : 

   Trajectory Data  ï x-expression  = u 

            ï y-expression  = v 

            ï z-expression  = w 

   ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʦʾ. 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 1 

             ï Line style  ï Radius scale factor =True,1   

ɼʦ ʚʫʟʣʘ Point Trajectories 1 ʜʦʜʘʡʪʝ ʧ̔ ʜʚʫʟʦʣ Color Expression 1.  

3D Plot Group 2 - Point Trajectories 1: RMB > Color Expression 

3D Plot Group 2 - Point Trajectories 1  - Color Expression 1: 

   Expression ï Expression  =sqrt ( ut ^2+vt ^2+wt^2)  

ɺʚʝʜʝʥʠʡ ʚʠʨʘʟ ʷʚʣʷʻ ʚʝʣʠʯʠʥʫ ʰʚʠʜʢʦʩʪʽ ʨʫʭʫ ʪʦʯʢʠ ʧʦ ʬʘʟʦʚʽʡ 

ʪʨʘʻʢʪʦʨʽʾ ʽ ʙʫʜʝ ʚʠʟʥʘʯʘʪʠ ʢʦʣʽʨ ʢʨʠʚʦʾ. 

  LMB > Plot   

 
ɿʘʫʚʘʞʝʥʥʷ. ʉʠʩʪʝʤʘ ʦʧʠʩʫʻ ʭʘʦʪʠʯʥʠʡ ʘʪʨʘʢʪʦʨ, ʪʦʤʫ ʙʫʜʴ-ʷʢʽ ʥʝʚʝʣʠʢʽ ʟʤʽʥʠ 

ʚ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚʘʭ ʘʙʦ ʚ ʪʦʯʥʦʩʪʽ ʦʙʯʠʩʣʝʥʴ ʙʫʜʫʪʴ ʧʨʠʟʚʦʜʠʪʠ ʜʦ ʽʩʪʦʪʥʦʾ 

ʟʤʽʥʠ ʨʦʟʚôʷʟʢʫ. ɺʠ ʮʝ ʟʤʦʞʝʪʝ ʚʠʟʥʘʯʠʪʠ ʟʘ ʢʽʣʴʢʽʩʪʶ ʧʝʪʝʣʴ ʬʘʟʦʚʦʾ 

ʪʨʘʻʢʪʦʨʽʾ ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʛʨʘʬʽʢʘ. 

ʇʨʠʢʣʘʜ 15. ʈʽʚʥʷʥʥʷ ɺʘʥ ʜʝʨ ʇʦʣʷ  

 ( ) 01 2 =+¡--¡¡ yyyy ttt m             (3) 
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ʦʧʠʩʫʻ ʝʣʝʢʪʨʠʯʥʽ ʢʦʣʠʚʘʥʥʷ ʚ ʟʘʤʢʥʫʪʦʤʫ ʢʦʥʪʫʨʽ, ʷʢʠʡ ʩʢʣʘʜʘʻʪʴʩʷ ʟ 

ʧʦʩʣʽʜʦʚʥʦ ʟôʻʜʥʘʥʠʭ ʢʦʥʜʝʥʩʘʪʦʨʘ, ʽʥʜʫʢʪʠʚʥʦʩʪʽ, ʥʝʣʽʥʽʡʥʦʛʦ ʝʣʝʤʝʥʪʫ ʦʧʦʨʫ 

ʪʘ ʝʣʝʤʝʥʪʫ ʜʞʝʨʝʣʘ ʝʥʝʨʛʽʾ, ʜʝ ()ty , ʧʦʟʥʘʯʘʻ ʚʝʣʠʯʠʥʫ ʝʣʝʢʪʨʠʯʥʦʛʦ ʩʪʨʫʤʫ ʚ 

ʢʦʥʪʫʨʽ.  

  ʈʦʟʚôʷʟʘʪʠ ʨʽʚʥʷʥʥʷ (3) ʧʨʠ 1=m , () 00 =¡
ty  ʽ ʢʽʣʴʢʦʭ ʨʽʟʥʠʭ ʧʦʯʘʪʢʦʚʠʭ 

ʟʥʘʯʝʥʥʷʭ () 00 yy =  ʝʣʝʢʪʨʠʯʥʦʛʦ ʩʪʨʫʤʫ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʋ ʚʫʟʣʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨ u0.  

Global Definitions : RMB > Parameters 

   Parameters ï Name, Expression  = u0,  0.1  

ɿʘʜʘʡʪʝ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʚ̔ʥʷʥʥʷ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) =  
                u, utt - (1 - u^2)* ut+ u 

            ï Initial  value(u_0), Initial value(u_t0) = u0, 0 

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,20)  

            ï Relative tolerance = True, 0.00001  

ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʚʽʜ ʧʘʨʘʤʝʪʨʘ ʚʠʢʦʨʠʩʪʘʡʪʝ 

Auxiliary Sweep  (ʜʦʧʦʤʽʞʥʠʡ) ʘʥʘʣʽʟ. 

Study 1 ï Step 1: Stationary: 

   Study  Extensions  ï Auxiliary  sweep = True  

ɺ ʇɺ ʚʫʟʣʘ Step 1: Stationary ʚ ʨʦʟʜʽʣʽ Study Extensions  ʘʢʪʠʚʫʻʪʴʩʷ 

ʪʘʙʣʠʮʷ ʚʠʙʦʨʫ ʧʘʨʘʤʝʪʨʽʚ. ɼʦʜʘʡʪʝ ʚ ʥʝʾ ʘʥʘʣʽʟʦʚʫʚʘʥʠʡ ʧʘʨʘʤʝʪʨ u0. 

   Study  Extensions  ï Parameter name = u0 

      ï Parameter value list = range(0.1,0.3,1) range(2.1,0.3,3)  

ɼʣʷ ʚʠʢʦʥʘʥʥʷ ʦʩʪʘʥʥʽʭ ʜ̔ ʡ ʢʣʘʮʥʽʪʴ ʧʦ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ 

ʟ ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɿʽ ʩʧʠʩʢʫ, ʷʢʠʡ ʟôʷʚʠʪʴʩʷ ʚ 

ʩʪʦʚʧʮʽ Parameter name, ʚʠʙʝʨʽʪʴ ʧʘʨʘʤʝʪʨ u0. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ 

ʪʘʙʣʠʮʽ Parameter value list  ʟʘʜʘʻʪʴʩʷ ʤʥʦʞʠʥʘ ʟʤʽʥʠ ʮʴʦʛʦ 

ʧʘʨʘʤʝʪʨʘ. 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  
  Home - > Compute 
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ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1-Global 1. ʉʢʦʨʝʛʫʡʪʝ ʡʦʛʦ   

ʛʨʘʬʽʢ, ʚʽʜʦʙʨʘʟʠʚʰʠ ʣʠʰʝ ʧʝʨʰʽ ʯʦʪʠʨʠ ʢʨʠʚʽ ʽ ʧʽʜʧʨʘʚʠʚʰʠ ʣʝʛʝʥʜʫ. 

1D Plot Group 1: 

   Data   ï Parameter selection (u0) = Manual  

      ï Parameter values (u0)(1-8) = 1,2,3,4  

1D Plot Group 1 - Global 1: Legends ï Description = False  

  LMB > Plot 

ʈʦʟʚôʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ɺʘʥ ʜʝʨ ʇʦʣʷ ʻ ʢʦʣʠʚʘʥʥʷ, ʚʠʜ ʷʢʠʭ ʟʦʙʨʘʞʝʥʦ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ (ʧʨʠ ʨʽʟʥʠʭ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʥʷʭ u0). 

 
ʊʝʧʝʨ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʽʥʰʠʭ ʨʦʟʚôʷʟʢʽʚ. 

1D Plot Group 1: RMB > Duplicate 

1D Plot Group 2: 

   Data  ï Parameter values (u0)(1-8) = 5,6,7,8  

 
ʌʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ ʙʫʜʫʶʪʴʩʷ  ʫ Global  ʚʫʟʣʽ. 

  Results - > Plot Group - 1D Plot Group 

1D Plot Group 3: 

   Legend  ï Position = Upper left  

  1D Plo t Group 3 - > Add Plot -  Global 

1D Plot Group 3 - Global 1: 

   y- Axis Data ï Expression = comp1.ut  

   x- Axis Data ï Axis source data  = Time 

           ï Parameter, Expression = Expression , comp1.u  

   Legends ï Description = False  

  LMB > Plot 
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ʂʦʣʠʚʘʥʥʷ, ʷʢʽ ʩʧʦʩʪʝʨʽʛʘʶʪʴʩʷ ʥʘ ʦʩʪʘʥʥʽʭ ʛʨʘʬʽʢʘʭ ʥʘʟʠʚʘʶʪʴʩʷ 

ʘʚʪʦʢʦʣʠʚʘʥʥʷʤʠ, ʙʦ ʾʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ (ʘʤʧʣʽʪʫʜʘ, ʧʝʨʽʦʜ) ʥʝ ʟʘʣʝʞʘʪʴ ʚʽʜ 

ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ, ʘ ʚʠʟʥʘʯʘʶʪʴʩʷ ʚʠʢʣʶʯʥʦ ʚʣʘʩʪʠʚʦʩʪʷʤʠ ʩʘʤʦʾ ʜʠʥʘʤʽʯʥʦʾ 

ʩʠʩʪʝʤʠ. ʅʘ ʦʩʪʘʥʥʴʦʤʫ ʨʠʩʫʥʢʫ ʚʠʜʥʦ, ʱʦ ʥʘ ʬʘʟʦʚʽʡ ʧʣʦʱʠʥʽ ʽʩʥʫʻ ʟʘʤʢʥʝʥʘ 

ʢʨʠʚʘ, ʜʦ ʷʢʦʾ ʘʩʠʤʧʪʦʪʠʯʥʦ ʧʨʠʪʷʛʫʶʪʴʩʷ ʚʩʽ ʥʘʚʢʦʣʠʰʥʽ ʪʨʘʻʢʪʦʨʽʾ, ʱʦ 

ʚʠʭʦʜʷʪʴ ʟ ʨʽʟʥʠʭ ʧʦʯʘʪʢʦʚʠʭ ʪʦʯʦʢ, ʷʢ ʟʩʝʨʝʜʠʥʠ, ʪʘʢ ʽ ʟʟʦʚʥʽ ʛʨʘʥʠʯʥʦʛʦ 

ʮʠʢʣʫ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʯʝʨʝʟ ʜʝʷʢʠʡ ʯʘʩ ʨʦʟʚôʷʟʦʢ ʚʠʭʦʜʠʪʴ ʥʘ ʦʜʠʥ ʽ ʪʦʡ ʞʝ 

ʛʨʘʥʠʯʥʠʡ ʮʠʢʣ ʢʦʣʠʚʘʥʴ (ʘʪʨʘʢʪʦʨ). 

 

4.1.3. ɼʠʬʝʨʝʥʮʽʘʣʴʥʦ-ʘʣʛʝʙʨʘʾʯʥʽ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. 

ɿʘʜʘʯʘ, ʷʢʘ ʟʚ'ʷʟʫʻ ʥʝʚʽʜʦʤʽ ʬʫʥʢʮʽʾ, ʤʦʞʝ ʤʽʩʪʠʪʠ ʷʢ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ, ʪʘʢ ʽ 

ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ. ʊʦʜʽ ʾʾ ʥʘʟʠʚʘʶʪʴ ʩʠʩʪʝʤʦʶ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦ - 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨ̔ ʚʥʷʥʴ (ɼɸʈ). ɺ ʪʘʢʠʭ ʟʘʜʘʯʘʭ ʚʘʞʣʠʚʦ ʩʣʫʰʥʦ ʩʪʘʚʠʪʠ 

ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ, ʽʥʘʢʰʝ ʩʦʣʚʝʨ ʥʝ ʟʤʦʞʝ ʟʥʘʡʪʠ ʨʦʟʚôʷʟʦʢ. 

ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ɼɸʈ. 
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ɿʘʫʚʘʞʝʥʥʷ. ʇʨʠ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʥʷʭ () () 00,10 == vu  ʽʩʥʫʶʪʴ ʜʚʽ ʧʘʨʠ 

ʨʦʟʚôʷʟʢʽʚ 0,1 ¹¹ vu   ʽ tvtu sin,cos == . ʇʨʠ () ()10,00 == vu  ʨʦʟʚôʷʟʢʘʤʠ ʻ 

1,0 ¹¹ vu  ʽ tvtu cos,sin ==  (ʷʢʱʦ ʚ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚʘʭ ʟʘʤʽʩʪʴ 1+  ʩʪʦʾʪʴ 1- ,  

ʪʦ ʤʽʥʫʩ ʟôʷʚʣʷʻʪʴʩʷ ʚ ʨʦʟʚôʷʟʢʫ ʫ ʚʽʜʧʦʚʽʜʥʠʭ ʚʝʣʠʯʠʥ). ʇʨʠ ʽʥʰʠʭ ʟʥʘʯʝʥʥʷʭ 

ʨʦʟʚôʷʟʦʢ ʤʘʻ ʚʠʛʣʷʜ tbtau sincos += , tatbv sincos -= , ʜʝ ʢʦʝʬʽʮʽʻʥʪʠ ba,  

ʧʽʜʣʷʛʘʶʪʴ ʧʦʰʫʢʫ ʟ ʫʨʘʭʫʚʘʥʥʷʤ ʧʦʯʘʪʢʦʚʦʛʦ ʟʥʘʯʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ u  ʽ 

ʧʦʯʘʪʢʦʚʦʛʦ ʥʘʙʣʠʞʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ v. ɹʫʜʴ ʷʢʽ ʫʟʛʦʜʞʝʥʽ ʥʝʧʝʨʝʨʚʥʽ 

ʢʦʤʙʽʥʘʮʽʾ ʜʽʣʷʥʦʢ ʧʦʧʝʨʝʜʥʽʭ ʬʫʥʢʮʽʡ ʪʘʢʦʞ ʤʦʞʣʠʚʽ.  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 
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ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut - v 

            ï Initial  value(u_0) = 0.5  

   Global Equations   ï Name, f(u, ut, utt, t) = v, u^2+v^2 - 1 

            ï Initial  value(u_0) = 0.9  

 
 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,10)  

           ï Relative tolerance = True, 0.00001  

  
ɺ ʮ̔ ʡ ʟʘʜʘʯʽ ʙʘʞʘʥʦ ʚʽʜʨʘʟʫ ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʫ. ʅʝʦʙʭʽʜʥʠʡ ʜʣʷ ʾʾ 

ʚʚʝʜʝʥʥʷ ʚʫʟʦʣ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʩʧʦʯʘʪʢʫ ʥʝ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ. ʊʦʤʫ ʚʠʢʦʥʘʡʪʝ 

ʢʦʤʘʥʜʫ 
  Study  - > Solver - Show Default Solver. 

ɺ ʛʽʣʮʽ Study 1 ʟ'ʷʚʠʪʴʩʷ ʢʽʣʴʢʘ ʜʦʯʽʨʥʽʭ ʚʫʟʣʽʚ, ʚ ʦʜʥʦʤʫ ʟ ʷʢʠʭ ʤʦʞʥʘ ʙʫʜʝ 

ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ  ʧʦʭʠʙʢʫ.  

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.00001  

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ 1D Plot Group 1ïGlobal 1 

ʦʪʨʠʤʘʡʪʝ ʢʨʠʚʽ ʨʦʟʚôʷʟʢʫ. ɺʦʥʠ ʥʘʚʝʜʝʥʽ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. ʑʦʙ 

ʩʢʦʨʝʛʫʚʘʪʠ ʣʝʛʝʥʜʫ ʤʠ ʣʠʰʝ ʟʤʽʥʠʣʠ ʪʝʢʩʪ ʚ ʧʦʣʷʭ Description  ʪʘʙʣʠʮʽ 

ʚʠʨʘʟʽʚ. 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï ʪʘʙʣʠʮʷ -  Expression , Description  = comp1. u, u  

           ï ʪʘʙʣʠʮʷ -  Expression , Description  = comp1. v, v  

 
ʆʜʥʘʢ ʜʣʷ ʙʘʛʘʪʴʦʭ ʧʘʨ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ ʯʠʩʝʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʦʪʨʠʤʘʪʠ ʥʝ 

ʚʜʘʻʪʴʩʷ, ʥʘʧʨʠʢʣʘʜ, ʜʣʷ () () 9.00,9.00 == vu . ʑʦʙ ʮʝ ʧʝʨʝʚʽʨʠʪʠ ʟʤʽʥʽʪʴ 

ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ 
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Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Initial  value(u_0) = 0.9   

   Global Equations   ï Initial  value(u_0) = 0.9    

 
 

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚʠ ʦʪʨʠʤʘʻʪʝ ʧʦʚʽʜʦʤʣʝʥʥʷ 

 
ɺʦʥʦ ʦʟʥʘʯʘʻ, ʱʦ ʩʠʩʪʝʤʽ ʧʽʜ ʯʘʩ ʧʦʰʫʢʫ ʨʦʟʚôʷʟʢʫ ʥʝ ʚʜʘʣʦʩʷ ʧʽʜʽʙʨʘʪʠ 

ʫʟʛʦʜʞʝʥʽ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ (ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʥʘʟʠʚʘʶʪʴʩʷ ʫʟʛʦʜʞʝʥʠʤʠ, 

ʷʢʱʦ ʚʦʥʠ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʘʣʛʝʙʨʘʾʯʥʠʤ ʨʽʚʥʷʥʥʷʤ). ʏʘʩʪʦ ʚ ʮʴʦʤʫ çʚʠʥʝʥè 

ʤʝʪʦʜ, ʷʢʠʡ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʾʭ ʧʽʜʙʦʨʫ. ɺ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ, ʨʘʜʠʤʦ 

ʟʤʽʥʠʪʠ ʤʝʪʦʜ ʨʦʟʚôʷʟʢʫ  Constant ( Newton )  ʥʘ ʽʥʰʠʡ.  

Study 1 ï Solver Configurations ï Solution 1 ï  

         ï Time Dependent Solver 1 ï Fully Coupled 1: 

   Method and Termination  ï Nonlinear Method = Automatic(Newton)  

 

 

ʎʝʡ ʚʠʙʽʨ ʧʨʠ ʚʠʟʥʘʯʝʥʥʽ ʢʦʨʝʥʽʚ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟʤʫʰʫʻ ʩʠʩʪʝʤʫ 

ʢʦʨʠʩʪʫʚʘʪʠʩʷ ʤʝʪʦʜʦʤ ʅʴʶʪʦʥʘ ʟ ʟʘʛʘʩʘʥʥʷʤ (damped Newton's method). ɺʽʥ 

ʜʦʙʨʝ ʧʨʘʮʶʻ ʚ ʪʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʟʚʠʯʘʡʥʠʡ ʤʝʪʦʜ ʅʴʶʪʦʥʘ çʟʘʚʠʩʘʻè, ʽ 

ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʥʘ ʜʝʷʢʠʭ ʢʨʦʢʘʭ ʽʪʝʨʘʮʽʾ ʧʦʭʽʜʥʘ ʤʥʦʞʠʪʴʩʷ ʥʘ ʯʠʩʣʦʚʠʡ 

ʢʦʝʬʽʮʽʻʥʪ 10 <<a . 

  ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot 

Group 1 - Global 1 ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʽ ʢʨʠʚʽ.  
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ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʟʥʘʯʝʥʥʷ ()0v , ʥʘʜʨʫʢʫʚʘʚʰʠ ʪʘʙʣʠʮʶ ʚʝʣʠʯʠʥ u  ̔   v. 

Results - Derived Values - State variable u: LMB > Evaluate 
Results - Derived Values  - State variable v: LMB > Evaluate ïTable 1 

 
ʄʘʻʤʦ () 4359.00 -ºv . ɺʦʥʦ ʥʝ ʩʧʽʚʧʘʜʘʻ ʟʽ ʟʥʘʯʝʥʥʷʤ 0.9, ʷʢʝ ʤʠ ʚʚʝʣʠ ʚ 

ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ. ʊʘʢʠʤ ʯʠʥʦʤ, ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʧʦʯʘʪʢʦʚʝ ʟʥʘʯʝʥʥʷ 

() 9.00 =u  ʜʣʷ ʬʫʥʢʮʽʾ u ʥʝ ʟʤʽʥʠʣʦʩʷ (ʙʦ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʻ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʤ), ʘ ʧʽʜʙʠʨʘʣʦʩʷ ʧʦʯʘʪʢʦʚʝ ʟʥʘʯʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ v. 

  ʉʧʨʦʙʫʡʪʝ ʚʠʢʦʨʠʩʪʘʪʠ ʽʥʰʽ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ. ʅʘʧʨʠʢʣʘʜ, ʜʣʷ 

ʟʥʘʯʝʥʴ ό0 = 1, ὺ0 = 0, ʩʫʤʽʩʥʠʭ ʟ ʜʨʫʛʠʤ ʨʽʚʥʷʥʥʷʤ ʩʠʩʪʝʤʠ, ʨʦʟʚôʷʟʢʦʤ 

ʙʫʜʫʪʴ ʬʫʥʢʮʽʾ () () 0,1 ¹¹ tvtu . ɼʣʷ ʧʦʯʘʪʢʦʚʠʭ ʥʘʙʣʠʞʝʥʴ ό0 = 0, ὺ0 = 1  

ʨʦʟʚôʷʟʢʦʤ ʙʫʜʫʪʴ ʬʫʥʢʮʽʾ () () ttvttu cos,sin ¹¹  (ʪʦʯʥʽʰʝ, ʚʠ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢʠ 

ʮʠʭ ʬʫʥʢʮʽʡ). 

  ʇʨʠʢʣʘʜʠ ʧʦʢʘʟʫʶʪʴ, ʱʦ ʩʠʩʪʝʤʘ ʥʝ ʥʘʤʘʛʘʻʪʴʩʷ ʧʽʜʙʠʨʘʪʠ ʧʦʯʘʪʢʦʚʝ 

ʟʥʘʯʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ u ʽ, ʷʢʱʦ ʡʦʛʦ ʟʘʜʘʪʠ ʟʦʚʩʽʤ çʧʦʛʘʥʦè, ʥʘʧʨʠʢʣʘʜ () 20 =u , 

ʪʦ ʨʦʟʚôʷʟʦʢ ʥʝ ʙʫʜʝ ʟʥʘʡʜʝʥʦ. ʉʧʨʘʚʜʽ, ʥʝ ʽʩʥʫʻ ʜʽʡʩʥʦʛʦ ʟʥʘʯʝʥʥʷ ()0v , ʷʢʝ 

ʟʘʜʦʚʦʣʴʥʷʣʦ ʙ ʘʣʛʝʙʨʘʾʯʥʦʤʫ ʨʽʚʥʷʥʥʶ () 0102 22 =-+v . 

  ɿʤʽʥʽʪʴ ʱʝ ʨʘʟ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ό0 = 0.5, ὺ0 = 0.99 ʽ ʨʦʟʚôʷʞʽʪʴ 

ʩʠʩʪʝʤʫ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʙʫʜʫʪʴ ʧʦʙʫʜʦʚʘʥʽ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʫ, ʷʢʽ ʧʦʢʘʟʘʥʦ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʣʽʚʦʨʫʯ. ɺ ʤʦʤʝʥʪ ʯʘʩʫ ʧʨʠʙʣʠʟʥʦ t =4.19  ʚʽʜʙʫʚʘʻʪʴʩʷ 

ʩʪʨʠʙʦʢ ʟ ʦʜʥʽʻʾ ʧʘʨʠ ʨʦʟʚôʷʟʢʽʚ ʥʘ ʽʥʰʫ. ʎʝ ʚʠʢʣʠʢʘʥʦ ʥʝʜʦʩʪʘʪʥʴʦʶ ʪʦʯʥʽʩʪʶ 

ʦʙʯʠʩʣʝʥʴ   

Step 1: Time Dependent: 

   Study Settings  ï  Relative tolerance = Tr ue, 0.000001  

  Home - > Compute         (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 

ɿʤʝʥʰʠʚʰʠ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ, ʚʠ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢʠ, ʷʢʽ ʧʦʢʘʟʘʥʽ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʧʨʘʚʦʨʫʯ. 

 
ɯʥʦʜʽ ʤʘʣʘ ʧʦʭʠʙʢʘ ʤʦʞʝ ʩʧʨʘʚʠʪʠ ʥʝʛʘʪʠʚʥʠʡ ʚʧʣʠʚ. ʉʧʨʦʙʫʡʪʝ ʨʦʟʚôʷʟʘʪʠ 

ʥʘʰʫ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦ-ʘʣʛʝʙʨʘʾʯʥʫ ʩʠʩʪʝʤʫ ʤʝʪʦʜʦʤ Constant ( Newton )  ʟ 

ʧʦʯʘʪʢʦʚʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ό0 = 1, ὺ0 = 1 ʽ ʟ ʚʽʜʥʦʩʥʦʶ ʽ ʘʙʩʦʣʶʪʥʦʶ 

ʧʦʭʠʙʢʘʤʠ 0.00001 . 
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Step 1: Time Dependent: 

   Study Settings  ï  Relative tolerance = True, 0.00001  

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.00001  

Study 1 ï Solver Configurations ï Solution 1 ï  

         ï Time Dependent Solver 1 ï Fully Coupled 1: 

   Method and Termination  ï Nonlinear Method =Constant  (Newton))  

  Home - > Compute 

ɺʠ ʦʪʨʠʤʘʻʪʝ ʥʘʩʪʫʧʥʝ ʧʦʚʽʜʦʤʣʝʥʥʷ. 

 
ɸʣʝ ̫ʢʱʦ ʚʠ ʟʥʠʟʠʪʝ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʫ ʜʦ ʟʥʘʯʝʥʥʷ 0.01 , ʪʦ ʦʪʨʠʤʘʻʪʝ 

ʧʨʘʚʠʣʴʥʫ ʚʽʜʧʦʚʽʜʴ: 0,1 ¹¹ vu  (ʥʘʩʧʨʘʚʜʽ ʚʠ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ, ̫ ʢʽ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʮʠʤ ʬʫʥʢʮʽʷʤ). ʇʨʠ ʘʙʩʦʣʶʪʥʽʡ ʧʦʭʠʙʮʽ 0.001  ʚʠ ʦʪʨʠʤʘʻʪʝ 

ʛʨʘʬʽʢʠ ʢʦʩʠʥʫʩʘ ʽ ʤʽʥʫʩ ʩʠʥʫʩʘ (ʪʝʞ ʧʨʘʚʠʣʴʥʦ!). ʆʪʞʝ ʜʣʷ çʦʩʦʙʣʠʚʦʛʦ 

ʧʦʯʘʪʢʦʚʦʛʦ ʟʥʘʯʝʥʥʷè  u=1   ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʤʘʡʞʝ çʚʠʧʘʜʢʦʚʦè ʦʜʥʫ ʯʠ ʽʥʰʫ 

ʧʘʨʫ ʨʦʟʚôʷʟʢʽʚ. 

  ʇʦʚʝʨʥʝʤʦ ʚ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ό0 = 0.9, ὺ0 = 0.9 ʽ 

ʥʘʚʝʜʝʤʦ ʱʝ ʦʜʠʥ ʰʣʷʭ ʧʦʰʫʢʫ ʨʦʟʚôʷʟʢʫ ʩʠʩʪʝʤʠ ɼɸʈ. ɺ ʧʨʦʛʨʘʤʽ ʻ 

ʨʦʟʚôʷʟʫʚʘʯ, ʧʨʠʟʥʘʯʝʥʠʡ ʣʠʰʝ ʜʣʷ ʧʽʜʙʦʨʫ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ ʩʠʩʪʝʤ ɼɸʈ. 

ɺʠʙʝʨʽʪʴ ʡʦʛʦ.  

Study 1 ï Solver Configurations ï Solution 1 ï Time Dependent Solver 1: 

   Time Stepping  ï Method = Initialization only  

  

ʇʨʠ ʮʴʦʤʫ ʚ ʩʧʠʩʢʫ Consistent initialization ʚʠʙʝʨʽʪʴ ʚʘʨʽʘʥʪ On, ʷʢʠʡ 

ʦʟʥʘʯʘʻ, ʱʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʥʝʫʟʛʦʜʞʝʥʽ (ʚʠʙʽʨ Off  ʦʟʥʘʯʘʻ, ʱʦ ʧʦʯʘʪʢʦʚʽ 

ʟʥʘʯʝʥʥʷ ʚʞʝ ʩʫʤʽʩʥʽ ʽ ʩʦʣʚʝʨ ʥʝ ʥʘʤʘʛʘʪʠʤʝʪʴʩʷ ʾʭ ʧʽʜʙʠʨʘʪʠ). 

 
ɺʠʙʽʨ ʟʽ ʩʧʠʩʢʫ Singular mass matrix  ʟʥʘʯʝʥʥʷ Maybe ʥʘʣʘʰʪʦʚʫʻ ʩʦʣʚʝʨ ʥʘ 

ʘʚʪʦʤʘʪʠʯʥʝ ʚʠʟʥʘʯʝʥʥʷ ʪʦʛʦ, ʯʠ ʚʢʣʶʯʘʻ ʩʠʩʪʝʤʘ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ. 
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ɿʥʘʯʝʥʥʷ Yes ʩʪʚʝʨʜʞʫʚʘʪʠʤʝ, ʱʦ ʩʠʩʪʝʤʘ ʤʽʩʪʠʪʴ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ. ɸʣʝ ʽ ʚ 

ʮʴʦʤʫ ʚʠʧʘʜʢʫ (ʜʣʷ ʮʽʻʾ ʟʘʜʘʯʽ) ʧʦʪʨʽʙʥʦ ʚʠʙʠʨʘʪʠ ʤʝʪʦʜ ʅʴʶʪʦʥʘ ʟ ʟʘʛʘʩʘʥʥʷʤ.  

Study 1 ï Solver Configurations ï Solution 1 ï  

         ï Time Dependent Solver 1 ï Fully Coupled 1: 

   Method and Termination  ï Nonlinear Method = Automatic(Newton)  

  Home - > Compute 

ʈʝʟʫʣʴʪʘʪʦʤ ʻ ʥʘʙʽʨ ʫʟʛʦʜʞʝʥʠʭ ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ ʜʣʷ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ. ʇʨʠ 

ʮʴʦʤʫ ʚʠʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʽʚ ʩʠʩʪʝʤʠ ʜʣʷ ʽʥʰʠʭ ʤʦʤʝʥʪʽʚ ʯʘʩʫ ʥʝ ʚʠʢʦʥʫʻʪʴʩʷ.  

ʗʢʱʦ ʦʙʯʠʩʣʝʥʥʷ ʟʘʢʽʥʯʠʣʠʩʷ ʙʝʟ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ, ʪʦ ʚ ʛʽʣʮʽ Results 

ï Derived Values  ʚʫʟʣʠ State variable u ʽ State variable v ʙʫʜʫʪʴ ʤʽʩʪʠʪʠ ʮʽ 

ʫʟʛʦʜʞʝʥʽ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. ʈʦʟʜʨʫʢʫʡʪʝ ʾʭ. 

Derived Values - State variable u: LMB > Evaluate ï New Table 

Derived Values - State variable v: LMB > Evaluate ïTable 2 

 
ɺʠ ʪʘʢʦʞ ʤʦʞʝʪʝ ʩʧʦʩʪʝʨʽʛʘʪʠ ʨʦʟʚôʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʜʚʦʭ ʪʦʯʦʢ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ 

ʚʫʟʣʘ 1D Plot Group 1. 

  
ʊʝʧʝʨ, ʚʠ ʤʦʞʝʪʝ ʟʤʽʥʠʪʠ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ, ʧʦʚʝʨʥʫʪʠ ʚʠʭʽʜʥʠʡ ʯʠʩʝʣʴʥʠʡ 

ʤʝʪʦʜ ʨʦʟʚôʷʟʘʥʥʷ (ʟʘʟʚʠʯʘʡ ʮʝ BDF ʤʝʪʦʜ) ʽ ʟʘʥʦʚʦ ʦʙʯʠʩʣʠʪʠ ʟʘʜʘʯʫ. 

  BDF (Backward Differentiation Formulas) ʩʦʣʚʝʨ ʚʠʢʦʨʠʩʪʦʚʫʻ ʨʽʟʥʽ 

ʤʦʜʠʬʽʢʘʮʽʾ ʟʚʦʨʦʪʥʠʭ ʤʝʪʦʜʽʚ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ (ʚʽʜ ʧʝʨʰʦʛʦ ʜʦ ʧ'ʷʪʦʛʦ 

ʧʦʨʷʜʢʽʚ).  

  ɺ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʟʘʜʘʡʪʝ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ό0 = 0.9, ὺ0 = 0.4, 

ʙʣʠʟʴʢʽ ʜʦ ʪʠʭ, ʷʢʽ ʦʪʨʠʤʘʥʽ ʚ ʧʨʦʮʝʩʽ çʫʟʛʦʜʞʝʥʥʷè.  

 
ʆʙʝʨʽʪʴ BDF ʤʝʪʦʜ ʽ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

Study 1 ï Solver Configurations ï Solution 1 ï Time Dependent Solver 1: 

   Time Stepping  ï Method = BDF 

 

 

  Home - > Compute 
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ɯʥʦʜʽ çʩʧʨʘʮʴʦʚʫʻè ʱʝ ʦʜʠʥ ʩʧʦʩʽʙ. ʉʪʚʦʨʽʪʴ ʥʦʚʫ ʤʦʜʝʣʴ ʪʘʢ ʩʘʤʦ, ʷʢ ʽ ʨʘʥʽʰʝ 

ʚ ʮʴʦʤʫ ʧʨʠʢʣʘʜʽ. ɿʘʜʘʡʪʝ ʚʽʜʥʦʩʥʫ ʽ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʠ 0.00001 , ʽ ʚ ʪʘʙʣʠʮʽ 

ʨʽʚʥʷʥʴ ʚʠʢʦʨʠʩʪʘʡʪʝ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ό0 = 0.1, ὺ0 = 0.9. ʆʙʯʠʩʣʝʥʥʷ 

ʤʦʜʝʣʽ ʧʦʢʘʞʝ, ʱʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʥʝʫʟʛʦʜʞʝʥʽ. ʉʧʨʦʙʫʡʪʝ ʟʤʽʥʠʪʠ ʤʝʪʦʜ 

ʤʘʩʰʪʘʙʫʚʘʥʥʷ Initial valu e based . 

Study 1 - Solver Configurations - Solution 1 - Dependent Variables 1: 

   Scaling  ï Method = Initial value based  

ɿʥʦʚʫ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ, ʘʣʝ ʥʘ ʮʝʡ ʨʘʟ ʚʠ ʦʪʨʠʤʘʻʪʝ ʨʦʟʚôʷʟʦʢ.     
ƴ

 

ʈʦʟʚôʷʞʝʤʦ ʱʝ ʢʽʣʴʢʘ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦ - ʘʣʛʝʙʨʘʾʯʥʠʭ ʩʠʩʪʝʤ ʨʽʚʥʷʥʴ. 

  ʂʦʣʠ ʘʣʛʝʙʨʘʾʯʥʽ ʨʽʚʥʷʥʥʷ ʣʽʥʽʡʥʽ, ʪʦ ʫʟʛʦʜʞʝʥʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ 

ʧʽʜʙʠʨʘʶʪʴʩʷ ʚʽʜʥʦʩʥʦ ʧʨʦʩʪʦ. 

ʇʨʠʢʣʘʜ 2. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ɼɸʈ 

()

()

()î
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. 

ʊʫʪ, ʦʯʝʚʠʜʥʦ, ʱʦ () () () 0000 ¸++ zyx , ʪʦʙʪʦ ʧʦʯʘʪʢʦʚʽ ʜʘʥʽ ʥʝʫʟʛʦʜʞʝʥʽ. 

ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 0D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʩʧʦʩʪʝʨʝʞʝʥʥʷ ʟʘ ʨʦʟʤʽʨʥʦʩʪʷʤʠ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut +u+2*v  

            ï Initial  value(u_0) = - 1 

   Global Equations   ï Name, f(u, ut, utt, t) = v, vt - u- w 

            ï Initial  value(u_0) = 3 

   Global Equations   ï Name, f(u, ut, utt, t) = w, u+v+w 

            ï Initial  value(u_0) = - 1 

 

 
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t . 
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Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01, 7)  

  
ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ  Results - 1D Plot Group 1 

- Global 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ. ɼʣʷ ʢʦʥʪʨʦʣʶ ʚ ʇɺ ʮʴʦʛʦ ʚʫʟʣʘ ʚ 

ʨʦʟʜʽʣʽ y- Axis  Data  ʜʦʜʘʡʪʝ ʚʠʨʘʟ, ʷʢʠʡ ʧʨʝʜʩʪʘʚʣʷʻ ʩʫʤʫ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ. 

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʪʨʝʪʴʦʛʦ ʨʽʚʥʷʥʥʷʤ ʩʠʩʪʝʤʠ, ʡʦʛʦ ʛʨʘʬʽʢ ʧʦʚʠʥʝʥ ʙʫʪʠ ʪʦʪʦʞʥʠʤ 

ʥʫʣʝʤ. 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï ʪʘʙʣʠʮʷ -  Expression , Description  = 

              comp1.u+comp1.v+comp1.w , Summa   (row4) 

  
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʡ u ʽ v ʩʦʣʚʝʨ ʥʝ ʤʽʥʷʚ. ɼʣʷ 

ʫʟʛʦʜʞʝʥʥʷ ʟ ʘʣʛʝʙʨʘʾʯʥʠʤ ʨʽʚʥʷʥʥʷʤ ʙʫʣʦ ʧʽʜʽʙʨʘʥʦ ʪʽʣʴʢʠ ʩʪʘʨʪʦʚʝ 

ʟʥʘʯʝʥʥʷ ()0w . 

ʇʨʠʢʣʘʜ 3. ɸʥʘʣʦʛʽʯʥʦ ʜʦ ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʨʠʢʣʘʜʫ ʜʦʩʣʽʜʞʫʻʪʴʩʷ ʩʠʩʪʝʤʘ 
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ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 0D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʩʧʦʩʪʝʨʝʞʝʥʥʷ ʟʘ ʨʦʟʤʽʨʥʦʩʪʷʤʠ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, ut +u+v  

            ï Initial  value(u_0) = 1 

   Global Equations   ï Name, f(u, ut, utt, t) = v, v- u+2*w- 2 

            ï Initial  value(u_0) = - 1 

   Global Equations   ï Name, f(u, ut, utt, t) = w, u+2*w- 1 

            ï Initial  value(u_0) = 1 
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ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t . 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,2)  

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ  Results - 1D Plot Group 1 

- Global 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ. 

 
ʆʩʢʽʣʴʢʠ ʬʫʥʢʮʽʾ v ʽ w ʚʭʦʜʷʪʴ ʚ ʩʠʩʪʝʤʫ ʙʝʟ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ, ʪʦ ʩʦʣʚʝʨ 

ʜʦʟʚʦʣʠʚ ʩʦʙʽ ʧʽʜʙʠʨʘʪʠ ʾʭ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʽ, ʷʢ ʙʘʯʠʪʝ, ʚʦʥʠ ʟʤʽʥʠʣʠʩʷ. 

ʇʨʠʢʣʘʜ 4. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 
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ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 0D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʩʧʦʩʪʝʨʝʞʝʥʥʷ ʟʘ ʨʦʟʤʽʨʥʦʩʪʷʤʠ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = u, utt - v/4  

            ï Initial  value(u_0), Initial value(u_t0) =- 1,0  

   Global Equations   ï Name, f(u, ut, utt, t) = v, u+v - cos(t)  

            ï Initial  value(u_0) = 0 

 

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t . 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,8*pi)  
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ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ  1D Plot Group 1ïGlobal 1 

ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʫ. ɼʣʷ ʢʦʨʝʛʫʚʘʥʥʷ ʣʝʛʝʥʜʠ ʟʤʽʥʽʪʴ ʪʝʢʩʪ ʚ ʧʦʣʷʭ 

Description  ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ. 

1D Plot Group 1 - Global 1: 

   y- Axis Data ï ʪʘʙʣʠʮʷ -  Expression , Description  = comp1. u, u  

           ï ʪʘʙʣʠʮʷ -  Expression , Description  = comp1. v, v  

  LMB > Plot 

 
ʆʩʢʽʣʴʢʠ ʚ ʧʝʨʰʦʤʫ ʨʽʚʥʷʥʥʽ ʩʠʩʪʝʤʠ ʤʽʩʪʠʪʴʩʷ ʜʨʫʛʘ ʧʦʭʽʜʥʘ ʰʫʢʘʥʦʾ 

ʬʫʥʢʮʽʾ u, ʪʦ ʜʣʷ ʥʝʾ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʦʙʠʜʚʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ 

() () 00,10 =¡-= uu , ʘ ʧʦʯʘʪʢʦʚʝ ʟʥʘʯʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ v ʧʽʜʙʠʨʘʻʪʴʩʷ 

ʨʦʟʚôʷʟʫʚʘʯʝʤ. 

ʇʨʠʢʣʘʜ 5. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 
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ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʥʫʣʴʚʠʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ ʤʦʜʝʣʴ 

ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʩʧʦʩʪʝʨʝʞʝʥʥʷ ʟʘ ʨʦʟʤʽʨʥʦʩʪʷʤʠ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equation s  ï Name, f(u, ut, utt, t) = u, ut - 2* v- u*v  

            ï Initial  value(u_0) =- 1.5  

   Global Equations   ï Name, f(u, ut, utt, t) = v, u^2/4+v̂ 2 - 1 

            ï Initial  value(u_0) = 1 

  
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t, ʘ ʪʘʢʦʞ ʚʽʜʥʦʩʥʫ ʽ ʘʙʩʦʣʶʪʥʫ ʧʦʭʠʙʢʫ 

ʦʙʯʠʩʣʝʥʴ 0.0001 . 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,10)  

           ï Relative tolerance = True, 0.0001  
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  Study  - > Solver - Show Default Solver. 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute  Tolerance  ï Tolerance = 0.0001  

ʆʙʝʨʽʪʴ ʤʝʪʦʜ ʅʴʶʪʦʥʘ ʟ ʟʘʛʘʩʘʥʥʷʤ. 

Study 1 ï Solver Configurations ï Solution 1 ï  

         ï Time Dependent Solver 1 ï Fully Coupled 1: 

   Method and Termination  ï Nonlinear Method = Automatic(Newton)  

  LMB > Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ  1D Plot Group 1-Global 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ. 

 
ʊʝʧʝʨ ʧʦʙʫʜʫʡʪʝ ʧʘʨʘʤʝʪʨʠʯʥʫ ʢʨʠʚʫ () ()tvvtuu == , . ɼʣʷ ʮʴʦʛʦ ʩʪʚʦʨʽʪʴ ʽ 

ʥʘʣʘʰʪʫʡʪʝ ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ  1D Plot Group 2 - Global 1. 
  Results - > Plot Group - 1D Plot Group 

  1D Plo t Group 2 - > Add Plot ï Global 

1D Plot Group 2 : 

   Legend  ï Show legends = False  

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = comp1. v 

   x- Axis Data ï Parameter, Expression = Expression , comp1. u 

  LMB > Plot 

 
ʗʢ ʽ ʩʣʽʜ ʙʫʣʦ ʦʯʽʢʫʚʘʪʠ, ʪʦʯʢʠ ʢʨʠʚʦʾ () ()tvvtuu == ,  ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʝʣʽʧʩʽ 

1
4

2
2

=+v
u

. 

 

4.1.4. ɺʠʢʦʨʠʩʪʘʥʥʷ ʚ ʨʽʚʥʷʥʥʷʭ ʦʧʝʨʘʪʦʨʽʚ. 

ɺ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʇɺ ʚʫʟʣʘ Global ODEs and DAEs (ge)  ʚʠʨʘʟʠ ʚ ʩʪʦʚʧʮʽ 

f ( u, ut , utt , t )  ʤʦʞʫʪʴ ʤʽʩʪʠʪʠ ʥʝ ʪʽʣʴʢʠ ʘʨʠʬʤʝʪʠʯʥʽ ʦʧʝʨʘʮʽʾ, ʬʫʥʢʮʽʾ, 

ʧʘʨʘʤʝʪʨʠ ʽ ʟʤʽʥʥʽ ʤʦʜʝʣʽ, ʘ ʽ ʦʧʝʨʘʪʦʨʠ ʩʠʩʪʝʤʠ ʘʙʦ ʢʦʨʠʩʪʫʚʘʯʘ. ʏʘʩʪ̔h ʝ ʟʘ 

ʚʩʝ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʧʝʨʘʪʦʨ integrate(...) . ɸʣʝ ʟʫʩʪʨʽʯʘʶʪʴʩʷ ʚʠʧʘʜʢʠ 

ʟʘʩʪʦʩʫʚʘʥʥʷ ʽʥʰʠʭ ʦʧʝʨʘʪʦʨʽʚ. ʈʦʟʚôʷʞʝʤʦ ʢʽʣʴʢʘ ʥʘʚʯʘʣʴʥʠʭ ʟʘʜʘʯ, ʨʽʚʥʷʥʥʷ 

ʷʢʠʭ ʤʽʩʪʷʪʴ ʦʧʝʨʘʪʦʨʠ.   
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ʇʨʠʢʣʘʜ 1. ɺʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ X (ʘʙʦ X ʽ Y) ʨʦʟʚôʷʟʘʪʠ ʥʘʩʪʫʧʥʽ ʨʽʚʥʷʥʥʷ: 

1. Ὢᴂὢ = 0, ʜʝ Ὢ(ὼ)  ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ. ʈʦʟʰʫʢʫʻʪʴʩʷ ʪʦʯʢʘ ʝʢʩʪʨʝʤʫʤʫ. 

2. Ὢᴂᴂὢ = 0, ʜʝ Ὢ(ὼ) ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ. ʈʦʟʰʫʢʫʻʪʴʩʷ ʪʦʯʢʘ ʧʝʨʝʛʠʥʫ. 

3. ᷿ὪὼὨὼ= ὥ
ὢ

0
, ʜʝ Ὢὼ ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ, ʽ ὥ ʟʘʜʘʥʝ ʯʠʩʣʦ. ʈʦʟʰʫʢʫʻʪʴʩʷ 

ʚʽʜʨʽʟʦʢ [0,X], ʥʘ ʷʢʦʤʫ ʧʣʦʱʘ ʧʽʜ ʢʨʠʚʦʶ ʻ ʟʘʜʘʥʠʤ ʯʠʩʣʦʤ. 

4. ᷿ὪὼὨὼ= ὥ
ὣ

ὢ
, ὣ ὢ= ὦ, ʜʝ Ὢὼ ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ, ὥ,ὦ ʟʘʜʘʥʽ ʯʠʩʣʘ. 

ʈʦʟʰʫʢʫʻʪʴʩʷ ʚʽʜʨʽʟʦʢ [X,Y] ʜʦʚʞʠʥʦʶ b, ʥʘ ʷʢʦʤʫ ʧʣʦʱʘ ʧʽʜ ʢʨʠʚʦʶ ʻ 

ʟʘʜʘʥʠʤ ʯʠʩʣʦʤ a.  

5. ( ) axdXxg
X

=ñ0 , , ʜʝ ( ) yxeyxg =, . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟʽ ʩʪʘʮʽʦʥʘʨʥʠʤ Global ODEs and DAEs 

ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ Ὢὼ = 2 + 12ὼ+ 3ὼ2 2ὼ3. 

Global Definitions: RMB > Functions ï Analytic 

        Function name = f  

   Definition ï Expression =2+12*x+3*x^2 - 2*x^3  

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʚʠʢʦʥʘʡʪʝ ʧʦʙʫʜʦʚʫ ʛʨʘʬʽʢʘ ʮʽʻʾ ʬʫʥʢʮʽʾ ʥʘ ʚʽʜʨʽʟʢʫ [- 3, 3. 5]. 

   Plot Parameters ï Low limit, Upper li mit  = - 3, 3. 5 

  LMB> Plot 

 
ɼʠʚʣʷʯʠʩʴ ʥʘ ʛʨʘʬʽʢ, ʤʦʞʥʘ ʧʨʠʙʣʠʟʥʦ ʦʮʽʥʠʪʠ ʧʦʣʦʞʝʥʥʷ ʪʦʯʢʠ ʤʘʢʩʠʤʫʤʫ ʽ 

ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ. 

  ɿʘʜʘʡʪʝ ʧʝʨʰʝ ʨʚ̔ʥʷʥʥʷ ʽ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ ʜʦ ʪʦʯʢʠ ʤʘʢʩʠʤʫʤʫ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u,ut,utt,t)  = u, d(f(u),u)  

            ï Initial  value(u_0) = 2.5  

ɿʘʧʠʰʽʪʴ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ ʽ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ ʜʦ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ. 

   Global Equations   ï Name = v  

            ï f(u,ut,utt,t)  = d(d(f(v),v),v)  

            ï Initial  value(u_0) = 0 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛ̔ʣʮʽ Results - Derived Values ʟ'ʷʚʣʷʪʁʴʩʷ ʜʚʘ ʚʫʟʣʠ State variable u ʽ State 

variable v. ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʥʘʡʜʝʥʠʭ ʚʝʣʠʯʠʥ u, v  ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 



66 

 

Derived Values ï State variable u: LMB > Evaluate 

Derived Values ï State variable v: LMB > Evaluate - Table 1 

 
ʎʝ ʻ ʘʙʩʮʠʩʘʤʠ ʪʦʯʢʠ ʧʨʘʚʦʛʦ ʝʢʩʪʨʝʤʫʤʫ (ʤʘʢʩʠʤʫʤʫ) ʽ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ. 

  ʇʝʨʝʡʜʝʤʦ ʜʦ ʨʦʟʚôʷʟʘʥʥʷ ʪʨʝʪʴʦʾ ʽ ʯʝʪʚʝʨʪʦʾ ʟʘʜʘʯʽ. ʉʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ 

ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ. 

Global Definitions : RMB > Parameters 

   Parameters ï Name, Expression   = a,  10 

         ï Name, Expression  = b,  1 

ɼʦʜʘʡʪʝ ʪʨʝʪʽʡ ʚʠʨʘʟ ʚ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ.  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name = w 

   Global Equations ï f(u,ut,utt,t)  = a - integrate(f(x),x,0,w)  

            ï Initial  value(u_0) = 1 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʜʣʷ ʢʦʨʝʢʪʥʦʾ ʨʦʙʦʪʠ ʤʝʪʦʜʘ ʅʴʶʪʦʥʘ-ʈʘʬʩʦʥʘ ʧʦʯʘʪʢʦʚʝ 

ʥʘʙʣʠʞʝʥʥʷ w ʧʦʪʨʽʙʥʦ ʦʙʠʨʘʪʠ ʪʘʢ, ʱʦʙ ʥʘʭʠʣ ʬʫʥʢʮʽʾ (ʜʦʪʠʯʥʦʾ ʚ ʮʽʡ ʪʦʯʮʽ) 

ʥʝ ʜʦʨʽʚʥʶʚʘʚ ʥʫʣʶ. ɺ ʮʴʦʤʫ ʧʨʠʢʣʘʜʽ ʮʝ ʥʝ ʧʦʚʠʥʥʽ ʙʫʪʠ ʢʦʨʝʥʽ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ. 

  Home - > Compute 

ʇʽʩʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ ʥʘʜʨʫʢʫʡʪʝ  w. 

Derived Values : RMB > Global Evaluation 

        Label = Variable w 

Derived Values ï Variable w: LMB > Evaluate - Table 1 

 

ʊʦʙʪʦ ᷿ ὪὼὨὼ= 10
1.0963

0
. 

  ʈʦʟʚôʷʞʽʪʴ ʯʝʪʚʝʨʪʝ ʟʘʚʜʘʥʥʷ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name = X 

              ï f(u,ut,utt,t)  = a- integrate(f(x),x,X,Y)  

             ï Initial value (u_0) = 1  

   Global Equations ï Name = Y 

              ï f(u,ut,utt,t) = Y - X- b 

             ï Initial value (u_0) = 2 

  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʨʦʟʚôʷʟʦʢ. 

Derived Values ï Variable w: RMB > Duplicate 

        Label = Variable X 

Derived Values ï Variable X:  

   Expression  ïExpression  = comp1.X  

  LMB > Evaluate ï New Table 

Derived Values ï Variable X: RMB > Duplicate 
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        Label = Variable Y 

Derived Values ï Variable Y:  

   Expression  ïExpression  = comp1.Y  

  LMB > Evaluate ï Table 2 

 
ʊʘʢʠʤ ʯʠʥʦʤ X=0.11562 , Y=1.1156 . 

ɿʘʫʚʘʞʝʥʥʷ. ɿʥʘʡʪʠ ʚʝʨʭʥʶ ʤʝʞʫ Y ʚʽʜʨʽʟʢʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʥʘ ʙʫʣʦ ʙ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʦʜʥʦʛʦ ʨʽʚʥʷʥʥʷ a- integrate ( f ( x), x, Y- b, Y)=0.  

  ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʧôʷʪʦʛʦ ʨʽʚʥʷʥʥʷ ( ) axdXxg
X

=ñ0 ,  ʩʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ 

ʬʫʥʢʮʽʶ ( )yxg , .   

Global Definitions: RMB > Functions ï Analytic 

        Function name = g 

   Definition  ï Expression =  exp(x*y)  

         ï Arguments = x, y 

ʊʝʧʝʨ ʟʘʧʠʰʽʪʴ ʨʽʚʥʷʥʥʷ ʚ  ʰʦʩʪʠʡ ʨʷʜʦʢ ʪʘʙʣʠʮʽ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name = Z 

              ï f(u,ut,utt,t)(1)  = integrate(g(x,Z),x,0,Z) - a 

             ï Initial value (u_0) = 1  

 
ɿʥʦʚʫ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʥʘʜʨʫʢʫʡʪʝ ʨʦʟʚôʷʟʦʢ Z. 

  Home - > Compute 

Derived Values ï Variable Y: RMB > Duplicate 

        Label = Variable Z 

Derived Values ï Variable Z:  

   Expression  ïExpression  = comp1.Z  

  LMB > Evaluate ï New Table 

                ƴ 

ʇʽʜʙʽʨ ʘʧʨʦʢʩʠʤʫʶʯʦʾ ʢʨʠʚʦʾ. ʂʦʣʠ ʟʘʜʘʥʦ ʙʘʛʘʪʦ ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʠʭ ʪʦʯʦʢ, ʚ 

ʟʥʘʯʝʥʥʷʭ ʷʢʠʭ ʻ ʧʦʭʠʙʢʘ, ʥʝ ʤʘʻ ʩʝʥʩʫ ʰʫʢʘʪʠ ʬʫʥʢʮʽʶ, ʛʨʘʬʽʢ ʷʢʦʾ ʪʦʯʥʦ 

ʧʨʦʭʦʜʠʪʴ ʢʨʽʟʴ ʮʽ ʪʦʯʢʠ. ʏʘʩʪʦ ʙʘʞʘʥʦ ʟʥʘʡʪʠ ʧʘʨʘʤʝʪʨʠ ʬʫʥʢʮʽʾ (ʥʘʧʨʠʢʣʘʜ, 

ʢʦʝʬʽʮʽʻʥʪʠ ʧʦʣʽʥʦʤʘ), ʷʢʘ ʥʝʩʫʪʪʻʚʦ ʚʽʜʭʠʣʷʻʪʴʩʷ ʚʽʜ ʤʥʦʞʠʥʠ ʪʦʯʦʢ.  

  ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʘʧʨʦʢʩʠʤʫʚʘʥʥʷ ʦʜʥʦʚʠʤʽʨʥʦʛʦ ʥʘʙʦʨʫ ʪʦʯʦʢ ʢʫʙʽʯʥʠʤ 

ʧʦʣʽʥʦʤʦʤ ὖ= 0̒ὼ
3 + 1̒ὼ

2 + 2̒ὼ+ 3̒, ʷʢʠʡ ʥʘʡʢʨʘʱʠʤ ʯʠʥʦʤ ʘʧʨʦʢʩʠʤʫʻ 
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ʜʘʥʽ. ʊʝʨʤʽʥ çʥʘʡʢʨʘʱʠʤ ʯʠʥʦʤè ʧʦʪʨʝʙʫʻ ʫʪʦʯʥʝʥʥʷ. ɺʚʘʞʘʪʠʤʝʤʦ, ʱʦ ʯʝʨʝʟ 

ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʽ ʪʦʯʢʠ ( )n
iii yx

1
,

=
, ʘʙʩʮʠʩʠ ʷʢʠʭ ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʚʽʜʨʽʟʢʫ [ὥ,ὦ], 

ʧʨʦʭʦʜʠʪʴ ʣʘʤʘʥʘ ὒ(ὼ), ʽ ʥʘʡʢʨʘʱʠʤ ʧʦʣʽʥʦʤʦʤ ʻ ʪʦʡ, ʷʢʠʡ ʤʽʥʽʤʽʟʫʻ ʽʥʪʝʛʨʘʣ 

Ὑ 0̒, 1̒, 2̒, 3̒ = ᷿ ὒὼ ὖ( 0̒, 1̒, 2̒, 3̒,ὼ) 2Ὠὼ
ὦ

ὥ
        (1) 

ɺ ʪʦʯʮʽ ʤʽʥʽʤʫʤʫ ʚʠʨʘʟʫ Ὑ 0̒, 1̒, 2̒, 3̒  ʧʦʭʽʜʥʽ R ʧʦ ʢʦʝʬʽʮʽʻʥʪʘʤ ὧὭ ʧʦʚʠʥʥʽ 
ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ. ʊʦʤʫ ʙʫʜʫʪʴ ʚʠʢʦʥʫʚʘʪʠʩʷ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 

‬Ὑ

‬ὧ0
=
‬Ὑ

‬ὧ1
=
‬Ὑ

‬ὧ2
=
‬Ὑ

‬ὧ3
= 0 (2) 

ʈʦʟʚôʷʟʘʚʰʠ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ (2) ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ὧὭ, ʤʠ ʦʪʨʠʤʘʻʤʦ 
ʰʫʢʘʥʠʡ ʧʦʣʽʥʦʤ ὖ= 0̒ὼ

3 + 1̒ὼ
2 + 2̒ὼ+ 3̒. 

ʇʨʠʢʣʘʜ 2. ʇʦʙʫʜʫʚʘʪʠ ʢʫʙʽʯʥʠʡ ʧʦʣʽʥʦʤ, çʥʘʡʢʨʘʱʠʤ ʯʠʥʦʤè 

ʘʧʨʦʢʩʠʤʫʶʯʠʡ ʥʘʩʪʫʧʥʽ ʜʘʥʽ. 

0 0.03 

0.1 0.06 

0.2 0.09 

0.3 0.15 

0.4 0.1 

0.5 0.3 

0.6 0.4 

0.7 0.4 

0.8 0.5 

0.9 0.9 

1.0 1.1 

ɹʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ʮʽ ʜʘʥʽ ʟʥʘʭʦʜʷʪʴʩʷ ʚ ʪʝʢʩʪʦʚʦʤʫ ʬʘʡʣ 

InterpData_01.txt , ʚ ʷʢʦʤʫ ʣʽʚʠʡ ʩʪʦʚʧʝʮʴ ʤʽʩʪʠʪʴ ʘʙʩʮʠʩʠ ʚʭʦʜʦʚʠʭ ʪʦʯʦʢ, 

ʘ ʧʨʘʚʠʡ ï ʾʭ ʦʨʜʠʥʘʪʠ (ʜʘʥʽ ʚ ʨʷʜʢʘʭ ʨʦʟʜʽʣʝʥʽ ʧʨʦʤʽʞʢʦʤ). ɺʠ ʤʦʞʝʪʝ 

ʩʪʚʦʨʠʪʠ ʪʘʢʠʡ ʬʘʡʣ ʚ ʙʣʦʢʥʦʪʽ ʽ ʟʙʝʨʝʛʪʠ ʟ ʚʽʜʧʦʚʽʜʥʠʤ ʽʤôʷʤ. 

  ʇʣʘʥ ʨʦʟʚôʷʟʘʥʥʷ ʮʽʻʾ ʟʘʜʘʯʽ ʚ COMSOL ʙʫʜʝ ʥʘʩʪʫʧʥʠʤ.  

1. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ, ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʷʢʦʾ ʨʦʟʪʘʰʦʚʘʥʽ ʘʙʩʮʠʩʠ 

ix  ʚʭʦʜʦʚʠʭ ʜʘʥʠʭ; 

2. ʉʪʚʦʨʽʪʴ ʽʥʪʝʨʧʦʣʷʮʽʡʥʫ ʬʫʥʢʮʽʶ ὒ(ὼ) (ʣʘʤʘʥʫ); 

3. ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ [0,1]; 

4. ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʫ ʤʦʜʝʣʽ ὖ, ʷʢʘ ʙʫʜʝ ʟʘʣʝʞʘʪʠ ʚʽʜ ʢʦʦʨʜʠʥʘʪʠ ὼ ʽ ʯʦʪʠʨʴʦʭ 
ʧʦʢʠ ʱʦ ʥʝʚʽʜʦʤʠʭ ʧʘʨʘʤʝʪʨʽʚ ὧὭ. ʇʦ ʬʦʨʤʫʣʽ (1) ʩʪʚʦʨʽʪʴ ʟʤʽʥʥʫ R.  

5. ɺ ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʟʘʜʘʡʪʝ ʩʠʩʪʝʤʫ (2), ʧʽʩʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʷʢʦʾ ʤʦʞʥʘ ʙʫʜʝ 

ʥʘʢʨʝʩʣʠʪʠ ʛʨʘʬʽʢ ʧʦʣʽʥʦʤʘ P. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 
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Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,1] ʽ ʧʦʙʫʜʫʡʪʝ  ʥʘ ʥʴʦʤʫ ʪʦʯʢʠ    

x=0,0.1,0.2,...,0.9,1.0 . 

  Geometry  - > Primitives - > Interval 

  Geometry  - > Primitives  ï Point 

Component 1 - Geometry 1 - Point 1: 

   Point  ï x = 0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0  

  LMB > Build All Objects 

 
ʇʦ ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʠʤ ʜʘʥʠʤ ʩʪʚʦʨʽʪʴ ʽʥʪʝʨʧʦʣʷʮʽʡʥʫ ʣʘʤʘʥʫ. ɼʣʷ ʮʴʦʛʦ ʧʦ 

ʬʘʡʣʫ ʜʘʥʠʭ InterpData_01.txt   ʩʪʚʦʨʽʪʴ Interpolation  ʬʫʥʢʮʽʶ, ʷʢʽʡ 

ʜʘʡʪʝ ʽʤ'ʷ L. ɸʢʪʠʚʫʡʪʝ ʧʨʘʧʦʨʝʮʴ Use spatial coordinates as arguments  

(ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʨʦʩʪʦʨʦʚʽ ʢʦʦʨʜʠʥʘʪʠ ʚ ʷʢʦʩʪʽ ʘʨʛʫʤʝʥʪʽʚ) ʽ ʧʝʨʝʢʦʥʘʡʪʝʩʷ, 

ʱʦ ʦʙʨʘʥʦ Linear   ʩʧʦʩʽʙ ʽʥʪʝʨʧʦʣʷʮʽʾ. 

Component 1 - Definitions: RMB > Functions ï Interpolation 

   Definition  ï Data source = File  

   ʅʘʪʠʩʥʫʚʰʠ ʢʥʦʧʢʫ Browse, ʚʠʙʝʨʽʪʴ ʬʘʡʣ ʜʘʥʠʭ. 

         ï Filename :>  Browse     (ʥʘʪʠʩʢʘʥʥʷ ʢʥʦʧʢʠ) 

         ï Filename : = D: \ Work\ InterpData_01.txt  

         ï Functions (̨̛̟̉̊̔̑) -  Function name  = L 

         ï Use spatial coordinates as arguments = True  

         ï Frame = Spatial  

   Interpolation and Extrapolation  ï Interpolation  = Linear  

 
ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʚʠʢʦʥʘʡʪʝ ʧʦʙʫʜʦʚʫ ʛʨʘʬʽʢʘ ʮʽʻʾ ʬʫʥʢʮʽʾ  
  LMB> Create Plot 
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ɼʣʷ ʥʘʚʯʘʣʴʥʠʭ ʮʽʣʝʡ ʧʨʦʘʥʘʣʽʟʫʡʪʝ ʥʘʙʽʨ ʜʞʝʨʝʣ ʜʘʥʠʭ, ʘ ʪʘʢʦʞ ʚʫʟʣʽʚ ʚ 

ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 1D Plot Group 1, ʷʢʽ ʙʫʣʠ ʘʚʪʦʤʘʪʠʯʥʦ ʩʪʚʦʨʝʥʽ ʧʨʠ ʚʠʢʦʥʘʥʥʽ 

ʦʩʪʘʥʥʴʦʾ ʢʦʤʘʥʜʠ. 

 
ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ [0,1]. 

Component 1 :> Definitions  > ʉomponent ʉouplings ï Integration 

 
Component 1 - Definitions - Integration 1(intop1): 

ʆʩʢ̔ʣʴʢʠ ʚʽʜʨʽʟʦʢ ʧʦʜʽʣʝʥʦ ʥʘ 10 ʽʥʪʝʨʚʘʣʽʚ, ʪʦ ʚ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʧʦʪʨʽʙʥʦ ʚʢʣʶʯʠʪʠ ʾʭ ʚʩʽ. 

   Source Selection ï Selection  = All domains  

ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʽ ʤʦʜʝʣʽ P ʽ R. 

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Geometric  Entity Selection  ï Geometric entity  level  = 

                         Entire model  

   Variables ï Name, Expression  = P,  c0*x^3+c1*x^2+c2*x+c3  

   ɿʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ὧὭ  ʚʠʟʥʘʯʠʤʦ ʧʽʟʥʽʰʝ. 

   Variables ï Name, Expression  = R,  intop1((L - P)̂ 2)  

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʟʤʽʥʥʽ ʚʠʟʥʘʯʝʥʽ ʥʘ ʚʩʽʡ ʤʦʜʝʣʽ 
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  ʋ ʚʫʟʣʽ Global Equations  ʟʘʜʘʡʪʝ ʯʦʪʠʨʠ ʨʽʚʥʷʥʥʷ (2), ʷʢʠʤ ʧʦʚʠʥʥʽ 

ʟʘʜʦʚʦʣʴʥʷʪʠ ʢʦʝʬʽʮʽʻʥʪʠ ὧὭ.  
Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = ʩ0,  d(R,c0)  

            ï Name, f(u, ut, utt, t) = ʩ1,  d(R,c 1)  

            ï Name, f(u, ut, utt, t) = c2,  d(R,c 2)  

            ï Name, f(u, ut, utt, t) = c3,  d(R,c 3)  

ʅʘʨʝʰʪʽ, ʤʠ ʧʦʚʠʥʥʽ ʥʘʢʣʘʩʪʠ ʉʢɽ ʩʽʪʢʫ ʥʘ ʥʘʰʫ ʦʜʥʦʚʠʤʽʨʥʫ ʨʦʟʨʘʭʫʥʢʦʚʫ 

ʦʙʣʘʩʪʴ. ɼʣʷ ʪʦʛʦ, ʱʦʙ ʩʽʪʢʘ ʤʘʣʘ ʚʫʟʣʠ ʚ ʝʢʩʧʝʨʠʤʝʥʪʘʣʴʥʠʭ ʪʦʯʢʘʭ, ʤʠ ʥʘ 

ʚʽʜʨʽʟʢʫ [0,1]  ʧʦʙʫʜʫʚʘʣʠ ʛʝʦʤʝʪʨʠʯʥʽ ʪʦʯʢʠ. ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ ʥʘʤ 

ʜʦʩʪʘʪʥʴʦ ʤʽʞ ʢʦʞʥʦʶ ʧʘʨʦʶ ʩʫʩʽʜʥʽʭ ʪʦʯʦʢ ʤʘʪʠ ʣʠʰʝ ʦʜʠʥ ʩʢʽʥʯʝʥʥʠʡ 

ʝʣʝʤʝʥʪ (ʙʦ ʽʥʪʝʨʧʦʣʷʮʽʡʥʘ ʢʨʠʚʘ ï ʣʘʤʘʥʘ).  

Component 1 (comp1) - Mesh 1: RMB > Edge    (ʩʽʪʢʘ ʥʘ ʨʝʙʨʘʭ) 

Component 1 (comp1) - Mesh 1 ï Edge 1: RMB > Distribution 

Component 1 (comp1) - Mesh 1 ï Edge 1 - Distribution 1 :  

   Domain Selection ï Selection = All domains  

   Distribution ï Number of elements = 1  (ʥʘ ʢʦʞʥʦʤʫ ʚʽʜʨʽʟʢʫ  

                        ʦʜʠʥ ʩʢʽʥʯʝʥʥʠʡ ʝʣʝʤʝʥʪ) 

 
ʊʝʧʝʨ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʟʥʘʭʦʜʞʝʥʥʷ ʯʠʩʝʣʴʥʠʭ ʟʥʘʯʝʥʴ ʢʦʝʬʽʮʽʻʥʪʽʚ ὧὭ, 
ʽ ʧʦʙʫʜʫʚʘʪʠ ʨʝʟʫʣʴʪʘʪ.  
  Home - > Compute 

ɺ ʛʽʣʮʽ Derived Values ʙʫʜʫʪʴ ʩʪʚʦʨʝʥʽ ʚʫʟʣʠ ʪʠʧʫ Global Evaluation  ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ c0, c1, c2, c3.  ʅʘʜʨʫʢʫʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable c0: LMB > Evaluate 

Derived Values ï State variable c1: LMB > Evaluate - Table 1 

Derived Values ï State variable c2: LMB > Evaluate - Table 1 

Derived Values ï State variable c3: LMB > Evaluate - Table 1 

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʽʥʪʝʨʧʦʣʷʮʽʡʥʦʾ ʣʘʤʘʥʦʾ L ʽ ʧʦʣʽʥʦʤʘ P. 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 2 - > Add Plot ï Line Graph 

1D Plot Group 2 - Line Graph 1: 

   Selection  ï Selection  = All domains  

   y- Axis Data ï Expression = P 

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 2 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = L 

   Coloring and Style ï Color = Red 
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   Coloring and Style ɀ Line markers ɀ Marker  = Square  

           ɀ Line markers ɀ Positioning  = In data points  

   Quality  ï Resolution  = Custom 

ʆʩʪʘʥʥʽ ʪʨʠ ʦʧʮʽʾ ʜʦʜʘʪʢʦʚʦ ʥʘʣʘʰʪʦʚʫʶʪʴ ʛʨʘʬʽʯʥʫ ʩʠʩʪʝʤʫ 

ʚʽʜʦʙʨʘʞʘʪʠ ʟʤʽʥʥʫ L ʫ ʚʫʟʣʘʭ ʉʢɽ ʩʽʪʢʠ ʫ ʚʠʛʣʷʜʽ ʢʚʘʜʨʘʪʽʚ (ʪʦʙʪʦ 

ʚʽʜʦʙʨʘʞʘʶʪʴʩʷ ʚʫʟʣʠ ʣʘʤʘʥʦʾ).  
  LMB > Plot 

 
ʅʘ ʛʨʘʬʽʢʫ ʧʦʙʫʜʦʚʘʥʦ ʥʘʙʽʨ ʧʦʯʘʪʢʦʚʠʭ ʪʦʯʦʢ, ʣʽʥʽʡʥʫ ʽʥʪʝʨʧʦʣʷʮʽʶ ʤʽʞ ʥʠʤʠ 

ʽ ʧʽʜʽʙʨʘʥʫ ʬʫʥʢʮʽʶ. ʄʠ ʤʽʥʽʤʽʟʫʚʘʣʠ ʽʥʪʝʛʨʘʣ ʚʽʜ ʢʚʘʜʨʘʪʘ ʨʽʟʥʠʮʽ ʤʽʞ ʮʠʤʠ 

ʢʨʠʚʠʤʠ ʽ ʦʪʨʠʤʘʣʠ ʛʣʘʜʢʫ ʽ ʧʨʦʩʪʫ ʬʫʥʢʮʽʶ, ʢ̫ʘ ʜʦʩʠʪʴ ʜʦʙʨʝ ʘʧʨʦʢʩʠʤʫʻ 

ʥʘʰʽ ʜʘʥʽ. 

ɿʘʫʚʘʞʝʥʥʷ. ɺʫʟʣʠ ʣʘʤʘʥʦʾ ʤʦʞʥʘ ʚʽʜʦʙʨʘʟʠʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʪʦʯʢʦʚʦʛʦ 

ʛʨʘʬʽʢʘ (Point  Graph ) ʪʘʢ, ʷʢ ʮʝ ʟʨʦʙʣʝʥʦ ʚ ʛʽʣʮʽ 1D Plot Group 1.     
ƴ

 

ɸʧʨʦʢʩʠʤʘʮʽʷ ʬʫʥʢʮʽʾ ʣʘʤʘʥʦ.ʁ ɿʥʘʡʪʠ ʨʽʚʥʷʥʥʷ ʣʘʤʘʥʦʾ ()xL , ʷʢʘ ʥʘ ʚʽʜʨʽʟʢʫ 

[a,b] ʩʧʽʚʧʘʜʘʻ ʟ ʬʫʥʢʮʽʻʶ ()xF  ʚ n+1 ʪʦʯʢʘʭ bxxxxxa nn =<<<<<= -1210 ... , 

ʚʢʣʶʯʥʦ ʟ ʢʽʥʮʷʤʠ 0xa= , nxb= .  

  ɺʽʜʦʤʦ, ʱʦ ʨʽʚʥʷʥʥʷ ʙʫʜʴ-ʷʢʦʾ ʣʘʤʘʥʦʾ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ [3] 

() ä
-

=

-++=
1

1

10

n

i

ii xxcxaaxL ,            (3) 

ʜʝ ix  - ʘʙʩʮʠʩʠ ʚʝʨʰʠʥ ʣʘʤʘʥʦʾ. ɺ ʥʘʰʽʡ ʟʘʜʘʯʽ ʪʨʝʙʘ ʚʨʘʭʦʚʫʚʘʪʠ, ʱʦ ʪʦʯʢʠ 

ʟʣʘʤʫ ( )1...,,2,1 -= nixi  ʻ ʚʥʫʪʨʽʰʥʽʤʠ ʪʦʯʢʘʤʠ ʚʽʜʨʽʟʢʘ [a,b], ʘ ʚ ʢʽʥʮʝʚʠʭ 

ʪʦʯʢʘʭ 0xa= , nxb=  ʟʣʘʤʽʚ ʥʝʤʘʻ. 

 
ʂʦʝʬʽʮʽʻʥʪʠ 1110 ...,,,, -nccaa  ʚʠʟʥʘʯʘʪʠʤʫʪʴʩʷ ʟ n+1 ʨʽʚʥʷʥʥʷ  

  () () nnixFxL ii ,1...,,1,0, -== .           (4) 

ɿʘʫʚʘʞʝʥʥʷ. ʄʠ ʰʫʢʘʪʠʤʝʤʦ ʩʘʤʝ ʨʽʚʥʷʥʥʷ (3) ʣʘʤʘʥʦʾ (ʩʧʦʯʘʪʢʫ ʟ ʥʝʚʽʜʦʤʠʤʠ 

ʢʦʝʬʽʮʽʻʥʪʘʤʠ), ʷʢʝ ʚ ʽʥʰʠʭ ʟʘʜʘʯʘʭ ʤʦʞʥʘ ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʫ ʚʫʟʣʘʭ 
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Variables , ʘ ʥʝ Interpolation  ʬʫʥʢʮʽʶ-ʣʘʤʘʥʫ, ʷʢʘ ʧʦʚʠʥʥʘ ʟ ʩʘʤʦʛʦ 

ʧʦʯʘʪʢʫ ʤʘʪʠ ʢʦʦʨʜʠʥʘʪʠ ʚʩʽʭ ʚʫʟʣʽʚ ʚʠʟʥʘʯʝʥʠʤʠ. 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʨʽʚʥʷʥʥʷ ʣʘʤʘʥʦʾ, ʷʢʘ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʥʘʙʣʠʞʘʻ ʬʫʥʢʮʽʶ 

() xexf x psin3 Ö=  . ɺʠʢʦʨʠʩʪʘʪʠ 4 ʚʥʫʪʨʽʰʥ̔ ʭ ʚʫʟʣʠ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʘʧʨʦʢʩʠʤʦʚʫʚʘʥʫ ʬʫʥʢʮʽʶ ()xf . 

Global Definitions: RMB > Functions ï Analytic 

        Function name = F 

   Definition  ï Expression = sin(pi*x)*exp(3*x)  

         ï Arguments =x 

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,1]. 

  Geometry  - > Primitives - > Interval 

  LMB > Build All Objects 

ɺʥʫʪʨʽʰʥʽ ʚʫʟʣʠ ʣʘʤʘʥʦʾ ʚʩʪʘʥʦʚʠʤʦ ʚ ʪʦʯʢʘʭ 4.0,2.0 21 == xx , 8.0,6.0 43 == xx . 

  ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʫ ʤʦʜʝʣʽ L, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʫ (3). 

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Variables ï Name, Expression  = L,  a0+a1*x+c1*abs(x - 0.2)+  

           c2*abs(x - 0.4)+c3*abs(x - 0.6)+c4*abs(x - 0.8)  

ɿʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʚʠʟʥʘʯʘʪʠʤʝʪʴʩʷ ʜʘʣʽ. 

  ʋ ʚʫʟʣʽ Global Equations  ʟʘʜʘʡʪʝ ʰʽʩʪʴ ʨʽʚʥʷʥʴ (4), ʷʢʠʤ ʧʦʚʠʥʥʽ  

ʟʘʜʦʚʦʣʴʥʷʪʠ ʢʦʝʬʽʮʽʻʥʪʠ ʣʘʤʘʥʦʾ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = a0, at1(0,L) - F(0)  

            ï Name, f(u, ut, utt, t) = ʩ1, at1(0.2,L) - F(0.2)  

            ï Name, f(u, ut, utt, t) = c2, at1(0.4,L) - F(0.4)  

            ï Name, f(u, ut, utt, t) = c3, at1(0.6,L) - F(0.6)  

            ï Name, f(u, ut, utt, t) = c4, at1(0.8,L) - F(0.8)  

            ï Name, f(u, ut, utt, t) = a1, at1(1,L) - F(1)  
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ʅʘʛʘʜʘʻʤʦ, ʱʦ ʦʧʝʨʘʪʦʨ at 1( x0, expr )  ʦʙʯʠʩʣʶʻ ʚʠʨʘʟ expr   ʚ ʙʫʜʴ ʷʢʽʡ 

ʦʜʥʦʚʠʤʽʨʥʽʡ ʛʝʦʤʝʪʨʽʾ ʚ ʪʦʯʮʽ ʟ ʢʦʦʨʜʠʥʘʪʦʶ x0. ʊʦʤʫ, ʥʘʧʨʠʢʣʘʜ, ʚʠʨʘʟ 

at 1( 0, L) - F(0) , ʟʘʧʠʩʘʥʠʡ ʚ ʧʝʨʰʦʤʫ ʨʷʜʢʫ ʪʘʙʣʠʮʽ, ʧʨʝʜʩʪʘʚʣʷʻ ʨʽʚʥʷʥʥʷ (4) 

ʜʣʷ 00 =x , ʪʦʙʪʦ ʻ ʨʽʚʥʷʥʥʷʤ () () 000 =- xFxL . 

  ʊʝʧʝʨ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʤʦʜʝʣʴ ʽ ʥʘʜʨʫʢʫʚʘʪʠ ʯʠʩʝʣʴʥ ̔ ʟʥʘʯʝʥʥ ̫

ʢʦʝʬʽʮʽʻʥʪʽʚ 432110 ,,,,, ccccaa .  

  Home - > Compute 

ɺ ʛʽʣʮʽ Derived Values ʙʫʜʫʪʴ ʩʪʚʦʨʝʥʽ ʚʫʟʣʠ ʪʠʧʫ Global Evaluation  ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ a0, a1, c1, c2, c3, c4.  ʅʘʜʨʫʢʫʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ ʚ ʩʧʽʣʴʥʫ 

ʪʘʙʣʠʮʶ. 

Derived Values ï State variable a0: LMB > Evaluate 

Derived Values ï State variable a1: LMB > Evaluate - Table 1 

Derived Values ï State variable c1: LMB > Evaluate - Table 1 

Derived Values ï State variable c2: LMB > Evaluate - Table 1 

Derived Values ï State variable c3: LMB > Evaluate - Table 1 

Derived Values ï State variable c4: LMB > Evaluate - Table 1 

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʣʘʤʘʥʦʾ L ʽ ʚʭʦʜʦʚʦʾ ʬʫʥʢʮʽʾ F(x). 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Selection ï Selection = All domains  

   y- Axis Data ï Expression = F(x)  

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 1 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = L 

   Coloring and Style ï Color, Width  = Red,3  

  LMB > Plot 

 
 

4.1.5. ʅʘʙʣʠʞʝʥʥʷ ʽʥʪʝʛʨʘʣʴʥʠʭ ʽ ʽʥʪʝʛʨʦ-ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

ɺ ʮʴʦʤʫ ʧʘʨʘʛʨʘʬ ̔ʙʫʜʫʪʴ ʥʘʚʝʜʝʥ ̔ʧʨʠʢʣʘʜʠ ʟʘʩʪʦʩʫʚʘʥʥʷ Global ODEs and 

DAEs (ge) ʽʥʪʝʨʬʝʡʩʫ ʜʣʷ ʥʘʙʣʠʞʝʥʦʛʦ ʨʦʟʚôʷʟʘʥʥʷ ʨʚ̔ʥʷʥʴ, ʷʢʽ ʤʽʩʪʷʪʴ 
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ʽʥʪʝʛʨʫʚʘʥʥʷ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ. ʎʝ ʙʫʜʫʪʴ ʧʨʠʢʣʘʜʠ ʽʥʪʝʛʨʘʣʴʥʠʭ ʽ ʽʥʪʝʛʨʦ-

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

  ɯʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ [2] ʤʘʻ ʬʦʨʤʫ  

() ( )() ()xftdtytxKxy
x

a

=-ñ , ,          (1) 

ʜʝ  ()xy  - ʥʝʚʽʜʦʤʘ ʬʫʥʢʮʽʷ ( )bxa ¢¢ , ( )txK ,  - ʷʜʨʦ ʽʥʪʝʛʨʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ, 

()xf  - ʜʝʷʢʘ ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ. ɼʣʷ ʥʝʧʝʨʝʨʚʥʠʭ ( )txK , , ()xf  ʪʘʢʠʭ, ʱʦ 

( ) 0, ¸xxK  ],[ baxÍ" , ʟʘʜʘʯʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ.  

  ʅʘʙʣʠʞʝʥʦ ʬʫʥʢʮʽʶ ()xy  ʤʦʞʥʘ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ ʧʦʣʽʥʦʤʘ 

()ä
-

=
=

1

0

n

k

k

kxcxP , ʧʽʜʙʽʨ ʢʦʝʬʽʮʽʻʥʪʽʚ ʷʢʦʛʦ ʚʠʢʦʥʫʚʘʪʠ ʟ ʫʤʦʚʠ ʪʦʛʦ, ʱʦ ʚʠʨʘʟ 

() ()( ) ()xfdxKPxPR
x

--¹ ñ
0

, xxx          (2) 

ʦʙʝʨʪʘʻʪʴʩʷ ʥʘ ʥʫʣʴ ʚ n ʪʦʯʢʘʭ bxxxa n ¢<<<¢ -110 ... , ʪʦʙʪʦ  

() () ()( ) () 0,
0

=--= ñ i

x

iii xfdxKPxPxR
i

xxx . 1...,,1,0 -= ni .   (3) 

ʎʝ ʙʫʜʝ ʩʠʩʪʝʤʦʶ n ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ 0̒,ȣ, ὲ̒ 1 

ʧʦʣʽʥʦʤʘ ()xP .  

ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʟʘʪʠ ʽʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ  

() ( )() 1sh2
0

+=-+ñ xtdtytxxy
x

. 

ɺʦʥʦ ʤʘʻ ʘʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ () xxxxy shsincos ++= , ʽ ʤʠ ʟʤʦʞʝʤʦ 

ʧʦʨʽʚʥʷʪʠ ʡʦʛʦ ʟ ʦʪʨʠʤʘʥʠʤ ʥʘʙʣʠʞʝʥʠʤ ʨʝʟʫʣʴʪʘʪʦʤ. 

  ɹʫʜʝʤʦ ʰʫʢʘʪʠ ʥʘʙʣʠʞʝʥʠʡ ʨʦʟʚôʷʟʦʢ ʥʘ ʚʽʜʨʽʟʢʫ [0,3] ʫ ʚʠʛʣʷʜʽ ʢʫʙʽʯʥʦʛʦ 

ʧʦʣʽʥʦʤʘ ὖ= 0̒ + 1̒ὼ+ 2̒ὼ
2 + 3̒ὼ

3. ʇʽʜʙʽʨ ʢʦʝʬʽʮʽʻʥʪʽʚ ʚʠʢʦʥʘʻʤʦ ʟ ʫʤʦʚʠ 

ʪʦʛʦ, ʱʦ ʚʠʨʘʟ (2) ʦʙʝʨʪʘʪʘʻʪʴʩʷ ʥʘ ʥʫʣʴ ʚ ʯʦʪʠʨʴʦʭ ʪʦʯʢʘʭ 

30 3210 =<<<= xxxx ,  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʷʜʨʘ  ὑὼ,ὸ= ὼ ὸ. 
Global Definitions: RMB > Functions ï Analytic 

        Function name = K 

   Definition ï Expression =x- t  

   Definition ï Arguments =x,t  

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,3]. 

  Geometry  - > Primitives - > Interval 

Geometry ï Interval 1 (i1): 
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   Interval  ï Right  endpoint  = 3  

  LMB > Build All Objects 
ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. 

Component 1 :> Definitions  > ʉomponent ʉouplings - Integration 

Component 1 - Definitions - Integration 1 (intop1): 

   Source  Selection  ï Selection  = All  domains   

ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʫ ʤʦʜʝʣʽ P (ʚʠʨʘʟ ʢʫʙʽʯʥʦʛʦ ʧʦʣʽʥʦʤʘ)  ʽ ʧʦ ʬʦʨʤʫʣʽ (2) ʟʤʽʥʥʫ R. 

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Variables ï Name, Expression  = P,  c0+c1*x+c2*x^2+c3*x̂ 3  

   ɿʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ὧὭ  ʚʠʟʥʘʯʘʪʠʤʝʪʴʩʷ ʧʽʟʥʽʰʝ. 

   Variables ï Name, Expression  =R,  

      P+intop1( P*K(dest(x),x)*(x<=dest(x))) - 2*sinh(x) - 1 

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʟʤʽʥʥʽ ʟʘʜʘʥʽ ʥʘ ʚʩʽʡ ʤʦʜʝʣʽ, ʙʦ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʚʩʪʘʥʦʚʣʝʥʘ ʦʧʮʽʷ Geometric entity  level =Entire model .   

  ɼʣʷ ʟʦʙʨʘʞʝʥʥʷ ʟʤʽʥʥʦʾ R, ʷʢʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ (2), ʩʧʦʯʘʪʢʫ 

ʙʫʣʦ ʤʦʜʠʬʽʢʦʚʘʥʦ ʽʥʪʝʛʨʘʣ ʟʽ ʟʤʽʥʥʦʶ ʚʝʨʭʥʴʦʶ ʤʝʞʝʶ ʚ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ 

ʧʦ ʚʽʜʨʽʟʢʫ 

()( ) ()( )( )ññ ¢=
b

a

X

a

xdXxxXKxPxdxXKxP ,, . 

ʊʫʪ ʜʦʜʘʪʢʦʚʠʡ ʤʥʦʞʥʠʢ (x<= X) ʦʙʥʫʣʷʻ ʷʜʨʦ ʥʘ ʜʽʣʷʥʮʽ x>=X. ʑʦʙ 

ʨʦʟʨʽʟʥʠʪʠ ʧʨʦʩʪʦʨʦʚʫ ʢʦʦʨʜʠʥʘʪʫ X  ʽ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ x, ʟʦʚʥʽʰʥʶ 

ʘʙʩʮʠʩʫ X  ʚ ʦʧʝʨʘʪʦʨʽ ʽʥʪʝʛʨʫʚʘʥʥʷ intop 1(...)  ʧʦ ʚʽʜʨʽʟʢʫ [a,b]  ʙʫʣʦ 

ʟʘʤʽʥʝʥʦ ʦʧʝʨʘʪʦʨʦʤ dest ( x). ɺ ʨʝʟʫʣʴʪʘʪʽ, ʦʩʪʘʥʥʽʡ ʽʥʪʝʛʨʘʣ ʥʘʙʫʚ ʚʠʛʣʷʜʫ 

intop1(P*K(dest(x),x)*(x<=dest(x))) .   

  ʋ ʚʫʟʣʽ Global Equations  ʟʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ (3), ʷʢʠʤ ʧʦʚʠʥʥʽ  

ʟʘʜʦʚʦʣʴʥʷʪʠ ʢʦʝʬʽʮʽʻʥʪʠ ὧὭ.  
Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = ʩ0, at1(0,R)  

            ï Name, f(u, ut, utt, t) = ʩ1,  at1(1,R)  

            ï Name, f(u, ut, utt, t) = c2,  at1(2,R)  

            ï Name, f(u, ut, utt, t) = c3,  at1(3,R)  

ʆʧʝʨʘʪʦʨ at 1( x0, expr )  ʦʙʯʠʩʣʶʻ ʚʠʨʘʟ expr   ʚ ʦʜʥʦʚʠʤʽʨʥʽʡ ʛʝʦʤʝʪʨʽʾ ʚ 

ʪʦʯʮʽ ʟ ʢʦʦʨʜʠʥʘʪʦʶ x0. ʊʦʤʫ, ʥʘʧʨʠʢʣʘʜ, ʚʠʨʘʟ at 1( 0, R), ʟʘʧʠʩʘʥʠʡ ʚ 

ʧʝʨʰʦʤʫ ʨʷʜʢʫ ʪʘʙʣʠʮʽ, ʧʨʝʜʩʪʘʚʣʷʻ ʨʽʚʥʷʥʥʷ (3) ʜʣʷ 00=x , ʪʦʙʪʦ ʻ ʨʽʚʥʷʥʥʷʤ  

() () ()( ) () 0, 00 000

0

=--= ñ xfxdxxKxPxPxR
x

. 

  ʊʝʧʝʨ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʤʦʜʝʣʴ, ʟʥʘʡʰʦʚʰʠ ʯʠʩʝʣʴʥ ̔ ʟʥʘʯʝʥʥ ̫

ʢʦʝʬʽʮʽʻʥʪʽʚ ὧὭ.  
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  Home - > Compute 

ɺ ʛʽʣʮʽ Derived Values ʙʫʜʫʪʴ ʩʪʚʦʨʝʥʽ ʚʫʟʣʠ ʪʠʧʫ Global Evaluation  ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ c0, c1, c2, c3.  ʅʘʜʨʫʢʫʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable c0: LMB > Evaluate 

Derived Values ï State variable c1: LMB > Evaluate - Table 1 

Derived Values ï State variable c2: LMB > Evaluate - Table 1 

Derived Values ï State variable c3: LMB > Evaluate - Table 1 

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʧʦʣʽʥʦʤʘ P ʽ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Selection ï Selection = All domains  

   y- Axis Data ï Expression = P 

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 1 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = cos(x)+sin(x)+sinh(x)  

   Coloring and Style ï Color = Red 

  LMB > Plot 

 
ʗʢ ʙʘʯʠʪʝ, ʛʨʘʬʽʢʠ ʧʦʣʽʥʦʤʘ ʽ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ ʤʘʡʞʝ ʩʧʽʚʧʘʜʘʶʪʴ. 

ɿʘʫʚʘʞʝʥʥʷ. ɺ ʤʦʜʝʣʽ ʧʦʣʽʥʦʤ P ʧʨʝʜʩʪʘʚʣʝʥʦ ʟʤʽʥʥʦʶ, ʘ ʥʝ ʬʫʥʢʮʽʻʶ ʪʦʤʫ, 

ʱʦ ʬʫʥʢʮʽʷ ʥʝ ʤʦʞʝ ʤʽʩʪʠʪʠ ʥʝʚʽʜʦʤʽ ʧʘʨʘʤʝʪʨʠ, ʘ ʟʤʽʥʥʘ ï ʤʦʞʝ.     
ƴ

 

ʃʽʥʽʡʥʝ ʽʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 1-ʛʦ ʨʦʜʫ  ʤʘʻ ʬʦʨʤʫ [2] 

( )() ()xftdtytxK
x

a

=ñ , , 

ʜʝ  ()xy  - ʥʝʚʽʜʦʤʘ ʬʫʥʢʮʽʷ ( )bxa ¢¢ , ( )txK ,  - ʷʜʨʦ ʽʥʪʝʛʨʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ, 

()xf  - ʜʝʷʢʘ ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ. ɼʣʷ ʥʝʧʝʨʝʨʚʥʠʭ ( )txK , , ()xf  ʪʘʢʠʭ, ʱʦ 

( ) 0, ¸xxK  ],[ baxÍ"   ̔  () 0=af , ʟʘʜʘʯʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ. 

ɺʧʨʘʚʘ. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʧʦʣʽʥʦʤʽʘʣʴʥʝ ʥʘʙʣʠʞʝʥʥʷ, ʥʘ ʚʽʜʨʽʟʢʫ [0,2] 

ʨʦʟʚôʷʟʘʪʠ ʽʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʠ 1-ʛʦ ʨʦʜʫ. 

( )() 2

0

222 xtdtytx
x

=-+ñ . 
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ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʤʘʻ ʚʠʛʣʷʜ () 2/2xexxy -= . 

ɺʢʘʟʽʚʢʘ. ɺ ʨʽʚʥʷʥʥʷʭ () ()( ) () 0,
0

=-=ñ i

x

ii xfdxKPxR
i

xxx  ʯʠʩʣʘ ix  ʥʝ ʤʦʞʥʘ 

ʧʦʢʣʘʜʘʪʠ ʨʽʚʥʠʤʠ ʥʫʣʁ. ɺ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʽʥʪʝʛʨʘʣ ʽ ʬʫʥʢʮʽʷ ʦʜʥʦʯʘʩʥʦ 

ʦʙʝʨʪʘʪʠʤʫʪʴʩʷ ʥʘ ʥʫʣʴ, ʽ ʤʠ ʦʪʨʠʤʘʻʤʦ ʥʝ ʨʽʚʥʷʥʥʷ, ʘ ʪʘʚʪʦʣʦʛʽʶ 0=0. 

 

ɯʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʌʨʝʜʛʦʣʴʤʘ 2-ʛʦ ʨʦʜʫ ʤʘʻ ʬʦʨʤʫ [2] 

() ( )() ()xftdtytxKxy
b

a

=- ñ ,l ,          (4) 

ʜʝ  ()xy  - ʥʝʚʽʜʦʤʘ ʬʫʥʢʮʽʷ ( )bxa ¢¢ , ( )txK ,  - ʷʜʨʦ ʽʥʪʝʛʨʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ, 

()xf  - ʚʽʜʦʤʘ ʬʫʥʢʮʽʷ. ɼʣʷ ʟʨʫʯʥʦʩʪʽ ʘʥʘʣʽʟʫ ʚ ʨʽʚʥʷʥʥʽ (4) ʟʘʟʚʠʯʘʡ ʚʠʜʽʣʷʶʪʴ 

ʯʠʩʣʦʚʠʡ ʧʘʨʘʤʝʪʨ l, ʷʢʠʡ ʥʘʟʠʚʘʶʪʴ ʧʘʨʘʤʝʪʨʦʤ ʽʥʪʝʛʨʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ. ʊʫʪ 
ʜʣʷ ʩʧʨʦʱʝʥʥʷ ʧʦʢʣʘʜʝʤʦ 1=l . 

  ɺ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʨʠʢʣʘʜʽ ʤʠ ʰʫʢʘʣʠ ʥʘʙʣʠʞʝʥʠʡ ʨʦʟʚôʷʟʦʢ ʽʥʪʝʛʨʘʣʴʥʦʛʦ 

ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ ʫ ʚʠʛʣʷʜʽ ʢʫʙʽʯʥʦʛʦ ʧʦʣʽʥʦʤʘ. ɸʣʝ ʤʦʞʥʘ 

ʦʙʠʨʘʪʠ ʽʥʰʽ ʢʣʘʩʠ ʬʫʥʢʮʽʡ, ʥʘʧʨʠʢʣʘʜ, ʰʫʢʘʪʠ ʨʦʟʚôʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʣʘʤʘʥʦʾ, 

ʢʫʙʽʯʥʦʛʦ ʩʧʣʘʡʥʘ, ʘʙʦ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʛʦ ʧʦʣʽʥʦʤʘ.  

  ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʤʠ ʙʘʞʘʻʤʦ ʥʘʙʣʠʟʠʪʠ ʨʦʟʚôʷʟʦʢ ʟʘʜʘʯʽ (4) ʣʘʤʘʥʦ ʁ 

ʈʽʚʥʷʥʥʷ ʙʫʜʴ-ʷʢʦʾ ʣʘʤʘʥʦʾ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ [3] 

() ä
-

=

-++=
1

1

10

n

i

ii xxcxaaxL ,            (5) 

ʜʝ ix  - ʘʙʩʮʠʩʠ ʪʦʯʦʢ ʟʣʘʤʫ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʚ ʮʽʡ ʬʦʨʤʫʣʽ ʘʙʩʮʠʩʠ 

( )1...,,2,1 -= nixi  ʧʦʚʠʥʥʽ ʙʫʪʠ ʚʥʫʪʨʽʰʥʽʤʠ ʪʦʯʢʘʤʠ bxxxa n <<<<< -121 ...  
ʚʽʜʨʽʟʢʘ [a,b]  ʘʧʨʦʢʩʠʤʫʚʘʥʥʷ ʰʫʢʘʥʦʾ ʬʫʥʢʮʽʾ ()xy . 

  ʇʽʜʙʽʨ ʢʦʝʬʽʮʽʻʥʪʽʚ ʘʧʨʦʢʩʠʤʫʶʯʦʾ ʣʘʤʘʥʦʾ (5) ʚʠʢʦʥʫʻʪʴʩʷ ʟ ʫʤʦʚʠ, ʱʦ 

ʚʠʨʘʟ () ()( ) ()xfdxKLxLR
b

a
--¹ ñ xxx ,  ʦʙʝʨʪʘʻʪʴʩʷ ʥʘ ʥʫʣʴ ʚ ʪʦʯʢʘʭ, ʢʽʣʴʢʽʩʪʴ 

ʷʢʠʭ ʜʦʨʽʚʥʶʻ ʢʽʣʴʢʦʩʪʽ ʰʫʢʘʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ. ɼʣʷ ʮʴʦʛʦ ʥʘ ʚʽʜʨʽʟʢʫ [a,b] 

ʦʙʠʨʘʻʤʦ  n+1 ʪʦʯʢʫ ix , bxxxxa nn =<<<<= -110 ... , ʽ ʚʚʘʞʘʻʤʦ, ʱʦ ʦʜʥʦʯʘʩʥʦ   

ʚʠʢʦʥʫʶʪʴʩʷ ʨʽʚʥʦʩʪʽ 

() () ()( ) () 0, =--= ñ i

b

a

iii xfdxKLxLxR xxx , ni ...,,1,0= .    (6) 

ʎʝ ʽ ʙʫʜʝ ʩʠʩʪʝʤʦʶ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʰʫʢʘʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ὥ0,ὥ1, 1̒, 2̒,ȣ, ὲ̒ 1. 

ʇʨʠʢʣʘʜ 2. ɺ ʬʦʨʤʽ ʣʘʤʘʥʦʾ ʟʥʘʡʪʠ ʥʘʙʣʠʞʝʥʠʡ ʨʦʟʚôʷʟʦʢ ʽʥʪʝʛʨʘʣʴʥʦʛʦ 

ʨʽʚʥʷʥʥʷ ʌʨʝʜʛʦʣʴʤʘ 2-ʛʦ ʨʦʜʫ  

() () 2

2

1

0

1
1

xtdty
t

x
xy +=

+
-ñ . 

ɿʘʜʘʯʘ ʤʘʻ ʘʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ()
2ln2

2
1 2

-
++=

x
xxy . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
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  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʷʜʨʘ  ὑὼ,ὸ. 

Global Definitions: RMB > Functions ï Analytic 

        Function name = K 

   Definition ï Expression =x/(1+ t ^2)  

   Definition ï Arguments =x,t  

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,1]. 

  Geometry  - > Primitives - > Interval 

  LMB > Build All Objects 
ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ [0,1]. 

Component 1 :> Definitions  > ʉomponent ʉouplings - Integration 

Component 1 - Definitions - Integration 1 (intop1): 

   Source  Selection  ï Selection  = All  domains   

ɹʫʜʝʤʦ ʰʫʢʘʪʠ ʣʘʤʘʥʫ ʟ ʜʚʦʤʘ ʚʥʫʪʨʽʰʥʽʤʠ ʚʫʟʣʘʤʠ ʚ ʪʦʯʢʘʭ ʟ ʘʙʩʮʠʩʘʤʠ 

0.3   ̔   0.7 . ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʫ ʤʦʜʝʣʽ L (ʨʽʚʥʷʥʥʷ ʣʘʤʘʥʦʾ ʚ ʬʦʨʤʽ (5)) ʽ ʟʤʽʥʥʫ R. 

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Variables ï Name, Expression  = L,   

            a0+a1*x+c1*abs(x - 0.3)+c2*abs(x - 0.7)  

   ʂʦʝʬʽʮʽʻʥʪʠ ʚʠʟʥʘʯʠʤʦ ʧʽʟʥʽʰʝ. 

   Variables ï Name, Expression  =R,  

              L- intop1(L*K(dest(x),x)) - 1- x^2  

 
ʋ ʚʫʟʣʽ Global Equations  ʜʣʷ ʚʥʫʪʨʽʰʥʽʭ ʚʫʟʣʽʚ ʟ ʘʙʩʮʠʩʘʤʠ 0.3   ̔   0.7 ,  ʪʘ ʚ 

ʜʚʦʭ ʢʽʥʮʝʚʠʭ ʪʦʯʢʘʭ ʚʽʜʨʽʟʢʘ [0,1]  ʟʘʜʘʡʪʝ ʨʚ̔ʥʷʥʥʷ (6).  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = a0,  at1(0.0,R)  

            ï Name, f(u, ut, utt, t) = ʩ1, at1(0.3,R)  

            ï Name, f(u, ut, utt, t) = c2,  at1(0.7,R)  

            ï Name, f(u, ut, utt, t) = a1,  at1(1,R)  

 
ʊʝʧʝʨ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʟʘʜʘʯʫ ʟʥʘʭʦʜʞʝʥʥʷ ʯʠʩʝʣʴʥʠʭ ʟʥʘʯʝʥʴ ʢʦʝʬʽʮʽʻʥʪʽʚ 

ʚ ʨʽʚʥʷʥʥʽ ʣʘʤʘʥʦʾ, ̔  ʘʥʘʣʽʟʫʚʘʪʠ ʨʝʟʫʣʴʪʘʪʠ.  
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  Home - > Compute 

ɺ ʛʽʣʮʽ Derived Values ʙʫʜʫʪʴ ʩʪʚʦʨʝʥʽ ʚʫʟʣʠ ʪʠʧʫ Global Evaluation  ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ  a0, a1, c1, c2.  ʅʘʜʨʫʢʫʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ ʚ ʩʧʽʣʴʥʫ ʪʘʙʣʠʮʶ. 

Derived Values ï State variable a0 : LMB > Evaluate 

Derived Values ï State variable c1: LMB > Evaluate - Table 1 

Derived Values ï State variable c2: LMB > Evaluate - Table 1 

Derived Values ï State variable a1: LMB > Evaluate - Table 1 

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʣʘʤʘʥʦʾ  L ʽ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ. 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Selection ï Selection = All domains  

   y- Axis Data ï Expression = L 

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 1 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = 1+x^2+2*x/(2 - log(2))  

   Coloring and Style ï Color = Red 

  LMB > Plot 

        ƴ 

ʂʨʽʤ ʧʦʣʽʥʦʤʘ ʽ ʣʘʤʘʥʦʾ, ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʥʘʙʣʠʞʝʥʦʛʦ ʨʦʟʚôʷʟʢʫ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʢʫʙʽʯʥʽ ʩʧʣʘʡʥʠ. ɼʣʷ ʥʠʭ ʟʘʛʘʣʴʥʠʡ ʘʥʘʣʽʪʠʯʥʠʡ ʚʠʨʘʟ ʤʦʞʥʘ 

ʟʘʧʠʩʘʪʠ ʚ ʬʦʨʤʽ [3] 

() ä
-

=

-++++=
1

1

3

1

3

3

2

210

n

i

ixxcxaxaxaaxS ,       (7) 

ʜʝ ix  ʘʙʩʮʠʩʠ ʪʦʯʦʢ ʩʪʠʢʫ ʢʫʙʽʯʥʠʭ ʩʝʛʤʝʥʪʽʚ ʩʧʣʘʡʥʘ. ʇʨʠ ʘʧʨʦʢʩʠʤʫʚʘʥʥʽ 

ʬʫʥʢʮʽʡ ʥʘ ʚʽʜʨʽʟʢʫ [a,b] ʮʽ ʘʙʩʮʠʩʠ ( )1...,,2,1 -= nixi  ʧʦʪʨʽʙʥʦ ʨʦʟʪʘʰʦʚʫʚʘʪʠ 

ʚʩʝʨʝʜʠʥʽ ʚʽʜʨʽʟʢʘ (ʚʦʥʠ ʥʝ ʧʦʚʠʥʥʽ ʩʧʽʚʧʘʜʘʪʠ ʟ ʡʦʛʦ ʢʽʥʮʷʤʠ). 

  ɺʠʨʘʟ (7) ʻ ʜʚʽʯʽ ʥʝʧʝʨʝʨʚʥʦ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʠʤ. ʊʦʤʫ ʡʦʛʦ ʤʦʞʥʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʥʘʚʽʪʴ ʜʣʷ ʥʘʙʣʠʞʝʥʦʛʦ ʨʦʟʚôʷʟʘʥʥʷ ʨʽʚʥʷʥʴ, ʷʢʽ ʤʽʩʪʷʪʴ ʧʦʭʽʜʥʽ, 

ʥʘʧʨʠʢʣʘʜ, ʜʣʷ  ʽʥʪʝʛʨʦ-ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

  ɯʥʪʝʛʨʦ-ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ ʤʘʻ ʬʦʨʤʫ [4] 

()[ ] ( )() ()xfdyxKxyL
x

a

=-ñ xxx, , 
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ʜʝ  L ï ʜʝʷʢʠʡ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʡ ʦʧʝʨʘʪʦʨ.  ɼʣʷ ʦʜʥʦʟʥʘʯʥʦʛʦ ʚʠʟʥʘʯʝʥʥʷ 

ʨʦʟʚôʷʟʢʫ ʪʨʝʙʘ ʜʦʜʘʚʘʪʠ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʚ ʪʦʯʮʽ a.  

  ʇʦʢʣʘʜʝʤʦ ʚ ʦʩʪʘʥʥʴʦʤʫ ʨʽʚʥʷʥʥ ̔ ()[ ] ()xyxyL ¡= ,  ̔   ʨʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ 

() ( )() () () 0,, yayxfdyxKxy
x

a

==-¡ ñ xxx .       (8) 

ʅʘ ʚʽʜʨʽʟʢʫ [a,b] ʟʥʘʡʜʝʤʦ ʾʾ ʥʘʙʣʠʞʝʥʠʡ ʨʦʟʚôʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʢʫʙʽʯʥʦʛʦ 

ʩʧʣʘʡʥʘ, ʪʦʙʪʦ () ()xSxy º . ʇʽʜʙʽʨ ʢʦʝʬʽʮʽʻʥʪʽʚ ʚ ʬʦʨʤʫʣʽ (7) ʚʠʢʦʥʫʻʪʴʩʷ ʟ 

ʫʤʦʚʠ, ʱʦ ʚʠʨʘʟ () ()( ) ()xfdxKSxSR
x

ax --¡¹ ñ xxx ,  ʦʙʝʨʪʘʻʪʴʩʷ ʥʘ ʥʫʣʴ ʚ 

ʪʦʯʢʘʭ, ʢʽʣʴʢʽʩʪʴ ʷʢʠʭ ʥʘ ʦʜʠʥʠʮʶ ʤʝʥʰʝ ʢʽʣʴʢʦʩʪʽ ʰʫʢʘʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ. ɼʣʷ 

ʮʴʦʛʦ ʥʘ ʥʘʧʽʚʽʥʪʝʨʚʘʣʽ (a,b] ʦʙʠʨʘʻʤʦ  n+2 ʪʦʯʢʠ ix , 

bxxxxa nnn =<<<<< ++ 211 ... , ʜʣʷ ʷʢʠʭ ʚʚʘʞʘʪʠʤʝʤʦ, ʱʦ ʦʜʥʦʯʘʩʥʦ   

ʚʠʢʦʥʫʶʪʴʩʷ ʨʽʚʥʦʩʪʽ 

() () ()( ) () 0, =--¡= ñ i

x

a

iii xfdxKSxSxR xxx , 2...,,1 += ni . 

ʑʝ ʦʜʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʤʠ ʦʪʨʠʤʘʻʤʦ, ʚʨʘʭʦʚʫʶʯʠ ʧʦʯʘʪʢʦʚʫ ʫʤʦʚʫ  

() 0yay = , ʷʢʫ ʧʝʨʝʥʝʩʝʤʦ ʥʘ ʰʫʢʘʥʠʡ ʩʧʣʘʡʥ ʫ ʚʠʛʣʷʜʽ () 0yaS = . ʎʝ ʫʪʚʦʨʶʻ 

ʟʘʤʢʥʝʥʫ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ὥ0,ȣ,ὥ3, 1̒, 2̒,ȣ, ὲ̒ 1. 

ʇʨʠʢʣʘʜ 3. ʈʦʟʚôʷʟʘʪʠ ʽʥʪʝʛʨʦ-ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ 

() ( )() () 10,1
0

=-=--¡ ñ ytdtytxxy
x

, 

ʥʘʙʣʠʟʠʚʰʠ ʨʦʟʚôʷʟʦʢ ()xy  ʥʘ ʚʽʜʨʽʟʢʫ [0,6] ʢʫʙʽʯʥʠʤ ʩʧʣʘʡʥʦʤ (7). ʇʦʨʽʚʥʷʪʠ 

ʡʦʛʦ ʟ ʘʥʘʣʽʪʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ () ö
ö

÷

õ

æ
æ

ç

å
-= - xxexy x

2

3
sin

3

1

2

3
cos2/ , 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʷʜʨʘ  ὑὼ,ὸ. 

Global Definitions: RMB > Functions ï Analytic 

        Function name = K 

   Definition ï Expression =x- t  

   Definition ï Arguments =x,t  

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,6]. 

  Geometry  - > Primitives - > Interval 

Geometry ï Interval 1 (i1): 

   Interval  ï Right  endpoint  = 6  

  LMB > Build All Objects 

ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. 
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Component 1 :> Definitions  > ʉomponent ʉouplings - Integration 

Component 1 - Definitions - Integration 1 (intop1): 

   Source  Selection  ï Selection  = All  domains   

ʉʪʚʦʨʽʪʴ ʟʤʽʥʥʽ ʤʦʜʝʣʽ S ʽ R. ɺʨʘʭʦʚʫʶʯʠ ʜʦʚʞʠʥʫ ʬʦʨʤʫʣʠ (7), ʚʝʣʠʯʠʥʫ S 

ʧʨʝʜʩʪʘʚʠʤʦ ʫ ʚʠʛʣʷʜʽ ʩʫʤʠ ʜʚʦʭ ʟʤʽʥʥʠʭ S1 ʽ S2. 

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Variables ï Name, Expression  = S1,  a0+a1*x+a2*x^2+a3*x̂ 3  

   Variables ï Name, Expression  = S2,   

         c1*abs(x - 2)̂ 3+c2*abs(x - 3)̂ 3+c3*abs(x - 4)̂ 3  

   Variables ï Name, Expression  = S,  S1+S2 

   ʂʦʝʬʽʮʽʻʥʪʠ ʚ ʮʠʭ ʚʠʨʘʟʘʭ ʚʠʟʥʘʯʘʪʠʤʫʪʴʩʷ ʧʽʟʥʽʰʝ. 

   Variables ï Name, Expression  =R,  

         d(S,x) - intop1(S*K(dest(x),x)*(x<=dest(x)))+1  

  
ɺʝʨʭʥʷ ʤʝʞʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʥʘʰʦʾ ʟʘʜʘʯʽ ʟʤʽʥʶʚʘʥʘ, ʪʦʤʫ ʧʽʜ ʽʥʪʝʛʨʘʣʦʤ ʫ ʚʠʨʘʟʽ 

ʜʣʷ R ʤʠ ʜʦʜʘʣʠ ʤʥʦʞʥʠʢ ()( )xx dest¢ . ɯʥʘʢʰʝ ʽʥʪʝʛʨʫʚʘʥʥʷ ʪʣʫʤʘʯʠʣʦʩʷ ʙ ʧʦ 

ʚʩʴʦʤʫ ʚʽʜʨʽʟʢʫ [0,6]. ʆʪʞʝ ʪʫʪ ʤʠ ʤʘʻʤʦ 

Ὓᴂὼ Ὓ‚ ὑὼ,‚ Ὠ‚

ὼ

0

= Ὓᴂὼ Ὓ‚ ὑὼ,‚Ͻ‚< ὼ Ὠ‚

6

0

=  

= Ὠ(Ὓ,ὼ) intop1(S Kz(dest(ὼ),ὼ) (zὼ< = dest(ὼ))) 

ɿʘʫʚʘʞʝʥʥʷ. ɿʘʤʽʩʪʴ ʤʥʦʞʥʠʢʘ (ὼ< = dest(ὼ))  ʤʦʞʥʘ  ʙʫʣʦ  ʙ  ʚʠʢʦʨʠʩʪʘʪʠ 

ʬʫʥʢʮʽʶ-ʩʭʦʜʠʥʢʫ (step function) ʫ ʚʠʛʣʷʜʽ 1 step1 ὼ dest ὼ . 

  ʋ ʚʫʟʣʽ Global Equations  ʟʘʜʘʡʪʝ ʧʦʪʨʽʙʥʫ ʢʽʣʴʢʽʩʪʴ ʨʽʚʥʷʥɹ () 0=ixR . 

ɻʨʘʥʠʯʥʫ ʫʤʦʚʫ ()10 =y  ʪʝʞ ʪʨʝʙʘ ʜʦʜʘʪʠ ʚ ʪʘʙʣʠʮʶ ʫ ʚʠʛʣʷʜʽ at1(0,S) - 1, 

ʪʦʙʪʦ ()10 =S .  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = a0,  at1(0,S) - 1 

            ï Name, f(u, ut, utt, t) = ʩ1, at1(2,R)  

            ï Name, f(u, ut, utt, t) = c2,  at1(3,R)  

            ï Name, f(u, ut, utt, t) = c3,  at1(4,R)  

            ï Name, f(u, ut, utt, t) = a1,  at1(5,R)  

            ï Name, f(u, ut, utt, t) = a2,  at1(5.5,R)  

            ï Name, f(u, ut, utt, t) = a3,  at1(6,R)  
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ʊʝʧʝʨ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʟʘʜʘʯʫ ʟʥʘʭʦʜʞʝʥʥʷ ʯʠʩʝʣʴʥʠʭ ʟʥʘʯʝʥʴ ʢʦʝʬʽʮʽʻʥʪʽʚ 

ʩʧʣʘʡʥʘ (7), ʽ ʘʥʘʣʽʟʫʚʘʪʠ ʨʝʟʫʣʴʪʘʪʠ.  
  Home - > Compute 

ʇʽʩʣʷ ʟʘʚʝʨʰʝʥʥʷ ʦʙʯʠʩʣʝʥʴ ʜʦʨʝʯʥʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢʠ ʩʧʣʘʡʥʘ S ʽ 

ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ. 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Selection ï Selection = All domains  

   y- Axis Data ï Expression = S 

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 1 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = exp( - x/2)*  

       (cos(sqrt(3)/2*x) - 1/sqrt(3)*sin(sqrt(3)/2*x))  

   Coloring and Style ï Color = Red 

  LMB > Plot 

 
ʄʠ ʦʙʨʘʣʠ ʜʦʩʠʪʴ ʜʦʚʛʠʡ ʚʽʜʨʽʟʦʢ ʘʧʨʦʢʩʠʤʫʚʘʥʥʷ. ʊʦʤʫ ʜʣʷ ʢʨʘʱʦʛʦ 

ʥʘʙʣʠʞʝʥʥʷ ʧʦʪʨʽʙʥʦ ʙʫʣʦ ʙ ʦʙʠʨʘʪʠ ʙʽʣʴʰʫ ʢʽʣʴʢʽʩʪʴ ʩʧʣʘʡʥʦʚʠʭ ʩʝʛʤʝʥʪʽʚ ʽ 

ʚʽʜʧʦʚʽʜʥʫ ʢʽʣʴʢʽʩʪʴ ʰʫʢʘʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ci.               
ƴ

 

ʈʦʟʛʣʷʥʝʤʦ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ  

() ( )() ()xftdtytxKxy
x

a

=-ñ , . 

ɿʘʛʘʣʴʥʘ ʩʭʝʤʘ ʟʘʩʪʦʩʫʚʘʥʥʷ ʤʝʪʦʜʘ ʧʦʩʣʽʜʦʚʥʠʭ ʥʘʙʣʠʞʝʥʴ [2] ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʧʦʣʷʛʘʻ ʚ ʧʦʰʫʢʫ ʨʦʟʚôʷʟʢʫ ʫ ʚʠʛʣʷʜʽ 

() () ()ä
¤

=

+=
1n

n xyxfxy , 

ʜʝ ()xyn  ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʘ ʬʦʨʤʫʣʘʤʠ 
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           () ( )()ñ=
x

a

tdtftxKxy ,1
 

           () ( ) ()ñ=
x

a

tdtytxKxy 12 ,             (9) 

           () ( ) ()ñ=
x

a

tdtytxKxy 23 ,  

              . . . . . . . 

ɿ ʢʦʞʥʠʤ ʢʨʦʢʦʤ ʚʠʨʘʟ () () ()ä
=

+=
N

n

nN xyxfxY
1

 ʚʩʝ ʢʨʘʱʝ ʘʧʨʦʢʩʠʤʫʻ ʰʫʢʘʥʫ 

ʬʫʥʢʮʽ ʁ ()xy . 

ʇʨʠʢʣʘʜ 4. ʅʘ ʚʽʜʨʽʟʢʫ [0,3] ʤʝʪʦʜʦʤ ʧʦʩʣʽʜʦʚʥʠʭ ʥʘʙʣʠʞʝʥʴ ʨʦʟʚôʷʟʘʪʠ 

ʽʥʪʝʛʨʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ɺʦʣʴʪʝʨʨʠ 2-ʛʦ ʨʦʜʫ  

() ( ) ( )() x

x

tx etdtytxexy --- =--ñ
0

sin . 

ʇʦʨʽʚʥʷʪʠ ʥʘʙʣʠʞʝʥʠʡ ʨʝʟʫʣʴʪʘʪ ()xY3  ʟ ʘʥʘʣʽʪʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ 

() ( )12/2 += - xexy x . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʩʪʘʮʽʦʥʘʨʥʫ ʤʦʜʝʣʴ ʟ Global ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʷʜʨʘ  ὑὼ,ὸ. 

Global Definitions: RMB > Functions ï Analytic 

        Function name = K 

   Definition ï Expression =exp( - x+t)*sin(x - t)  

   Definition ï Arguments =x,t  

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʚʽʣʴʥʦʛʦ ʯʣʝʥʘ  Ὢὼ. 

Global Definitions: RMB > Functions ï Analytic 

        Function name = f  

   Definition ï Expression =exp( - x)  

   Definition ï Arguments =x 

ɺ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ  [0,3]. 

  Geometry  - > Primitives - > Interval 

Geometry ï Interval 1 (i1): 

   Interval  ï Right  endpoint  = 3 

  LMB > Build All Objects 

ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. 

Component 1 :> Definitions  > ʉomponent ʉouplings - Integration 

Component 1 - Definitions - Integration 1 (intop1): 

   Source  Selection  ï Selection  = All  domains   
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ɿʘʧʦʚʥʽʪʴ ʚʫʟʦʣ ʟʤʽʥʥʠʭ ʤʦʜʝʣʽ,  ʩʪʚʦʨʶʶʯʠ ʧʨʦʤʽʞʥʽ ʟʤʽʥʥʽ y1, y2, y3 ʟʘ 

ʬʦʨʤʫʣʘʤʠ (9), ʽ ʨʝʟʫʣʴʪʫʶʯʫ ʟʤʽʥʥʫ  () ()ä=
+=

3

1i i xyxfY  

Component 1(comp1) ï Definitions: RMB > Variables 

Definitions ï Variables 1: 

   Variables ï Name, Expression  = y1,   

         intop1(f(x)*K(dest(x),x)*(x< =dest(x)))  

   Variables ï Name, Expression  = y2,   

         intop1(y1*K(dest(x),x)*(x<=dest(x)))  

   Variables ï Name, Expression  = y3,   

         intop1(y2*K(dest(x),x)*(x<=dest(x)))  

   Variables ï Name, Expression  = Y,  f(x)+y1+y2+y3  

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʧʦʩʣʽʜʦʚʥʝ ʟʘʩʪʦʩʫʚʘʥʥʷ ʦʧʝʨʘʪʦʨʘ dest ( x)  ʚ ʷʢʦʩʪʽ ʧʝʨʰʦʛʦ 

ʘʨʛʫʤʝʥʪʫ ʬʫʥʢʮʽʾ ʷʜʨʘ ( )x,xK . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɿʘʫʚʘʞʝʥʥʷ. ʊʘʙʣʠʮʷ ʨʽʚʥʷʥʴ ʫ ʚʫʟʣʽ Global Equations 1 ʧʦʢʠʥʫʪʘ ʧʦʨʦʞʥʴʦʶ. 

  ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʟʤʽʥʥʦʾ Y ʪʘ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ. 
  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Selection ï Selection = All domains  

   y- Axis Data ï Expressio n = exp( - x)*(x̂ 2/2+1)  

   x- Axis Data ï Parameter ,  Expression = Expression , x  

Coloring and Style ïWidth  = 3 

1D Plot Group 1 - Line Graph 1: RMB>Duplicate 
1D Plot Group 2 - Line Graph 2: 

   y- Axis Data ï Expression = Y 

   Coloring and Style ï Color = Red 

  LMB > Plot 
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ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʣʽʚʦʨʫʯ ʥʘʚʝʜʝʥʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ () ()xyxfY 11 += , ʘ 

ʧʨʘʚʦʨʫʯ ï ʬʫʥʢʮʽʾ () () ()xyxyxfY 212 ++=  (ʧʦʙʫʜʫʡʪʝ ʾʭ ʩʘʤʦʩʪʽʡʥʦ). 

     
 

4.1.6. ʇʨʠʢʣʘʜʠ ʜʦʧʦʤʽʞʥʠʭ ʧʨʦʩʪʦʨʦʚʦ ʥʝʟʘʣʝʞʥʠʭ ʨʽʚʥʷʥʴ. 

ɺʩʽ ʟʘʜʘʯʽ, ʷʢʽ ʨʦʟʛʣʷʜʘʣʠʩʷ ʚ ʧʦʪʦʯʥʽʡ ʛʣʘʚʽ, ʬʦʨʤʫʣʶʚʘʣʠʩʷ ʫ ʚʠʛʣʷʜʽ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʫ, 

ʷʢʠʡ ʙʫʚ ʻʜʠʥʠʤ ʚ ʤʦʜʝʣʽ. ɸʣʝ ʚ COMSOL ʛʦʣʦʚʥʠʤ ʧʨʠʟʥʘʯʝʥʥʷʤ ʮʴʦʛʦ 

ʽʥʪʝʨʬʝʡʩʫ ʻ ʟʘʩʪʦʩʫʚʘʥʥʷ ʚ ʷʢʦʩʪʽ ʜʦʧʦʤʽʞʥʦʛʦ ʜʦ ʤʦʜʝʣʝʡ ʟ ɼʈʏʇ. ʊʫʪ ʤʠ 

ʨʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜʠ ʟʘʩʪʦʩʫʚʘʥʥʷ ʮʴʦʛʦ ʽʥʩʪʨʫʤʝʥʪʫ, ʷʢ ʜʦʧʦʤʽʞʥʦʛʦ, ʘ ʪʘʢʦʞ 

ʧʦʢʘʞʝʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʜʝʷʢʠʭ ʦʧʝʨʘʪʦʨʽʚ. 

  ʅʝʭʘʡ ʚ ʢʚʘʜʨʘʪʽ [ ][ ]1,11,1 -³-=W  ʜʘʥʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ fu=D  ʟ 

ʥʫʣʴʦʚʠʤʠ ʛʨʘʥʠʯʥʠʤʠ ʫʤʦʚʘʤʠ. ɺʽʜʦʤʦ, ʱʦ f ï ʩʪʘʣʘ, ʘʣʝ ʪʘʢʘ, ʱʦ:  

1. ɯʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ 

( )00, yx   ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

2. ɯʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʣʫ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )00, yx   

ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

3. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ 

ʪʦʯʮʽ ( )00, yx   ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

4. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʣʫ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ 

( )00, yx   ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

5. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʦʙʣʘʩʪʽ ʢʚʘʜʨʘʪʘ ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ 

ʚʝʣʠʯʠʥʽ a. 

6. ɯʥʪʝʛʨʘʣ ʨʦʟʚôʷʟʢʫ u ʧʦ ʜʽʘʛʦʥʘʣʽ ʢʚʘʜʨʘʪʘ ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ 

ʚʝʣʠʯʠʥʽ a. 

7. ɿʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʚ ʪʦʯʮʽ ( )00, yx  ʜʦʨʽʚʥʶ ̒ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a.     

(ʪʦʙʪʦ ( ) ayxu =00, ). 

8. ʉʫʤʘ ʟʥʘʯʝʥʴ ʨʦʟʚôʷʟʢʫ ʚ n ʪʦʯʢʘʭ, ʨʽʚʥʦʤʽʨʥʦ ʨʦʟʦʩʝʨʝʜʞʝʥʠʭ ʧʦ 

ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )00, yx , ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ 

ʚʝʣʠʯʠʥʽ a. 

ɼʣʷ ʢʦʞʥʦʾ ʟ ʫʤʦʚ ʧʦʪʨʽʙʥʦ ʟʥʘʡʪʠ  f   (  ̔ʟʚʠʯʘʡʥʦ  u). 

ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ 2D ʤʦʜʝʣʴ ʟʘʜʘʯʽ 
  File - > New - > Model Wizard - > 2D - > Mathematics - 

   Classical PDEs - Poisson's Equation (poeq) - > Stationary 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ. 
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Global Definitions : RMB > Parameters 

Global Definitions ï Parameters : 

   Parameters  ï Name, Expression  = a,  - 1 

         ï Name, Expression  = r ,  0.5  

         ï Name, Expression  = x0,  0.3  

         ï Name, Expression   = y0,  0.3  

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʦʜʥʦʛʦ ʢʚʘʜʨʘʪʘ ʽ ʜʦʧʦʤʽʞʥʦʛʦ ʢʦʣʘ. ɺʦʥʦ 

ʧʦʪʨʽʙʥʦ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʢʦʨʠʩʪʫʚʘʯ ʙʘʯʠʚ ʟʦʥʫ, ʧʦ ʷʢʠʡ ʚʠʢʦʥʫʻʪʴʩʷ 

çʜʦʧʦʤʽʞʥʝè ʦʙʯʠʩʣʝʥʥʷ. ʂʦʣʦ ʤʦʞʥʘ ʟʦʙʨʘʟʠʪʠ ʥʘ ʛʨʘʬʽʢʫ ʨʦʟʚôʷʟʢʫ, ʘʣʝ ʤʠ 

ʩʪʚʦʨʠʤʦ ʡʦʛʦ ʚ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ. 

  Geometry  - > Primitives  ï Square 

Geometry 1 - Square 1 (sq1): 

   Size ï Size length = 2 

   Position ï Base, x, y = Center ,0,0  

  Geometry  -> Primitives  ï Circle 

Geometry 1 - Circle 1: 

   Size and Shape ï Radius: =  r  

   Position ï Base, x, y = Center ,x0,y0  

  LMB > Build All Objects       (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ) 

   
ʅʘ ʩʪʚʦʨʝʥʽʡ ʛʝʦʤʝʪʨʽʾ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʟʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ.  

Component 1 (comp1) - Mesh 1 : LMB> Build All     (ʧʦʧʝʨʝʜʥʽʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 

ʅʘʣʘʰʪʫʡʪʝ ʩʪʘʮʽʦʥʘʨʥʫ ʟʘʜʘʯʫ (Poisson's Equation ), ʟʘʜʘʚʰʠ ʢʦʝʬʽʮʽʻʥʪʠ 

ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʽ ʥʫʣʴʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. ɸʣʝ ʩʧʦʯʘʪʢʫ ʧʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ 

ʛʽʣʢʠ Poisson's Equation (poeq) ʚ ʨʦʟʜʽʣʽ Domain  Selection  ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ 

ʩʪʦʷʪʴ ʽʥʜʠʢʘʪʦʨʠ 1, 2 ʢʚʘʜʨʘʪʘ ʽ ʢʦʣʘ. ɼʘʣʽ ʚʚʝʜʽʪʴ 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion  Coefficient  ï c = - 1 

   Source  Term ï f = f         (ʟʦʚʥʽʰʥʻ ʟʫʩʠʣʣʷ  f  ʙʫʜʝ ʟʥʘʡʜʝʥʦ ʦʢʨʝʤʦ) 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition  1: 

   Boundary Selection ïSelection,<>= Manual,1, 2, 3,4 (ʢʦʥʪʫʨ ʢʚʘʜʨʘʪʘ) 

   Dirichlet Boundary Condition ï r  = 0 

1. ɼʦʜʘʡʪʝ ʚʫʟʦʣ Global Equations , ʚ ʷʢʦʤʫ ʚʢʘʞʽʪʴ ʥʝʚʽʜʦʤʫ f, ʘ ʚ ʷʢʦʩʪʽ 

ʨʽʚʥʷʥʥʷ ʥʘʧʠʰʽʪʴ ʫʤʦʚʫ, ʩʬʦʨʤʫʣʴʦʚʘʥʫ ʧʝʨʰʠʤ ʧʫʥʢʪʦʤ ʥʘ ʧʦʯʘʪʢʫ 

ʧʨʠʢʣʘʜʫ. 

   Physics  - > Global  ï Global Equations 
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Poisson's Equation (poeq) - Global Equations 1: 

   Global Equations ï Name = f   

    Global Equations ï f(u,ut,utt,t)  = a- at2(x0,y0,circint(r,u))  

  

ʊʫʪ ʟʘʩʪʦʩʦʚʘʥʦ ʦʧʝʨʘʪʦʨ circint(r, expr ), ʷʢʠʡ ʚ 2D ʤʦʜʝʣʷʭ ʟʥʘʭʦʜʠʪʴ 

ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ ʚʠʨʘʟʫ expr  ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ r  ʥʘʚʢʨʫʛʠ 

ʪʦʯʢʠ, ʚ ʷʢʽʡ ʚʽʥ ʦʙʯʠʩʣʶʻʪʴʩʷ. ʑʦʙ ʚʠʟʥʘʯʠʪʠ ʪʦʯʢʫ, ʦʧʝʨʘʪʦʨ circint  ʙʫʣʦ 

ʚʠʢʦʨʠʩʪʘʥʦ ʚ ʷʢʦʩʪʽ ʘʨʛʫʤʝʥʪʫ ʦʧʝʨʘʪʦʨʘ at 2( x0, y0, expr ) . ʅʘʛʘʜʘʻʤʦ, ʱʦ 

ʮʝʡ ʦʧʝʨʘʪʦʨ ʦʙʯʠʩʣʶʻ ʚʠʨʘʟ expr   ʚ ʜʚʦʚʠʤʽʨʥʽʡ ʛʝʦʤʝʪʨʽʾ  ʚ ʪʦʯʮʽ ʟ ʟʘʜʘʥʠʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ. ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʨʘʟ at2(x0,y0,circint(r,u))  ʦʙʯʠʩʣʶʻ 

ʽʥʪʝʛʨʘʣ ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ  r   ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ  x0, y0. 

  ʈʦʟʫʤʽʪʠ ʟʘʧʠʩ ʚ ʪʘʙʣʠʮʽ ʚʫʟʣʘ Global Equations 1 ʧʦʪʨʽʙʥʦ ʥʘʩʪʫʧʥʠʤ 

ʯʠʥʦʤ. ɿʘʜʘʯʘ ʙʫʜʝ ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ f (ʟʦʚʥʽʰʥʻ ʟʫʩʠʣʣʷ ʚ 

ʨʽʚʥʷʥʥʽ ʇʫʘʩʩʦʥʘ) ʦʜʥʦʯʘʩʥʦ ʟ ʧʦʰʫʢʦʤ ʚʝʣʠʯʠʥʠ u, ʜʦʢʠ ʚʠʨʘʟ ʚ ʢʦʤʽʨʮʽ 

f(u,ut ,utt ,t ) ʥʝ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ, ʪʦʙʪʦ ʜʦʢʠ ʽʥʪʝʛʨʘʣ ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ 

ʥʝ ʩʧʽʚʧʘʜʝ ʟ a. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʚʫʟʦʣ 2D Plot Group 1 - Surface 1 ʟ ʛʨʘʬʽʢʦʤ 

ʨʦʟʚôʷʟʢʫ.  

 
ʊʘʢʦʞ ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ Derived Values - State variable f, ʟ ʷʢʦʛʦ  ʤʦʞʥʘ 

ʥʘʜʨʫʢʫʚʘʪʠ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f. 

Derived Values - State variable f: RMB > Evaluate 

 
ʆʪʞʝ f =1.6872  ʻ ʨʦʟʚôʷʟʢʦʤ ʧʝʨʰʦʛʦ ʟʘʚʜʘʥʥʷ. 

2. ʈʦʟʚôʷʞʽʪʴ ʜʨʫʛʝ ʟʘʚʜʘʥʥʷ.  

  ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Poisson's Equation (poeq) - Global Equations 1 ʽ 

ʚʽʜʨʝʜʘʛʫʡʪʝ ʚ ʥʴʦʤʫ ʨʽʚʥʷʥʥʷ.   

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- at2(x0,y0,diskint(r,u))  
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ʆʧʝʨʘʪʦʨ diskint(r,expr)  ʚ 2D ʤʦʜʝʣʷʭ ʟʥʘʭʦʜʠʪʴ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ 

ʚʠʨʘʟʫ expr  ʧʦ ʧʣʦʱʽ ʢʦʣʘ ʨʘʜʽʫʩʘ r  ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮ,̔ ʚ ʷʢʽʡ ʚʽʥ ʦʙʯʠʩʣʶʻʪʴʩʷ. 

ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʪʦʯʢʠ ʦʧʝʨʘʪʦʨ diskint  ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʚ ʷʢʦʩʪʽ ʘʨʛʫʤʝʥʪʫ 

ʦʧʝʨʘʪʦʨʘ at 2( ...) .  ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʨʘʟ at2(x0,y0,diskint(r,u))  ʦʙʯʠʩʣʶʻ 

ʽʥʪʝʛʨʘʣ ʧʦ ʢʦʣʫ ʨʘʜʽʫʩʘ  r   ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ  x0, y0. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ, f = 5.7867   ʻ ʨʦʟʚôʷʟʢʦʤ ʜʨʫʛʦʛʦ ʟʘʚʜʘʥʥʷ. 

3. ʈʦʟʚôʷʞʽʪʴ ʪʨʝʪʻ ʟʘʚʜʘʥʥʷ.  

  ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʨʘʜʽʫʩʘ r  ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ circavg(r, expr) . ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʡʦʛʦ ʚ ʷʢʦʩʪʽ 

ʘʨʛʫʤʝʥʪʫ ʦʧʝʨʘʪʦʨʘ at 2( ...)  ʤʠ ʤʘʪʠʤʝʤʦ ʧʦʪʨʙ̔ʥʠʡ ʚʠʨʘʟ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ 

ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )00, yx . 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- at2(x0,y0,  circavg (r,u))  

  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ, f = 5.3005  ʻ ʨʦʟʚôʷʟʢʦʤ ʪʨʝʪʴʦʛʦ ʟʘʚʜʘʥʥʷ. 

4. ʈʦʟʚôʷʞʽʪʴ ʯʝʪʚʝʨʪʝ ʟʘʚʜʘʥʥʷ.  

  ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʧʣʦʱʽ ʢʦʣʘ ʨʘʜʽʫʩʘ r  ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ diskavg(r,expr) . ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʡʦʛʦ ʚ ʷʢʦʩʪʽ 

ʘʨʛʫʤʝʥʪʫ ʦʧʝʨʘʪʦʨʘ at 2( ...)  ʤʠ ʤʘʪʠʤʝʤʦ ʧʦʪʨʙ̔ʥʠʡ ʚʠʨʘʟ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ 

ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʧʦ ʢʦʣʫ ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )00, yx . 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- at2(x0,y0,  diskavg (r,u))  

  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ, f = 4.5449  ʻ ʨʦʟʚôʷʟʢʦʤ ʯʝʪʚʝʨʪʦʛʦ ʟʘʚʜʘʥʥʷ. 

5. ʈʦʟʚôʷʞʽʪʴ ʧôʷʪʝ ʟʘʚʜʘʥʥʷ.  

  ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʠʨʘʟʽʚ ʚʩʝʨʝʜʠʥʽ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ, ʷʢʽ ʤʦʞʥʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʚ ʽʥʰʠʭ ʤʽʩʮʷʭ ʤʦʜʝʣʽ, ʧʨʠʟʥʘʯʝʥʽ ʦʧʝʨʘʪʦʨʠ ʟʚôʷʟʢʫ (Component 

Coupling ).  ɺʦʥʠ ʩʪʚʦʨʶʶʪʴʩʷ ʚ ʛʽʣʮʽ Definitions ʢʦʤʧʦʥʝʥʪʘ ʟʘ ʜʦʧʦʤʦʛʦʶ 
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ʢʥʦʧʢʠ - ʩʧʠʩʢʫ Component Coupling ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ Definitions  ʘʙʦ 

ʦʜʥʦʡʤʝʥʥʦʾ ʢʦʤʘʥʜʠ ʟ ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʮʽʻʾ ʛʽʣʢʠ. ʉʝʨʝʜ ʮʠʭ ʦʧʝʨʘʪʦʨʽʚ ʻ 

Integration   ̔   Average.  ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʥʘʰʦʛʦ ʟʘʚʜʘʥʥʷ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ 

ʦʧʝʨʘʪʦʨ Average .  

Component 1: 

  Definitions  -> Component Coupling  ï Average 

Component 1 (comp1) - Definitions - Average 1 (aveop1): 

   Source  Selection  ï Geometric entity level = Domain 

ʆʩʪʘʥʥʷ ʽʥʩʪʨʫʢʮʽʷ ʚʢʘʟʫʻ çʨʽʚʝʥʴ ʛʝʦʤʝʪʨʽʾè, ʧʦ ʷʢʽʡ ʙʫʜʝ 

ʦʙʯʠʩʣʶʚʘʪʠʩʷ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ (ʣʽʥʽʷ, ʧʦʚʝʨʭʥʷ  ʽ ʪ.ʜ.). 

             ï Selection = All domains   (ʚʩʷ ʟʦʥʘ ʢʚʘʜʨʘʪʘ) 

ʊʝʧʝʨ ʦʧʝʨʘʪʦʨ aveop1   ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʧʦ ʦʙʣʘʩʪʽ ʢʚʘʜʨʘʪʘ 

ʩʪʚʦʨʝʥʠʡ ʽ ʙʫʜʝ ʜʦʩʪʫʧʥʠʡ ʧʽʜ ʯʘʩ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ, ʥʘʧʨʠʢʣʘʜ, ʫ ʚʫʟʣʽ 

Global Equations 1. 

ɿʘʫʚʘʞʝʥʥʷ. ʆʜʠʥ ʽ ʪʦʡ ʞʝ ʦʧʝʨʘʪʦʨ aveop1  ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʨʽʟʥʠʭ ʚʠʨʘʟʽʚ. 

ʇʨʦʜʝʤʦʥʩʪʨʫʻʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʦʧʝʨʘʪʦʨʘ aveop1  ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʧôʷʪʦʛʦ 

ʟʘʚʜʘʥʥʷ. ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Poisson's Equation (poeq) - Global Equations 1  ʽ 

ʚʽʜʨʝʜʘʛʫʡʪʝ ʚ ʥʴʦʤʫ ʨʽʚʥʷʥʥʷ. 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- aveop1(u)  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʦʙʣʘʩʪʽ ʢʚʘʜʨʘʪʘ ʜʦʨʽʚʥʶʚʘʪʠʤʝ 

ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ 1-=a  ʧʨʠ f = 7.1137 . 

6. ʈʦʟʚôʷʞʽʪʴ ʰʦʩʪʝ ʟʘʚʜʘʥʥʷ. ɺʦʥʦ ʚʠʢʦʥʫʻʪʴʩʷ ʩʭʦʞʠʤ ʯʠʥʦʤ ʟ ʧʦʧʝʨʝʜʥʽʤ ï 

ʩʪʚʦʨʝʥʥʷʤ ʦʧʝʨʘʪʦʨʘ ʽʥʪʝʛʨʫʚʘʥʥʷ Integration  ʚʟʜʦʚʞ ʜʽʘʛʦʥʘʣʽ ʢʚʘʜʨʘʪʘ.   

ɿʘʫʚʘʞʝʥʥʷ. ɺʠʢʦʨʠʩʪʦʚʫʚʘʥʽ ʪʫʪ ʦʧʝʨʘʪʦʨʠ Integration  ʽ Average   

ʥʘʟʠʚʘʶʪʴʩʷ ʦʧʝʨʘʪʦʨʘʤʠ ʟʚôʷʟʢʫ (Coupling operators) ʪʦʤʫ, ʱʦ ʾʭ ʤʦʞʥʘ 

ʚʠʟʠʚʘʪʠ ʟ ʽʥʰʠʭ ʬʽʟʠʢ ʚ ʤʝʞʘʭ ʧʦʪʦʯʥʦʛʦ ʢʦʤʧʦʥʝʥʪʘ, ʘ ʪʘʢʦʞ ʟ ʽʥʰʠʭ 

ʢʦʤʧʦʥʝʥʪʽʚ. ʊʘʢʠʤ ʯʠʥʦʤ, ʚʦʥʠ ʚʠʢʦʥʫʶʪʴ ʬʫʥʢʮʽʾ ʟʚôʷʟʢʫ ʤʽʞ ʨʽʟʥʠʤʠ 

ʬʽʟʠʯʥʠʤʠ ʤʦʜʝʣʷʤʠ (Component Coupling).  

ʆʧʝʨʘʪʦʨʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦʪʨʽʙʥʦ ʚʢʘʟʘʪʠ ʛʝʦʤʝʪʨʽʶ, ʥʘ ʷʢʽʡ ʚʽʥ ʙʫʜʝ ʜʽʷʪʠ. 

ʊʦʤʫ ʩʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʚʽʜʨʽʟʦʢ ʜʽʘʛʦʥʘʣʽ, ʧʦ ʷʢʦʤʫ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʷ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. 

  Geometry  - > Primitives  ï B®zier Polygon 

Geometry 1 - B®zier Polygon 1 (b1): LMB > Add Linear 

ɺʚʝʜʽʪʴ ʢʦʦʨʜʠʥʘʪʠ ʧʦʯʘʪʢʦʚʦʾ ( - 1, - 1) ʽ ʢʽʥʮʝʚʦʾ (1,1)  ʪʦʯʦʢ ʚʽʜʨʽʟʢʘ. 
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  LMB > Build All Objects 

 
ʊʝʧʝʨ ʤʦʞʥʘ ʩʪʚʦʨʶʚʘʪʠ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʮʽʡ ʜʽʘʛʦʥʘʣʽ. 

Component 1 :> Definitions  -> Component Coupling  ï Integration 

Component 1 (comp1) - Definitions - Integration 1 (intop1): 

   Source  Selection  ï Geometric entity level = Boundary  

ʆʩʪʘʥʥʷ ʽʥʩʪʨʫʢʮʽʷ ʚʢʘʟʫʻ, ʱʦ ʽʥʪʝʛʨʫʚʘʥʥʷ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʷ ʧʦ ʣʽʥʽʾ. 

           ï Selection = Manual ,2,5,6 (ʚʩʽ ʜʽʣʷʥʢʠ ʚʽʜʨʽʟʢʘ ʜʽʘʛʦʥʘʣʽ) 

ʆʧʝʨʘʪʦʨ intop1   ̔ ʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʜʽʘʛʦʥʘʣʽ ʩʪʚʦʨʝʥʠʡ ʽ ʙʫʜʝ ʜʦʩʪʫʧʥʠʡ ʧʽʜ ʯʘʩ 

ʦʙʯʠʩʣʝʥʥʷ. 

  ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Poisson's Equation (poeq) - Global Equations 1 ʽ 

ʚʽʜʨʝʜʘʛʫʡʪʝ ʚ ʥʴʦʤʫ ʨʽʚʥʷʥʥʷ. 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- int op1(u)  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ ʽʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʜʽʘʛʦʥʘʣʽ ʢʚʘʜʨʘʪʘ ʜʦʨʽʚʥʶʚʘʪʠʤʝ 

ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ 1-=a  ʧʨʠ f = 2.1213 . 

ɺʧʨʘʚʘ. ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʟʚôʷʟʢʫ Integration   ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ, 

ʟʦʙʨʘʞʝʥʦʤʫ ʚ ʛʝʦʤʝʪʨʽʾ. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʡʦʛʦ, ʟʥʘʡʜʽʪʴ  f  ʪʘʢʝ, ʱʦ ʥ̔ʪʝʛʨʘʣ 

ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ ʜʦʨʽʚʥʶʚʘʪʠʤʝ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. (ɺʽʜʧʦʚʽʜʴ 

f =1.6872  ʪʘ ʞ ʩʘʤʘ, ʱʦ ʽ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʧʝʨʰʦʛʦ ʟʘʚʜʘʥʥʷ). 

7. ʈʦʟʚôʷʞʽʪʴ ʩʴʦʤʝ ʟʘʚʜʘʥʥʷ. ɺʦʥʦ ʧʦʪʨʝʙʫʻ ʟʘʩʪʦʩʫʚʘʥʥʷ ʦʧʝʨʘʪʦʨʘ 

at 2( x0, y0, expr )  ï ʦʙʯʠʩʣʝʥʥʷ  ʚʠʨʘʟʫ expr   ʚ ʜʚʦʚʠʤʽʨʥʽʡ ʛʝʦʤʝʪʨʽʾ  ʚ ʪʦʯʮʽ ʟ 

ʟʘʜʘʥʠʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ. ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʚ ʷʢʦʩʪʽ ʚʠʨʘʟʫ expr  ʧʦʪʨʽʙʥʦ 

ʚʠʢʦʨʠʩʪʘʪʠ ʰʫʢʘʥʫ ʚʝʣʠʯʠʥʫ u. 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = a- at2(x0,y0,u)  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
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  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ, ʢʦʣʠ f = 3.9815  , ʪʦ  u( x0, y0)= - 1. 

  ɺʠ ʤʦʞʝʪʝ ʩʧʨʦʙʫʚʘʪʠ ʧʝʨʝʚʽʨʠʪʠ ʨʦʟʚôʷʟʦʢ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʧʽʩʣʷ 

ʢʣʘʮʘʥʥʷ ʤʠʰʝʶ ʧʦ ʙʘʞʘʥʽʡ ʪʦʯʮʽ ʥʘ Surface ʛʨʘʬʽʢʫ, ʩʠʩʪʝʤʘ ʥʘʜʨʫʢʫʻʪʝ 

ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u  ʚ ʮʽʡ ʪʦʯʮʽ (ʧʦʪʨʽʙʥʦ ʱʦʙ ʚʽʜʧʦʚʽʜʥʠʡ ʛʨʘʬʽʯʥʠʡ ʚʫʟʦʣ ʚ 

ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʙʫʚ ʘʢʪʠʚʦʚʘʥʠʡ). ʇʨʦʙʣʝʤʘ ʧʦʣʷʛʘʻ ʣʠʰʝ ʚ ʪʦʤʫ, ʱʦʙ 

ʤʘʢʩʠʤʘʣʴʥʦ ʙʣʠʟʴʢʦ ʧʦʮʽʣʠʪʠ ʚ ʪʦʯʢʫ. 

  ɸʢʪʠʚʫʡʪʝ ʚʫʟʦʣ 2D Plot Group 1 ʽ ʩʧʨʦʙʫʡʪʝ ʢʣʘʮʥʫʪʠ ʣʽʚʦʶ ʢʥʦʧʢʦʶ 

ʤʠʰʽ ʧʦ ʮʝʥʪʨʫ ʢʦʣʘ, ʱʦ ʥʘʢʨʝʩʣʝʥʦ ʧʦʚʝʨʭ ʛʨʘʬʽʢʘ. ɹʫʜʝ ʩʪʚʦʨʝʥʘ ʪʘʙʣʠʮʷ 

Evaluation 2D ʟ ʥʘʜʨʫʢʦʚʘʥʠʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ ʽ ʟʥʘʯʝʥʥʷʤ ʨʦʟʚôʷʟʢʫ u. 

ʆʩʢʽʣʴʢʠ ʚʘʞʢʦ ʧʦʪʨʘʧʠʪʠ ʤʠʰʝʶ ʪʦʯʥʦ ʚ ʪʦʯʢʫ, ʪʦ ʤʠ ʦʪʨʠʤʘʻʤʦ ʟʥʘʯʝʥʥʷ ʚ 

ʜʝʷʢʽʡ ʥʘʙʣʠʞʝʥʽʡ ʪʦʯʮʽ.  

 
 

 

ʇʦʚʪʦʨʥʽ ʢʣʘʮʘʥʥʷ ʙʫʜʫʪʴ ʜʦʜʘʚʘʪʠ ʚ ʩʪʚʦʨʝʥʫ ʪʘʙʣʠʮʶ ʥʦʚʽ ʨʷʜʢʠ ʟ 

ʢʦʦʨʜʠʥʘʪʘʤʠ ʥʦʚʠʭ ʪʦʯʦʢ ʽ ʟʥʘʯʝʥʥʷʤʠ ʨʦʟʚôʷʟʢʫ ʫ ʥʠʭ. 

  ɭ ʱʝ ʦʜʠʥ ʩʧʦʩʽʙ ʧʝʨʝʚʽʨʠʪʠ ʟʥʘʯʝʥʥʷ ʦʪʨʠʤʘʥʦʛʦ ʨʦʟʚôʷʟʢʫ ʚ ʪʦʯʮʽ. ʊʨʝʙʘ 

ʩʪʚʦʨʠʪʠ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Cut Point 2D   ʽ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʡʦʛʦ, ʦʙʯʠʩʣʠʪʠ 

ʚʠʨʘʟ u. 

Results ï Data Sets: RMB > Cut Point 2D 

Data Sets - Cut Point 2D 1: 

   Point Data  ï x, y = x0,y0  

  LMB > Plot 

 
Derived Values: RMB > Point Evaluation 

Derived Values - Point Evaluation 1:  

   Data  ï Data set = Cut Point 2D 1  

   Expression  ï Expression  = u 

  LMB > Evaluate ï New Table 
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8. ʈʦʟʚôʷʞʽʪʴ ʚʦʩʴʤʝ ʟʘʚʜʘʥʥʷ. ɺʦʥʦ ʧʦʪʨʝʙʫʻ ʟʘʩʪʦʩʫʚʘʥʥʷ ʦʧʝʨʘʪʦʨʽʚ at 2( ...)   

ʽ sum( expr , index , lower , upper ) . 

  ʉʪʚʦʨʽʪʴ ʜʚʘ ʥʦʚʠʭ ʧʘʨʘʤʝʪʨʘ ʤʦʜʝʣʽ n ʽ p. 

Global Definitions ï Parameters : 

   Parameters  ï Name, Expression  = n,  6 

         ï Name, Expression  = p,  2*pi/n  

ʊʫʪ  n  ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʢʽʣʴʢʽʩʪʴ ʪʦʯʦʢ ʥʘ ʢʦʣʽ, ʘ p ï ʮʝʥʪʨʘʣʴʥʠʡ ʢʫʪ ʤʽʞ ʜʚʦʤʘ 

ʩʫʩʽʜʥʽʤʠ ʪʦʯʢʘʤʠ. 

Poisson's Equation (poeq) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = 
       a- sum(at2(x0+r*cos(k*p),y0+r*sin(k*p),u),k,0,n - 1)  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ f . 

Derived Values - State variable f: RMB > Evaluate ï Table 1 

 
ʊʘʢʠʤ ʯʠʥʦʤ, ʢʦʣʠ f = 0.88343  , ʩʫʤʘ ʟʥʘʯʝʥʴ ʨʦʟʚôʷʟʢʫ ʚ 6 ʪʦʯʢʘʭ, ʨʽʚʥʦʤʽʨʥʦ 

ʨʦʟʦʩʝʨʝʜʞʝʥʠʭ ʧʦ ʢʦʥʪʫʨʫ ʢʦʣʘ, ʜʦʨʽʚʥʶʻ - 1. ʊʦʙʪʦ ʧʨʠ ʦʙʨʘʥʠʭ ʟʥʘʯʝʥʥʷʭ 

ʧʘʨʘʤʝʪʨʽʚ ʤʘʻʤʦ 

( ) ( )( ) akrykrxu
n

k

=++ä
-

=

1

0

00 sin,cos jj , ʜʝ 
n

p
j

2
= . 

ʄʦʞʥʘ ʥʘʜʨʫʢʫʚʘʪʠ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʚ ʦʙʨʘʥʠʭ ʪʦʯʢʘʭ. ʉʧʦʯʘʪʢʫ ʪʨʝʙʘ 

ʩʪʚʦʨʠʪʠ ʜʞʝʨʝʣʦ ʜʘʥʠʭ ʜʣʷ ʤʥʦʞʠʥʠ ʮʠʭ ʪʦʯʦʢ. 

Results ï Data Sets: RMB > Cut Point 2D 

Data Sets - Cut Point 2D 2: 

   Point Data ï x = x0+r*cos({range(0,1,n - 1)}*2*pi/6)  

   Point Data ï y = y0+r*sin({range(0,1,n - 1)}*2*pi/6)  

  LMB > Plot 

 
ʇʦʪʽʤ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʚʫʟʦʣ ʪʠʧʫ Point Evaluation , ʷʢʠʡ ʦʧʠʨʘʪʠʤʝʪʴʩʷ 

ʥʘ ʮʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ, ʽ ʦʙʯʠʩʣʠʪʠ ʡʦʛʦ. 

Derived Values: RMB > Point Evaluation 

Derived Values - Point Evaluation 2:  

   Data  ï Data set = Cut Point 2D 2 

   Expression  ï Expression  = u 

  LMB > Evaluate ï New Table 
ʂʦʨʠʩʥʦ ʚʽʜʨʝʜʘʛʫʚʘʪʠ ʥʘʟʚʠ ʩʪʦʚʧʮʽʚ ʩʪʚʦʨʝʥʦʾ ʪʘʙʣʠʮʽ, ʟʘʣʠʰʠʚʰʠ ʚ ʥʠʭ 

ʣʠʰʝ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ. ɸʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Results ï Tables ï Table 3  ʽ ʚ ʪʘʙʣʠʮʽ 
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ʨʦʟʜʽʣʫ Column Headers  ʚʠʜʘʣʽʪʴ ʫ ʚʩʽʭ ʨʷʜʢʘʭ ʟʘʡʚʠʡ ʪʝʢʩʪ, ʟʘʣʠʰʠʚʰʠ ʣʠʰʝ 

ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ. 

 
  LMB > Update 

 

ɿʘʫʚʘʞʝʥʥʷ. ʆʧʝʨʘʮʽʾ (Average , Maximum, Integral  ʪʘ ʽʥ.) ʟ ʨʦʟʜʽʣʫ Data 

Series Operation  ʚʫʟʣʽʚ Derived Values ʟʘʩʪʦʩʦʚʫʶʪʴʩʷ ʜʦ ʜʘʥʠʭ ʚ ʧʦʣ ̔

Expression  ʟʘ ʟʤʽʥʥʦʶ ʯʘʩʫ, ʘ ʥʝ ʧʦ ʧʨʦʩʪʦʨʦʚʠʤ ʟʤʽʥʥʠʤ. ʊʦʤʫ ʚ ʨʘʟʽ 

ʩʪʘʪʠʯʥʠʭ ʟʘʜʘʯ ʚʦʥʠ (ʦʧʝʨʘʮʽʾ) ʥʝ ʧʨʠʥʦʩʷʪʴ ʢʦʨʠʩʪʽ. 

  ʈʦʟʚôʷʞʝʤʦ ʱʝ ʦʜʥʝ ʜʦʜʘʪʢʦʚʝ ʟʘʚʜʘʥʥʷ. ʅʝʭʘʡ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ 

ʇʫʘʩʩʦʥʘ ( )yxfu ,=D  ʤʘʻ ʚʠʛʣʷʜ ( ) ( )yxgcbyxf ,, Ö+= , ʜʝ ( )yxg ,  ʻ 

ʧʽʨʘʤʽʜʘʣʴʥʦʶ ʬʫʥʢʮʽʻʶ ( ) ( )xyyxyxg ----= 2
2

1
, , ʷʢʘ ʜʦʨʽʚʥʶʻ 

ʥʫʣʶ ʥʘ ʢʦʥʪʫʨʽ ʢʚʘʜʨʘʪʘ. ɿʘʜʘʯʘ ʧʦʣʷʛʘʻ ʚ ʧʽʜʙʦʨʽ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʽʚ b ʽ c 

ʪʘʢʠʭ, ʱʦ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ ʧʦ ʢʚʘʜʨʘʪʫ ʜʦʨʽʚʥʶʻ a  ʽ, ʢʨʽʤ ʪʦʛʦ, 

( ) ayxu =00, . ɺ ʪʘʢʽʡ ʧʦʩʪʘʥʦʚʮʽ ʤʠ ʤʘʻʤʦ ʜʚʽ ʜʦʜʘʪʢʦʚʽ ʫʤʦʚʠ ʽ ʜʚʘ ʰʫʢʘʥʠʭ 

ʧʘʨʘʤʝʪʨʘ, ʷʢʽ ʤʦʞʥʘ ʟʥʘʡʪʠ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʜʦʧʦʤʽʞʥʦʛʦ ʚʫʟʣʘ Global 

Equations . 

  ʇʨʦʜʦʚʞʠʪʴ ʨʦʙʦʪʫ ʟ ʧʦʪʦʯʥʠʤ ʬʘʡʣʦʤ. ʉʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ 

ʬʫʥʢʮʽʶ ( )yxg , . 

Global Definitions : RMB > Functions ï Analytic 

         Function name = g 

   Definition ï Expression =  

           (2 - abs(x) - abs(y) - abs(abs(y) - abs(x)))/2  

          ï Arguments = x,y  

   Plot Parameters ï <x> Lower limit , Upper limit  = - 1, 1  

            ï <y> Lower limit , Upper limit  = - 1, 1    

  LMB > Plot   

 
ʇʦʪʽʤ ʟʤʽʥʽʪʴ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source  Term ï f = b+c*g( x, y)     
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ɿʘʜʘʡʪʝ ʫʤʦʚʠ ʫ ʚʫʟʣʽ Global Equations 1 (ʚʠʜʘʣʠʚʰʠ ʧʦʧʝʨʝʜʥʶ ʫʤʦʚʫ). 

Poisson's Equation (poeq) - Global Equations 1: 

   Global Equations ï Name, f(u,ut,utt,t)   = ʩ, a- aveop1(u)   

            ï Name, f(u,ut,utt,t)   = b, a- at2(x0,y0,u)   

ʇʝʨʰʘ ʫʤʦʚʘ ʥʘʢʣʘʜʘʻ ʦʙʤʝʞʝʥʥʷ ʥʘ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ, ʜʨʫʛʘ ï ʧʨʝʜʩʪʘʚʣʷʻ 

ʫʤʦʚʫ ( ) ayxu =00, . 

  ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʉʪʚʦʨʽʪʴ ʚʫʟʣʠ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ b ʽ c, ʽ ʥʘʜʨʫʢʫʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ. 

Derived Values - State variable f: RMB > Duplicate 

         Label = Variable b  

   Expression  ï Expression = b 

  RMB > Evaluate ï New Table 
Derived Values - State variable f: RMB > Duplicate 

         Label = Variable c  

   Expression  ï Expression = c 

  RMB > Evaluate ï Table 4 

 
ɼʣʷ ʥʘʦʯʥʦʩʪʽ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ u. 

2D Plot Group 1 - Surface 1: RMB > Height Expression 

Surface 1 - Height Expression 1: 

   Axis  ï Scale factor = True,0. 5 

  LMB > Plot   

 
ɿʘʫʚʘʞʝʥʥʷ. ɿʘʜʘʯʽ, ʚ ʷʢʠʭ ʰʫʢʘʥʘ ʚʝʣʠʯʠʥʘ ʩʪʦʷʪʠʤʝ ʚ ʘʨʛʫʤʝʥʪʽ ʦʧʝʨʘʪʦʨʘ, 

ʙʫʜʫʪʴ ʧʨʠʟʚʦʜʠʪʠ ʜʦ ʧʦʤʠʣʦʢ. ʅʘʧʨʠʢʣʘʜ, ʧʨʠ ʟʘʜʘʥʦʤʫ f  ʟʘʜʘʯʘ ʧʦʰʫʢʫ 

ʘʙʩʮʠʩʠ x ʪʦʯʢʠ, ʚ ʷʢʽʡ ( ) axxu =, , ʥʝ ʙʫʜʝ ʨʦʟʚôʷʟʘʥʘ, ʙʦ ʧʦʪʨʝʙʫʻ  

ʚʠʢʦʨʠʩʪʘʥʥʷ ʨʽʚʥʷʥʥʷ  a- at 2( X, X, u)=0  ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ  X. ʎʝ ʧʦʚôʷʟʘʥʦ 

ʟ ʪʠʤ, ʱʦ ʧʝʨʝʜ ʚʠʢʣʠʢʦʤ ʦʧʝʨʘʪʦʨʽʚ at (...) ʢʦʦʨʜʠʥʘʪʘ ʪʦʯʢʠ ʧʦʚʠʥʥʘ ʙʫʪʠ 

ʚʞʝ ʦʙʯʠʩʣʝʥʦʶ. ʊʦʙʪʦ ʜʝʷʢʽ ʘʨʛʫʤʝʥʪʠ ʦʧʝʨʘʪʦʨʽʚ ʥʝ ʤʦʞʫʪʴ ʙʫʪʠ ʰʫʢʘʥʠʤʠ 

ʚʝʣʠʯʠʥʘʤʠ! ʎʝ ʟʘʫʚʘʞʝʥʥʷ ʩʪʦʩʫʻʪʴʩʷ ʽ ʬʫʥʢʮʽʡ ï ʬʫʥʢʮʽʾ ʧʦʚʠʥʥʽ ʙʫʪʠ 

ʧʦʚʥʽʩʪʶ ʚʠʟʥʘʯʝʥʽ ʜʦ ʾʭ ʧʝʨʰʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ. ɸʣʝ ʚʠʨʘʟʠ ʟʤʽʥʥʠʭ ʫ ʚʫʟʣʘʭ 

Variables  ʤʦʞʫʪʴ ʤʽʩʪʠʪʠ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ. 

ɺʧʨʘʚʘ. ɺ ʪʨʠʚʠʤʽʨʥʠʭ ʤʦʜʝʣʷʭ ʽʩʥʫʶʪʴ ʦʧʝʨʘʪʦʨʠ ballint ( r , expr ) , 

ballavg ( r , expr ) , sphint ( r , expr ) , sphavg ( r , expr ), ʷʢʽ ʦʙʯʠʩʣʶʶʪʴ 

ʦʙôʻʤʥʽ ʪʘ ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ, ʘ ʪʘʢʦʞ ʩʝʨʝʜʥʽ ʟʥʘʯʝʥʥʷ ʧʦ ʢʫʣʽ ʽ ʩʬʝʨʽ. ɼʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʟʥʘʯʝʥʥʷ ʚ ʪʦʯʮʽ ʧʨʠʟʥʘʯʝʥʦ ʦʧʝʨʘʪʦʨ at 3( x0, y0, z0, expr ) .  
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  ʅʝʭʘʡ ʚ ʢʫʙʽ [ ][ ][ ]1,11,11,1 -³-³-=W  ʜʘʥʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ fu=D  ʟ 

ʥʫʣʴʦʚʠʤʠ ʛʨʘʥʠʯʥʠʤʠ ʫʤʦʚʘʤʠ. ɺʽʜʦʤʦ, ʱʦ f ï ʩʪʘʣʘ, ʘʣʝ ʪʘʢʘ, ʱʦ:  

1. ɯʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʩʬʝʨʽ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )000 ,, zyx   

ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

2. ɯʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʫʣʽ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ ( )000 ,, zyx   

ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

3. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʩʬʝʨʽ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ 

( )000 ,, zyx   ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

4. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʢʫʣʽ ʨʘʜʽʫʩʘ r ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ 

( )000 ,, zyx   ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a. 

5. ɿʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʚ ʪʦʯʮʽ ( )000 ,, zyx  ʜʦʨʽʚʥʶ ̒ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ a.     

(ʪʦʙʪʦ ( ) azyxu =000 ,, ). 

6. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʧʦ ʦʙʣʘʩʪʽ ʢʫʙʘ ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ 

ʚʝʣʠʯʠʥʽ a. 

ɼʣʷ ʢʦʞʥʦʾ ʟ ʫʤʦʚ ʟʥʘʡʪʠ  f    ̔ u. 

 

 

4.2. ɺʠʢʦʨʠʩʪʘʥʥʷ Mathematical Particle Tracing ʽʥʪʝʨʬʝʡʩʫ. 

ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʩʠʩʪʝʤ ɿɼʈ ʚ COMSOL Multiphysics ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

ʽʥʪʝʨʬʝʡʩ Mathematical Particle Tracing  (ʥʝ ʧʣʫʪʘʪʠ ʟ ʽʥʰʠʤʠ Particle 

Tracing  ʽʥʪʝʨʬʝʡʩʘʤʠ). ɻʦʣʦʚʥʝ ʡʦʛʦ ʧʨʠʟʥʘʯʝʥʥʷ ʧʦʣʷʛʘʻ ʚ ʧʦʙʫʜʦʚʽ 

ʪʨʘʻʢʪʦʨʽʡ ʨʫʭʫ ʤʥʦʞʠʥʠ ʯʘʩʪʠʥʦʢ. ʁʦʛʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʽ ʜʣʷ ʽʥʰʠʭ 

ʮʽʣʝʡ. ɺʽʥ ʤʘʻ ʢʽʣʴʢʘ ʨʝʜʘʢʮʽʡ, ʘʣʝ ʜʣʷ ʥʘʰʠʭ ʮʽʣʝʡ ʮʽʢʘʚʽ ʜʚʽ.  

  ʈʝʜʘʢʮʽʷ Massless  (ʙʝʟʽʥʝʨʮʽʡʥʠʡ, ʙʝʟʤʘʩʦʚʠʡ) ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ 

ʨʦʟʚôʷʟʘʥʥʷ ʩʠʩʪʝʤ ɿɼʈ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ 

v
q
=

td

d
,                (1) 

ʜʝ q ï ʚʝʢʪʦʨ ʢʦʦʨʜʠʥʘʪ ʯʘʩʪʠʥʦʢ, v ï ʚʝʢʪʦʨ ʾʭ ʰʚʠʜʢʦʩʪʝʡ. ɺ ʮʽʡ ʧʦʩʪʘʥʦʚʮʽ 

ʟʘʜʘʻʪʴʩʷ ʚʝʢʪʦʨʥʝ ʧʦʣʝ ʰʚʠʜʢʦʩʪʝʡ v, ʽ ʜʣʷ ʢʦʞʥʦʾ ʯʘʩʪʠʥʢʠ ʚʽʜʦʤʦ ʾʾ 

ʧʦʯʘʪʢʦʚʝ ʧʦʣʦʞʝʥʥʷ ()0tq . ɺ ʧʨʦʮʝʩʽ ʦʙʯʠʩʣʝʥʴ ʚʠʟʥʘʯʘʶʪʴʩʷ ʪʨʘʻʢʪʦʨʽʾ ʨʫʭʫ 

()tq   ʯʘʩʪʠʥʦʢ. 

  ɺ ʨʝʜʘʢʮʽʾ Newtonian  ʨʦʟʚôʷʟʫʻʪʴʩʷ ʩʠʩʪʝʤʘ ɿɼʈ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

( ) Fv =pm
dt

d
,              (2) 

ʜʝ v ï ʚʝʢʪʦʨ ʰʚʠʜʢʦʩʪʝʡ, F ï  ʚʝʢʪʦʨ ʩʠʣ. 

  ɺ ʦʙʦʭ ʚʠʧʘʜʢʘʭ ʤʠ ʧʦʚʠʥʥʽ ʦʙʨʘʪʠ ʧʽʜʭʦʜʷʱʫ ʧʨʦʩʪʦʨʦʚʫ ʨʦʟʤʽʨʥʽʩʪʴ 

ʟʘʜʘʯʽ (2D ʘʙʦ 3D) ʽ ʧʨʘʮʶʚʘʪʠ ʟ ʜʠʥʘʤʽʯʥʠʤ (Time Dependent ) ʨʝʞʠʤʦʤ 

ʜʦʩʣʽʜʞʝʥʥʷ. ʇʨʠ ʮʴʦʤʫ ʪʨʝʙʘ ʟʘʜʘʪʠ ʛʝʦʤʝʪʨʽʶ ʦʙʣʘʩʪʽ, ʚ ʷʢʽʡ ʚʽʜʙʫʚʘʻʪʴʩʷ 

ʨʫʭ, ʪʘʢ, ʱʦʙ ʚʩʽ ʪʨʘʻʢʪʦʨʽʾ ʥʝ ʚʠʭʦʜʠʣʠ ʟ ʮʽʻʾ ʟʦʥʠ.  
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ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʪʨʴʦʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

()

()

()î
í

î
ì

ë

=Ö-=¡

=-=¡

=-=¡

20,2

00,

10,

zyxz

yxzy

xzyx

t

t

 

ʎʶ ʩʠʩʪʝʤʫ ʤʠ ʚʞʝ ʜʦʩʣʽʜʞʫʚʘʣʠ ʚ ʧʨʠʢʣʘʜʽ 4.1.2.10 (ʧʘʨʘʛʨʘʬ 4.1.2, 

ʧʨʠʢʣʘʜ 10) ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʜʠʥʘʤʽʯʥʦʛʦ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʫ. 

ʇʝʨʝʧʦʟʥʘʯʠʚʰʠ ʢʦʦʨʜʠʥʘʪʥʽ ʬʫʥʢʮʽʾ zyx ,,  ʯʝʨʝʟ zyx qqq ,, , ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 

ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ 
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2

, 

ʗʢʱʦ ʚʚʝʩʪʠ ʚʝʢʪʦʨʠ ( )zyx qqq ,,=q  ʽ ( )yxxzzy qqqqqq 2,, ---=v , ʪʦ ʟʘʜʘʯʘ 

ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ (1), ʽ ʾʾ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ ʽʥʪʝʨʬʝʡʩʫ 

Particle Tracing .  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʜʠʥʘʤʽʯʥʫ 3D ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Mathematical 

Particle Tracing ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 3D - > Mathematics - 

    Mathematical Particle Tracing (pt) - > Time Dependent 

ʆʙʨʘʚʰʠ ʫ ʚʽʢʥʽ Select Physics  ʪʠʧ ʤʦʜʝʣʽ Mathematical Particle 

Tracing(pt)  ʚʠ ʧʦʙʘʯʠʪʝ ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ ʧʦʣʷ ʜʣʷ ʚʚʝʜʝʥʥʷ 

ʽʜʝʥʪʠʬʽʢʘʪʦʨʽʚ ʟʤʽʥʥʠʭ ʟʘʜʘʯʽ. ʎʽ ʽʤʝʥʘ ʧʽʟʥʽʰʝ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʧʽʜ 

ʯʘʩ ʟʘʧʠʩʫ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. ɿʘʣʠʰʪʝ ʚʤʽʩʪ ʮʠʭ ʧʦʣʽʚ ʙʝʟ ʟʤʽʥ.  

 

 
 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʮʠʣʽʥʜʨ. ɺʽʥ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʟʦʥʫ, 

ʚ ʷʢʽʡ ʙʫʜʝ ʨʦʟʪʘʰʦʚʘʥʘ ʬʘʟʦʚʘ ʪʨʘʻʢʪʦʨʽ.̫ ʑʦʙ ʥʝ ʟʘʤʠʩʣʶʚʘʪʠʩʷ ʧʨʦ 

ʤʦʞʣʠʚʽʩʪʴ ʚʠʭʦʜʫ ʢʨʠʚʦ ʾ ʟʘ ʤʝʞʽ ʮʽʻʾ ʦʙʣʘʩʪʽ, ʜʣʷ ʮʠʣʽʥʜʨʘ ʪʨʝʙʘ ʟʘʜʘʪʠ 

ʜʦʩʠʪʴ ʚʝʣʠʢʽ ʨʦʟʤʽʨʠ.  

  Geometry  - > Primitives  ï Cylinder 

Component 1 - Geometry 1 - Cylinder1:  

   Size  and Shape  ï Radius, Height = 15, 30  
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   Position ï x, y, z = 0, 0, - 15    

  LMB > Build All Objects 

 

  

ɺ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʝʨʽʪʴ Massless  (ʙʝʟʤʘʩʦʚʫ) 

ʨʝʜʘʢʮʽʶ ʽʥʪʝʨʬʝʡʩʫ. ʊʘʢʦʞ ʧʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʨʦʟʜʽʣʽ Domain Selection  ʩʪʦʾʪʴ 

ʦʜʠʥʠʮʷ, ʪʦʙʪʦ ʦʙʨʘʥʘ ʨʦʟʨʘʭʫʥʢʦʚʘ ʦʙʣʘʩʪʴ ʟ ʽʥʜʠʢʘʪʦʨʦʤ 1 (ʮʝ ʮʠʣʽʥʜʨ ʽ 

ʽʥʰʠʭ ʦʙʣʘʩʪʝʡ ʫ ʥʘʩ ʥʝʤʘʻ). 

Component 1 - Mathematical Particle Tracing (pt): 

   Particle Properties ï Formulation  = Massless  

 
 

ɺ ʨʦʟʜʽʣʽ Dependent Variable  ʚʠ ʱʝ ʨʘʟ ʤʦʞʝʪʝ ʧʨʦʢʦʥʪʨʦʣʶʚʘʪʠ ʽʤʝʥʘ 

ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ.  

  ɺ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) - Particle Properties 1 ʚ 

ʨʦʟʜʽʣʽ  Particle Velocity  ʟʘʜʘʡʪʝ ʧʨʘʚʽ ʯʘʩʪʠʥʠ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. ɼʣʷ ʮʴʦʛʦ 

ʚʠʢʦʨʠʩʪʘʡʪʝ ʽʜʝʥʪʠʬʽʢʘʪʦʨʠ  qx, qy ʽ qz ʷʢ ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ. 

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Velocity  ï v <x> = qy- qz  

             ï v <y> = qz- qx 

             ï v <z> = qx- 2*qy  

 

 
ɼʦ ʛʽʣʢʠ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release  from  

Grid . ɺʽʥ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʚʚʝʜʝʥʥʷ ʧʦʯʘʪʢʦʚʠʭ ʧʦʣʦʞʝʥʴ ʨʫʭʦʤʠʭ 

ʯʘʩʪʠʥʦʢ. ɺ ʥʘʰʽʡ ʤʦʜʝʣʽ ʧʦʣʦʞʝʥʥʷ ʻʜʠʥʦʾ ʯʘʩʪʠʥʢʠ ʙʫʜʫʪʴ ʧʨʝʜʩʪʘʚʣʷʪʠ 

ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 
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   Initial Coordanates   ï qx,0 = 1 

              ï qy,0 = 0 

              ï qz,0 = 2 

 

 
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t . 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,20)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results - Data Sets ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ Particle 1, ʷʢʠʡ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ 

ʜʞʝʨʝʣʦ ʜʘʥʠʭ ʪʠʧʫ Particle . ʊʘʢʦʞ ʚ ʛ̔ ʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 

ʪʠʧʫ 3D Plot Group   ʟ ʥʘʟʚʦʶ Particle Trajectories (pt). ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʾʾ 

ʇɺ ʚ ʩʧʠʩʢʫ Data Set ʦʙʨʘʥʦ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Particle 1. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʨʦʟʜʽʣʽ 

Data  ʚ ʧʦʣ ̔Time  ʦʙʨʘʥʦ ʤʘʢʩʠʤʘʣʴʥʠʡ ʤʦʤʝʥʪ ʯʘʩʫ (ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 20), ʽ 

ʟʥʽʤʽʪʴ ʧʝʨʝʤʠʢʘʯ Plot data set edges  , ʱʦʙ ʥʘ ʛʨʘʬʽʢʫ ʥʝ 

ʚʽʜʦʙʨʘʞʘʚʩʷ ʮʠʣʽʥʜʨ.  

  ɻʨʘʬʽʢ ʪʠʧʫ Particle Trajectories , ʷʢʠʡ ʧʦʙʫʜʦʚʘʥʦ ʚ ʩʪʚʦʨʝʥʽʡ 

ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ, ʟʘʟʚʠʯʘʡ ʚʽʜʦʙʨʘʞʘʻ ʪʨʘʻʢʪʦʨʽʾ ʯʘʩʪʠʥʦʢ. ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ 

ʦʜʥʽʻʾ ʯʘʩʪʠʥʢʠ ʢʨʠʚʘ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. 

ʅʘʣʘʰʪʫʡʪʝ ʾʾ ʩʪʠʣʴ. 

Particle Trajectories (pt) - Particle Trajectories 1: 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 3 

             ï Line style  ï Radius scale factor =True,1   

             ï Point  style  ï Type = None  

  LMB > Plot  

 
ʂʦʣʽʨʥʘ ʧʘʣʽʪʨʘ ʩʧʨʘʚʘ ʚʽʜʦʙʨʘʞʘʻ ʚʝʣʠʯʠʥʫ (ʤʦʜʫʣʴ) ʰʚʠʜʢʦʩʪʽ, ʟ ʷʢʦʶ ʪʦʯʢʘ 

ʨʫʭʘʻʪʴʩʷ ʧʦ ʬʘʟʦʚʽʡ ʪʨʘʻʢʪʦʨʽʾ. ʎʝ ʚʠʟʥʘʯʘʻʪʴʩʷ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʚ ʇɺ ʚʫʟʣʘ 

Particle Trajectories 1 - Color Expression 1. 
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ʊʫʪ ʧʨʝʬʽʢʩ pt  ʻ ʽʤ'ʷʤ ʤʦʜʝʣʽ ʽ ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle 

Tracing (pt)  ʚ ʧʦʣ ̔Name. ɸ V ʧʦʟʥʘʯʘʻ ʚʝʣʠʯʠʥʫ (ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ) ʰʚʠʜʢʦʩʪʽ. 

ɿʘʫʚʘʞʝʥʥ.̫ ʗʢʱʦ ʨʦʟʤʽʨʠ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ (ʮʠʣʽʥʜʨʘ) ʙʫʜʫʪʴ 

ʥʝʜʦʩʪʘʪʥʽʤʠ, ʪʦ ʪʨʘʢ̒ʪʦʨʽ ̫ʪʦʯʢʠ ʤʦʞʝ ʧʝʨʝʪʥʫʪʠʩʷ ʟ ʧʦʚʝʨʭʥʝʶ ʮʠʣʽʥʜʨʘ ʽ, 

ʚʟʘʻʤʦʜʽʶʯʠ ʟ ʥʠʤ, ʟʤʽʥʠʪʠ ʬʦʨʤʫ. ʎʝ ʧʨʠʟʚʝʜʝ ʜʦ ʥʝʧʨʘʚʠʣʴʥʦʛʦ ʨʦʟʚôʷʟʢʫ. 

ʑʦʙ ʟʦʙʨʘʟʠʪʠ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ qx, qy, qz ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʯʘʩʫ, ʩʪʚʦʨʽʪʴ 

ʛʨʘʬʽʯʥʫ ʛʽʣʢʫ 1D Plot Group 2 ʟ ʪʨʴʦʤʘ ʚʫʟʣʘʤʠ ʪʠʧʫ Particle ʜʣʷ ʢʦʞʥʦʾ 

ʥʝʚʽʜʦʤʦʾ. 
  Results - > Plot Group - 1D Plot Group 

1D Plot Group 2 :  

   Data ï Data set  = Particle 1  

   Legend  ï Position  = Upper left  

  1D Plot Group 2 - > Add Plot -  Particle 

1D Plot Group 2 - Particle 1: 

   y- Axis Data ï Expression = qx 

   Coloring  and Style  ïLine  style  ïWidth  =3 

   Legends  ï Show Legends, Legends, Legends  = True,Manual,qx  

1D Plot Group 2 - Particle 1: RMB > Duplicate 

1D Plot Group 2 - Particle 2: 

   y- Axis Data ï Expression = qy 

   Legends  ï Show Legends, Legends, Legends = True,Manual,qy  

1D Plot Group 2 - Particle 2: RMB > Duplicate 

1D Plot Group 2 - Particle 3: 

   y- Axis Data ï Expression = qz 

   Legends  ï Show Legends, Legends, Legends  = True,Manual,qz  

  LMB > Plot 

 
ʇʦʙʫʜʦʚʘʥʽ ʢʨʠʚʽ ʟʙʽʛʘʶʪʴʩʷ ʟ ʛʨʘʬʽʢʘʤʠ ʬʫʥʢʮʽʡ, ʦʪʨʠʤʘʥʠʤʠ ʥʘʤʠ ʚ 

ʧʨʠʢʣʘʜʽ 4.1.2.10.                           ƴ 

ʈʦʟʛʣʷʥʝʤʦ ʱʝ ʦʜʠʥ ʧʨʠʢʣʘʜ ʟʘʩʪʦʩʫʚʘʥʥʷ ʙʝʟʤʘʩʦʚʦʾ ʨʝʜʘʢʮʽʾ ʽʥʪʝʨʬʝʡʩʫ  

Mathematical Particle Tracing . 
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ʇʨʠʢʣʘʜ 2. ʈʦʟʚôʷʞʝʤʦ ʩʠʩʪʝʤʫ ʪʨʴʦʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ (ʘʪʨʘʢʪʦʨ ʈʝʩʩʣʝʨʘ). 

( )î
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ʚ ʷʢʽʡ ʧʦʢʣʘʜʝʤʦ 4,2,425.0 === cba , ʽ  ʚ̔ ʟʴʤʝʤʦ ʥʘʩʪʫʧʥʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ 

() ,04.00 -=x () () 52.00,03.00 =-= zy . 

ɺʠʛʣʷʜ ʩʠʩʪʝʤʠ ʩʧʽʚʧʘʜʘʻ ʟ (1) ʽ ʾʾ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ 

ʽʥʪʝʨʬʝʡʩʫ Mathematical Particle Tracing .  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ 3D ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 3D - > Mathematics - 

    Mathematical Particle Tracing (pt) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʮʠʣʽʥʜʨ. 

  Geometry  - > Primitives  ï Cylinder 

Component 1 - Geometry 1 - Cylinder1:  

   Size  and Shape  ï Radius, Height = 10, 10  

   Position ï x, y, z = 0, 0, - 2    

  LMB > Build All Objects 

ɺ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʝʨʽʪʴ Massless  (ʙʝʟʤʘʩʦʚʫ) 

ʨʝʜʘʢʮʽʶ ʽʥʪʝʨʬʝʡʩʫ.  

Component 1 - Mathematical Particle Tracing (pt): 

   Particle Properties ï Formulation  = Massless  

ɺ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) - Particle Properties 1 ʚ ʨʦʟʜʽʣʽ  

Particle Velocity  ʟʘʜʘʡʪʝ ʧʨʘʚʽ ʯʘʩʪʠʥʠ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. ɼʣʷ ʮʴʦʛʦ 

ʚʠʢʦʨʠʩʪʘʡʪʝ ʽʜʝʥʪʠʬʽʢʘʪʦʨʠ  qx, qy ʽ qz ʷʢ ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ. 

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Velocity  ï v <x> = - qy- qz  

             ï v <y> = qx+0.425*qy  

             ï v <z> = 2- qz*(4 - qx)  

 
 

ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release from Grid , 

ʚ ʇɺ ʷʢʦʛʦ ʚʚʝʜʽʪʴ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï qx,0 = - 0.04  

              ï qy,0 = - 0.3  

              ï qz,0 = 0.52  

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t . 



102 

 

Step 1: Time Dependent: 

   Study  Settings  ï Times = range (0,0.1,25)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results - Data Sets ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Particle 1,  ʘ ʪʘʢʦʞ 

ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ Particle Trajectories (pt), ʚ ʇɺ ʷʢʦʾ  ʚ ʩʧʠʩʢʫ Data Set ʦʙʨʘʥʦ 
ʮʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Particle 1. ɿʥʤ̔ʽʪʴ ʧʝʨʝʤʠʢʘʯ Plot data set edges, ʱʦʙ ʥʘ 

ʛʨʘʬʽʢʫ ʥʝ ʚʽʜʦʙʨʘʞʘʚʩʷ ʮʠʣʽʥʜʨ. 

  ʅʘʛʘʜʘʻʤʦ, ʱʦ ʛʨʘʬʽʢ ʪʠʧʫ Particle Trajectories , ʷʢʠʡ ʧʦʙʫʜʦʚʘʥʦ ʚ 

ʩʪʚʦʨʝʥʽʡ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ ʧʨʠʟʥʘʯʝʥʠʡ ʜʣʷ ʚʽʜʦʙʨʘʞʝʥʥʷ ʪʨʘʻʢʪʦʨʽʡ ʯʘʩʪʠʥʦʢ. 

ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʢʨʠʚʘ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. 

ʅʘʣʘʰʪʫʡʪʝ ʾʾ ʩʪʠʣʴ. 

Particle Trajectories (pt) - Particle Trajectories 1: 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 1 

             ï Line style  ï Radius scale factor =True,1   

             ï Point style  ï Type = None   

  LMB > Plot 

 
ʇʦʙʫʜʫʻʤʦ ʨʠʩʫʥʦʢ, ʥʘ ʷʢʦʤʫ ʟʦʙʨʘʟʠʤʦ ʪʦʯʢʠ ʧʝʨʝʪʠʥʫ ʬʘʟʦʚʦ ʾʪʨʘʻʢʪʦʨʽʾ ʟ 

ʜʝʷʢʦ ʁʬʽʢʩʦʚʘʥʦ ʁʧʣʦʱʠʥʦʶ. ʎʝ ʥʘʟʠʚʘʻʪʴʩʷ ʧʝʨʝʪʠʥʦʤ ʇʫʘʥʢʘʨʝ. ɼʣʷ ʮʴʦʛʦ 

ʩʧʦʯʘʪʢʫ ʚ ʛʽʣʮʽ Results - Data Sets ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʪʠʧʫ Cut Plane .  

Results - Data Sets: RMB > Cut Plane 

Results - Data Sets - Cut Plane:  

   Data ï Data set = Particle 1  

   Plane Data ï Plane = zx ï planes  

 

 
 

ʑʦʙ ʥʝ ʧʦʰʢʦʜʠʪʠ ʧʦʧʝʨʝʜʥʽʡ ʛʨʘʬʽʢ, ʜʫʙʣʶʻʤʦ ʡʦʛʦ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʽ 

ʩʪʚʦʨʠʤʦ ʚ ʥʽʡ ʜʦʜʘʪʢʦʚʽ ʚʫʟʣʠ. 

Results - Particle Trajectories (pt): RMB > Duplicate 

Results - Particle Trajectories (pt) 1: RMB > Surface 

Results - Particle Trajectories (pt) 1- Surface: 
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   Data ï Data set = Cut Plane 1  

   Coloring  and Style  ï Coloring  = Uniform  

   Coloring  and Style  ï Color  = Gray  

  LMB > Plot 

ʋ ʣʽʚʦʤʫ ʚʝʨʭʥʴʦʤʫ ʢʫʪʽ ʛʨʘʬʽʯʥʦʛʦ ʚʽʢʥʘ ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ . 

ʇʽʩʣʷ ʮʴʦʛʦ ʜʦʜʘʡʪʝ ʜʦ ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ çʢʘʨʪʫ ʇʫʘʥʢʘʨʝè ʽ ʥʘʣʘʰʪʫʡʪʝ ʾʾ. 

Results - Particle Trajectories (pt) 1: RMB > More Plots - Poincare Map 

   Data ï Cut Plane = Cut Plane 1  

   Coloring  and Style   ï Point  radius expression =1 

             ï Radius scale factor =True, 0.2   

             ï Color = Blue   

 

 
  LMB > Plot 

 
ʅʘ ʮʴʦʤʫ ʛʨʘʬʽʢʫ ʧʦʢʘʟʘʥʽ ʪʦʯʢʠ ʧʝʨʝʪʠʥʫ ʬʘʟʦʚʦ ʾʪʨʘʻʢʪʦʨʽʾ ʟ ʧʣʦʱʠʥʦʶ ZX. 

  ʎʽʢʘʚʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʰʚʠʜʢʦʩʪʽ ʨʫʭʫ ʪʦʯʢʠ ʚʟʜʦʚʞ ʬʘʟʦʚʦʾ ʪʨʘʻʢʪʦʨʽʾ 

ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʯʘʩʫ. ɼʣʷ ʮʴʦʛʦ ʚ ʛʽʣʢʫ Results ʜʦʜʘʡʪʝ ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ 

ʛʨʫʧʫ ʟ ʚʫʟʣʦʤ ʪʠʧʫ Particle  ʽ ʚʠʨʘʟʦʤ pt.V . 

  Results  - > Plot Group  ï 1D Plot Group 

  1D Plot Group 3  - > Add Plot  ï Particle 

1D Plot Group 3 - Particle 1: 

   Data ï Data set = Particle  1 

   y- Axis Data ï Expression = pt.V  

   Coloring  and Style  ïLine  style  ïWidth  =3 

  LMB > Plot 
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ɺʧʨʘʚʘ. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ɿɼʈ 
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ʟ ʢʽʣʴʢʦʤʘ ʨʽʟʥʠʤʠ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ. ʇʦʙʫʜʫʚʘʪʠ ʜʣʷ ʥʠʭ ʬʘʟʦʚʽ 

ʪʨʘʻʢʪʦʨʽʾ.  

ɺʢʘʟʽʚʢʘ. ʋ ʩʠʩʪʝʤʠ ʽʩʥʫʻ ʛʨʘʥʠʯʥʠʡ ʮʠʢʣ 122 =+yx , ʜʦ ʷʢʦʛʦ ʚʩʽ ʽʥʰʽ ʬʘʟʦʚʽ 

ʪʨʘʻʢʪʦʨʽʾ ʥʘʙʣʠʞʘʶʪʴʩʷ ʧʦ ʩʧʽʨʘʣʽ. 

ʇʨʦʜʝʤʦʥʩʪʨʫʻʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ  Newtonian   ʨʝʜʘʢʮʽʾ Mathematical 

Particle Tracing   ̔ ʥʪʝʨʬʝʡʩʫ. 

ʇʨʠʢʣʘʜ 3. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 
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121221111 cos
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ʟ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ () () () ()10,10,00,00 2121 ==== xxxx ## . ʎʷ ʩʠʩʪʝʤʘ ʦʧʠʩʫʻ 

ʨʫʭ ʜʠʥʘʤʽʯʥʦʛʦ ʧʦʛʘʰʫʚʘʯʘ ʢʦʣʠʚʘʥʴ [5], ʩʭʝʤʘʪʠʯʥʦ ʟʦʙʨʘʞʝʥʦʛʦ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ. 

 
ɼʣʷ ʤʦʜʝʣʴʥʦʾ ʟʘʜʘʯʽ ʦʙʝʨʘʪʠ ʥʘʩʪʫʧʥʽ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʽʚ: 2,3 21 == mm , 

25.0,1 21 == kk , 5.0=c , 4/,2 pw==P . 

  ʗʢʱʦ ʧʦʢʣʘʩʪʠ ( )21 ,xx ##=v , ʧʦʜʽʣʠʪʠ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʥʘ 1m  ʽ ʜʨʫʛʝ ï ʥʘ 2m , 

ʪʦ ʩʠʩʪʝʤʘ ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ (2), ʽ ʾʾ ʤʦʞʥʘ ʙʫʜʝ ʨʦʟʚôʷʟʫʚʘʪʠ ʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ 

Newtonian   ʨʝʜʘʢʮʽʾ Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʫ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ 2D ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 2D - > Mathematics - 

    Mathematical Particle Tracing (pt) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 
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ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters ʽ ʚ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ  ʟʘʜʘʯʽ. 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = m1, 3  

         ï Name, Expression    = m2, 1  

         ï Name, Expression    =  k1, 1   

         ï Name, Expression    =  k2, 0.25   

         ï Name, Expression    = c, 0.5   

         ï Name, Expression    = P, 2  

         ï Name, Expression    = w, pi/2   

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʢʚʘʜʨʘʪ. 

  Geometry  - > Primitives  ï Square 

Component 1 - Geometry 1 - Square 1: 

   Size  ï Size length = 6  

   Position ï Base, x, y = Center ,0,0   

  LMB > Build All Objects 

ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʨʘʥʘ Newtonian  

ʨʝʜʘʢʮʽʷ ʽʥʪʝʨʬʝʡʩʫ (ʟʥʘʯʝʥʥʷ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ).  

 

 

ʋ ʚʫʟʣʽ Particle Properties 1 ʟʘʜʘʡʪʝ ʦʜʠʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ.  

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle  Mass  ï mp = 1 

ɺ ʥʘʰʽʡ ʟʘʜʘʯʽ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʤʘʩʠ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʘʥʽ ʚ ʧʨʘʚʠʭ ʯʘʩʪʠʥʘʭ 

ʨʽʚʥʷʥʴ, ʜʝ ʪʘʢʦʞ ʙʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ( )( )qy,qx, 21 =xx . 

  ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release from 

Grid , ʚ ʇɺ ʷʢʦʛʦ ʚʚʝʜʽʪʴ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï qx,0 = 0 

              ï qy,0 = 0 

   Initial velocity  ï v0 <x>= 1 

            ï v0 <y>= 1 

ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Force  ʽ ʚ ʡʦʛʦ ʇɺ 

ʚʚʝʜʽʪʴ ʚʠʨʘʟʠ ʧʨʘʚʠʭ ʯʘʩʪʠʥ ʩʠʩʪʝʤʠ. 

 Mathematical Particle Tracing (pt) : RMB > Force 

Mathematical Particle Tracing (pt) ï Force 1: 

   Domain Selection  ï Selection = Manual, 1  

   Force  ï Force: F <x> = - k1/m1*qx+  

       k2/m1*(qy - qx)+c/m1*(pt.vy - pt.vx)+P/m1*cos(w*t)  
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   Force  ï Force: F <y> = - k2/m2*(qy - qx) - c/m2*(pt.vy - pt.vx)  

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʧʦʟʥʘʯʝʥʥʷ ʰʚʠʜʢʦʩʪʝʡ  pt.v x  ̔   pt.v y. 

 

 
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t . 

Step 1: Time Dependent: 

   Study  Settings  ï Times = range (0,0.1,50)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Data Sets - Particle 1,  ʘ ʪʘʢʦʞ 

ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ Particle Trajectories (pt). ɼʣʷ ʥʘʰʦʛʦ ʧʨʠʢʣʘʜʫ ʚʦʥʘ 

ʥʝʧʦʪʨʽʙʥʘ, ʪʦʤʫ ʚʠʜʘʣʠʤʦ ʾʾ.  

Results - Particle Trajectories (pt): RMB > Delete 

ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʜʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʽʚ ʨʦʟʚôʷʟʢʽʚ qx  ʽ  qy  

(ʪʦʙʪʦ 1x  ʽ 2x ). 

  Results  - > Plot Group  ï 1D Plot Group 

  1D Plot Group 1  - > Add Plot  ï Particle 

1D Plot Group 1 - Particle 1: 

   Data ï Data set = Particle  1 

   y- Axis Data ï Expression = qx 

   Coloring  and Style  ïïWidth  =3 

   Legends ï Show legends, Legends, Legends = True,  Manual,qx  

1D Plot Group 1 - Particle 1: RMB > Duplicate 

1D Plot Group 1 - Particle 2: 

   y- Axis Data ï Expression = qy 

   Coloring  and Style  ïïColor  =Red 

  LMB > Plot 
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ɿʘʫʚʘʞʝʥʥʷ. ɼʣʷ ʧʦʪʦʯʥʦʾ ʟʘʜʘʯʽ ʚʠʢʦʨʠʩʪʘʥʥʷ ʽʥʪʝʨʬʝʡʩʫ Mathematical 

Particle Tracing  ʻ ʰʪʫʯʥʠʤ. ɸʣʝ ʜʣʷ ʜʝʷʢʠʭ ʟʘʜʘʯ ʨʦʟʚôʷʟʘʥʥʷ ʩʠʩʪʝʤʠ ɿɼʈ 

ʚ ʮʴʦʤʫ ʽʥʪʝʨʬʝʡʩʽ ʚʠʛʣʷʜʘʻ ʙʽʣʴʰ ʧʨʠʨʦʜʥʠʤ ʽ ʧʨʦʩʪʽʰʠʤ. 

 

4.3. ɺʠʢʦʨʠʩʪʘʥʥʷ Domain ODEs and DAEs ʽʥʪʝʨʬʝʡʩʫ. 

Domain  ODEs and DAEs ʽʥʪʝʨʬʝʡʩ ʧʨʠʟʥʘʯʝʥʠʡ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʪʘ ʟʚʠʯʘʡʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥɹ, ʷʢʽ ʦʧʠʩʫʶʪʴ ʥʝʧʝʨʝʨʚʥʽ 

ʤʦʜʝʣʽ ʙʝʟ ʧʨʦʩʪʦʨʦʚʦʾ ʚʟʘʻʤʦʜʽʾ, ʪʦʙʪʦ ʪʘʢʽ ʨʽʚʥʷʥʥʷ ʽ ʩʠʩʪʝʤʠ, ʚ ʷʢʽ 

ʧʨʦʩʪʦʨʦʚʽ ʢʦʦʨʜʠʥʘʪʠ ʚʭʦʜʷʪʴ ʷʢ ʧʘʨʘʤʝʪʨʠ (ʧʦ ʥʠʤ ʥʝʤʘʻ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ). 

ʎʝ ʥʝ ʥʫʣʴʚʠʤʽʨʥʽ ʟʘʜʘʯʽ, ʦʩʢʽʣʴʢʠ ʾʭ ʜʦʚʦʜʠʪʴʩʷ ʨʦʟʚôʷʟʫʚʘʪʠ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ 

ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ. ɺ ʪʝʨʤʽʥʦʣʦʛʽʾ ʨʦʟʨʦʙʥʠʢʽʚ ʤʦʜʝʣʽ, ʷʢʽ ʟʚʦʜʷʪʴʩʷ ʜʦ 

ʧʦʜʽʙʥʠʭ ʟʘʜʘʯ, ʥʘʟʠʚʘʶʪʴʩʷ ʨʦʟʧʦʜʽʣʝʥʠʤʠ. ɰʭ ʤʘʪʝʤʘʪʠʯʥʝ ʬʦʨʤʫʣʶʚʘʥʥʷ 
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µ
, 

ʜʝ ʧʨʘʚʘ ʯʘʩʪʠʥʘ f  ʤʦʞʝ ʟʘʣʝʞʘʪʠ ʚʽʜ ʯʘʩʫ t, ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ ʽ 

ʰʫʢʘʥʦʛʦ ʨʦʟʚôʷʟʢʫ u. ʂʦʝʬʽʮʽʻʥʪʠ aa de ,  ʪʘʢʦʞ ʤʦʞʫʪʴ ʟʘʣʝʞʘʪʠ ʚʽʜ 

ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ.  

  ɼʣʷ ʤʦʜʝʣʶʚʘʥʥʷ ʪʘʢʠʭ ʟʘʜʘʯ ʚ COMSOL Multiphysics ʧʨʠʟʥʘʯʝʥʽ 

ʽʥʪʝʨʬʝʡʩʠ: Domain ODEs and DAEs ,  Boundary ODEs and DAEs ,  Edge ODEs 

and DAEs  ʽ Point ODEs and DAEs . ʅʘ ʢʨʦʮʽ  Select Physics   ʧʦʙʫʜʦʚʠ 

ʤʦʜʝʣʽ ʮʽ ʨʝʞʠʤʠ ʚʠʙʠʨʘʪʁʴʩʷ ʚ ʛʽʣʮʽ Mathematics -  ODEs and DAEs 

Interfaces . 

 
ɿʛʘʜʘʥʽ ʽʥʪʝʨʬʝʡʩʠ ʥʘʜʘʶʪʴ ʤʦʞʣʠʚʽʩʪʴ ʨʦʟʚôʷʟʫʚʘʪʠ ʨʦʟʧʦʜʽʣʝʥʽ ʨʽʚʥʷʥʥʷ ʚ 

ʦʙʣʘʩʪʷʭ, ʥʘ ʧʦʚʝʨʭʥʷʭ ʪʽʣ, ʥʘ ʨʝʙʨʘʭ ʽ ʚ ʪʦʯʢʘʭ. 

  ɺ ʨʦʟʧʦʜʽʣʝʥʠʭ ʤʦʜʝʣʷʭ ʩʪʘʥ ʪʦʯʢʠ ʩʠʩʪʝʤʠ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʩʪʘʥʫ ʩʫʩʽʜʥʽʭ 

ʪʦʯʦʢ ʽ, ʷʢ ʥʘʩʣʽʜʦʢ, ʥʝʤʘʻ ʚʧʣʠʚʫ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʥʘ ʚʥʫʪʨʽʰʥʽ ʪʦʯʢʠ ʪʽʣʘ. 

ʆʜʥʘʢ ʚ ʧʦʜʽʙʥʠʭ ʤʦʜʝʣʷʭ ʧʦʯʘʪʢʦʚʠʡ ʩʪʘʥ (ʧʦʯʘʪʢʦʚʘ ʫʤʦʚʘ) ʤʦʞʝ ʟʘʣʝʞʘʪʠ 

ʚʽʜ ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ ( ) ()xx 00, uu = . ʂʨʽʤ ʪʦʛʦ, ʧʘʨʘʤʝʪʨʠ ʩʠʩʪʝʤʠ 

ʤʦʞʫʪʴ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʘʙʦ ʟʘ ʧʦʩʝʨʝʜʥʠʮʪʚʦʤ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ ʟʘʣʝʞʘʪʠ ʚʽʜ 

ʢʦʦʨʜʠʥʘʪ. ʅʘʧʨʠʢʣʘʜ ʥʘ ʰʚʠʜʢʽʩʪʴ ʭʽʤʽʯʥʦʾ ʨʝʘʢʮʽʾ ʤʦʞʝ ʚʧʣʠʚʘʪʠ 

ʪʝʤʧʝʨʘʪʫʨʘ ( )zyxT ,, , ʷʢʘ ʟʘʣʝʞʠʪʴ ʚʽʜ ʪʦʯʢʠ ( )zyx ,, . 
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4.3.1. ʈʦʟʧʦʜʽʣʝʥʽ ʘʣʛʝʙʨʘʾʯʥʽ ʟʘʜʘʯʽ. 

ʈʦʟʧʦʜʽʣʝʥʘ ʟʘʜʘʯʘ ʤʦʞʝ ʚʠʷʚʠʪʠʩʷ ʩʫʪʦ ʘʣʛʝʙʨʘʾʯʥʦʶ, ʢʦʣʠ ʥʝ ʤʽʩʪʠʪʴ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʦ ʯʘʩʫ.  

ʇʨʠʢʣʘʜ 1. ɼʦʩʣʽʜʠʤʦ ʤʦʜʝʣʴ, ʚ ʷʢʽʡ ʛʫʩʪʠʥʘ ʛʘʟʫ r ʧʦʟʚôʷʟʘʥʘ ʟ ʪʠʩʢʦʤ p  

ʯʝʨʝʟ ʘʣʛʝʙʨʘʾʯʥʝ ʨʽʚʥʷʥʥʷ  

( ) ( ) 012 =++-- pp dgbrrar .          (1) 

ʅʝʭʘʡ ʧʨʦʮʝʩ ʨʦʟʛʦʨʪʘʻʪʴʩʷ ʚ ʢʚʘʜʨʘʪʽ [ ][ ]1,01,0 ³  ʽ ʪʠʩʢ ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ ( ) 2/1, 22 yxyxp -+= . ʈʦʟʛʣʷʥʝʤʦ ʙʝʟʨʦʟʤʽʨʥʫ ʤʦʜʝʣʴ ʽ ʧʦʢʣʘʜʝʤʦ 

ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ 2,5.2,5.1,3 ==== dgba . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʢʦʤʘʥʜ 
  File - > New - > Model Wizard - > 2D - > Mathematics -  

   ODE and DAE Interfaces - Domain ODEs and DAEs(dode)- > Stationary 

ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʨʽʚʥʷʥʥʷ ʧʦʪʨʽʙʥʦ ʦʙʨʘʪʠ ʩʪʘʮʽʦʥʘʨʥʝ 

(Stationary ) ʜʦʩʣʽʜʞʝʥʥʷ (Study). ʎʝ ʦʜʥʦʯʘʩʥʦ ʧʨʠʚʦʜʠʪʴ ʜʦ ʚʠʙʦʨʫ ʤʝʪʦʜʘ 

ʦʙʯʠʩʣʝʥʥʷ: ʤʝʪʦʜʘ ʅʴʶʪʦʥʘ ï ʈʘʬʩʦʥʘ ʟ ʘʚʪʦʤʘʪʠʯʥʠʤ ʚʠʙʦʨʦʤ ʢʦʝʬʽʮʽʻʥʪʘ 

ʚʛʘʤʫʚʘʥʥʷ. ɺʽʥ ʧʽʜʭʦʜʠʪʴ ʜʣʷ ʙʽʣʴʰʦʩʪʽ ʟʘʜʘʯ ʧʦʰʫʢʫ ʢʦʨʝʥʽʚ ʘʣʛʝʙʨʘʾʯʥʠʭ 

ʨʽʚʥʷʥʴ. 

  ʑʦʙ ʨʦʟʚôʷʟʫʚʘʪʠ ʙʝʟʨʦʟʤʽʨʥʽ ʨʽʚʥʷʥʥʷ, ʚʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ 

ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters     

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression    = a, 3  

         ï Name, Expression    = b, 1.5  

         ï Name, Expression    = g, 2.5  

         ï Name, Expression    = d,2  

ɺ ʪʘʙʣʠʮʽ ʣʦʢʘʣʴʥʠʭ ʟʤʽʥʥʠʭ ʟʘʜʘʡʪʝ ʪʠʩʢ ( )yxp , . 

   Home - > Definitions  ï Variables ï Local Variables 

Component 1 ï Definitions ï Variables 1: 

   Variables ( ʪʘʙʣʠʮʷ) ï Name = p  

               ï Expression = 1+x̂ 2 - y^2/2  

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʦʜʥʦʛʦ ʢʚʘʜʨʘʪʘ.  
   Geometry - >Pimitives - > Square 

ɿʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʧʘʨʘʤʝʪʨʠ ʢʚʘʜʨʘʪʘ ʟʙʽʛʘʶʪʴʩʷ ʟ ʪʠʤʠ, ʷʢʽ ʥʘʤ ʧʦʪʨʽʙʥʽ, ʪʦʤʫ 

ʟʘʚʝʨʰʽʪʴ ʢʨʝʩʣʝʥʥʷ ʛʝʦʤʝʪʨʽʾ ʢʣʘʮʘʥʥʷʤ ʧʦ ʢʥʦʧʮʽ Build All Objects. 

  ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟ ʧʘʨʘʤʝʪʨʘʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 ï Mesh 1 : LMB > Build All 
ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Domain ODEs and DAEs (dode) - Distributed ODE 1. ɺ 

ʨʦʟʜʽʣʽ Equation  ʮʽʻʾ ʧʘʥʝʣʽ ʥʘʚʝʜʝʥʦ ʟʘʛʘʣʴʥʠʡ ʚʠʛʣʷʜ ʨʦʟʧʦʜʽʣʝʥʦʛʦ  

ʨʽʚʥʷʥʥʷ  
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ʜʝ u ʻ ʽʤôʷʤ ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ (ʚ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʛʫʩʪʠʥʠ). ʆʩʢ̔ʣʴʢʠ ʟʘʜʘʯʘ 

ʩʪʘʮʽʦʥʘʨʥʘ, ʪʦ ʧʦʢʣʘʜʽʪʴ 0,0 == aa de , ʘʣʝ ʮʝ ʥʝʦʙʦʚôʷʟʢʦʚʦ, ʙʦ ʩʪʘʮʽʦʥʘʨʥʠʡ 

ʩʦʣʚʝʨ (ʨʦʟʚôʷʟʫʚʘʯ) ʚʩʝ ʦʜʥʦ ʥʝ ʙʫʜʝ ʧʨʠʡʤʘʪʠ ʜʦ ʫʚʘʛʠ ʧʦʭʽʜʥʽ ʧʦ t. ʆʪʞʝ 

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʤʘʪʠʤʝ ʚʠʜ f=0 . ʊʘʢʠʤ ʯʠʥʦʤ, ʚʚʝʜʽʪʴ ʥʘʩʪʫʧʥʽ ʜʘʥʽ: 

Domain ODEs and DAEs(dode) - Distributed ODE 1: 

   Source  Term ï f = u^2*(1 - a*u) - u*(b*p+g)+d*p  

   Damping or Mass coefficient  ï da = 0 

   Mass coefficient  ï ea = 0 

ʈʦʟʜʽʣ Equation  ʮʴʦʛʦ ɺɺ ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

 
ʆʩʢʽʣʴʢʠ ʧʦʭʽʜʥʽ ʧʦ ʧʨʦʩʪʦʨʦʚʠʤ ʢʦʦʨʜʠʥʘʪʘʤ ʚ ʨʽʚʥʷʥʥʷ ʥʝ ʚʭʦʜʷʪʴ, ʪʦ 

ʟʘʜʘʚʘʪʠ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʝʧʦʪʨʽʙʥʦ. ʇʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʤʦʞʫʪʴ ʚʧʣʠʥʫʪʠ ʥʘ 

ʨʦʟʚôʷʟʦʢ, ʦʩʢʽʣʴʢʠ ʚʦʥʠ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʷʢ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ ʚ 

ʘʣʛʦʨʠʪʤʽ ʅʴʶʪʦʥʘ. ʄʠ ʟʘʣʠʰʠʤʦ ʾʭ ʥʝʟʤʽʥʥʠʤʠ, ʪʦʙʪʦ ʥʫʣʴʦʚʠʤʠ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʜʚʦʚʠʤʽʨʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 2D Plot Group 1 ʟ ʚʫʟʣʦʤ 

Surface 1, ʱʦ ʤʽʩʪʠʪʴ ʢʦʣʴʦʨʦʚʠʡ ʛʨʘʬʽʢ ʛʫʩʪʠʥʠ. 

2D Plot Group 1: 

   Color Legend  - Show maximum and minimum values  = True  

          ƴ 
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ɺ ʦʩʪʘʥʥʴʦʤʫ ʧʨʠʢʣʘʜʽ ʤʠ ʨʦʟʚôʷʟʘʣʠ ʢʫʙʽʯʥʝ ʨʽʚʥʷʥʥʷ, ʷʢʝ ʤʦʞʝ ʤʘʪʠ ʪʨʠ 

ʜʽʡʩʥʽ ʢʦʨʝʥʽ (ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ). ɺʠʥʠʢʘʻ ʧʠʪʘʥʥʷ, ʧʦʣʝ ʷʢʦʛʦ ʢʦʨʝʥʷ ʤʠ 

ʦʪʨʠʤʘʣʠ. ʎʝ ʩʢʣʘʜʥʝ ʧʠʪʘʥʥʷ, ʽ ʥʘ ʥʴʦʛʦ ʚʘʞʢʦ ʜʘʪʠ ʧʨʦʩʪʫ ʚʽʜʧʦʚʽʜʴ. 

ʇʦʷʩʥʝʤʦ ʧʨʦʙʣʝʤʫ ʥʘ ʧʨʦʩʪʽʰʽʡ ʟʘʜʘʯʽ, ʢʦʣʠ ʤʦʜʝʣʴ ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʙʯʠʩʣʝʥʥʷ 

ʧʦʣʷ ʨʦʟʚôʷʟʢʽʚ ʢʚʘʜʨʘʪʥʦʛʦ ʨʽʚʥʷʥʥʷ. 

ʇʨʠʢʣʘʜ 2. ɼʦʩʣʽʜʠʤʦ ʤʦʜʝʣʴ, ʚ ʷʢʽʡ ʚ ʢʚʘʜʨʘʪʽ [ ][ ]1,01,0 ³  ʨʦʟʚôʷʟʫʻʪʴʩʷ 

ʨʦʟʧʦʜʽʣʝʥʝ ʘʣʛʝʙʨʘʾʯʥʝ ʨʽʚʥʷʥʥʷ ( ) 0,2 22 =-+- yxpauau . ʁʦʛʦ ʨʦʟʚôʷʟʢʦʤ ʻ 

( )yxpau ,°= . ʅʝʭʘʡ ʟʤʽʥʥʘ p ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ ( ) 22, yxyxp += . 

ʇʦʢʣʘʜʝʤʦ ʧʘʨʘʤʝʪʨ ʨʽʚʥʷʥʥʷ 1=a  ʽ ʙʫʜʝʤʦ ʨʦʟʛʣʷʜʘʪʠ ʙʝʟʨʦʟʤʽʨʥʫ ʤʦʜʝʣʴ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʢʦʤʘʥʜ: 
  File - > New - > Model Wizard - > 2D - >  Mathematics - 

   ODEs and DAEs Interfaces - Domain ODEs and DAEs(dode) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters     

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = a, 1 

ʉʪʚʦʨʽʪʴ ʪʘʙʣʠʮʶ ʣʦʢʘʣʴʥʠʭ ʟʤʽʥʥʠʭ ʟʽ ʟʤʽʥʥʦʶ p. 

   Home - > Definitions  ï Variables ï Local Variables 

Component 1 ï Definitions ï Variables 1: 

   Variables (ʪʘʙʣʠʮʷ) ï Name = p  

               ï Expression = x^2+y^2  

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʦʜʥʦʛʦ ʢʚʘʜʨʘʪʘ.  
   Geometry - > Pimitives - > Square 

  LMB > Build All Objects 

ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟ ʧʘʨʘʤʝʪʨʘʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 ï Mesh 1 : LMB > Build All 
ʅʘʣʘʰʪʫʡʪʝ ʢʦʝʬʽʮʽʻʥʪʠ ʤʘʪʝʤʘʪʠʯʥʦʾ ʤʦʜʝʣʽ. 

Domain ODEs and DAEs (dode) - Distributed ODE 1: 

   Source  Term ï f = u^2 - 2*a*u+a^2 - p 

   Damping or Mass coefficient  ï da = 0 

   Mass coefficient  ï ea = 0 

ɿʘʜʘʡʪʝ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ (ʚʦʥʠ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʩʦʣʚʝʨʦʤ ʷʢ ʧʦʯʘʪʢʦʚʽ 

ʥʘʙʣʠʞʝʥʥʷ ʜʦ ʨʦʟʚôʷʟʢʫ). 

Domain ODEs and DAEs (dode) - Initial Values 1: 

   Initial Values  ï Initial value for u:  = 1.1  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

   Home- >Compute 

ɺ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʛʽʣʢʘ 2D Plot Group 1 ʟ ʚʫʟʣʦʤ Surface 1, ʱʦ ʤʽʩʪʠʪʴ 

ʢʦʣʴʦʨʦʚʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

2D Plot Group 1: 

   Color Legend  - Show maximum and minimum values  = True  
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ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʟ ʽʥʰʠʤ ʧʦʯʘʪʢʦʚʠʤ ʟʥʘʯʝʥʥʷʤ. ʎʝ ʤʦʞʥʘ ʟʨʦʙʠʪʠ 

ʟʤʽʥʦʶ ʟʥʘʯʝʥʥʷ u  ʚ ʇɺ Domain ODEs and DAEs (dode) - Initial Values 1, ʘʣʝ 

ʜʣʷ ʪʨʝʥʫʚʘʥʥʷ ʤʠ ʟʨʦʙʠʤʦ ʮʝ, ʜʦʜʘʚʰʠ ʚ ɼʄ ʽʥʰʠʡ ʚʫʟʦʣ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ ʽ 

ʽʥʰʠʡ ʚʫʟʦʣ ʜʦʩʣʽʜʞʝʥʥʷ Study .  

  ʉʪʚʦʨʽʪʴ ʜʦʜʘʪʢʦʚʠʡ ʚʫʟʦʣ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ ʟ ʽʥʰʠʤʠ ʟʥʘʯʝʥʥʷʤʠ. 

Domain ODEs and DAEs (dode) : RMB > Initial Values 

Domain ODEs and DAEs (dode) - Initial Values 2: 

   Domain Selection  ï Selection = Manual, 1  

   Initial Values  ï Initial value for u:  = 0. 9 

ʗʢʱʦ ʧʦʛʣʷʥʫʪʠ ʚ ʇɺ ʚʫʟʣʘ Initial  Values 1, ʪʦ ʧʦʙʘʯʠʪʝ, ʱʦ ʚʽʥ 

ʧʝʨʝʚʘʥʪʘʞʝʥʠʡ (overriden), ʪʦʙʪʦ ʚʩʽ ʚʩʪʘʥʦʚʣʝʥʽ ʚ ʥʴʦʤʫ ʟʥʘʯʝʥʥʷ ʟʘʤʽʥʝʥʽ 

ʽʥʰʠʤʠ, ʷʢʽ ʩʪʚʦʨʝʥʽ ʧʽʟʥʽʰʝ. ʑʦʙ ʦʙʯʠʩʣʝʥʥʷ ʫ ʚʫʟʣʽ Study  1 ʥʝ ʟʤʽʥʠʣʠʩʷ, 

ʥʦʚʠʡ ʚʫʟʦʣ Initial  Values 2 ʪʨʝʙʘ ʚʠʢʣʶʯʠʪʠ ʟ ʜʝʨʝʚʘ ʤʦʜʝʣʽ, ʷʢʝ 

çʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷè ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ  Study 1 .  

Study 1 ï Step 1: Stationary: 

   Physics and Variables Selection  ï  

       Modify physics tree and variables for study step = True    

ɺ ɼʄ, ʷʢʝ ʚʽʜʢʨʠʻʪʴʩʷ ʥʠʞʯʝ ʧʝʨʝʤʠʢʘʯʘ, ʚʠʜʽʣʽʪʴ ʚʫʟʦʣ Initial  Values 2 ʽ 

ʜʝʘʢʪʠʚʫʡʪʝ ʡʦʛʦ, ʢʣʘʮʥʫʚʰʠ ʧʦ ʢʥʦʧʮʽDisable. ɺʫʟʦʣ ʩʪʘʥʝ ʪʴʤʷʥʠʤ ʽ 

ʚʠʢʣʶʯʝʥʠʤ ʟ ʧʦʩʣʽʜʦʚʥʦʩʪʽ ʢʦʤʘʥʜ, ʷʢʽ ʙʫʜʫʪʴ ʚʠʢʦʥʫʚʘʪʠʩʷ ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ 

Study 1 . 

 
 

ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʜʨʫʛʠʡ ʚʫʟʦʣ çʜʦʩʣʽʜʞʝʥʴè Study .  

Untitled.mph (root) : RMB > Add Study = Add Study  - > 

                  Preset Studies - Stationary ->ʍ 

ɺ ɼʄ ʟôʷʚʠʪʴʩʷ ʚʫʟʦʣ Study 2. ʆʙʯʠʩʣʝʥʥʷ, ʽʥʽʮʽʡʦʚʘʥʽ ʮʠʤ ʚʫʟʣʦʤ, ʙʫʜʫʪʴ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʟ ʚʫʟʣʘ Initial  Values 2, ʙʦ ʚʽʥ 

ʧʝʨʝʚʘʥʪʘʞʫʻ ʚʫʟʦʣ Initial  Values 1.  

  ɺʠʢʦʥʘʡʪʝ ʜʨʫʛʝ ʜʦʩʣʽʜʞʝʥʥʷ. 
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Study 2 : RMB > Compute 

ɺ ɼʄ ʟôʷʚʠʪʴʩʷ ʜʚʦʚʠʤʽʨʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 2D Plot Group 2 ʟ ʛʨʘʬʽʯʥʠʤ ʚʫʟʣʦʤ 

Surface 1, ʱʦ ʤʽʩʪʠʪʴ ʢʦʣʴʦʨʦʚʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ u, ʦʪʨʠʤʘʥʦʛʦ ʧʨʠ 

ʧʦʯʘʪʢʦʚʦʤʫ ʟʥʘʯʝʥʥʽ 9.00 =u .  

2D Plot Group 2: 

   Color Legend  - Show maximum  and minimum values  = True  

 

ʊʦʯʥʠʡ ʨʦʟʚôʟʦʢ ʤʘʻ ʚʠʛʣʷʜ 221 yxu +°=  (ʧʨʠ 22,1 yxpa +== ), ʪʦʤʫ ʚ 

ʪʦʯʮʽ ( )0,0  ʦʙʠʜʚʘ ʨʦʟʚôʷʟʢʠ ʜʦʨʽʚʥʶʶʪʴ 1. ɸʣʝ ʚ ʪʦʯʮʽ ( )1,1  ʤʘʻʤʦ 

( ) 414.2211,11 º+=u  ʽ ( ) 414.0211,12 -º-=u . ɿʤʽʥʘ ʧʦʯʘʪʢʦʚʦʛʦ ʟʥʘʯʝʥʥʷ 

ʧʦʚʥʽʩʪʶ ʧʝʨʝʙʫʜʫʚʘʣʘ ʧʦʣʝ ʢʦʨʝʥʷ ʢʚʘʜʨʘʪʥʦʛʦ ʨʽʚʥʥʷ. 

  ʑʦʙ ʧʦʨʽʚʥʷʪʠ ʦʪʨʠʤʘʥʽ ʨʦʟʚôʷʟʢʠ, ʚʠʨʽʚʥʷʻʤʦ ʥʘ ʥʠʭ ʜʽʘʧʘʟʦʥʠ ʟʤʽʥʠ 

ʢʦʣʴʦʨʽʚ. 

2D Plot Group 1 - Surface 1 : 

   Range  ï Manual  color  range   = True  

      ï Manual color range  ï Minimum, Maximum  = - 0.5 , 2.5   
  LMB > Plot       (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ) 

2D Plot Group 2 - Surface 1 : 

   Range  ï Manual  color  range   = True  

      ï Manual color range  ï Minimum, Maximum  = - 0.5 , 2.5  

  LMB > Plot    (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 
ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʮʽ ʛʨʘʬʽʢʠ ʥʘʚʝʜʝʥʽ ʧʦʨʷʜ. 

 
ʐʢʘʣʘ ʢʦʣʴʦʨʽʚ ʥʘ ʜʚʦʭ ʦʩʪʘʥʥʽʭ ʛʨʘʬʽʢʘʭ ʦʜʥʘʢʦʚʘ. ʇʦʯʘʪʢʦʚʽ ʫʤʦʚʠ ʥʝ ʜʫʞʝ 

ʚʽʜʨʽʟʥʷʶʪʴʩʷ. ɸʣʝ ʣʽʚʦʨʫʯ ʧʦʙʫʜʦʚʘʥʦ ʧʦʣʝ ʨʦʟʚôʷʟʢʫ 22

1 1 yxu ++º  , ʘ 

ʧʨʘʚʦʨʫʯ  22

2 1 yxu +-º . 
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  ʄʦʞʥʘ ʟʘʜʘʪʠ ʥʝʦʜʥʘʢʦʚʽ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ ʚ ʨʽʟʥʠʭ ʯʘʩʪʠʥʘʭ 

ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ. ʊʦʜʽ ʚʟʘʛʘʣʽ ʚ ʥʠʭ ʙʫʜʫʪʴ ʦʙʯʠʩʣʶʚʘʪʠʩʷ ʨʽʟʥʽ ʛʽʣʢʠ 

ʢʦʨʝʥʽʚ ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʨʽʚʥʷʥʥʷ. ʅʘʧʨʠʢʣʘʜ, ʜʦʜʘʡʪʝ ʚ ʥʘʰʫ ʤʦʜʝʣʴ ʱʝ ʦʜʠʥ 

ʚʫʟʦʣ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ (ʷʢʽ ʙʫʜʫʪʴ ʨʽʟʥʠʪʠʩʷ ʫ ʚʝʨʭʥʽʡ ʽ ʥʠʞʥʽʡ ʧʦʣʦʚʠʥʘʭ 

ʢʚʘʜʨʘʪʘ). 

Domain ODEs and DAEs (dode) : RMB > Initial Values 

Domain ODEs and DAEs (dode) - Initial Values 3: 

   Domain Selection  ï Selection = Manual, 1  

   Initial Values  ï Initial value for u:  = 0.9*(y<0.5)+1.1*(y> =0.5)  

ʑʦʙ ʧʝʨʰʝ ʽ ʜʨʫʛʝ ʜʦʩʣʽʜʞʝʥʥʷ (Study  1  ̔   Study  2)  ʥʝ ʟʤʽʥʠʣʠʩʷ, ʚʠʢʣʶʯʽʪʴ 

ʟ ʧʦʩʣʽʜʦʚʥʦʩʪʽ ʾʭ ʢʦʤʘʥʜ ʚʫʟʦʣ Initial Values 3. ɼʣʷ ʮʴʦʛʦ ʚ ʛʽʣʢʘʭ ʜʦʩʣʽʜʞʝʥʴ  

Study 1  ʽ  Study 2  ʫ ʚʫʟʣʘʭ Step 1: Stationary ʚʩʪʘʥʦʚʽʪʴ ʧʝʨʝʤʠʢʘʯ Modify  
physics  tree  and  variables  for  study  step, ʪʘ ʚ ʚʽʜʧʦʚʽʜʥʠʭ ʜʝʨʝʚʘʭ 
ʜʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Initial  Values 3, ʢʣʘʮʥʫʚʰʠ ʧʦ ʢʥʦʧʮʽDisable.  

  ʊʝʧʝʨ ʜʦʜʘʡʪʝ ʚʫʟʦʣ ʪʨʝʪʴʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ ʽ ʦʙʯʠʩʣʽʪʴ ʡʦʛʦ. 

Untitled.mph (root) : RMB > Add Study = Add Study  - > 

                  Preset Studies - Stationary ->ʍ 
Study 3 : RMB > Compute 

2D Plot Group 3: 

   Color Legend  - Show maximum and minimum values  = True  

  LMB > Plot  
ɹʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ. 

 
ɺ̔ ʥ ʥʝ ʜʦʩʠʪʴ ʪʦʯʥʠʡ ʚ ʦʢʦʣʽ ʨʦʟʜʽʣʶʚʘʣʴʥʦʾ ʣʽʥʽʾ. ɺ ʟʚôʷʟʢʫ ʟ ʮʠʤ ʩʫʪʪʻʚʘ 

ʧʦʤʠʣʢʘ ʟôʷʚʠʣʘʩʷ ʧʨʠ ʚʽʜʦʙʨʘʞʝʥʥʽ ʤʘʢʩʠʤʘʣʴʥʦʛʦ ʽ ʤʽʥʽʤʘʣʴʥʦʛʦ ʟʥʘʯʝʥʴ. 

ʇʦʢʨʘʱʠʪʠ ʨʝʟʫʣʴʪʘʪ ʤʦʞʥʘ, ʷʢʱʦ ʛʝʦʤʝʪʨʽʶ ʢʚʘʜʨʘʪʘ ʧʦʜʽʣʠʪʠ ʥʘʚʧʽʣ ʣʽʥʽʻʶ, 

ʷʢʘ ʻ ʨʦʟʜʽʣʶʚʘʯʝʤ ʢʫʩʢʦʚʠʭ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ.  

  Geometry  - > Primitives  ï B®zier Polygon 

Geometry 1 - B®zier Polygon 1 (b1): LMB > Add Linear 

ɺʚʝʜʽʪʴ ʢʦʦʨʜʠʥʘʪʠ ʧʦʯʘʪʢʦʚʦʾ ( 0, 0.5 ) ʽ ʢʽʥʮʝʚʦʾ (1, 0.5 )  ʪʦʯʦʢ ʚʽʜʨʽʟʢʘ. 
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ʗʢʱʦ ʪʝʧʝʨ ʧʦʙʫʜʫʚʘʪʠ ʥʦʚʫ ʉʢɽ ʩʽʪʢʫ ʟ ʧʘʨʘʤʝʪʨʘʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ, ʪʦ ʾʾ 

ʚʫʟʣʠ ʧʦʪʨʘʧʣʷʪʴ ʥʘ ʨʦʟʜʽʣʶʚʘʣʴʥʠʡ ʚʽʜʨʽʟʦʢ.  

Component 1 ï Mesh 1 : LMB > Build All       (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ) 
ɺʠʢʦʥʘʚʰʠ ʟʘʨʘʟ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ, ʚʠ ʦʪʨʠʤʘʻʪʝ ʢʦʨʝʢʪʥʠʡ ʛʨʘʬʽʢ. 

Study 3 : RMB > Compute   

ɺ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 2D Plot Group 3 ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ ʛʨʘʬʽʢ, ʟʦʙʨʘʞʝʥʠʡ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʧʨʘʚʦʨʫʯ. 

 
 

ʆʪʞʝ ʥʘʚʽʪʴ ʚ ʦʜʥʦʤʫ ʦʙʯʠʩʣʝʥʥʽ ʤʦʞʥʘ ʩʧʦʩʪʝʨʽʛʘʪʠ ʨʽʟʥʽ ʛʽʣʢʠ ʢʦʨʝʥʽʚ 

ʨʦʟʧʦʜʽʣʝʥʦʛʦ ʥʝʣʽʥʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ.                  ƴ 

ʅʘʚʝʜʝʤʦ ʱʝ ʦʜʠʥ ʧʨʠʢʣʘʜ ʨʦʟʧʦʜʽʣʝʥʦʾ ʘʣʛʝʙʨʘʾʯʥʦʾ ʤʦʜʝʣʽ, ʨʦʟʛʣʷʥʫʚʰʠ 

ʥʝʣʽʥʽʡʥʝ ʨʽʚʥʷʥʥʷ ʧʝʨʝʥʦʩʫ  

           () 0=
µ

µ
+

µ

µ

x

u
ug

t

u
,  ¤<<¤- x , ¤<<t0  

ʟ ʧʦʯʘʪʢʦʚʦʶ ʫʤʦʚʦʶ ( ) ()xuxu 00, = . ʎ̫ ʟʘʜʘʯʘ ʤʘʻ ʘʣʛʝʙʨʘʾʯʥʠʡ ʨʦʟʚôʷʟʦʢ, 

ʷʢʠʡ ʟʦʙʨʘʞʫʻʪʴʩʷ ʥʝʷʚʥʠʤ ʨʽʚʥʷʥʥʷʤ ()( )tugxuu Ö-= 0 . ʑʦʙ ʡʦʛʦ ʨʝʘʣʽʟʫʚʘʪʠ,  

ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ 1D Domain  ODEs and DAEs  ʜʠʥʘʤʽʯʥʫ ʤʦʜʝʣʴ, ʚ ʷʢʽʡ 

ʚʠʢʦʨʠʩʪʘʪʠ ʮʝ ʥʝʷʚʥʝ ʨʽʚʥʷʥʥʷ. 

ʇʨʠʢʣʘʜ 3. ɼʦʩʣʽʜʠʤʦ ʤʦʜʝʣʴ, ʚ ʷʢʽʡ () uccug 10+=   ʽ ʨʦʟʚôʷʞʝʤʦ ʨʦʟʧʦʜʽʣʝʥʝ 

ʘʣʛʝʙʨʘʾʯʥʝ ʨʽʚʥʷʥʥʷ ( )( )tuccxuu 100 +-= , ʜʝ ʬʫʥʢʮʽʷ ()xu0  ʬʽʥʽʪʥʘ ʽ ʤʘʻ 
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ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʢʦʤʘʥʜ 
  File - > New - > Model Wizard - > 1D - >  Mathematics - 

   ODEs and DAEs Interfaces - Domain ODEs and DAEs(dode) - >   

   Time Dependent 
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ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʪʘʙʣʠʮʶ ʧʘʨʘʤʝʪʨʽʚ. 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = c0, 0.25  

   Parameters  ï Name, Expression   = c1, 0.1  

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ()xu0 , ̫ ʢʘ ʙʫʜʝ ʚʠʟʥʘʯʘʪʠ ʧʦʯʘʪʢʦʚ ̔ʟʥʘʯʝʥʥʷ. 

   Home - > Definitions  ï Functions ï> Local ï Piecewise 

Component 1 ï Definitions ï Piecewise 1 (pw1): 

   Definition  ï Smoothing = Continuous second derivative  

      ï Size of transition zone  = 0.01  

      ï Intervals ɉ̨̛̟̉̊̔̑Ɋ ɀ Start, End  = 0,1  

      ï Intervals  ̨̛̟̉̊̔̑Ɋ  ɀ Function  = 0.25*(1 - cos(2*pi*x))  

ʆʧʮʽʷ Extrapolation =Constant , ʷʢʘ ʚʩʪʘʥʦʚʣʝʥʘ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ, 

ʦʟʥʘʯʘʻ, ʱʦ ʧʦʟʘ ʚʽʜʨʽʟʢʦʤ (0,1) ʬʫʥʢʮʽʷ ʙʫʜʝ ʧʨʦʜʦʚʞʝʥʘ ʩʚʦʾʤʠ 

ʟʥʘʯʝʥʥʷʤʠ ʥʘ ʢʽʥʮʷʭ, ʪʦʙʪʦ ʥʫʣʷʤʠ. 
  LMB > Plot 

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʤʠ ʟʘʜʘʣʠ ʦʧʮʽʶ Smoothing ʟʛʣʘʜʞʫʚʘʥʥʷ ʢʽʥʮʽʚ. 

  ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʦʜʥʦʛʦ ʚʽʜʨʽʟʢʘ. ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 
  Geometry - >Pimitives - > Interval 

Geometry ï Interval 1 (i1): 

   Interval  ï Right  endpoint  = 3  

  LMB > Build All Objects 
ʇʦʙʫʜʫʡʪʝ ʜʫʞʝ ʜʨʽʙʥʫ ʉʢɽ ʩʽʪʢʫ.  

Mesh 1: 

   Mesh Settings ï Element size  = Extremely fine  

  LMB > Build All    
ʅʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʤʘʪʝʤʘʪʠʯʥʦʾ ʤʦʜʝʣʽ. 

Domain ODEs and DAEs (dode) - Distributed ODE 1: 

   Source  Term ï f = u- pw1(x - (c0+c1*u)*t)  

   Damping or Mass coefficient  ï da = 0 

   Mass coefficient  ï ea = 0 

ɿʘʜʘʡʪʝ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. 

Domain ODEs and DAEs (dode) - Initial Values 1: 

   Initial Values  ï Initial value for u:  = pw1(x)  

ʅʘʣʘʰʪʫʡʪʝ ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ.  

Step 1: Time Dependent: 
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   Study Settings ï Times  = range(0,0.1, 10)  

           ï Relative  tolerance  = True , 0.0001  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home- >Compute 

ʆʙʯʠʩʣʝʥʥʷ ʙʫʜʫʪʴ ʟʘʚʝʨʰʝʥʽ ʟ ʧʦʚʽʜʦʤʣʝʥʥʷʤ ʧʨʦ ʧʦʤʠʣʢʫ ʽ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ 

ʟôʷʚʠʪʴʩʷ ʚʫʟʦʣ Error  ʟ ʡʦʛʦ ʪʝʢʩʪʦʤ (ʧʽʩʣʷ ʟʘʢʨʠʪʪʷ ʚʽʢʥʘ ʤʝʩʝʜʞʫ). 

 

 

 

 

ɿ ʧʦʚʽʜʦʤʣʝʥʥʷ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʦʙʯʠʩʣʝʥʥʷ ʟʫʧʠʥʠʣʠʩʷ ʚ ʤʦʤʝʥʪ ʯʘʩʫ 

6.381886266510118 . ʑʦʙ ʟʨʦʟʫʤʽʪʠ, ʱʦ ʪʨʘʧʠʣʦʩʷ, ʙʘʞʘʥʦ ʧʦʙʫʜʫʚʘʪʠ 

ʛʨʘʬʽʢʠ  ʨʦʟʚôʷʟʢʫ ʜʦ ʮʴʦʛʦ ʤʦʤʝʥʪʫ.  ɿʚʠʯʘʡʥʦ, ʱʦ ʤʦʞʥʘ ʫ ʚʫʟʣʽ  Step 1: Time 

Dependent ʚ ʧʦʣʽ Times ʚʢʦʨʦʪʠʪʠ ʯʘʩʦʚʠʡ ʜʽʘʧʘʟʦʥ ʜʦ 6.3 . ɸʣʝ ʽʩʥʫʻ ʽʥʰʝ 

ʨʽʰʝʥʥʷ ï ʟʘʩʪʦʩʫʚʘʥʥʷ ʚʫʟʣʘ Stop Condition . 

  ɼʠʥʘʤʽʯʥʽ ʨʦʟʚôʷʟʫʚʘʯʽ ʚ COMSOL Multiphysics ʻ ʘʜʘʧʪʠʚʥʠʤʠ. ɺʦʥʠ 

ʩʘʤʦʩʪʽʡʥʦ ʦʙʠʨʘʶʪʴ ʢʨʦʢ ʧʦ ʯʘʩʫ ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʟʘʜʘʥʦʾ ʧʦʭʠʙʢʠ, ʽ ʥʝ 

ʜʦʜʝʨʞʫʶʪʴʩʷ ʯʘʩʦʚʦʛʦ ʢʨʦʢʫ, ʚʩʪʘʥʦʚʣʝʥʦʛʦ ʚ ʯʘʩʦʚʦʤʫ ʜʽʘʧʘʟʦʥʽ ʧʦʣʷ Times  

ʚʫʟʣʘ  Step 1: Time Dependent. ʂʦʣʠ ʨʦʟʚôʷʟʦʢ ʟʤʽʥʶʻʪʴʩʷ ʧʦʚʽʣʴʥʦ, 

ʨʦʟʚôʷʟʫʚʘʯ ʟʙʽʣʴʰʫʻ ʯʘʩʦʚʠʡ ʢʨʦʢ ʽ ʥʘʚʧʘʢʠ, ʢʦʣʠ ʨʦʟʚôʷʟʦʢ ʰʚʠʜʢʦ ʟʨʦʩʪʘʻ, 

ʨʦʟʚôʷʟʫʚʘʯ ʟʤʝʥʰʫʻ ʢʨʦʢ ʧʦ ʯʘʩʫ. ʆʩʪʘʥʥʻ, ʟʦʢʨʝʤʘ, ʪʨʘʧʣʷʻʪʴʩʷ ʢʦʣʠ 

ʨʦʟʚôʷʟʦʢ ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. ʑʦʙ ʚʧʦʨʘʪʠʩʷ ʟ ʩʠʪʫʘʮʽʻʶ, ʨʦʟʚôʷʟʫʚʘʯ 

ʚʩʝ ʟʤʝʥʰʫʻ ʽ ʟʤʝʥʰʫʻ ʢʨʦʢ ʽ ʤʠ ʤʦʞʝʤʦ ʟʫʧʠʥʠʪʠ ʦʙʯʠʩʣʝʥʥʷ, ʢʦʣʠ ʢʨʦʢ ʧʦ 

ʯʘʩʫ ʩʪʘʻ ʟʘʥʘʜʪʦ ʤʘʣʠʤ. ʊʘʢʠʤ ʩʧʦʩʦʙʦʤ ʤʦʞʥʘ ʦʙʨʦʙʠʪʠ/ʧʝʨʝʭʦʧʠʪʠ 

ʧʨʷʤʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʫ ʜʦ ʩʠʥʛʫʣʷʨʥʦʩʪʽ. ɼʣʷ ʮʴʦʛʦ ʚ ʩʠʩʪʝʤʽ ʽʩʥʫʻ 

ʟʘʨʝʟʝʨʚʦʚʘʥʘ  ʟʤʽʥʥʘ timestep  (ʜʦʚʞʠʥʘ ʯʘʩʦʚʦʛʦ ʢʨʦʢʫ), ʷʢʫ ʤʦʞʥʘ 

ʧʝʨʝʚʽʨʷʪʠ ʥʘ ʢʦʞʥʦʤʫ ʢʨʦʮʽ ʨʦʟʚôʷʟʫʚʘʯʘ ʫ ʚʫʟʣʽ Stop Condition  ʽ, ʷʢʱʦ 

ʪʨʝʙʘ, ʟʫʧʠʥʷʪʠ ʦʙʯʠʩʣʝʥʥʷ. 

  ʅʘʣʘʰʪʫʻʤʦ ʨʦʟʚôʷʟʫʚʘʯ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʚʽʥ ʟʫʧʠʥʷʚʩʷ, ʢʦʣʠ ʟʤ̔ʥʥʘ 

timestep  ʩʪʘʻ ʟʘʥʘʜʪʦ ʤʘʣʦʶ. ɼʣʷ ʮʴʦʛʦ ʚ ʛʽʣʢʫ Study 1 ï Solver 

Configurations ï Solution 1 - Time-Dependent Solver 1 ʧʦʪʨʽʙʥʦ ʜʦʜʘʪʠ ʚʫʟʦʣ 

Stop  Condition , ʚ ʷʢʦʤʫ ʟʘʜʘʪʠ ʫʤʦʚʫ ʟʫʧʠʥʢʠ. 

Time-Dependent Solver 1: RMB > Stop Condition 

Time-Dependent Solver 1 - Stop Condition 1: 

ɼʦʜʘʡʪʝ ʫʤʦʚʫ ʟʫʧʠʥʢʠ, ʥʘʪʠʩʥʫʚʰʠ ʚ ʟʦʥʽ ʪʘʙʣʠʮʽ Stop Expressions 

ʧʨʘʚʫ ʢʥʦʧʢʫ ʤʠʰʽ. ʆʙʝʨʽʪʴ ʟ ʚʠʧʘʜʥʦʛʦ ʩʧʠʩʢʫ ʢʦʤʘʥʜʫ Add, ʽ ʚʚʝʜʽʪʴ  

   Stop  Expressions  ɀ Stop Expressions  = timestep  < 1E- 5 
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   Output at stop  ɀAdd solution  = Steps before  stop  

ɿʥʘʯʝʥʥʷ Step  before  stop  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʟʙʝʨʽʛʘʥʥʷ  

ʨʦʟʚôʷʟʢʫ ʚ ʦʩʪʘʥʥʽʡ ʤʦʤʝʥʪ ʯʘʩʫ, ʚ ʷʢʠʡ ʫʤʦʚʘ ʱʝ ʥʝ ʙʫʣʘ ʚʠʢʦʥʘʥʘ. 

 
ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʟʘʜʘʯʫ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʛʽʣʢʘ 1D Plot Group 1 ʟ ʚʫʟʣʦʤ Line Graph 1, ʷʢʠʡ 

ʤʽʩʪʠʪʴ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. ʉʢʦʨʝʛʫʡʪʝ ʡʦʛʦ.  

1D Plot Group 1:  

   Data ï Time selection  = Manual  

   Data ï Time s (1-65) = range(1,10,6 5)  

ʊʫʪ ʜʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʽʚ ʤʠ ʦʙʨʘʣʠ ʢʦʞʥʠʡ ʜʝʩʷʪʠʡ ʤʦʤʝʥʪ ʯʘʩʫ ʟ  65, 

ʷʢʽ ʟʘʧʨʦʧʦʥʫʚʘʚ ʨʦʟʚôʷʟʫʚʘʯ. 

ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʢʨʠʚʠʭ ʽ ʥʘʢʘʞʽʪʴ ʚʽʜʦʙʨʘʟʠʪʠ ʣʝʛʝʥʜʫ. 

1D Plot Group 1 - Line Graph 1:  

   Coloring and Style ïWidth  = 3 

   Legend  ï Show legends  = True  

  LMB > Plot 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʚʠ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʾ ( )txu ,  ʜʣʷ ʤʦʤʝʥʪʽʚ ʯʘʩʫ, ʥʘʚʝʜʝʥʠʭ 

ʚ ʣʝʛʝʥʜʽ. 

 
ʗʢ ʙʘʯʠʪʝ, ʛʨʝʙʽʥʴ ʭʚʠʣʽ ʨʫʭʘʻʪʴʩʷ ʰʚʠʜʰʝ ʟʘ ʾʾ ʧʽʜʥʽʞʞʷ ʽ ʧʦʩʪʫʧʦʚʦ ʡʦʛʦ 

ʥʘʟʜʦʛʦʥʷʻ. ʇʽʩʣʷ ʪʦʛʦ, ʷʢ ʧʨʘʚʠʡ ʬʨʦʥʪ ʭʚʠʣʽ ʩʪʘʥʝ ʚʝʨʪʠʢʘʣʴʥʠʤ, ʛʨʝʙʽʥʴ 

ʭʚʠʣʽ ʧʦʚʠʥʝʥ ʚʠʧʝʨʝʜʠʪʠ ʾʾ ʧʽʜʥʽʞʞʷ. ɸʣʝ ʚ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʧʦʨʫʰʫʻʪʴʩʷ 

ʦʜʥʦʟʥʘʯʥʽʩʪʴ ʨʦʟʚôʷʟʢʫ ʽ ʩʠʩʪʝʤʘ ʩʧʦʯʘʪʢʫ ʚʠʚʦʜʠʣʘ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ 

ʧʦʤʠʣʢʫ, ʘ ʟʘʨʘʟ ï ʟʫʧʠʥʷʻ ʦʙʯʠʩʣʝʥʥʷ. 

   ɼʣʷ ʪʨʝʥʫʚʘʥʥʷ ʧʦʙʫʜʫʻʤʦ ʱʝ ʦʜʠʥ ʛʨʘʬʽʢ. ɼʣʷ ʨʝʧʨʝʟʝʥʪʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʫ 

( )txu ,  ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Parametric  Extrusion  1D, ʷʢʝ 

ʜʦʟʚʦʣʷʻ ʧʘʨʘʤʝʪʨ ʯʘʩʫ (ʘʙʦ ʙʫʜʴ ʷʢʠʡ ʽʥʰʠʡ ʧʘʨʘʤʝʪʨ ʤʦʜʝʣʽ) ʟʦʙʨʘʟʠʪʠ ʷʢ 

ʜʦʜʘʪʢʦʚʫ ʧʨʦʩʪʦʨʦʚʫ ʢʦʦʨʜʠʥʘʪʫ. ʉʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʪʘʢʝ ɼɼ. 
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  Results - >More Data Sets-> Parametric Extrusion 1D 

Results ï Data Sets - Parametric Extrusion 1D 1: 

   Data ï Data set   = Study 1/Solution 1  

   Dataï Time selection  = Manual  

   Dataï Time(s)(1-65) = range(1, 6, 65)  

ʅʘ ʙʘʟʽ ʩʪʚʦʨʝʥʦʛʦ ɼɼ ʤʦʞʥʘ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ. ɼʦʜʘʡʪʝ ʚ ʛʽʣʢʫ Results 

ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ. 

Results : RMB > 2D Plot Group 

2D Plot Group 2: 

   Dataï Data set  = Parametric Extrusion 1D 1  

   Plot Settings ï  Plot data set edges  = False  

ɺ ʛʨʫʧʫ ʜʦʜʘʡʪʝ ʚʫʟʦʣ ʪʠʧʫ Line . 

2D Plot Group 2 : RMB > Line 

2D Plot Group 2 - Line 1: 

   Dataï Data set  = From Parent  

   Expression  ï Expression   = u 

   Coloring and Style   ï Line type  =Tube 

             ï Tube radius expression  =0.02  

             ï Radius scale factor  =1 

             ï Coloring, Color  =Uniform, Black  

ʋ ʚʫʟʣʽ Line 1 ʩʪʚʦʨʽʪʴ ʧʽʜʚʫʟʦʣ Height  Expression . 

  2D Plot Group  2- >Attributes - Height Expression 

2D Plot Group 2 - Line 1  - Height Expression 1 : 

   Expression  ï Height data   = From parent  

   Axis  ï Scale factor   = 1  

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Plot ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ. 

 
ʅʘ ʮʴʦʤʫ ʨʠʩʫʥʢʫ ʚ ʥʘʧʨʷʤʢʫ y ʚʽʜʢʣʘʜʝʥʦ ʧʘʨʘʤʝʪʨ ʯʘʩʫ ʽ ʢʨʠʚʽ, ʷʢʽ 

ʧʦʙʫʜʦʚʘʥʽ ʧʨʠ ʨʽʟʥʠʭ ʟʥʘʯʝʥʥʷʭ ty¹ , ʟʦʙʨʘʞʘʶʪʴ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʚ ʨʽʟʥʽ 

ʤʦʤʝʥʪʠ. 

  ʇʨʦʮʝʩ ʨʫʭʫ ʭʚʠʣʽ ʚʠʛʣʷʜʘʻ ʥʘʛʣʷʜʥʽʰʝ, ʷʢʱʦ ʧʦʙʫʜʫʚʘʪʠ ʘʥʽʤʘʮʽʶ ʟʤʽʥʠ 

ʨʦʟʚôʷʟʢʫ ( )txu ,  ʟ ʯʘʩʦʤ. ɿʨʦʙʽʪʴ ʮʝ ʩʘʤʦʩʪʽʡʥʦ. 

ɺʧʨʘʚʘ. ʈʦʟʚôʞʽʪʴ ʨʦʟʛʣʷʥʫʪʫ ʟʘʜʘʯʫ, ʚʠʢʦʨʠʩʪʘʚʰʠ ʽʥʰʠʡ ʧʦʯʘʪʢʦʚʠʡ ʧʨʦʬʽʣʴ 

ʭʚʠʣʽ, ʥʘʧʨʠʢʣʘʜ, ʪʘʢʠʡ 
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ʽ ʧʝʨʝʚʽʨʪʝ ʤʦʜʝʣʴ. ʂʨʽʤ ʟʤʽʥʠ ʚʠʨʘʟʫ ʬʫʥʢʮʽʾ, ʚʘʤ ʜʦʚʝʜʝʪʴʩʷ ʧʽʜʽʙʨʘʪʠ 

ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ ʫ ʚʫʟʣʽ Step 1: Time Dependent. ɻʨʝʙʽʥʴ ʭʚʠʣʽ, ʷʢ ʽ ʨʘʥʽʰʝ, 

ʙʫʜʝ ʨʫʭʘʪʠʩʷ ʰʚʠʜʰʝ ʟʘ ʾʾ ʧʽʜʥʽʞʞʷ ʽ ʧʦʩʪʫʧʦʚʦ ʡʦʛʦ ʥʘʟʜʦʛʘʥʷʪʠ. ʉʠʩʪʝʤʘ 

COMSOL Multiphysics ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠ ʦʙʯʠʩʣʝʥʥʷ ʜʦ ʯʘʩʫ, ʢʦʣʠ ʧʨʘʚʠʡ ʬʨʦʥʪ 

ʭʚʠʣʽ ʥʝ ʩʪʘʥʝ ʚʝʨʪʠʢʘʣʴʥʠʤ (ʚ ʜʝʷʢʠʭ ʪʦʯʢʘʭ). ʇʽʩʣʷ ʮʴʦʛʦ ʦʙʯʠʩʣʝʥʥʷ 

ʥʝʤʦʞʣʠʚʽ ʯʝʨʝʟ ʙʘʛʘʪʦʟʥʘʯʥʽʩʪʴ ʨʦʟʚôʷʟʢʫ. ʆʪʞʝ ʽ ʚ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʚʠ ʧʦʚʠʥʥʽ 

ʘʙʦ ʟʤʝʥʰʠʪʠ (ʧʽʜʽʙʨʘʚʰʠ)  ʽʥʪʝʨʚʘʣ ʯʘʩʫ, ʘʙʦ ʚʠʢʦʨʠʩʪʘʪʠ ʚʫʟʦʣ Stop  

Condition . ɺ ʜʨʫʛʦʤʫ ʚʠʧʘʜʢʫ ʚʘʤ, ʚʽʨʦʛʽʜʥʦ, ʧʦʪʨʽʙʥʦ ʙʫʜʝ ʟʛʣʘʜʠʪʠ 

ʧʦʯʘʪʢʦʚʫ ʬʫʥʢʮʽʶ pw1( x), ʟʘʜʘʚʰʠ ʰʠʨʰʠʡ ʥʽʞ ʚ ʨʦʟʛʣʷʥʫʪʦʤʫ ʧʨʠʢʣʘʜʽ 

ʧʝʨʝʭʽʜʥʠʡ ʽʥʪʝʨʚʘʣ Size of  transition  zone =0. 1  ʽ ʚʩʪʘʥʦʚʠʪʠ ʧʝʨʝʤʠʢʘʯ 

Smooth at endpoints = True . 

 

4.3.2. ʈʦʟʧʦʜʽʣʝʥʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ. 

ʇʨʠʢʣʘʜ. ʅʝʭʘʡ ʫ ʥʘʩ ʻ ʜʚʽ ʧʝʨʝʤʽʰʘʥʽ ʨʝʯʦʚʠʥʠ A  ̔B, ʷʢʽ ʚ ʧʨʦʮʝʩʽ ʭʽʤʽʯʥʦʾ 

ʨʝʘʢʮʽʾ ʫʪʚʦʨʶʶʪʴ ʥʦʚʫ ʨʝʯʦʚʠʥʫ D. ɺʽʜʦʤʦ, ʱʦ ʟ ʢʦʞʥʠʭ ʜʚʦʭ ʦʙôʻʤʽʚ 

ʨʝʯʦʚʠʥʠ ɸ ʽ ʦʜʥʦʛʦ ʦʙôʻʤʫ ʨʝʯʦʚʠʥʠ ɺ ʫʪʚʦʨʶʻʪʴʩʷ ʪʨʠ ʦʙôʻʤʠ ʨʝʯʦʚʠʥʠ D. 

ʇʦʯʘʪʢʦʚʽ ʢʦʥʮʝʥʪʨʘʮʽʾ CA  ʽ  CB ʨʝʯʦʚʠʥ ɸ ʽ ɺ ʚʽʜʦʤʽ, ʘ ʧʦʯʘʪʢʦʚʘ ʢʦʥʮʝʥʪʨʘʮʽʷ 

u ʧʨʦʜʫʢʪʫ D ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʇʨʦʮʝʩ ʚʽʜʙʫʚʘʻʪʴʩʷ ʚ ʚʝʨʪʠʢʘʣʴʥʦʤʫ 

ʮʠʣʽʥʜʨʠʯʥʦʤʫ ʨʝʟʝʨʚʫʘʨʽ ( )( )HzRyx ¢¢³¢+ 022 . ɼʦʜʘʚʘʥʥʥʷ ʧʨʦʜʫʢʪʽʚ ʚ 

ʨʝʟʝʨʚʫʘʨ, ʧʝʨʤʽʰʫʚʘʥʥʷ ʽ ʜʠʬʬʫʟʽʾ ʨʝʯʦʚʠʥ ʥʝ ʚʽʜʙʫʚʘʻʪʴʩʷ. ʊʝʤʧʝʨʘʪʫʨʘ ʚ 

ʙʘʢʫ ʥʝʟʤʽʥʥʘ ʽ ʨʦʟʧʦʜʽʣʝʥʘ ʟʘ ʟʘʢʦʥʦʤ ( ) ( )( )222

0,, yxRzHzkTzyxT T ---+= . 

  ʅʝʭʘʡ ( )tzyxu ,,,  ʧʦʟʥʘʯʘʻ ʢʦʥʮʝʥʪʨʘʮʽʶ (ʚʽʜʥʦʩʥʠʡ ʦʙôʻʤ) ʨʝʯʦʚʠʥʠ D. 

ʊʦʜʽ ʟ ʫʤʦʚ ʟʘʜʘʯʽ ʚʠʧʣʠʚʘʻ, ʱʦ ʚ ʤʦʤʝʥʪ ʯʘʩʫ  t  ʚ ʦʜʠʥʠʮʽ ʦʙôʻʤʫ ʚ ʭʽʤʽʯʥʫ 

ʨʝʘʢʮʽʶ ʚʩʪʫʧʠʣʦ u
3

2
 ʦʙôʻʤʫ ʨʝʯʦʚʠʥʠ A  ʽ u

3

1
 ʦʙôʻʤʫ ʨʝʯʦʚʠʥʠ B. ʎʝ ʦʟʥʘʯʘʻ, 

ʱʦ ʜʦ ʚʢʘʟʘʥʦʛʦ ʤʦʤʝʥʪʫ ʯʘʩʫ ʟʘʣʠʰʠʣʦʩʷ uCA
3

2
-  ʚʽʜʥʦʩʥʦʛʦ ʦʙôʻʤʫ 

ʨʝʯʦʚʠʥʠ ɸ  ʽ uCB
3

1
-   ʚʽʜʥʦʩʥʦʛʦ ʦʙôʻʤʫ ʨʝʯʦʚʠʥʠ B. ɿʛʽʜʥʦ ʟ ʟʘʢʦʥʦʤ ʜʽʶʯʠʭ 

ʤʘʩ ʦʪʨʠʤʫʻʤʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ 
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BA ,         (1) 

ʜʝ ʚʨʘʭʦʚʘʥʦ, ʱʦ ʰʚʠʜʢʽʩʪʴ ʭʽʤʽʯʥʦʾ ʨʝʘʢʮʽʽ ʟʘʣʝʞʠʪʴ ʚʽʜ ʪʝʤʧʝʨʘʪʫʨʠ T, ʪʦʙʪʦ 

()TKK =  ʻ ʬʫʥʢʮʽʻʶ ʪʝʤʧʝʨʘʪʫʨʠ. 

  ʎʝ ʟʚʠʯʘʡʥʝ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʦʪʨʽʙʥʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʚ ʢʦʞʥʽʡ 

ʪʦʯʮʽ ( )zyx ,, , ʙʦ ʚʦʥʦ ʤʽʩʪʠʪʴ ʧʨʦʩʪʦʨʦʚʽ ʢʦʦʨʜʠʥʘʪʠ, ʷʢʽ ʚʭʦʜʷʪʴ ʚ ʚʠʨʘʟ ʜʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ ( )zyxTT ,,= . ʆʪʞʝ ʤʠ ʤʘʻʤʦ ʨʦʟʧʦʜʽʣʝʥʝ ʟʚʠʯʘʡʥʝ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ. 

  ʈʦʟʛʣʷʥʝʤʦ ʙʝʟʨʦʟʤʽʨʥʫ ʤʦʜʝʣʴ ʽ ʧʦʢʣʘʜʝʤʦ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ 3,1 == HR , 

() ( )010 TTkkTK -+= , 1,1 10 == kk , 10,2730

0 == TkCT , 2.0,4.0 == BA CC . 
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ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʢʦʤʘʥʜ 
  File - > New - > Model Wizard - > 3D - >  Mathematics - 

   ODEs and DAEs Interfaces - Domain ODEs and DAEs(dode) - >   

   Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʪʘʙʣʠʮʶ ʧʘʨʘʤʝʪʨʽʚ ʽ ʟʘʜʘʡʪʝ ʾʭ ʟʥʘʯʝʥʥʷ. 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = R, 1 

         ï Name, Expression   = H, 3 

         ï Name, Expression   = k0, 1 

         ï Name, Expression   = k1, 1 

         ï Name, Expression   = kT, 10 

         ï Name, Expression   = T0, 273 

         ï Name, Expression   = CA, 0.4  

         ï Name, Expression   = CB, 0.2  

ʉʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ()xTS , ̫ ʢʘ ʙʫʜʝ ʚʠʟʥʘʯʘʪʠ ʨʦʟʧʦʜʽʣʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ. 

   Home - > Definitions  - > Functions - > Local - > Analytic 

Component 1 ï Definitions ï Analytic 1: 

         Function name = Ts 

   Definition  ï Expression= T0+kT*z*(H - z)*(R^2 - x̂ 2 - ŷ 2)  

         ï Arguments= x, y, z 

ɼʣʷ ʢʦʥʪʨʦʣʶ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ, ʚʠʟʥʘʯʠʚʰʠ ʪʠʤʯʘʩʦʚʽ ʜʽʘʧʘʟʦʥʠ 

ʘʨʛʫʤʝʥʪʽʚ. 

 
  LMB > Plot  

 
ʇʦʙʫʜʫʡʪʝ ʛʝʦʤʝʪʨʽʶ. 
   Geometry - >Pimitives - > Cylinder 
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Geometry ï Cylinder 1 (cyl1): 

   Size and Shape ï Radius, Height = R, H  

  LMB > Build All Objects 

ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Component 1 ï Mesh 1 : 

   Mesh Settings ï Element  size = Fine  

  LMB > Build All 

   
ʅʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ. 

Domain ODEs and DAEs (dode) - Distributed ODE 1: 

   Source  Term ï f = (k0+k1*(Ts(x,y,z) - T0))*(CA - 2*u/3)*(CB - u/3)  

   Damping or Mass coefficient  ï da = 1 

   Mass coefficient  ï ea = 0 

ɿʘʜʘʡʪʝ ʥʫʣʴʦʚʽ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ (ʚʦʥʠ ʚʩʪʘʥʦʚʣʝʥʽ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ). 

Domain ODEs and DAEs (dode) - Initial Values 1: 

   Initial Values  ï Initial value for u:  = 0 

ʅʘʣʘʰʪʫʡʪʝ ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ.  

Step 1: Time Dependent: 

   Study Settings ï Times  = ran ge(0,0. 2,10)  

           ï Relative tolerance  = True , 0.001  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
   Home - > Compute 

ʄʘʡʪʝ ʥʘ ʫʚʘʟʽ, ʱʦ ʦʙʯʠʩʣʝʥʥʷ ʪʨʠʚʘʪʠʤʫʪʴ ʜʝʷʢʠʡ ʯʘʩ. 

  ɺ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 3D Plot Group 1 ʟ ʚʫʟʣʦʤ Slice 1, 

ʷʢʠʡ ʤʽʩʪʠʪʴ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. ɿʘʤ̔ʥ̔ ʪʴ ʡʦʛʦ ʚʫʟʣʦʤ ʪʠʧʫ Multislice . 

ʉʧʦʯʘʪʢʫ  ʚʠʜʘʣʽʪʴ ʚʫʟʦʣ Slice 1. 

3D Plot Group 1 - Slice 1 : RMB > Delete 

ʇʦʪʽʤ ʟʘʤʽʩʪʴ ʥʴʦʛʦ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Multislice.  

3D Plot Group 1: RMB > More Plots - Multislice 

   Multiplane Data  ï z-planes - Planes = 4 

3D Plot Group 1: 

   Color Legend  - Show maximum and minimum values  = True  

  LMB > Plot 
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ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʢ̔ʠ ʟʘʣʝʞʥʦʩʪʽ ʢʦʥʮʝʥʪʨʘʮʽʾ u ʨʝʯʦʚʠʥʠ D ʚʽʜ ʯʘʩʫ ʚ ʜʝʷʢʠʭ 

ʪʦʯʢʘʭ.  

  ʉʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʜʞʝʨʝʣʦ ʜʘʥʠʭ, ʷʢʝ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʢʦʥʪʨʦʣʴʥʠʭ 

ʪʦʯʦʢ. 

Data Sets: RMB > Cut Point 3D 

3D Plot Group 1 - Cut Point 3D 1 : 

   Point Data   ï Entry method  = Coordinates  

         ï x = 1,1,0,0,0,1  

         ï y = 0,0,0,0,0,0  

         ï z = 0,0.5,2,3,0.5,1.5  

  LMB > Plot 

 
ʇʦʪʽʤ ʩʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʟ ʚʫʟʣʦʤ ʪʠʧʫ Point Graph , ʷʢʠʡ 

ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʮʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ. 

Results : RMB > 1D Plot Group 

1D Plot Group 2 : 

   Legends  ï Position  =Lower Right  

1D Plot Group 2 : RMB > Point Graph 

1D Plot Group 2 - Point Graph 1: 

   Data  ï Data set  = Cut Point 3D 1  

   Data  ï Time selection  = All  

   Expression  ï Expression   = u 

   Coloring and Style  ï Color , Width =Cycle , 3 

   Legends  ï Show legends  =True  

  LMB > Plot  
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ʗʢʱʦ ʧʨʠʜʠʚʠʪʠʩʷ ʜʦ ʬʫʥʢʮʽʾ, ʷʢʘ ʦʙʯʠʩʣʶʻ ʪʝʤʧʝʨʘʪʫʨʫ 

( ) ( )( )222

0,, yxRzHzkTzyxT T ---+= , 
ʪʦ ʧʦʙʘʯʠʤʦ, ʱʦ ( ) ( ) ( ) ( ) 05.1,0,13,0,05.0,0,10,0,1 TTTTT ==== . ʊʦʜʽ 

() ( ) 0010 kTTkkTK =-+= , ʽ ʨʽʚʥʷʥʥʷ (1) ʥʘʙʫʜʝ ʦʜʥʘʢʦʚʦʛʦ ʚʠʛʣʷʜʫ ʚ ʮʠʭ 
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BA . ʆʪʞʝ ʽ ʨʦʟʚôʷʟʢʠ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʧʦʚʠʥʥʽ 

ʙʫʪʠ ʦʜʥʘʢʦʚʠʤʠ ʚ ʮʠʭ ʪʦʯʢʘʭ (ʯʦʪʠʨʠ ʥʠʞʥʽ ʢʨʠʚʽ ʧʦʚʠʥʥʽ ʩʧʽʚʧʘʜʘʪʠ). ɸʣʝ ʟ 

ʛʨʘʬʽʢʘ ʚʠʧʣʠʚʘʻ ʱʦ ʮʝ ʥʝ ʪʘʢ. ʅʘʩʧʨʘʚʜʽ, ʪʘʢʘ ʨʽʟʥʠʮʷ ʧʦʷʩʥʶʻʪʴʩʷ ʧʦʭʠʙʢʘʤʠ 

ʦʙʯʠʩʣʝʥʥʷ, ʘ ʪʦʯʥʽʰʝ ʨʦʟʤʽʨʦʤ ʉʢɽ ʩʽʪʢʠ. ʗʢʱʦ ʉʢɽ ʩʽʪʢʫ ʟʨʦʙʠʪʠ ʜʨʽʙʥʽʰʦʶ 

(ʚʠʢʦʥʘʡʪʝ ʮʝ ʩʘʤʦʩʪʽʡʥʦ), ʪʦ ʢʨʠʚʽ ʨʦʟʪʘʰʫʶʪʴʩʷ ʱʽʣʴʥʽʰʝ. ɸʣʝ ʤʘʡʪʝ ʥʘ 

ʫʚʘʟʽ, ʱʦ ʯʘʩ ʦʙʯʠʩʣʝʥʥʷ ʟʘʜʘʯʽ ʟʥʘʯʥʦ ʟʨʦʩʪʝ. 

  ʆʩʢʽʣʴʢʠ ʭʽʤʽʯʥʘ ʨʝʘʢʮʽʷ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ ʧʨʦʭʦʜʠʪʴ ʥʝʟʘʣʝʞʥʦ ʚʽʜ ʩʫʩʽʜʥʽʭ 

ʪʦʯʦʢ, ʪʦ ʢʦʥʮʝʥʪʨʘʮʽʶ ʨʝʯʦʚʠʥʠ D ʚ ʥʽʡ ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ, ʨʦʟʚôʷʟʫʶʯʠ 

çʥʫʣʴʚʠʤʽʨʥʝè  ɿɼʈ (1) ʟ ʢʦʝʬʽʮʽʻʥʪʦʤ ()pTK , ʷʢʠʡ ʦʙʯʠʩʣʝʥʦ ʧʨʠ ʟʘʜʘʥʽʡ ʚ 

ʪʦʯʮʽ ʪʝʤʧʝʨʘʪʫʨʽ pT . ɼʣʷ ʪʨʝʥʫʚʘʥʥʷ ʦʙʯʠʩʣʠʤʦ ʬʫʥʢʮʽʶ ()tu  ʚ ʪʦʯʮʽ 

( )5.1,0,1 , ʨʦʟʚôʷʟʘʚʰʠ ʚʽʜʧʦʚʽʜʥʝ ʜʣʷ ʮʽʻʾ ʪʦʯʢʠ ɿɼʈ, ʽ ʧʦʙʫʜʫʻʤʦ ʛʨʘʬʽʢ 

ʦʪʨʠʤʘʥʦʛʦ ʨʦʟʚôʷʟʢʫ. 

  ɼʦʜʘʤʦ ʚ ʤʦʜʝʣʴ çʬʽʟʠʢʫè Global ODEs and DAEs   ʢʦʤʘʥʜʦʶ 

  Physics  - > Physics - > Add Physics 

ʋ ʚʽʜʢʨʠʚʰʝʤʫʩʷ ʧʨʘʚʦʨʫʯ ʚʽʢʥʽ Add Physics  ʚʠʙʝʨʽʪʴ ʛʽʣʢʫ  

   Mathematics - ODEs and DAEs Interfaces - Global ODEs and DAEs (ge) 

ʜʚʽʯʽ ʢʣʘʮʥʫʚʰʠ ʧʦ ʥʽʡ ʤʠʰʝʶ. ʇʦʪʽʤ ʟʘʢʨʠʡʪʝ ʚʽʢʥʦ Add Physics  ʢʥʦʧʢʦʶ-

ʭʨʝʩʪʠʢʦʤ, ʨʦʟʪʘʰʦʚʘʥʠʤ ʚʛʦʨʽ ʧʨʘʚʦʨʫʯ. 

  ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʥʘ ʛʦʣʦʚʥʽʡ ʽʥʩʪʨʫʤʝʥʪʘʣʴʥʽʡ ʩʪʨʽʯʮʽ ʟôʷʚʠʣʘʩʷ ʧʘʥʝʣʴ 
Global Equations.  

  ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ ʟʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. 

Component 1 (comp 1) - Global ODEs and DAEs (ge) - Global Equations 1: 

   Global Equations ï Name = w  

    Global Equations ï f(u,ut,utt,t)(1)  =  
      (k0+k1*(Ts(1,0,1.5) - T0))*(CA - 2*w/3)*(CB - w/3) - wt  

ʑʦʙ ʟʤʽʥʥʘ w  ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ, ʟʥʦʚʫ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 

Study 1 : RMB > Compute 

ɿʘʫʚʘʞʝʥʥʷ. ɿʘʜʘʯʫ ʪʨʝʙʘ ʩʘʤʝ ʦʙʯʠʩʣʠʪʠ ʢʦʤʘʥʜʦʶ Compute, ʘ ʥʝ ʦʥʦʚʠʪʠ 

ʢʦʤʘʥʜʦʶ Update Solution. 
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ɼʦ ʚʫʟʣʘ 1D Plot Group 2 ʜʦʜʘʡʪʝ ʧʜ̔ʚʫʟʦʣ ʪʠʧʫ Global . 

1D Plot Group 2 : RMB > Global 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = w  

          ï Description= w(1,0,1.5)   

 
   Coloring and Style  ï Color , Width =Cycle , 3 

  LMB > Plot   

  
ɺ ʛʨʘʬʽʯʥʦʤʫ ʚʽʢʥʽ ʟôʷʚʠʪʴʩʷ ʥʦʚʘ ʢʨʠʚʘ, ʷʢʘ ʥʘʢʣʘʜʘʻʪʴʩʷ ʥʘ ʦʜʥʫ ʟ ʚʞʝ 

ʽʩʥʫʶʯʠʭ, ʨʦʟʪʘʰʦʚʘʥʠʭ ʚʥʠʟʫ.  

ɿʘʫʚʘʞʝʥʥʷ. ʈʽʟʥʠʮʷ ʚ ʬʦʨʤʽ ʢʨʠʚʠʭ ʜʣʷ ʪʦʯʦʢ ( )( )( )3,0,0,5.0,0,1,0,0,1 , 

( )5.1,0,1  ʟʤʝʥʰʠʪʴʩʷ, ʷʢʱʦ ʮʽ ʪʦʯʢʠ ʚʽʜʨʘʟʫ ʩʪʚʦʨʠʪʠ ʚ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ.  

 
 

4.4. ɼʝʤʦʥʩʪʨʘʮʽʡʥʽ ʧʨʠʢʣʘʜʠ. 

4.4.1.  ʊʨʠʣʘʥʢʦʚʠʡ ʤʝʭʘʥʽʟʤ ʧʦ ʏʝʙʠʰʝʚʫ. 

ʄʘʪʝʤʘʪʠʢʠ 19 ʩʪʦʣʽʪʪʷ ʧʨʠʜʽʣʷʣʠ ʙʘʛʘʪʦ ʫʚʘʛʠ ʜʦʩʣʽʜʞʝʥʥʶ ʰʘʨʥʽʨʥʠʭ 

ʤʝʭʘʥʽʟʤʽʚ. ɿʦʢʨʝʤʘ ʪʝʦʨʽʷ ʏʝʙʠʰʝʚʘ ʧʨʦ ʘʧʨʦʢʩʠʤʘʮʽʶ ʬʫʥʢʮʽʡ, ʷʢʽ ʥʘʡʤʝʥʰʝ 

ʚʽʜʭʠʣʷʶʪʴʩʷ ʚʽʜ ʥʫʣʷ, ʤʘʻ ʩʚʦʻ ʢʦʨʽʥʥʷ ʚ ʮʴʦʤʫ ʧʠʪʘʥʥʽ. ɿʘʨʘʟ ʡʦʛʦ 

ʘʢʪʫʘʣʴʥʽʩʪʴ ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʦʟʚʠʪʢʦʤ ʨʦʙʦʪʦʪʝʭʥʽʢʠ, ʷʢʘ ʧʝʨʝʜʙʘʯʘʻ ʩʪʚʦʨʝʥʥʷ 

ʧʨʦʤʠʩʣʦʚʠʭ ʤʝʭʘʥʽʟʤʽʚ, ʚʠʢʦʥʘʚʯʽ ʦʨʛʘʥʠ ʷʢʠʭ ʟʜʽʡʩʥʶʶʪʴ ʨʫʭʠ, ʚʠʟʥʘʯʝʥʽ 

ʪʝʭʥʦʣʦʛʽʻʶ ʚʠʨʦʙʥʠʮʪʚʘ. 

  ʊʨʠʣʘʥʢʦʚʠʡ ʤʝʭʘʥʽʟʤ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʪʨʴʦʭ ʣʘʥʦʢ: ʚʝʜʫʯʘ ʣʘʥʢʘ ʆɸ 

ʦʙʝʨʪʘʻʪʴʩʷ ʥʘʚʢʦʣʦ ʪʦʯʢʠ ʆ ʟʽ ʩʪʘʣʦʶ ʢʫʪʦʚʦʶ ʰʚʠʜʢʽʩʪʶ, ʣʘʥʢʠ OA, AB ʽ BC 

ʰʘʨʥʽʨʥʦ ʟ'ʻʜʥʘʥʽ ʚ ʪʦʯʢʘʭ ɸ ʽ ɺ. ʃʘʥʢʘ ɺʉ ʤʦʞʝ ʟʜʽʡʩʥʶʚʘʪʠ ʚʽʣʴʥʝ ʦʙʝʨʪʘʥʥʷ 

ʚ ʪʦʯʮʽ ʉ. ɺ ʤʝʭʘʥʽʟʤʽ ʏʝʙʠʰʝʚʘ ʣʘʥʢʘ ɸɺ ʧʨʦʜʦʚʞʝʥʘ ʧʣʝʯʝʤ BD, ʷʢʝ ʫʪʚʦʨʶʻ 

ʬʽʢʩʦʚʘʥʠʡ ʢʫʪ ʟ AB ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦ ʢʦʣʽʥʦ ɸɺD ʻ ʞʦʨʩʪʢʠʤ ʽ ʚ ʪʦʯʮʽ ɺ 
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ʰʘʨʥʽʨʥʦ ʧʦʚ'ʷʟʘʥʝ ʟ ʣʘʥʢʦʶ ɺʉ [1]. ɿʘʜʘʯʘ ʧʦʣʷʛʘʻ ʚ ʚʠʟʥʘʯʝʥʥʽ ʪʨʘʻʢʪʦʨʽʾ 

ʨʫʭʫ ʪʦʯʢʠ D.  

 
ʅʝʭʘʡ ʪʦʯʢʘ ʆ ʨʦʟʪʘʰʦʚʘʥʘ ʚ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ʇʦʟʥʘʯʠʤʦ ʜʦʚʞʠʥʠ ʣʘʥʦʢ a, 

b, c  ʪʘʢ, ʷʢ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩʫʥʢʫ. ɺʽʜʩʪʘʥʴ ʧʦ ʛʦʨʠʟʦʥʪʘʣʽ ʤʽʞ ʪʦʯʢʘʤʠ ʆ ʽ ʉ 

ʧʦʟʥʘʯʠʤʦ ʯʝʨʝʟ d, ʜʦʚʞʠʥʫ ʧʣʝʯʘ BD ï ʯʝʨʝʟ r, ʢʫʪ ABD ï ʯʝʨʝʟ q. ʑʦʙ ʪʦʯʢʘ 

ɸ ʤʦʛʣʘ ʧʨʦʡʪʠ ʛʦʨʠʟʦʥʪʘʣʴʥʝ ʧʦʣʦʞʝʥʥʷ ʟʣʽʚʘ ʚʽʜ ʪʦʯʢʠ ʆ ʥʝʦʙʭʽʜʥʦ 

ʚʠʢʦʥʘʥʥʷ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ a+d <=b+c . 

  ɼʣʷ ʟʤʽʥʥʠʭ ʢʦʦʨʜʠʥʘʪ ʚʝʢʪʦʨʽʚ (ʣʘʥʦʢ) CBBAAO
CCC

,,  ʚʚʝʜʝʤʦ ʥʘʩʪʫʧʥʽ 

ʧʦʟʥʘʯʝʥʥʷ ( )yx aaAO ,=
C

 ( )yx bbBA ,=
C

, ( )yx ccCB ,=
C

. ʗʢʱʦ ʢʫʪ ʧʦʚʦʨʦʪʫ ʣʘʥʢʠ 

OA ʧʦʟʥʘʯʠʪʠ ʯʝʨʝʟ w, ʪʦ  

wcosaax = , wsinaay = .            (1) 

ɼʦʚʞʠʥʠ ʚʝʢʪʦʨʽʚ CBBA
CC

, ʚʽʜʦʤʽ. ʊʦʤʫ  
222

bbb yx =+ ,    222
ccc yx =+ .          (2) 

ʇʦʟʥʘʯʠʤʦ ( )bbbe yx /,=
C

 ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ ʫʟʜʦʚʞ ɸɺ, ʘ  ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ 

ʡʦʤʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʡ ï ʯʝʨʝʟ ( )bbbn xy /,-=
C

. ʊʦʜʽ 

( ) ( )ww sincos, nerBDBDDB yx

CCC
+-== , 

ʘʙʦ 

( )ww sincos yxx bb
b

r
BD +-= ,           (3) 

( )ww sincos xyy bb
b

r
BD --= .           (4) 

ʂʨʽʤ ʪʦʛʦ, ʤʘʻʤʦ ( )0,dCOCBBAAO ==++
CCCC

. ɺ ʧʦʢʦʦʨʜʠʥʘʪʥʦʤʫ ʟʘʧʠʩʫ ʮʝ 

ʤʘʻ ʚʠʛʣʷʜ 

dcba xxx =++ ,               (5) 

0=++ yyy cba .               (6) 

ʆʪʞʝ, ʚʝʣʠʯʠʥʠ yxyx ccbb ,,,  ʧʦʚôʷʟʘʥʽ ʚ ʥʝʣʽʥʽʡʥʫ ʩʠʩʪʝʤʫ ʘʣʛʝʙʨʘʾʯʥʠʭ 

ʨʽʚʥʷʥʴ (2), (5), (6), ʨʦʟʚôʷʟʘʚʰʠ ʷʢʫ, ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʢʠ 

( )yx DDD ,  ʟʘ ʬʦʨʤʫʣʘʤʠ 

xxxx BDbaD ++= , yyyy BDbaD ++= .        (7) 

ʅʘ ʧʝʨʰʠʡ ʧʦʛʣʷʜ ʟʜʘʻʪʴʩʷ, ʱʦ ʜʣʷ ʤʦʜʝʣʶʚʘʥʥʷ ʮʽʻʾ ʟʘʜʘʯʽ ʧʦʪʨʽʙʥʦ 

ʚʠʢʦʨʠʩʪʘʪʠ ʜʠʥʘʤʽʯʥʠʡ (Time Dependen) Global ODEs and DAEs  ʽʥʪʝʨʬʝʡʩ. 

ɸʣʝ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʥʝʣʽʥʽʡʥʘ ʽ ʜʣʷ ʾʾ ʨʦʟʚôʷʟʘʥʥʷ ʙʫʜʝ ʟʘʩʪʦʩʦʚʫʚʘʪʠʩʷ  
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ʽʪʝʨʘʮʽʡʥʠʡ ʘʣʛʦʨʠʪʤ, ʷʢʦʤʫ ʧʦʪʨʽʙʥʽ çʛʘʨʥʽè ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ. ɿʘʜʘʪʠ ʾʭ 

ʚʦʜʥʦʨʘʟ ʜʣʷ ʚʩʽʭ ʤʦʤʝʥʪʽʚ ʯʘʩʫ ʙʫʜʝ ʚʘʞʢʦ (ʘʙʦ ʥʝʤʦʞʣʠʚʦ). ʊʘ ʚ ʩʠʩʪʝʤʽ 

ʽʩʥʫʻ ʜʦʧʦʤʽʞʥʠʡ ʧʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ (Auxiliary Sweep ).  ʇʨʠ ʡʦʛʦ 

ʟʘʩʪʦʩʫʚʘʥʥʽ ʚʚʘʞʘʻʪʴʩʷ, ʱʦ ʧʘʨʘʤʝʪʨ ʟʘʜʘʯʽ ʟʤʽʥʶʻʪʴʩʷ ʥʝʧʝʨʝʨʚʥʦ, ʘ 

ʨʝʟʫʣʴʪʘʪ, ʦʪʨʠʤʘʥʠʡ ʥʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʢʨʦʮʽ, ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʷʢ ʧʦʯʘʪʢʦʚʝ 

ʟʥʘʯʝʥʥʷ ʜʣʷ ʥʦʚʦʾ ʽʪʝʨʘʮʽʾ. ɺ ʥʘʰʽʡ ʟʘʜʘʯʽ ʚ ʷʢʦʩʪʽ ʧʘʨʘʤʝʪʨʘ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʘʪʠ ʢʫʪ ʧʦʚʦʨʦʪʫ w ʣʘʥʢʠ OA ʽ ʧʽʜʽʙʨʘʪʠ ʚʜʘʣʽ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ 

ʜʣʷ ʩʪʘʨʪʦʚʦʛʦ ʧʦʣʦʞʝʥʥʷ ʤʝʭʘʥʽʟʤʫ. ʇʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ ʜʣʷ ʥʦʚʠʭ ʟʥʘʯʝʥʴ 

yxyx ccbb ,,,  ʙʫʜʫʪʴ ʦʙʠʨʘʪʠʩʷ ʷʢ ʨʦʟʚôʷʟʢʠ ʩʠʩʪʝʤʠ ʥʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʢʨʦʮʽ ʧʨʠ 

ʧʦʧʝʨʝʜʥʴʦʤʫ ʟʥʘʯʝʥʥʽ ʢʫʪʘ w.  

ʇʨʠʢʣʘʜ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 2D - > Mathematics -  

    ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Stationary 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʙʫʜʫʻʪʴʩʷ ʜʚʦʚʠʤʽʨʥʘ ʩʪʘʮʽʦʥʘʨʥʘ ʤʦʜʝʣʴ. 

  ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛ̔ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʧʘʨʘʤʝʪʨʽʚ ʽ ʟʘʧʦʚʥʽʪʴ ʡʦʛʦ ʪʘʙʣʠʮʶ. 

Global Definitions: RMB > Parameters 

   Parameters   ï Name, Expression = w, pi/4  

         ï Name, Expression = a, 2  

         ï Name, Expression = b, 3  

         ï Name, Expression = c, 3  

         ï Name, Expression = d,  3.1  

         ï Name, Expression = r, 1.5  

         ï Name, Expression = theta, pi/2  

 

 
ɺ ʇɺ ʚʫʟʣʘ Global Equations 1 ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = bx,  bx^2+by^2 - b^2  

            ï Initial  value = a/sqrt(2)+b  

   Global Equations   ï Name, f(u, ut, utt, t) = by,  ay+by+cy  

            ï Initial  value = a/sqrt(2)  

   Global Equations   ï Name, f(u, ut, utt, t) = cx ,  ax+bx+cx - d 

            ï Initial  value = -a/sqrt(2)  

   Global Equations   ï Name, f(u, ut, utt, t) = cy ,  cx^2+cy^2 - c^2  

            ï Initial  value = -a/sqrt(2)  
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ʉʪʚʦʨʪ̔ʴ ʪʘʙʣʠʮʶ ʣʦʢʘʣʴʥʠʭ ʟʤʥ̔ʥʠʭ. 

  Home - > Definitions  ï Variables ï> Local Variables 

Component 1 ï Definitions ï Variables 1: 

   Variables  ï Name, Expression = ax, a*cos(w)   

        ï Name, Expression = ay, a*sin(w)  

        ï Name, Expression = ex, bx/b  

        ï Name, Expression = ey, by/b  

        ï Name, Expression = nx, ey  

        ï Name, Expression = ny, - ex 

        ï Name, Expression =  
             bdx, r*( - ex*cos(theta)+nx*sin(theta))  

        ï Name, Expression =  
             bdy, r*( - ey*cos(theta)+ny*sin(theta))  

        ï Name, Expression = pdx, ax+bx+bdx  

        ï Name, Expression = pdy, ay+by+bdy  

 

ɺʚʽʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʟʘʩʪʦʩʫʚʘʥʥʷ Auxiliary Sweep   ʘʥʘʣʽʟʫ. 

Study 1 ï Step 1: Stationary: 

   Study  Extensions  ï Auxiliary  sweep = True  

            ï ʪʘʙʣʠʮʷ: RMB > Add 

            ï Parameter name = w 

          ï Parameter value list = range(pi/4,0.1,2*pi+pi/4)  

 

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 
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ɺ ʛʽʣʮʽ Derived Values ʙʫʜʫʪʴ ʩʪʚʦʨʝʥʽ ʚʫʟʣʠ ʪʠʧʫ Global Evaluation  ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʝʣʠʯʠʥ bx, by, cx , cy .   

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʟʘʣʝʞʥʦʩʪʽ ʮʠʭ ʚʝʣʠʯʠʥ ʚʽʜ ʧʘʨʘʤʝʪʨʘ w. ɼʣʷ ʮʴʦʛʦ 

ʩʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʟ ʚʫʟʣʦʤ Global , ʚ ʷʢʦʤʫ ʥʘʤʘʣʶʡʪʝ ʾʭ 

ʛʨʘʬʽʢʠ. 
  Results - > Plot Group - 1D Plot Group 

1D Plot Group 1 : Legend  ï Position  = Lower left  

  1D Plot Group 1 - > Add Plot -  Global 

1D Plot Group 1 - Global 1: 

   y- Axis Data  ï Expression , Description = bx,bx   (row1) 

         ï Expression , Description  = by,by   (row2) 

         ï Expression , Description  = cx,cx   (row3) 

         ï Expression , Description  = cy,cy     (row4) 

 
  LMB > Plot 

 
ɼʣʷ ʧʦʙʫʜʦʚʠ ʩʭʝʤʘʪʠʯʥʦʛʦ ʟʦʙʨʘʞʝʥʥʷ ʤʝʭʘʥʽʟʤʫ ʟʥʘʜʦʙʠʪʴʩʷ ʜʞʝʨʝʣʦ ʜʘʥʠʭ  

Grid  1D. 

Results - Data Sets: RMB> More Data Sets -> Grid 1D 

Data Sets - Grid 1D 1 : 

   Data  ï Source  = Data set   

      ï Data set   = Study 1/Solution 1    

   Paramemter Bounds  ï Name = u   

              ï Minimum , Maximum  = 0,1    (ʜʚʘ ʧʦʣʷ) 

ʊʝʧʝʨ ʤʦʞʥʘ ʟʦʙʨʘʟʠʪʠ ʝʩʢʽʟ ʤʝʭʘʥʽʟʤʫ ʚ ʦʢʨʝʤʽʡ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ. 
  Results - > Plot Group - 1D Plot Group 

1D Plot Group 2 : 

   Legend  ï Show legends = False  
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ʋ ʚʫʟʣʘʭ ʣʽʥʽʡʥʠʭ ʛʨʘʬʽʢʽʚ ʮʽʻʾ ʛʨʫʧʠ ʧʦʙʫʜʫʡʪʝ ʟʦʙʨʘʞʝʥʥʷ ʣʘʥʦʢ ʤʝʭʘʥʽʟʤʫ 

ʧʦ ʾʭ ʧʘʨʘʤʝʪʨʠʯʥʠʤ ʨʽʚʥʷʥʥʷʤ, ʜʝ ʚ ʷʢʦʩʪʽ ʧʘʨʘʤʝʪʨʘ ʚʠʢʦʨʠʩʪʘʡʪʝ 

ʧʦʟʜʦʚʞʥʶ ʟʤʽʥʥʫ u ʜʞʝʨʝʣʘ ʜʘʥʠʭ Grid  1D 1.  

  1D Plot Group 2 - > Add Plot ï Line Graph 

1D Plot Group 2 - Line Graph 1: 

       Label   = Line Graph OA  

   Data ï Data set   = Grid 1D 1    

   ɿʦʙʨʘʞʘʪʠ ʤʝʭʘʥʽʟʤ ʙʫʜʝʤʦ ʥʘʧʨʠʢʽʥʮʽ ʧʝʨʽʦʜʫ ʡʦʛʦ ʨʫʭʫ. 

   Data ï Parameter selection(w)   = Last  

   y- Axis Data ï Expression = ay*u  

   x- Axis Data ï Parameter ,  Expression = Expression , ax*u   

Coloring and Style ï Color, Width  = Red, 4 

1D Plot Group 2 - Line Graph OA : RMB > Duplicate 

       Label   = Line Graph AB 

   y- Axis Data ï Expression = ay+by*u  

   x- Axis Data ï Parameter ,  Expression = Expression ,  ax+bx*u  

1D Plot Group 2 - Line Graph AB : RMB > Duplicate 

       Label   = Line Graph BC 

   y- Axis Data ï Expression = ay+by+cy*u  

   x- Axis Data ï Parameter ,  Expression = Expression ,  ax+bx+cx*u  

1D Plot Group 2 - Line Graph AB : RMB > Duplicate 

       Label   = Line Graph BD 

   y- Axis Data ï Expression = ay+by+bdy*u  

   x- Axis Data ï Parameter ,  Expression = Expression ,  ax+bx+bdx*u  

ɼʦʜʘʡʪʝ ʟʦʙʨʘʞʝʥʥʷ ʢʽʥʮʝʚʦʾ ʪʦʯʢʠ D. ɰʾ ʥʘʤʘʣʶʡʪʝ ʪʝʞ ʟʘ ʜʦʧʦʤʦʛʦʶ ʚʫʟʣʘ 

ʪʠʧʫ Line Graph . 

1D Plot Group 2 - Line Graph AB : RMB > Duplicate 

       Label   = Line Graph PD 

   y- Axis Data ï Expression = ay+by+bdy  

   x- Axis Data ï Parameter ,  Expression = Expression ,  ax+bx+bdx  

   Coloring and Style ï Color, Width  = Black , 6 

ɿʦʙʨʘʞʝʥʥʷ ʪʨʘʻʢʪʦʨʽʾ ʨʫʭʫ ʢʽʥʮʝʚʦʾ ʪʦʯʢʠ D ʤʝʭʘʥʽʟʤʫ ʧʦʙʫʜʫʡʪʝ ʚ ʮʽʡ ʞʝ 

ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʫʟʦʣ ʪʠʧʫ Global . 

  1D Plot Group 2 - > Add Plot ï Global 

ɺ ʨʦʟʜʽʣʽ y- Axis Data  ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Global 1 ʦʯʠʩʪʽʪʴ ʨʷʜʢʠ ʪʘʙʣʠʮʽ 

ʚʠʨʘʟʽʚ ʟʘ ʜʦʧʦʤʦʛʦʶ ʢʥʦʧʢʠ Delete, ɦ ʦ ʨʦʟʪʘʰʦʚʘʥʘ ʚʥʠʟʫ ʪʘʙʣʠʮʽ. 

 
ʇʦʪʽʤ ʚʚʝʜʽʪʴ ʚʠʨʘʟʠ. 

1D Plot Group 2 - Global 1: 

   y- Axis Data ï Expression = pdy 

   x- Axis Data ï Parameter, Expression = Expression , pdx  
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ɿʘʜʘʡʪʝ ʤʝʞʽ ʟʤʽʥʠ ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ ʮʽʻʾ ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ. 

1D Plot Group 2: 

   Axis  ï Manual axis limits = True  

      ï x minimum, x maximum  = - 2. 2, 6.2   

      ï y minimum , y maximum  = - 3, 5 

  LMB > Plot   

 
ʇʦʙʫʜʫʡʪʝ ʚʫʟʦʣ ʘʥʽʤʘʮʽʾ. 
   Results  ï> Animation ï> Player 

Export ï Animation 1: 

   Scene ï Subject  = 1D Plot Group 2  

   Framesï Frame selection  = All  

Playing  ï Repeat  = True  

  LMB > Generate Frame. 

ɿʘʧʫʩʪʽʪʴ ʘʥʽʤʘʮʽʶ ʢʥʦʧʢʦʶ Play. ʅʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʨʠʩʫʥʢʫ ʟʦʙʨʘʞʝʥʦ ʢʘʜʨ 

ʘʥʽʤʘʮʽʾ ʥʘʧʨʠʢʽʥʮʽ ʧʝʨʽʦʜʫ ʨʫʭʫ ʜʣʷ ʤʝʭʘʥʽʟʤʫ ʏʝʙʠʰʝʚʘ ʟ 2/pJ= . ʅʘ 

ʥʘʩʪʫʧʥʠʭ ʨʠʩʫʥʢʘʭ ʟʦʙʨʘʞʝʥʦ ʢʘʜʨʠ ʚ ʪʦʡ ʞʝ ʢʽʥʮʝʚʠʡ ʤʦʤʝʥʪ ʯʘʩʫ ʜʣʷ 

ʤʝʭʘʥʽʟʤʽʚ ʟ 
4

5
,,

4

3 p
p

p
q= . 

4/3pJ=  pJ=  4/5pJ=  

   
ʗʢ ʙʘʯʠʤʦ, ʢʨʠʚʽ ʟʥʘʯʥʦ ʚʽʜʨʽʟʥʷʶʪʴʩʷ. ɿʤʽʥʶʶʯʠ ʟʥʘʯʝʥʥʷ ʢʫʪʘ q, ʜʦʚʞʠʥʠ 

ʧʣʝʯʝʡ a, b, c, ̔  ʚʽʜʩʪʘʥ ɹd ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʙʝʟʣʽʯ ʨʽʟʥʠʭ ʢʨʠʚʠʭ. 

ɿʘʫʚʘʞʝʥʥʷ. ʋ ʨʦʟʛʣʷʥʫʪʦʾ ʩʠʩʪʝʤʠ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʽʩʥʫʻ ʷʚʥʠʡ 

ʬʦʨʤʫʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ (ʜʦʩʪʘʪʥʴʦ ʩʢʣʘʜʥʠʡ). ɸʣʝ ʥʘʰʦʶ ʤʝʪʦʶ ʙʫʣʦ 

ʧʨʦʜʝʤʦʥʩʪʨʫʚʘʪʠ ʤʦʞʣʠʚʦʩʪʽ   Auxiliary Sweep   ʧʘʨʘʤʝʪʨʠʯʥʦʛʦ ʘʥʘʣʽʟʫ 

ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʥʝʣʽʥʽʡʥʠʭ ʟʘʜʘʯ. 

ɺʧʨʘʚʘ. ɼʦʩʣʽʜʠʪʠ ʪʨʠʣʘʥʢʦʚʠʡ ʤʝʭʘʥʽʟʤ ʟ ʧʣʝʯʝʤ DE, ʷʢʝ ʞʦʨʩʪʢʦ ʟʘʢʨʽʧʣʝʥʦ 

ʚʩʝʨʝʜʠʥʽ ʣʘʥʢʠ AB ʧʽʜ ʢʫʪʦʤ q. 
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4.4.2.  ʈʫʭ ʤʘʷʪʥʠʢʘ. 

ɼʦʩʣʽʜʠʤʦ ʧʦʚʝʜʽʥʢʫ ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʤʘʷʪʥʠʢʘ. 

    
ʅʝʭʘʡ ʤʘʩʘ ʚʘʥʪʘʞʫ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ, ʘ ʩʪʨʠʞʝʥʴ, ʥʘ ʷʢʦʤʫ ʧʽʜʚʽʰʝʥʘ ʤʘʩʘ, 

ʥʝʚʘʛʦʤʠʡ. ʊʦʜʽ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʨʫʭʫ ʚʘʥʪʘʞʫ ʤʘʻ ʚʠʛʣʷʜ 

0sin2 =+¡+¡¡ jwjj k , 

ʜʝ ()tj  ʢʫʪ ʚʽʜʭʠʣʝʥʥʷ ʤʘʷʪʥʠʢʘ ʚʽʜ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ, ʧʘʨʘʤʝʪʨ k 

ʭʘʨʘʢʪʝʨʠʟʫʻ ʦʧʽʨ ʩʝʨʝʜʦʚʠʱʘ, lg /2=w  (g ʧʨʠʩʢʦʨʝʥʥʷ ʚʽʣʴʥʦʛʦ ʧʘʜʽʥʥʷ, l - 

ʜʦʚʞʠʥʘ ʩʪʨʠʞʥʷ). ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʢʦʥʢʨʝʪʥʦʛʦ ʨʫʭʫ ʜʦ ʨʽʚʥʷʥʥʷ ʪʨʝʙʘ ʜʦʜʘʪʠ 

ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ, () 00 jj = , () 00 v=¡j . 

  ɼʣʷ ʤʦʜʝʣʴʥʦʾ ʟʘʜʘʯʽ ʧʦʢʣʘʜʝʤʦ k=0.5, 10=w , ʽ ʚʠʢʦʨʠʩʪʘʻʤʦ ʥʘʩʪʫʧʥʽ 

ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ 5,0 00 == vj . 

ʈʦʟʚôʷʟʘʥʥʷ 1. ʉʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ ʥʫʣʴʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters, ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ  k, w, v0. 

 Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = k,  0. 5  

         ï Name, Expression    = w,  sqrt(10  )  

         ï Name, Expression    = v0,  5  

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ.  

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u, ut, utt,  t) =p,  ptt+k*pt+w^2*sin(p)  

            ï Initial  value(u_0), Initial value(u_t0) = 0,  v0 

 
ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = r ange(0,0. 05,20)  

           ï Relative tolerance = True, 0.000 001 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 
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ɺ ʛʽʣʮʽ Results ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʚʫʟʦʣ 1 D Plot Group 1 - Global 1 ʟ ʛʨʘʬʽʢʦʤ 

ʨʦʟʚôʷʟʢʫ.  

1 D Plot Group 1 - Global 1: 

   Coloring and Style ïWidth  = 3 

   Legends  ï Description = False  

 
ʗʢ ʙʘʯʠʤʦ ʟ ʛʨʘʬʽʢʘ, ʤʘʢʩʠʤʘʣʴʥʠʡ ʢʫʪ ʚʽʜʭʠʣʝʥʥʷ ʤʘʷʪʥʠʢʘ ʥʝ ʧʝʨʝʚʠʱʫʻ 

2/p  ʽ ʢʦʣʠʚʘʥʥʷ ʤʘʷʪʥʠʢʘ ʟʘʛʘʩʘʶʪʴ. 

  ʇʦʙʫʜʫʡʪʝ ʬʘʟʦʚʫ ʪʨʘʻʢʪʦʨʽʶ 
  Results  - > Plot Group -  1D Plot Group 

  1D Plo t Group 2 - > Add Plot -  Global 

1D Plot Group 2 - Global 1: 

   y- Axis Data (ʪʘʙʣʠʮʷ) ï Expression   = comp1.pt  

              ï Description  =  ʚʠʜʘʣʠʪʠ ʚʩʝ 

   x- Axis Data ï  Parameter, Expression = Expression , comp1.p  

   Coloring and Style ï Width  =3 

  LMB > Plot 

 
ɺʠʢʦʥʘʻʤʦ ʜʦʩʣʽʜʞʝʥʥʷ ʨʫʭʫ ʤʘʷʪʥʠʢʘ ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʧʦʯʘʪʢʦʚʦʾ ʢʫʪʦʚʦʾ 

ʰʚʠʜʢʦʩʪʽ 0v . ɼʣʷ ʮʴʦʛʦ ʟʘʩʪʦʩʫʻʤʦ ʜʦʧʦʤʽʞʥʠʡ ʘʥʘʣʽʟ (Auxiliary  Sweep) ʧʦ 

ʮʴʦʤʫ ʧʘʨʘʤʝʪʨʫ. ʅʘʧʨʠʢʣʘʜ, ʨʦʟʚôʷʞʝʤʦ ʟʘʜʘʯʫ ʧʨʠ v0=5, 7, 9, 11. 

Study 1 ï Step 1: Time Dependent: 

   Study  Extensions  ï Auxiliary  sweep = True  

   Study  Extensions ( ʪʘʙʣʠʮʷ)   ï Parameter name = v0 

                 ï  Parameter value list = 5,7,9,11  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ʆʙʠʜʚʘ ʛʨʘʬʽʢʘ ʟʤʽʥʷʪʴʩʷ.  

1 D Plot Group 1 : LMB > Plot 
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ʗʢ ʙʘʯʠʤʦ, ʧʨʠ ʧʦʯʘʪʢʦʚʽʡ ʰʚʠʜʢʦʩʪ ̔ v0=5 ʽ 7 ʢʦʣʠʚʘʥʥʷ ʟʘʛʘʩʘʶʪʴ ʚ ʦʢʦʣʽ 

ʢʫʪʘ  0=j . ʊʦʙʪʦ ʮʠʭ ʧʦʯʘʪʢʦʚʠʭ ʰʚʠʜʢʦʩʪʝʡ ʥʝʜʦʩʪʘʪʥʴʦ, ʱʦʙ ʤʘʷʪʥʠʢ 

ʧʨʦʡʰʦʚ ʚʝʨʭʥʶ ʪʦʯʢʫ ʽ ʟʨʦʙʠʚ ʭʦʯʘ ʙ ʦʜʠʥ ʧʦʚʥʠʡ ʦʙʝʨʪ. ʇʨʠ ʧʦʯʘʪʢʦʚʽʡ 

ʰʚʠʜʢʦʩʪʽ v0=9 ʤʘʷʪʥʠʢ ʨʦʙʠʪʴ ʦʜʠʥ ʧʦʚʥʠʡ ʦʙʝʨʪ, ʘ ʧʦʪʽʤ ʡʦʛʦ ʢʦʣʠʚʘʥʥʷ 

ʟʘʛʘʩʘʶʪʴ ʚ ʦʢʦʣʽ ʢʫʪʘ  pj 2=  (ʜʣʷ ʤʘʷʪʥʠʢʘ ʢʫʪ ʧʦʚʦʨʦʪʫ p2  ʧʨʝʜʩʪʘʚʣʷʻ ʪʝ 

ʞ ʩʘʤʝ,  ʱʦ ʽ 0 ʨʘʜʽʘʥ, ʪʦʙʪʦ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ). ʇʨʠ v0=11 ʤʘʷʪʥʠʢ ʚʠʢʦʥʘʚ 

ʜʚʘ ʧʦʚʥʠʭ ʦʙʝʨʪʠ ʽ ʪʽʣʴʢʠ ʧʽʩʣʷ ʮʴʦʛʦ ʡʦʛʦ ʢʦʣʠʚʘʥʥʷ ʧʦʯʘʣʠ ʟʘʪʫʭʘʪʠ ʥʘʚʢʦʣʦ 

ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ pj 4= . 

  ʊʫ ʞ ʧʦʚʝʜʽʥʢʫ, ʘʣʝ ʧʦ-ʽʥʰʦʤʫ, ʜʝʤʦʥʩʪʨʫʶʪʴ ʬʘʟʦʚʽ ʢʨʠʚʽ. 

1D Plot Group 2 : LMB > Plot 

 
ʇʦʙʫʜʫʻʤʦ ʘʥʽʤʘʮʽʶ ʨʫʭʫ ʤʘʷʪʥʠʢʘ. ɼʣʷ ʮʴʦʛʦ ʧʦʪʨʽʙʥʦ ʟʦʙʨʘʟʠʪʠ ʩʪʨʠʞʝʥʴ ʽ 

ʤʘʩʫ (ʪʦʯʢʫ) ʥʘ ʡʦʛʦ ʢʽʥʮʽ ʚ ʜʝʷʢʠʡ ʤʦʤʝʥʪ ʯʘʩʫ, ʘ ʧʦʪʽʤ ʚʠʢʦʥʘʪʠ ʘʥʽʤʘʮʽʶ, 

ʟʤʽʥʶʶʯʠ ʯʘʩ. ɼʣʷ ʧʦʙʫʜʦʚʠ ʪʘʢʦʛʦ ʨʠʩʫʥʢʘ ʥʘʤ ʟʥʘʜʦʙʠʪʴʩʷ ʜʚʦʚʠʤʽʨʥʘ 

ʛʝʦʤʝʪʨʽʷ. ʊʦʤʫ ʜʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ ʜʚʦʚʠʤʽʨʥʠʡ ʢʦʤʧʦʥʝʥʪ ʟ ʛʝʦʤʝʪʨʽʻʶ ʫ ʬʦʨʤʽ 

ʢʚʘʜʨʘʪʘ. ɺ ʮʴʦʤʫ ʢʦʤʧʦʥʝʥʪʽ ʤʠ ʥʝ ʙʫʜʝʤʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʥʽʷʢʦʾ ʟʘʜʘʯʽ, ʘʣʝ ʡʦʛʦ 

ʨʦʟʨʘʭʫʥʢʦʚʘ ʦʙʣʘʩʪʴ ʟʥʘʜʦʙʠʪʴʩʷ ʜʣʷ ʧʦʙʫʜʦʚʠ ʟʦʙʨʘʞʝʥʥʷ ʤʘʷʪʥʠʢʘ. 
  Home - > Model  - > Add Component - 2D 

ɸʢʪʠʚʫʡʪʝ ʛʽʣʢʫ ʥʦʚʦʛʦ ʢʦʤʧʦʥʝʥʪʘ ʽ ʧʦʙʫʜʫʡʪʝ ʚ ʥʴʦʤʫ ʢʚʘʜʨʘʪ. 

Component 2 - Geometry 1 :> Geometry - >Primitives  ï Square 

Component 2 - Geometry 1 - Square 1 (sq1): 

   Size ï Size length = 2.5  

   Position ï Base, x, y = Center ,0,0  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 
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ʆʥʦʚʣʝʥʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Study 1/Solution 1 ʤʽʩʪʠʪʴ ʨʦʟʚôʷʟʦʢ ʟʘʜʘʯʽ ʟ ʧʝʨʰʦʛʦ 

ʢʦʤʧʦʥʝʥʪʘ, ʘ ʨʦʟʨʘʭʫʥʢʦʚʫ ʦʙʣʘʩʪʴ ï ʟ ʜʨʫʛʦʛʦ. ʎʝ ʤʦʞʥʘ ʧʦʙʘʯʠʪʠ ʟ 

ʥʘʣʘʰʪʫʚʘʥʴ ʧʦʣʷ Component  ʚʫʟʣʘ Study 1/Solution 1. 

 

 
ʉʪʚʦʨʽʪʴ ʜʞʝʨʝʣʦ ʜʘʥʠʭ çʧʘʨʘʤʝʪʨʠʯʥʘ ʢʨʠʚʘè. ɺʦʥʦ ʟʥʘʜʦʙʠʪʴʩʷ ʧʨʠ ʧʦʙʫʜʦʚʽ 

ʟʦʙʨʘʞʝʥʥʷ ʩʪʨʠʞʥʷ ʤʘʷʪʥʠʢʘ. 

Results ï Data Sets: RMB > More Data Sets - Parameterized Curve 2D 

Data Sets ï Parameterized Curve 2D 1: 

   Data ï Data set = Study 1/Solution 1  

   Parameter ï Name = s 

         ï Minimum = 0 

         ï Maximum = 1 

   Expressions ï x: = s*sin(comp1.p)  

          ï y: = - s*cos(comp1.p)  

  LMB > Plot 

ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʟ ʚʫʟʣʘʤʠ ʪʠʧʫ Line  (ʜʣʷ 

ʟʦʙʨʘʞʝʥʥʷ ʩʪʨʠʞʥʷ)  ̔   Point Trajectories  (ʜʣʷ ʟʦʙʨʘʞʝʥʥʷ ʤʘʩʠ). 

  Results  - > Plot Group -  2D Plot Group 

2D Plot Group 3: 

   Data  ï Data set = Study 1/Solution 1  

  RMB > Line 
2D Plot Group 3 - Line 1:  

   Data  ï Data set = Parameterized Curve 2D 1  

   Expression ï Expression = 1 

   Coloring and style   ï Line type  = Tube 

             ï Tube radius expression  = 0.0 15 

             ï Coloring , Color  = Uniform ,  Red 

ɼʣʷ ʟʦʙʨʘʞʝʥʥʷ ʤʘʩʠ ʫ ʚʠʛʣʷʜʽ ʪʦʯʢʠ ʟʨʫʯʥʦ ʚʠʢʦʨʠʩʪʘʪʠ ʚʫʟʦʣ ʪʠʧʫ Point 

Trajectories.  

  2D Plot Group  3 - > More Plots  - > Point Trajectories 

2D Plot Group 3 - Point Trajectories 1: 

   Dataï Data set  = From Parent  

   Trajectory  Dataï Plot  data = Coordinates  

ɿʥʘʯʝʥʥʷ ʦʧʮʽʾ Coordinates  ʟʘʟʚʠʯʘʡ ʦʟʥʘʯʘʻ, ʱʦ ʪʨʘʻʢʪʦʨʽʷ ʪʦʯʢʠ ʙʫʜʝ 

ʟʘʜʘʚʘʪʠʩʷ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ʚ ʧʦʣʷʭ ʚʠʨʘʟʽʚ. ɸʣʝ ʫ ʥʘʩ 

ʟʦʙʨʘʞʘʪʠʩʷ ʙʫʜʝ ʣʠʰʝ ʪʦʯʢʘ. 

   Trajectory  Data  ï x-expression  = sin ( comp1. p)  

            ï y-expression  = - cos(comp1.p)  
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ʆʩʪʘʥʥʽ ʜʚʽ ʬʦʨʤʫʣʠ ʚʨʘʭʦʚʫʶʪʴ ʬʘʢʪ, ʱʦ ʢʦʦʨʜʠʥʘʪʥʘ ʚʽʩʴ Y 

ʩʧʨʷʤʦʚʘʥʘ ʥʘ ʨʠʩʫʥʢʫ ʚʝʨʪʠʢʘʣʴʥʦ ʚʛʦʨʫ, ʘ ʢʫʪ j ʚʽʜʨʘʭʦʚʫʻʪʴʩʷ 

ʩʫʧʨʦʪʠʚ ʛʦʜʠʥʥʠʢʦʚʦʾ ʩʪʨʽʣʢʠ ʚʽʜ ʚʝʨʪʠʢʘʣʴʥʦʛʦ ʥʘʧʨʷʤʢʫ ʫʥʠʟ. 

   ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʚʫʟʣʘ ʪʘʢ, ʱʦʙ ʚ ʥʴʦʤʫ ʚʽʜʦʙʨʘʞʘʣʘʩʷ ʣʠʰʝ ʪʦʯʢʘ. 

   Coloring  and Style   ïLine  style  ïType =None 

             ï Point style ïType = Point  

             ï Point style ïPoint radius expression = 0. 1 

             ï Point style ï Radius scale factor  = True,1  

             ï Point  style  ï Color  = Red 

  LMB > Plot   

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʮʝ ʟʦʙʨʘʞʝʥʥʷ ʦʪʨʠʤʘʥʦ ʜʣʷ ʦʩʪʘʥʥʴʦʛʦ ʤʦʤʝʥʪʫ ʯʘʩʫ 

Time =20  ʧʨʠ ʧʦʯʘʪʢʦʚʽʡ ʢʫʪʦʚʽʡ ʰʚʠʜʢʦʩʪʽ v0=11.  

 

 
ʇʦʙʫʜʫʡʪʝ ʘʥʽʤʘʮʽʶ ʥʘ ʙʘʟʽ ʩʪʚʦʨʝʥʦʾ ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ. 
  Results  ï> Animation ï> Player 

Animation 1: 

   Scene  ï Subject  = 2D Plot Group 3 

   Animation Editing  ï Loop over  = Time 

   ɸʥʽʤʘʮʽʷ ʙʫʜʫʚʘʪʠʤʝʪʴʩʷ ʜʣʷ ʚʠʧʘʜʢʫ v0=9 

            ï Parameter value (v0)  = 9 

            ï Time selection  = Manual  

            ï Times (1-401) = range (1,1,40) range (41,2,200)  

ɼʣʷ ʢʘʜʨʽʚ ʘʥʽʤʘʮʽʾ ʚʠʢʦʨʠʩʪʘʻʤʦ ʧʝʨʰ̔ 40 ʤʦʤʝʥʪʽʚ ʯʘʩʫ, ʘ ʧʦʜʘʣʴʰʽ 

ʤʦʤʝʥʪʠ ʙʨʘʪʠʤʝʤʦ ʯʝʨʝʟ ʦʜʠʥ. 

   Frames  ï Frame selection  = All  

  LMB > Generate Frame   
Graphics (ʛʨʘʬ̔ʯʥʝ ʚʽʢʥʦ) : LMB > Play 

ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʽ ʟʦʙʨʘʞʝʥʥʷ ʤʘʷʪʥʠʢʘ, ʦʪʨʠʤʘʥʽ ʧʨʠ 

ʧʦʯʘʪʢʦʚʽʡ ʢʫʪʦʚʽʡ ʰʚʠʜʢʦʩʪʽ v0=9 ʚ ʤʦʤʝʥʪʠ ʯʘʩʫ t =0.05,0.15,0.3,  

0.55,0.75 .  
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0.05  0.15  0.3  0.55  0.75  

ɿʘʫʚʘʞʝʥʥʷ. ʄʦʞʥʘ ʙʫʣʦ ʙ ʥʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʨʫʛʠʡ ʢʦʤʧʦʥʝʥʪ. ɸʣʝ ʪʦʜʽ ʟ 

ʩʘʤʦʛʦ ʧʦʯʘʪʢʫ ʧʝʨʰʠʡ ʢʦʤʧʦʥʝʥʪ ʪʨʝʙʘ ʙʫʣʦ ʙ ʩʪʚʦʨʠʪʠ ʥʝ ʥʫʣʴʚʠʤʽʨʥʠʤ, ʘ 

ʜʚʦʚʠʤʽʨʥʠʤ. 

 

4.4.3.  ʇʨʫʞʠʥʘ ʟ ʚʽʜʨʠʚʥʠʤ ʚʘʥʪʘʞʝʤ. 

ʅʘ ʢʽʥʮʽ ʥʝʚʘʛʦʤʦʾ ʧʨʫʞʠʥʠ ʞʦʨʩʪʢʦʩʪʽ  c  ʚʠʩʠʪʴ ʚʘʥʪʘʞ ʤʘʩʦʶ M. ɺ ʤʦʤʝʥʪ 

)0( 11 >tt  ʜʦ ʚʘʥʪʘʞʫ M ʨʘʧʪʦʚʦ ʧʽʜʚʽʰʫʻʪʴʩʷ ʚʘʥʪʘʞ ʤʘʩʦʶ m, ʪʘʢ ʱʦ ʩʠʩʪʝʤʘ 

ʧʦʯʠʥʘʻ ʢʦʣʠʚʘʪʠʩʷ. ɺ ʤʦʤʝʥʪ )( 122 ttt >  ʚʘʥʪʘʞ m ʟʨʠʚʘʻʪʴʩʷ ʽ ʧʨʫʞʠʥʘ ʟ 

ʤʘʩʦʶ M ʥʘ ʢʽʥʮʽ ʧʨʦʜʦʚʞʫʻ ʚʠʢʦʥʫʚʘʪʠ ʚʽʣʴʥʽ ʢʦʣʠʚʘʥʥʷ. 

    
ʗʢʱʦ ʚʽʜʨʘʭʦʚʫʚʘʪʠ ʟʤʽʱʝʥʥʷ ()tx  ʤʘʩʠ M ʚʽʜ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ ʚʘʥʪʘʞʫ, 

ʪʦ ʚʦʥʦ ʟʘʜʦʚʦʣʴʥʷʪʠʤʝ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʤʫ ʨʽʚʥʷʥʥʶ 
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ʜʝ ()tf  ʢʫʩʢʦʚʦ ʟʘʜʘʥʘ ʬʫʥʢʮʽʷ. ɼʣʷ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ 0)0( xx = , 0)0( vxt =¡  

ʨʦʟʚôʷʟʦʢ ʟʘʜʘʯʽ ʤʘʻ ʚʠʛʣʷʜ 
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ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʟʙʫʨʶʚʘʣʴʥʠʡ ʯʣʝʥ ()tf  ʻ ʬʫʥʢʮʽʻʶ ʩʭʦʜʠʥʢʦʶ, ʷʢʘ 

ʜʦʨʽʚʥʶʻ 0 ʧʨʠ 1tt¢ , ʜʦʨʽʚʥʶʻ mg ʧʨʠ 21 ttt ¢< , ʽ ʜʦʨʽʚʥʶʻ 0 ʜʣʷ 2tt> . ʊʦʜʽ 

ʧʽʩʣʷ ʽʥʪʝʛʨʫʚʘʥʥʷ ʦʩʪʘʥʥʽʡ ʚʠʨʘʟ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 
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ʷʢʠʡ ʤʦʞʥʘ ʙʫʜʝ ʧʦʨʽʚʥʷʪʠ ʟ ʨʦʟʚôʷʟʢʦʤ ʟʘʜʘʯʽ (1), ʦʪʨʠʤʘʥʠʤ ʚ COMSOL. 
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  ʅʘʡʧʨʦʩʪʽʰʠʡ ʩʧʦʩʽʙ ʨʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʧʦʣʷʛʘʻ ʚ ʩʪʚʦʨʝʥʥʽ ʢʫʩʢʦʚʦʾ 

ʬʫʥʢʮʽʾ ()tf , ʽ ʨʦʟʚôʷʟʘʥʥʽ ɿɼʈ (1) ʟʘ ʜʦʧʦʤʦʛʦʶ Global ODEs and DAEs  

ʽʥʪʝʨʬʝʡʩʫ. ɸʣʝ ʤʠ ʟʙʠʨʘʻʤʦʩʷ ʧʨʦʜʝʤʦʥʩʪʨʫʚʘʪʠ çʽʥʩʪʨʫʤʝʥʪʠè ʨʦʟʚôʷʟʘʥʥʷ 

ʟʘʜʘʯʽ ʧʦ ʢʨʦʢʘʤ. ʅʘ ʧʝʨʰʦʤʫ ʢʨʦʮʽ 10 tt¢¢  ʙʫʜʝ ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʨʽʚʥʷʥʥʷ (1) ʟ 

ʥʫʣʴʦʚʦʶ ʧʨʘʚʦʶ ʯʘʩʪʠʥʦʶ ʽ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ 0)0( xx = , 0)0( vxt =¡ . ʅʘ 

ʜʨʫʛʦʤʫ, ʧʨʠ 21 ttt ¢< , ʨʦʟʚôʷʟʫʚʘʪʠʤʝʪʴʩʷ ʨʽʚʥʷʥʥʷ (1) ʟ () gmtf =  ʽ 

ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ, ʦʪʨʠʤʘʥʠʤʠ ʟ ʢʽʥʮʝʚʠʭ ʟʥʘʯʝʥʴ (ʚ ʤʦʤʝʥʪ ʯʘʩʫ 1t ) 

ʨʦʟʚôʷʟʢʫ ʧʝʨʰʦʾ ʟʘʜʘʯʽ. ʅʘ ʪʨʝʪʴʦʤʫ ʢʨʦʮʽ ʨʦʟʚôʷʟʫʚʘʪʠʤʝʪʴʩʷ ʨʽʚʥʷʥʥʷ (1) ʟ 

ʥʫʣʴʦʚʦʶ ʧʨʘʚʦʶ ʯʘʩʪʠʥʦʶ ʽ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ, ʷʢʽ ʩʧʽʚʧʘʜʘʪʠʤʫʪʴ ʟ 

ʢʽʥʮʝʚʠʤʠ ʟʥʘʯʝʥʥʷʤʠ (ʚ ʤʦʤʝʥʪ   ʯʘʩʫ  2t )  ʨʦʟʚôʷʟʢʫ ʜʨʫʛʦʾ ʟʘʜʘʯʽ. 

ʈʦʟʚôʷʟʘʥʥʷ 1. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ Global ODEs and DAEs  

ʽʥʪʝʨʬʝʡʩʦʤ ʪʘ çʧʦʨʦʞʥʽʤè ʜʦʩʣʽʜʞʝʥʥʷʤ (Empty Study ). 

  File - > New - > Model Wizard - > 0D - > Mathematics -  

     ODE and DAE Interfaces - Global ODEs and DAEs (ge) - >  

     Custom Studies - Empty Study 
ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛ̔ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters. 

Global Definitions: RMB > Parameters 

   Parameters   ï Name, Expression = m, 1  

         ï Name, Expression = M, 1  

         ï Name, Expression = k, 3  

         ï Name, Expression = g, 10  

         ï Name, Expression = x0,1  

         ï Name, Expression = v0,1  

         ï Name, Expression = t1,1  

         ï Name, Expression = t2,4  

ɼʦʜʘʡʪʝ ʚ ʢʦʤʧʦʥʝʥʪ Component 1 ʱʝ ʜʚʽ çʬʽʟʠʢʠè - ʜʚʘ Global ODEs and 

DAEs ʚʫʟʣʠ.  

Component 1: RMB > Add Physics = Add Physics  - > Mathematics ï 

        ODE and DAE Interfaces - Global ODEs and DAEs (ge)  

Component 1: RMB > Add Physics = Add Physics  - > Mathematics ï 

        ODE and DAE Interfaces - Global ODEs and DAEs (ge) - >ʍ 
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ʄʘʶʯʠ ʪʨʠ çʬʽʟʠʢʠè, ʚ ʛʽʣʮʽ Study 1 ʜʣʷ ʢʦʞʥʦʾ ʟ ʥʠʭ ʤʠ ʟʤʦʞʝʤʦ ʩʪʚʦʨʠʪʠ 

ʚʣʘʩʥʠʡ ʚʫʟʦʣ/ʢʨʦʢ ʦʙʯʠʩʣʶʚʘʥʴ. ɸʣʝ ʩʧʦʯʘʪʢʫ ʫ ʚʫʟʣʘʭ Global ODEs and 

DAEs ʟʘʜʘʡʪʝ ʚʣʘʩʥʽ ʨʽʚʥʷʥʥʷ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u,ut,utt,t)   = X1, X1tt+k^2*X1  

            ï Initial  value(u_0), Initial value(u_t0) =x0, v0 

Global ODEs and DAEs 2(ge2) - Global Equations 1: 

   Global Equations  ï Name, f(u,ut,utt,t)   = X2, X2tt+k^2*X2 - m*g/M 

            ï Initial  value(u_0), Initial value(u_t0) =X1, X1t  

ʆʩʪʘʥʥʽʤ ʤʠ ʩʢʘʟʘʣʠ, ʱʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʜʣʷ ʚʝʣʠʯʠʥʠ X2 ʙʫʜʫʪʴ 

ʙʨʘʪʠʩʷ ʟ ʨʦʟʚôʷʟʢʫ X1 (ʘʣʝ ʱʦʙ ʪʘʢ ʙʫʣʦ ʮʴʦʛʦ ʟʘʤʘʣʦ). 

Global ODEs and DAEs 3(ge3) - Global Equations 1: 

   Global Equations  ï Name, f(u,ut,utt,t)   = X3, X3tt+k^2*X3  

            ï Initial  value(u_0), Initial value(u_t0) =X2, X2t  

ʇʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʜʣʷ ʚʝʣʠʯʠʥʠ X3 ʙʫʜʫʪʴ ʙʨʘʪʠʩʷ ʟ ʨʦʟʚôʷʟʢʫ X2.  

ʉʪʚʦʨʽʪʴ ʚ ʛʽʣʮʽ Study 1 ʪʨʠ ʚʫʟʣʠ ʢʨʦʢʽʚ ʜʦʩʣʽʜʞʝʥʴ. 

Study 1: RMB > Study Steps - Time Dependent - Time Dependent 

Study 1: RMB > Study Steps - Time Dependent - Time Dependent 

Study 1: RMB > Study Steps - Time Dependent - Time Dependent 

 
ɺ ʢʦʞʥʦʤʫ ʟ ʚʫʟʣʽʚ-ʢʨʦʢʽʚ ʧʦʪʨʽʙʥʦ ʟʘʜʘʪʠ ʜʽʘʧʘʟʦʥ ʯʘʩʫ, ʥʘ ʷʢʦʤʫ ʚʽʥ ʜʽʷʪʠʤʝ, 

ʪʘ ʚʢʘʟʘʪʠ ʬʽʟʠʢʫ, ʷʢʫ ʚʽʥ ʦʙʯʠʩʣʶʚʘʪʠʤʝ. ɼʣʷ ʜʨʫʛʦʛʦ ʽ ʪʨʝʪʴʦʛʦ ʢʨʦʢʽʚ 

ʧʦʪʨʽʙʥʦ ʪʘʢʦʞ ʚʢʘʟʘʪʠ, ʱʦ ʾʭ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʙʨʘʪʠʤʫʪʴʩʷ ʟ ʢʽʥʮʝʚʠʭ 

ʟʥʘʯʝʥʴ ʧʦʧʝʨʝʜʥʴʦʛʦ ʢʨʦʢʫ. 

Step 1: Time Dependent: 

   Study Settings   ï Times = range(0,0.1,t1)  

            ï Relative tolerance = True, 0.00 01 

   Physics and Variables Selection  ( ʪʘʙʣʠʮʷ) - 

      Global ODEs and DAEs(ge) ï Solve for = True  

      Global ODEs and DAEs 2(ge2) ï Solve for = False  

      Global ODEs and DAEs 3(ge3) ï Solve for = False  
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ʆʩʪʘʥʥʽ ʥʘʣʘʰʪʫʚʘʥʥʷ ʦʟʥʘʯʘʶʪʴ, ʱʦ ʥʘ ʧʝʨʰʦʤʫ ʢʨʦʮʽ ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʙʫʜʝ 

ʣʠʰʝ ʧʝʨʰʘ ʟʘʜʘʯʘ. 

Step 2: Time Dependent 2: 

   Study Settings   ï Times = range(t1,0.1,t2)  

            ï Relative tolerance = True, 0.00 01 

   Physics and Variables Selection  ( ʪʘʙʣʠʮʷ) - 

      Global ODEs and DAEs(ge) ï Solve for = False  

      Global ODEs and DAEs 2(ge2) ï Solve for = True  

      Global ODEs and DAEs 3(ge3) ï Solve for = False  

 
ɿʘʜʘʥʽ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚʢʘʟʫʶʪʴ, ʱʦ ʥʘ ʧʦʪʦʯʥʦʤʫ ʢʨʦʮʽ ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʙʫʜʝ 

ʜʨʫʛʘ ʟʘʜʘʯʘ Global ODEs and DAEs 2(ge2). 

  ʑʦʙ ʧʦʯʘʪʢʦʚʝ ʟʥʘʯʝʥʥʷ ʜʨʫʛʦʛʦ ʢʨʦʢʫ ʚʠʙʠʨʘʣʦʩʷ ʧʦ ʨʝʟʫʣʴʪʘʪʘʤ ʨʦʙʦʪʠ 

ʧʝʨʰʦʛʦ ʢʨʦʢʫ, ʪʨʝʙʘ ʚʩʪʘʥʦʚʠʪʠ ʧʨʘʧʦʨʝʮʴ 

   Values of Dependent  Variables  ï  

            ï Initial values of variables solved for = True  

ʑʦʙ ʚʠʟʥʘʯʠʪʠ, ʷʢ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʘʥʽ ʧʦʧʝʨʝʜʥʴʦʛʦ ʢʨʦʢʫ, ʚ ʨʦʟʜʽʣʽ Values 

of Dependent Variables  ʻ ʩʧʠʩʦʢ Method . ʆʙʨʘʥʝ ʚ ʥʴʦʤʫ ʟʥʘʯʝʥʥʷ 
Initial  expression   ʚʠʟʥʘʯʘʻ, ʱʦ ʜʘʥʽ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʜʣʷ 

ʧʦʯʘʪʢʦʚʠʭ ʟʥʘʯʝʥʴ ʧʦʪʦʯʥʦʛʦ ʢʨʦʢʫ ʦʙʯʠʩʣʝʥʴ.  ɺ ʩʧʠʩʢʫ Study  ʚʠʟʥʘʯʘʻʪʴʩʷ 
ʟ ʷʢʦʛʦ ʢʨʦʢʫ ʜʦʩʣʽʜʞʝʥʥʷ ʮʽ ʜʘʥʽ ʙʫʜʫʪʴ ʦʙʠʨʘʪʠʩʷ.  

   Values of Dependent Variables  ï Study =  
                     Study  1: Time Dependent  

ɺ ʩʧʠʩʢʫ Time  (ʧʨʠ ʜʠʥʘʤʽʯʥʦʤʫ ʜʦʩʣʽʜʞʝʥʥʽ) ʚʢʘʟʫʻʪʴʩʷ ʚ ʷʢʠʡ ʤʦʤʝʥʪ ʯʘʩʫ 

ʙʫʜʫʪʴ ʦʙʠʨʘʪʠʩʷ ʜʘʥʽ ʧʦʧʝʨʝʜʥʴʦʛʦ ʢʨʦʢʫ. ɺʠʙʽʨ Automatic  (ʟʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ) ʚʠʟʥʘʯʘʻ ʚʠʙʽʨ ʜʘʥʠʭ ʚ ʦʩʪʘʥʥʽʡ ʤʦʤʝʥʪ ʢʨʦʢʫ, ʚʢʘʟʘʥʦʛʦ ʚ 

ʩʧʠʩʢʫ  Study . 

 
ʅʘʛʘʜʘʻʤʦ, ʱʦ ʫ ʚʫʟʣʽ Global ODEs and DAEs 2(ge2) - Global Equations 1 ʚ 

ʪʘʙʣʠʮʽ ʨʽʚʥʷʥʴ ʜʣʷ ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ X2 ʤʠ ʚʢʘʟʘʣʠ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ 

X2( t 0)= X1, X2ô(t 0)= X1t, ʷʢʽ ʙʝʨʫʪʴʩʷ ʟ ʧʝʨʰʦʛʦ ʢʨʦʢʫ ʦʙʯʠʩʣʝʥʴ. 
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ʅʘʣʘʰʪʫʚʘʥʥʷ ʨʦʟʜʽʣʫ Values of Dependent Variables  ʚʠʟʥʘʯʘʶʪʴ, ʱʦ ʮʝ 

ʙʫʜʫʪʴ ʟʥʘʯʝʥʥʷ X1 ʽ X1t , ʚʟʷʪʽ ʚ ʦʩʪʘʥʥʽʡ ʤʦʤʝʥʪ ʯʘʩʫ ʮʴʦʛʦ ʢʨʦʢʫ. 

  ʅʘʣʘʰʪʫʡʪʝ ʪʨʝʪʽʡ ʢʨʦʢ ʜʦʩʣʽʜʞʝʥʥʷ. 

Step 3: Time Dependent 3: 

   Study Settings   ï Times = range(t2,0.1,10)  

            ï Relative tolerance = True, 0.00 01 

   Physics and Variables Selection  ( ʪʘʙʣʠʮʷ) - 

      Global ODEs and DAEs(ge) ï Solve for = False  

      Global ODEs and DAEs 2(ge2) ï Solve for = False  

      Global ODEs and DAEs 3(ge3) ï Solve for = True  

 
   Values of Dependent  Variables  ï  

            ï Initial values of variables solved for = True  

   Values of Dependent Variables  ï Study =  
                   Study  1: Time Dependent  2 

 
ʗʢʱʦ ʟʘʨʘʟ ʚʠʢʣʠʢʘʪʠ ʢʦʤʘʥʜʫ Compute, ʪʦ ʙʫʜʫʪʴ ʚʠʢʦʥʘʥʽ ʦʙʯʠʩʣʝʥʥʷ ʚʩʽʭ 

ʪʨʴʦʭ ʢʨʦʢʽʚ, ʘʣʝ ʩʠʩʪʝʤʘ ʟʘʣʠʰʠʪʴ ʩʦʙʽ (ʽ ʥʘʤ) ʣʠʰʝ ʜʘʥʽ ʦʩʪʘʥʥʴʦʛʦ ʢʨʦʢʫ. 

ɸʣʝ ʤʠ ʙʘʞʘʻʤʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʥʘ ʚʩʴʦʤʫ ʯʘʩʦʚʦʤʫ ʽʥʪʝʨʚʘʣʽ 

100 ¢¢t . ʊʦʤʫ ʙʫʜʝʤʦ ʨʦʟʚôʷʟʫʚʘʪʠ ʟʘʜʘʯʫ ʧʦ ʢʨʦʢʘʤ, ʽ ʜʣʷ ʢʦʞʥʦʛʦ ʢʨʦʢʫ 

ʟʙʝʨʽʛʘʪʠʤʝʤʦ ʜʘʥʽ ʨʦʟʚôʷʟʢʫ ʚ ʪʘʙʣʠʮʷʭ. ʄʘʶʯʠ ʪʨʠ ʪʘʙʣʠʮʽ, ʤʠ ʧʦʙʫʜʫʻʤʦ ʧʦ 

ʥʠʤ ʛʨʘʬʽʢʠ, ʷʢʽ ʚ ʩʧʽʣʴʥʽʡ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ ʧʦʻʜʥʘʶʪʴʩʷ ʚ ʦʜʠʥ ʛʨʘʬʽʢ 

ʨʦʟʚôʷʟʢʫ. 

  ʑʦʙ ʚ ʛʽʣʮʽ Results ʩʠʩʪʝʤʘ ʥʝ ʩʪʚʦʨʶʚʘʣʘ ʟʘʡʚʠʭ ʚʫʟʣʽʚ, ʟʥʽʤʽʪʴ 

ʧʨʘʧʦʨʝʮʴ ʘʚʪʦʤʘʪʠʯʥʦʾ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʽʚ ʚ ʇɺ ʚʫʟʣʘ Study 1. 

Study 1: Study Settings  ï Generate default plots = False  

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʧʝʨʰʦʛʦ ʢʨʦʢʫ. 

Step 1: Time Dependent: RMB > Compute Selected Step 
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ʇʩ̔ʣʷ ʟʘʚʝʨʰʝʥʥʷ ʦʙʯʠʩʣʝʥʴ ʚ ʛʽʣʮʽ Result ʥʝ ʟôʷʚʠʪʴʩʷ ʞʦʜʥʦʛʦ ʚʫʟʣʘ (ʙʦ ʤʠ 

ʚʽʜʤʽʥʠʣʠ ʘʚʪʦʤʘʪʠʯʥʝ ʛʝʥʝʨʫʚʘʥʥʷ ʛʨʘʬʽʢʽʚ).  

  ɼʣʷ ʟʘʧʘʤ'ʷʪʦʚʫʚʘʥʥʷ ʟʥʘʯʝʥʴ ʨʦʟʚôʷʟʢʫ X1 ʚ ʛʽʣʮʽ Derived Values ʩʪʚʦʨʽʪʴ 

ʽ ʦʙʯʠʩʣʽʪʴ ʚʫʟʦʣ ʪʠʧʫ Global  Evaluation .  

Derived Values : RMB > Global Evaluation 

       Label = Evaluation  X1 

Derived Values - Evaluation X1:  

   Expression  ï Expression = comp1.X1  

  LMB > Evaluate ï New Table 
ɿʤʽʥʽʪʴ ʥʘʟʚʫ ʩʪʚʦʨʝʥʦʾ ʪʘʙʣʠʮʽ. 

       Label = Table  X1   

ɼʘʥʽ, ʷʢʽ ʥʘʜʨʫʢʦʚʘʥʽ ʚ ʪʘʙʣʠʮʽ, ʟʘʣʠʰʘʪʴʩʷ ʽ ʧʽʩʣʷ ʚʠʢʦʥʘʥʥʷ ʥʘʩʪʫʧʥʠʭ ʢʨʦʢʽʚ 

ʦʙʯʠʩʣʝʥʴ (ʘ ʫ ʚʫʟʣʽ Evaluation X1 ʟʤʽʥʷʪʴʩʷ). ʊʦʤʫ ʟʛʦʜʦʤ ʤʠ ʟʤʦʞʝʤʦ 

ʚʠʢʦʨʠʩʪʘʪʠ ʾʭ ʜʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʘ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʜʨʫʛʦʛʦ ʢʨʦʢʫ, ʜʣʷ ʟʤʽʥʥʦʾ X2 ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ 

ʛʣʦʙʘʣʴʥʠʭ ʦʙʯʠʩʣʝʥʴ, ʽ ʥʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʚ ʪʘʙʣʠʮʶ.  

Step 2: Time Dependent 2: RMB > Compute Selected Step 

Derived Values : RMB > Global Evaluation 

       Label = Evaluation  X2 

Derived Values - Evaluation X2:  

   Expression  ï Expression = comp1.X 2 

  LMB > Evaluate ï New Table 

       Label = Table  X2   

ʅʘʨʝʰʪʽ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʪʨʝʪʴʦʛʦ ʢʨʦʢʫ, ʜʣʷ ʥʝʚʽʜʦʤʦʾ X3 ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ 

ʛʣʦʙʘʣʴʥʠʭ ʦʙʯʠʩʣʝʥʴ, ʽ ʥʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʚ ʪʘʙʣʠʮʶ.  

Step 3: Time Dependent 3: RMB > Compute Selected Step 

Derived Values : RMB > Global Evaluation 

       Label = Evaluation  X3 

Derived Values - Evaluation X3:  

   Expression  ï Expression = comp1.X 3 

  LMB > Evaluate ï New Table 

       Label = Table  X3   

 
ʇʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʟʤʽʥʥʠʭ X1, X2, X3, ʟʥʘʯʝʥʥʷ ʷʢʠʭ ʟʙʝʨʝʞʝʥʦ ʚ ʪʘʙʣʠʮʷʭ. 

  Results - > Plot Group - 1D Plot Group 

  1D Plot Group 1 - > Add Plot ï Table Graph 

1D Plot Group 1 - Table Graph 1: 

   Data ï Table  = Table  X1 

  1D Plot Group 1 - > Add Plot ï Table Graph 
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1D Plot Group 1 - Table Graph 2: 

   Data ï Table  = Table  X2 

  1D Plot Group 1 - > Add Plot ï Table Graph 

1D Plot Group 1 - Table Graph 3: 

   Data ï Table  = Table  X3 

  LMB > Plot 

 
ʇʦʙʫʜʫʡʪʝ ʚ ʮʽʡ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ (2). ɸʣʝ 

ʩʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʠʨʘʟʫ, ʷʢʠʡ ʟʘʧʠʩʘʥʦ ʚ ʧʨʘʚʽʡ 

ʯʘʩʪʠʥʽ ʬʦʨʤʫʣʠ (2). 

Global Definitions: RMB > Functions ï Analitic. 

        Function name = f  

   Definition ï Expression = x0*cos(k*t)+v0/k*sin(k*t)+  

        m*g/(M*k^2)*(cos(k*(t - (t1+t2+abs(t - t1) -  

               abs(t - t2))/2)) -  cos(k*(t - t1)))  

   Definition ï Arguments = t  

ɼʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ ʥʘʤ ʟʥʘʜʦʙʠʪʴʩʷ Grid 1D  ʜʞʝʨʝʣʦ ʜʘʥʠʭ. 

ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 

Results - Data Sets: RMB> More Data Sets -> Grid 1D 

Data Sets - Grid 1D 1 : 

   Data  ï Source  = Function   

      ï Data set  = All    

   Paramemter Bounds  ï Name = t    

              ï Minimum , Maximum  = 0,10    (ʜʚʘ ʧʦʣʷ) 

ʊʝʧʝʨ ʜʦʜʘʡʪʝ ʚʫʟʦʣ ʣʽʥʽʡʥʦʛʦ ʛʨʘʬʽʢʘ ʜʦ ʥʘʰʦʾ ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ 
  1D Plot Group 1 - > Add Plot ï Line Graph 

1D Plot Group 1 - Line Graph 1: 

   Data  ï Data set  = Grid  1D 1  

   y- Axis Data ï Expression = f(t)  

   x- Axis Data ï Parameter ,  Expression = Expression , t  

   Coloring and Style ï Color  = Black  

  LMB > Plot       (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 
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ʗʢ ʙʘʯʠʪʝ, ʢʨʠʚʽ ʩʧʽʚʧʘʜʘʶʪʴ. 

ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʫ ʚʫʟʣʘʭ  Step  X:  Time Dependent  X  ʟʘʣʠʰʠʪʠ 

ʥʝʟʤʽʥʥʦʶ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ  Relative tolerance = 0.0 1, ʪʦ ʥʘʧʨʠʢʽʥʮʽ ʯʘʩʦʚʦʛʦ 

ʽʥʪʝʨʚʘʣʫ ʙʫʜʝ ʩʧʦʩʪʝʨʽʛʘʪʠʩʷ ʥʝʚʝʣʠʢʝ ʨʦʟʭʦʜʞʝʥʥʷ ʢʨʠʚʠʭ.        
ƴ

 

ɺ ʽʥʩʪʨʫʤʝʥʪʘʨʽʾ ʩʠʩʪʝʤʠ ʽʩʥʫʻ ʨʽʰʝʥʥʷ, ʷʢʝ ʜʦʟʚʦʣʷʻ ʚʢʘʟʘʪʠ ʩʦʣʚʝʨʫ ʤʦʤʝʥʪʠ 

ʯʘʩʫ, ʚ ʷʢʽ ʚʽʥ ʦʙʦʚôʷʟʢʦʚʦ ʧʦʚʠʥʝʥ ʦʙʯʠʩʣʶʚʘʪʠ ʨʦʟʚôʷʟʦʢ ʽ, ʧʦ ʧʦʪʨʝʙʽ, 

ʩʪʨʠʙʢʦʧʦʜʽʙʥʦ ʟʤʽʥʠʪʠ ʜʝʷʢʽ ʟʤʽʥʥʽ. ʎʠʤ ʽʥʩʪʨʫʤʝʥʪʦʤ ʻ ʽʥʪʝʨʬʝʡʩ Events . 

ʇʨʦʜʝʤʦʥʩʪʨʫʻʤʦ ʡʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʥʘ ʧʦʪʦʯʥʦʤʫ ʧʨʠʢʣʘʜʽ ʧʨʫʞʠʥʠ ʟ 

ʚʽʜʨʠʚʥʠʤ ʚʘʥʪʘʞʝʤ. 

ʈʦʟʚôʷʟʘʥʥʷ 2  (ʚʠʢʦʨʠʩʪʘʥʥʷ ʽʥʪʝʨʬʝʡʩʫ Events). ʉʪʚʦʨ̔ʪʴ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

ʜʠʥʘʤʽʯʥʠʤ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛ̔ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters. 

Global Definitions: RMB > Parameters 

   Parameters   ï Name, Expression = m, 1  

         ï Name, Expression = M, 1  

         ï Name, Expression = k, 3  

         ï Name, Expression = g, 10  

         ï Name, Expression = x0,1  

         ï Name, Expression = v0,1  

         ï Name, Expression = t1,1  

         ï Name, Expression = t2,4  

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ.   

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u, ut, utt,  t) =X,  Xtt+k^2*X - ZZ  

         ï Initial  value(u_0), Initial value(u_t0) = x0,  v0 

ʊʫʪ ʚ ʷʢʦʩʪʽ ʧʨʘʚʦʾ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ (1) ʤʠ ʚʠʢʦʨʠʩʪʘʣʠ ʟʤʽʥʥʫ ZZ, ʷʢʫ ʱʝ ʥʝ 

ʩʪʚʦʨʠʣʠ. ɺʦʥʘ ʙʫʜʝ ʤʽʥʷʪʠ ʩʚʦʻ ʟʥʘʯʝʥʥʷ ʚ ʤʦʤʝʥʪʠ t 1  ̔   t 2. 

  ɼʦʜʘʡʪʝ ʚ ʢʦʤʧʦʥʝʥʪ ʽʥʪʝʨʬʝʡʩ Events(ev) . ɺʽʥ ʧʨʠʟʥʘʯʝʥʠʡ ʜʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴʦʚʘʥʠʭ ʧʦʜʽʡ  ʽ ʾʭ ʦʙʨʦʙʢʠ. ʗʢʱʦ ʤʦʤʝʥʪʠ ʯʘʩʫ 

ʧʦʜʽʡ ʚʽʜʦʤʽ ʟʘʟʜʘʣʝʛʽʜʴ (ʷʢ ʚ ʧʦʪʦʯʥʦʤʫ ʧʨʠʢʣʘʜʽ), ʪʦ ʚ ʽʥʪʝʨʬʝʡʩʽ Events  ʜʣʷ 

ʢʦʞʥʦʾ ʧʦʜʽʾ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʽ ʥʘʣʘʰʪʫʚʘʪʠ  ʚʣʘʩʥʠʡ ʚʫʟʦʣ Explicit Event . 

ɺ ʮʴʦʤʫ ʞ ʽʥʪʝʨʬʝʡʩʽ ʤʦʞʥʘ (ʧʦʪʨʽʙʥʦ) ʩʪʚʦʨʶʚʘʪʠ ʟʤʽʥʥʽ, ʷʢʽ ʙʫʜʫʪʴ 

ʩʪʨʠʙʢʦʧʦʜʽʙʥʦ ʟʤʽʥʶʚʘʪʠ ʩʚʦʾ ʟʥʘʯʝʥʥʷ/ʚʠʨʘʟʠ  ʧʨʠ ʥʘʩʪʘʚʘʥʥʽ ʧʦʜʽʾ. 

  ɼʦʜʘʡʪʝ ʚ ʢʦʤʧʦʥʝʥʪ ʽʥʪʝʨʬʝʡʩ Events (ev ) . 

Component 1 (comp1): RMB > Add Physics = Add Physics:  Events(ev) : X 

ɺ ʮʴʦʤʫ ʽʥʪʝʨʬʝʡʩʽ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Discrete States , ʷʢʠʡ ʧʨʠʟʥʘʯʝʥʦ ʜʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʟʤʽʥʶʚʘʥʠʭ ʟʤʽʥʥʠʭ ʧʨʠ ʥʘʩʪʘʚʘʥʥʽ ʧʦʜʽʡ. ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 

ʪʘʢʦʶ ʟʤʽʥʥʦʶ ʙʫʜʝ ZZ - ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (1). 



144 

 

Component 1 (comp1) - Events(ev) : RMB > Discrete States 

Events(ev) - Discrete States 1 :  

   Discrete States  (ʪʘʙʣʠʮʷ) ï Name, Initial value (u0), = ZZ, 0   

 
ʆʪʞʝ ʥʘ ʧʦʯʘʪʢʫ ʧʨʦʮʝʩʫ ʟʤʽʥʥʘ ZZ ʜʦʨʽʚʥʶʚʘʪʠʤʝ ʥʫʣʶ. 

  ʊʝʧʝʨ ʜʦʜʘʡʪʝ ʚ ʽʥʪʝʨʬʝʡʩ Events(ev)  ʜʚʘ Explicit Event  ʚʫʟʣʠ. ɺʦʥʠ 

ʙʫʜʫʪʴ ʤʽʩʪʠʪʠ ʚʢʘʟʽʚʢʠ ʥʘ ʜʚʘ ʤʦʤʝʥʪʠ ʟʦʚʥʽʰʥʽʭ ʧʦʜʽʡ ï ʤʦʤʝʥʪʠ ʩʪʨʠʙʢʽʚ   

ʬʫʥʢʮʽʾ ()tf .  

Component 1 (comp1) - Events(ev) : RMB > Explicit Event  

Component 1 (comp1) - Events(ev) - Explicit Event 1 : 

   Event Timing  ï Start of event - t i = t1    (ʤʦʤʝʥʪ ʧʝʨʰʦʛʦ ʩʪʨʠʙʢʘ)  

          ï Period of event - t i = 10     

   Reinitialization  ( ʪʘʙʣʠʮʷ)  ï Variable, Expression = ZZ,  m*g/M 

ʆʩʪʘʥʥʴʦʶ ʦʧʮʽʻʶ ʚ ʤʦʤʝʥʪ ʯʘʩʫ t 1 ʟʘʜʘʻʪʴʩʷ ʥʦʚʝ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ZZ. 

 
ʇʦʣʝ ʧʝʨʽʦʜʫ ʥʘʤ ʥʝ ʧʦʪʨʽʙʥʦ, ʘʣʝ ʡʦʛʦ ʥʝ ʤʦʞʥʘ ʟʘʣʠʰʘʪʠ ʧʦʨʦʞʥʽʤ. ʊʦʤʫ ʤʠ 

ʚʢʘʟʘʣʠ ʚ ʥʴʦʤʫ ʟʥʘʯʝʥʥʷ, ʷʢʝ ʩʧʽʚʧʘʜʘʻ ʟ ʜʦʩʣʽʜʞʫʚʘʥʠʤ ʽʥʪʝʨʚʘʣʦʤ ʯʘʩʫ. 

Component 1 (comp1) - Events(ev) - Explicit Event 1 : RMB > Duplicate 

Component 1 (comp1) - Events(ev) - Explicit Event 2 : 

   Event Timing ï Start of event - t i = t2      (ʤʦʤʝʥʪ ʜʨʫʛʦʛʦ ʩʪʨʠʙʢʘ) 

   Reinitialization  ( ʪʘʙʣʠʮʷ)  ï Variable, Expression = ZZ,  0 

ɺ ʤʦʤʝʥʪ ʯʘʩʫ t 2 ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ZZ ʟʥʦʚʫ ʚʩʪʘʥʦʚʣʶʻʪʴʩʷ ʚ ʥʫʣʴ. 

ʅʘʨʝʰʪʽ ʟʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,10)  

           ï Relative tolerance = True, 0.0 01 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚ ʨʦʟʜʽʣʽ Physics and Variables 

Selection . ʅʠʤʠ ʟʘʟʥʘʯʝʥʦ, ʱʦ ʚ ʦʙʯʠʩʣʶʚʘʥʥʷʭ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ 

ʦʙʠʜʚʘ ʽʥʪʝʨʬʝʡʩʠ: Global  ODEs and DAEs ( ge)   ̔ Events(ev) . 
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ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1 D Plot Group 1 - Global 1 ʟ ʛʨʘʬʽʢʦʤ 

ʨʦʟʚôʷʟʢʫ. ʁʦʛʦ ʩʪʠʣʴ ʥʘʣʘʰʪʫʡʪʝ ʩʘʤʦʩʪʽʡʥʦ. 

  ʊʫʪ ʞʝ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ (2). ɼʣʷ ʮʴʦʛʦ ʩʪʚʦʨʽʪʴ 

ʬʫʥʢʮʽʶ  f,  ʷʢʘ ʡʦʛʦ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ. 

Global Definitions: RMB > Functions ï Analitic. 

        Function name = f  

   Definition ï Expression = x0*cos(k*t)+v0/k*sin(k*t)+  

        m*g/(M*k^2)*(cos(k*(t - (t1+t2+abs(t - t1) -  

               abs(t - t2))/2)) -  cos(k*(t - t1)))  

   Definition ï Arguments = t  

ʑʦʙ ʬʫʥʢʮʽʷ ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ ʪʨʝʙʘ ʦʥʦʚʠʪʠ ʨʦʟʚôʷʟʦʢ. 

Study 1: LMB > Update Solution 
ʊʝʧʝʨ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ. 
  1D Plo t Group 1 - > Add Plot -  Global 

1D Plot Group 1 - Global 2: 

   y- Axis Data (ʪʘʙʣʠʮʷ) ï Expression , Description  = f(t),f(t)  

   x- Axis Data ï  Parameter, Expression = Expression , t  

   Coloring  and Style  ïLine  style  ï Color   = Black  

                   ï Width  =2 

  LMB > Plot 
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4.4.4.  ʈʫʭ ʪʽʣʘ, ʢʠʥʫʪʦʛʦ ʧʽʜ ʢʫʪʦʤ ʜʦ ʛʦʨʠʟʦʥʪʫ. 

ʈʦʟʚôʷʞʝʤʦ ʟʘʜʘʯʫ ʂʦʰʽ, ʷʢʘ ʦʧʠʩʫʻ ʨʫʭ ʪʽʣʘ, ʢʠʥʫʪʦʛʦ ʟ ʧʦʯʘʪʢʦʚʦʶ 

ʰʚʠʜʢʽʩʪʶ v0 ʧʽʜ ʢʫʪʦʤ a ʜʦ ʛʦʨʠʟʦʥʪʫ ʚ ʧʨʠʧʫʱʝʥʥʽ, ʱʦ ʦʧʽʨ ʧʦʚʽʪʨʷ 

ʧʨʦʧʦʨʮʽʡʥʠʡ ʢʚʘʜʨʘʪʫ ʰʚʠʜʢʦʩʪʽ. ʋ ʚʝʢʪʦʨʥʽʡ ʬʦʨʤʽ ʨʽʚʥʷʥʥʷ ʨʫʭʫ ʤʘʻ ʚʠʛʣʷʜ 

gvvr mm -Ö-=g## , 

ʜʝ )(tr  ï ʨʘʜʽʫʩ-ʚʝʢʪʦʨ, )(trv #=  ï ʚʝʢʪʦʨ ʰʚʠʜʢʦʩʪʽ, g ï ʢʦʝʬʽʮʽʻʥʪ ʦʧʦʨʫ,    

gm  ï ʚʝʢʪʦʨ ʚʘʛʠ ʪʽʣʘ ʤʘʩʠ m, g ï ʧʨʠʩʢʦʨʝʥʥʷ ʚʽʣʴʥʦʛʦ ʧʘʜʽʥʥʷ. 

 
ʆʩʦʙʣʠʚʽʩʪʴ ʮʽʻʾ ʟʘʜʘʯʽ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʨʫʭ ʟʘʢʽʥʯʫʻʪʴʩʷ ʚ ʟʘʟʜʘʣʝʛʽʜʴ 

ʥʝʚʽʜʦʤʠʡ ʤʦʤʝʥʪ ʯʘʩʫ, ʢʦʣʠ ʪʽʣʦ ʧʘʜʘʻ ʥʘ ʟʝʤʣʶ. 

  ʗʢʱʦ ʧʦʟʥʘʯʠʪʠ mk /g= ,  ʪʦ ʚ ʢʦʦʨʜʠʥʘʪʥʽʡ ʬʦʨʤʽ ʤʠ ʤʘʻʤʦ ʩʠʩʪʝʤʫ 

ʨʽʚʥʷʥʴ 

    
22 yxxkx ##### +-=  

 gyxyky -+-= 22 ##### , 

ʜʦ ʷʢʦʾ ʩʣʽʜ ʜʦʜʘʪʠ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ: () 00 =x , () Hy =0 , (H ʧʦʯʘʪʢʦʚʘ ʚʠʩʦʪʘ), 
() acos0 0vx =# , () asin0 0vy =# .  ɼʣʷ ʤʦʜʝʣʴʥʦʾ ʟʘʜʘʯʽ ʧʦʢʣʘʜʝʤʦ H=0, k=0.01, 

g=9.81, v0=10, Ŭ=́/4 . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʥʫʣʴʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters, ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ K, v0, H, a (ʢʫʪ) . 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = K,  0.01    (row1) 

         ï Name, Expression    = v0,  10    (row2) 

         ï Name, Expression    = H,  0     (row3) 

         ï Name, Expression    = a,  pi/4    (row4) 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name =X 

       ï f(u, ut, utt, t)= Xtt+ K*Xt*sqrt(Xt̂ 2+Yt̂ 2 +eps)  

       ï Initial  value(u_0), Initial value(u_t0) = 0,  v0*cos(a)  

   Global Equations  ï Name =Y 
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       ï f(u, ut, utt, t)= Ytt+ K*Yt*sqrt(Xt̂ 2+Yt̂ 2 +eps )+g_const  

       ï Initial  value(u_0), Initial value(u_t0) = H,  v0*sin(a)  

 

 

ɿʘʫʚʘʞʝʥʥʷ. ɿ ʫʨʘʭʫʚʘʥʥʷʤ ʪʦʛʦ, ʱʦ ʚʥʘʩʣʽʜʦʢ ʧʦʭʠʙʦʢ ʦʙʯʠʩʣʝʥʴ ʧʽʜ 

ʢʚʘʜʨʘʪʥʠʤ ʢʦʨʝʥʝʤ ʤʦʞʝ ʟôʷʚʠʪʠʩʷ ʚʽʜôʻʤʥʝ ʯʠʩʣʦ, ʤʠ ʜʦ ʡʦʛʦ ʘʨʛʫʤʝʥʪʫ 

ʜʦʜʘʣʠ ʤʘʰʠʥʥʝ ʝʧʩʽʣʦʥ 2.2204Ͻ10 16. ʎʝ (ʤʘʡʞʝ) ʥʝ ʟʤʽʥʶʻ ʨʝʟʫʣʴʪʘʪ 

ʦʙʯʠʩʣʝʥʴ, ʘʣʝ ʟʘʧʦʙʽʛʘʻ ʚʠʥʠʢʥʝʥʥʶ ʚʠʧʘʜʢʦʚʠʭ ʧʦʤʠʣʦʢ. 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1, 1.5 )  

           ï Relative tolerance = True, 0.0001  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɿʤʽʥʽʪʴ ʥʘʣʘʰʪʫʚʘʥʥʷ ʩʪʚʦʨʝʥʦʛʦ ʛʨʘʬʽʯʥʦʛʦ ʚʫʟʣʘ Global 1 ʪʘʢ, ʱʦʙ ʚʽʥ 

ʟʦʙʨʘʞʘʚ ʪʨʘʻʢʪʦʨʽʶ ʪʽʣʘ. 

1D Plot Group 1 : 

   Legend  ï Show legends = False  

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression = comp1. Y 

ʈʷʜʦʢ ʚ ʪʘʙʣʠʮʽ ʚʠʨʘʟʽʚ ʟ ʬʦʨʤʫʣʦʶ comp1. X ʚʠʜʘʣʽʪʴ, ʥʘʪʠʩʥʫʚʰʠ 

ʢʥʦʧʢʫ Delete  , ʷʢʘ ʨʦʟʪʘʰʦʚʘʥʘ ʧʽʜ ʪʘʙʣʠʮʝʶ. 

   x- Axis Data ï Parameter, Expression = Expression , comp1. X 

ʆʢʨʽʤ ʢʨʠʚʦʾ, ʙʫʜʝ ʟʨʫʯʥʦ ʧʦʙʫʜʫʚʘʪʠ ʧʦʣʦʞʝʥʥʷ ʪʽʣʘ ʚ ʤʦʤʝʥʪʠ ʯʘʩʫ, ʷʢʽ 

ʚʠʟʥʘʯʝʥʽ ʫ ʚʫʟʣʽ Step 1: Time Dependent ʚ ʧʦʣʽ Times . 

   Coloring and Style ɀ Line markers ɀ Marker  = Circle  

           ɀ Line markers ɀ Positioning  = In data points  

ʎʠʤ ʤʠ ʥʘʢʘʟʘʣʠ ʩʠʩʪʝʤʽ ʚʽʜʦʙʨʘʟʠʪʠ ʧʦʣʦʞʝʥʥʷ ʪʽʣʘ ʫ ʚʠʛʣʷʜʽ ʢʨʫʞʢʽʚ ʚ 

ʤʦʤʝʥʪʠ ʯʘʩʫ ʧʦʩʣʽʜʦʚʥʦʩʪʽ range (0,0.1,1.5) . ɸʣʝ ʧʘʤôʷʪʘʡʪʝ, ʱʦ ʾʭ 

ʧʦʣʦʞʝʥʥʷ (ʢʨʫʞʢʽʚ) ʚʩʝ ʦʜʥʦ ʧʽʜʙʠʨʘʻʪʴʩʷ ʟ ʽʥʪʝʨʧʦʣʷʮʽʾ ʧʦ ʨʦʟʨʘʭʫʥʢʦʚʠʤ 

ʪʦʯʢʘʤ, ʷʢʽ ʩʦʣʚʝʨ ʦʙʠʨʘʻ ʩʘʤʦʩʪʽʡʥʦ. ɼʽʡʩʥʦ, ʧʨʠ ʥʘʣʘʰʪʫʚʘʥʥʽ ʩʦʣʚʝʨʽʚ, 

ʧʨʠʟʥʘʯʝʥʠʭ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʜʠʥʘʤʽʯʥʠʭ ʟʘʜʘʯ, ʤʠ ʟʘʟʚʠʯʘʡ ʟʘʜʘʻʤʦ ʽʥʪʝʨʚʘʣ 

ʯʘʩʫ ʫ ʚʠʛʣʷʜʽ ʜʽʘʧʘʟʦʥʫ ʟ ʟʘʜʘʥʠʤ ʢʨʦʢʦʤ, ʥʘʧʨʠʢʣʘʜ, range (0,0.1,1.5) . 

ʆʜʥʘʢ ʚʚʝʜʝʥʠʡ ʢʨʦʢ 0.1  ʥʝ ʻ ʚʠʟʥʘʯʘʣʴʥʠʤ. ɺ ʧʝʨʰʫ ʯʝʨʛʫ ʨʦʟʤʽʨ ʢʨʦʢʫ 

ʟʘʣʝʞʠʪʴ ʚʽʜ ʚʽʜʥʦʩʥʦʾ ʧʦʭʠʙʢʠ ʚ ʧʦʣ ̔ Relative tolerance. ʗʢʱʦ  ʟ ʯʘʩʦʤ 

ʨʦʟʚôʷʟʦʢ ʟʤʽʥʶʻʪʴʩʷ ʰʚʠʜʢʦ, ʪʦ ʢʨʦʢ ʟʤʝʥʰʫʻʪʴʩʷ. ɺ ʤʦʤʝʥʪʠ ʧʦʚʽʣʴʥʦ ʾʟʤʽʥʠ 

ʨʦʟʚôʷʟʢʫ ʯʘʩʦʚʠʡ ʢʨʦʢ ʟʙʽʣʴʰʫʻʪʴʩʷ. 
  LMB > Plot 
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ʂʦʣʠ ʫ ʚʫʟʣʽ Time-Dependent Solver 1 ʚ ʩʧʠʩʢʫ Output  - Times to store  

ʦʙʨʘʥʦ ʟʥʘʯʝʥʥʷ Specified  values , ʪʦ ʨʦʟʚôʷʟʫʚʘʯ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʩʠʥʭʨʦʥʽʟʦʚʘʥʦ ʟ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʚʫʟʣʘ Step 1: Time Dependent. ɿ ʮʠʤʠ 

ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʧʦʙʫʜʦʚʘʥʦ ʧʦʧʝʨʝʜʥʡ̔ ʛʨʘʬ̔ ʢ, ʽ ʪʦʯʢʠ ʥʘ ʥʴʦʤʫ ʟʦʙʨʘʞʝʥʽ ʫ 

ʤʦʤʝʥʪʠ ʯʘʩʫ ʟ ʧʦʩʣʽʜʦʚʥʦʩʪʽ range(0,0.1,1.5)  (ʢʦʣʠ ʫ ʛʨʘʬʽʯʥʦʤʫ ʚʫʟʣ̔ 

ʦʙʨʘʥʦ ʦʧʮʽʶ Line  markers  ɀ Positioning  = In  data  points ). ʗʢʱʦ ʚ 

ʩʧʠʩʢʫ Output  - Times to store  ʦʙʨʘʪʠ ʟʥʘʯʝʥʥʷ Steps taken by solver , ʪʦ 

ʙʫʜʫʪʴ ʟʙʝʨʽʛʘʪʠʩʷ (ʽ ʚʽʜʦʙʨʘʞʘʪʠʩʷ) ʜʘʥʽ ʚ ʤʦʤʝʥʪʠ ʯʘʩʫ, ʦʙʨʘʥʽ ʨʦʟʚôʷʟʫʚʘʯʝʤ. 

  ʈʦʟʨʘʭʫʥʢʦʚʠʡ ʯʘʩ 1.5   ʪʨʠʚʘʣʦʩʪʽ ʨʫʭʫ ʧʽʜʙʠʨʘʚʩʷ ʥʘʤʠ çʥʘ ʦʢʦè. ʊʘʢʦʞ 

çʥʘ ʦʢʦè ʜʦʚʦʜʠʪʴʩʷ ʚʠʟʥʘʯʘʪʠ ʤʘʢʩʠʤʘʣʴʥʫ ʚʠʩʦʪʫ ʽ ʜʘʣʴʥʽʩʪʴ ʧʦʣʴʦʪʫ. 

ɿʚʠʯʘʡʥʦ, ʮʽ ʟʥʘʯʝʥʥʷ ʩʣʽʜ ʦʙʯʠʩʣʶʚʘʪʠ. 

  ʉʧʦʯʘʪʢʫ ʥʘʣʘʰʪʫʻʤʦ ʨʦʟʚôʷʟʫʚʘʯ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʚʽʥ ʟʫʧʠʥʷʚʩʷ, ʢʦʣʠ 

ʢʦʦʨʜʠʥʘʪʘ ʪʽʣʘ Y ʩʪʘʻ ʚʽʜôʻʤʥʦʶ. ɼʣʷ ʮʴʦʛʦ ʚ ʛʽʣʢʫ Study 1 ï Solver 

Configurations ï Solution 1 - Time-Dependent Solver 1 ʧʦʪʨʽʙʥʦ ʜʦʜʘʪʠ ʚʫʟʦʣ 

Stop  Condition , ʚ ʷʢʦʤʫ ʟʘʜʘʪʠ ʫʤʦʚʠ ʟʫʧʠʥʢʠ.  

Time-Dependent Solver 1: RMB > Stop Condition 

Time-Dependent Solver 1 - Stop Condition 1: 

ɼʦʜʘʡʪʝ ʫʤʦʚʫ ʟʫʧʠʥʢʠ, ʥʘʪʠʩʥʫʚʰʠ ʚ ʟʦʥʽ ʪʘʙʣʠʮʽ Stop Expressions 

ʧʨʘʚʫ ʢʥʦʧʢʫ ʤʠʰʽ. ʆʙʝʨʽʪʴ ʟ ʚʠʧʘʜʥʦʛʦ ʩʧʠʩʢʫ ʢʦʤʘʥʜʫ Add, ʽ ʚʚʝʜʽʪʴ  

   Stop  Expressions  ɀ Stop Expressions  =comp1. Y<=0 && comp1. Yt <0 

ɺ ʢʽʥʮʝʚʽʡ ʪʦʯʮʽ ʪʨʘʻʢʪʦʨʽʾ ʚʝʣʠʯʠʥʘ Y ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʘʣʝ ʚʦʥʘ 

ʜʦʨʽʚʥʶʻ ʥʫʣʶ ʽ ʥʘ ʧʦʯʘʪʢʫ ʨʫʭʫ. ʊʦʤʫ, ʱʦʙ ʦʙʯʠʩʣʝʥʥʷ ʥʝ ʟʫʧʠʥʠʣʠʩʷ 

ʚʽʜʨʘʟʫ, ʜʦʨʝʯʥʦ ʧʝʨʝʚʽʨʷʪʠ ʜʚʽ ʫʤʦʚʠ 0¢y ʽ 0<¡ty  (ʦʨʜʠʥʘʪʘ ʪʽʣʘ 

ʟʤʝʥʰʫʻʪʴʩʷ). 

 
   Output at stop  ɀAdd solution  = Steps after stop  

ɿʥʘʯʝʥʥʷ Step  after  stop  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʟʙʝʨʽʛʘʥʥʷ (ʽ 

ʚʽʜʦʙʨʘʞʝʥʥʷ) ʨʦʟʚôʷʟʢʫ ʚ ʤʦʤʝʥʪ ʯʘʩʫ, ʚ ʷʢʠʡ ʫʤʦʚʘ ʙʫʣʘ ʚʠʢʦʥʘʥʘ. 

Output at stop  ɀAdd warning = False  

 
ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʟʘʜʘʯʫ. 
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 Home - > Compute 

ʅʘ ʛʨʘʬʽʢʫ ʪʨʘʻʢʪʦʨʽʾ ʤʘʣʦ ʱʦ ʟʤʽʥʠʣʦʩʷ. ʉʧʨʘʚʘ ʚ ʪʦʤʫ, ʱʦ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʜʠʥʘʤʽʯʥʠʭ ʟʘʜʘʯ ʩʦʣʚʝʨ ʧʽʜʙʠʨʘʻ ʯʘʩʦʚʠʡ ʢʨʦʢ ʩʘʤʦʩʪʽʡʥʦ, ʚʠʭʦʜʷʯʠ ʟ 

ʚʽʜʥʦʩʥʦʾ ʧʦʭʠʙʢʠ, ʘ ʥʝ ʟ ʚʝʣʠʯʠʥʠ ʢʨʦʢʫ, ʷʢʠʡ ʟʘʜʘʻʪʴʩʷ ʢʦʨʠʩʪʫʚʘʯʝʤ. ʊʘʤ, ʜʝ 

ʨʦʟʚôʷʟʦʢ ʟʤʽʥʶʻʪʴʩʷ ʰʚʠʜʢʦ, ʢʨʦʢ ʟʤʝʥʰʫʻʪʴʩʷ. ʅʘ ʜʽʣʷʥʢʘʭ ʧʦʚʽʣʴʥʦʾ ʟʤʽʥʠ 

ʨʦʟʚôʷʟʢʫ ʯʘʩʦʚʠʡ ʢʨʦʢ ʟʙʽʣʴʰʫʻʪʴʩʷ. ʋ ʟʚ'ʷʟʢʫ ʟ ʮʠʤ ʩʦʣʚʝʨ ʤʦʞʝ 

çʧʨʦʩʢʦʯʠʪʠè ʚʘʞʣʠʚʽ ʜʣʷ ʨʦʟʚôʷʟʢʫ ʟʘʜʘʯʽ ʤʦʤʝʥʪʠ ʯʘʩʫ. ʅʘʧʨʠʢʣʘʜ, ʽʥʪʝʨʚʘʣ 

ʯʘʩʫ, ʥʘ ʷʢʦʤʫ ʚʽʜʙʫʚʘʻʪʴʩʷ ʧʨʠʟʝʤʣʝʥʥʷ ʪʽʣʘ, ʤʦʞʝ ʙʫʪʠ ʟʘʥʘʜʪʦ ʚʝʣʠʢʠʤ. 

ʉʘʤʝ ʮʝ ʩʧʦʩʪʝʨʽʛʘʻʪʴʩʷ ʫ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ. 

  ʋ ʢʦʨʠʩʪʫʚʘʯʘ ʻ ʤʦʞʣʠʚʽʩʪʴ ʫʧʨʘʚʣʽʥʥʷ ʤʘʢʩʠʤʘʣʴʥʦʶ ʜʦʚʞʠʥʦʶ ʯʘʩʦʚʠʭ 

ʽʥʪʝʨʚʘʣʽʚ, ʷʢʽ ʚʠʢʦʨʠʩʪʦʚʫʻ ʜʠʥʘʤʽʯʥʠʡ ʨʦʟʚôʷʟʫʚʘʯ. ɿʘʩʪʦʩʫʻʤʦ ʾʾ. 

Time-Dependent Solver 1: 

   Time Stepping  ï Maximum step = True, 0.005  

 

 
ɿʥʦʚʫ ʦʙʯʠʩʣʽʪʴ ʟʘʜʘʯʫ. 
  Home - > Compute 
 

 
ʆʩʢʽʣʴʢʠ ʜʦʚʞʠʥʘ ʯʘʩʦʚʠʭ ʽʥʪʝʨʚʘʣʽʚ ʥʝ ʧʝʨʝʚʠʱʫʻ 0.005, ʪʦ ʚʽʜʩʪʘʥʴ ʤʽʞ 

ʜʚʦʤʘ ʦʩʪʘʥʥʽʤʠ ʧʦʣʦʞʝʥʥʷʤʠ ʪʽʣʘ (ʢʦʣʠ ʫʤʦʚʘ ʱʝ ʥʝ ʚʠʢʦʥʘʣʘʩʷ, ʽ ʢʦʣʠ  ʚʞʝ 

ʚʠʢʦʥʘʣʘʩʷ) ʤʘʣʘ. ɹʫʜʴ ʷʢʝ ʟ ʮʠʭ ʧʦʣʦʞʝʥʴ ʤʦʞʥʘ  ʚʚʘʞʘʪʠ ʦʩʪʘʥʥʽʤ, ʪʦʙʪʦ 

ʪʠʤ, ʢʦʣʠ ʪʽʣʦ ʚʧʘʣʦ ʥʘ ʟʝʤʣʶ (ʪʽʣʦ ʚʧʘʣʦ ʥʘ ʟʝʤʣʶ ʚ ʧʨʦʤʽʞʦʢ ʯʘʩʫ ʤʽʞ ʮʠʤʠ 

ʜʚʦʤʘ ʤʦʤʝʥʪʘʤʠ). 

  ʅʘʜʨʫʢʫʡʪʝ ʜʘʣʴʥʽʩʪʴ ʧʦʣʴʦʪʫ. 

  Results  ->  Derived Values  ï Global Evaluation 

          Label = Distance  

Derived Values - Distance: 

   Data  ï Time selection  = Last  

   Expression  ï Expression = comp1.X  

         ï Description = True, Distance  

  LMB > Evaluate 
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ɹʫʜʝ ʥʘʜʨʫʢʦʚʘʥʦ ʯʘʩ ʽ ʢʦʦʨʜʠʥʘʪʘ X ʚ ʦʩʪʘʥʥʽʡ ʟʘʧʘʤ'ʷʪʦʚʘʥʠʡ ʤʦʤʝʥʪ 

(ʧʝʨʰʠʡ, ʚ ʷʢʠʡ ʚʠʢʦʥʘʣʘʩʷ ʫʤʦʚʘ comp1. Y<=0 && comp1. Yt <0), ʪʦʙʪʦ 

ʪʨʠʚʘʣʽʩʪʴ ʨʫʭʫ ʽ ʚʽʜʩʪʘʥʴ. 

 
ʅʘʜʨʫʢʫʡʪʝ ʤʘʢʩʠʤʘʣʴʥʫ ʚʠʩʦʪʫ. ɼʣʷ ʮʴʦʛʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʦʧʝʨʘʪʦʨ 

timemax ( t 1, t 2, expr ) ,  ʷʢʠʡ ʚʠʟʥʘʯʘʻ ʤʘʢʩʠʤʘʣʴʥʝ ʟʥʘʯʝʥʥʷ ʚʠʨʘʟʫ expr  ʥʘ 

ʚʽʜʨʽʟʢʫ ʯʘʩʫ 21 ttt ¢¢ , ʘ ʚ ʷʢʦʩʪʽ ʚʠʨʘʟʫ ʚʠʢʦʨʠʩʪʘʪʠ ʦʨʜʠʥʘʪʫ ()ty  ʪʽʣʘ. 

  Results  ->  Derived Values  ï Global Evaluation 

            Label = Height  

Derived Values - Height: 

   Data  ï Time selection  = Last  

   Expression  ï Expression = timemax(0,t,comp1.Y)  

         ï Description = True , Height  

  LMB > Evaluate ï Table 1 

 
ɯʥʰʠʡ ʩʧʦʩʽʙ ʥʘʜʨʫʢʫʚʘʪʠ ʤʘʢʩʠʤʘʣʴʥʫ ʚʠʩʦʪʫ ʧʦʣʷʛʘʻ ʫ ʚʠʙʦʨʽ ʦʧʝʨʘʮʽʾ 

Maximum ʚ ʨʦʟʜʽʣʽ Data Series Operation  ʚʫʟʣʘ ʛʣʦʙʘʣʴʥʠʭ ʦʙʯʠʩʣʝʥʴ. 

Derived Values - Height: RMB > Duplicate 

Derived Values ï Height 1: 

   Data  ï Time selection  = All  

   Expression  ï Expression = comp1.Y  

   Data Series Operation   ï Operation = Maximum 

  LMB > Evaluate ï New Table 

 
ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʦʧʝʨʘʪʦʨ attimema x( ... )  ʤʦʞʥʘ ʥʘʜʨʫʢʫʚʘʪʠ ʤʦʤʝʥʪ 

ʯʘʩʫ, ʚ ʷʢʠʡ ʜʦʩʷʛʘʻʪʴʩʷ ʥʘʡʚʠʱʘ ʪʦʯʢʘ ʪʨʘʻʢʪʦʨʽʾ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʦʧʝʨʘʪʦʨ 

attimemax( t 1, t 2, expr 1, expr 2)  ʰʫʢʘ̒ ʤʦʤʝʥʪ ʯʘʩʫ ( )2010 tttt ¢¢ , ʚ ʷʢʠʡ 

ʚʠʨʘʟ expr 1 ʜʦʩʷʛʘʻ ʤʘʢʩʠʤʫʤʫ,  ʽ ʚ ʮʝʡ ʤʦʤʝʥʪ 0t  ʦʙʯʠʩʣʶʻ ʚʠʨʘʟ  expr 2. 

  Results  ->  Derived Values  ï Global Evaluation 

            Label = MaxHeightTime  

Derived Values - MaxHeightTime: 

   Data  ï Time selection  = Last  

   Expression  ï Expression = attimemax(0,t,comp1.Y,t)  

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʨʽʟʥʠʮʶ ʪʣʫʤʘʯʝʥʥʷ ʽʜʝʥʪʠʬʽʢʘʪʦʨʘ t  ʚ ʦʩʪʘʥʥʴʦʤʫ 

ʚʠʨʘʟʽ: ʧʝʨʰʠʡ t  ï ʮʝ ʯʘʩ ʧʦʣʴʦʪʫ (Last ), ʜʨʫʛʠʡ t  ï ʮʝ ʚʠʨʘʟ, ʷʢʠʡ ʙʫʜʝ 

ʦʙʯʠʩʣʶʚʘʪʠʩʷ. 

         ï Description = True, Moment of maximum height  

   Data Series Operation   ï Operation = None 

  LMB > Evaluate ï Table 1 
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ɺʠʢʦʥʘʻʤʦ ʜʦʩʣʽʜʞʝʥʥʷ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜʩʪʘʥʽ ʧʦʣʴʦʪʫ ʚʽʜ ʢʦʝʬʽʮʽʻʥʪʘ ʦʧʦʨʫ 

ʩʝʨʝʜʦʚʠʱʘ. ɼʣʷ ʮʴʦʛʦ ʟʘʩʪʦʩʫʻʤʦ ʜʦʧʦʤʽʞʥʠʡ ʘʥʘʣʽʟ (Auxiliary  Sweep) ʧʦ 

ʧʘʨʘʤʝʪʨʫ K - ʢʦʝʬʽʮʽʻʥʪʫ ʦʧʦʨʫ ʩʝʨʝʜʦʚʠʱʘ. ʅʘʧʨʠʢʣʘʜ, ʨʦʟʚôʷʞʝʤʦ ʟʘʜʘʯʫ 

ʧʨʠ K=0.1,0.2,0.3,0.5 . 

Study 1 ï Step 1: Time Dependent: 

   Study  Extensions  ï Auxiliary  sweep = True  

ɺ ʨʦʟʜʽʣʽ Study Extensions  ʘʢʪʠʚʫʻʪʴʩʷ ʪʘʙʣʠʮʷ ʚʠʙʦʨʫ ʧʘʨʘʤʝʪʨʽʚ. ʂʣʘʮʥʽʪʴ 

ʧʦ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʟ ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɿʽ 

ʩʧʠʩʢʫ, ʷʢʠʡ ʟôʷʚʠʪʴʩʷ ʚ ʩʪʦʚʧʮʽ Parameter name, ʚʠʙʝʨʽʪʴ ʧʘʨʘʤʝʪʨ K.  

   Study  Extensions  ï Parameter name = K 

ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʮʴʦʛʦ ʧʘʨʘʤʝʪʨʘ.  

   Study  Extensions  ï  Parameter value list = 0.1 0.2 0.3 0.5  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ɻʨʘʬʽʢ ʚ ʛʽʣʮʽ 1D Plot Group 1 ʩʪʘʥʝ ʽʥʰʠʤ. ɿʤʽʥʽʪʴ ʚ ʥʴʦʤʫ ʥʘʣʘʰʪʫʚʘʥʥʷ. 

1D Plot Group 1 : 

   Legend  ï Show legends = True  

   Axis  ï Manual axis limits = True  

          ï x maximum  = 6.5   

          ï y maximum  = 2  

1D Plot Group 1 - Global 1: 

   y- Axis Data  (̨̛̟̉̊̔̑) ï Description  =    (ʚʩʝ ʚʠʜʘʣʠʪʠ) 

   Coloring and Style ɀ Line markers ɀ Marker  = None 

  LMB > Plot 

 
ʅʘʜʨʫʢʫʡʪʝ ʜʣʷ ʮʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ʪʨʠʚʘʣʽʩʪʴ ʽ ʜʘʣʴʥʽʩʪʴ ʧʦʣʴʦʪʫ. 

Derived Values - Distance: LMB > Evaluate - New Table 

 
ʅʘʜʨʫʢʫʡʪʝ ʤʘʢʩʠʤʘʣʴʥʫ ʚʠʩʦʪʫ ʧʦʣʴʦʪʫ. ʎʝ ʧʦʪʨʽʙʥʦ ʨʦʙʠʪʠ 

ʦʢʨʝʤʦ/ʧʦʩʣʽʜʦʚʥʦ ʜʣʷ ʢʦʞʥʦʛʦ ʟʥʘʯʝʥʥ ̫ʧʘʨʘʤʝʪʨʘ K. 

Derived Values ï Height 1: 
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   Data ï Parameter selection (K) = Manual  

   Data ï Parameter values (K) ( 1-4)= 1 

  LMB > Evaluate ï New Table 

   Data ï Parameter values (K) ( 1-4)= 2 

  LMB > Evaluate ïTable 4 

   Data ï Parameter values (K) ( 1-4)= 3 

  LMB > Evaluate ïTable 4 

   Data ï Parameter values (K) ( 1-4)= 4 

  LMB > Evaluate ïTable 4 

 

ɿʘʫʚʘʞʝʥʥʷ. ɺʫʟʣʠ Derived Values ï Height ʽ Derived Values ï MaxHeightTime 

ʚʠʢʦʨʠʩʪʘʪʠ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʤʘʢʩʠʤʘʣʴʥʦʾ ʚʠʩʦʪʠ ʽ ʚʽʜʧʦʚʽʜʥʦʛʦ ʤʦʤʝʥʪʫ ʯʘʩʫ 

ʥʝʤʦʞʣʠʚʦ, ʙʦ ʦʧʝʨʘʪʦʨʠ timemax   ʽ  attimemax   ʟ ʨʦʟʚôʷʟʢʘʤʠ, ʷʢʽ ʦʢʨʽʤ ʯʘʩʫ 

ʟʘʣʝʞʘʪʴ ʚʽʜ ʧʘʨʘʤʝʪʨʽʚ ʤʦʜʝʣʽ, ʥʝ ʧʨʘʮʶʶʪʴ.  

ɼʽʟʥʘʪʠʩʷ ʯʘʩ, ʚ ʷʢʠʡ ʜʦʩʷʛʘʻʪʴʩʷ ʤʘʢʩʠʤʘʣʴʥʘ ʚʠʩʦʪʘ, ʤʦʞʥʘ, ʷʢʱʦ ʨʦʟʚôʷʟʘʪʠ 

ʫ ʚʫʟʣʽ Global Equations 1 ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ Th ʟʘʜʘʯʫ 
ὨὝὬ

Ὠὸ
= ὣὸᴂ> 0  ʟ 

ʚʽʣʴʥʠʤ ʯʣʝʥʦʤ, ʟʘʜʘʥʠʤ ʣʦʛʽʯʥʠʤ ʚʠʨʘʟʦʤ, ʽ ʥʫʣʴʦʚʦʶ ʧʦʯʘʪʢʦʚʦʶ ʫʤʦʚʦʶ. 

ɼʦʢʠ ʪʨʘʻʢʪʦʨʽʷ ʧʽʜʥʽʤʘʻʪʴʩʷ, ʪʦʙʪʦ ὣὸᴂ> 0, ʚʽʣʴʥʠʡ ʯʣʝʥ ʜʦʨʽʚʥʶʚʘʪʠʤʝ 

ʦʜʠʥʠʮʽ, ʘ ʟʤʽʥʥʘ Th ʜʦʨʽʚʥʶʚʘʪʠʤʝ ʯʘʩʫ t. ɸʣʝ ʢʦʣʠ ʬʫʥʢʮʽʷ Y(t) ʧʦʯʠʥʘʻ 

ʩʧʘʜʘʪʠ  (ʪʦʙʪʦ ὣὸ
ᴂ< 0) ʚ̔ʣʴʥʠʡ ʯʣʝʥ ʜʦʨʚ̔ʥʶʚʘʪʠʤʝ ʥʫʣʶ, ʽ ʚʝʣʠʯʠʥʘ Th 

ʧʝʨʝʩʪʘʻ ʟʤʽʥʶʚʘʪʠʩʷ. ʆʪʞʝ ʥʘʧʨʠʢʽʥʮʽ ʧʨʦʮʝʩʫ Th ʜʦʨʽʚʥʶʚʘʪʠʤʝ ʪʦʤʫ 

ʟʥʘʯʝʥʥʶ, ʷʢʝ ʚʦʥʘ ʥʘʙʫʣʘ ʚ ʤʦʤʝʥʪ ʟʤʽʥʠ ʟʥʘʢʘ ὣὸ
ᴂ, ʪʦʙʪʦ ʤʦʤʝʥʪʫ 

ʤʘʢʩʠʤʘʣʴʥʦʾ ʚʠʩʦʪʠ ʧʦʣʴʦʪʫ (ʥʘʩʧʨʘʚʜʽ ʦʩʪʘʥʥʴʦʤʫ ʤʦʤʝʥʪʫ ʯʘʩʫ, ʢʦʣʠ 

ʪʨʘʻʢʪʦʨʽʷ ʱʝ ʟʨʦʩʪʘʣʘ). 

  ɼʦʜʘʡʪʝ ʚ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ ʚʢʘʟʘʥʫ ʟʘʜʘʯʫ.   

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name =Th 

         ï f(u, ut, utt, t)= Tht - (Yt>0)  

         ï Initial  value(u_0) = 0 

 
ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʥʘʜʨʫʢʫʡʪʝ ʟʥʘʡʜʝʥʽ ʟʥʘʯʝʥʥʷ.  
  Home - > Compute 

Derived Values - MaxHeightTime: 

   Data  ï Parameter selection(K)  = All  

   Data  ï Time selection  = Last  

   Expression  ï Expression = comp1.Th  

         ï Description = True, MaxHeightTime  
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   Data Series Operation   ï Operation = None 

  LMB > Evaluate ï New Table 

 
ɺ ʜʨʫʛʽʡ ʢʦʣʦʥʮʽ ʥʘʜʨʫʢʦʚʘʥʘ ʪʨʠʚʘʣʽʩʪʴ ʧʦʣʴʦʪʫ, ʘ ʚ ʪʨʝʪʴʦʤʫ ï ʤʦʤʝʥʪ ʯʘʩʫ, ʚ 

ʷʢʠʡ ʜʦʩʷʛʘʻʪʴʩʷ ʤʘʢʩʠʤʘʣʴʥʘ ʚʠʩʦʪʘ. 

  ɺʠʟʥʘʯʝʥʥʷ ʤʦʤʝʥʪʽʚ ʯʘʩʫ, ʚ ʷʢʽ ʜʦʩʣʽʜʞʫʚʘʥʽ ʚʝʣʠʯʠʥʠ ʥʘʙʫʚʘʶʪʴ 

ʟʫʤʦʚʣʝʥʦʛʦ ʟʥʘʯʝʥʥʷ, ʟʫʩʪʨʽʯʘʻʪʴʩʷ ʜʦʩʠʪʴ ʯʘʩʪʦ. ʌʘʢʪʠʯʥʦ ʮʝ ʻ ʜʝʷʢʠʤʠ 

ʧʦʜʽʷʤʠ, ʷʢʽ ʧʦʪʨʽʙʥʦ ʚʽʜʩʪʝʞʫʚʘʪʠ ʧʽʜ ʯʘʩ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯ. ɼʣʷ ʮʴʦʛʦ ʚ 

ʩʠʩʪʝʤʽ ʽʩʥʫʻ ʜʦʧʦʤʽʞʥʠʡ ʽʥʪʝʨʬʝʡʩ Events  (ʇʦʜ̔ʾ). ʁʦʛʦ ʤʦʞʥʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʜʣʷ ʪʠʤʯʘʩʦʚʦʾ ʟʫʧʠʥʢʠ ʨʦʟʚôʷʟʫʚʘʯʘ, ʽ ʤʦʜʠʬʽʢʘʮʽʾ ʘʙʦ 

ʟʘʧʘʤ'ʷʪʦʚʫʚʘʥʥʷ ʟʤʽʥʥʠʭ ʧʨʠ ʧʦʜʘʣʴʰʠʭ ʦʙʯʠʩʣʝʥʥʷʭ. ʇʨʠ ʯʦʤʫ ʩʘʤ ʤʦʤʝʥʪ 

ʟʜʽʡʩʥʝʥʥʷ ʧʦʜʽʾ ʤʦʞʝ ʙʫʪʠ ʟʘʜʘʥʠʡ ʷʚʥʦ (ʫ ʚʽʜʦʤʠʡ ʤʦʤʝʥʪ ʯʘʩʫ) ʘʙʦ ʥʝʷʚʥʦ 

(ʜʝʷʢʦʶ ʣʦʛʽʯʥʦʶ ʫʤʦʚʦʶ). 

  ɼʣʷ ʪʨʝʥʫʚʘʥʥʷ ʢʦʨʠʩʪʫʚʘʯʘ ʧʦʢʘʞʝʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʮʴʦʛʦ ʽʥʪʝʨʬʝʡʩʫ ʜʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʤʘʢʩʠʤʘʣʴʥʦʾ ʚʠʩʦʪʠ ʪʨʘʻʢʪʦʨʽʾ ʽ ʤʦʤʝʥʪʫ ʯʘʩʫ, ʚ ʷʢʠʡ ʚʦʥʘ 

ʜʦʩʷʛʘʻʪʴʩʷ. 

  ɼʦʜʘʡʪʝ ʚ ʜʝʨʝʚʦ ʤʦʜʝʣʽ ʠʥʪʝʨʬʝʡʩ Events (ev ) .  

Component 1 (comp1): RMB > Add Physics = Add Physics:  Events (ev) : X 

ʗʢʱʦ ʤʦʤʝʥʪʠ ʯʘʩʫ ʧʦʜʽʡ ʥʝʚʽʜʦʤʽ ʟʘʟʜʘʣʝʛʽʜʴ, ʘʣʝ ʚʽʜʦʤʽ ʫʤʦʚʠ, ʧʨʠ ʷʢʠʭ ʚʦʥʠ 

ʚʽʜʙʫʚʘʶʪʴʩʷ, ʪʦ ʚ ʽʥʪʝʨʬʝʡʩʽ Events  ʜʣʷ ʢʦʞʥʦʾ ʟ ʥʠʭ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʽ 

ʥʘʣʘʰʪʫʚʘʪʠ ʚʣʘʩʥʠʡ ʚʫʟʦʣ Implicit Event . ɸʣʝ ʩʧʦʯʘʪʢʫ ʜʣʷ ʮʴʦʛʦ ʚ 

ʽʥʪʝʨʬʝʡʩʽ Events  ʫ ʚʫʟʣʽ Indicator States ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʟʤʽʥʥʽ, ʷʢʽ 

ʨʦʟʚôʷʟʫʚʘʯ ʙʫʜʝ ʢʦʥʪʨʦʣʶʚʘʪʠ ʥʘ ʢʦʞʥʦʤʫ ʯʘʩʦʚʦʤʫ ʢʨʦʮʽ. ɰʭ (ʟʤʽʥʥʽ) ʩʦʣʚʝʨ 

ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʨʠ ʧʝʨʝʚʽʨʮʽ ʫʤʦʚ ʫ ʚʫʟʣʘʭ Implicit  Event  ʥʝʷʚʥʦ 

ʚʠʟʥʘʯʝʥʠʭ ʧʦʜʽʡ. 

  ʉʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʚʫʟʦʣ Indicator States . ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 

ʢʦʥʪʨʦʣʴʦʚʘʥʦʶ ʟʤʽʥʥʦʶ ʙʫʜʝ Z1 ï ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ. ɿʚʠʯʘʡʥʦ, ʱʦ ʚʦʥʘ 

ʙʫʜʝ ʩʧʽʚʧʘʜʘʪʠ ʟ ʦʙʯʠʩʣʶʚʘʥʦʶ ʚ ʤʦʜʝʣʽ ʚʝʣʠʯʠʥʦʶ  Yt . 

Component 1 (comp1) - Events(ev) : RMB > Indicator States 

Events(ev) - Indicator States 1 :  

ɺ ʪʘʙʣʠʮʽ Indicator Variables  ʚ ʧʦʣʽ Name  ʟʘʜʘʶʪʴʩʷ ʽʤʝʥʘ 

ʢʦʥʪʨʦʣʴʦʚʘʥʠʭ ʟʤʽʥʥʠʭ, ʚ ʧʦʣʽ g(v,vt,vtt,t)  ʚʚʦʜʷʪʴʩʷ ʚʠʨʘʟʠ ʜʣʷ ʾʭ 

ʦʙʯʠʩʣʝʥʥʷ, ʘ ʚ ʧʦʣʽ Initial value(u 0) ʟʘʜʘʶʪʴʩʷ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ 

   Indicator  Variables  (ʪʘʙʣʠʮʷ)  ï Name, g(v,vt,vtt,t) = Z1, Yt  

                   ï Initial value(u0)= v0*sin(a)  
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ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʚʫʟʦʣ Implicit Event  (ʅʝʷʚʥʽ ʧʦʜʽʾ). ʄʠ 

ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʮʝʡ ʚʫʟʦʣ ʪʦʤʫ, ʱʦ ʥʘʤ ʥʝʚʽʜʦʤʠʡ ʪʦʯʥʠʡ ʯʘʩ, ʢʦʣʠ ʙʫʜʝ 

ʜʦʩʷʛʥʫʪʘ ʥʘʡʚʠʱʘ ʪʦʯʢʘ ʪʨʘʻʢʪʦʨʽʾ, ʦʜʥʘʢ ʤʠ ʟʥʘʻʤʦ ʫʤʦʚʫ, ʧʨʠ ʷʢʽʡ ʮʝ 

ʪʨʘʧʠʪʴʩʷ (ὣὸ
ᴂ= 0). 

Component 1 (comp1) - Events(ev) : RMB > Implicit Event 

Events(ev) - Implicit Event  1 : 

ɺ ʤʦʤʝʥʪ ʥʘʡʚʠʱʦʾ ʚʠʩʦʪʠ ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ ὣὸᴂ ʪʽʣʘ ʜʦʨʽʚʥʶʻ 
ʥʫʣʶ, ʘʣʝ ʧʨʠ ʯʠʩʝʣʴʥʠʭ ʨʦʟʨʘʭʫʥʢʘʭ ʮʝ ʥʝʤʦʞʣʠʚʦ ʪʦʯʥʦ ʧʝʨʝʚʽʨʠʪʠ. 

ʊʘ ʤʦʞʥʘ ʧʝʨʝʚʽʨʠʪʠ ʫʤʦʚʫ ʟʤʽʥʠ ʟʥʘʢʘ ʚʝʨʪʠʢʘʣʴʥʦʾ ʰʚʠʜʢʦʩʪʽ ὣὸᴂ.  
   Event Conditions   ï Condition = Z1<0 

ʄʘʡʪʝ ʥʘ ʫʚʘʟʽ, ʱʦ ʫʤʦʚʘ ʚ ʧʦʣʽ Condition  ʤʦʞʝ ʙʫʪʠ ʨʦʟʧʽʟʥʘʥʘ ʣʠʰʝ ʧʨʠ 

ʧʝʨʝʩʽʯʝʥʥʽ ʩʪʚʦʨʝʥʦʶ ʟʤʽʥʥʦʶ Z1 ʥʫʣʷ, ʢʦʣʠ ʣʦʛʽʯʥʘ ʫʤʦʚʘ ʟʤʽʥʶʻ ʩʚʦʻ 

ʟʥʘʯʝʥʥʷ ʟ ʭʠʙʥʦʛʦ ʥʘ ʽʩʪʠʥʥʝ. ʎʝ ʦʟʥʘʯʘʻ, ʥʘʧʨʠʢʣʘʜ, ʱʦ ʫʤʦʚʘ ʪʠʧʫ Z1<0 

ʤʦʞʝ ʙʫʪʠ ʽʜʝʥʪʠʬʽʢʦʚʘʥʘ ʣʠʰʝ ʧʨʠ ʧʝʨʝʩʽʯʝʥʥʽ ʟʤʽʥʥʦʶ Z1 ʥʫʣʷ, ʘ ʫʤʦʚʘ Z1<1  

(ʘʙʦ Z1- 1<0) ʤʦʞʝ ʚʟʘʛʘʣʽ ʙʫʪʠ ʥʝ ʨʦʟʧʽʟʥʘʥʦʶ. 

  ʇʦʚʪʦʨʠʤʦ ʱʝ ʨʘʟ. ʅʝʷʚʥʘ ʧʦʜʽʷ ʨʦʟʧʽʟʥʘʻʪʴʩʷ ʪʽʣʴʢʠ ʧʨʠ ʧʝʨʝʩʽʢʘʥʥʽ 

Indicator States ʟʤʽʥʥʠʭ ʥʫʣʴʦʚʦʛʦ ʟʥʘʯʝʥʥʷ. ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʜʣʷ Z1=Yt   ʮʝ 

ʪʨʘʧʠʪʴʩʷ ʣʠʰʝ ʦʜʠʥ ʨʘʟ ʚ ʪʦʯʮʽ ʤʘʢʩʠʤʘʣʴʥʦʾ ʚʠʩʦʪʠ. 

  ʂʦʣʠ ʧʦʜʽʷ ʪʨʘʧʣʷʻʪʴʩʷ, ʪʦ ʫ ʚʫʟʣʘʭ Implicit Even t  ʚ ʪʘʙʣʠʮʽ ʨʦʟʜʽʣʫ 

Reinitialization  ʤʦʞʥʘ ʟʘʧʘʤôʷʪʘʪʠ ʟʥʘʯʝʥʥʷ ʜʝʷʢʠʭ ʟʤʽʥʥʠʭ. ɺ ʥʘʰʦʤʫ 

ʧʨʠʢʣʘʜʽ ʮʽ ʟʤʽʥʥʽ ʩʣʽʜ ʱʝ ʩʪʚʦʨʠʪʠ. ɿʤʽʥʥʽ, ʷʢʽ ʩʪʨʠʙʢʦʧʦʜʽʙʥʦ ʟʤʽʥʶʶʪʴ ʩʚʦʾ 

ʟʥʘʯʝʥʥʷ ʧʨʠ ʚʠʥʠʢʥʝʥʥʽ ʥʝʷʚʥʦʾ ʧʦʜʽʾ, ʤʦʞʥʘ ʩʪʚʦʨʶʚʘʪʠ ʫ ʚʫʟʣʘʭ ʪʠʧʫ 

Discrete States  ʽʥʪʝʝʨʬʝʡʩʫ Event s.  

Component 1 (comp1) - Events(ev) : RMB > Discrete States 

Events(ev) - Discrete States 1 : 

   Discrete States (ʪʘʙʣʠʮʷ)  ï Name, Initial value(u0) = Ymax,0  

                ï Name, Initial value(u0) = TYmax,0  

ʎʠʤ ʤʠ ʩʪʚʦʨʠʣʠ ʜʚ ̔ʟʤ̔ʥʥʽ Ymax ï ʤʘʢʩʠʤʘʣʴʥʘ ʚʠʩʦʪʘ, ʽ TYmax ï 

ʤʦʤʝʥʪ ʯʘʩʫ, ʚ ʷʢʠʡ ʜʦʩʷʛʘʻʪʴʩʷ ʤʘʢʩʠʤʘʣʴʥʘ ʚʠʩʦʪʘ. ʅʘ ʧʦʯʘʪʢʫ ʨʫʭʫ 

ʚʦʥʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

 
ʇʦʚʝʨʥʝʤʦʩʷ ʜʦ ʇɺ ʚʫʟʣʘ Implicit Event 1  ʽ ʚʚʝʜʝʤʦ ʚʠʨʘʟʠ, ʷʢʽ ʦʪʨʠʤʫʶʪʴ 

ʟʤʽʥʥʽ  Ymax  ʽ  TYmax  ʧʨʠ ʚʽʜʙʫʚʘʥʥʽ ʧʦʜʽʾ. 

Events(ev) - Implicit Event  1 : 
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   Reinitialization (ʪʘʙʣʠʮʷ)  ï Variable, Expression = Ymax,Y 

                 ï Variable, Expression = TYmax,t  

 
 

ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Step 1: Time Dependent ʽ ʟʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚ 

ʨʦʟʜʽʣʽ Physics and Variables Selection . ʅʠʤʠ ʟʘʟʥʘʯʝʥʦ, ʱʦ ʦʜʥʦʯʘʩʥʦ 

ʙʫʜʫʪʴ ʚʠʢʦʥʫʚʘʪʠʩʷ ʦʙʠʜʚʘ ʽʥʪʝʨʬʝʡʩʠ: Global  ODEs and DAEs ( ge)   ̔ 

Events(ev) . 

 
 

 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɼʣʷ ʜʨʫʢʫ ʤʘʢʩʠʤʘʣʴʥʦʾ ʚʠʩʦʪʠ ʽ ʚʽʜʧʦʚʽʜʥʦʛʦ ʤʦʤʝʥʪʫ ʯʘʩʫ ʚ ʛʽʣʮʽ Derived 

Values  ʩʪʚʦʨʽʪʴ ʜʚʘ  Global  Evaluation   ʚʫʟʣʠ, ʚ ʷʢʠʭ ʟʘʜʘʡʪʝ ʚʠʨʘʟʠ 

comp1.Ymax   ʽ  comp1. TYmax. 

  Results  ->  Derived Values  ï Global Evaluation 

            Label = MaxHeightTime 2  

Derived Values ï MaxHeightTime 2: 

   Data  ï Parameter selection(K)  = All  

   Data  ï Time selection  = Last  

   Expression  ï Expression = comp1.TYmax 

         ï Description = True, THmax  

  LMB > Evaluate ï New Table 
Derived Values - MaxHeightTime 2: RMB > Duplicate 

            Label = MaxHeight  

Derived Values ï MaxHeight: 

   Expression  ï Expression = comp1.Ymax 

         ï Description = True, MaxHeight  

  LMB > Evaluate ïTable 6 
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4.4.5.  ʈʫʭ ʧʨʫʞʥʦʛʦ ʤôʯ̫ʘ. 

ɼʣʷ ʧʨʫʞʥʦʛʦ ʤ'ʷʯʘ ʚʽʜʦʤʝ ʧʦʯʘʪʢʦʚʝ ʧʦʣʦʞʝʥʥʷ ʽ ʰʚʠʜʢʽʩʪʴ. ʆʧʽʨ ʧʦʚʽʪʨʷ 

ʥʝʭʪʦʚʥʦ ʤʘʣʠʡ, ʘʣʝ ʝʥʝʨʛʽʷ ʨʫʭʫ ʚʠʪʨʘʯʘʻʪʴʩʷ ʧʨʠ ʚʽʜʩʢʦʢʫ ʤ'ʷʯʘ ʚʽʜ ʟʝʤʣʽ. 

ʅʝʭʘʡ ʧʨʠ ʚʽʜʩʢʦʢʫ ʚʽʜ ʟʝʤʣʽ ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ ʤ'ʷʯʘ ʩʪʘʥʦʚʠʪʴ 90% ʚʽʜ 

ʚʝʨʪʠʢʘʣʴʥʦʾ ʰʚʠʜʢʦʩʪʽ ʚ ʤʦʤʝʥʪ ʧʘʜʽʥʥʷ.  ɿʤʦʜʝʣʶʻʤʦ ʪʘʢʠʡ ʨʫʭ. 

  ʈʽʚʥʷʥʥʷ ʨʫʭʫ (ʙʝʟ ʫʨʘʭʫʚʘʥʥʷ ʦʧʦʨʫ ʧʦʚʽʪʨʷ) ʤʘʻ ʚʠʛʣʷʜ 

gr mm -=## , 

ʜʝ g ï ʚʝʢʪʦʨ ʧʨʠʩʢʦʨʝʥʥʷ ʚʽʣʴʥʦʛʦ ʧʘʜʽʥʥʷ ʟ ʥʘʧʨʷʤʢʦʤ ʚʝʨʪʠʢʘʣʴʥʦ ʚʥʠʟ. ʋ 

ʧʦʢʦʦʨʜʠʥʘʪʥʽʡ ʬʦʨʤʽ ʨʽʚʥʷʥʥʷ ʥʘʙʠʨʘʻ ʚʠʛʣʷʜʫ gyx -== #### ,0 . ɿʘʜʘʯʫ ʩʣʽʜ 

ʜʦʧʦʚʥʠʪʠ ʧʦʯʘʪʢʦʚʠʤʠ ʫʤʦʚʘʤʠ () () () () yx vyvxyyxx 0000 0,0,0,0 ==== ## . 

ʉʠʩʪʝʤʘ ʨʦʟʧʘʜʘʻʪʴʩʷ ʥʘ ʜʚʘ ʥʝʟʘʣʝʞʥʠʭ ʨʽʚʥʷʥʥʷ, ʧʝʨʰʝ ʟ ʷʢʠʭ ʤʘʻ ʨʦʟʚôʷʟʦʢ

() tvxtx xÖ+= 00 . ʎʝ ʚʢʘʟʫʻ ʥʘ ʪʝ, ʱʦ ʚ ʛʦʨʠʟʦʥʪʘʣʴʥʦʤʫ ʥʘʧʨʷʤʢʫ ʨʫʭ 

ʚʽʜʙʫʚʘʻʪʴʩʷ ʟʽ ʩʪʘʣʦʶ ʰʚʠʜʢʽʩʪʶ xv0. ɼʨʫʛʝ ʨʽʚʥʷʥʥʷ ʪʘʢʦʞ ʽʥʪʝʛʨʫʻʪʴʩʷ, ʘʣʝ 

ʤʠ ʭʦʯʝʤʦ ʧʦʢʘʟʘʪʠ, ʷʢ ʡʦʛʦ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʯʠʩʝʣʴʥʦ ʚʨʘʭʦʚʫʶʯʠ, ʱʦ ʚ 

ʤʦʤʝʥʪ ʚʽʜʩʢʦʢʫ kt  ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ y# ʟʤʽʥʶʻ ʟʥʘʢ ʪʘʢ, ʱʦ 

()kbeforekafter tyty ## Ö-= 9.0)( . ʄʠ ʙʫʜʝʤʦ ʤʦʜʝʣʶʚʘʪʠ ʨʫʭ ʧʨʠ ʙʘʛʘʪʦʨʘʟʦʚʦʤʫ 

ʚʽʜʩʢʦʢʫ ʽ ʧʨʠʟʝʤʣʝʥʥʽ ʤ'ʷʯʘ. 

  ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʧʦʢʣʘʜʝʤʦ 0,0 00 == yx , ʘ ʪʘʢʦʞ  g=9.81,  v0x=1,  

v0y=10.  

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʥʫʣʴʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
  File - > New - > Model Wizard - > 0D - > Mathematics -  

   ODE and DAE Interfaces - Global ODEs and DAEs (ge) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʧʝʨʝʚʽʨʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters, ʽ ʚ ʡʦʛʦ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ  x0,  g, v0 x (ʧʦʯʘʪʢʦʚʘ ʛʦʨʠʟʦʥʪʘʣʴʥʘ ʰʚʠʜʢʩ̔ʪʴ), v0y  (ʧʦʯʘʪʢʦʚʘ 

ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ) 

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = x0, 0     (row1) 

         ï Name, Expression    = g, 9.81     (row2) 

         ï Name, Expression    =  v0x , 1    (row3) 

         ï Name, Expression    =  v0y , 10   (row4) 

ɿʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʨʽʚʥʷʥʴ. 

Global ODEs and DAEs(ge) - Global Equations 1: 

   Global Equations  ï Name, f(u, ut, utt,  t) =X, Xtt  

         ï Initial  value(u_0), Initial value(u_t0) = x0,  v0x 

   Global Equations  ï Name, f(u, ut, utt,  t) =Y, Ytt+g  

         ï Initial  value(u_0), Initial value(u_t0) = 0,  v0y 
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ʑʦʙ ʘʥʘʣʽʟʫʚʘʪʠ ʚʽʜʩʢʽʢ ʤôʷʯʘ ʚʽʜ ʟʝʤʣʽ, ʚ ʤʦʜʝʣʴ ʧʦʪʨʽʙʥʦ ʜʦʜʘʪʠ ʽʥʪʝʨʬʝʡʩ 

Events ( ev). ɺʽʥ ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʜʣʷ ʦʙʨʦʙʢʠ ʚ ʜʠʥʘʤʽʯʥʠʭ ʦʙʯʠʩʣʶʚʘʥʥʷʭ 

ʢʦʥʪʨʦʣʴʦʚʘʥʠʭ ʧʦʜʽʡ. ʗʢʱʦ ʤʦʤʝʥʪʠ ʯʘʩʫ ʟʘʟʜʘʣʝʛʽʜʴ ʥʝʚʽʜʦʤʽ, ʘ ʧʦʜʽʾ 

ʚʽʜʙʫʚʘʶʪʴʩʷ ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʜʝʷʢʠʭ ʫʤʦʚ, ʪʦ ʚ ʽʥʪʝʨʬʝʡʩʽ Events  ʜʣʷ ʢʦʞʥʦʾ ʟ 

ʥʠʭ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʽ ʥʘʣʘʰʪʫʚʘʪʠ  ʚʣʘʩʥʠʡ ʚʫʟʦʣ Implicit Event . ɸʣʝ 

ʧʝʨʝʜ ʮʠʤ ʚ ʽʥʪʝʨʬʝʡʩʽ Events   ʫ ʚʫʟʣʽ Indicator States ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ 

ʟʤʽʥʥʽ, ʟʥʘʯʝʥʥʷ ʷʢʠʭ ʨʦʟʚôʷʟʫʚʘʯ ʙʫʜʝ ʢʦʥʪʨʦʣʶʚʘʪʠ ʥʘ ʢʦʞʥʦʤʫ ʢʨʦʮʽ.  

  ɼʦʜʘʡʪʝ ʚ ʢʦʤʧʦʥʝʥʪ ʽʥʪʝʨʬʝʡʩ Events (ev ) . 

Component 1 (comp1): RMB > Add Physics = Add Physics:  Events (ev) : X 

ʉʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʚʫʟʦʣ Indicator States . ʁʦʛʦ ʧʨʠʟʥʘʯʝʥʦ ʜʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʢʦʥʪʨʦʣʴʦʚʘʥʠʭ ʟʤʽʥʥʠʭ. ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʪʘʢʦʶ ʟʤʽʥʥʦʶ ʙʫʜʝ  

Z ï ʚʝʨʪʠʢʘʣʴʥʘ ʢʦʦʨʜʠʥʘʪʘ ʤôʷʯʘ. ɺʦʥʘ ʙʫʜʝ ʩʧʽʚʧʘʜʘʪʠ ʟ ʦʙʯʠʩʣʶʚʘʥʦʶ ʚ 

ʤʦʜʝʣʽ ʚʝʣʠʯʠʥʦʶ Y. 

Component 1 (comp1) - Events(ev) : RMB > Indicator States 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ ʚ ʪʘʙʣʠʮʽ Indicator Variables  ʚ ʧʦʣʽ Name  

ʟʘʜʘʶʪʴʩʷ ʽʤʝʥʘ ʢʦʥʪʨʦʣʴʦʚʘʥʠʭ ʟʤʽʥʥʠʭ, ʚ ʧʦʣʽ g(v,vt,vtt,t)  ʚʚʦʜʷʪʴʩʷ ʚʠʨʘʟʠ 

ʜʣʷ ʾʭ ʦʙʯʠʩʣʝʥʥʷ, ʘ ʚ ʧʦʣʽ Initial value(u 0) ʟʘʜʘʶʪʴʩʷ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ. 

Component 1 (comp1)  - Events(ev) - Indicator States 1 :  

   Indicator  Variables  (ʪʘʙʣʠʮʷ)  ï Name, g(v,vt,vtt,t) = Z, Y   

                   ï Initial value(u0)= 0 

 
ʉʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʚʫʟʦʣ ʥʝʷʚʥʠʭ ʧʦʜʽʡ Implicit Event . 

Component 1 (comp1) - Events(ev) : RMB > Implicit Event 

Events(ev) - Implicit Event  1 : 
ɺ ʤʦʤʝʥʪ ʚʽʜʩʢʦʢʫ ʤôʷʯʘ ʚʽʜ ʟʝʤʣʽ ʡʦʛʦ ʚʝʨʪʠʢʘʣʴʥʘ ʢʦʦʨʜʠʥʘʪʘ ʜʦʨʽʚʥʶʻ 

ʥʫʣʶ, ʘʣʝ ʧʨʠ ʯʠʩʝʣʴʥʠʭ ʨʦʟʨʘʭʫʥʢʘʭ ʮʝ ʥʝʤʦʞʣʠʚʦ ʧʝʨʝʚʽʨʠʪʠ, ʙʦ ʟʘʚʞʜʠ ʻ 

ʧʦʭʠʙʢʘ. ʊʦʤʫ ʥʘʰʘ ʤʦʜʝʣʴ ʙʫʜʝ ʨʝʘʛʫʚʘʪʠ ʥʘ ʧʦʜʽʶ ʩʪʘʥʦʚʣʝʥʥʷ ʚʝʨʪʠʢʘʣʴʥʦʾ 

ʢʦʦʨʜʠʥʘʪʠ ʚʽʜôʻʤʥʦʶ (ʪʦʯʥʽʰʝ ʥʘ ʟʤʽʥʫ ʾʾ ʟʥʘʢʘ).. 

   Event Conditions   ï Condition = Z<0 

ʅʘʛʘʜʘʻʤʦ, ʱʦ ʫʤʦʚʠ ʚ ʧʦʣʽ Condition  ʨʦʟʧʽʟʥʘʶʪʴʩʷ ʣʠʰʝ ʧʨʠ ʧʝʨʝʩʽʯʝʥʥʽ 

ʢʦʥʪʨʦʣʴʦʚʘʥʠʤʠ ʟʤʽʥʥʠʤʠ ʥʫʣʴʦʚʦʛʦ ʟʥʘʯʝʥʥʷ.  

  ʇʨʠ ʜʦʩʷʛʥʝʥʥʽ ʤ'ʷʯʝʤ ʟʝʤʣʽ ʩʦʣʚʝʨ ʧʨʠʟʫʧʠʥʷʻ ʨʦʙʦʪʫ, ʧʦʧʝʨʝʜʥʴʦ 

ʟʘʧʘʤ'ʷʪʘʚʰʠ ʚʩʽ ʧʦʪʦʯʥʽ ʜʘʥʽ ʨʦʟʚôʷʟʢʫ. ʑʦʙ ʧʨʦʜʦʚʞʠʪʠ ʨʦʙʦʪʫ ʚ ʥʘʩʪʫʧʥʽ 

ʤʦʤʝʥʪʠ ʯʘʩʫ, ʤʠ ʧʦʚʠʥʥʽ ʚʽʜʥʦʚʠʪʠ ʦʙʯʠʩʣʝʥʥʷ ʟ ʥʦʚʠʤʠ ʜʘʥʠʤʠ, ʱʦ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʤʦʤʝʥʪʫ ʚʽʜʩʢʦʢʫ. ʆʩʪʘʥʥʽ ʟʘʧʘʤôʷʪʦʚʘʥʽ ʩʦʣʚʝʨʦʤ ʟʥʘʯʝʥʥʷ 
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ʢʦʨʝʢʪʫʶʪʴʩʷ ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʪʘʙʣʠʮʽ ʨʝʽʥʽʮʽʘʣʽʟʘʮʽ ʾ ʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʥʘʩʪʫʧʥʦ ʾʛʣʘʜʢʦ ʾʜʽʣʷʥʢʠ ʪʨʘʻʢʪʦʨʽʾ ʤ'ʷʯʘ. ʇʨʠ ʮʴʦʤʫ ʚʝʨʪʠʢʘʣʴʥʘ 

ʰʚʠʜʢʽʩʪʴ ʤ'ʷʯʘ ʚ ʤʦʤʝʥʪ ʚʽʜʩʢʦʢʫ ʩʪʘʻ ʧʦʟʠʪʠʚʥʦʶ ʽ ʩʪʘʥʦʚʠʪʴ 90% ʚʽʜ 

ʘʙʩʦʣʶʪʥʦʛʦ ʟʥʘʯʝʥʥʷ ʚʝʨʪʠʢʘʣʴʥʦʾ ʰʚʠʜʢʦʩʪʽ ʚ ʤʦʤʝʥʪ ʧʘʜʽʥʥʷ. ɺ ʥʘʰʦʤʫ 

ʧʨʠʢʣʘʜʽ ʚ ʤʦʤʝʥʪ ʚʽʜʩʢʦʢʫ ʚʝʨʪʠʢʘʣʴʥʘ ʰʚʠʜʢʽʩʪʴ ʟʤʽʥʶʻ ʟʥʘʢ ʽ ʚʝʣʠʯʠʥʫ ʧʦ 

ʬʦʨʤʫʣʽ ()kbeforekafter tyty ## Ö-= 9.0)( , ʷʢʘ ʨʝʘʣʽʟʫʻʪʴʩʷ ʥʘʩʪʫʧʥʦʶ ʽʥʩʪʨʫʢʮʽʻʶ. 

   Reinitialization (ʪʘʙʣʠʮʷ)  ï Variable, Expression = Yt, - Yt*0.9  

 
ɿʘʣʠʰʠʣʦʩʷ ʥʘʣʘʰʪʫʚʘʪʠ ʨʦʟʚôʷʟʫʚʘʯ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.1,10)  

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚ ʨʦʟʜʽʣʽ Physics and Variables 

Selection . ʅʠʤʠ ʟʘʟʥʘʯʝʥʦ, ʱʦ ʚ ʦʙʯʠʩʣʶʚʘʥʥʷʭ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ 

ʦʙʠʜʚʘ ʽʥʪʝʨʬʝʡʩʠ: Global  ODEs and DAEs ( ge)   ̔ Events(ev) . 

 

 

ʑʦʙ ʯʘʩʦʚʽ ʽʥʪʝʨʚʘʣʠ ʨʦʟʚôʷʟʫʚʘʯʘ ʙʫʣʠ ʢʦʨʦʪʢʠʤʠ, ʟʤʝʥʰʽʪʴ ʤʘʢʩʠʤʘʣʴʥʫ 

ʜʦʚʞʠʥʫ ʡʦʛʦ ʢʨʦʢʫ ʧʦ ʯʘʩʫ. 
  Study  - > Solver - Show Default Solver. 

ʋ ʚʫʟʣʽ Study 1 ʟ'ʷʚʠʪʴʩʷ ʢʽʣʴʢʘ ʜʦʯʽʨʥʽʭ ʚʫʟʣʽʚ ʽ ʤʦʞʥʘ ʙʫʜʝ ʚʠʢʦʥʘʪʠ 

ʽʥʩʪʨʫʢʮʽʶ 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Time Stepping  ï Maximum step = True , 0.0 1  
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ɿʘʫʚʘʞʝʥʥʷ. ɯʩʥʫʻ ʦʧʮʽʷ Event  tolerance  (ʟʥʘʯʝʥʥʷ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 0.01), 

ʷʢʘ ʚʠʟʥʘʯʘʻ ʪʦʯʥʽʩʪʴ ʧʝʨʝʚʽʨʢʠ ʥʝʷʚʥʦʾ ʫʤʦʚʠ ʫ ʚʫʟʣʘʭ ʪʠʧʫ Implicit Event . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - > Compute 

ɺ ʛʽʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1 - Global 1 ʟ ʛʨʘʬʽʢʘʤʠ 

ʚʝʣʠʯʠʥ X ʽ Y. ɸʣʝ ʥʘʩ ʮʽʢʘʚʠʪʴ ʬʦʨʤʘ ʪʨʘʻʢʪʦʨʽʾ. ɿʤʽʥʠʤʦ ʥʘʣʘʰʪʫʚʘʥʥʷ ʮʴʦʛʦ 

ʚʫʟʣʘ ʪʘʢ, ʱʦʙ ʚʽʥ ʧʦʢʘʟʫʚʘʚ ʪʨʘʻʢʪʦʨʽʶ. 

1D Plot Group 1 : 

   Legend ï Show legends = False  

1D Plot Group 1 - Global 1: 

   y- Axis Data ï Expression = comp1. Y 

   x- Axis Data ï Parameter, Expression = Expression , comp1. X 

ʆʩʪʘʥʥʽ ʚʠʨʘʟʠ ʢʘʞʫʪʴ, ʱʦ ʚʝʨʪʠʢʘʣʴʥʽ ʢʦʦʨʜʠʥʘʪʠ ʢʨʠʚʦʾ ʚʽʜʧʦʚʽʜʘʶʪʴ 

ʟʥʘʯʝʥʥʷʤ Y, ʘ ʛʦʨʠʟʦʥʪʘʣʴʥʽ - ʟʥʘʯʝʥʥʷʤ X. 

 
ʇʦʢʘʟʘʥʠʡ ʥʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʨʠʩʫʥʢʫ ʛʨʘʬʽʢ ʪʨʘʻʢʪʦʨʽʾ ʨʫʭʫ ʤôʷʯʘ ʦʪʨʠʤʘʥʦ 

ʧʨʠ ʚʝʢʪʦʨʽ ʧʦʯʘʪʢʦʚʦʾ ʰʚʠʜʢʦʩʪʽ ()( )( )10,1,0 00 == yx vvv . 

 

4.4.6.  ʄʦʜʝʣʴ ʃʦʪʢʠ ï ɺʦʣʴʪʝʨʨʠ. 

ɼʦʩʣʽʜʠʤʦ ʜʚʦʭʚʠʜʦʚʫ ʤʦʜʝʣʴ çʭʠʞʘʢïʞʝʨʪʚʘè, ʚʧʝʨʰʝ ʧʦʙʫʜʦʚʘʥʫ ɺʦʣʴʪʝʨʨʘ 

ʜʣʷ ʧʦʷʩʥʝʥʥʷ ʢʦʣʠʚʘʥʴ ʨʠʙʥʠʭ ʫʣʦʚʽʚ. ɭ ʜʚʘ ʙʽʦʣʦʛʽʯʥʽ ʚʠʜʠ, ʯʠʩʝʣʴʥʽʩʪʶ ʚ 

ʤʦʤʝʥʪ ʯʘʩʫ t, ʚʽʜʧʦʚʽʜʥʦ x( t )ʽ y( t ). ʆʩʦʙʠʥʠ ʧʝʨʰʦʛʦ ʚʠʜʫ ʻ ʾʞʝʶ ʜʣʷ 

ʦʩʦʙʠʥ ʜʨʫʛʦʛʦ ʚʠʜʫ (ʭʠʞʘʢʽʚ). ʏʠʩʝʣʴʥʦʩʪʽ ʧʦʧʫʣʷʮʽʡ ʚ ʧʦʯʘʪʢʦʚʠʡ ʤʦʤʝʥʪ 

ʯʘʩʫ ʚʽʜʦʤʽ. ʇʦʪʨʽʙʥʦ ʚʠʟʥʘʯʠʪʠ ʯʠʩʝʣʴʥʽʩʪʴ ʚʠʜʽʚ ʚ ʤʘʡʙʫʪʥʽ ʤʦʤʝʥʪʠ ʯʘʩʫ. 

ʄʘʪʝʤʘʪʠʯʥʦʶ ʤʦʜʝʣʣʶ ʟʘʜʘʯʽ ʻ ʩʠʩʪʝʤʘ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʃʦʪʢʠ ï 

ɺʦʣʴʪʝʨʨʘ 

( )

( )
î
î

í

î
î

ì

ë

Ö+-=

Ö-=

yxdc
td

yd

xyba
td

xd

, 

ʜʝ a, b, c, d ï ʜʦʜʘʪʥʽ ʩʪʘʣʽ.  

  ʇʨʦʚʝʜʝʤʦ ʚʠʟʥʘʯʝʥʥʷ ʯʠʩʝʣʴʥʦʩʪʽ ʧʦʧʫʣʷʮʽʡ ʧʨʠ 1,1,3,3 ==== dcba , 

ʜʣʷ ʜʝʢʽʣʴʢʦʭ ʚʘʨʽʘʥʪʽʚ ʧʦʯʘʪʢʦʚʠʭ ʫʤʦʚ: 1)0(,2)0( == yx ; 2)0(,1)0( == yx ; 

3)0(,1)0( == yx ; 2)0(,3)0( == yx . 
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  ɼʣʷ ʜʦʩʣʽʜʞʝʥʥʷ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʤʦʜʝʣʴ ʟ ʜʠʥʘʤʽʯʥʠʤ Global ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩʦʤ. ɸʣʝ ʚʠʛʣʷʜ ʩʠʩʪʝʤʠ ʚʽʜʧʦʚʽʜʘʻ ʙʝʟʤʘʩʦʚʽʡ ʨʝʜʘʢʮʽʾ 

Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʫ, ʪʦʤʫ ʚʠʢʦʨʠʩʪʘʻʤʦ ʡʦʛʦ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ ʤʦʜʝʣʴ ʟ Mathematical 

Particle Tracing  ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 2D - > Mathematics -  

    Mathematical Particle Tracing (pt) - > Time Dependent 

ʆʙʨʘʚʰʠ ʪʠʧ ̔ʥʪʝʨʬʝʡʩʫ Mathematical Particle Tracing (pt)  (ʧʽʩʣʷ 

ʥʘʪʠʩʢʘʥʥʷ ʥʘ ʢʥʦʧʢʫ Add) ʚʠ ʧʦʙʘʯʠʪʝ ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ Select Physics  

ʧʦʣʷ ʜʣʷ ʚʚʝʜʝʥʥʷ ʥʘʟʚ ʟʤʽʥʥʠʭ ʟʘʜʘʯʽ. ʎʽ ʽʤʝʥʘ ʧʽʟʥʽʰʝ ʙʫʜʫʪʴ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʧʽʜ ʯʘʩ ʟʘʧʠʩʫ ʩʠʩʪʝʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. ɿʘʣʠʪhʝ 

ʚʤʽʩʪ qx, qy, qz ʮʠʭ ʧʦʣʽʚ ʙʝʟ ʟʤʽʥ.  

  ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʧʨʷʤʦʢʫʪʥʠʢ. ɺʽʥ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ 

ʟʦʥʫ, ʚ ʷʢʽʡ ʙʫʜʫʪʴ ʨʦʟʪʘʰʦʚʘʥʽ ʬʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ. ʑʦʙ ʥʝ ʟʘʤʠʩʣʶʚʘʪʠʩʷ ʧʨʦ 

ʤʦʞʣʠʚʽʩʪʴ ʚʠʭʦʜʫ ʢʨʠʚʠʭ ʟʘ ʤʝʞʽ ʮʽʻʾ ʦʙʣʘʩʪʽ, ʜʣʷ ʧʨʷʤʦʢʫʪʥʠʢʘ ʪʨʝʙʘ ʟʘʜʘʪʠ 

ʜʦʩʠʪʴ ʚʝʣʠʢʽ ʨʦʟʤʽʨʠ.  

  Geometry  - > Primitives  ï Rectangle 

Component 1 - Geometry 1 - Rectangle1: 

   Size ï Width , Height = 8, 5         (ʜʚʘ ʧʦʣʷ) 

   Position ï Base, x, y = Corn er, - 1, - 1    (ʪʨʠ ʧʦʣʷ) 

  LMB > Build All Objects    
ɺ ʛ̔ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʧʘʨʘʤʝʪʨʽʚ. 

Global Definitions: RMB > Parameters 

   Parameters   ï Name, Expression = a, 3  

         ï Name, Expression = b, 3 

         ï Name, Expression = c, 1  

         ï Name, Expression = d, 1  

ɺʠʙʝʨʽʪʴ ʙʝʟʤʘʩʦʚʠʡ (Massless )  ʚʘʨʽʘʥʪ ʽʥʪʝʨʬʝʡʩʫ.  

Component 1 - Mathematical Particle Tracing (pt): 

   Particle Properties  ï Formulation  = Massless  

 
 

ɺʚʝʜʽʪʴ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ. ɺ ʨʦʣʽ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ x, y ʚʠʩʪʫʧʘʪʠʤʫʪʴ qx  ̔ qy. 

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Velocity ï v <x> = (a - b*qy)*qx  

             ï v <y> = ( - c+d*qx)*qy  
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ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʢʨʦʮʽ ʚ ʛʽʣʮʽ Mathematical Particle Tracing (pt)  ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ  

Release from Grid 1, ʚ ʷʢʦʤʫ ʟʘʜʘʡʪʝ ʢʦʦʨʜʠʥʘʪʠ ʯʦʪʠʨʴʦʭ ʧʦʯʘʪʢʦʚʠʭ ʪʦʯʦʢ.  

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï Grid type= Specified combinations  

   Initial Coordanates  ï qx,0 = 2,1,1,3  

              ï qy,0 = 1,2,3,2  

ɺʠʙʽʨ Specified  combinations  ʦʟʥʘʯʘʪʠʤʝ, ʱʦ ʪʦʯʢʠ ʤʘʪʠʤʫʪʴ 

ʢʦʦʨʜʠʥʘʪʠ ( )( )( )( )2,3,3,1,2,1,1,2 , ʘ ʥʝ ʚʩʽ ʤʦʞʣʠʚʽ ʢʦʤʙʽʥʘʮʽʾ ʚʚʝʜʝʥʠʭ 

ʯʠʩʝʣ. 

ɿʘʣʠʰʠʣʦʩʷ ʚʚʝʩʪʠ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʯʘʩʫ ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ ʦʙʯʠʩʣʝʥʴ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = rang e(0,0.05,5)  

            ï Relative tolerance = True, 0.001  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛ̔ʣʮʽ Results - Data Sets ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ Particle 1, ʷʢʠʡ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ 

ʜʞʝʨʝʣʦ ʜʘʥʠʭ ʪʠʧʫ Particle . ʊʘʢʦʞ ʚ ʛʽʣʮʽ Results ʟ'ʷʚʠʪʴʩʷ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ 

ʪʠʧʫ 2D Plot  Group  ʟ ʥʘʟʚʦʶ Particle Trajectories (pt). ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʾʾ 

ʇɺ ʚ ʩʧʠʩʢʫ Data Set ʦʙʨʘʥʦ ʜʞʝʨʝʣʦ ʜʘʥʠʭ Particle 1.  

  ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Particle Trajectories (pt) ʚʽʜʦʙʨʘʟʠʣʠʩʷ ʪʽʣʴʢʠ 

ʯʦʪʠʨʠ ʪʦʯʢʠ. ɺʦʥʠ ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʬʘʟʦʚʠʭ ʪʨʘʻʢʪʦʨʽʷʭ, ʽ ʾʭʥʻ ʧʦʣʦʞʝʥʥʷ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʤʦʤʝʥʪʦʤ ʯʘʩʫ, ʦʙʨʘʥʠʤ ʚ ʩʧʠʩʢʫ Time  ʨʦʟʜʽʣʫ Data  ʇɺ ʚʫʟʣʘ 

Particle Trajectories (pt). 

 
 

ʅʘʣʘʰʪʫʻʤʦ ʮ  ʁʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʜʣʷ ʚʽʜʦʙʨʘʞʝʥʥʷ ʬʘʟʦʚʠʭ ʪʨʘʻʢʪʦʨʽʡ. 

Particle Trajectories (pt):  

   Plot Settings  ï Plot data set edges  =False  

Particle Trajectories (pt) - Particle Trajectories 1: 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 03 

             ï Line style  ï Radius scale factor =True,1   

   Coloring  and Style  ïPoint  style  ïType = None 
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ɼʦʜʘʪʢʦʚʦ ʟʦʙʨʘʟʠʤʦ ʥʘ ʛʨʘʬʽʢʫ ʧʦʯʘʪʢʦʚʽ ʪʦʯʢʠ ʬʘʟʦʚʠʭ ʪʨʘʻʢʪʦʨʽʡ. ɼʣʷ ʮʴʦʛʦ 

ʜʫʙʣʶʻʤʦ ʚʫʟʦʣ Particle Trajectories 1 ʽ ʡʦʛʦ ʢʦʧʽʶ ʥʘʣʘʰʪʫʻʤʦ ʜʣʷ 

ʚʽʜʦʙʨʘʞʝʥʥʷ ʮʠʭ ʪʦʯʦʢ.   

Particle Trajectories (pt) - Particle Trajectories 1: RMB > Duplicate 

Particle Trajectories (pt) - Particle Trajectories 2  - Color Expression 1: 
  RMB > Delete 

Particle Trajectories (pt) - Particle Trajectories 2: 

   Data  ïData set  = Particle  1 

   Data  ïTime  = 0 

   Coloring  and Style  ïLine  style  ïType =None 

   Coloring  and Style  ïPoint  style  ïType = Point  

             ï Point style ïPoint radius expression = 0. 1 

             ï Point style ï Radius scale factor  = True,1  

  LMB > Plot   

 
ʄʦʤʝʥʪ ʯʘʩʫ, ʜʣʷ ʷʢʦʛʦ ʧʦʙʫʜʦʚʘʥʽ ʬʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ, ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʥʘʯʝʥʥʷʤ ʚ 

ʧʦʣʽ Time  ʚʫʟʣʘ Particle Trajectories (pt). ʋ ʥʘʩ ʚʦʥʦ ʜʦʨʽʚʥʶʻ 5 ʽ ʤʠ 

ʩʧʦʩʪʝʨʽʛʘʻʤʦ ʬʘʟʦʚʽ ʪʨʘʻʢʪʦʨʽʾ ʮʽʣʢʦʤ. ʏʝʨʚʦʥʽ ʪʦʯʢʠ ʚʽʜʧʦʚʽʜʘʶʪʴ  ʤʦʤʝʥʪʫ 

ʯʘʩʫ t =0, ʪʦʙʪʦ ʻ ʧʦʯʘʪʢʦʚʠʤʠ ʪʦʯʢʘʤʠ ʬʘʟʦʚʠʭ ʢʨʠʚʠʭ. 

  ɿ ʚʠʛʣʷʜʫ ʪʨʘʻʢʪʦʨʽʡ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʯʠʩʝʣʴʥʽʩʪʴ ʧʦʧʫʣʷʮʽʡ ʟʤʽʥʶʻʪʴʩʷ 

ʧʝʨʽʦʜʠʯʥʦ. 

  ʂʦʣʽʨʥʘ ʧʘʣʽʪʨʘ ʩʧʨʘʚʘ ʚʽʜʦʙʨʘʞʘʻ ʚʝʣʠʯʠʥʫ (ʤʦʜʫʣʴ) ʰʚʠʜʢʦʩʪʽ, ʟ ʷʢʦʶ 

ʪʦʯʢʘ ʨʫʭʘʻʪʴʩʷ ʧʦ ʬʘʟʦʚʽʡ ʪʨʘʻʢʪʦʨʽʾ. ʎʝ ʚʠʟʥʘʯʘʻʪʴʩʷ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʚ ʇɺ 

ʚʫʟʣʘ Particle Trajectories 1 ï Color Expression 1 ʚ ʧʦʣ ̔Expression . 

 
 

ʊʫʪ ʧʨʝʬʽʢʩ pt  ʻ ʽʤ'ʷʤ ʤʦʜʝʣʽ ʽ ʟʘʜʘʻʪʴʩʷ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle 

Tracing (pt)  ʚ ʧʦʣ ̔Name. ɸ V ʧʦʟʥʘʯʘʻ ʚʝʣʠʯʠʥʫ (ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ) ʰʚʠʜʢʦʩʪʽ. 

  ʑʦʙ ʧʦʙʫʜʫʚʘʪʠ ʢʨʠʚʽ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʽʚ ʚʽʜ ʯʘʩʫ, ʩʪʚʦʨʽʪʴ ʚ ɼʄ  

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 2   ʽ ʜʦʜʘʡʪʝ ʚ ʥʝʾ ʜʚʘ ʧʽʜʚʫʟʣʠ ʪʠʧʫ Particle , ʚ 

ʷʢʠʭ ʟʦʙʨʘʟʽʪʴ ʛʨʘʬʽʢʠ ʚʝʣʠʯʠʥ qx ʽ qy. 

  Results  - > Plot Group  ï 1D Plot Group 

 1D Plot Group 2: 

   Data  ï Data set = Particle 1  

  RMB > Particle 

1D Plot Group 2 ï Particle 1: 
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   y- Axis Data  ï Expression = qx 

   x- Axis Data  ï Expression = Time 

   Coloring and Style  ï Width  = 3 

   Data Series Operation  ï Operation = None 

ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʙʫʜʫʪʴ ʙʫʜʫʚʘʪʠʩʷ ʦʢʨʝʤʽ ʛʨʘʬʽʢʠ ʛʦʨʠʟʦʥʪʘʣʴʥʠʭ 

ʢʦʦʨʜʠʥʘʪʥʠʭ ʬʫʥʢʮʽʡ () 4,3,2,1, =itqxi . 

1D Plot Group 2 ï Particle 1: RMB > Duplicate 

1D Plot Group 2 ï Particle 2: 

   y- Axis Data  ï Expression = qy 

  LMB > Plot 

 
ʄʠ ʱʝ ʥʘʣʘʰʪʫʚʘʣʠ ʣʝʛʝʥʜʫ ʮʴʦʛʦ ʛʨʘʬʽʢʘ. 

  ʇʨʦʪʘʙʫʣʶʡʪʝ ʟʥʘʯʝʥʥʷ ʰʚʠʜʢʦʩʪʽ (ʤʦʜʫʣʷ ʚʝʢʪʦʨʘ ʰʚʠʜʢʦʩʪʽ) ʚ ʨʽʟʥʽ 

ʤʦʤʝʥʪʠ ʯʘʩʫ.  

Derived Values: RMB > Particle Evaluation 

Derived Values - Particle Evaluation 1: 

ɺ ʧʦʣʽ Expression  ʢʣʘʮʥʽʪʴ ʤʠʰʝʶ ʧʦ ʢʥʦʧʮʽ Replace Expression.  

ɺʽʜʢʨʠʚʘʻʪʴʩʷ ʚʽʢʥʦ, ʚ ʷʢʦʤʫ ʤʦʞʥʘ ʚʠʙʨʘʪʠ ʨʽʟʥʽ ʚʠʨʘʟʠ. ɿʥʘʡʜʽʪʴ ʚʠʨʘʟ 

pt.V - Particle velocity magnitude  ʽ ʟʨʦʙʽʪʴ ʧʦ ʥʴʦʤʫ ʧʦʜʚʽʡʥʝ 

ʢʣʘʮʘʥʥʷ ʤʠʰʽ. ɺ ʧʦʣʽ Expression  ʟ'ʷʚʠʪʴʩʷ ʚʠʨʘʟ pt.V . 

   Expression  ï Expression = pt.V  

ʅʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Evaluate ʚʛʦʨʽ ʇɺ ʚʫʟʣʘ Particle Evaluation 1 ʽ ʦʪʨʠʤʘʡʪʝ 

ʪʘʙʣʠʮʶ ʰʚʠʜʢʦʩʪʝʡ ʜʣʷ ʢʦʞʥʦʾ ʟ ʯʦʪʠʨʴʦʭ ʬʘʟʦʚʠʭ ʢʨʠʚʠʭ. ɼʣʷ ʟʤʽʥʠ 

ʪʦʯʥʦʩʪʽ ʚʽʜʦʙʨʘʞʝʥʥʷ ʯʠʩʝʣ ʚʠʢʦʨʠʩʪʘʡʪʝ ʢʥʦʧʢʫ Full Precision, ʨʦʟʪʘʰʦʚʘʥʫ 

ʥʘʜ ʪʘʙʣʠʮʝʶ. 
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4.4.7.  ʈʫʭ ʧʣʘʥʝʪʠ ʥʘʚʢʨʫʛʠ ʩʦʥʮʷ. 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ  ʨʫʭʫ ʧʣʘʥʝʪʠ ʥʘʚʢʨʫʛʠ ʉʦʥʮʷ ʧʽʜ ʜʽʻʶ ʩʠʣʠ ʪʷʞʽʥʥʷ. 

 
ɿʘʢʦʥ ʚʩʝʩʚʽʪʥʴʦʛʦ ʪʷʞʽʥʥʷ ʅʴʶʪʦʥʘ ʫ ʚʝʢʪʦʨʥʽʡ ʬʦʨʤʽ ʤʘʻ ʚʠʛʣʷʜ ea Fm = ,  

ʜʝ a ï ʚʝʢʪʦʨ ʧʨʠʩʢʦʨʝʥʥʷ, e ï ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ, ʩʧʨʷʤʦʚʘʥʠʡ ʚʽʜ ʧʣʘʥʝʪʠ ʜʦ 

ʩʦʥʮʷ, 
2R

Mm
F g=  ï ʚʝʣʠʯʠʥʘ ʩʠʣʠ ʪʷʞʽʥʥʷ, R ï ʚʽʜʩʪʘʥʴ ʤʽʞ ʪʽʣʘʤʠ, m ï ʤʘʩʘ 

ʧʣʘʥʝʪʠ, M ï ʤʘʩʘ ʩʦʥʮʷ, ɔ ï ʛʨʘʚʽʪʘʮʽʡʥʘ ʩʪʘʣʘ. ɿʚ'ʷʞʝʤʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʟ 

ʤʘʩʠʚʥʠʤ ʪʽʣʦʤ (ʩʦʥʮʝʤ). ʋ ʙʫʜʴ-ʷʢʠʡ ʤʦʤʝʥʪ ʯʘʩʫ ʚʝʢʪʦʨ-ʬʫʥʢʮʽʷ (x(t),y(t)) 

ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʨʘʜʽʫʩ-ʚʝʢʪʦʨ ʧʣʘʥʝʪʠ. ʉʠʣʘ, ʟ ʷʢʦʶ ʩʦʥʮʝ ʧʨʠʪʷʛʫʻ ʧʣʘʥʝʪʫ, 

ʙʫʜʝ ʩʧʨʷʤʦʚʘʥʘ ʚʟʜʦʚʞ ʦʜʠʥʠʯʥʦʛʦ ʚʝʢʪʦʨʘ 

ö
ö

÷

õ

æ
æ

ç

å

+

-

+

-
=

)()(

)(
,

)()(

)(
2222 tytx

ty

tytx

tx
e , 

ʷʢʠʡ ʤʘʻ ʧʨʦʪʠʣʝʞʥʠʡ ʥʘʧʨʷʤʦʢ ʨʘʜʽʫʩ-ʚʝʢʪʦʨʫ ʧʣʘʥʝʪʠ. ʊʦʜʽ ʨʽʚʥʷʥʥʷ ʨʫʭʫ 

ʤʘʪʠʤʫʪʴ ʚʠʜ 

ý
ü
û

í
ì
ë

+
-=

ý
ü
û

í
ì
ë

¡¡

¡¡

)(

)(

))()(()(

)(
2/322 ty

tx

tytx

Mm

ty

tx
m g . 

ɺʚʝʜʝʤʦ ʧʦʟʥʘʯʝʥʥʷ g M=k. ʊʦʜʽ ʦʪʨʠʤʘʻʤʦ ʥʘʩʪʫʧʥʫ ʩʠʩʪʝʤʫ ʟʚʠʯʘʡʥʠʭ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʠʭ ʬʫʥʢʮʽʡ x(t), y(t) ï ʢʦʦʨʜʠʥʘʪ 
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ɼʣʷ ʤʦʜʝʣʴʥʦʾ ʟʘʜʘʯʽ ʚʠʙʝʨʝʤʦ k=1 ʽ ʟʘʜʘʤʦ ʧʦʯʘʪʢʦʚʽ ʫʤʦʚʠ 

() () () () 4.00',00,00',10 ==== yyxx . 

  ɺʠʛʣʷʜ ʩʠʩʪʝʤʠ ʚʽʜʧʦʚʽʜʘʻ  Newtonian   ʨʝʜʘʢʮʽʾ  Mathematical Particle 

Tracing   ̔ ʥʪʝʨʬʝʡʩʫ, ʪʦʤʫ ʚʠʢʦʨʠʩʪʘʻʤʦ ʡʦʛʦ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ ʤʦʜʝʣʴ ʟ Mathematical 

Particle Tracing  ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 2D - > Mathematics -  

    Mathematical Particle Tracing (pt) - > Time Dependent 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʧʽʜʪʨʠʤʢʫ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʝʣʽʧʩ. 

  Geometry  - > Primitives  ï Ellipse 
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Component 1 - Geometry 1 - Ellipse1: 

   Size  and Shape  ï a-semiaxes, b-semiaxes, = 1, 0.5  

   Position ï Base, x, y = C enter , 0.5 , 0  

  LMB > Build All Objects    

ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʨʘʥʘ Newtonian  

ʨʝʜʘʢʮʽʷ ʽʥʪʝʨʬʝʡʩʫ. ɺ ʨʦʟʜʽʣʽ Dependent  Variable  ʚʠ ʤʦʞʝʪʝ ʧʦʜʠʚʠʪʠʩʷ 

ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ (ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʚ ʷʢʦʩʪʽ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ 

ʚʠʩʪʫʧʘʶʪʴ ʟʤʽʥʥʽ qx ʽ qy). ʇʝʨʝʚʽʨʪʝ ʪʘʢʦʞ, ʱʦ ʚ ʨʦʟʜʽʣʽ Domain  Selection  ʚ 

ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ, ʪʦʙʪʦ ʦʙʨʘʥʘ ʦʙʣʘʩʪʴ ʟ ʽʥʜʠʢʘʪʦʨʦʤ 1 (ʮʝ ʝʣʽʧʩ). 

  ʋ ʚʫʟʣʽ Particle Properties 1 ʟʘʜʘʡʪʝ ʦʜʠʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ.  

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Mass  ï mp = 1 

ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release from Grid , 

ʚ ʇɺ ʷʢʦʛʦ ʚʚʝʜʽʪʴ ʧʦʯʘʪʢʦʚʝ ʧʦʣʦʞʝʥʥʷ qx,0 , qy,0   ʽ ʧʦʯʘʪʢʦʚʫ ʰʚʠʜʢʽʩʪʴ v0 

ʧʣʘʥʝʪʠ. 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï qx,0 , qy,0 = 1, 0  

   Initial velocity  ï v0 <x>= 0 

            ï v0 <y>= 0.4  

ɼʦʜʘʡʪʝ ʚʫʟʦʣ Force . ɺ ʡʦʛʦ ʇɺ ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ ʟ ʚʠʨʘʟʘʤʠ ʧʨʘʚʠʭ ʯʘʩʪʠʥ 

ʩʠʩʪʝʤʠ (1), ʘ ʪʘʢʦʞ ʚ ʩʝʢʮʽʶ ʚʠʙʦʨʫ ʨʦʟʜʽʣʫ Domain Selection  ʜʦʜʘʡʪʝ 

ʽʥʜʠʢʘʪʦʨ 1 - ʥʦʤʝʨ ʦʙʣʘʩʪʽ, ʚ ʷʢʽʡ ʙʫʜʝ ʜʽʷʪʠ ʚʝʢʪʦʨʥʝ ʩʠʣʦʚʝ ʧʦʣʝ F. ɼʣʷ 

ʜʦʜʘʚʘʥʥʷ ʥʦʤʝʨʘ ʦʙʣʘʩʪʽ ʧʨʦʩʪʦ ʢʣʘʮʥʽʪʴ ʧʦ ʝʣʽʧʩʫ ʤʠʰʢʦʶ. 

Mathematical Particle Tracing (pt) : RMB > Force 

Mathematical Particle Tracing (pt) ï Force 1: 

   Domain Selection  ï Selection = Manual, 1  

   Force  ï Force: F <x> = - qx/(qx̂ 2+qŷ 2+eps)̂ (3/2)  

   Force  ï Force: F <y> = - qy/(qx̂ 2+qŷ 2+eps)̂ (3/2)  

 

 
 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʟʥʘʤʝʥʥʠʢ ʚʠʨʘʟʽʚ ʤʠ ʜʦʜʘʣʠ ʩʪʘʣʫ eps  ï ʤʘʰʠʥʥʝ ʝʧʩʽʣʦʥ 

2.2204Ͻ10 16. ʎʝ ʧʦʪʨʽʙʥʦ, ʱʦʙ ʟʘʧʦʙʽʛʪʠ ʦʙʝʨʪʘʥʥʶ ʟʥʘʤʝʥʥʠʢʘ ʚ ʥʫʣʴ. 

  ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t  ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ ʦʙʯʠʩʣʝʥʴ. 

Step 1: Time Dependent: 

   Study Settings  ï Times = range(0,0.01,20)  

            ï Relative tolerance = True, 1E- 5 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ï Data Sets ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʜʚʘ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Study 1/Solution 1 

ʽ Particle 1, ʘ ʪʘʢʦʞ ʜʚʦʚʠʤʽʨʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ Particle Trajectories (pt) ʟ 

ʚʫʟʣʦʤ Particle Trajectories 1. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Particle 
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Trajectories (pt) ʚ ʨʦʟʜʽʣʽ Data  ʚ ʧʦʣ ̔ Time  ʦʙʨʘʥʠʡ ʤʘʢʩʠʤʘʣʴʥʠʡ ʤʦʤʝʥʪ 

ʯʘʩʫ (ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 20). ʊʘʢʦʞ ʟʥʽʤʽʪʴ ʧʝʨʝʤʠʢʘʯ Plot data set edges , 

ʱʦʙ ʚ ʛʨʘʬʽʯʥʦʤʫ ʚʽʢʥʽ ʥʝ ʤʘʣʶʚʘʚʩʷ ʢʦʥʪʫʨ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ (ʝʣʽʧʩʘ). 

Particle Trajectories (pt):  

   Plot Settings  ï Plot data set edges =False  

ʑʦʙ ʧʦʙʘʯʠʪʠ ʪʨʘʻʢʪʦʨʽʶ ʨʫʭʫ ʧʣʘʥʝʪʠ, ʚʽʜʢʦʨʠʛʫʡʪʝ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚʫʟʣʘ 

Particle Trajectories 1.  

Particle Trajectories (pt) - Particle Trajectories 1: 

   Coloring  and Style  ïLine  style  ïType =Tube 

            ï Line style  ï Tube radius expression =0. 005 

            ï Line style  ï Radius scale factor =True,1   

   Coloring  and Style  ïPoint  style  ïType = None 

  LMB > Plot   

 
ɺʠʜʠʤʘ ʜʽʣʷʥʢʘ ʪʨʘʻʢʪʦʨʽʾ ʚʽʜʧʦʚʽʜʘʻ ʽʥʪʝʨʚʘʣʫ ʯʘʩʫ ʚʽʜ ʥʫʣʷ ʜʦ ʟʥʘʯʝʥʥʷ, 

ʟʘʟʥʘʯʝʥʦʛʦ ʚ ʧʦʣʽ Time  ʚʫʟʣʘ Particle Trajectories (pt). ʂʦʣʽʨʥʘ ʧʘʣʽʪʨʘ ʩʧʨʘʚʘ 

ʚʽʜʦʙʨʘʞʘʻ ʚʝʣʠʯʠʥʫ (ʤʦʜʫʣʴ) ʰʚʠʜʢʦʩʪʽ, ʟ ʷʢʦʶ ʪʽʣʦ ʨʫʭʘʻʪʴʩʷ ʧʦ ʢʨʠʚʽʡ. ʎʝ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʚ ʇɺ ʚʫʟʣʘ  Particle Trajectories 1 - Color 

Expression 1 ʚ ʧʦʣ ̔ Expression . ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʮʝ ʚʠʨʘʟ pt.V , ʷʢʠʡ 

ʧʦʟʥʘʯʘʻ ʚʝʣʠʯʠʥʫ ʰʚʠʜʢʦʩʪʽ. 

  ʇʦʙʫʜʫʡʪʝ ʘʥʽʤʘʮʽʶ ʨʫʭʫ ʧʣʘʥʝʪʠ ʚʟʜʦʚʞ ʪʨʘʻʢʪʦʨʽʾ. 
  Results  ï> Export - Animation ï> Player 

Export ï Animation 1: 

   Scene ï Subject  = Particle Trajectories (pt)  

   Animation  Aditing ï Time  selection  = Manual  

             ï Times(s)(1-2001) = range(1, 10,260)  

ʆʩʪʘʥʥʷ ʦʧʮʽʷ ʟʘʜʘʻ ʜʽʘʧʘʟʦʥ ʥʦʤʝʨʽʚ ʤʦʤʝʥʪʽʚ ʯʘʩʫ (ʘ ʥʝ ʩʘʤʽ ʤʦʤʝʥʪʠ). 

   Framesï Frame selection  = All  

Playing  ï Repeat  = True  

  LMB > Generate Frame. 

ʇʦʯʥʝʪʴʩʷ ʧʨʦʮʝʩ ʛʝʥʝʨʫʚʘʥʥʷ ʢʘʜʨʽʚ. ʇʦ ʡʦʛʦ ʟʘʚʝʨʰʝʥʥʽ ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ 

Play  ʥʘ ʧʘʥʝʣʽ ʢʝʨʫʚʘʥʥʷ ʘʥʽʤʘʮʽʻʶ. ɺʦʥʘ ʨʦʟʪʘʰʦʚʘʥʘ ʚʛʦʨʽ ʣʽʚʦʛʦ ʢʫʪʘ 

ʛʨʘʬʽʯʥʦʛʦ ʚʽʢʥʘ. ʎʠʤ ʚʠ ʟʘʧʫʩʪʠʪʝ ʘʥʽʤʘʮʽʶ. 

ɿʘʫʚʘʞʝʥʥʷ. ʉʧʨʦʙʫʡʪʝ ʨʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʧʨʠ ʙʽʣʴʰʦʤʫ ʯʘʩʦʚʦʤʫ ʢʨʦʮʽ. 

ʅʘʧʨʠʢʣʘʜ, ʫ ʚʫʟʣʽ Step 1: Time Dependent  ʚ ʧʦʣʽ Times  ʟʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ 

range (0,0. 1,20) . ɺʠ ʦʪʨʠʤʘʻʪʝ ʟʥʘʯʥʦ ʛʽʨʰʠʡ ʨʠʩʫʥʦʢ ʪʨʘʻʢʪʦʨʽʾ. 
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4.4.8.  ʄʘʪʝʤʘʪʠʯʥʠʡ ʙʽʣʴʷʨʜ ʚ ʝʣʽʧʩʽ. 

ɭ ʧʣʦʩʢʠʡ ʛʦʨʠʟʦʥʪʘʣʴʥʠʡ ʙʽʣʴʷʨʜʥʠʡ ʩʪʽʣ ʜʦʚʽʣʴʥʦʾ ʬʦʨʤʠ ʙʝʟ ʣʫʟ. ʇʦ ʥʴʦʤʫ 

ʙʝʟ ʪʝʨʪʷ ʨʫʭʘʻʪʴʩʷ ʤʘʣʝʥʴʢʘ ʢʫʣʴʢʘ, ʧʨʫʞʥʦ ʚʽʜʙʠʚʘʶʯʠʩʴ ʚʽʜ ʙʦʨʪʽʚ. 

ʇʦʪʨʽʙʥʦ ʚʠʟʥʘʯʠʪʠ ʪʨʘʻʢʪʦʨʽʶ ʮʽʻʾ ʢʫʣʽ/ʪʦʯʢʠ. ʄʝʭʘʥʽʯʥʘ ʩʠʩʪʝʤʘ ï ʨʫʭʦʤʘ 

ʪʦʯʢʦʚʘ ʢʫʣʷ ʚ ʦʙʣʘʩʪʽ Q ï ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʝʤʘʪʠʯʥʠʤ ʙʽʣʴʷʨʜʦʤ. ʊʨʘʻʢʪʦʨʽʷ 

ʪʦʯʢʠ ʚ ʤʘʪʝʤʘʪʠʯʥʦʤʫ ʙʽʣʴʷʨʜʽ ʚʠʟʥʘʯʘʻʪʴʩʷ ʾʾ ʧʦʯʘʪʢʦʚʠʤ ʧʦʣʦʞʝʥʥʷʤ ʽ 

ʚʝʢʪʦʨʦʤ ʰʚʠʜʢʦʩʪʽ. ɺ ʧ. 2.3.8 ʤʠ ʨʦʟʚôʷʟʫʚʘʣʠ ʮʶ ʟʘʜʘʯʫ ʜʣʷ ʧʨʷʤʦʢʫʪʥʦʾ 

ʦʙʣʘʩʪʽ. ɯʥʪʝʨʬʝʡʩ Mathematical Particle Tracing ʜʦʟʚʦʣʷʻ ʤʦʜʝʣʶʚʘʪʠ ʨʫʭ ʪʦʯʢʠ 

ʚ ʤʘʪʝʤʘʪʠʯʥʦʤʫ ʙʽʣʴʷʨʜʽ ʜʦʚʽʣʴʥʦʾ ʬʦʨʤʠ. 

  ʈʦʟʛʣʷʥʝʤʦ ʨʫʭ ʪʦʯʢʠ ʚ ʝʣʽʧʪʠʯʥʦʤʫ ʤʘʪʝʤʘʪʠʯʥʦʤʫ ʙʽʣʴʷʨʜʽ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ 2D ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

Mathematical Particle Tracing   ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 2D - > Mathematics - 

    Mathematical Particle Tracing (pt) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʟʘʜʘʯʽ ʚʚʘʞʘʪʠʤʝʤʦ ʝʣʽʧʩ. 

  Geometry  - > Primitives  ï Ellipse 

Component 1 - Geometry 1 - Ellipse1: 

   Size  and Shape  ï a-semiaxes, b-semiaxes, = 2, 1 

   Position ï Base, x, y = C enter , 0, 0  

  LMB > Build All Objects    

ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʨʘʥʘ Newtonian  

ʨʝʜʘʢʮʽʷ ʽʥʪʝʨʬʝʡʩʫ.  

  ʋ ʚʫʟʣʽ Particle Properties 1 ʟʘʜʘʡʪʝ ʦʜʠʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ.  

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Mass  ï mp = 1 

ɺʫʟʦʣ ʪʠʧʫ Wall  ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʧʦʚʝʜʽʥʢʠ ʯʘʩʪʦʢ ʚ ʤʦʤʝʥʪ 

ʢʦʥʪʘʢʪʫ ʟ ʤʝʞʝʶ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ (ʚ̔ʜʙʠʪʪʷ, ʧʨʠʩʪʘʚʘʥʥʷ, ʟʘʩʪʠʛʘʥʥʷ ʽ 

ʪ.ʜ.). ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʧʦʪʨʽʙʥʦ ʦʙʨʘʪʠ ʚʽʜʙʠʪʪʷ (bounce). 

Mathematical Particle Tracing (pt) ï Wall  1: 

   Wall condition   ï Wall condition: = Bounce  

ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release from Grid , 

ʚ ʇɺ ʷʢʦʛʦ ʚʚʝʜʽʪʴ ʧʦʯʘʪʢʦʚʝ ʧʦʣʦʞʝʥʥʷ ʽ ʧʦʯʘʪʢʦʚʫ ʰʚʠʜʢʽʩʪʴ ʪʦʯʢʠ. 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï qx,0 , qy,0 = 0.2, 0.3  

   Initial velocity  ï v0 <x>= 1 

            ï v0 <y>= sqrt(2)  

ɼʦʜʘʡʪʝ ʚʫʟʦʣ Force  ʽ ʚ ʡʦʛʦ ʇɺ ʟʘʜʘʡʪʝ ʥʫʣʴʦʚʫ ʩʠʣʫ. 

Mathematical Particle Tracing (pt) : RMB > Force 

Mathematical Particle Tracing (pt) ï Force 1: 

   Domain Selection  ï Selection = Manual, 1  

   Force  ï Force: F <x> = 0 
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   Force  ï Force: F <y> = 0 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʧʘʨʘʤʝʪʨʘ ʯʘʩʫ  t . 

Step 1: Time Dependent: 

   Study  Settings  ï Times = range(0, 0.05 , 10)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ï Data Sets ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʜʚʘ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Study 1/Solution 1 

ʽ Particle 1, ʘ ʪʘʢʦʞ ʜʚʦʚʠʤʽʨʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ Particle Trajectories (pt) ʟ 

ʚʫʟʣʦʤ Particle Trajectories 1. ɺ̔ ʜʢʦʨʠʛʫʡʪʝ ʾʭ ʥʘʣʘʰʪʫʚʘʥʥʷ. 

Particle Trajectories (pt) - Particle Trajectories 1 - Color Expression 1:  
  RMB > Delete   
Particle Trajectories (pt) - Particle Trajectories 1: 

   Coloring  and Style  ïLine  style  ïType =Tube 

             ï Line style  ï Tube radius expression =0. 02 

             ï Line style  ï Radius scale factor =True,1   

             ï Color  =Black  

   Coloring  and Style  ïPoint  style  ïType = Point  

             ï Point style ïPoint radius expression = 0. 1 

             ï Point style ï Radius scale factor  = True,1  

             ï Point  style  ï Color  = Red 

  LMB > Plot   

 
ʉʪʚʦʨʝʥʘ ʢʨʠʚʘ ʷʚʣʷʻ ʚʽʜʨʽʟʦʢ ʪʨʘʻʢʪʦʨʽʾ, ʷʢʘ ʧʦʯʠʥʘʻʪʴʩʷ ʚ ʤʦʤʝʥʪ ʯʘʩʫ t =0  ʚ 

ʪʦʯʮʽ ( )3.0,2.0 , ʽ ʟʘʢʽʥʯʫʻʪʴʩʷ ʚ ʤʦʤʝʥʪ t, ʟʘʜʘʥʠʡ ʫ ʧʦʣʽ Time  ʙʘʪʴʢʽʚʩʴʢʦʾ 

ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ (t=10 ). 

  ʇʦʙʫʜʫʡʪʝ ʘʥʽʤʘʮʽʶ. 
  Results  ï> Export - Animation ï> Player 

Animation 1: 

   Frames  ï Frame selection  = All  

ɿʛʝʥʝʨʫʡʪʝ ʢʘʜʨʠ ʘʥʽʤʘʮʽʾ, ʥʘʪʠʩʥʫʚʰʠ ʥʘ ʢʥʦʧʢʫ Generate Frame , ʽ ʟʘʧʫʩʪʽʪʴ 

ʾʾ ʢʥʦʧʢʦʶ Play . ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʧʦʢʘʟʘʥʽ ʢʘʜʨʠ, ʧʦʙʫʜʦʚʘʥʽ ʚ 

ʤʦʤʝʥʪʠ ʯʘʩʫ t =4. 2,6. 7,8.7 . 
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4.4.9.  ʇʦʧʝʨʝʯʥʽ ʢʦʣʠʚʘʥʥʷ ʩʪʨʫʥʠ ʟ ʜʚʦʤʘ ʚʘʥʪʘʞʘʤʠ. 

ʄʘʻʤʦ 2 ʚʘʥʪʘʞʫ ʤʘʩʠ M, ʷʢʽ ʟʘʢʨʽʧʣʝʥʽ ʥʘ ʛʦʨʠʟʦʥʪʘʣʴʥʽʡ ʩʪʨʫʥʽ ʜʦʚʞʠʥʦʶ 

aL 3=  ʚ ʪʦʯʢʘʭ x=a   ̔ x=2a. ɺʽʜʨʽʟʢʠ ʩʪʨʫʥʠ ʤʽʞ ʚʘʥʪʘʞʘʤʠ ʦʜʥʘʢʦʚʽ, ʥʝʚʘʛʦʤʽ 

ʽ ʧʽʜʢʦʨʷʶʪʴʩʷ ʟʘʢʦʥʫ ɻʫʢʘ. ʅʘʪʷʛ ʩʪʨʫʥʠ ʜʦʨʽʚʥʶʻ ʊ. ʇʦʟʥʘʯʠʤʦ ʚʝʨʪʠʢʘʣʴʥʝ 

ʚʽʜʭʠʣʝʥʥʷ ʚʘʥʪʘʞʽʚ ʚʽʜ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ ʥʘ ʦʩʽ ʩʪʨʫʥʠ ʯʝʨʝʟ ()ty1   ̔ ()ty2 . 

ʆʙʤʝʞʠʤʦʩʷ ʨʦʟʛʣʷʜʘʥʥʷʤ ʤʘʣʠʭ ʢʦʣʠʚʘʥʴ. ʊʦʜʽ ʨʽʚʥʷʥʥʷ ʨʫʭʫ ʚʘʥʪʘʞʽʚ 
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ʜʝ 30, yy - ʟʤʽʱʝʥʥʷ ʣʽʚʦʛʦ ʽ ʧʨʘʚʦʛʦ ʢʽʥʮʽʚ ʟʘʢʨʽʧʣʝʥʦʾ ʩʪʨʫʥʠ, ʪʦʙʪʦ ʥʫʣʽ. 

ʇʨʦʘʥʘʣʽʟʫʻʤʦ ʢʦʣʠʚʘʥʥʷ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʙʝʟ ʧʦʯʘʪʢʦʚʦʾ ʰʚʠʜʢʦʩʪʽ, 

ʧʦʢʣʘʚʰʠ a=1, M=1, T=1.ʊʦʜʽ ʦʪʨʠʤʘʻʤʦ ʩʠʩʪʝʤʫ 
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ʂʦʨʠʩʪʫʚʘʯʝʚʽ ʧʦʚʠʥʥʦ ʙʫʪʠ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʜʣʷ ʜʦʩʣʽʜʞʝʥʥʷ ʮʽʻʾ ʟʘʜʘʯʽ ʚ 

COMSOL ʧʦʪʨʽʙʥʦ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ɿɼʈ, ʪʦʙʪʦ ʧʽʜʭʦʜʠʪʴ 0D Global  ODEs 

and DAEs ʽʥʪʝʨʬʝʡʩ. ɸʣʝ ʤʠ ʙʘʞʘʻʤʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʩʪʨʫʥʠ ʟ ʪʦʯʢʦʚʠʤʠ 

ʤʘʩʘʤʠ. ʊʦʜʽ ʥʘʤ ʧʦʪʨʽʙʥʘ ʧʨʦʩʪʦʨʦʚʘ ʤʦʜʝʣʴ ʽ  ʜʣʷ ʮʴʦʛʦ ʤʦʞʝ ʧʽʜʽʡʪʠ Domain 

ODEs and DAEs   ̔ ʥʪʝʨʬʝʡʩ. 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ ʤʦʜʝʣʴ ʟ Domain ODEs and 

DAEs ʽʥʪʝʨʬʝʡʩʦʤ. 
   File->New->Model Wizard->1D-> Mathematics - ODEs and DAEs Interfaces 
    - Domain ODEs and DAEs (dode) -> Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ, ʷʢʠʡ ʙʫʜʝ ʟʦʙʨʘʞʘʪʠ ʥʝʚʘʛʦʤʫ 

ʩʪʨʫʥʫ, ʽ ʜʚʦʭ ʪʦʯʦʢ, ʱʦ ʙʫʜʫʪʴ ʟʦʙʨʘʞʘʪʠ ʟʦʩʝʨʝʜʞʝʥʽ ʤʘʩʠ.  

  Geometry - >Pimitives - > Interval 

Geometry ï Interval 1 (i1): 

   Interval  ï Right  endpoint  = 3  

  Geometry - >Primitives - >Point 

   Point  ï x: = 1,2         (ʘʙʩʮʠʩʠ ʜʚʦʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ) 

  LMB > Build All Objects 
ɺ ʛʨʘʬʽʯʥʦʤʫ ʚʽʢʥʽ ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʦ ʟʦʙʨʘʞʝʥʥʷ ʚʽʜʨʽʟʢʘ ʟ ʪʦʯʢʘʤʠ ʨʦʟʙʠʪʪʷ. 
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ʅʘ ʚʽʜʨʽʟʢʫ ʧʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Mesh 1: 

   Mesh Settings ï Element size  = Finer  

  LMB > Build All    

ɼʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ Global Equations  ʚʫʟʦʣ  ʽ ʚ ʡʦʛʦ ʇɺ ʟʘʧʦʚʥʽʪʴ ʪʘʙʣʠʮʶ 

ʨʽʚʥʷʥʴ. 

  Physics  - > Global  - > Global Equations 

Domain ODEs and DAEs(dode) ï Global Equations 1: 

   Global Equations   ï Name, f(u, ut, utt, t) = y1,y1tt - y2+2*y1  

            ï Initial  value(u_0), Initial value(u_t0) =1,0  

   Global Equations   ï Name, f(u, ut, utt, t) = y2,y2tt - y1+2*y2  

            ï Initial  value(u_0), Initial value(u_t0) =1,0  

 
 

ʊʘʢʠʤ ʯʠʥʦʤ, ʪʫʪ ʚʠʟʥʘʯʝʥʦ ʜʚʽ ʥʝʚʽʜʦʤʽ  y1 ʽ y2, ʷʢʽ ʙʫʜʫʪʴ ʨʦʟʰʫʢʫʚʘʪʠʩʷ ʷʢ 

ʨʦʟʚôʟʦʢ ʩʠʩʪʝʤʠ (1), ʽ ʟʦʙʨʘʞʘʪʠ ʟʤʽʱʝʥʥʷ ʪʦʯʢʦʚʠʭ ʤʘʩ. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, 

ʱʦ ʧʦʯʘʪʢʦʚʽ ʟʥʘʯʝʥʥʷ ʮʠʭ ʟʤʽʥʥʠʭ (ʽ ʾʭ ʧʦʭʽʜʥʽ ʧʦ ʯʘʩʫ) ʚʠʟʥʘʯʝʥʦ ʚ ʪʘʙʣʠʮʽ. 

ʄʘʁ ʯʠ y1 ʽ y2, ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʨʽʚʥʷʥʥʷ ʩʪʨʫʥʠ ʥʘ ʨʽʟʥʠʭ ʯʘʩʪʠʥʘʭ ʛʝʦʤʝʪʨʽʾ. 

ʅʘ ʥʠʭ ʩʪʨʫʥʘ ʙʫʜʝ ʟʦʙʨʘʞʘʪʠʩʷ ʧʨʷʤʦʣʽʥʽʡʥʠʤʠ ʚʽʜʨʽʟʢʘʤʠ, ʧʦʣʦʞʝʥʥʷ ʢʽʥʮʽʚ 

ʷʢʠʭ ʚʽʜʦʤʦ. ʑʦʙ ʟʘʧʠʩʘʪʠ ʪʘʢʝ ʨʽʚʥʷʥʥʷ, ʩʧʦʯʘʪʢʫ ʥʘ ʢʦʞʥʦʤʫ ʟ ʽʥʪʝʨʚʘʣʽʚ 

ʩʪʚʦʨʽʪʴ ʟʤʽʥʥʫ f, ʟʘʜʘʥʫ ʚʣʘʩʥʠʤ ʚʠʨʘʟʦʤ.  

   Definitions  -> Variables  ï Local Variables  

Definitions  - Variables 1: 

   Geometric Entity Selection ï Geometric entity level = Domain 

                  ï Selection - <> = 1  (ʣʽʚʠʡ ʚʽʜʨʽʟʦʢ) 

   Variables (ʪʘʙʣʠʮʷ)ï Name  = f   

              ï Expression   = y1*x  

ʉʪʚʦʨʽʪʴ ʱʝ ʦʜʠʥ ʚʫʟʦʣ ʟʤʽʥʥʠʭ. 

   Definitions  -> Variables  ï Local Variables  

Definitions  - Variables 2:  

   Geometric Entity Selection ï Geometric entity level = Domain 

                  ï Selection - <> = 2   (ʩʝʨʝʜʥʽʡ ʚʽʜʨʽʟʦʢ) 

   Variables (ʪʘʙʣʠʮʷ)ï Name  = f   

              ï Expression  = y1+(y2 - y1)*(x - 1)  

ʉʪʚʦʨʽʪʴ ʪʨʝʪʽʡ ʚʫʟʦʣ ʟʤʽʥʥʠʭ. 

   Definitions  -> Variables  ï Local Variables  

Definitions  - Variables 3:  

   Geometric Entity Selection ï Geometric entity level = Domain 

                  ï Selection - <> = 3   (ʧʨʘʚʠʡ ʚʽʜʨʽʟʦʢ) 
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   Variables (ʪʘʙʣʠʮʷ)ï Name  = f   

              ï Expression   = y2*(3 - x)  

ʄʠ ʩʪʚʦʨʠʣʠ ʪʨʠ ʨʽʟʥʽ ʚʫʟʣʠ Variables , ʚ ʢʦʞʥʦʤʫ ʟ ʷʢʠʭ ʟʘʜʘʣʠ ʟʤʽʥʥʫ ʟ 

ʦʜʥʘʢʦʚʠʤ ʽʤôʷʤ f . ɼʣʷ ʢʦʞʥʦʛʦ ʟ ʚʫʟʣʽʚ ʚʠʟʥʘʯʠʣʠ ʨʽʟʥʽ ʜʽʣʷʥʢʠ ʜʽʾ  (ʨʽʟʥʽ 

ʚʽʜʨʽʟʢʠ) ʽ ʜʣʷ f  ʟʘʜʘʣʠ ʨʽʟʥʽ ʬʦʨʤʫʣʠ. ʂʦʣʠ ʚ ʤʦʜʝʣʽ ʚʠ ʙʫʜʝʪʝ ʟʚʝʨʪʘʪʠʩʷ ʜʦ 

ʟʤʽʥʥʦʾ f, ʩʠʩʪʝʤʘ ʙʫʜʝ ʚʠʟʥʘʯʘʪʠ ʜʽʣʷʥʢʫ ʽ ʘʚʪʦʤʘʪʠʯʥʦ ʦʙʠʨʘʪʠ ʧʦʪʨʽʙʥʠʡ 

ʚʠʨʘʟ ʜʣʷ ʾʾ ʦʙʯʠʩʣʝʥʥʷ. ʊʘʢʠʤ ʯʠʥʦʤ, ʟʤʽʥʥʘ f  ʚʠʟʥʘʯʝʥʘ ʥʘ ʪʨʴʦʭ ʨʽʟʥʠʭ 

ʽʥʪʝʨʚʘʣʘʭ ʽ, ʚ ʨʝʟʫʣʴʪʘʪʽ, ʟʘʜʘʪ̒ʴʩʷ ʬʦʨʤʫʣʦʶ  

( )( )

( )î
í

î
ì

ë

¢¢-Ö

¢¢--+

¢¢Ö

=

32,3

21,1

10,

2

121

1

xxy

xxyyy

xxy

f . 

ʅʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʨʦʟʧʦʜʽʣʝʥʦʾ ʟʘʜʘʯʽ. 

Domain ODEs and DAEs (dode) - Distributed ODE 1: 

   Source  Term ï f = u- f  

   Damping or Mass coefficient  ï da = 0 

   Mass coefficient  ï ea = 0 

ʆʪʞʝ ʰʫʢʘʥʘ ʟʤʽʥʥʘ u ʙʫʜʝ ʚʠʟʥʘʯʘʪʠʩʷ ʨʽʚʥʷʥʥʷʤ () 0=- xfu  ʽ 

ʦʙʯʠʩʣʶʚʘʪʠʩʷ ʟʘ ʨʽʟʥʠʤʠ ʚʠʨʘʟʘʤʠ ʥʘ ʨʽʟʥʠʭ ʜʽʣʷʥʢʘʭ ʛʝʦʤʝʪʨʽʾ. 

  ʅʘʣʘʰʪʫʡʪʝ ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ.   

Study 1 - Step 1: Time Dependent: 

   Study Settings ï Times  = range(0,0.2,6)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home- >Compute 

ɹʫʜʝ ʩʪʚʦʨʝʥʦ ʜʚʽ ʛʨʘʬʽʯʥʽ ʛʨʫʧʠ. ɺ ʛʨʫʧʽ 1D Plot Group 1 ʧʦʙʫʜʦʚʘʥʠʡ 

ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʡ ()ty1   ̔  ()ty2  ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʯʘʩʫ (ʢʨʠʚʽ ʩʧʽʚʧʘʜʘʶʪʴ). 

 

 
ɺ ʛʨʫʧʽ 1D Plot Group 2 ʧʦʙʫʜʦʚʘʥʽ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʾ u ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ 

ʢʦʦʨʜʠʥʘʪʠ x ʫ ʚʩʽ ʤʦʤʝʥʪʠ ʯʘʩʫ, ʪʦʙʪʦ ʛʨʘʬʽʢʠ ʬʦʨʤʠ ʩʪʨʫʥʠ. 
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ɹʘʞʘʥʦ ʥʘ ʛʨʘʬʽʢʫ ʟʦʙʨʘʟʠʪʠ ʤʘʩʠ. ɼʣʷ ʮʴʦʛʦ ʚ ʛʨʫʧʫ 1D Plot Group 2 ʜʦʜʘʡʪʝ 

ʱʝ ʜʚʘ ʣʽʥʽʡʥʠʭ ʛʨʘʬʽʢʠ, ʷʢʽ ʙʫʜʫʪʴ ʟʦʙʨʘʞʘʪʠ ʚʠʨʘʟʠ ()ty1   ʽ ()ty2  ʚ ʟʘʣʝʞʥʦʩʪʽ 

ʚʽʜ ʬʽʢʩʦʚʘʥʦʾ ʧʨʦʩʪʦʨʦʚʦʾ ʢʦʦʨʜʠʥʘʪʠ.  

1D Plot Group 2: 

   Data ï Time selection = Manual  

   Data ï Times (1-41) = 1  

   Axis   ɀ Manual axis limits  = True  

      ɀ y minimum, y maximum  = - 1.1,1.1  

  1D Plot Group 2 -> Add Plot  ï Line Graph 

1D Plot Group 2 - Line Graph 2: 

   Selection ï Selection - < > = 2     (ʽʥʜʠʢʘʪʦʨ ʩʝʨʝʜʥʴʦʛʦ ʚʽʜʨʽʟʢʘ) 

   y- Axis Data ï Expression = y 1 

   x- Axis Data ï Parameter = Expression  

          ï Expression = 1    (ʘʙʩʮʠʩʘ ʣʽʚʦʾ ʤʘʩʠ) 

   Coloring and Style ï Width = 7     (ʨʦʟʤʽʨ ʪʦʯʢʠ) 

  RMB > Duplicate 

1D Plot Group 2 - Line Graph 3: 

   y- Axis Data ï Expression = y2  

   x- Axis Data ï Expression = 2      (ʘʙʩʮʠʩʘ ʧʨʘʚʦʾ ʤʘʩʠ) 

ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣɹ ʛʨʘʬʽʢʘ ʥʘ ʩʚʽʡ ʨʦʟʩʫʜ, ʽ ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ LMB > Plot. ɹʫʜʝ 

ʧʦʙʫʜʦʚʘʥʠʡ ʧʨʦʬʽʣʴ ʩʪʨʫʥʠ ʟ ʪʦʯʢʦʚʠʤʠ ʤʘʩʘʤʠ ʚ ʧʦʯʘʪʢʦʚʠʡ ʤʦʤʝʥʪ ʯʘʩʫ. 

 
ɸʥʽʤʘʮʽʶ ʨʫʭʫ ʩʪʨʫʥʠ ʟ ʤʘʩʘʤʠ ʧʦʙʫʜʫʡʪʝ ʩʘʤʦʩʪʽʡʥʦ. 

  ʆʪʨʠʤʘʥʝ ʩʠʥʭʨʦʥʥʝ ʢʦʣʠʚʘʥʥʷ ʦʙʦʭ ʤʘʩ ʟʦʙʨʘʞʘʻ ʧʝʨʰʫ ʤʦʜʫ ʢʦʣʠʚʘʥʴ 

ʩʠʩʪʝʤʠ. ɼʣʷ ʧʦʙʫʜʦʚʠ ʜʨʫʛʦʾ ʤʦʜʠ, ʷʢʘ ʟʦʙʨʘʞʘʻ ʨʫʭ ʤʘʩ ʚ çʧʨʦʪʠʬʘʟʽè, 

ʧʦʤʽʥʷʡʪʝ ʚ ʇɺ ʚʫʟʣʘ Domain ODEs and DAEs(dode) ï Global Equations 1  ʚ 

ʪʘʙʣʠʮʽ ʨʽʚʥʥʷʴ ʧʦʯʘʪʢʦʚʝ ʟʥʘʯʝʥʥʷ ʜʣʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ y2 . 

Domain ODEs and DAEs(dode) ï Global Equations 1: 

   Global Equations  ï Initial value(u_0),   = - 1  (ʚ 2-ʤʫ ʨʷʜʢʫ ʪʘʙʣʠʮʽ) 

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʫ ʚʫʟʣʽ 1D Plot Group 2 ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ. 
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ʅʘ ʮʴʦʤʫ ʨʠʩʫʥʢʫ ʟʦʙʨʘʞʝʥʦ ʧʦʯʘʪʢʦʚʠʡ ʩʪʘʥ ʩʠʩʪʝʤʠ. ʆʙʠʨʘʶʯʠ ʚ ʧʦʣʽ Data  

ï Times (1-41) ʚʫʟʣʘ 1D Plot Group 2 ʽʥʰʽ ʥʦʤʝʨʠ ʤʦʤʝʥʪʽʚ ʯʘʩʫ, ʚʠ ʙʫʜʝʪʝ 

ʦʪʨʠʤʫʚʘʪʠ ʽʥʰʽ ʧʨʦʬʽʣʽ ʩʪʨʫʥʠ.  

  ɼʣʷ ʩʪʚʦʨʝʥʥʷ ʜʦʚʽʣʴʥʠʭ ʢʦʣʠʚʘʥʴ (ʩʫʧʝʨʧʦʟʠʮʽ ʾʧʝʨʰʦʾ ʽ ʜʨʫʛʦʾ ʤʦʜʠ) 

ʜʦʩʪʘʪʥʴʦ ʟʘʜʘʪʠ ʜʦʚʽʣʴʥʽ ʧʦʯʘʪʢʦʚʽ ʟʤʽʱʝʥʥʷ. ʉʧʨʦʙʫʡʪʝ, ʥʘʧʨʠʢʣʘʜ, ʫʤʦʚʠ 

() () 00,10 21 == yy . 

ɿʘʫʚʘʞʝʥʥʷ 1. ɼʣʷ ʧʦʙʫʜʦʚʠ ʪʦʯʢʦʚʠʭ ʤʘʩ ʟʜʘʻʪʴʩʷ ʤʦʞʥʘ ʙʫʣʦ ʙ ʚʠʢʦʨʠʩʪʘʪʠ 

ʚʫʟʣʠ ʪʠʧʫ Point Graph , ʘʣʝ ʚʦʥʠ ʥʝ ʧʽʜʭʦʜʷʪʴ ʜʣʷ ʧʦʙʫʜʦʚʠ ʘʥʽʤʘʮʽʾ, ʙʦ ʚ 

ʜʠʥʘʤʽʯʥʠʭ ʟʘʜʘʯʘʭ ʙʫʜʫʶʪʴ ʪʨʘʻʢʪʦʨʽʾ ʨʫʭʫ ʪʦʯʦʢ (ʪʦʙʪʦ ʙʫʜʫʚʘʪʠʤʫʪʴʩʷ  

ʚʝʨʪʠʢʘʣʴʥʽ ʚʽʜʨʽʟʢʠ ʚʟʜʦʚʞ ʷʢʠʭ ʨʫʭʘʶʪʴʩʷ ʤʘʩʠ).  

ɿʘʫʚʘʞʝʥʥʷ 2. ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ Domain ODEs and DAEs  (dode)  ʽʥʪʝʨʬʝʡʩ 

ʚʽʜʽʛʨʘʚʘʚ ʜʦʧʦʤʽʞʥʫ ʨʦʣʴ. ʆʜʥʦʚʠʤʽʨʥʘ ʛʝʦʤʝʪʨʽʷ ʩʪʚʦʨʶʚʘʣʘʩʴ ʫ ʚʠʛʣʷʜʽ 

ʥ̔ʪʝʨʚʘʣʫ ʚ ʮʴʦʤʫ ʽʥʪʝʨʬʝʡʩʽ, ʘ ʧʦʣʴʦʚʘ ʟʤʽʥʥʘ u, ʩʪʚʦʨʝʥʘ ʨʘʟʦʤ ʟ 

ʽʥʪʝʨʬʝʡʩʦʤ, ʨʝʧʨʝʟʝʥʪʫʚʘʣʘ ʟʤʽʱʝʥʥʷ ʪʦʯʦʢ ʩʪʨʫʥʠ. 

ɺʧʨʘʚʘ. ʈʦʟʚôʷʞʽʪʴ ʪʫ ʞ ʟʘʜʘʯʫ, ʩʪʚʦʨʠʚʰʠ ʜʠʥʘʤʽʯʥʫ 1D ʤʦʜʝʣʴ ʟ  Global  

ODEs and DAEs   ʽʥʪʝʨʬʝʡʩʦʤ. 

 

 

4.4.10  ʆʜʥʦʚʠʤʽʨʥʘ ʤʦʜʝʣʴ ʢʨʠʩʪʘʣʘ. 

ʅʘʚʝʜʝʤʦ ʥʘʡʧʨʦʩʪʽʰʫ ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʢʨʠʩʪʘʣʘ ï  ʣʘʥʮʶʞʦʢ ʦʜʥʘʢʦʚʠʭ 

ʪʷʛʘʨʮʽʚ ʤʘʩʠ m, ʨʦʟʪʘʰʦʚʘʥʠʭ ʥʘ ʦʜʥʘʢʦʚʽʡ ʚʽʜʩʪʘʥʽ a ʦʜʠʥ ʚʽʜ ʦʜʥʦʛʦ, ʽ 

ʧʦʚôʷʟʘʥʠʭ ʦʜʠʥ ʟ ʦʜʥʠʤ ʦʜʥʘʢʦʚʠʤʠ ʧʨʫʞʠʥʢʘʤʠ ʞʦʨʩʪʢʽʩʪʶ k. ʇʨʠ 

ʚʽʜʭʠʣʝʥʥʽ ʚʽʜ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ ʧʨʫʞʠʥʠ ʥʘʤʘʛʘʶʪʴʩʷ ʧʦʚʝʨʥʫʪʠ ʪʷʛʘʨʮʽ ʚ 

ʩʪʘʥ ʨʽʚʥʦʚʘʛʠ. 

 
ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ ix  ʚʽʜʭʠʣʝʥʥʷ ʫʟʜʦʚʞ ʦʩʽ X ʛʨʫʟʠʢʘ i ʚʽʜ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ.  

ʋ ʚʠʧʘʜʢʫ ʤʘʣʠʭ (ʣʽʥʽʡʥʠʭ) ʢʦʣʠʚʘʥʴ, ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʟʘʢʦʥʫ ɻʫʢʘ, ʨʽʚʥʷʥʥʷ ʨʫʭʫ 

i-ʛʦ ʛʨʫʟʠʢʘ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

( ) ( ) ( )1,...,2,1112

2

-=---= -+ nixxkxxk
td

xd
m iiii

i ,     (1) 

ʜʝ ʚ ʩʠʣʫ ʫʤʦʚʠ ʟʘʢʨʽʧʣʝʥʥʷ ʢʽʥʮʽʚ, ʩʣʽʜ ʚʚʘʞʘʪʠ () () 0,00 == txtx n . 

  ʌʝʨʤʽ ʟ ʢʦʣʝʛʘʤʠ ʉ. ʋʣʘʤʦʤ  ̔ɼʞ. ʇʘʩʪʦʡ ʧʨʠʧʫʩʪʠʣʠ, ʱʦ ʩʠʣʘ ( )ii xxF ,1+ , 

ʟ ʷʢʦʾ ʚʟʘʻʤʦʜʽʶʪʴ (i+1 )-ʡ  ʪʘ  i -ʡ ʘʪʦʤʠ ʤʘʻ ʥʝʚʝʣʠʢʫ ʥʝʣʽʥʽʡʥʫ ʜʦʙʘʚʢʫ ʽ, 

ʥʘʧʨʠʢʣʘʜ, ʤʦʞʝ ʤʘʪʠ ʚʠʛʣʷʜ ( ) 2

1, llkxxF ii DÖ+DÖ=+ a , ʜʝ ii xxl -=D +1  ʽ a - 

ʤʘʣʦ. ʎʝ ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʥʘʩʪʫʧʥʦʾ ʩʠʩʪʝʤʠ ɿɼʈ 

( ) ( ) ( )( )( )1...,,2,12
2

1

2

1112

2

-=---Ö++-Ö= -+-+ nixxxxxxxk
td

xd
m iiiiiii

i a , (2) 
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ʜʝ () () 0,00 == txtx n . ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʩʠʩʪʝʤʠ (2) ʌʝʨʤʽ ʟ ʢʦʣʝʛʘʤʠ ʩʪʝʞʠʣʠ ʥʝ 

ʟʘ ʦʢʨʝʤʠʤʠ ʯʘʩʪʠʥʢʘʤʠ, ʘ ʟʘ ʧʦʚʝʜʽʥʢʦʶ ʤʦʜ ʢʦʣʠʚʘʥʴ ʚʩʽʻʾ ʤʝʭʘʥʠʯʥʦʾ 

ʩʠʩʪʝʤʠ, ʷʢʽ ʧʨʠ 0=a  ʟʙʽʛʘʶʪʴʩʷ ʟ ʩʠʥʫʩʦʾʜʘʤʠ. 

  ʉʧʦʯʘʪʢʫ ʨʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʣʽʥʽʡʥʠʭ ʢʦʣʠʚʘʥʴ ʩʠʩʪʝʤʠ n=32 ʪʷʛʘʨʮʽʚ, ʫ 

ʷʢʦʾ ʚ ʧʦʯʘʪʢʦʚʠʡ ʤʦʤʝʥʪ ʯʘʩʫ ʟʙʫʜʞʝʥʦ ʪʽʣʴʢʠ ʜʚʽ ʧʝʨʰ̔ ʤʦʜʠ. ʇʦʪʽʤ ï ʣʽʥʽʡʥʽ 

ʢʦʣʠʚʘʥʥʷ ʟ ʙʘʛʘʪʴʤʘ ʤʦʜʘʤʠ (ʧʦʯʘʪʢʦʚʠʡ ʧʨʦʬʽʣʴ ʫ ʬʦʨʤʽ ʜʽʣʷʥʢʠ ʧʘʨʘʙʦʣʠ). 

ɺ ʪʨʝʪʴʦʤʫ ʧʨʠʢʣʘʜʽ ʨʦʟʚôʷʞʝʤʦ ʟʘʜʘʯʫ ʌʝʨʤʽ ï ʇʘʩʪʠ ï ʋʣʘʤʘ. 

ʇʨʠʢʣʘʜ 1. ɼʦʩʣʽʜʠʪʠ ʣʽʥʽʡʥʽ ʧʦʜʦʚʞʥʽ ʢʦʣʠʚʘʥʥʷ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ n 

ʦʜʥʘʢʦʚʠʭ ʪʷʛʘʨʮʽʚ ʤʘʩʠ m =1, ʨʦʟʪʘʰʦʚʘʥʠʭ ʚʟʜʦʚʞ ʧʨʷʤʦʾ ʣʽʥʽʾ ʥʘ ʦʜʥʘʢʦʚʽʡ 

ʚʽʜʩʪʘʥʽ  a =1 ʦʜʠʥ ʚʽʜ ʦʜʥʦʛʦ, ʽ ʟ'ʻʜʥʘʥʠʭ ʦʜʥʘʢʦʚʠʤʠ ʧʨʫʞʠʥʢʘʤʠ ʞʦʨʩʪʢʽʩʪʶ 

k =1. ʂʨʘʡʥʽ ʪʷʛʘʨʮʽ ʬʽʢʩʦʚʘʥʽ. ʇʦʯʘʪʢʦʚʘ ʰʚʠʜʢʽʩʪʴ ʚʩʽʭ ʛʨʫʟʠʢʽʚ ʜʦʨʽʚʥʶʻ 

ʥʫʣʶ. ʇʦʯʘʪʢʦʚʽ ʟʤʽʱʝʥʥʷ ()0ix  ʪʷʛʘʨʮʽʚ ʚʽʜʥʦʩʥʦ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ aiÖ 

ʟʘʜʘʻʪʴʩʷ ʩʫʤʦʶ ʜʚʦʭ ʩʠʥʫʩʦʾʜ () ( ) ( )( )ninixi /2sin/sin8.00 pp +Ö= .  

  ʇʨʠ ʦʙʨʘʥʠʭ ʧʘʨʘʤʝʪʨʘʭ ʟ (1) ʦʪʨʠʤʫʻʤʦ ʥʘʩʪʫʧʥʫ ʟʘʜʘʯʫ ʂʦʰʽ 

( )( ) ( )1,...,2,1112

2

-=-+-= -+ nixxxx
td

xd
iiii

i , () () 0,00 == txtx n ,  (3) 

() ( ) ( )( )ninixi /2sin/sin8.00 pp +Ö= ,  () 00 =
td

xd i . 

ɰʾ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ Newtonian  ʨʝʜʘʢʮʽʾ Mathematical 

Particle Tracing  ʽʥʪʝʨʬʝʡʩʫ. ɺ ʡʦʛʦ ʨʽʚʥʷʥʥʷʭ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʥʝ ʟʩʫʚ 

ʯʘʩʪʠʥʦʢ jx  ʚʽʜʥʦʩʥʦ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ, ʘ ʢʦʦʨʜʠʥʘʪʠ (ʘʙʩʮʠʩʠ) jq

 ʯʘʩʪʠʥʦʢ, ʷʢʽ ʧʦʚôʷʟʘʥʽ ʟʽ ʟʩʫʚʦʤ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤ jj xajq +Ö= , ʘʙʦ 

ajqx jj Ö-=  ( )nj ,...2,1,0= . ʊʦʜʽ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ (3) ʤʦʞʝ ʙʫʪʠ 

ʟʘʧʠʩʘʥʘ ʫ ʚʠʛʣʷʜʽ 

( )( )=-+- -+ iiii xxxx 11  

( )( ) ( )( )=----+--+-= -+ )()1()()1( 11 aiqaiqaiqaiq iiii  

( )( )=+-+-++---= -+ aiqaaiqaiqaaiq iiii 11  

( )( )( )( )iiiiiiii qqqqqaqqaq -+-=-++--= -+-+ 1111  

ɺʨʘʭʦʚʫʶʯʠ, ʱʦ () ()tq
td

d
tx

td

d
jj = , () ()tq

td

d
tx

td

d
jj 2

2

2

2

= , ʟʘʜʘʯʘ (3) ʥʘʙʫʚʘʻ 

ʚʠʛʣʷʜʫ 

( )( ) ( )1,...,2,1112

2

-=-+-= -+ niqqqq
td

qd
iiii

i ,   () () antqtq n Ö== ,00 ,  (4)

 

() ( ) ( )( )niniaiqi /2sin/sin8.00 pp +Ö+Ö= ,  () 00 =
td

qd i . 

ɿʚʠʯʘʡʥʦ, ʱʦ ʚ Mathematical Particle Tracing   ʽʥʪʝʨʬʝʡʩʽ ʧʨʠ 

ʧʦʩʪʘʥʦʚʮʽ ʟʘʜʘʯʽ ʟʘʤʽʩʪʴ iq  ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʝʪʴʩʷ ʧʦʟʥʘʯʝʥʥʷ qx . 

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ ʜʠʥʘʤʽʯʥʫ 2D ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʟ 

Mathematical Particle Tracing   ʽʥʪʝʨʬʝʡʩʦʤ. 
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  File - > New - > Model Wizard - > 2D - > Mathematics - 

    Mathematical Particle Tracing (pt) - > Time Dependent 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Parameters ʽ ʚ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʧʘʨʘʤʝʪʨʠ  a  ̔   n.     

Global Definitions : RMB > Parameters 

   Parameters  ï Name, Expression   = a,1   

         ï Name, Expression    = n, 32  

ʈʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʶ ʚʚʘʞʘʪʠʤʝʤʦ ʧʨʷʤʦʢʫʪʥʠʢ. 

  Geometry  - > Primitives  ï Rectangle 

Component 1 - Geometry 1 - Rectangle1: 

   Size ï Width , Height = n*a , 6*a   

   Position ï Base, x, y = Corner, 0, - 3*a   

  LMB > Build All Objects    

ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Mathematical Particle Tracing (pt) ʦʙʨʘʥʘ Newtonian  

ʨʝʜʘʢʮʽʷ ʽʥʪʝʨʬʝʡʩʫ (ʟʥʘʯʝʥʥʷ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ).  

  ʋ ʚʫʟʣʽ Particle Properties 1 ʟʘʜʘʡʪʝ ʦʜʠʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ (ʚʩʽʭ ʤʘʩ).  

Mathematical Particle Tracing (pt) ï Particle Properties 1: 

   Particle Mass  ï mp = 1 

ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Release from Grid , 

ʚ ʇɺ ʷʢʦʛʦ ʚʚʝʜʽʪʴ ʧʦʯʘʪʢʦʚʽ ʧʦʣʦʞʝʥʥʷ ʤʘʩ (ʚʢʣʶʯʥʦ ʟ ʪʦʯʢʘʤʠ ʢʨʽʧʣʝʥʥʷ). 

Mathematical Particle Tracing (pt) : RMB > Release from Grid  

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanat es  ï Grid type= Specified combinations  

ʆʧʮ̫̔ Specified combinations  ʚʠʟʥʘʯʘʻ, ʱʦ ʚ ʥʘʩʪʫʧʥʠʭ ʜʚʦʭ ʧʦʣʷʭ  

qx,0   ̔   qy,0  ʙʫʜʫʪʴ ʟʘʜʘʚʘʪʠʩʷ ʧʦʯʘʪʢʦʚʽ ʘʙʩʮʠʩʠ ʽ ʦʨʜʠʥʘʪʠ ʚʘʥʪʘʞʽʚ, ʘ 

ʥʝ ʚʩʽʣʷʢʽ ʢʦʤʙʽʥʘʮʽʾ ʜʘʥʠʭ ʟ ʮʠʭ ʧʦʣʽʚ.  

   Initial Coordanates  ï qx,0 = range(0,1,32)+  

               (sin(pi*range(0,1,32)/32)+  

               sin(2*pi*range(0,1,32)/32))*0.8  

   Initial Coordanates  ï  qy,0 = 0 0^range(1,1,32)  

ʆʩʢʽʣʴʢʠ ʚ Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʽ qx  ʧʨʝʜʩʪʘʚʣʷʻ 

ʧʦʣʦʞʝʥʥʷ ʪʦʯʦʢ, ʘ ʥʝ ʾʭ ʟʤʽʱʝʥʥʷ, ʪʦ ʫ ʚʠʨʘʟʽ qx,0  ʤʠ ʚʠʢʦʨʠʩʪʘʣʠ ʜʦʜʘʥʦʢ 

range(0,1,32) , ʷʢʠʡ ʚʠʟʥʘʯʘʻ ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ ʚʘʞʢʽʚ. ɸ ʧʦʯʘʪʢʦʚʠʡ 

ʟʩʫʚ ʪʦʯʦʢ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚʠʟʥʘʯʝʥʦ ʩʫʤʦʶ ʜʚʦʭ ʩʠʥʫʩʦʾʜ. ʋ ʚʝʨʩʽʾ 

COMSOL 5.1 ʫ ʚʫʟʣʽ Release from Grid  ʻ ʥʝʜʦʣʽʢ ï ʥʝ ʤʦʞʥʘ ʟʘʩʪʦʩʦʚʫʚʘʪʠ 

ʧʘʨʘʤʝʪʨʠ. ʊʦʤʫ ʤʠ ʚʠʤʫʰʝʥʦ ʚʠʢʦʨʠʩʪʘʣʠ ʩʢʘʣʷʨ 32 ʟʘʤʽʩʪʴ ʧʘʨʘʤʝʪʨʘ n. ɺ 

ʧʦʜʘʣʴʰʠʭ ʚʝʨʩʽʷʭ ʧʨʦʛʨʘʤʠ ʮʷ ʥʝʜʦʨʦʙʢʘ ʫʩʫʥʫʪʘ. 

  ɿʚʝʨʥʽʪʴ ʪʘʢʦʞ ʫʚʘʛʫ ʥʘ ʜʽʘʧʘʟʦʥ qy,0, ʚ ʷʢʦʤʫ ʧʝʨʰʠʡ ʥʫʣʴ (ʟ ʪʨʠʜʮʷʪʠ 

ʪʨʴʦʭ) ʚʚʝʜʝʥʦ ʦʢʨʝʤʦ. ʎʝ ʚʠʢʣʠʢʘʥʦ ʪʠʤ, ʱʦ ʩʠʩʪʝʤʘ ʦʙʯʠʩʣʶʻ 0^0=1  (ʚ ʧʦʣʽ 

qy,0 ʤʦʞʥʘ ʙʫʣʦ ʙ ʚʚʝʩʪʠ 0^range(1,1,33) ). 
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ʇʦʯʘʪʢʦʚʘ ʰʚʠʜʢʽʩʪʴ ʪʦʯʦʢ ʧʦʢʣʘʜʘʻʪʴʩʷ ʥʫʣʴʦʚʦʶ. 

   Initial velocity  ï v0 <x>= 0 

            ï v0 <y>= 0 

ɺ Newtonian   ʨʝʜʘʢʮʽʾ Mathematical Particle Tracing  ʽʥʪʝʨʬʝʡʩʫ ʤʦʞʫʪʴ 

ʽʩʥʫʚʘʪʠ ʜʚʘ ʚʠʜʠ ʩʠʣ, ʷʢʽ ʜʽʶʪʴ ʥʘ ʯʘʩʪʠʥʢʠ ï ʮʝ ʟʦʚʥʽʰʥʽ ʩʠʣʦʚʽ ʧʦʣʷ (ʚʦʥʠ 

ʩʪʚʦʨʶʶʪʴʩʷ ʫ ʧʽʜʚʫʟʣʽ Force ) ʽ ʩʠʣʠ ʚʟʘʻʤʦʜʽʾ ʤʽʞ ʯʘʩʪʠʥʢʘʤʠ (ʚʦʥʠ 

ʩʪʚʦʨʶʶʪʴʩʷ ʫ ʚʫʟʣʽ Particle - Particle  Interaction ). ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 

ʟʦʚʥʽʰʥʻ ʩʠʣʦʚʝ ʧʦʣʝ ʚʽʜʩʫʪʥʻ, ʘʣʝ ʜʽʶʪʴ ʧʨʫʞʥʽ ʩʠʣʠ ʤʽʞ ʚʘʥʪʘʞʘʤʠ. 

  ɺ ʛʽʣʢʫ Mathematical Particle Tracing (pt) ʜʦʜʘʡʪʝ ʚʫʟʦʣ Particle -

Particle Interaction  ʽ ʚ ʡʦʛʦ ʇɺ ʚʚʝʜʽʪʴ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʩʠʩʪʝʤʠ (4). 

Mathematical Particle Tracing (pt) : RMB > Particle ï Particle Interaction 

Mathematical Particle Tracing (pt) ï Particle - Particle Interaction 1: 

   Domain Selection  ï Selection = Manual,1  

   Force  ï Interaction force = User defined  

   Force  ï Force: F <x> = if ( dest ( pt . pidx )==1  

           | | dest(pt.pidx)= =n+1,0,(qx - dest(qx))*  

               if(pt.pidx==dest(pt.pidx) - 1 ||  

                pt.pidx ==dest(pt.pidx)+1,1,0))  

ʇʦʷʩʥʠʤʦ ʦʩʪʘʥʥʽʡ ʚʠʨʘʟ. ʂʦʦʨʜʠʥʘʪʠ ʽ ʽʥʜʝʢʩʠ ʪʦʯʦʢ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ 

ʟʥʘʭʦʜʷʪʴʩʷ ʚ ʟʤʽʥʥʠʭ  qx, qy, pt.p idx . ʇʨʠ ʟʘʧʠʩʽ ʚʠʨʘʟʫ ʟʦʚʥʽʰʥʴʦʾ ʩʠʣʠ, 

ʷʢʘ ʜʽʻ ʥʘ ʙʫʜʴ-ʷʢʫ ʯʘʩʪʠʥʢʫ, ʢʦʦʨʜʠʥʘʪʠ ʽ ʽʥʜʝʢʩʠ ʧʦʪʦʯʥʦʾ ʯʘʩʪʠʥʢʠ 

ʧʦʟʥʘʯʘʶʪʴ dest ( qx) , dest ( qy) ,  dest(pt.pi dx) , ʘ ʢʦʦʨʜʠʥʘʪʠ ʽ ʽʥʜʝʢʩʠ 

ʙʫʜʴ-ʷʢʦʾ  ʽʥʰʦʾ ï qx, qy, pt.pidx . ʇʨʠ ʯʦʤʫ ʽʥʜʝʢʩʠ pt.pidx   ʧʦʯʠʥʘʶʪʴ 

ʚʽʜʣʽʢ ʚʽʜ 1.  

  ʉʫʤʘʨʥʘ ʩʠʣʘ (ʧʨʫʞʥʘ ʩʠʣʘ ʧʣʶʩ ʨʝʘʢʮʽʷ ʟʘʢʨʽʧʣʝʥʥʷ), ʷʢʘ ʜʽʻ ʥʘ ʢʽʥʮʝʚʽ 

(ʟʘʪʠʩʥʝʥʽ) ʚʫʟʣʠ ʟ ʽʥʜʝʢʩʘʤʠ 1  ʽ  33, ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʊʦʤʫ ʱʦʙ ʬʦʨʤʫʣʘ ʥʝ 

ʧʦʰʠʨʶʚʘʣʘʩʷ ʥʘ ʢʨʘʡʥʽ ʯʘʩʪʠʥʢʠ, ʘ ʟʘʛʘʣʴʥʘ ʜʽʶʯʘ ʥʘ ʥʠʭ ʩʠʣʘ ʜʦʨʽʚʥʶʚʘʣʘ 

ʥʫʣʶ, ʙʫʣʦ ʚʠʢʦʨʠʩʪʘʥʦ ʟʦʚʥʽʰʥʽʡ ʫʤʦʚʥʠʡ ʦʧʝʨʘʪʦʨ 

if(dest(pt.pidx)==1  || dest(pt.pidx)== n+1, 0,...) , ʘ ʚ ʪʨʠʢʨʘʧʢʘʭ 

ʟʘʧʠʩʘʥʦ ʚʠʨʘʟ ʩʠʣʠ, ʷʢʘ ʜʽʻ ʥʘ ʚʥʫʪʨʽʰʥʽ ʪʷʛʘʨʮʽ. 

  ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʚʥʫʪʨʽʰʥʷ ʯʘʩʪʠʥʢʘ ʟ ʧʦʟʥʘʯʢʦʶ 

dest(pt.pidx) . ɺʠʨʘʟ qx- dest(qx) ʧʦʚʠʥʝʥ ʦʙʯʠʩʣʶʚʘʪʠʩʷ ʣʠʰʝ ʜʣʷ 

ʧʨʫʞʠʥ, ʩʫʩʽʜʥʽʭ ʜʦ ʮʽʻʾ ʯʘʩʪʠʥʢʠ. ʄʥʦʞʥʠʢ ʟ ʚʥʫʪʨʽʰʥʽʤ ʫʤʦʚʥʠʤ ʦʧʝʨʘʪʦʨʦʤ 
if(pt.pidx==dest(pt.pidx) - 1 || pt.pidx==dest(pt.pidx)+1,1,0)  

ʜʦʨʽʚʥʶʻ 0 ʜʣʷ ʚʩʽʭ ʚʘʞʢʽʚ ʩʠʩʪʝʤʠ, ʦʢʨʽʤ ʪʠʭ, ʽʥʜʝʢʩʠ pt.pidx  ʷʢʠʭ 

ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʥʘ ʦʜʠʥʠʮʶ ʚʽʜ ʽʥʜʝʢʩʫ dest(pt.pidx)  ʦʙʨʦʙʣʶʚʘʥʦʛʦ 

ʪ̫ ʛʘʨʮʷ. ʊʦʤʫ ʚʽʥ ʚʠʟʥʘʯʘʻ, ʱʦ ʧʨʫʞʥʽ ʩʠʣʠ ʜʽʶʪʴ ʣʠʰʝ ʤʽʞ ʩʫʩʽʜʥʽʤʠ 

ʚʘʞʢʘʤʠ. 
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  ɺʝʨʪʠʢʘʣʴʥʽ ʢʦʦʨʜʠʥʘʪʠ ʪʷʛʘʨʮʽʚ ʚ ʧʦʯʘʪʢʦʚʠʡ ʤʦʤʝʥʪ ʯʘʩʫ (ʷʢ ʽ ʫ ʚʩʽ 

ʽʥʰʽ) ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

   Force  ï Force: F <y> = 0 

 

ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʯʘʩʫ  t . 

Step 1: Time Dependent: 

   Study  Settings  ï Times = ran ge(0,1,2*n)  

ɿʘʫʚʘʞʝʥʥʷ. ɺ ʧʦʪʦʯʥʦʤʫ ʧʨʠʢʣʘʜʽ 2* n ï ʮʝ ʧʝʨʽʦʜ ʢʦʣʠʚʘʥʴ ʨʦʟʛʣʷʜʫʚʘʥʦʾ 

ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 
  Home - > Compute 

ɺ ʛʽʣʮʽ Results ï Data Sets ʙʫʜʝ ʩʪʚʦʨʝʥʦ ʜʚʘ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Study 1/Solution 1 

ʽ Particle 1. ʊʘʢʦʞ ʙʫʜʝ ʩʪʚʦʨʝʥʘ ʜʚʦʚʠʤʽʨʥʘ ʛʨʘʬʽʯʥʘ ʛʨʫʧʘ Particle 

Trajectories (pt) ʟ ʚʫʟʣʦʤ Particle Trajectories 1. ɺʽʜʢʦʨʠʛʫʡʪʝ ʾʭ  

ʥʘʣʘʰʪʫʚʘʥʥʷ. 

Particle Trajectories (pt):  

   Dat a ï Time = 64 

   Plot  Settings  ï Plot data set edges = False  

Particle Trajectories 1 - Color Expression 1: RMB > Delete  
  LMB > Plot         (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ) 

ʅʘ ʨʠʩʫʥʢʫ (ʥʘʩʪʫʧʥʠʡ ʣʽʚʦʨʫʯ) ʟʤʽʱʝʥʥʷ ʪʦʯʦʢ ʚʽʜʢʣʘʜʝʥʦ ʚ ʛʦʨʠʟʦʥʪʘʣʴʥʦʤʫ 

ʥʘʧʨʷʤʢʫ. ʎʝ ʧʨʘʚʠʣʴʥʦ, ʘʣʝ ʥʝ ʥʘʛʣʷʜʥʦ. ɼʣʷ ʥʘʦʯʥʦʩʪʽ ʟʤʽʱʝʥʥʷ ʚʘʥʪʘʞʽʚ 

ʢʨʘʱʝ ʚʽʜʢʣʘʩʪʠ ʫ ʚʝʨʪʠʢʘʣʴʥʦʤʫ ʥʘʧʨʷʤʢʫ. ɼʣʷ ʮʴʦʛʦ ʜʦʜʘʡʪʝ ʜʦ ʛʨʘʬʽʢʘ 

ʚʫʟʦʣ ʜʝʬʦʨʤʘʮʽʡ, ʟʘ ʜʦʧʦʤʦʛʦʶ ʷʢʦʛʦ ʟʤʽʱʝʥʥʷ ʪʦʯʦʢ ʚ ʛʦʨʠʟʦʥʪʘʣʴʥʦʤʫ 

ʥʘʧʨʷʤʢʫ ʟʨʦʙʽʪʴ ʥʫʣʴʦʚʠʤʠ, ʘ ʚʝʨʪʠʢʘʣʴʥ,̔ ʜʣʷ ʥʘʦʯʥʦʩʪʽ, ʟʙʽʣʴʰʽʪʴ ʚ 5 ʨʘʟʽʚ. 

Particle Trajectories (pt) - Particle Trajectories 1:  RMB > Deformation 

Particle Trajectories 1 - Deformation 1: 

   Expression   ï x component = - qx+( pt . pidx - 1)   

ʊʫʪ ʚʝʣʠʯʠʥʘ pt.pidx - 1 ʧʨʝʜʩʪʘʚʣʷʻ ʘʙʩʮʠʩʠ ʚʘʥʪʘʞʽʚ ʚ ʩʪʘʥʽ 

ʨʽʚʥʦʚʘʛʠ (ʧʨʠ a =1). 

   Expression   ï y component = ( qx- ( pt . pidx - 1))*5  

ɺ ʧʦʣʽ y component  ʚʽʜʢʣʘʜʝʥʦ ʛʦʨʠʟʦʥʪʘʣʴʥʽ ʟʤʽʱʝʥʥʷ ʪʷʛʘʨʮʽʚ. ɼʣʷ 

ʮʴʦʛʦ ʚʚʝʜʝʥʦ ʥʝ ʾʭ ʢʦʦʨʜʠʥʘʪʠ qx, ʘ ʛʦʨʠʟʦʥʪʘʣʴʥʠʡ ʟʩʫʚ ʚʽʜʥʦʩʥʦ 

ʧʦʣʦʞʝʥʥʷ ʨʽʚʥʦʚʘʛʠ, ʷʢʠʡ, ʚʦʯʝʚʠʜʴ, ʜʦʨʽʚʥʶʻ  qx- (pt.pidx - 1) . 

ʑʦʙ ʘʙʩʮʠʩʠ ʪʷʛʘʨʮʽʚ ʩʧʽʚʧʘʜʘʣʠ ʟ ʾʭ ʨʽʚʥʦʚʘʞʥʠʤʠ ʧʦʣʦʞʝʥʥʷʤʠ, 
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ʤʘʩʰʪʘʙ ʧʦ ʛʦʨʠʟʦʥʪʘʣʽ ʧʦʚʠʥʝʥ ʜʦʨʽʚʥʶʚʘʪʠ ʦʜʠʥʠʮʽ. ɼʣʷ ʟʙʽʣʴʰʝʥʥʷ 

ʚʝʨʪʠʢʘʣʴʥʦʛʦ ʤʘʩʰʪʘʙʫ ʚ ʧʦʣʽ y component ʤʠ ʧʦʩʪʘʚʠʣʠ ʤʥʦʞʥʠʢ 5.  

   Scale  ï scale factor = True , 1  

ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ ʧʦʣʦʞʝʥʥʷ ʪʦʯʦʢ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚ ʩʪʘʥʽ 

ʨʽʚʥʦʚʘʛʠ. ɼʣʷ ʮʴʦʛʦ ʜʦʜʘʡʪʝ ʜʦ ʛʨʘʬʽʯʥʦʾ ʛʨʫʧʠ Scatter Surface ʚʫʟʦʣ. 

  Particle Trajectories (pt) - > Add Plot  -  More Plots - > Scatter Surface 

Particle Trajectories (pt) - Scatter Surface 1 : 

   Dataï Data set  = Particle 1  

   Expression ï x component , y component  = x ,y  

   Evaluation Points ïx grid points  ï Entry method =Coordinates  

          ïx grid points  ï Coordinates  = range(0,1,n)  

          ïy grid points  ï Entry method  = Coordinates  

          ïy grid points ï Coordinates  = 0 r̂ange(1,1,n+1)  

   Radius   ï Expression  =0.15  

       ï Radius scale factor  =1 

   Coloring and Style ï Coloring , Color  = Uniform , Blue    

  LMB > Plot        (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 

  
ɸʥʽʤʘʮʽʶ ʨʫʭʫ ʧʦʙʫʜʫʡʪʝ ʩʘʤʦʩʪʽʡʥʦ. ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʦ 

ʛʨʘʬʽʢʠ ʬʦʨʤʠ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚ ʜʝʷʢʽ ʤʦʤʝʥʪʠ ʯʘʩʫ (ʟʤʽʱʝʥʥʷ ʪʷʛʘʨʮʽʚ 

ʚʽʜʢʣʘʜʝʥʦ ʫ ʚʝʨʪʠʢʘʣʴʥʦʤʫ ʥʘʧʨʷʤʢʫ). 

   
t= 7 t= 13 t= 21 

ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʥʘʧʨʠʢʣʘʜ, ʟ ʽʤôʷʤ Crystal Model _1D. mph, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ 

ʡʦʛʦ.  

ɺʧʨʘʚʘ. ɿʘʜʘʡʪʝ ʧʦʯʘʪʢʦʚʠʡ ʧʨʦʬʽʣʴ ʨʦʟʛʣʷʜʫʚʘʥʦʾ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʫ 

ʬʦʨʤʽ ʧʝʨʰʦʾ ʤʦʜʠ () ( )nixi /sin0 p= . ɼʦʩʣʽʜʽʪʴ ʧʦʚʝʜʽʥʢʫ ʩʠʩʪʝʤʠ ʚʘʞʢʽʚ ʫ 

ʯʘʩʽ ʧʨʠʙʣʠʟʥʦ ʜʦ ʤʦʤʝʥʪʽʚ t =1000. ɿʚʠʯʘʡʥʦ, ʱʦ ʚʽʜʧʦʚʽʜʴ ʧʦʪʨʽʙʥʦ ʙʫʜʝ 

ʪʨʦʭʠ ʧʦʯʝʢʘʪʠ.   

ɺʢʘʟ̔ʚʢʘ. ʇʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʤʦʜʝʣʽ ʥʘ ʚʝʣʠʢʦʤʫ ʽʥʪʝʨʚʘʣʽ ʯʘʩʫ ʧʦʪʨʽʙʥʦ 

ʟʤʝʥʰʠʪʠ ʘʙʩʦʣʶʪʥʫ ʽ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʠ ʦʙʯʠʩʣʝʥʴ, ʥʘʧʨʠʢʣʘʜ, ʜʦ ʟʥʘʯʝʥʴ 
810-

, ʽʥʘʢʰʝ ʥʘʢʦʧʠʯʫʚʘʥʘ ʧʦʭʠʙʢʘ ʩʫʪʪʻʚʦ ʩʧʦʪʚʦʨʠʪʴ ʨʦʟʚôʷʟʦʢ.    
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ʇʨʠʢʣʘʜ 2. ɼʦʩʣʽʜʠʪʠ ʧʦʧʝʨʝʜʥʶ ʟʘʜʘʯʫ ʧʨʠ ʧʦʯʘʪʢʦʚʦʤʫ ʟʤʽʱʝʥʥʽ ʪʷʛʘʨʮʽʚ, 

ʷʢʝ ʚʠʟʥʘʯʘʻʪʴʩʷ ʬʫʥʢʮʽʻʶ  
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ʇʘʨʘʙʦʣʽʯʥʠʡ ʧʘʛʦʨʙ ʚʩʝʨʝʜʠʥʽ. 
 

ʈʦʟʚôʷʟʘʥʥʷ. ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ Crystal Model_1 D. mph ʧʦʧʝʨʝʜʥʴʦʛʦ 

ʧʨʠʢʣʘʜʫ ʽ, ʜʣʷ ʚʥʝʩʝʥʥʷ ʟʤʽʥ, ʟʙʝʨʝʞʽʪʴ ʟ ʽʥʰʠʤ ʽʤôʷʤ. 

  ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ ʧʦʪʨʽʙʥʦ ʟʤʽʥʠʪʠ ʧʦʯʘʪʢʦʚʽ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ 

ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʫ ʚʫʟʣʽ Release from Grid 1. ɺ ʮʴʦʤʫ ʚʫʟʣʽ COMSOL 

Multiphysics 5.1 ʻ ʥʝʜʦʨʦʙʢʠ, ʪʦʤʫ ʥʘʡʧʨʦʩʪʽʰʠʤ ʩʧʦʩʦʙʦʤ ʚʚʝʜʝʥʥʷ 

ʧʦʯʘʪʢʦʚʦʛʦ ʧʦʣʦʞʝʥʥʷ ʪʷʛʘʨʮʽʚ ʙʫʜʝ ʙʝʟʧʦʩʝʨʝʜʥʻ ʚʚʝʜʝʥʥʷ ʟʥʘʯʝʥʴ ʘʙʩʮʠʩ 

(ʚʩʽ ʦʨʜʠʥʘʪʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ). ɺʽʜʢʨʠʡʪʝ ʙʫʜʴ-ʷʢʠʡ ʽʥʰʠʡ ʤʘʪʝʤʘʪʠʯʥʠʡ 

ʧʘʢʝʪ (ʥʘʧʨʠʢʣʘʜ, Matlab), ʩʪʚʦʨʽʪʴ ʚ ʥʴʦʤʫ ʬʫʥʢʮʽʶ  
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ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʧʦʯʘʪʢʦʚʠʭ ʘʙʩʮʠʩ ʪʦʯʦʢ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ, ʽ ʟʘʩʪʦʩʫʡʪʝ ʾʾ ʜʦ 

ʚʩʭ̔ ʟʥʘʯʝʥʴ 32,...,2,1,0=i . ʆʪʨʠʤʘʥʽ ʯʠʩʣʘ ʚʚʝʜʽʪʴ ʚ ʧʦʣʽ Initial 

Coordanates  ï qx,0  ʫ ʚʠʛʣʷʜʽ ʜʽʘʧʘʟʦʥʫ, ʥʘʧʨʠʢʣʘʜ, ʯʝʨʝʟ ʢʦʤʫ ʽ ʫ ʬʽʛʫʨʥʠʭ 
ʜʫʞʢʘʭ. 

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial  Coordanates  ï qx,0 = {0,1,2,3,4,5,6,7,8,9,10,11,12,  

     13+7/16,14+3/4,15+15/16,17,17+15/16,18+3/4,19+7/16,  

            20,21,22,23,24,25,26,27,28,29,30,31,32}  

ɿʤʝʥʰʽʪʴ ʧʦʭʠʙʢʠ ʦʙʯʠʩʣʝʥʥʷ (ʚʽʜʥʦʩʥʫ ʽ ʘʙʩʦʣʶʪʥʫ), ʦʜʥʦʯʘʩʥʦ ʟʙʽʣʴʰʠʚʰʠ 

ʨʦʟʛʣʷʜʫʚʘʥʠʡ ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ.  

Study 1 ï Step 1: Time Dependent: 

   Study  Settings  ï Times = range(0,1,10*n ))  

        ï Relative tolerance = True, 1E- 8 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute Tolerance  ï Tolerance = 1E- 8 

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 
  Home - > Compute 

ɻʨʘʬʽʢ ʫ ʚʫʟʣʽ Particle Trajectories (pt) ʙʫʜʝ ʧʝʨʝʙʫʜʦʚʘʥʠʡ. ɼʣʷ ʥʘʦʯʥʦʩʪʽ 

ʟʙʽʣʴʰʽʪʴ ʚʝʨʪʠʢʘʣʴʥʠʡ ʤʘʩʰʪʘʙ. 

Particle Trajectories (pt) - Scatter Surface 1 : RMB > Delete 

Particle Trajectories (pt) - Particle Trajectories 1 - Deformation 1: 

   Expression   ï y component = ( qx- ( pt . pidx - 1))* 8 

 ʆʥʦʚʽʪʴ ʚʫʟʦʣ ʘʥʽʤʘʮʽʾ ʽ ʟʘʧʫʩʪʽʪʴ ʾʾ. 

  ʅʘ ʥʘʩʪʫʧʥʠʭ ʨʠʩʫʥʢʘʭ ʥʘʚʝʜʝʥʦ ʬʦʨʤʠ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚ ʨʽʟʥʽ 

ʤʦʤʝʥʪʠ ʯʘʩʫ (ʟʤʽʱʝʥʥʷ ʚʘʞʢʽʚ ʚʽʜʢʣʘʜʝʥʦ ʫ ʚʝʨʪʠʢʘʣʴʥʦʤʫ ʥʘʧʨʷʤʢʫ). 
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ʇʨʦʬʽʣʴ ʩʠʩʪʝʤʠ ʧʨʠ t =0, ʧʦʢʘʟʘʥʠʡ ʥʘ ʧʦʯʘʪʢʫ ʧʨʠʢʣʘʜʫ, ʜʽʣʠʪʴʩʷ ʥʘʚʧʽʣ. 

ʆʜʥʘ ʯʘʩʪʠʥʘ ʨʫʭʘʻʪʴʩʷ ʚʣʽʚʦ, ʽʥʰʘ ï ʚʧʨʘʚʦ. ʇʨʠ ʜʦʩʷʛʥʝʥʥʽ ʢʽʥʮʽʚ ʭʚʠʣʴʦʚʽ 

ʧʘʛʦʨʙʢʠ ʚʽʜʙʠʚʘʶʪʴʩʷ ʟʽ ʟʤʽʥʦʶ ʟʥʘʢʘ ʘʤʧʣʽʪʫʜʠ ʽ ʨʫʭʘʶʪʴʩʷ ʜʦ ʩʝʨʝʜʠʥʠ ʽ 

ʜʘʣʽ. ɺ ʤʦʤʝʥʪ ʯʘʩʫ t =2n ʧʨʦʬʽʣʴ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʧʨʠʙʣʠʟʥʦ ʧʦʚʪʦʨʶʻ 

ʧʦʯʘʪʢʦʚʠʡ. ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʦ ʛʨʘʬʽʢʠ ʩʠʩʪʝʤʠ ʥʘ ʧʦʯʘʪʢʫ 

ʜʨʫʛʦʛʦ, ʪʨʝʪʴʦʛʦ, ʯʝʪʚʝʨʪʦʛʦ ʽ ʧôʷʪʦʛʦ ʮʠʢʣʫ ʢʦʣʠʚʘʥʴ 

  

  
ʆʩʢʽʣʴʢʠ ʚʪʨʘʪʠ ʝʥʝʨʛʽʾ ʚ ʩʠʩʪʝʤʽ ʥʝʤʘʻ (ʚ ʨʽʚʥʷʥʥʷʭ ʚʽʜʩʫʪʥʽ ʯʣʝʥʠ ʟ ʧʝʨʰʦʶ 

ʧʦʭʽʜʥʦʶ ʧʦ ʯʘʩʫ), ʪʦ ʢʦʣʠʚʘʥʥʷ ʧʦʚʠʥʥʽ ʷʢʦʩʴ ʧʨʦʜʦʚʞʫʚʘʪʠʩʴ ʥʝʩʢʽʥʯʝʥʥʦ. 

ʏʠʪʘʯ ʤʦʞʝ ʩʘʤʦʩʪʽʡʥʦ ʜʦʩʣʽʜʠʪʠ ʧʦʚʝʜʽʥʢʫ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚ ʧʦʜʘʣʴʰʽ 

ʤʦʤʝʥʪʠ ʯʘʩʫ, ʟʙʽʣʴʰʠʚʰʠ ʨʦʟʛʣʷʜʫʚʘʥʠʡ ʯʘʩʦʚʠʡ ʽʥʪʝʨʚʘʣ.  

ʇʨʠʢʣʘʜ 3. ʃʘʥʮʶʞʦʢ ʌʝʨʤʽ ï ʇʘʩʪʠ - ʋʣʘʤʘ.  

  ɼʦʩʣʽʜʠʪʠ ʩʠʩʪʝʤʫ ɿɼʈ (2) ʧʨʠ n =32, m =1, a =1, k =1, a =1, ʥʫʣʴʦʚʽʡ 

ʧʦʯʘʪʢʦʚʽʡ ʰʚʠʜʢʦʩʪʽ () 00 =¡x  ʽ ʧʦʯʘʪʢʦʚʦʤʫ ʟʤʽʱʝʥʥʽ  ʚʘʞʢʽʚ ʫ ʬʦʨʤʽ 

() ( )nixi /sin0 p=  ʧʝʨʰʦʾ ʤʦʜʠ ʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ. ɼʦʩʣʽʜʞʝʥʥʷ ʚʠʢʦʥʘʪʠ ʫ ʯʘʩʽ 

ʧʨʠʙʣʠʟʥʦ ʜʦ ʤʦʤʝʥʪʽʚ t =5000 .  

  ʆʩʢʽʣʴʢʠ ʟʘʜʘʯʘ ʨʦʟʚôʷʟʫʚʘʪʠʤʝʪʴʩʷ ʚ Mathematical Particle 

Tracing  ʽʥʪʝʨʬʝʡʩʽ, ʪʦ ʘʥʘʣʦʛʽʯʥʦ ʜʦ ʧʨʠʢʣʘʜʫ 1 ʧʦʪʨʽʙʥʦ ʧʝʨʝʧʠʩʘʪʠ 

ʨʽʚʥʷʥʥʷ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʥʝ ʟʩʫʚʠ jx  ʯʘʩʪʠʥʦʢ, ʘ ʾʭ ʢʦʦʨʜʠʥʘʪʠ jq . 

  ɺ ʧʨʠʢʣʘʜʽ 1 ʤʠ ʙʘʯʠʣʠ, ʱʦ  aqqxx iiii --=- ++ 11  , aqqxx iiii +-=- -- 11 . 

ʊʦʜʽ, ʘʥʘʣʦʛʽʯʥʦ ʜʦ ʧʨʠʢʣʘʜʫ (1), ʟʘʜʘʯʘ (2) ʥʘʙʫʜʝ ʥʘʩʪʫʧʥʦʛʦ ʚʠʛʣʷʜʫ (ʚ 

ʣʽʥʽʡʥʠʭ ʯʣʝʥʘʭ ʜʦʜʘʥʢʠ a°  ʩʢʦʨʦʯʫʶʪʴʩʷ) 
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( )( )( ) ( )( )( )211

2

112

2

aqqqqaqqqq
td

qd
iiiiiiii

i --+----+-= --++
        (5) 

( )1,...,2,1 -= ni  

() () antqtq n Ö== ,00 , () ( )niaiqi /sin0 p+Ö=  , () 00 =
td

qd i . 

ʈʦʟʚôʷʟʘʥʥʷ. ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ Crystal Model_1 D. mph ʟ ʧʨʠʢʣʘʜʫ 1 ʽ ʜʣʷ 

ʚʥʝʩʝʥʥʷ ʚ ʥʴʦʛʦ ʟʤʽʥ, ʟʙʝʨʝʞʽʪʴ ʟ ʽʥʰʠʤ ʽʤôʷʤ.   

  ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʟʘʜʘʯʽ ʧʦʪʨʽʙʥʦ ʟʤʽʥʠʪʠ ʧʦʯʘʪʢʦʚʽ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ 

ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʫ ʚʫʟʣʽ Release from Grid 1, ʘ ʪʘʢʦʞ ʫ ʚʫʟʣʽ Particle - 

Particle Interaction 1 ʟʤʽʥʠʪʠ ʚʠʨʘʟ ʜʽʶʯʦʾ ʤʽʞ ʪʷʛʘʨʮʷʤʠ ʩʠʣʠ. 

Mathematical Particle Tracing (pt) ï Release from Grid 1: 

   Initial Coordanates  ï qx,0 = range(0,1,32)+  

                  sin(pi*range(0,1,32)/32)  

Mathematical Particle Tracing (pt) ï Particle - Particle Interaction 1: 

   Force  ï Force: F <x> = if(dest(pt.pidx)==1 ||   

                dest(pt.pidx)==n +1, 0,  

         if(pt.pidx==dest(pt.pidx) - 1,  

            qx- dest(qx) - (dest(qx) - qx- a)^2,0)+  

         if(pt.pidx==dest(pt.pidx)+1,  

            qx- dest(qx)+(qx - dest(qx) - a)^2,0))  

ʆʩʪʘʥʥʽʡ ʚʠʨʘʟ ʨʝʘʣʽʟʫʻ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʬʦʨʤʫʣʠ (5). ʉʠʣʠ, ʜʽʶʯʽ ʥʘ ʢʽʥʮʝʚʽ 

ʯʘʩʪʠʥʢʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ʉʠʣʘ, ʜʽʶʯʘ ʥʘ ʚʥʫʪʨʽʰʥʶ ʯʘʩʪʠʥʢʫ, ʥʘʧʨʠʢʣʘʜ ʟ 

ʽʥʜʝʢʩʦʤ i, ʟ ʙʦʢʫ ʯʘʩʪʠʥʢʠ 1-i , ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

( )211 aqqqq iiii ---- -- , ʘ ʟ ʙʦʢʫ ʯʘʩʪʠʥʢʠ 1+i  ï ʟʘ ʬʦʨʤʫʣʦʶ

( )211 aqqqq iiii --+- ++ . ʗʢʱʦ ʚ ʮʠʭ ʬʦʨʤʫʣʘʭ iq  ʧʨʠʡʥʷʪʠ ʟʘ dest(qx) , ʘ 

11 , +- ii qq  ï ʟʘ  qx , ʪʦ ʦʪʨʠʤʘʻʤʦ ʚʚʝʜʝʥʠʡ ʚʠʨʘʟ. 

  ɿʘʜʘʡʪʝ ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʯʘʩʫ  t . 

Study 1 ï Step 1: Time Dependent: 

   Study  Settings  ï Times = range(0,1,1 70*n)  

ʇʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʟʘʜʘʯ ʥʘ ʚʝʣʠʢʦʤʫ ʽʥʪʝʨʚʘʣʽ ʯʘʩʫ ʧʦʪʨʽʙʥʦ ʦʙʨʘʪʠ 

ʜʦʩʪʘʪʥʴʦ ʤʘʣ̔ ʟʥʘʯʝʥʥʷ ʚʽʜʥʦʩʥʦʾ ʽ ʘʙʩʦʣʶʪʥʦʾ ʧʦʭʠʙʦʢ. ɺʽʜʥʦʩʥʘ 

ʧʦʭʠʙʢʘ ʟʘʜʘʻʪʴʩʷ ʫ ʮʴʦʤʫ ʞ ʚʫʟʣʽ. 

Study Settings ï Relative tolerance = True, 1E- 8 

ɸʙʩʦʣʶʪʥʘ ʧʦʭʠʙʢʘ ʟʘʜʘʻʪʴʩʷ ʫ ʚʫʟʣʽ Time-Dependent Solver 1. 

Study 1 ï Solver Configurations ï Solution 1 - Time-Dependent Solver 1: 

   Absolute Tolerance  ï Tolerance = 1E- 8 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. ɺʦʥʠ ʪʨʠʚʘʪʠʤʫʪʴ ʜʦʩʪʘʪʥʴʦ ʜʦʚʛʦ (ʢʽʣʴʢʘ ʭʚʠʣʠʥ). 
  Home - > Compute 

ɻʨʘʬʽʢ ʫ ʚʫʟʣʽ Particle Trajectories (pt) ʙʫʜʝ ʧʝʨʝʙʫʜʦʚʘʥʠʡ. ɿʙʽʣʴʰʽʪʴ ʚ ʥʴʦʤʫ 

ʚʝʨʪʠʢʘʣʴʥʠʡ ʤʘʩʰʪʘʙʥʠʡ ʤʥʦʞʥʠʢ ʟ 5 ʜʦ 10. 

Particle Trajectories (pt) - Particle Trajectories 1 - Deformation 1: 

   Expression   ï y component = ( qx- ( pt . pidx - 1))* 10 
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Particle Trajectories (pt) - Scatter Surface 1 : RMB > Delete 

ʆʥʦʚʽʪʴ ʚʫʟʦʣ ʘʥʽʤʘʮʽʾ. ʎʝʡ ʧʨʦʮʝʩ ʙʫʜʝ ʪʨʠʚʘʪʠ ʜʦʚʰʝ ʦʙʯʠʩʣʝʥʴ, ʙʦ 

ʛʝʥʝʨʫʚʘʪʠʤʝʪʴʩʷ ʢʽʣʴʢʘ ʪʠʩʷʯ ʢʘʜʨʽʚ. ɿʘʧʫʩʪʽʪʴ ʘʥʽʤʘʮʽʶ ʽ ʧʨʦʘʥʘʣʽʟʫʡʪʝ ʾʾ. 

  ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʽ ʬʦʨʤʠ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʚ ʜʝʷʢʽ 

ʭʘʨʘʢʪʝʨʥʽ ʤʦʤʝʥʪʠ ʯʘʩʫ. ʇʦʩʪʫʧʦʚʦ ʩʧʦʩʪʝʨʽʛʘʻʪʴʩʷ ʟʩʫʚ ʤʘʢʩʠʤʫʤʫ ʚʽʜ 

ʩʝʨʝʜʠʥʠ ʚʽʜʨʽʟʢʘ [0,n ]. ʇʝʨʰʘ ʤʦʜʘ ʱʝ ʚʧʽʟʥʘʚʘʥʘ ʧʨʠ nt Öº14  (ʜʠʚ. ʛʨʘʬʽʢ 

ʧʨʠ  t =452). 

   

   

   
ʅʘʛʘʜʘʻʤʦ ʯʠʪʘʯʝʚʽ ʷʢ ʚʠʛʣʷʜʘʶʪʴ ʧʝʨʰʽ ʤʦʜʠ ʢʦʣʠʚʘʥʴ ʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ. 

 
ɸʥʘʣʽʟʫʶʯʠ ʛʨʘʬʽʢʠ, ʧʦʤʽʯʘʻʤʦ, ʱʦ ʧʨʠ nt Öº38  (ʜʠʚ. ʧʦʧʝʨʝʜʥʶ ʪʘʙʣʠʮʶ 

ʛʨʘʬʽʢʽʚ ʧʨʠ 1208=t ) ʬʦʨʤʘ ʢʦʣʠʚʘʥʴ ʤʝʭʘʥʽʯʥʦʾ ʩʠʩʪʝʤʠ ʩʭʦʞʘ ʥʘ 4-ʫ ʤʦʜʫ 

ʣʽʥʽʡʥʦʾ ʩʠʩʪʝʤʠ. ʇʨʠ nt Öº50  (ʜʠʚ. ʛʨʘʬʽʢ ʧʨʠ 1587=t ) ʬʦʨʤʘ ʩʠʩʪʝʤʠ ʩʭʦʞʘ 

ʥʘ ʪʨʝʪʶ ʤʦʜʫ. ʇʨʠ nt Öº73  (ʜʠʚ. ʛʨʘʬʽʢ ʧʨʠ 2333=t ) ʤʠ ʩʧʦʩʪʝʨʽʛʘʻʤʦ  

ʧʝʨʝʚʘʞʥʦ ʜʨʫʛʫ ʤʦʜʫ. ɻʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ, ʧʦʙʫʜʦʚʘʥʽ ʧʨʠ nt Öº99  (ʜʠʚ. 

ʛʨʘʬʽʢ ʧʨʠ 3175=t ),  ʟʥʦʚʫ ʥʘʛʘʜʫʶʪʴ 3-  ʁʤʦʜʫ. ʇʨʠ nt Öº111  (ʜʠʚ. ʛʨʘʬʽʢ 

ʧʨʠ 3557=t ) ʧʝʨʝʚʘʞʥʦ ʩʧʦʩʪʝʨʽʛʘʻʪʴʩʷ ʯʝʪʚʝʨʪʘ ʤʦʜʘ. ʇʨʠ nt Öº148  (ʜʠʚ. 

ʛʨʘʬʽʢ ʧʨʠ 4761=t ) ʤʠ ʧʦʚʝʨʪʘʻʤʦʩʷ ʜʦ ʧʝʨʰʦʾ ʤʦʜʽ. 

  ʇʽʜʽʙ'ʻʤʦ ʧʽʜʩʫʤʦʢ, ʷʢʠʡ ʚʧʝʨʰʝ ʩʧʦʩʪʝʨʽʛʘʣʠ ʌʝʨʤʽ ʽ ʡʦʛʦ ʩʧʽʚʨʦʙʽʪʥʠʢʠ. 

ɺ ʧʦʯʘʪʢʦʚʽ ʤʦʤʝʥʪʠ ʯʘʩʫ ʬʦʨʤʘ ʢʦʣʠʚʘʥʴ ʙʣʠʟʴʢʘ ʜʦ ʬʦʨʤʠ ʧʝʨʰʦʾ ʤʦʜʠ, ʘʣʝ 

ʧʦʪʽʤ ʧʦʯʠʥʘʻʪʴʩʷ ʧʝʨʝʢʘʯʫʚʘʥʥʷ ʝʥʝʨʛʽʾ ʚ ʽʥʰʽ ʤʦʜʠ, ʽ ʬʦʨʤʘ ʨʦʟʚôʷʟʢʫ ʙʽʣʴʰʝ 

ʥʘʛʘʜʫʻ ʩʫʤʫ ʢʽʣʴʢʦʭ ʩʠʥʫʩʦʾʜ ʟ ʨʽʟʥʠʤ ʧʝʨʽʦʜʦʤ (ʩʫʤʘ ʤʦʜ). ʇʨʠ nt Öº50  

ʟʙʫʜʞʝʥʘ ʚ ʦʩʥʦʚʥʦʤʫ 3-  ̫ʤʦʜʘ, ʧʨʠ nt Öº73  ʧʝʨʝʚʘʞʘʻ ʜʨʫʛʘ ʤʦʜʘ. ʇʦʪʽʤ ʧʨʠ 
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nt Öº99  ʬʦʨʤʘ ʟʥʦʚʫ ʙʣʠʟʴʢʘ ʜʦ ʪʨʝʪʴʦʾ ʤʦʜʽ, ʽ ʧʨʠ nt Öº148  ʢʦʣʠʚʘʥʥʷ ʟʥʦʚʫ 

ʧʦʚʝʨʪʘʪʁʴʩʷ ʜʦ ʧʝʨʰʦʾ ʤʦʜʽ. 

  ʏʠʩʝʣʴʥʽ ʝʢʩʧʝʨʠʤʝʥʪʠ ʩʧʽʚʨʦʙʽʪʥʠʢʽʚ ʌʝʨʤʽ ʧʦʢʘʟʘʣʠ, ʱʦ ʪʘʢʘ ʧʦʚʝʜʽʥʢʘ 

ʥʝ ʚʠʧʘʜʢʦʚʽʩʪʴ. ɿʙʽʣʴʰʝʥʥʷ ʯʠʩʣʘ ʚʘʞʢʽʚ, ʟʤʽʥʘ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ Ŭ, ʟʤʽʥʘ 

ʬʦʨʤʠ ʥʝʣʽʥʽʡʥʦʩʪʽ (ʥʘʧʨʠʢʣʘʜ, 3lDa  ʟʘʤʽʩʪʴ 2lDa ) ʥʝ ʟʤʽʥʶʻ ʧʦʚʝʜʽʥʢʫ 

ʩʠʩʪʝʤʠ. ʄʦʜʠ ʥʝ ʟʣʠʚʘʶʪʴʩʷ, ʘ ʚʽʜʙʫʚʘʻʪʴʩʷ ʚʠʜʽʣʝʥʥʷ ʜʝʷʢʠʭ ʟ ʥʠʭ, ʷʢʽ 

ʜʦʤʽʥʫʶʪʴ ʧʦ ʯʝʨʟʽ. ʂʦʣʠ ʧʦʚʝʨʪʘʻʪʴʩʷ ʧʦʯʘʪʢʦʚʘ ʤʦʜʘ, ʚʩʝ ʧʦʚʪʦʨʶʻʪʴʩʷ. ʏʘʩ 

ʧʦʚʝʨʥʝʥʥʷ RT  (ʚ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ nt Öº148 ) ʟʘʣʝʞʠʪʴ ʚʽʜ n, ʚʽʜ ʚʠʜʫ 

ʥʝʣʽʥʽʡʥʦʩʪʽ, ʘʣʝ çʩʦʣʽʨʫʚʘʥʥʷè ʥʠʞʯʠʭ ʤʦʜ ʽ ʧʦʚʝʨʥʝʥʥʷ ʧʨʠ RTt=  
ʩʧʦʩʪʝʨʽʛʘʣʦʩʷ ʩʧʽʚʨʦʙʽʪʥʠʢʘʤʠ ʌʝʨʤʽ ʫ ʚʩʽʭ ʦʙʯʠʩʣʝʥʥʷʭ. ɺʽʜʥʦʩʥʦ 

ʥʝʜʘʚʥʦ [7] ʧʦʢʘʟʘʥʦ, ʱʦ ʚ ʣʘʥʮʶʞʢʫ ʟôʻʜʥʘʥʠʭ ʚʘʞʦʢ ʧʨʠ ʜʝʷʢʠʭ ʨʽʚʥʷʭ 

ʝʥʝʨʛʽʾ ʩʠʩʪʝʤʘ ʚʩʝ ʞ ʪʘʢʠ ʤʦʞʝ ʧʝʨʝʭʦʜʠʪʠ ʜʦ ʪʝʧʣʦʚʦʾ ʨʽʚʥʦʚʘʛʠ.  

ɿʘʫʚʘʞʝʥʥʷ. Mathematical Particle Tracing  ʤʦʜʝʣʽ ʥʝ ʧʨʠʟʥʘʯʝʥʽ ʜʣʷ 

ʨʦʟʚôʷʟʘʥʥʷ ʩʭʦʞʠʭ ʟʘʜʘʯ, ʪʦʤʫ ʦʙʯʠʩʣʝʥʥʷ ʧʨʠʢʣʘʜʽʚ ʮʴʦʛʦ ʧʘʨʘʛʨʘʬʘ ʜʣʷ 

ʚʝʣʠʢʠʭ ʟʥʘʯʝʥʴ ʯʘʩʫ ʪʨʠʚʘʶʪʴ ʚʽʜʥʦʩʥʦ ʜʦʚʛʦ. ʅʘʧʨʠʢʣʘʜ, ʩʭʦʞʘ ʟʘʜʘʯʘ 

ʜʦʩʣʽʜʞʝʥʥʷ ʧʦʚʝʜʽʥʢʠ ʣʘʥʮʶʞʢʘ ʌʝʨʤʽ ï ʇʘʩʪʠ ï ʋʣʘʤʘ ʚ ʧʘʢʝʪʽ 

Mathematica  ʪʨʠʚʘ̒  ʢʽʣʴʢʘ ʩʝʢʫʥʜ [6], ʘ ʥʝ ʭʚʠʣʠʥ, ʷʢ ʚ ʧʦʪʦʯʥʦʤʫ ʧʨʠʢʣʘʜʽ. ʊʘ 

ʤʝʪʦʶ ʮʴʦʛʦ ʧʘʨʘʛʨʘʬʘ ʙʫʣʦ ʥʝ ʩʪʽʣʴʢʠ ʟʥʘʡʦʤʩʪʚʦ ʯʠʪʘʯʘ ʟ ʜʦʩʣʽʜʞʝʥʥʷʤ 

ʧʦʚʝʜʽʥʢʠ ʣʘʥʮʶʞʢʘ ʪʷʛʘʨʮʽʚ, ʩʢʽʣʴʢʠ ʧʦʜʘʣʴʰʝ ʟʥʘʡʦʤʩʪʚʦ ʟ ʽʥʩʪʨʫʤʝʥʪʘʨʽʻʤ 

ʟʘʩʪʦʩʦʚʘʥʦʛʦ ʽʥʪʝʨʬʝʡʩʫ. 
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5. ʂʨʘʡʦʚʽ ʟʘʜʘʯʽ ʜʣʷ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. 

ʉʠʩʪʝʤʘ COMSOL Multiphysics ʧʨʠʟʥʘʯʝʥʘ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʩʪʘʪʠʯʥʠʭ ʽ 

ʜʠʥʘʤʽʯʥʠʭ ʩʠʩʪʝʤ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨ̔ ʚʥʷʥʴ ʚ ʯʘʩʪʠʥʥʠʭ ʧʦʭʽʜʥʠʭ (ɼʈʏʇ) 

ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʚ ʦʜʥʦï,  ʜʚʦï ʘʙʦ ʪʨʠʚʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ. ɺʦʥʘ ʚʠʢʦʨʠʩʪʦʚʫʻ 

ʪʨʠ ʦʩʥʦʚʥʽ ʬʦʨʤʠ ʨʽʚʥʷʥʴ. ʂʦʝʬʽʮʽʻʥʪʥʘ ʬʦʨʤʘ ʤʘʻ ʚʠʛʣʷʜ 
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ʈʽʚʥʷʥʥʷ ʚ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʟʘʜʘʪʁʴʩʷ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʢʦʝʬʽʮʽʻʥʪʽʚ ʧʨʠ 

ʧʦʭʽʜʥʠʭ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ. 

  ɿʘʛʘʣʴʥʘ (ʛʝʥʝʨʘʣʴʥʘ) ʬʦʨʤʘ ʤʘʻ ʚʠʛʣʷʜ 
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ʜʝ ɻ ʽ F ʤʦʞʫʪʴ ʙʫʪʠ ʩʢʘʣʷʨʘʤʠ ʘʙʦ ʚʝʢʪʦʨʘʤʠ, ʷʢʽ ʟʘʣʝʞʘʪʴ ʚʽʜ ʰʫʢʘʥʠʭ 

ʚʝʣʠʯʠʥ ʽ ʾʭ ʧʦʭʽʜʥʠʭ. 

  ʉʣʘʙʢʘ ʬʦʨʤʘ ʚʠʢʦʨʠʩʪʦʚʫʻ ʥʝ ʩʘʤʝ ɼʈʏʇ, ʘ ʜʝʷʢʝ ʝʢʚʽʚʘʣʝʥʪʥʝ ʡʦʤʫ  

ʽʥʪʝʛʨʘʣʴʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ. 

  ɺ ʮʽʡ ʛʣʘʚʽ ʧʽʜʝ ʤʦʚʘ ʧʨʦ ʢʨʘʡʦʚʽ ʟʘʜʘʯʽ ʜʣʷ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 

ʨʽʚʥʷʥʴ. ɿʨʫʯʥʽʰʝ ʟʘ ʚʩʝ ʩʪʘʚʠʪʠ ʢʨʘʡʦʚʽ ʟʘʜʘʯʽ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʢʦʝʬʽʮʽʻʥʪʥʫ 

ʬʦʨʤʫ, ʷʢʘ ʚ ʜʝʨʝʚʽ ʽʥʪʝʨʬʝʡʩʽʚ ʧʘʥʝʣʽ Select Physics  ʦʙʠʨʘʻʪʴʩʷ ʚ ʛʽʣʮʽ 

Mathematics -  PDE Interfaces  -  Coefficient Form PDE (c) . ɼʣʷ 

ʤʦʜʝʣʶʚʘʥʥʷ ʦʜʥʦʚʠʤʽʨʥʠʭ ʢʨʘʡʦʚʠʭ ʟʘʜʘʯ, ʦʢʨʽʤ ʢʦʝʬʽʮʽʻʥʪʥʦʾ ʬʦʨʤʠ, ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʾʾ ʦʢʨʝʤʽ ʚʠʜʠ ï ʢʣʘʩʠʯʥʽ ɼʈʏʇ. ɰʭ ʚʠ ʟʥʘʡʜʝʪʝ ʚ ʜʝʨʝʚʽ 

ʽʥʪʝʨʬʝʡʩʽʚ ʧʘʥʝʣʽ Select  Physics , ʷʢʱʦ ʨʦʟʢʨʠʻʪʝ ʛʽʣʢʫ Mathematics  ï 

Classical  PDEs.   

 
ɼʣʷ ʜʝʷʢʠʭ ʟ ʮʠʭ ʽʥʪʝʨʬʝʡʩʽʚ ʜʦʩʪʫʧʥʠʡ ʪʽʣʴʢʠ ʩʪʘʮʽʦʥʘʨʥʠʡ ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ, 

ʜʣʷ ʽʥʰʠʭ - ʪʽʣʴʢʠ ʜʠʥʘʤʽʯʥʠʡ, ʜʣʷ ʪʨʝʪʽʭ - ʤʦʞʣʠʚʽ ʦʙʠʜʚʘ ʚʘʨʽʘʥʪʠ. ɸʣʝ ʱʦʙ 

ʦʜʥʦʚʠʤʽʨʥʘ ʤʦʜʝʣʴ ʟʚʦʜʠʣʘʩʷ ʜʦ ʟʚʠʯʘʡʥʦʛʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ ʘʙʦ ʾʭ 

ʩʠʩʪʝʤʠ, ʚʦʥʘ ʥʝ ʧʦʚʠʥʥʘ ʟʘʣʝʞʘʪʠ ʚʽʜ ʯʘʩʫ, ʪʦʙʪʦ ʤʫʩʠʪʴ ʙʫʪʠ ʩʪʘʮʽʦʥʘʨʥʦʶ.  

  ʏʠʤʘʣʦ ʦʜʥʦʚʠʤʽʨʥʠʭ ʟʘʜʘʯ ʤʘʶʪʴ ʘʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ. ʊʽ, ʜʣʷ ʷʢʠʭ ʮʝ 

ʥʝ ʪʘʢ, ʨʦʟʚ'ʷʟʫʶʪʴʩʷ ʯʠʩʝʣʴʥʦ ʟ ʤʽʥʽʤʘʣʴʥʠʤ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʢʦʤʧ'ʶʪʝʨʥʠʭ 

ʨʝʩʫʨʩʽʚ ʽ ʚ ʽʥʰʠʭ ʤʘʪʝʤʘʪʠʯʥʠʭ ʧʘʢʝʪʘʭ, ʪʘʢʠʭ ʷʢ Matlab, Mathematica ʘʙʦ 
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Maple. ʊʦʤʫ ʜʦʩʣʽʜʞʝʥʥʷ ʩʪʘʮʽʦʥʘʨʥʠʭ ʦʜʥʦʚʠʤʽʨʥʠʭ ʟʘʜʘʯ, ʷʢ ʩʘʤʦʩʪʽʡʥʠʭ 

ʤʦʜʝʣʝʡ, ʥʝ ʯʘʩʪʦ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ COMSOL Multiphysics. ʇʨʦʪʝ, ʩʠʩʪʝʤʘ 

ʟʜʘʪʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʮʽ ʟʘʜʘʯʽ ʜʦʩʠʪʴ ʝʬʝʢʪʠʚʥʦ. ɼʣʷ ʧʦʚʥʦʪʠ ʢʘʨʪʠʥʠ ʽ ʜʣʷ 

ʪʨʝʥʫʚʘʥʥʷ ʯʠʪʘʯʘ ʤʠ ʧʨʦʜʦʚʞʠʤʦ ʨʦʟʛʣʷʜ ʫʯʙʦʚʠʭ ʤʦʜʝʣʝʡ, ʷʢʠʡ ʨʦʟʧʦʯʘʪʦ ʚ 

ʧʦʧʝʨʝʜʥʽʡ ʛʣʘʚʽ, ʽ ʦʧʠʰʝʤʦ ʜʝʷʢʽ ʽʥʩʪʨʫʤʝʥʪʠ COMSOL ʥʘ ʧʨʠʢʣʘʜʘʭ 

ʨʦʟʚôʷʟʘʥʥʷ ʦʜʥʦʚʠʤʽʨʥʠʭ ʢʨʘʡʦʚʠʭ ʟʘʜʘʯ ʜʣʷ ɿɼʈ. 

  ɿʘʟʚʠʯʘʡ ʜʣʷ ʽʩʥʫʚʘʥʥʷ ʽ ʻʜʠʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ ɿɼʈ ʜʦʜʘʪʢʦʚʠʭ ʫʤʦʚ ʤʘʻ ʙʫʪʠ 

ʩʪʽʣʴʢʠ, ʷʢʠʡ ʧʦʨʷʜʦʢ ʤʘʻ ʨʽʚʥʷʥʥʷ. ʆʜʥʘʢ ʽʩʥʫʶʪʴ ʢʨʘʡʦʚʽ ʟʘʜʘʯʽ, ʫ ʷʢʠʭ 

ʨʦʟʚôʷʟʢʽʚ ʥʝʤʘʻ, ʥʘʧʨʠʢʣʘʜ, 

0=+¡¡ yy , 0)0( =y , 1)( =py . 

ɼʽʡʩʥʦ, ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ 0=+¡¡ yy  ʤʘʻ ʚʠʛʣʷʜ

xCxCy cossin 21 += , ʜʝ 21 ,CC  ʜʦʚʽʣʴʥʽ ʩʪʘʣʽ. ɿ ʫʤʦʚʠ () 00 =y  ʚʽʜʨʘʟʫ 

ʚʠʧʣʠʚʘʻ, ʱʦ 02 =C . ɸʣʝ ʪʦʜʽ ʜʨʫʛʽʡ ʛʨʘʥʠʯʥʽʡ ʫʤʦʚʽ ʥʝʤʦʞʣʠʚʦ ʟʘʜʦʚʦʣʴʥʠʪʠ 

ʥʽ ʧʨʠ ʷʢʦʤʫ ʟʥʘʯʝʥʥʽ 1C . 

  ɿ ʽʥʰʦʛʦ ʙʦʢʫ, ʢʨʘʡʦʚʘ ʟʘʜʘʯʘ 0=+¡¡ yy , 0)0( =y , 0)( =py  ʤʘʻ 

ʥʝʩʢʽʥʯʝʥʥʫ ʢʽʣʴʢʽʩʪʴ ʨʦʟʚôʷʟʢʽʚ ʚʠʜʫ xCy sin= . 

  ɯʩʥʫʻ ʨʷʜ ʪʝʦʨʝʤ, ʷʢʽ ʜʦʟʚʦʣʷʶʪʴ ʚʠʟʥʘʯʠʪʠ, ʚʠʨʽʰʫʚʘʥʘ ʯʠ ʥʽ ʢʨʘʡʦʚʘ 

ʟʘʜʘʯʘ ʜʣʷ ɿɼʈ, ʘ ʪʘʢʦʞ ʚʩʪʘʥʦʚʠʪʠ ʝʜʠʥʽʩʪʴ ʨʦʟʚ'ʷʟʢʫ [1]. ʋ ʚʩʽʭ ʧʨʠʢʣʘʜʘʭ ʮʽʻʾ 

ʛʣʘʚʠ ʤʠ ʙʫʜʝʤʦ ʧʨʠʧʫʩʢʘʪʠ, ʱʦ ʨʦʟʚôʷʟʦʢ ʚʽʜʧʦʚʽʜʥʠʭ ʟʘʜʘʯ ʽʩʥʫʻ. 

 

5.1. ɻʨʘʥʠʯʥʽ ʫʤʦʚʠ ʜʣʷ ʦʜʥʦʚʠʤʽʨʥʠʭ ʟʘʜʘʯ. 

ʋ ʮʴʦʤʫ ʧʘʨʘʛʨʘʬʽ ʤʠ ʦʙʛʦʚʦʨʠʤʦ ʦʩʦʙʣʠʚʦʩʪʽ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ, ʷʢʽ ʤʦʞʫʪʴ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʚ ʦʜʥʦʚʠʤʽʨʥʠʭ ʢʨʘʡʦʚʠʭ ʟʘʜʘʯʘʭ. ɻʨʘʥʠʯʥʽ ʫʤʦʚʠ ʚ 

COMSOL Multiphysics ʜʣʷ ʜʚʦ- ʽ ʪʨʠʚʠʤʽʨʥʠʭ ʟʘʜʘʯ - ʮʝ ʦʢʨʝʤʘ ʪʝʤʘ. ʆʜʥʘʢ ʜʣʷ 

ʦʜʥʦʚʠʤʽʨʥʠʭ ʟʘʜʘʯ ʧʦʩʪʘʥʦʚʢʘ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʚʽʜʥʦʩʥʦ ʧʨʦʩʪʘ. ʄʦʞʥʘ 

ʟʘʜʘʪʠ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ ʚ ʛʨʘʥʠʯʥʠʭ ʪʦʯʢʘʭ (ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ 

ʧʝʨʰʦʛʦ ʨʦʜʫ, ʫʤʦʚʘ ɼʽʨʽʭʣʝ), ʘʙʦ ʟʥʘʯʝʥʥʷ ʧʝʨʰʠʭ ʧʦʭʽʜʥʠʭ (ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ 

ʜʨʫʛʦʛʦ ʨʦʜʫ, ʫʤʦʚʠ ʅʝʡʤʘʥʘ), ʘʙʦ ʢʦʤʙʽʥʘʮʽʶ ʰʫʢʘʥʠʭ ʬʫʥʢʮʽʡ ʽ ʾʭ ʧʦʭʽʜʥʠʭ 

(ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ, ʫʤʦʚʠ ʈʦʙʽʥʘ, ʤʽʰʘʥʘ ʢʨʘʡʦʚʘ ʟʘʜʘʯʘ). 

ɿʫʩʪʨʽʯʘʶʪʴʩʷ ʽ ʥʝʩʪʘʥʜʘʨʪʥʽ ʫʤʦʚʠ, ʥʘʧʨʠʢʣʘʜ, ʢʦʣʠ ʚ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚʘʭ 

ʟ'ʷʚʣʷʶʪʴʩʷ ʜʨʫʛʽ ʧʦʭʽʜʥʽ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʧʦ ʧʨʦʩʪʦʨʦʚʠʤ ʢʦʦʨʜʠʥʘʪʘʤ. 

  ɯʥʦʜʽ ʧʦʪʨʽʙʥʦ ʚʨʘʭʦʚʫʚʘʪʠ çʚʥʫʪʨʽʰʥʽè ʛʨʘʥʠʮʽ. ʅʘʧʨʠʢʣʘʜ, ʧʨʠ ʟ'ʻʜʥʘʥʥʽ 

ʜʚʦʭ ʤʘʪʝʨʽʘʣʽʚ ʧʦʚʝʨʭʥʶ, ʱʦ ʾʭ ʨʦʟʜʽʣʷʻ, ʤʦʞʥʘ ʨʦʟʛʣʷʜʘʪʠ ʷʢ ʚʥʫʪʨʽʰʥʶ 

ʤʝʞʫ, ʥʘ ʷʢʽʡ ʟʘʜʘʥʦ ʜʝʷʢ ̔ʫʤʦʚʠ ʢʦʥʪʘʢʪʫ. ʊʘʢ ʚ ʟʘʜʘʯʽ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʮʝ 

ʤʦʞʝ ʙʫʪʠ ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʪʝʤʧʝʨʘʪʫʨʠ ʽ ʪʝʧʣʦʚʦʛʦ ʧʦʪʦʢʫ.  

  ʊʫʪ ʤʠ ʦʙʛʦʚʦʨʠʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʥʘʩʪʫʧʥʠʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ: 

¶ ʫʤʦʚʘ Zero Flux  ʟʘʜʘʻ ʥʫʣʴʦʚʠʡ ʧʦʪʽʢ ʧʦʣʷ ʥʘ ʤʝʞʽ ʪʽʣʘ (ʫʤʦʚʘ ʽʟʦʣʷʮʽʾ). 

ɿʘʟʚʠʯʘʡ ʚʽʥ (ʧʦʪʽʢ) ʧʦʚ'ʷʟʘʥʠʡ ʟ ʛʨʘʜʽʻʥʪʦʤ ʟʘʣʝʞʥʦ ʾ ʚʝʣʠʯʠʥʠ. ɺ 

ʦʜʥʦʚʠʤʽʨʥʠʭ ʟʘʜʘʯʘʭ ʮʷ ʫʤʦʚʘ ʬʘʢʪʠʯʥʦ ʟʘʜʘʻ ʥʫʣʴʦʚʽ ʟʥʘʯʝʥʥʷ 

ʧʦʭʽʜʥʠʭ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ ʚ ʛʨʘʥʠʯʥʠʭ ʪʦʯʢʘʭ; 
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¶ ʫʤʦʚʠ Dirichlet Boundary Condition  ʜʦʟʚʦʣʷʶʪʴ ʟʘʜʘʚʘʪʠ ʟʥʘʯʝʥʥʷ 

ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʥʘ ʤʝʞʽ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ (ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ 

ʧʝʨʰʦʛʦ ʨʦʜʫ); 

¶ ʫʤʦʚʠ  Flux/Source   ʟʘʜʘʶʪʴ ʧʦʪʽʢ ʧʦʣʷ ʥʘ ʤʝʞʽ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ 

ʯʝʨʝʟ ʢʦʤʙʽʥʘʮʽ ʾ ʟʥʘʯʝʥʴ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʽ ʾʭ ʧʝʨʰʠʭ ʧʦʭʽʜʥʠʭ 

(ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʜʨʫʛʦʛʦ ʘʙʦ ʪʨʝʪʴʦʛʦ ʨʦʜʫ);  

¶ ʫʤʦʚʘ Continuity  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʥʘ ʚʥʫʪʨʽʰʥʽʭ ʛʨʘʥʠʮʷʭ, 

ʚʠʟʥʘʯʘʶʯʠ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʽ ʧʦʪʦʢʽʚ (ʨʝʯʦʚʠʥʠ, ʪʝʧʣʘ, 

ʟʘʨʷʜʫ ʽ ʪ.ʜ.); 

¶ ʫʤʦʚʘ Constraint  ʟʘʟʚʠʯʘʡ ʚʠʢʦʨʠʩʪʦʚʫʻ ʥʝʩʪʘʥʜʘʨʪʥʽ ʟʚ'ʷʟʢʠ ʤʽʞ 

ʰʫʢʘʥʠʤʠ ʚʝʣʠʯʠʥʘʤʠ ʚʩʝʨʝʜʠʥʽ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ; ʚʦʥʘ ʤʦʞʝ  

ʟʘʩʪʦʩʦʚʫʚʘʪʠʩʷ ʽ ʥʘ ʤʝʞʽ ʪʽʣʘ, ʟʘʤʽʥʷʶʯʠ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ; 

¶ ʫʤʦʚʘ  Periodic Condition   ʚʠʟʥʘʯʘʻ ʨʽʚʥʽʩʪʴ ʟʥʘʯʝʥʴ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ 

ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ ʨʦʟʨʘʭʫʥʢʦʚʦ ʾʦʙʣʘʩʪʽ. 

ɻʨʘʥʠʯʥʽ ʫʤʦʚʠ, ʷʢʽ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʢʨʘʡʦʚʠʭ ʟʘʜʘʯ ʜʣʷ 

ʦʜʥʦʚʠʤʽʨʥʠʭ ɿɼʈ, ʦʙʠʨʘʶʪʴʩʷ ʟ ʚʠʧʘʜʥʦʛʦ ʩʧʠʩʢʫ-ʢʥʦʧʢʠ Boundaries  ʧʘʥʝʣʽ 

Physics  , ʷʢʠʡ ʟʦʙʨʘʞʝʥʦ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ.  

 
ʋʤʦʚʫ Continuity  ʪʫʪ ʥʝ ʧʦʢʘʟʘʥʦ, ʪʦʤʫ ʱʦ ʚʦʥʘ ʦʙʠʨʘʻʪʴʩʷ ʟ ʚʠʧʘʜʥʦʛʦ 

ʩʧʠʩʢʫ ʢʦʤʘʥʜ Pairs  (ʧʘʨʠ). ʏʘʩʪʽʰʝ ʟʘ ʚʩʝ ʧʘʨʠ ʧʦʟʥʘʯʘʶʪʴ ʜʽʣʷʥʢʠ ʤʝʞ 

ʢʦʥʪʘʢʪʫʶʯʽʭ ʪʽʣ (ʪʦʙʪʦ ʚʥʫʪʨʽʰʥʽ ʛʨʘʥʠʮʽ). ʌʘʢʪʠʯʥʦ ʧʘʨʠ ʧʨʝʜʩʪʘʚʣʷʶʪʴ ʜʚʽ 

ʩʪʦʨʦʥʠ ʨʦʟʜʽʣʦʚʦʾ ʧʦʚʝʨʭʥʽ, ʷʢʽ ʚʽʜʥʦʩʷʪʴʩʷ ʜʦ ʨʽʟʥʠʭ ʤʘʪʝʨʽʘʣʽʚ, ʽ ʥʘ ʢʦʞʥʽʡ 

ʤʦʞʥʘ ʟʘʜʘʪʠ ʚʣʘʩʥʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ. ʅʘ ʧʘʨʽ ʤʦʞʥʘ ʪʘʢʦʞ ʟʘʜʘʪʠ ʫʤʦʚʫ 

ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʬʽʟʠʯʥʦʛʦ ʧʦʣʷ ʘʙʦ ʩʢʣʘʜʥʽʰʫ ʫʤʦʚʫ. 

  ʋʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʦʟʥʘʯʘʻ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʷʢ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ, ʪʘʢ ʽ 

ʚʽʜʧʦʚʽʜʥʠʭ ʬʽʟʠʯʥʠʭ ʧʦʪʦʢʽʚ, ʷʢʽ ʟʘʟʚʠʯʘʡ ʜʝʷʢʠʤ ʝʤʧʽʨʠʯʥʠʭ ʯʠʥʦʤ ʯʝʨʝʟ 

ʤʘʪʝʨʽʘʣʴʥʠʡ ʟʘʢʦʥ ʧʦʚ'ʷʟʘʥʽ ʟ ʛʨʘʜʽʻʥʪʦʤ ʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ. ʅʘʧʨʠʢʣʘʜ, ʷʢʱʦ  

ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʟʘʛʘʣʴʥʘ (ʛʝʥʝʨʘʣʴʥʘ) ʬʦʨʤʘ ɼʈʏʇ F
t

u
d

t

u
e aa =GÖÐ+

µ

µ
+

µ

µ
2

2

, ʪʦ 

ʚʝʣʠʯʠʥʘ ɻ ʚʠʩʪʫʧʘʻ ʚ ʨʦʣʽ ʧʦʪʦʢʫ ʧʦʣʷ. ʊʦʜʽ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʧʦʣʷ ʦʟʥʘʯʘʪʠʤʝ 

ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ  u  ʽ ʚʝʣʠʯʠʥʠ ɻ. ʗʢʱʦ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 

ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ( ) fuc
t

u
da =Ð-ÖÐ+
µ

µ
, ʪʦ ʚʝʣʠʯʠʥʘ ucÐ-   ʧʨʝʜʩʪʘʚʣʷʻ ʧʦʪʽʢ 
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ʪʝʧʣʘ, ʷʢʠʡ ʧʦʚʠʥʝʥ ʙʫʪʠ ʥʝʧʝʨʝʨʚʥʠʤ ʥʘ ʤʝʞʽ ʜʚʦʭ ʪʽʣ (ʦʜʥʦʯʘʩʥʦ ʟ 

ʥʝʧʝʨʝʨʚʥʩ̔ʪʁ ʪʝʤʧʝʨʘʪʫʨʠ u). ʈʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ( ) fuc =Ð-ÖÐ  ʤʦʞʥʘ 

ʽʥʪʝʨʧʨʝʪʫʚʘʪʠ ʷʢ ʩʪʘʮʽʦʥʘʨʥʝ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʽ ʚ ʪʦʯʢʘʭ ʩʪʠʢʫ 

ʜʽʣʷʥʦʢ, ʥʘ ʷʢʠʭ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʨʽʟʥʽ ʢʦʝʬʽʮʽʻʥʪʽ c  ̔ f, ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ 

ʦʟʥʘʯʘʪʠʤʝ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ u ʽ ʚʝʣʠʯʠʥʠ ucÐ- .  

  ɿʘʫʚʘʞʠʤʦ, ʱʦ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʬʽʟʠʯʥʠʭ ʧʦʪʦʢʽʚ ʥʘ ʚʥʫʪʨʽʰʥʽʭ ʤʝʞʘʭ 

ʟʘʟʚʠʯʘʡ ʚʠʢʦʥʫʻʪʴʩʷ ʘʚʪʦʤʘʪʠʯʥʦ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʘʨ. ʇʘʨʠ ʢʦʨʠʩʥʽ, ʢʦʣʠ 

ʫʤʦʚʠ ʚʟʘʻʤʦʜʽʾ ʢʦʥʪʘʢʪʫʶʯʠʭ ʪʽʣ ʥʘʢʣʘʜʘʶʪʴ ʤʽʞ ʬʽʟʠʯʥʠʤʠ ʧʦʣʷʤʠ ʧʦ ʨʽʟʥʽ 

ʙʦʢʠ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ ʙʽʣʴʰ ʩʢʣʘʜʥʽ ʚʟʘʻʤʦʟʚôʷʟʢʠ ʥʽʞ ʥʝʧʝʨʝʨʚʥʽʩʪʴ.  

  ɼʣʷ ʥʘʦʯʥʦʩʪʽ ʤʠ ʥʘʚʦʜʠʤʦ ʪʘʙʣʠʮʶ ʧʦʜʽʙʥʦʩʪʽ ʜʝʷʢʠʭ ʩʪʘʮʽʦʥʘʨʥʠʭ  

ʬʽʟʠʯʥʠʭ ʧʦʣʽʚ [2]. 

ʌʽʟʠʯʥʝ ʷʚʠʱʝ ʐʫʢʘʥʘ 

ʚʝʣʠʯʠʥʘ 

ʄʘʪʝʨʽʘʣʴʥʘ 

ʢʦʥʩʪʘʥʪʘ 

ʇʦʪʽʢ ʧʦʣʷ 

ʊʝʧʣʦʧʨʦʚʽʜʥʽʩʪʴ ʊʝʤʧʝʨʘʪʫʨʘ  u ʂʦʝʬʽʮʽʻʥʪ 

ʪʝʧʣʦʧʨʦʚʽʜ- 

ʥʦʩʪʽ  k 

ʇʦʪʽʢ  ʪʝʧʣʘ 

╠= Ὧ gradό 

ɼʠʬʫʟʽʷ ʂʦʥʮʝʥʪʨʘʮʽʷ  u ʂʦʝʬʽʮʽʻʥʪ  

ʜʠʬʫʟʽʾ  D 

ʇʦʪʽʢ ʨʝʯʦʚʠʥʠ 

╠= Ὀ gradό 

ɽʣʝʢʪʨʦʩʪʘʪʠʢʘ ʇʦʪʝʥʮʽʘʣ 

ʝʣʝʢʪʨʠʯʥʦʛʦ 

ʧʦʣʷ  u 

ɼʽʝʣʝʢʪʨʠʯʥʘ  

ʩʪʘʣʘ  ʀ 
ɺʝʢʪʦʨ ʝʣʝʢʪʨʠʯʥʦʾ 

ʽʥʜʫʢʮʽʾ ╓= ʀ╔=  

= ʀgradό 

ʄʘʛʥʠʪʦʩʪʘʪʠʢʘ ʇʦʪʝʥʮʽʘʣ 

ʤʘʛʥʽʪʥʦʛʦ ʧʦʣʷ  u 

ʄʘʛʥʽʪʥʘ 

ʧʨʦʥʠʢʥʽʩʪʴ ʈ 
ɺʝʢʪʦʨ ʤʘʛʥʽʪʥʦʾ 

ʽʥʜʫʢʮʽʾ  

║= ʈ gradό 

ɽʣʝʢʪʨʠʯʥʝ ʧʦʣʝ 

ʧʦʩʪʽʡʥʦʛʦ ʩʪʨʫʤʫ 

ʇʦʪʝʥʮʽʘʣ  u ʂʦʝʬ. ʝʣʝʢʪʨʦ-

ʧʨʦʚʽʜʥʦʩʪ̔  ʎ 
ɻʫʩʪʠʥʘ ʩʪʨʫʤʫ 

▒= ʎ gradό 

ɺ ʩʪʘʮʽʦʥʘʨʥʠʭ ʟʘʜʘʯʘʭ ʚʝʣʠʯʠʥʘ u ʟʘʜʦʚʦʣʴʥʷʻ ʨʽʚʥʷʥʥʶ ʇʫʘʩʩʦʥʘ 

( ) fuc =Ð-ÖÐ , ʜʝ c ʦʜʥʘ ʟ ʚʠʱʝ ʚʢʘʟʘʥʠʭ ʤʘʪʝʨʽʘʣʴʥʠʭ ʢʦʥʩʪʘʥʪ. ʗʢʱʦ ʥʘ 

ʜʝʷʢʽʡ ʧʦʚʝʨʭʥʽ ʤʘʪʝʨʽʘʣʴʥʘ ʢʦʥʩʪʘʥʪʘ ʟʘʟʥʘʻ ʨʦʟʨʠʚʫ, ʪʦ ʫʤʦʚʫ ʥʝʧʝʨʝʨʚʥʦʩʪʽ 

ʧʦʣʷ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ 21 uu = , 
n

u
c

n

u
c

µ

µ
=

µ

µ 2
2

1
1 , ʜʝ ʽʥʜʝʢʩʠ 1 ʽ 2 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʛʨʘʥʠʯʥʠʤ ʟʥʘʯʝʥʥʷʤ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ u ʧʦ ʨʽʟʥʽ ʙʦʢʠ 

ʨʦʟʛʣʷʜʫʚʘʥʦʾ ʧʦʚʝʨʭʥʽ, ʘ 
nµ

µ
ʧʦʟʥʘʯʘʻ ʧʦʭʽʜʥʫ ʧʦ ʥʦʨʤʘʣʽ ʜʦ ʧʦʚʝʨʭʥʽ. 

  ɺ COMSOL Multiphysics ʧʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʽ ʟ ɼʈʏʇ, ʘʚʪʦʤʘʪʠʯʥʦ 

ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ Zero  Flux , ʷʢʠʡ ʟʘʜʘʻ ʥʫʣʴʦʚʽ ʧʦʪʦʢʠ  ʚ ʛʨʘʥʠʯʥʠʭ ʪʦʯʢʘʭ. 

ɿ ʪʦʯʢʠ ʟʦʨʫ ʤʝʪʦʜʘ ʩʢʽʥʯʝʥʥʠʭ ʝʣʝʤʝʥʪʽʚ,  ʮʝ ʧʨʠʨʦʜʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ, ʷʢʽ ʥʝ 

ʥʘʢʣʘʜʘʶʪʴ ʜʦʜʘʪʢʦʚʠʭ ʦʙʤʝʞʝʥʴ ʥʘ ʨʽʚʥʷʥʥʷ ʚ ʩʣʘʙʢʽʡ ʬʦʨʤʽ. ʅʘʛʘʜʘʻʤʦ, ʱʦ 

ʟʘ ʣʘʰʪʫʥʢʘʤʠ ʚ COMSOL Multiphysics ʚʩʽ ɼʈʏʇ ʧʝʨʝʧʠʩʫʶʪʴʩʷ ʚ ʩʣʘʙʢʽʡ 

ʬʦʨʤʽ (ʽʥʪʝʛʨʘʣʴʥʽʡ). ɹʫʜʴ ʷʢʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ, ʦʢʨʽʤ ʧʨʠʨʦʜʥʠʭ, ʚʥʦʩʷʪʴ 

ʜʦʜʘʥʢʠ ʚ ʨʽʚʥʷʥʥʷ ʩʣʘʙʢʦʾ ʬʦʨʤʠ. ʊʦʤʫ, ʱʦʙ ʟʘʜʘʪʠ ʽʥʰʽ ʫʤʦʚʠ, ʜʣʷ ʥʠʭ ʚ 
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ʧʨʦʮʝʩʽ ʤʦʜʝʣʶʚʘʥʥʷ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʚʽʜʧʦʚʽʜʥʽ ʚʫʟʣʠ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ, ʷʢʽ 

ʩʢʘʩʫʶʪʴ/ʧʝʨʝʚʘʥʪʘʞʘʪ ɹ ʜʽʶ ʚʫʟʣʽʚ Zero  Flux , ʷʢʱʦ ʙʫʜʫʪʴ ʟʘʜʘʥʽ ʥʘ 

ʦʜʥʘʢʦʚʠʭ ʟ ʥʠʤʠ ʜʽʣʷʥʢʘʭ ʤʝʞʽ.  

 

5.1.1. ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ Flux/Source. 

ɺ ʇɺ ʚʫʟʣʘ Flux/Source ʥʘʚʝʜʝʥʦ ʟʘʛʘʣʴʥʠʡ ʚʠʛʣʷʜ ʫʤʦʚʠ ( ) uqguc -=Ð-Ö-n ,  

ʜʝ n  - ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ ʟʦʚʥʽʰʥʴʦʾ ʥʦʨʤʘʣʽ ʜʦ ʤʝʞʽ ʦʙʣʘʩʪʽ. ʇʦʟʥʘʯʠʤʦ 

ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ, ʩʧʨʷʤʦʚʘʥʠʡ ʫʟʜʦʚʞ ʦʩʽ X ʯʝʨʝʟ i . ɺ ʦʜʥʦʚʠʤʽʨʥʦʤʫ 

ʚʠʧʘʜʢʫ ʜʣʷ ʧʨʘʚʦʛʦ ʛʨʘʥʠʯʥʦʛʦ ʚʫʟʣʘ in= , ʘ ʜʣʷ ʣʽʚʦʛʦ in -= .  ʂʨʽʤ ʪʦʛʦ, ʚ 

ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʚʠʧʘʜʢʫ xuu µµ=Ð /i . ʊʦʜʽ ʜʣʷ ʧʨʘʚʦʛʦ ʛʨʘʥʠʯʥʦʛʦ ʚʫʟʣʘ 

ʤʘʪʠʤʝʤʦ ( ) ( ) xx ucucuc ¡=¡-Ö-=Ð-Ö- iin   ̔ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ Flux / Source   

ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ uqguc x -=¡ . ɸʥʘʣʦʛʽʯʥʦ, ʜʣʷ ʣʽʚʦʛʦ ʛʨʘʥʠʯʥʦʛʦ ʚʫʟʣʘ ʫʤʦʚʘ 

ʤʘʪʠʤʝ ʚʠʜ uqguc x -=¡- . 

ʇʨʠʢʣʘʜ 1. ʈʦʟʛʣʷʥʝʤʦ ɿɼʈ 1=¡¡xxu  ʥʘ ʚʽʜʨʽʟʢʫ [1, 2]. ɼʣʷ ʡʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʥʷ 

ʚʠʢʦʨʠʩʪʘʻʤʦ ʩʪʘʮʽʦʥʘʨʥʝ ʦʜʥʦʚʠʤʽʨʥʝ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. ʅʘ ʣʽʚʦʤʫ 

ʢʽʥʮʽ ʟʘʚʞʜʠ ʙʫʜʝʤʦ ʩʪʘʚʠʪʠ ʫʤʦʚʫ ɼʽʨʽʭʣʝ () 01 =u . ʅʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ 

ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ʙʫʜʝʤʦ ʤʽʥʷʪʠ ʽ ʧʦʨʽʚʥʶʚʘʪʠ ʘʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ 

( ) ( )12/1
2

-Ö+-= xCxu   ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ  ʟ ʪʠʤ, ʷʢʠʡ ʙʫʜʫʚʘʪʠʤʝ ʩʠʩʪʝʤʘ 

(ʢʦʥʩʪʘʥʪʘ C ʙʫʜʝ ʟʘʣʝʞʘʪʠ ʚʽʜ ʜʨʫʛʦʾ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ). 

  ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

     Classical PDEs - Heat Equation(hteq) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

   Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [1,2]. ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1): 

   Interval ï Left endpoint , Right endpoint = 1,2  

Interval 1: LMB > Build All Objects 
ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Mesh 1: 

   Mesh Settings ïElement size = Finer  

  LMB> Build All 
ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Heat Equation (hteq) - Heat Equation 1 ʚ ʨʦʟʜʽʣ ̔

Domain Selection  ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ (ʽʥʜʠʢʘʪʦʨ ʚʽʜʨʽʟʢʘ). ɺ 

ʨʦʟʜʽʣʽ Equation  ʟʘʧʠʩʘʥʦ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʚ ʬʦʨʤʽ 

( ) fuc
t

u
da =Ð-ÖÐ+
µ

µ
. 

ʇʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʡʪʝ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʠ ʇɺ. 

Heat Equation (hteq) - Heat Equation 1: 

   Diffusion Coefficient ï c = - 1 
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   Source Term ï f = 1 

   Damping or Mass Coefficient ï da = 0 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 1=¡¡xxu . 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

   Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, <> = Manual ,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = 0 

1. ɿʘʜʘʯʘ: () () 02,01,1 =¡==¡¡ xxx uuu .  

ɼʨʫʛʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ʟʘʣʠʰʪʝ ʥʝʟʤʽʥʥʦ .ʁ ɺʦʥʘ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʚʠʟʥʘʯʝʥʘ ʚ 

ʇɺ ʚʫʟʣʘ Zero Flux 1, ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʷʢʦʛʦ ʚʢʘʟʫʻʪʴʩʷ ʽʥʜʠʢʘʪʦʨ ʚʫʟʣʘ (ʚ 

ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʧʨʘʚʦʛʦ), ʚ ʷʢʦʤʫ ʧʦʭʽʜʥʘ ʨʦʟʚôʷʟʢʫ ʦʙʝʨʪʘʻʪʴʩʷ ʥʘ ʥʫʣʴ. 

 
ɺ ʨʝʟʫʣʴʪʘʪʽ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ () () 02,01 =¡= xuu . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  Home - > Compute 

 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʩʘʤʦʩʪʽʡʥʦ ʜʦʜʘʡʪʝ ʚ ʛʽʣʢʫ 1D Plot Group 1 ʛʨʘʬʽʢ 

ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ όὼ =
1

2
(3 4 ὼ+ ὼ2)  (ʛʨʘʬʽʢʠ ʧʦʚʠʥʥʽ ʩʧʽʚʧʘʩʪʠ). 

2. ɿʘʜʘʯʘ: () ()12,01,1 =¡==¡¡ xxx uuu .  

  ɿʘʜʘʡʪʝ ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ʪʠʧʫ Flux / Source .  ʇʨʠ 

1-=c  ʚʦʥʘ ʤʘ̒ ʚʠʛʣʷʜ  uqgux -=¡- . 

   Physics  -> Boundar y - Boundaries  ï Flux/Source 

Heat Equation (hteq) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Boundary Flux/Source ï g =- 1 

   Boundary Absorption/Impedance Term ï q =0 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʫʤʦʚʘ 1-=¡- xu . ʋʤʦʚʘ Zero Flux 1 ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʩʢʘʩʫʻʪʴʩʷ 

ʘʚʪʦʤʘʪʠʯʥʦ. 

  ʂʣʘʮʥʽʪʴ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʧʦ ʚʫʟʣʫ ʩʘʤʦʛʦ ʚʝʨʭʥʴʦʛʦ ʨʽʚʥʷ (root) ʽ 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Add Study.  

Untitled.mph (root) : RMB > Add Study 
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ʋ ʚʽʜʢʨʠʚʰʝʤʫʩʷ ʚʽʢʦʥʮʽ Add Study  ʧʦʜʚʽʡʥʠʤ ʢʣʘʮʘʥʥʷʤ ʚʠʙʝʨʽʪʴ 

Stationary  ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ ʽ ʟʘʢʨʠʡʪʝ ʚʽʢʥʦ. ɺ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ 

Study 2. 

  ʑʦʙ ʧʝʨʰʝ ʦʙʯʠʩʣʝʥʥʷ ʥʝ ʟʤʽʥʠʣʦʩʷ, ʚʠʢʣʶʯʽʪʴ ʚʫʟʦʣ Flux/Source 1 ʟ 

ʧʝʨʰʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ Study 1.  

Study 1 ï Step 1 : Stationary: 

   Physics and Variables Selection ï  

         Modify physics tree and variables for study step = True  

ʇʽʩʣʷ ʫʩʪʘʥʦʚʢʠ ʧʝʨʝʤʠʢʘʯʘ ʧʽʜ ʥʠʤ ʚʽʜʢʨʠʻʪʴʩʷ ʜʝʨʝʚʦ ʤʦʜʝʣʽ, ʚ ʷʢʦʤʫ 

ʜʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Flux/Source 1. ɼʣʷ ʮʴʦʛʦ ʚ ʥʦʚʦʤʫ ɼʄ ʚʠʜʽʣʽʪʴ ʽʤôʷ ʚʫʟʣʘ 

Flux/Source 1  ʽ ʢʣʘʮʥʽʪʴ ʧʦ ʢʥʦʧʮʽ Disable ʚʥʠʟʫ ʮʴʦʛʦ çʜʝʨʝʚʘè. 

 

 
ʗʢʱʦ ʟʘʨʘʟ ʚʠʜʽʣʠʪʠ ʚʫʟʦʣ Study 1 ʽ ʚʠʢʦʥʘʪʠ ʢʦʤʘʥʜʫ Compute, ʪʦ ʚʠ ʟʥʦʚʫ 

ʦʪʨʠʤʘʻʪʝ ʧʝʨʰʠʡ ʨʦʟʚôʷʟʦʢ. ʗʢʱʦ ʚʠʜʽʣʠʪʠ ʚʫʟʦʣ Study 2  ̔ʚʠʢʦʥʘʪʠ ʢʦʤʘʥʜʫ 

Compute, ʪʦ ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʦ ʜʨʫʛʠʡ ʨʦʟʚôʷʟʦʢ (ʽ ʜʨʫʛʠʡ ʛʨʘʬʽʢ), ʷʢʠʡ 

ʚʠʢʦʨʠʩʪʦʚʫʻ ʥʦʚʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ()12 =¡
xu . 

 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʩʘʤʦʩʪʽʡʥʦ ʜʦʜʘʡʪʝ ʚ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 2 ʚʫʟʦʣ 

Line Graph 2 ʟ ʛʨʘʬʽʢʦʤ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ όὼ =
1

2
(1 2 ὼ+ ὼ2)  

(ʛʨʘʬʽʢʠ ʟʙʽʛʘʶʪʴʩʷ).   

3. ɿʘʜʘʯʘ () () ()2222,01,1 uuuu xxx Ö+-=¡==¡¡  ʤʘʻ ʘʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ     

όὼ =
1

2
ὼ 1 2 + 4 (ὼ 1) . ʊʝ, ʱʦ 1=¡¡xxu   ̔ () 01 =u  ʚʠʜʥʦ ʚʽʜʨʘʟʫ. ʃʝʛʢʦ 

ʧʝʨʝʚʽʨʷʻʪʴʩʷ ʽ ʜʨʫʛʘ ʫʤʦʚʘ ()
22

22)(
==

Ö+-=¡
xxx xuxu . 

  ɼʣʷ ʥʦʚʦʛʦ ʨʦʟʚôʷʟʢʫ ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ ʱʝ ʦʜʠʥ ʚʫʟʦʣ Study , ʘʣʝ ʤʠ ʮʴʦʛʦ 

ʨʦʙʠʪʠ ʥʝ ʙʫʜʝʤʦ. ɺʥʝʩʝʤʦ ʟʤʽʥʠ ʚ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ uqgux +-=¡  ʥʘ ʧʨʘʚʦʤʫ 

ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ. 

Heat Equation (hteq) - Flux/Source 1: 

   Boundary Flux/Source ï g =2 
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   Boundary Absorption/Impedance Term ï q =2 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʫʤʦʚʘ uux 22-=¡- . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʚʫʟʣʘ Study 2 

Study 2: RMB > Compute 
ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʚ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 1D Plot Group 2. ɺ ʮʽʡ ʛʨʫʧʽ 

ʧʦʙʫʜʫʡʪʝ ʪʘʢʦʞ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ όὼ =
1

2
ὼ 1 2 + 4 (ὼ 1) , 

ʟʘʤʽʥʠʚʰʠ ʬʦʨʤʫʣʫ ʫ ʚʫʟʣʽ Line Graph 2 (ʷʢʱʦ ʚʠ ʡʦʛʦ ʚʞʝ ʩʪʚʦʨʠʣʠ). ʂʨʠʚʽ 

ʧʦʚʠʥʥʽ ʩʧʽʚʧʘʩʪʠ. 

    
4. ɿʘʜʘʯʘ: () () ()222,01,1 uuuu xxx +-=¡==¡¡ . ʈʦʟʚôʷʟʢʫ ʥʝʤʘʻ! 

ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʇɺ ʚʫʟʣʘ Flux/Source 1: 

   Boundary Absorption/Impedance Term ï q =1 

ʽ ʜʣʷ ʚʫʟʣʘ Study 2 ʩʧʨʦʙʫʡʪʝ ʚʠʢʦʥʘʪʠ ʦʙʯʠʩʣʝʥʥʷ.  

Study 2: RMB > Compute 

ʉʠʩʪʝʤʘ ʚʠʚʝʜʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ  Failed  to  find  solution . 

  ʇʨʠ  q=1 ʥʘʰʘ ʢʨʘʡʦʚʘ ʟʘʜʘʯʘ ʨʦʟʚôʷʟʢʫ ʥʝ ʤʘʻ! ɼʽʡʩʥʦ, ʟ ʧʨʝʜʩʪʘʚʣʝʥʥʷ 

ʨʦʟʚôʷʟʢʫ ( ) ( )12/1
2

-Ö+-= xCxu , ʷʢʝ ʚʨʘʭʦʚʫʻ ʣʽʚʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ, ʚʠʧʣʠʚʘʻ, 

ʱʦ () Cu += 2/12  ʽ () Cux +=¡ 12 . ɸʣʝ ʪʦʜʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ CC ++-=+ 2/121 ,  

ʢ̫ʝ ʦʪʨʠʤʫʻʪʴʩʷ ʟ ʜʨʫʛʦ ʾʛʨʘʥʠʯʥʦ ʾʫʤʦʚʠ, ʥʝ ʤʦʞʝ ʚʠʢʦʥʘʪʠʩʷ ʥʽ ʧʨʠ ʷʢʦʤʫ 

ʟʥʘʯʝʥʥʽ ʉ.   

5. ɿʘʜʘʯʘ () ( )
22

,01,1
==

Ö+-=¡==¡¡
xxxxx uxxuuu . 

  ɺ ʷʢʦʩʪʽ ʢʦʝʬʽʮʽʻʥʪʽʚ g ʽ q ʩʣʽʜ ʟʘʩʪʦʩʫʚʘʪʠ ʚʠʨʘʟʠ, ʚ ʷʢʽ ʚʭʦʜʠʪʴ ʥʝʟʘʣʝʞʥʘ 

ʟʤʽʥʥʘ x. ɸʣʝ ʚ ʛʨʘʥʠʯʥʽʡ ʫʤʦʚʽ  () ()uxqxgux +-=¡  ʟʘʤʽʩʪʴ ʘʨʛʫʤʝʥʪʫ  x  ʙʫʜʝ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʡʦʛʦ ʟʥʘʯʝʥʥʷ ʚ ʛʨʘʥʠʯʥʽʡ ʪʦʯʮʽ, ʟʦʢʨʝʤʘ, ʚ ʥʘʰʦʤʫ 

ʧʨʠʢʣʘʜʽ ʮʝ ʙʫʜʝ ʯʠʩʣʦ x=2. ɺ ʨʝʟʫʣʴʪʘʪʽ ʫʤʦʚʘ uxxux Ö--=¡  ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ 

ʚʽʜʨʽʟʢʘ ʙʫʜʝ ʧʨʦʽʥʪʝʨʧʨʝʪʦʚʘʥʘ ʷʢ () ()2222 uux Ö--=¡ . 

  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʨʘʚʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ (ʚ ʪʦʯʮʽ x = 2). 

Heat Equation (hteq) - Flux/Source 1: 

   Boundary Flux/Source ï g =x 

   Boundary Absorption/Impedance Term ï q =- x 

Study 2: LMB > Compute 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʫʤʦʚʘ ʫ ʚʠʛʣʷʜʽ () ( ) ()
22 ==

Ö--=¡-
xxx xuxxxu  (ʥʘʛʘʜʘʻʤʦ, ʱʦ 

1-=c ). 

  ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʩʘʤʦʩʪʽʡʥʦ ʟʤʽʥʽʪʴ ʚ ʛʨʫʧʽ 1D Plot Group 2 ʛʨʘʬʽʢ 

ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ, ʟʘʜʘʚʰʠ ʫ ʚʫʟʣʽ Line Graph 2 ʬʦʨʤʫʣʫ 

()( ) ( )31421
2

---= xxxu . 
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6. ɺ ʫʤʦʚʽ uqgux +-=¡  ʢʦʝʬʽʮʽʻʥʪʠ g ʽ q ʤʦʞʫʪʴ ʟʘʣʝʞʘʪʠ ʚʽʜ ʰʫʢʘʥʦʾ ʬʫʥʢʮʽʾ 

ʥʝʣʽʥʽʡʥʠʤ ʯʠʥʦʤ. ɿʦʢʨʝʤʘ, ʟʘʜʘʯʘ () ( )
2

2

2
,01,1

==
+-=¡==¡¡

xxxxx uuuuu  ʤʘʻ 

ʘʥʘʣʽʪʠʯʥ ̔ʨʦʟʚôʷʟʢʠ () ( ) ( )1
2

3

2

1
1

2

1 2
-ö

÷

õ
æ
ç

å
-°+-= xxxu .  ʅʝʣʽʥʽʡʥʽʩʪʴ ʛʨʘʥʠʯʥʦʾ 

ʫʤʦʚʠ ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʪʦʛʦ, ʱʦ ʽʩʥʫʻ ʜʚʘ ʨʦʟʚôʷʟʢʠ ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ. 

  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ. 

Heat Equation (hteq) - Flux/Source 1: 

   Boundary Flux/Source ï g = u^2  

   Boundary Absorption/Impedance Term ï q =- 1 

Study 2: LMB > Compute 

ʋ ʚʫʟʣʽ 1D Plot Group 2 ʟ'ʷʚʠʪʴʩʷ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʥʦʚʦʾ ʟʘʜʘʯʽ. ɺ ʛʨʘʬʽʯʥʽʡ 

ʛʨʫʧʽ ʧʦʙʫʜʫʡʪʝ ʢʨʠʚʽ ʦʙʦʭ ʘʥʘʣʽʪʠʯʥʠʭ ʨʦʟʚôʷʟʢʽʚ. 

1D Plot Group 2 - Line Graph 2: 

   y- Axis Data  ï Expression= (x - 1)̂ 2/2+( 1/sqrt(2) - 3/2)*(x - 1)  

1D Plot Group 2 - Line Graph 2: RMB > Duplicate 

1D Plot Group 2 - Line Graph 3: 

   y- Axis Data  ï Expression= (x - 1)̂ 2/2+( - 1/sqrt(2) - 3/2)*(x - 1)  

  LMB > Plot 

 
ɻʨʘʬʽʢ ʧʦʢʘʟʫʻ, ʱʦ ʯʠʩʝʣʴʥʠʡ ʘʣʛʦʨʠʪʤ ʚʠʙʨʘʚ ʧʝʨʰʠʡ ʨʦʟʚôʷʟʦʢ (ʟ ʧʣʶʩʦʤ). 

  ɿʤʽʥʽʪʴ ʟʥʘʯʝʥʥʷ ʫ ʚʫʟʣʽ Initial  Values 1. ɺʦʥʦ ʚ ʩʪʘʮʽʦʥʘʨʥʽʡ ʟʘʜʘʯʽ 

ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʷʢ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ. ɺ ʦʩʪʘʥʥʴʦʤʫ ʦʙʯʠʩʣʝʥʥʽ ʤʠ ʡʦʛʦ ʥʝ 

ʯʽʧʘʣʠ, ʽ ʚʦʥʦ ʧʦʢʣʘʜʘʣʦʩʷ ʨʽʚʥʠʤ ʥʫʣʶ. 

Heat Equation (hteq) - Initial Values 1: 

   Initial Values  ï Initial value for u = - 2 

Study 2: LMB > Compute 
ɺ ʛ̔ʣʮʽ 1D Plot Group 2 ʛʨʘʬʽʢ ʙʫʜʝ ʧʝʨʝʙʫʜʦʚʘʥʠʡ. 
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ʊʝʧʝʨ ʯʠʩʝʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʟʙʽʛʩʷ ʟ ʜʨʫʛʠʤ ʘʥʘʣʽʪʠʯʥʠʤ ʨʦʟʚôʷʟʢʦʤ. 

  ʉʧʨʦʙʫʡʪʝ ʟʘʜʘʪʠ ʧʦʯʘʪʢʦʚʝ ʥʘʙʣʠʞʝʥʥʷ, ʷʢʝ ʜʦʨʽʚʥʶʻ - 1. ɹʫʜʝ ʚʟʘʛʘʣʽ 

ʧʦʙʫʜʦʚʘʥʦ ʥʝʚʽʨʥʠʡ ʨʦʟʚôʷʟʦʢ. ʅʘʷʚʥʽʩʪʴ ʥʝʣʽʥʽʡʥʦʩʪʽ ʚ ʛʨʘʥʠʯʥʽʡ ʫʤʦʚ ̔

ʚʠʤʘʛʘʻ ʘʢʫʨʘʪʥʦʛʦ ʚʠʙʦʨʫ ʧʦʯʘʪʢʦʚʠʭ ʥʘʙʣʠʞʝʥʴ ʽ ʜʦʜʘʪʢʦʚʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ 

ʥʘ ʤʦʞʣʠʚʽʩʪʴ ʥʝʻʜʠʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ! ʅʘʤʘʛʘʡʪʝʩʷ ʫʥʠʢʘʪʠ ʥʝʣʽʥʽʡʥʠʭ 

ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ. 

  ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ.   

 

5.1.2. ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ Constraint. 

ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ Constraint  (ʟʚ'ʷʟʦʢ, ʟʘʢʨʽʧʣʝʥʥʷ) ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʪʦʜʽ, ʢʦʣʠ 

ʩʪʘʥʜʘʨʪʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʝʧʨʠʜʘʪʥʽ, ʥʘʧʨʠʢʣʘʜ, ʢʦʣʠ ʚ ʫʤʦʚʫ ʚʭʦʜʠʪʴ ʜʨʫʛʘ 

ʧʦʭʽʜʥʘ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ. 

  ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ  Constraint  (ʟʚ'ʷʟʦʢ) ʟʘʜʘʻʪʴʩʷ ʫ ʚʠʛʣʷʜʽ  ( )...,,0 uxR= . 

ʗʢʱʦ ʚ ʇɺ ʪʘʢʦʛʦ ʚʫʟʣʘ ʚʩʪʘʥʦʚʣʝʥʘ ʦʧʮʽʷ Individual  dependent 

variables , ʪʦ ʧʦʣʝ R ʷʚʣʷʻ ʚʠʨʘʟ, ʦʙʝʨʪʘʥʥʷ ʥʘ ʥʫʣʴ ʷʢʦʛʦ ʚʠʢʣʠʢʘʥʦ 

ʚʽʜʧʦʚʽʜʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ u  ʚ ʛʨʘʥʠʯʥʽʡ ʪʦʯʮʽ. ɺʩʽ Flux / Source  ʦʙʤʝʞʝʥʥʷ, 

ʥʘʚʝʜʝʥʽ ʚʠʱʝ, ʤʦʞʫʪʴ ʙʫʪʠ ʧʨʝʜʩʪʘʚʣʝʥʽ ʫ ʚʠʛʣʷʜʽ ʦʙʤʝʞʝʥʴ Constraint . 

ʅʘʧʨʠʢʣʘʜ, ʚ ʧʫʥʢʪʽ 6 ʦʩʪʘʥʥʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫʤʦʚʘ ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ 

() () ()222 2 uuux +=¡-   ʤʦʞʝ ʙʫʪʠ ʧʨʝʜʩʪʘʚʣʝʥʘ ʫ ʚʠʛʣʷʜʽ ux+u+u^2=0  ʽ 

ʚʠʢʦʨʠʩʪʘʥʘ ʫ ʚʫʟʣʽ ʪʠʧʫ Constraint . 

 
ʇʝʨʝʚʽʨʠʤʦ ʮʝ. 

7. ɿʘʜʘʯʘ () ( )
2

2

2
,01,1

==
+-=¡==¡¡

xxxxx uuuuu . 

  ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ ʦʩʪʘʥʥʴʦʛʦ ʧʨʠʢʣʘʜʫ ʽ ʚʠʢʦʥʘʡʪʝ ʽʥʩʪʨʫʢʮʽʾ: 

  Physics  - > Boundar y ï Boundaries  ï Constraint 

Heat Equation (hteq) ï Constraint 1: 

   Boundary Selection ï Selection, <> = Manual,2  (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

             ï R = ux+u+u^2  

   Constraint Settings ï Apply reaction terms on =  
               Individual dependent variables  

ʂʣʘʮʥʽʪʴ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʧʦ ʚʫʟʣʫ ʩʘʤʦʛʦ ʚʝʨʭʥʴʦʛʦ ʨʽʚʥʷ (root) ʽ 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Add Study.  

Untitled.mph (root) : RMB > Add Study 
ʗʢʱʦ ʚʠ ʟʙʝʨʽʛʘʣʠ ʬʘʡʣ, ʪʦ ʥʘʟʚʘ ʚʫʟʣʘ ʚʝʨʭʥʴʦʛʦ ʨʽʚʥʷ ʙʫʜʝ ʽʥʰʦʶ. ʋ 

ʚʽʜʢʨʠʚʰʝʤʫʩʷ ʚʽʢʦʥʮʽ  Add Study   ʧʦʜʚʽʡʥʠʤ ʢʣʘʮʘʥʥʷʤ ʚʠʙʝʨʽʪʴ  

Stationary  ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ ʽ ʟʘʢʨʠʡʪʝ ʚʽʢʥʦ. ɺ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʟ'ʷʚʠʪʴʩʷ ʚʫʟʦʣ 

Study 3. 
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  ʑʦʙ ʧʝʨʰʝ ʜʦʩʣʽʜʞʝʥʥʷ ʥʝ ʟʤʽʥʠʣʦʩʷ ʚ ʇɺ ʚʫʟʣʘ Study 1 ï 

Step 1: Stationary ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʜʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Constraint 1 (ʚʫʟʦʣ 

Flux/Source 1 ʜʝʘʢʪʠʚʦʚʘʥʠʡ ʨʘʥʽʰʝ). 

Study 1 ï Step 1: Stationary: 

   Physics and Variables Selection ï 

     Heat Equation (hteq) ï Constraint 1: RMB > Disable 
ʑʦʙ ʜʨʫʛʠʡ ʨʦʟʚôʷʟʦʢ ʥʝ ʟʤʽʥʠʚʩ,̫ ʚʠʢʣʶʯʽʪʴ ʚʫʟʦʣ Constraint 1 ʟ ʜʨʫʛʦʛʦ 

ʜʦʩʣʽʜʞʝʥʥʷ (Study 2). 

Study 2 ï Step 1: Stationary: 

   Physics and Variables Selection ï  

     Modify physics tree and variables for study step = True  

   Physics and Variables Selection ï Heat Equation (hteq) ï 

                    ï Constraint 1: RMB > Disable 
ʅʘʣʘʰʪʫʡʪʝ ʪʨʝʪʻ ʜʦʩʣʽʜʞʝʥʥʷ (Study 3), ʚʠʢʣʶʯʠʚʰʠ ʟ ʡʦʛʦ ɼʄ ʚʫʟʦʣ 

Flux/Source 1. 

Study 3 ï Step 1 : Stationary: 

   Physics and Variables Selection ï  

     Modify physics tree and variables for study step = True  

   Physics and Variables Selection ï 

     Heat Equation (hteq) ï Flux/Source 1: RMB > Disable 
ʇʦʚʝʨʥʽʪʴ ʥʫʣʴʦʚʽ ʧʦʯʘʪʢʦʚʽ ʥʘʙʣʠʞʝʥʥʷ ʽ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

Heat Equation (hteq) - Initial Values 1: 

   Initial Value s ï Initial value for u  = 0  

Study 3: LMB > Compute 
ɺ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 1D Plot Group 3 ʚʠ ʧʦʚʠʥʥʽ ʦʪʨʠʤʘʪʠ ʢʨʠʚʫ, ʷʢʘ ʧʦʚʪʦʨʶʻ 

ʛʨʘʬʽʢ ʧʝʨʰʦʛʦ ʨʦʟʚôʷʟʢʫ ʧ.6 ʧʦʪʦʯʥʦʛʦ ʧʨʠʢʣʘʜʫ.  

8. ɿʘʜʘʯʘ () 08,01,1
2
=+¡¡==¡¡

=xxxxx uuuu . ɼʨʫʛʘ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ ʤʘʻ ʥʝʪʠʧʦʚʠʡ 

ʚʠʛʣʷʜ ʽ ʾʾ ʤʦʞʥʘ ʟʘʜʘʪʠ ʫ ʚʫʟʣʽ ʪʠʧʫ Constraint .  

  ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ ʦʩʪʘʥʥʴʦʛʦ ʧʨʠʢʣʘʜʫ ʽ ʟʤʽʥʽʪʴ ʥʘʣʘʰʪʫʚʘʥʥʷ ʚʫʟʣʘ 

Constraint 1 ʪʘʢ, ʱʦʙ ʚ ʥʴʦʤʫ ʙʫʣʘ ʟʘʜʘʥʘ ʟʘʟʥʘʯʝʥʘ ʫʤʦʚʘ. ʇʦʪʽʤ ʚʠʢʦʥʘʡʪʝ 

ʦʙʯʠʩʣʝʥʥʷ.   

Heat Equation (hteq) ï Constraint 1: 

   Boundary Constraint ï R = uxx+8*u  

Study 3: LMB > Compute 

ʋ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 3 ʩʘʤʦʩʪʽʡʥʦ ʜʦʜʘʡʪʝ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ 

ʨʦʟʚôʷʟʢʫ ό=
1

8
(9 13 ὼ+ 4 ὼ2). ʂʨʠʚʽ ʧʦʚʠʥʥʽ ʩʧʽʚʧʘʩʪʠ. 
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ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ ʟʽ ʩʪʘʨʠʤ ʽʤôʷʤ, ʘ ʪʘʢʦʞ ʜʣʷ ʧʦʜʘʣʴʰʦʾ ʨʦʙʦʪʠ ʟ ʥʦʚʠʤ, 

ʥʘʧʨʠʢʣʘʜ, DemoPoisson 1. mph , ʽ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ɿʘʫʚʘʞʝʥʥʷ. ʅʘ ʧʘʥʝʣʽ  Physics   ʻ ʚʠʧʘʜʥʘ ʢʥʦʧʢʘ-ʩʧʠʩʦʢ Global  ʟ ʢʦʤʘʥʜʦʶ 

Global Constraint, ʟʘ ʜʦʧʦʤʦʛʦʶ ʷʢʦʾ ʥʘʢʣʘʜʘʶʪʴʩʷ ʦʙʤʝʞʝʥʥʷ ʥʘ ʟʤʽʥʥʽ ʤʦʜʝʣʽ, 

ʷʢʽ ʥʝ ʟʘʣʝʞʘʪʴ ʚʽʜ ʧʨʦʩʪʦʨʦʚʠʭ ʢʦʦʨʜʠʥʘʪ.  

 

5.1.3. ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ Periodic Condition. 

ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ Periodic  Condition  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʪʦʜʽ, ʢʦʣʠ ʰʫʢʘʥʫ 

ʚʝʣʠʯʠʥʫ ʪʨʝʙʘ ʟʨʦʙʠʪʠ ʨʽʚʥʦʶ ʥʘ ʣʽʚʽʡ ʽ ʧʨʘʚʽʡ ʤʝʞʘʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ, 

ʪʦʙʪʦ ( ) ( )rightleft xuxu = . ʅʘʣʘʰʪʫʚʘʥʥʷ ʚʫʟʣʘ Periodic Condition  ʜʦʟʚʦʣʷʶʪʴ 

ʪʘʢʦʞ ʨʝʘʣʽʟʦʚʫʚʘʪʠ ʫʤʦʚʫ ʘʥʪʠʧʝʨʽʦʜʠʯʥʦʩʪʽ, ʪʦʙʪʦ ( ) ( )rightleft xuxu -= . ʇʨʠ 

ʩʪʚʦʨʝʥʥʽ ʫʤʦʚʠ ʧʝʨʽʦʜʠʯʥʦʩʪʽ ʚ ʛʽʣʮʽ Definition s ʢʦʤʧʦʥʝʥʪʘ ʘʚʪʦʤʘʪʠʯʥʦ 

ʩʪʚʦʨʶʻʪʴʩʷ Selection  ʚʫʟʦʣ ʷʚʥʦʛʦ ʚʠʜʽʣʝʥʥʷ (Explicit ). 

  Selection  (ʚʠʜʽʣʝʥʥʷ) ʚʫʟʣʠ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʜʣʷ ʽʤʝʥʫʚʘʥʥʷ ʛʨʫʧʠ 

ʛʝʦʤʝʪʨʠʯʥʠʭ ʦʙôʻʢʪʽʚ, ʷʢʠʤ ʜʘʻʪʴʩʷ ʩʧʽʣʴʥʝ ʽʤôʷ. ɰʭ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʨʘʟʦʤ ʧʨʠ 

ʟʘʜʘʥʥʽ ʥʘ ʥʠʭ ʦʜʥʘʢʦʚʦʾ ʫʤʦʚʠ (ʥʘʧʨʠʢʣʘʜ, ʛʨʘʥʠʯʥʦʾ). ɺʦʥʠ ʩʪʚʦʨʶʶʪʴʩʷ ʚ 

ʛʽʣʮʽ Definitions  ʟ ʚʠʧʘʜʥʦʛʦ ʤʝʥʶ ʢʦʤʘʥʜʦʶ Selections > ʩʧʦʩʽʙ ʚʠʙʦʨʫ. 

ʗʢʱʦ ʚʠʜʽʣʝʥʥʷ (Selection ) ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʽʥʩʪʨʫʤʝʥʪʽʚ 

ʚʠʙʦʨʫ ʦʢʨʝʤʠʭ ʛʝʦʤʝʪʨʠʯʥʠʭ ʩʫʪʥʦʩʪʝʡ, ʪʦ ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ ʪʠʧʫ Explicit .  

ɺʠʜʽʣʝʥʽ ʛʝʦʤʝʪʨʠʯʥʽ ʩʫʪʥʦʩʪʽ ʤʦʞʫʪʴ ʧʦʚʥʽʩʪʶ ʘʙʦ ʯʘʩʪʢʦʚʦ ʟʥʘʭʦʜʠʪʴʩʷ 

ʚʩʝʨʝʜʠʥʽ ʢʫʣʽ (ʚʫʟʦʣ ʚʠʙʦʨʫ ʪʠʧʫ Ball ), ʧʦʚʥʽʩʪʶ ʘʙʦ ʯʘʩʪʢʦʚʦ ʟʥʘʭʦʜʠʪʠʩʷ 

ʚʩʝʨʝʜʠʥʽ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ (ʚʫʟʦʣ ʚʠʙʦʨʫ ʪʠʧʫ Box), ʙʫʪʠ ʣʦʛʽʯʥʠʤ ʦʙôʻʜʥʘʥʥʷʤ, 

ʧʝʨʝʪʠʥʦʤ, ʨʽʟʥʠʮʝʶ ʘʙʦ ʜʦʧʦʚʥʝʥʥʷʤ ʚʞʝ ʩʪʚʦʨʝʥʠʭ ʚʠʙʽʨʦʢ (ʚʫʟʣʠ ʚʠʙʦʨʫ 

ʪʠʧʫ Union , Intersection , Difference , ʘʙʦ Complement), ʙʫʪʠ ʩʫʤʽʞʥʠʤʠ ʜʦ 

ʟʘʜʘʥʠʭ ʛʝʦʤʝʪʨʠʯʥʠʭ ʦʙ'ʻʢʪʽʚ ʘʙʦ ʚʠʜʽʣʝʥʴ (ʚʫʟʦʣ ʚʠʙʦʨʫ ʪʠʧʫ Adjacent ). ʊʫʪ 

ʚʫʟʣʠ ʚʠʙʦʨʫ ʥʘʤ ʥʝ ʟʥʘʜʦʙʣʷʪʴʩʷ. 
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ʇʨʠ ʟʘʜʘʥʥʽ ʫʤʦʚʠ ʧʝʨʽʦʜʠʯʥʦʩʪʽ ʧʦʪʨʽʙʥʦ ʚʽʜʨʽʟʥʷʪʠ ʛʨʘʥʠʮʶ-ʜʞʝʨʝʣʦ ʽ 

ʛʨʘʥʠʮʶ-ʧʨʠʟʥʘʯʝʥʥʷ, ʷʢʽ ʟʘʟʚʠʯʘʡ ʚʠʟʥʘʯʘʶʪʴʩʷ ʫ ʩʪʚʦʨʶʚʘʥʦʤʫ ʘʚʪʦʤʘʪʠʯʥʦ 

çʣʠʰʝ ʜʣʷ ʯʠʪʘʥʥʷè ʚʫʟʣʽ ʚʠʙʦʨʫ Explicit . ɸʣʝ ʢʦʨʠʩʪʫʚʘʯ ʤʦʞʝ ʩʘʤʦʩʪʽʡʥʦ  

ʚʢʘʟʫʚʘʪʠ ʤʝʞʽ ʧʨʠʟʥʘʯʝʥʥʷ, ʜʦʜʘʶʯʠ ʜʦ ʚʫʟʣʘ Periodic Condition  ʧʽʜʚʫʟʦʣ 

Destination Selection .  

ʇʨʠʢʣʘʜ 1. ʈʦʟʚôʷʟʘʪʠ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ () () ()12,11,1 uuuu xx ===¡¡ . 

  ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ DemoPoisson 1. mph, ʟʤʽʥʽʪʴ ʚ ʥʴʦʤʫ ʟʥʘʯʝʥʥʷ u ʥʘ ʣʚ̔ʦʤʫ 

ʢ̔ ʥʮʽ ʽ ʜʦʜʘʡʪʝ ʚʫʟʦʣ ʧʝʨʽʦʜʠʯʥʦʾ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ. 

Heat Equation (hteq) ï  Dirichlet Boundary Condition  1: 

   Dirichlet Boundary Condition ï r  = 1    

  Physics  -> Boundary  -  Boundaries  ï Periodic Condition 

Heat Equation (hteq) ï Periodic Condition 1: 

   Boundary Selection  ï Selection, <> = Manual,1,2  (ʢʽʥʮʝʚʽ ʪʦʯʢʠ) 

ɺ ʧʦʣʽ Selection  ʚʢʘʟʫʶʪʴʩʷ ʦʙʠʜʚʽ ʢʽʥʮʝʚʽ ʪʦʯʢʠ, ʷʢʽ ʙʫʜʫʪʴ 

ʦʪʦʪʦʞʥʶʚʘʪʠʩʷ. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʧʽʩʣʷ ʩʪʚʦʨʝʥʥʷ ʚʫʟʣʘ Periodic 

Condition 1 ʘʚʪʦʤʘʪʠʯʥʦ ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ Definitions ï Explicit  1. 

ɼʝʘʢʪʠʚʫʡʪʝ ʚ ɼʄ ʚʫʟʦʣ Constraint 1. 

Heat Equation (hteq) ï Constraint 1: RMB > Disable 

ʗʢʱʦ ʙʘʞʘʻʪʝ, ʤʦʞʝʪʝ ʚʠʢʣʶʯʠʪʠ ʚʫʟʦʣ Periodic Condition 1 ʟ ʧʦʩʣʽʜʦʚʥʦʩʪʽ 

ʦʙʯʠʩʣʝʥʴ ʚʫʟʣʽʚ Study 1 ï Step 1 : Stationary  ̔   Study 2 ï Step 1 : Stationary.    

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  

Study 3: LMB > Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 1D Plot Group 3 ʟʘʜʘʡʪʝ ʥʦʚʠʡ ʚʠʨʘʟ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ  

ό= 2
3

2
ὼ+

1

2
ὼ2. 

1D Plot Group 3 - Line Graph 2: 

   y- Axis Data ï Expression= 2- 3*x/2+x^2/2  

  LMB > Plot 

 
ɿʙʝʨʝʞʽʪʴ ʤʦʜʝʣʴ ʚ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ʇʨʠʢʣʘʜ 2. ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ: () ()12,1 uuu xx ==¡¡  ʟ ʜʦʜʘʪʢʦʚʦʶ ʫʤʦʚʦʶ, ʱʦ 

ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ u ʧʦ ʚʽʜʨʽʟʢʫ [1,2] ʜʦʨʽʚʥʶʻ 1. ɼʣʷ ʾʾ ʨʦʟʚôʷʟʘʥʥʷ ʚ 

ʧʦʪʦʯʥʫ ʤʦʜʝʣʴ ʧʦʪʨʽʙʥʦ ʚʥʝʩʪʠ ʥʝʚʝʣʠʢʽ ʟʤʽʥʠ.  

  ʉʪʚʦʨʽʪʴ ʚ ʤʦʜʝʣʽ ʦʧʝʨʘʪʦʨ ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ. 

  Definitions  - > Coupling  -  Component  Coupling s -  Average 

Component 1 - Definitions - Average 1 (aveop1): 

   Source Selection ï Geometric entity level = Domain 

            ï Selection - < > = Manual , 1    (ʚʽʜʨʽʟʦʢ [1,2]) 
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ɯʤ'ʷ ʦʧʝʨʘʪʦʨʘ  aveop1   ʚ ʧʦʣʽ Operator name  ʟʘʣʠʰʪʝ ʙʝʟ ʟʤʽʥ. ʅʘʛʘʜʘʻʤʦ, 

ʱʦ ʦʧʝʨʘʪʦʨ aveop1 (expr)  ʦʙʯʠʩʣʶʻ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʚʠʨʘʟʫ expr  (ʚ ʥʘʰʦʤʫ 

ʧʨʠʢʣʘʜʽ ʧʦ ʚʽʜʨʽʟʢʫ [1,2]).  

  ɿʘʣʠʰʪʝ ʚ ɼʄ ʚʫʟʦʣ Periodic Condition 1. 

  ʑʦʙ ʩʝʨʝʜʥʻ ʚʝʣʠʯʠʥʠ u ʥʘʙʫʣʦ ʟʘʜʘʥʦʛʦ ʟʥʘʯʝʥʥʷ, ʧʦʪʨʽʙʥʦ ʧʨʘʚʠʣʴʥʦ 

ʧʽʜʽʙʨʘʪʠ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ. ʇʦʟʥʘʯʠʤʦ ʡʦʛʦ ʽʜʝʥʪʠʬʽʢʘʪʦʨʦʤ pf  (ʚʦʥʦ ʟʘʨʘʟ 

ʥʝʚʽʜʦʤʝ) ʽ ʚʠʢʦʨʠʩʪʘʻʤʦ ʫ ʚʫʟʣʽ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ ɼʽʨʽʭʣʝ. 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, <> = Manual,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = pf  

ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʥʝʚʽʜʦʤʦʾ pf   ʜʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ ʚʫʟʦʣ ʨʽʚʥʷʥʴ Global Equations. 

   Physics  - > Global  ï Global Equations 

Heat Equation (hteq) - Global Equations 1: 

   Global Equations ï Name = pf  

    Global Equations ï f(u,ut,utt,t)  = 1- aveop1( u)  

 

 

ʈʦʟʫʤʽʪʠ ʟʘʧʠʩ ʚ ʪʘʙʣʠʮʽ ʧʦʪʨʽʙʥʦ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ. ɿʘʜʘʯʘ ʙʫʜʝ 

ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ pf   ʦʜʥʦʯʘʩʥʦ ʟ ʨʽʚʥʷʥʥʷʤ ʫ ʚʫʟʣʽ Heat 

Equation 1 ʜʦʢʠ ʚʠʨʘʟ ʚ ʢʦʤʽʨʮʽ f(u,ut ,utt ,t ) ʥʝ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ, ʪʦʙʪʦ 
ʜʦʢʠ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ aveop1( u)  ʥʝ ʩʪʘʥʝ ʟʘʜʘʥʦʶ ʚʝʣʠʯʠʥʦʶ. 

  ʊʘʢʠʤ ʯʠʥʦʤ, ʚ ʥʘʰʽʡ ʟʘʜʘʯʽ ʩʪʚʦʨʝʥʦ ʜʚʽ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ: u ʪʘ  pf . ʇʨʠ 

ʯʦʤʫ u ï ʮʝ ʧʦʣʴʦʚʘ ʟʤʽʥʥʘ (ʬʫʥʢʮʽʷ ʚʽʜ x), ʘ pf  ï ʥʝʚʽʜʦʤʠʡ ʩʢʘʣʷʨ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  

Study 3: LMB > Compute 
ʇʽʩʣʷ ʾʭ ʟʘʚʝʨʰʝʥʥʷ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʛʽʣʢʠ 1D Plot Group 3 ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ 

ʛʨʘʬʽʢ ʚʝʣʠʯʠʥʠ u. 

 
ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʜʦʙʫʜʫʡʪʝ ʩʘʤʦʩʪʽʡʥʦ ʚ ʮʽʡ ʛʨʫʧʽ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 

Ὗὼ =
1

2
(

25

6
3ὼ+ ὼ2).   

 

5.1.4. ʋʤʦʚʘ Continuity. 

ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʜʝʷʢʠʭ ʟʘʜʘʯ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʥʘ ʨʽʟʥʠʭ ʜʽʣʷʥʢʘʭ 

ʧʦʪʨʽʙʥʦ ʨʦʟʛʣʷʜʘʪʠ ʟ ʨʽʟʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʢʦʝʬʽʮʽʻʥʪʽʚ. ʎʝ ʝʢʚʽʚʘʣʝʥʪʥʦ ʪʦʤʫ, 



198 

 

ʱʦ ʥʘ ʨʽʟʥʠʭ ʯʘʩʪʠʥʘʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʨʽʟʥʽ ʤʘʪʝʨʽʘʣʠ 

ʟ ʨʽʟʥʠʤʠ ʬʽʟʠʯʥʠʤʠ ʚʣʘʩʪʠʚʦʩʪʷʤʠ. ɺ ʪʘʢʠʭ ʟʘʜʘʯʘʭ ʪʽʣʦ ʧʦʪʨʽʙʥʦ ʨʦʟʛʣʷʜʘʪʠ 

ʥʝ ʷʢ ʩʫʮʽʣʴʥʝ, ʘ ʷʢ ʟʙʽʨʢʫ, ʩʢʣʘʜʝʥʫ ʟ ʢʽʣʴʢʦʭ ʜʝʪʘʣʝʡ, ʤʘʪʝʨʽʘʣ ʢʦʞʥʦʾ ʟ ʷʢʠʭ 

ʤʘʻ ʩʚʦʾ ʬʽʟʠʯʥʽ ʚʣʘʩʪʠʚʦʩʪʽ. ɸʣʝ ʪʦʜʽ ʧʨʠ ʧʦʩʪʘʥʦʚʮʽ ʟʘʜʘʯʽ ʧʦʪʨʽʙʥʦ ʚʠʟʥʘʯʘʪʠ 

ʫʤʦʚʠ ʟʚôʷʟʢʫ ʬʽʟʠʯʥʠʭ ʧʦʣʽʚ ʚ ʟʽʩʪʠʢʦʚʘʥʠʭ ʪʽʣʘʭ. 

  ʂʦʣʠ ʢʦʥʩʪʨʫʢʮʽʷ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʷʢ ʟʙʽʨʢʘ ʢʽʣʴʢʦʭ ʪʽʣ, ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ 

COMSOL ʚ ʛʽʣʮʽ Geometry  ʩʣʽʜ ʚʢʘʟʘʪʠ Assembly  ʪʠʧ ʟ'ʻʜʥʘʥʥʷ ʝʣʝʤʝʥʪʽʚ 

ʛʝʦʤʝʪʨʽʾ. ɿʘʟʚʠʯʘʡ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʙ'ʻʜʥʘʥʥʷ (union )  

ʛʝʦʤʝʪʨʠʯʥʠʭ ʬʽʛʫʨ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʯʦʛʦ ʩʪʚʦʨʶʻʪʴʩʷ ʩʫʮʽʣʴʥʝ ʪʽʣʦ. 

ɸʣʴʪʝʨʥʘʪʠʚʦʶ ʻ ʟʙʽʨʢʘ (assembly ). ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʩʠʩʪʝʤʘ ʽʥʪʝʨʧʨʝʪʫʻ 

ʛʝʦʤʝʪʨʽʶ ʷʢ ʢʦʣʝʢʮʽʶ ʬʽʛʫʨ (ʟʘʤʽʩʪʴ ʾʭ ʦʙ'ʻʜʥʘʥʥʷ). ʎʝ ʧʨʠʚʦʜʠʪʴ ʜʦ ʪʦʛʦ, ʱʦ 

ʢʦʨʠʩʪʫʚʘʯ ʩʘʤ ʧʦʚʠʥʝʥ ʚʠʟʥʘʯʠʪʠ ʩʧʦʩʦʙʠ ʟʚôʷʟʢʫ ʬʽʟʠʯʥʠʭ ʧʦʣʽʚ ʚ ʮʠʭ ʪʽʣʘʭ 

ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʦʜʘʪʢʦʚʠʭ ʽʥʩʪʨʫʤʝʥʪʽʚ, ʦʜʥʠʤ ʟ ʷʢʠʭ ʻ çʧʘʨʠè (pairs). ʏʘʩʪʽʰʝ 

ʟʘ ʚʩʝ ʧʘʨʠ ʧʦʟʥʘʯʘʶʪʴ ʜʽʣʷʥʢʠ ʤʝʞ ʢʦʥʪʘʢʪʫʶʯʠʭ ʪʽʣ. ʅʘ ʥʠʭ ʤʦʞʥʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʨʽʟʥʦʤʘʥʽʪʥʽ çʛʨʘʥʠʯʥʽè ʫʤʦʚʠ, ʟʦʢʨʝʤʘ, ʫʤʦʚʫ ʥʝʧʝʨʝʨʚʥʦʩʪʽ 

ʰʫʢʘʥʦʛʦ ʧʦʣʷ, ʷʢʘ ʚ ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʚʠʧʘʜʢʫ ʜʣʷ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ 

( ) fuc =Ð-ÖÐ  ʤʘʻ ʚʠʛʣʷʜ 21 uu = , xx ucuc 2211
¡=¡ , ʜʝ ʽʥʜʝʢʩʠ 1, 2 ʚʽʜʧʦʚʽʜʘʶʪʴ 

ʛʨʘʥʠʯʥʠʤ ʟʥʘʯʝʥʥʷʤ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ u ʣʽʚʦʨʫʯ ʽ ʧʨʘʚʦʨʫʯ ʚʽʜ 

ʨʦʟʜʽʣʶʚʘʣʴʥʦʾ ʪʦʯʢʠ. 

  ɼʣʷ ʟʘʜʘʥʥʷ ʫʤʦʚʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʬʽʟʠʯʥʦʛʦ ʧʦʣʷ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚʫʟʦʣ 

Continuity , ʷʢʠʡ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʶʚʘʪʠ ʚ ʛʽʣʢʘʭ ʢʦʞʥʦʛʦ ʟ ʨʽʚʥʷʥʴ (ʬʽʟʠʢ), 

ʜʽʶʯʠʭ ʥʘ ʩʫʩʽʜʥʽʭ ʜʽʣʷʥʢʘʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ. 

ʇʨʠʢʣʘʜ. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ  

      [ ] () 00,1,0,8 =Í=¡¡ uxxuxx ,                (1) 

      ( ) [ ] () 02,2,1,2''4 =Í-= vxxv xx             (2) 

ʟ ʫʤʦʚʘʤʠ ʩʪʠʢʫʚʘʥʥʷ   

    () ()11 vu = , () ()141 xx vu ¡=¡ .                (3) 

ʋ ʮʽʻʾ ʟʘʜʘʯʽ ʨʦʟʚôʷʟʢʦʤ ʻ ʢʫʩʢʦʚʘ ʬʫʥʢʮʽʷ 

ύὼ =

1

3

29

5
ὼ+ 4 ὼ3                     , 0 ὼ 1

1

24

114

5
+

17 

5
ὼ+ 6 ὼ2 ὼ3 ,  1 ὼ 2

      (4) 

ʷʢʫ ʤʦʞʥʘ ʙʫʜʝ ʧʦʨʽʚʥʷʪʠ ʟ ʨʦʟʚôʷʟʢʦʤ, ʦʪʨʠʤʘʥʠʤ ʚ COMSOL. 

  ʆʙʠʜʚʘ ʨʽʚʥʷʥʥʷ (1) ʽ (2) ʤʦʞʥʘ ʨʦʟʛʣʷʜʘʪʠ ʷʢ ʦʜʥʦʚʠʤʽʨʥʽ ʨʽʚʥʷʥʥʷ 

ʇʫʘʩʩʦʥʘ ()xfwc xx =¡¡- )( . ɼʣʷ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʤʘʪʠʤʝʤʦ 11 -==cc , 

() () xxfxf 81 == . ɼʣʷ ʜʨʫʛʦʛʦ 42 -==cc , () () xxfxf -== 22 . ʆʩʢʽʣʴʢʠ ʜʨʫʛʫ 

ʫʤʦʚʫ (3) ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ xx vcuc ¡-=¡- 21 , ʪʦ (3) ʽ ʻ ʫʤʦʚʦʶ 

ʥʝʧʝʨʝʨʚʥʦʩʪʽ, ʷʢʫ ʨʝʘʣʽʟʫʻ ʚʫʟʦʣ Continuity . 

ʈʦʟʚôʷʟʦʢ 1. ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ (1) ï (3) ʟʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 

ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟ ʜʚʦʤʘ ʨʽʚʥʷʥʥʷʤʠ ʇʫʘʩʩʦʥʘ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - >  

   Classical PDEs -  Poisson's Equation (poeq2) + Variables = u - > Stationary 
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ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʽ ʤʠ ʚʽʜʨʘʟʫ ʜʦʜʘʣʠ ʜʚʽ ʬʽʟʠʢʠ/ʨʽʚʥʷʥʥʷ, ʽ ʚ ʦʙʦʭ ʟʘʜʘʣʠ 

ʦʜʥʘʢʦʚʝ ʽʤ'ʷ u ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ. ʂʦʣʠ ʥʘ ʨʽʟʥʠʭ ʜʽʣʷʥʢʘʭ ʛʝʦʤʝʪʨʽʾ ʧʦʪʨʽʙʥʦ 

ʨʦʟʚôʷʟʫʚʘʪʠ ʦʜʥʦʪʠʧʥʽ ʨʽʚʥʷʥʥʷ, ʪʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʦʜʥʘʢʦʚʽ ʽʤʝʥʘ 

ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ. ʎʝ ʥʝ ʧʨʠʚʦʜʠʪʠʤʝ ʜʦ ʢʦʥʬʣʽʢʪʫ, ʦʩʢʽʣʴʢʠ ʨʽʚʥʷʥʥʷ 

ʜʽʷʪʠʤʫʪʴ ʥʘ ʨʽʟʥʠʭ ʚʽʜʨʽʟʢʘʭ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʮʽʡ ʟʘʜʘʯʽ ʢʦʨʠʩʥʦ ʚʩʪʘʥʦʚʠʪʠ ʧʨʘʧʦʨʝʮʴ, ʷʢʠʡ ʚʠʟʥʘʯʘʪʠʤʝ ʚʽʜʦʙʨʘʞʝʥʥʷ 

ʽʥʜʠʢʘʪʦʨʽʚ ʝʣʝʤʝʥʪʽʚ ʛʝʦʤʝʪʨʽʾ. 

Component 1 ï Definitions - View 1: 

   View  ï Show geometry labels  = True  

ʉʪʚʦʨʽʪʴ ʛʝʦʤʝʪʨʽʶ ʤʦʜʝʣʽ, ʷʢʘ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ ʧʨʠʩʪʠʢʦʚʘʥʠʭ ʚʽʜʨʽʟʢʽʚ, ʽ 

ʟ'ʻʜʥʘʡʪʝ  ʾʭ ʚ ʟʙʽʨʢʫ  (assembly). 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :   

   Interval ï Left endpoint , Right endpoint = 0, 1 

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 2 (i2) :   

   Interval ï Left endpoint , Right endpoint = 1, 2 

  LMB > Build All Objects 
Geometry 1 - Form Union:  

   Form Union/Assembly  ï Action  = Form an a ssembly  

ʆʩʪʘʥʥʷ ʦʧʮʽʷ ʟʤʽʥʠʪʴ ʥʘʟʚʫ ʚʫʟʣʘ ʥʘ Form Assembly (fin ). 

   Form Union/Assembly  ï Create pairs  = True  

ʎ  ̫ʽʥʩʪʨʫʢʮʽʷ ʚʢʘʟʫʻ ʩʠʩʪʝʤʽ ʩʪʚʦʨʶʚʘʪʠ ʧʘʨʠ (ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʪʠʧʫ 

Identity Pair ), ʷʢʽ ʧʦʟʥʘʯʘʶʪʴ ʢʦʥʪʘʢʪʫʶʯ̔  ʜʽʣʷʥʢʠ ʤʝʞ ʟʽʩʪʠʢʦʚʘʥʠʭ 

ʪ̔ʣ.   

 

 

ɿʘʫʚʘʞʝʥʥʷ. ɺʫʟʦʣ Identity Pair  ʩʪʚʦʨʶʪ̒ʴʩʷ ʚ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʚ ʛʽʣʮʽ 

Definitions ʘʚʪʦʤʘʪʠʯʥʦ ʧʽʩʣʷ ʚʠʟʥʘʯʝʥʥʷ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʛʝʦʤʝʪʨʽʾ ʢʦʞʥʦʾ 

ʬʽʟʠʢʠ, ʪʦʙʪʦ ʧʽʩʣʷ ʚʠʙʦʨʫ ʨʦʙʦʯʠʭ ʚʽʜʨʽʟʢʽʚ ʚ ʛʽʣʢʘʭ çʬʽʟʠʢè. ʉʧʦʯʘʪʢʫ ʚʫʟʣʽʚ 

ʧʘʨ ʥʝ ʚʠʜʥʦ. 

ɿʘʫʚʘʞʝʥʥʷ. ɺʚʘʞʘʻʪʴʩʷ, ʱʦ ʚʽʜʨʽʟʢʠ ʧʨʠʤʠʢʘʶʪʴ ʦʜʠʥ ʜʦ ʦʜʥʦʛʦ, ʷʢʱʦ 

ʚʽʜʩʪʘʥʴ ʤʽʞ ʥʠʤʠ (ʾʭ ʢʽʥʮʷʤʠ) ʤʝʥʰʝ ʟʥʘʯʝʥʥʷ, ʟʘʜʘʥʦʛʦ ʚ ʧʦʣʽ Relative 
repair tolerance . 
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ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Fine r  

  LMB> Build All 
ɺʠʟʥʘʯʪʝ ʛʝʦʤʝʪʨʽʶ, ʥʘ ʷʢʽʡ ʜʽʷʪʠʤʝ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ, ʘ ʪʘʢʦʞ 

ʢʦʝʬʽʮʽʻʥʪʠ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ. 

Component 1 - Poisson's Equation (poeq): 

   Domain  Selection  ï Selec tion =Manual,1    (ʚʽʜʨʽʟʦʢ [0,1]) 

 
Component 1 - Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f = 8*x  

ɺʠʟʥʘʯʪʝ ʛʝʦʤʝʪʨʽʶ ʜʣʷ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʽ ʟʘʜʘʡʪʝ ʡʦʛʦ ʢʦʝʬʽʮʽʻʥʪʠ. 

Component 1 - Poisson's Equation 2 (poeq2): 

   Domain  Selection  ï Selection =Manual,2 (ʚʽʜʨʽʟʦʢ [1,2]) 

 
Component 1 - Poisson's Equation 2 (poeq2) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 4 

   Source Term ï f = 2- x 

ɿʘʜʘʡʪʝ ʥʫʣʴʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʘ ʢʽʥʮʷʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ. ʆʩʢʽʣʴʢʠ 

ʪʦʯʢʘ x=0 ʚʭʦʜʠʪʴ ʚ ʨʦʟʨʘʭʫʥʢʦʚʫ ʦʙʣʘʩʪʴ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ, ʪʦ ʛʨʘʥʠʯʥʫ 

ʫʤʦʚʫ () 00 =u  ʧʦʪʨʽʙʥʦ ʟʘʜʘʚʘʪʠ ʚ ʛʽʣʮʽ Poisson's Equation (poeq). 

Component 1 - Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ x=0) 

   Dirichlet Boundary Condition  ï r  = 0  

ʊʦʯʢʘ x=2 ʚʭʦʜʠʪʴ ʚ ʨʦʟʨʘʭʫʥʢʦʚʫ ʦʙʣʘʩʪʴ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ. ʊʦʤʫ ʛʨʘʥʠʯʥʫ 

ʫʤʦʚʫ () 02 =u  ʧʦʪʨʽʙʥʦ ʟʘʜʘʚʘʪʠ ʚ ʛʽʣʮʽ Poisson's Equation 2 (poeq2). 

Component 1 - Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation 2 (poeq2) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual, 4 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ x=2) 

   Dirichlet Boundary Condition  ï r  = 0  

ɼʦʜʘʡʪʝ ʫʤʦʚʫ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʫ ʚʫʟʣʽ ʩʪʠʢʫʚʘʥʥʷ ʚʽʜʨʽʟʢʽʚ [0,1] ʽ [1,2]. ɰʾ 

ʧʦʪʨʽʙʥʦ ʟʘʜʘʚʘʪʠ ʚ ʦʙʦʭ ʬʽʟʠʢʘʭ. 

Poisson's Equation (poeq): RMB > Pairs ï Continuity 
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ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Continuity  1 ʚ ʨʦʟʜʽʣʽ Pair Selection  ʚ ʩʧʠʩʢʫ Pairs  

ʢʣʘʮʥʽʪʴ ʧʦ ʨʷʜʢʫ  Identity  Pair  1 ( ap1) . 

 

 
ɺ ʨʦʟʜʽʣʽ Pair Selection  ʦʙʠʨʘʶʪʴʩʷ ʧʘʨʠ, ʷʢʽ ʚʠʟʥʘʯʘʶʪʴ ʤʽʩʮʷ ʥʘʢʣʘʜʘʥʥʷ 

ʫʤʦʚʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ. ʗʢ ʥʘʩʣʽʜʦʢ ʚ ʩʧʠʩʢʫ Selection  ʚʢʘʟʘʥʽ ʽʥʜʠʢʘʪʦʨʠ 

ʪʦʯʦʢ  çʨʦʙʦʯʦʾè ʧʘʨʠ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [0,1] ʤʘʶʪʴ ʽʥʜʠʢʘʪʦʨʠ 1 ʽ 

2, ʘ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [1,2] ï ʽʥʜʠʢʘʪʦʨʠ 3 ʽ 4. ʊʦʙʪʦ ʽʥʜʠʢʘʪʦʨʠ  2 ʽ 3 ʧʦʟʥʘʯʘʶʪʴ 

çʨʽʟʥʽ ʩʪʦʨʦʥʠè ʩʧʽʣʴʥʦʾ ʪʦʯʢʠ ʮʠʭ ʚʽʜʨʽʟʢʽʚ.  

  ɺ ʛ̔ʣʮʽ ʬʽʟʠʢʠ Poisson's Equation 2 (poeq2) ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Continuity  

ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ. 

Poisson's Equation 2 (poeq2): RMB > Pairs ï Continuity 

Poisson's Equation 2 (poeq2) ï Continuity  1: 

   Pair  Selection  ï Pairs = Identity Pair 1 (ap1)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ʉʪʚʦʨʶʻʪʴʩʷ ʜʚʽ ʛʽʣʢʠ ʟ ʦʜʥʘʢʦʚʠʤʠ ʛʨʘʬʽʢʘʤʠ (ʢʦʞʥʘ çʬʽʟʠʢʘè ʧʦʙʫʜʫʚʘʣʘ 

ʚʣʘʩʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ u). ɺʠʜʘʣʽʪʴ ʜʨʫʛʫ ʛʽʣʢʫ. 

Results - 1D Plot Group 2: RMB > Delete 

ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʚ ʧʝʨʰʽʡ ʛʨʫʧʽ ʩʪʚʦʨʽʪʴ ʛʨʘʬʽʢ çʘʥʘʣʽʪʠʯʥʦʛʦè ʨʦʟʚôʷʟʢʫ ()xw . 

ɼʣʷ ʮʴʦʛʦ ʩʧʦʯʘʪʢʫ ʚ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ, ʷʢʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ (4). 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

          Function nam e = pw1 

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

   ï Start, End, Function = 0, 1,  ( - 29*x/5+4*x̂ 3)/3  

   ï Start, End, Function = 1, 2,  ( - 114/5+17*x/5+6*x̂ 2 - x^3)/24  

ʑʦʙ ʬʫʥʢʮʽʷ ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ, ʧʦʪʨʽʙʥʦ ʦʥʦʚʠʪʠ ʨʦʟʚôʷʟʦʢ.  

Study 1: RMB > Update Solution 
ɺ ʛʽʣʢʫ  1D Plot Group 1 ʜʦʜʘʡʪʝ ʛʨʘʬʽʢ ʮʽʻʾ ʬʫʥʢʮʽʾ. 

Results - 1D Plot Group 1 - Line Graph 1: RMB > Duplicate  

1D Plot Group 1 - Line Graph 2 : 

   y- Axis Data ï Expression = pw1(x)  
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ʉʪʠʣʴ ʢʨʠʚʦʾ ʥʘʣʘʰʪʫʡʪʝ ʪʘʢ, ʱʦʙ ʚʦʥʘ ʚʽʜʨʽʟʥʷʣʘʩʷ ʚʽʜ ʛʨʘʬʽʢʘ 

ʨʦʟʚôʷʟʢʘ u.  
  LMB > Plot 

 
ʗʢ ʙʘʯʠʪʝ, ʛʨʘʬʽʢʠ ʩʧʽʚʧʘʜʘʶʪʴ. 

ʈʦʟʚôʷʟʦʢ 2 (ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʘʨ). ʅʘʩʧʨʘʚʜʽ ʚ ʨʦʟʚôʷʟʢʫ 1 ʤʠ ʟʥʘʯʥʦ 

çʧʝʨʝʤʫʜʨʫʚʘʣʠè. ʗʢʱʦ ʫ ʚʫʟʣʽ Geometry ʝʣʝʤʝʥʪʠ ʛʝʦʤʝʪʨʽʾ ʧʦʻʜʥʘʥʽ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʚʫʟʣʘ Union, ʽ ʥʘ ʩʫʩʽʜʥʽʭ ʜʽʣʷʥʢʘʭ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʜʥʘʢʦʚʝ ʽʤôʷ 

ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ, ʪʦ ʘʚʪʦʤʘʪʠʯʥʦ ʧʨʠʧʫʩʢʘʻʪʴʩʷ, ʱʦ ʥʘ ʤʝʞʽ ʩʪʠʢʫ ʤʘʪʝʨʽʘʣʽʚ 

ʬʽʟʠʯʥʝ ʧʦʣʝ ʥʝʧʝʨʝʨʚʥʝ. ʇʝʨʝʚʽʨʠʤʦ ʮʝ, ʨʦʟʚôʷʟʘʚʰʠ ʪʫ ʞ ʩʘʤʫ ʟʘʜʘʯʫ. 

ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʜʽʡ ʩʭʦʞʘ ʥʘ ʨʦʟʚôʷʟʦʢ 1, ʘʣʝ ʟ ʥʝʾ ʚʠʢʣʶʯʝʥʦ ʩʪʚʦʨʝʥʥʷ ʽ 

ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʘʨ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - >  

   Classical PDEs -  Poisson's Equation (poeq2) + Variables = u - > Stationary 

Untitled.mph (root): Unit  System  ï <> = None 

ɼʚʘ ʟôʻʜʥʘʥʠʭ ʚʽʜʨʽʟʢʘ (ʪʦʙʪʦ ʟʙʽʨʢʘ ʟ ʥʠʭ ʥʝ ʚʠʡʜʝ) ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ ʚ ʦʜʥʦʤʫ 

ʚʫʟʣʽ Interval . 

  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0, 1, 2 

 
  LMB > Build All Objects 
ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Fine r  

  LMB> Build All 
ɺʠʟʥʘʯʪʝ ʛʝʦʤʝʪʨʽʾ, ʥʘ ʷʢʠʭ ʜʽʷʪʠʤʫʪʴ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ, ʘ ʪʘʢʦʞ ʟʘʜʘʡʪʝ ʾʭ  

ʢʦʝʬʽʮʽʻʥʪʠ. 

Component 1 - Poisson's Equation (poeq): 

   Domain  Selection  ï Selec tion =Manual,1    (ʚʽʜʨʽʟʦʢ [0,1]) 
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Component 1 - Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f = 8*x  

Component 1 - Poisson's Equation 2 (poeq2): 

   Domain  Selection  ï Selection =Manual,2 (ʚʽʜʨʽʟʦʢ [1,2]) 

 
Component 1 - Poisson's Equation 2 (poeq2) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 4 

   Source Term ï f = 2- x 

ɿʘʜʘʡʪʝ ʥʫʣʴʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʘ ʢʽʥʮʷʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ.  

Component 1 - Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ x=0) 

   Dirichlet Boundary Condition  ï r  = 0  

Component 1 - Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation 2 (poeq2) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual, 3 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ x=2) 

   Dirichlet Boundary Condition  ï r  = 0  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ɺʠ ʦʪʨʠʤʘʻʪʝ ʪʘʢʠʡ ʞʝ ʛʨʘʬʽʢ, ʷʢ ʽ ʨʘʥʽʰʝ (ʥʘʩʧʨʘʚʜʽ ʜʚʘ ʦʜʥʘʢʦʚʠʭ ʛʨʘʬʽʢʘ). 

 
 

5.1.5. ɺʥʫʪʨʽʰʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

ʂʦʣʠ ʚ ʤʦʜʝʣʽ ʜʦʩʣʽʜʞʫʻʪʴʩʷ ʬʽʟʠʯʥʠʡ ʧʨʦʮʝʩ, ʱʦ ʚʽʜʙʫʚʘʻʪʴʩʷ ʚ ʪʽʣʽ, 

ʩʢʣʘʜʝʥʦʤʫ ʟ ʜʚʦʭ ʤʘʪʝʨʽʘʣʽʚ, ʧʦʚʝʨʭʥʶ, ʱʦ ʾʭ ʨʦʟʜʽʣʷʻ, ʤʦʞʥʘ ʨʦʟʛʣʷʜʘʪʠ ʷʢ 

ʚʥʫʪʨʽʰʥʶ ʤʝʞʫ. ʊʦʜʽ ʥʘ ʥʽʡ ʧʦʪʨʽʙʥʦ ʟʘʜʘʚʘʪʠ ʜʝʷʢʽ çʛʨʘʥʠʯʥʽè ʫʤʦʚʠ. ʊʘʢ ʚ 

ʟʘʜʘʯʽ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʮʝ ʤʦʞʝ ʙʫʪʠ ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʪʝʤʧʝʨʘʪʫʨʠ ʽ 

ʪʝʧʣʦʚʦʛʦ ʧʦʪʦʢʫ. ɯʥʢʦʣʠ ʥʘ ʪʘʢʽʡ ʧʦʚʝʨʭʥʽ ʚʽʜʦʤʽ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ ʘʙʦ ʾʭ 
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ʧʦʪʦʢʠ. ɿʫʩʪʨʽʯʘʶʪʴʩʷ ʚʠʧʘʜʢʠ ʢʦʣʠ ʥʘ ʨʽʟʥʠʭ ʩʪʦʨʦʥʘʭ ʪʘʢʦʾ ʤʝʞʽ ʮʽ ʚʝʣʠʯʠʥʠ 

ʧʦʚʠʥʥʽ ʙʫʪʠ ʨʽʟʥʠʤʠ. ɺ ʮʴʦʤʫ ʧʘʨʘʛʨʘʬʽ ʤʠ ʨʦʟʛʣʷʥʝʤʦ ʩʧʦʩʦʙʠ, ʷʢʽ 

ʟʘʩʪʦʩʦʚʫʶʪʴʩʷ ʚ COMSOL Multiphysics ʜʣʷ ʥʘʢʣʘʜʘʥʥʷ ʫʤʦʚ ʥʘ çʚʥʫʪʨʽʰʥʽʭè 

ʛʨʘʥʠʮʷʭ. 

ʇʨʠʢʣʘʜ 1. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ  

     [ ] () 00,1,0,1 =Í-=¡¡ uxuxx ,              (1) 

     [ ] () 02,2,1,164 =Í=¡¡ vxvxx              (2) 

ʟ ʨʽʟʥʠʤʠ ʫʤʦʚʘʤʠ ʩʪʠʢʫʚʘʥʥʷ ʚ ʪʦʯʮʽ 1=x : 

1. ʋʤʦʚʘ ʥʝ ʟʘʜʘʻʪʴʩʷ, ʪʦʙʪʦ ʘʚʪʦʤʘʪʠʯʥʦ ʚʠʢʦʥʫʶʪʴʩʷ ʫʤʦʚʠ () ,01 =¡
xu

() 01 =¡
xv . ʅʘ ʨʽʟʥʠʭ ʜʽʣʷʥʢʘʭ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʨʽʟʥʽ ʽʤʝʥʘ ʰʫʢʘʥʠʭ 

ʚʝʣʠʯʠʥ. 

2. ʋʤʦʚʘ ʥʝ ʟʘʜʘʻʪʴʩʷ, ʘʣʝ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʩʧʽʣʴʥʝ ʽʤôʷ u ʰʫʢʘʥʦʾ 

ʚʝʣʠʯʠʥʠ; ʮʝ ʧʨʠʟʚʦʜʠʪʠʤʝ ʜʦ ʘʚʪʦʤʘʪʠʯʥʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʫʤʦʚʠ 

ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʫ ʚʠʛʣʷʜʽ () ()11 vu = , () ()141 xx vu ¡=¡ . 

3. ɺʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʫʤʦʚʠ Constraint   () ()11 vu = , () ()11 xx vu ¡=¡ . 

4. ɺ ʧʝʨʰʽʡ ʬʽʟʠʮʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʝʪʴʩʷ ʫʤʦʚʘ ɼʽʨʽʭʣʝ () ()11 vu = , ʘ ʚ 

ʜʨʫʛʽʡ ï ʫʤʦʚʘ Flux/Source () ()11 xx vu ¡=¡ . 

ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʽ ʫ ʚʩʽʭ ʚʠʧʘʜʢʘʭ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʫʪʴʩʷ ʜʚʽ ʬʽʟʠʢʠ ʚ 

ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ. ɺʦʥʠ ʜʽʷʪʠʤʫʪʴ ʥʘ ʩʫʩʽʜʥʽʭ ʚʽʜʨʽʟʢʘʭ, ʧʦʻʜʥʘʥʠʭ ʦʧʝʨʘʮʽʻʶ 

çForm Unionè. 

ʈʦʟʚôʷʟʦʢ. ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ (1) ï (2) ʟʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 

ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟ ʜʚʦʤʘ ʨʽʚʥʷʥʥʷʤʠ ʇʫʘʩʩʦʥʘ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - >  

   Classical PDEs -  Poisson's Equation (poeq) + Variables = v - > Stationary 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʜʣʷ ʨʦʟʚôʷʟʢʫ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʤʠ ʦʙʨʘʣʠ ʽʤôʷ v.  

Untitled.mph (root): Unit  System  ï <> = None 

  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0, 1, 2 

  LMB > Build All Objects 
Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Fine r  

  LMB> Build All 
ɺʠʟʥʘʯʪʝ ʛʝʦʤʝʪʨʽʾ, ʥʘ ʷʢʠʭ ʜʽʷʪʠʤʫʪʴ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ (1) ʽ (2), ʘ ʪʘʢʦʞ 

ʟʘʜʘʡʪʝ ʾʭ  ʢʦʝʬʽʮʽʻʥʪʠ. 

Poisson's Equation (poeq): 

   Domain  Selection  ï Selec tion =Manual,1    (ʚʽʜʨʽʟʦʢ [0,1]) 

 



205 

 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = 1 

   Source Term ï f = 1 

Poisson's Equation 2 (poeq2): 

   Domain  Selection  ï Selection =Manual,2 (ʚʽʜʨʽʟʦʢ [1,2]) 

 
Poisson's Equation 2 (poeq2) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = 4 

   Source Term ï f = - 16 

ɿʘʜʘʡʪʝ ʥʫʣʴʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ [0,2].  

  ʆʩʢʽʣʴʢʠ ʣʽʚʠʡ ʢʽʥʝʮʴ ʥʘʣʝʞʠʪʴ ʨʦʟʨʘʭʫʥʢʦʚʽʡ ʦʙʣʘʩʪʽ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ, 

ʪʦ ʚ ʪʦʯʮʽ x=0 ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ɼʽʨʽʭʣʝ ʧʦʪʨʽʙʥʦ ʟʘʜʘʚʘʪʠ ʚ ʛʽʣʮʽ Poisson's 

Equation (poeq). 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ x=0) 

   Dirichlet Boundary Condition  ï r  = 0  

ʇʨʘʚʠʡ ʢʽʥʝʮʴ ʥʘʣʝʞʠʪʴ ʨʦʟʨʘʭʫʥʢʦʚʽʡ ʦʙʣʘʩʪʽ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ. ʊʦʤʫ ʚ ʪʦʯʮʽ 

x=2 ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ɼʽʨʽʭʣʝ ʩʣʽʜ ʟʘʜʘʚʘʪʠ ʚ ʛʽʣʮʽ Poisson's Equation 2 (poeq2). 

Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation 2 (poeq2) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual, 3 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ x=2) 

   Dirichlet Boundary Condition  ï r  = 0  

1. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʩʪʚʦʨʝʥʽʡ ʤʦʜʝʣʽ ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʨʽʟʥʽ: ʚ 

ʧʝʨʰʦʤʫ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ï u, ʘ ʚ ʜʨʫʛʦʤʫ ï v. ʈʦʟʚôʷʞʝʤʦ ʟʘʜʘʯʫ, ʥʝ 

ʟʘʜʘʶʯʠ ʥʽʷʢʠʭ ʫʤʦʚ ʥʘ ʚʥʫʪʨʽʰʥʽʡ ʤʝʞʽ (ʪʦʯʢʘ 1=x ). ʊʦʜʽ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʫʪʴʩʷ ʫʤʦʚʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ()01 =¡
xu , () 01 =¡

xv . 

  Home - >  Study  ï Compute 

ʉʪʚʦʨʶʶʪɹʩʷ ʜʚʽ ʛʨʘʬʽʯʥʽ ʛʨʫʧʠ (ʢʦʞʥʘ çʬʽʟʠʢʘè ʢʨʝʩʣʠʪʴ ʛʨʘʬʽʢ ʚʣʘʩʥʦʛʦ 

ʨʦʟʚôʷʟʢʫ). ʇʦʻʜʥʘʻʤʦ ʢʨʠʚʽ ʬʫʥʢʮʽʡ  u ʽ v, ʘ ʪʘʢʦʞ ʜʣʷ ʧʦʨʽʚʥʷʥʥʷ ʧʦʙʫʜʫʻʤʦ 

ʛʨʘʬʽʢ çʘʥʘʣʽʪʠʯʥʦʛʦè ʨʦʟʚôʷʟʢʫ  ύ1 =

1

2
 (2ὼ ὼ2)

2 ( 2ὼ+ ὼ2)
. 

  ʉʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ, ʷʢʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʦʩʪʘʥʥʴʦʶ 

ʬʦʨʤʫʣʦʶ. 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

          Function na me = w1 
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Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

   ï Start, End, Function = 0, 1,  - (x^2 - 2*x)/2  

   ï Start, End, Function = 1, 2,  (x^2 - 2*x)*2  

ʑʦʙ ʬʫʥʢʮʽʷ ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ, ʧʦʪʨʽʙʥʦ ʦʥʦʚʠʪʠ ʨʦʟʚôʷʟʦʢ.  

Study 1: RMB > Update Solution 

ɺ ʛʽʣʢʫ  1D Plot Group 1 ʜʦʜʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ v, ʧʦʙʫʜʦʚʘʥʠʡ ʥʘʜ 

ʚʽʜʨʽʟʢʦʤ [1,2], ̔  ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ w1, ʧʦʙʫʜʦʚʘʥʠʡ ʥʘʜ ʚʽʜʨʽʟʢʦʤ [0,2]. 

1D Plot Group 1 - Line Graph 1: RMB > Duplicate  

1D Plot Group 1 - Line Graph 2 : 

   Selection  ï Selection  = Manual,2    (ʚʽʜʨʽʟʦʢ [1,2]) 

   y- Axis Data ï Expression = v 

1D Plot Group 1 - Line Graph 2: RMB > Duplicate  

1D Plot Group 1 - Line Graph 3 : 

   Selection  ï Selection  = All domains  

   y- Axis Data ï Expression = w1(x)  

ʉʪʠʣʽ ʢʨʠʚʠʭ ʥʘʣʘʰʪʫʡʪʝ ʥʘ ʩʚʽʡ ʨʦʟʩʫʜ. 

  LMB > Plot 

 
ɺʠʜʘʣʽʪʴ ʜʨʫʛʫ ʥʝʧʦʪʨʽʙʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ. 

Results - 1D Plot Group 2: RMB > Delete 

ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

2. ʋ ʚʫʟʣʽ Poisson's Equation 2 (poeq2) ʟʤʽʥʽʪʴ  ʽʤôʷ ʨʦʟʚôʷʟʢʫ. 

Poisson's Equation 2 (poeq2): 

   Dependent Variables  ï Dependent variable = u 

ʆʜʥʦʯʘʩʥʦ ʫ ʚʫʟʣʽ 1D Plot Group 1 - Line Graph 2 ʧʦʤʽʥʷʡʪʝ ʽʤôʷ ʚʝʣʠʯʠʥʠ, 

ʛʨʘʬʽʢ ʷʢʦʾ ʙʫʜʫʻʪʴʩʷ. 

1D Plot Group 1 - Line Graph 2 : 

   y- Axis Data ï Expression = u 

ʉʧʽʣʴʥʝ ʽʤôʷ ʰʫʢʘʥʦʾ ʬʫʥʢʮʽʾ ʚ ʦʙʦʭ çʬʽʟʠʢʘʭè ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʘʚʪʦʤʘʪʠʯʥʦʛʦ 

ʚʠʢʦʨʠʩʪʘʥʥʷ ʫʤʦʚʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʚʝʣʠʯʠʥʠ u ʽ ʧʦʪʦʢʫ ʧʦʣʷ, ʪʦʙʪʦ ʜʦ ʫʤʦʚ  

( ) ( )0101 +=- uu , ( ) ( )01401 +¡=-¡ xx uu , ʜʝ 01°  ʧʦʟʥʘʯʘʻ ʧʨʘʚʫ ʽ ʣʽʚʫ ʛʨʘʥʠʮʶ ʚ 

ʪʦʯʮʽ x=1.  ʋʤʦʚʘ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ()01 =¡
xu , () 01 =¡

xv , ʷʢʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʘʩʷ 

ʩʠʩʪʝʤʦʶ ʨʘʥʽʰʝ, ʥʝ ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ.  

  ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʛʣʷʜ 

ύ2 =

1

2
ὼ (2 + ὼ)

1
9 

2
ὼ+ 2 ὼ2

 

ʉʪʚʦʨʽʪʴ ʮʶ ʬʫʥʢʮʽʶ. 



207 

 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

          Function nam e = w2 

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

   ï Start, End, Function = 0, 1,  - ( x+2) *x /2  

      ï Start, End, Function = 1, 2,  2* x^2 - 9*x / 2+1 

ʋ ʚʫʟʣʽ 1D Plot Group 1 - Line Graph 3 ʧʦʤʽʥʷʡʪʝ ʽʤôʷ ʬʫʥʢʮʽʾ. 

1D Plot Group 1 - Line Graph 3 : 

   y- Axis Data ï Expression = w2(x)  

ɿʘʥʦʚʦ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʥʦʚʦʛʦ ʨʦʟʚôʷʟʢʫ. 

  Home - >  Study  ï Compute 

 

ɿʘʫʚʘʞʝʥʥʷ. ʇʨʠ ʦʜʥʘʢʦʚʦʤʫ ʽʤʝʥʽ ʨʦʟʚôʷʟʢʫ ʣʽʚʦʨʫʯ ʽ ʧʨʘʚʦʨʫʯ ʚʽʜ ʪʦʯʢʠ 

ʩʪʠʢʫ ʫʤʦʚʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʪʠʧʫ Zero Flux  ʽʛʥʦʨʫʚʘʪʠʤʫʪʴʩʷ, ʽ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ ʽ ʾʾ  ʧʦʪʦʢʫ. ɹʫʜʴ-

ʷʢʽ ʽʥʰʽ çʚʥʫʪʨʽʰʥʽè ʫʤʦʚʠ, ʥʘʧʨʠʢʣʘʜ, ɼʽʨʽʭʣʝ ʘʙʦ Flux/Source, ʙʫʜʫʪʴ 

ʚʨʘʭʦʚʫʚʘʪʠʩʷ  ̔ ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʬʽʟʠʯʥʦʛʦ ʧʦʣʷ ʪʦʜʽ ʥʝ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ. 

ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ ʟ ʽʥʰʠʤ ʽʤôʷʤ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

3. ɼʣʷ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ (ʚ ʪʦʯʮʽ x=1) ʚ ʦʙʦʭ çʬʽʟʠʢʘʭè ʩʪʚʦʨʽʪʴ ʚʫʟʣʠ 

ʦʙʤʝʞʝʥʴ Constraint  ʽ ʥʘʣʘʰʪʫʡʪʝ ʾʭ ʪʘʢ, ʱʦʙ ʚʦʥʠ ʨʝʘʣʽʟʫʚʘʣʠ ʫʤʦʚʠ 

ʩʪʠʢʫʚʘʥʥʷ () ()11 vu = , () ()11 xx vu ¡=¡ . 

  ʉʧʦʯʘʪʢʫ ʜʣʷ ʨʦʟʚôʷʟʢʫ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʧʦʚʝʨʥʽʪʴ ʽʤôʷ  v . 

Poisson's Equation 2 (poeq2): 

   Dependent Variables  ï Dependent variable = v 

ɺ ʧʝʨʰʽʡ ʬʽʟʠʮʽ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʦʙʤʝʞʝʥʴ Constraint . 

Poisson's Equation (poeq): 

  Physics  -> Boundaries  ï Constraint 

Poisson's Equation (poeq) ï Constraint 1: 

   Boundary Selection ï Selection, <> = Manual,2  (ʪʦʯʢʘ x=1) 

             ï R = v- u 

   Constraint Settings ï Apply reaction terms on =  
              Individual dependent variables  

ɺ ʜʨʫʛʽʡ ʬ̔ ʟʠʮʽ ʫ ʚʫʟʣʽ Constraint  ʟʘʜʘʡʪʝ ʽʥʰʝ ʦʙʤʝʞʝʥʥʷ () ()11 xx vu ¡=¡ . 

Poisson's Equation 2 (poeq2): 

  Physics  -> Boundaries  ï Constraint 

Poisson's Equation 2 (poeq2) ï Constraint 1: 
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   Boundary Selection ï Selection, <> = Manual,2  (ʪʦʯʢʘ x=1)  

             ï R = vx - ux 

   Constraint Settings ï Apply reaction terms on =  

              Individual dependent variables  

ɿʘʫʚʘʞʝʥʥʷ. ɿʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʜʚʦʙʽʯʥʽ ʫʤʦʚʠ Constraint .  

ɼʚʦʙʽʯʥʽʩʪʴ ʦʟʥʘʯʘʻ, ʱʦ ʟʘʩʪʦʩʫʚʘʚʰʠ ʫʤʦʚʫ ʚ ʦʜʥʽʡ ʬʽʟʠʮʽ, ʚʠ ʜʦʜʘʻʪʝ 

ʜʦʜʘʪʢʦʚʝ ʦʙʤʝʞʝʥʥʷ ʚ ʽʥʰʫ. ʊʫʪ ʤʠ ʚʽʜʤʽʥʠʣʠ ʜʚʦʙʽʯʥʽʩʪʴ, ʦʙʨʘʚʰʠ ʦʧʮʽʶ 

Individual  dependent  variables , ʙʦ çʧʦ ʨʽʟʥʽ ʙʦʢʠè ʚ ʪʦʯʮʽ x=1  

ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʫʪʴʩʷ ʨʽʟʥʽ ʫʤʦʚʠ. 

ʇʦʙʫʜʫʡʪʝ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ, ʷʢʘ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ çʘʥʘʣʽʪʠʯʥʠʡè ʨʦʟʚôʷʟʦʢ ʮʽʻʾ 

ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ 

ύ3 =

1

4
ὼ (1 + 2 ὼ)

5

2

21 

4
ὼ+ 2 ὼ2

 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

          Function nam e = w3 

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

   ï Start, End, Function = 0, 1,  - ( 2*x+1 ) *x / 4 

      ï Start, End, Function = 1, 2,  2* x^2 - 21*x /4+5/2  

ʉʢʦʨʝʛʫʡʪʝ ʥʘʣʘʰʪʫʚʘʥʥʷ ʛʨʘʬʽʢʽʚ. 

1D Plot Group 1 - Line Graph 2 : 

   y- Axis Data ï Expression = v 

1D Plot Group 1 - Line Graph 3 : 

   y- Axis Data ï Expression = w3(x)  

ɿʘʥʦʚʦ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʦʪʨʠʤʘʡʪʝ ʥʦʚʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʽʚ. 

  Home - >  Study  ï Compute 

 
ɿ ʛʨʘʬʽʢʘ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʚʠʢʦʥʘʥʽ ʦʙʠʜʚʽ ʫʤʦʚʠ: ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʰʫʢʘʥʠʭ 

ʚʝʣʠʯʠʥ ʽ ʾʭ ʧʦʭʽʜʥʠʭ (ʤʘʻʤʦ ʩʧʽʣʴʥʫ ʜʦʪʠʯʥʫ ʚ ʪʦʯʮʽ ʩʪʠʢʫ). 

  ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ ʱʝ ʨʘʟ ʟ ʽʥʰʠʤ ʽʤôʷʤ, ʽ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

4. ɼʣʷ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ (ʚ ʪʦʯʮʽ x=1) ʚ ʧʝʨʰʽʡ ʬʽʟʠʮʽ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ 

Dirichlet Boundary Condition , ʘ ʚ ʜʨʫʛʽʡ ï ʚʫʟʦʣ Flux/Source , ʽ 

ʥʘʣʘʰʪʫʡʪʝ ʾʭ ʪʘʢ, ʱʦʙ ʚʦʥʠ ʨʝʘʣʽʟʫʚʘʣʠ ʫʤʦʚʠ ʩʪʠʢʫʚʘʥʥʷ () ()11 vu = , 

() ()11 xx vu ¡=¡ . 

  ɺʽʜʢʨʠʡʪʝ ʧʦʪʦʯʥʠʡ ʬʘʡʣ ʽ ʜʝʘʢʪʠʚʫʡʪʝ ʚ ʥʴʦʤʫ ʚʫʟʣʠ Constraint . 
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Poisson's Equation (poeq) ï Constraint 1: RMB > Disable 

Poisson's Equation 2 (poeq2) ï Constraint 1: RMB > Disable 
ɿʘʤʽʩʪʴ ʜʝʘʢʪʠʚʦʚʘʥʠʭ ʚʫʟʣʽʚ ʩʪʚʦʨʽʪʴ ʚʫʟʣʠ ʥʦʚʠʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ. ɺ ʬʽʟʠʮʽ 

Poisson's Equation (poeq)  ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʜʣʷ ʚʠʨʘʟʫ 

vu= , ʘ ʚ ʬʽʟʠʮʽ Poisson's Equation 2 (poeq2) ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʪʠʧʫ Flux/Source  

ʜʣʷ ʟʘʜʘʥʥʷ ʧʦʭʽʜʥʦʾ  xx uv ¡=¡ . 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 2: 

   Boundary Selection  ï Selection = Manual, 2      (ʪʦʯʢʘ x=1) 

   Dirichlet Boundary Condition  ï r  = v 

Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Poisson's Equation 2 (poeq2) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2     (ʪʦʯʢʘ x=1) 

   Boundary F lux/Source ï g = - 4*ux   

ʇʦʷʩʥʠʤʦ, ʯʦʤʫ ʧʨʘʚʦʨʫʯ ʧʦʪʨʽʙʥʠʡ ʢʦʝʬʽʮʽʻʥʪ - 4. ɿʘʛʘʣʴʥʠʡ ʚʠʜ ʫʤʦʚʠ ʚʫʟʣʘ 

Flux/Source  ʤʘʻ ʚʠʛʣʷʜ ( ) vqgvc -=Ð-Ö-n . ɺ ʪʦʯʮʽ x=1 çʟ ʪʦʯʢʠ ʟʦʨʫ ʜʨʫʛʦʾ 

ʬʽʟʠʢʠè ʤʘʻʤʦ in -=   ʽ xvv µµ=Ð /i . ʇʨʠ q=0 ʫʤʦʚʘ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ  

gvc x =¡- , ʜʝ ʟʥʘʯʝʥʥʷ  4=c  ʟʘʜʘʥʦ ʫ ʚʫʟʣʽ ʬʽʟʠʢʠ. ʑʦʙ ʮʷ ʫʤʦʚʘ ʥʘʙʫʣʘ 

ʚʠʛʣʷʜʫ xx uv ¡=¡  ʧʦʪʨʽʙʥʦ ʧʦʢʣʘʩʪʠ xug ¡Ö-= 4 . 

  ɿʘʥʦʚʦ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ  

  Home - >  Study  ï Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʪʦʡ ʞʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʽʚ, ʷʢʠʡ ʥʘʚʝʜʝʥʦ ʧʨʠ ʟʘʩʪʦʩʫʚʘʥʥʽ ʚʫʟʣʽʚ 

Constraint .                             
 ƴ

 

ʗʢ ʟʨʦʟʫʤʽʣʦ ʟ ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʨʠʢʣʘʜʫ, ʫʤʦʚʫ Constraint  ʤʦʞʥʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʜʣʷ çʧʦʻʜʥʘʥʥʷè ʨʦʟʚôʷʟʢʽʚ ʩʫʩʽʜʥʽʭ çʬʽʟʠʢè ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʥʝʪʠʧʦʚʠʭ ʫʤʦʚ. ʇʦʷʩʥʠʤʦ ʮʝ ʜʦʢʣʘʜʥʽʰʝ. 

ʇʨʠʢʣʘʜ 2. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ  

     [ ] () 10,1,0,1 -=Í=¡¡ uxuxx ,             (3) 

    [ ] () 32,2,1,4 =Í=¡¡ vxxvxx  .             (4) 

ʟ ʨʽʟʥʠʤʠ ʫʤʦʚʘʤʠ ʩʪʠʢʫʚʘʥʥʷ ʚ ʪʦʯʮʽ 1=x : 

1. 1-=vu , xx uv ¡=¡ ; 

2. vu= , xx uv ¡=¡ ; 

3. vu= , 3+¡=¡ xx uv ; 

4. vu 3= , xx uv ¡=¡ ; 

5. vu 3= , 3-¡=¡ xx uv ; 

6. vu= , xx uv ¡-=¡ 5.0 ; 

7. 2-=vu , uvx 5.0-=¡ ;  
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ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʝʡ ʜʣʷ ʮʠʭ ʟʘʜʘʯ ʛʝʥʝʨʫʚʘʪʠʤʫʪʴʩʷ ʜʚʽ ʬʽʟʠʢʠ ʚ ʩʧʽʣʴʥʦʤʫ 

ʢʦʤʧʦʥʝʥʪʽ. ʈʽʚʥʷʥʥʷ/ʬʽʟʠʢʠ ʜʽʷʪʠʤʫʪʴ ʥʘ ʩʫʩʽʜʥʽʭ ʚʽʜʨʽʟʢʘʭ. ɺʽʜʨʽʟʢʠ 

ʧʦʻʜʥʫʚʘʪʠʤʫʪʴʩʷ ʦʧʝʨʘʮʽʻʶ çForm Unionè.  

 
ɯʤʝʥʘ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʙʫʜʫʪʴ ʨʽʟʥʠʤʠ: u ʽ v. ɺʩʽ ʫʤʦʚʠ ʨʝʘʣʽʟʫʚʘʪʠʤʫʪʴʩʷ ʫ 

ʚʫʟʣʘʭ ʪʠʧʫ Constraint . 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - >  

   Classical PDEs -  Poisson's Equation (poeq) + Variables = v - > Stationary 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʜʣʷ ʨʦʟʚôʷʟʢʫ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʤʠ ʦʙʨʘʣʠ ʽʤôʷ v.  

  ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʜʚʦʭ ʧʨʠʣʝʛʣʠʭ ʚʽʜʨʽʟʢʽʚ [0,1]  ̔[1,2].  
  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0, 1, 2 

  LMB > Build All Objects 

ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Fine r  

  LMB> Build All 
ɺʠʟʥʘʯʪʝ ʛʝʦʤʝʪʨʽʾ, ʥʘ ʷʢʠʭ ʜʽʷʪʠʤʫʪʴ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ (3) ʽ (4), ʘ ʪʘʢʦʞ 

ʟʘʜʘʡʪʝ ʾʭ  ʢʦʝʬʽʮʽʻʥʪʠ. 

Poisson's Equation (poeq): 

   Domain  Selection  ï Selec tion =Manual,1      (ʚʽʜʨʽʟʦʢ [0,1]) 

 
Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f = 1 

Poisson's Equation 2 (poeq2): 

   Domain  Selection  ï Selection =Manual,2     (ʚʽʜʨʽʟʦʢ [1,2]) 
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Poisson's Equation 2 (poeq2) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 4 

   Source Term ï f = x 

ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ [0,2]. 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1  (ʪʦʯʢʘ x=0) 

   Dirichlet Boundary Condition  ï r  = - 1 

Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation 2 (poeq2) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual, 3 (ʪʦʯʢʘ x=2) 

   Dirichlet Boundary Condition  ï r  = 3 

ɼʣʷ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ (ʚ ʪʦʯʮʽ x=1) ʚ ʦʙʦʭ çʬʽʟʠʢʘʭè ʩʪʚʦʨʽʪʴ ʧʦ ʦʜʥʦʤʫ ʚʫʟʣʫ 

ʦʙʤʝʞʝʥʴ Constraint  ʽ ʥʘʣʘʰʪʫʡʪʝ ʾʭ ʪʘʢ, ʱʦʙ ʚʦʥʠ ʨʝʘʣʽʟʦʚʫʚʘʣʠ ʫʤʦʚʠ 

ʩʪʠʢʫʚʘʥʥʷ 1-=vu , xx uv ¡=¡ . 

  ɺ ʧʝʨʰʽʡ ʬʽʟʠʮʽ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʦʙʤʝʞʝʥʴ Constraint . 

Poisson's Equation (poeq): 

  Physics  ->  Boundar y -  Boundaries  ï Constraint 

Poisson's Equation (poeq) ï Constraint 1: 

   Boundary Selection ï Selection, <> = Manual,2  (ʪʦʯʢʘ x=1) 

             ï R = 1+u- v 

   Constraint Settings ï Apply reaction terms on =  

              Individual dependent variables  

  ʅʘʛʘʜʘʻʤʦ, ʱʦ ʚʠʨʘʟ, ʟʘʧʠʩʘʥʠʡ ʚ ʧʦʣʽ R, ʦʙʝʨʪʘʪʠʤʝʪʴʩʷ ʥʘ ʥʫʣʴ. 

ɺ ʜʨʫʛʽʡ ʬ̔ ʟʠʮʽ ʪʝʞ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Constraint  ʽ ʟʘʜʘʡʪʝ ʚ ʥʴʦʤʫ ʽʥʰʝ  

ʦʙʤʝʞʝʥʥʷ () ()11 xx uv ¡=¡ . 

Poisson's Equation 2 (poeq2): 

  Physics  ->  Boundar y -  Boundaries  ï Constraint 

Poisson's Equation 2 (poeq2) ï Constraint 1: 

   Boundary Selection ï Selection, <> = Manual,2  (ʪʦʯʢʘ x=1)  

             ï R = vx - ux 

   Constraint Settings ï Apply reaction terms on =  

              Individual dependent variables  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  ï Compute 

ʉʪʚʦʨʶʶʪɹʩʷ ʜʚʽ ʛʨʘʬʽʯʥʽ ʛʨʫʧʠ (ʢʦʞʥʘ çʬʽʟʠʢʘè ʧʦʙʫʜʫʚʘʣʘ ʛʨʘʬʽʢ ʚʣʘʩʥʦʛʦ 

ʨʦʟʚôʷʟʢʫ ʥʘ ʚʣʘʩʥʦʤʫ ʚʽʜʨʽʟʢʫ). ʇʦʻʜʥʘʡʪʝ ʢʨʠʚʽ ʨʦʟʚôʷʟʢʽʚ u ʽ v ʚ ʦʜʥʽʡ 
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ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ. ɼʣʷ ʮʴʦʛʦ ʩʢʦʧʽʶʡʪʝ ʚʫʟʦʣ 1D Plot Group 2 ï Line Graph 1 ʚ 

ʧʝʨʰʫ ʛʨʫʧʫ. ʉʪʠʣʴ ʢʨʠʚʠʭ ʥʘʣʘʰʪʫʡʪʝ ʥʘ ʩʚʽʡ ʨʦʟʩʫʜ. 

1D Plot Group 2 ï Line Graph 1: RMB > Copy 

1D Plot Group 1: RMB > Paste Line Graph 
  LMB > Plot 

 
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʜ: 

Ὗ=
1

6
( 6 + 4 ὼ+ 3ὼ2) 

ὠ=
1

24
( 10 + 37 ὼ+ ὼ3)  

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʠʩʪʝʤʠ ʚʠ ʤʦʞʝʪʝ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʡ U  ʽ  

V  ʚ ʛʽʣʮʽ 1D Plot Group 1. 

  ʂʦʨʠʩʥʦ ʧʦʜʠʚʠʪʠʩʷ, ʷʢ ʚʠʛʣʷʜʘʪʠʤʫʪʴ ʛʨʘʬʽʢʠ ʜʨʫʛʠʭ ʧʦʭʽʜʥʠʭ 

ʯʠʩʝʣʴʥʦʛʦ ʨʦʟʚôʷʟʢʫ. ɿʨʦʙʠʤʦ ʮʝ ʚ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 1D Plot Group 2. 

1D Plot Group 2: 

   Axis  ïManual axis limits  = True  

   Axis  ïy minimum, y maximum  = 0,1.1     (ʜʚʘ ʧʦʣʷ) 

1D Plot Group 2 ï Line Graph 1:  

   Selection  ï < > = 1                   (ʽʥʜʠʢʘʪʦʨ ʚʽʜʨʽʟʢʘ [0,1] ) 

   y- Axis Data ï Expression = uxx  

Coloring and style   ï  Color, Width  = Blue, 3  

   Legends  ï Show legends  = True  

        ï Legends, <> = Manual, uxx  

1D Plot Group 2 ï Line Graph 1: RMB > Duplicate 

1D Plot Group 2 ï Line Graph 2: 

   Selection  ï < > = 2                  (ʽʥʜʠʢʘʪʦʨ ʚʽʜʨʽʟʢʘ [1,2] ) 

   y- Axis Data ï Expression = vxx  

   Legends  ï Legends, <> = Manual, vxx  

  LMB > Plot                    (ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ ʣʽʚʦʨʫʯ) 

ɻʨʘʬʽʢ ʚʠʛʣʷʜʘʻ ʣʘʤʘʥʠʤ. ɿʛʣʘʜʠʪʠ ʢʨʠʚʫ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ ʤʦʞʥʘ, ʷʢʱʦ 

ʧʽʜʚʠʱʠʪʠ ʧʦʨʷʜʦʢ ʧʦʣʽʥʦʤʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʬʦʨʤʠ, ʷʢʠʤʠ ʥʘ ʢʦʞʥʦʤʫ 

ʩʢʽʥʯʝʥʥʦʤʫ ʝʣʝʤʝʥʪʽ ʘʧʨʦʢʩʠʤʫʶʪʴʩʷ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ ʚ ʄʉʢɽ. ɺ ʇɺ ʚʫʟʣʽʚ 

ʬʽʟʠʢ ʻ ʨʦʟʜʽʣ Discretization  (ʚʽʥ ʥʝ ʟʘʚʞʜʠ ʚʽʜʦʙʨʘʞʘʪʠʩʷ), ʚ ʷʢʦʤʫ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʪʠʧ ʬʫʥʢʮʽʡ ʬʦʨʤʠ ʽ ʾʭ ʧʦʨʷʜʦʢ. ɿʘʟʚʠʯʘʡ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʚʩʪʘʥʦʚʣʝʥʦ ʜʨʫʛʠʡ (Quadratic ) ʧʦʨʷʜʦʢ. ɺ ʦʙʦʭ ʬʽʟʠʢʘʭ ʚʩʪʘʥʦʚʽʪʴ ʪʨʝʪʽʡ 

(Cubic ) ʧʦʨʷʜʦʢ ʮʠʭ ʬʫʥʢʮʽʡ. 

Poisson's Equation (poeq): 
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   Discretization  ï Element order = Cubic  

 
Poisson's Equation 2 (poeq2): 

   Discretization  ï Element order = Cubic  

ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. ɻʨʘʬʽʢʠ ʚ ʛʽʣʮʽ 1D Plot Group 2 ʧʦʢʨʘʱʘʶʪʴ. 

  Home - >  Study  ï Compute 

1D Plot Group 2: LMB > Plot             (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ) 

          
ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

  ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʽʥʰʠʭ ʫʤʦʚ ʩʪʠʢʫʚʘʥʥʷ, ʥʘʚʝʜʝʥʠʭ ʥʘ ʧʦʯʘʪʢʫ ʮʴʦʛʦ 

ʧʨʠʢʣʘʜʫ, ʚʠ ʤʦʞʝʪʝ ʧʨʦʩʪʦ ʟʤʽʥʠʪʠ ʫ ʚʫʟʣʘʭ Poisson's Equation (poeq) ï 

Constraint 1 ʽ Poisson's Equation 2 (poeq2) ï Constraint 1 ʚʠʨʘʟʠ ʚ ʧʦʣʷʭ 

Boundary  Selection  ï R. ɿʨʦʙʽʪʴ ʮʝ ʩʘʤʦʩʪʽʡʥʦ. ʄʠ ʥʘʚʝʜʝʤʦ ʣʠʰʝ 

ʨʝʟʫʣʴʪʘʪʠ, ʷʢʽ ʟʙʝʨʝʤʦ ʚ ʥʘʩʪʫʧʥʫ ʪʘʙʣʠʮʶ.  

ʊʘʙʣʠʮʷ 1. ʈʦʟʚôʷʟʢʠ ʟʘʜʘʯʽ (3), (4) ʟ ʨʽʟʥʠʤʠ ʫʤʦʚʘʤʠ ʩʪʠʢʫʚʘʥʥʷ ʚ ʪ. x=1.   

 
ʋʤʦʚʘ 

ʩʪʠʢʫʚʘʥʥʷ 
poeq  ï R 

poeq2 - R 
ɻʨʘʬʽʢ ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ 

1. 
1-=vu , 

xx uv ¡=¡  
1+u- v 

vx - ux 

 

Ὗ=
1

6
( 6 + 4 ὼ+ 3ὼ2) 

ὠ=
1

24
( 10 + 37ὼ+ ὼ3)  

2. 
vu= ,  

xx uv ¡=¡  
u- v 

vx - ux 

 

Ὗ=
1

6
( 6 + 7 ὼ+ 3ὼ2) 

ὠ=
1

24
( 34 + 49 ὼ+ ὼ3)  

3. 
vu= ,  

3-¡=¡ xx uv  
u- v 

vx - ux+3  

 

Ὗ= 1 +
8 ὼ

3
+
ὼ2

2
 

ὠ=
1

24
(38 + 13 ὼ+ ὼ3 
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4. 
vu 3= ,  

xx uv ¡=¡  

u- 3*v  

vx - ux 

 

Ὗ=
1

2
( 2 + 3 ὼ+ ὼ2) 

ὠ=
1

24
( 50 + 57ὼ+ ὼ3 

5. 
vu 3= ,  

3-¡=¡ xx uv  

u- 3*v  

vx - ux+3 

 

Ὗ=
1

4
( 4 + 15 ὼ+ 2ὼ2)  

ὠ=
1

24
( 14 + 39 ὼ+ ὼ3)  

6. 
vu= ,  

xx uv ¡-=¡ 5.0  
u- v 

vx+0.5*ux  

 

Ὗ=
1

6
( 6 + 46 ὼ+ 3ὼ2)  

ὠ=
1

24
(278 107 ὼ+ ὼ3) 

7. 
2-=vu ,  

uvx 5.0-=¡  
u- v+2 

vx+u/2  

 

Ὗ=
1

6
( 6 + 13 ὼ+ 3ὼ2)  

ὠ=
1

24
(110 23 ὼ+ ὼ3)  

ʆʪʞʝ ʫʤʦʚʘ ʪʠʧʫ Constraint  (ʟʚôʷʟʦʢ) ʜʦʟʚʦʣʷʻ ʧʦʻʜʥʫʚʘʪʠ ʩʫʩʽʜʥʽ 

ʨʽʚʥʷʥʥʷ/ʬʽʟʠʢʠ ʥʘ ʤʝʞʽ ʾʭ ʩʪʠʢʫʚʘʥʥʷ. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʫ ʚʠʨʘʟʘʭ çʥʘ 

ʚʫʟʣʽ x=1è ʜʦʩʪʫʧʥʽ ʦʙʠʜʚʘ ʨʦʟʚôʷʟʢʠ (ʣʽʚʠʡ ʽ ʧʨʘʚʠʡ, ʪʦʙʪʦ ʚʝʣʠʯʠʥʠ  u ʽ v). 

ɿʘʫʚʘʞʝʥʥʷ 1. ɺʩʽ ʥʘʚʝʜʝʥʽ ʚ ʧʦʧʝʨʝʜʥʽʡ ʪʘʙʣʠʮʽ ʫʤʦʚʠ ʤʦʞʥʘ ʨʝʘʣʽʟʫʚʘʪʠ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʚʫʟʣʽʚ ʪʠʧʫ Dirichlet Boundary Condition    ̔  Flux/Source . 

ʅʘʧʨʠʢʣʘʜ, ʧʦʢʘʞʝʤʦ, ʷʢ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʧʦʧʝʨʝʜʥʶ ʟʘʜʘʯʫ (3), (4) ʟ ʩʴʦʤʦʶ 

ʫʤʦʚʦʶ ʩʪʠʢʫʚʘʥʥʷ 2-=vu , uvx 5.0-=¡ . ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ ʧʦʪʦʯʥʦʾ ʤʦʜʝʣʽ ʽ 

ʜʝʘʢʪʠʚʫʡʪʝ ʚ ʥʴʦʤʫ ʚʫʟʣʠ Constraint . 

Poisson's Equation (poeq) ï Constraint 1: RMB > Disable 

Poisson's Equation 2 (poeq2) ï Constraint 1: RMB > Disable 
ɿʘʤʽʩʪʴ ʜʝʘʢʪʠʚʦʚʘʥʠʭ ʚʫʟʣʽʚ ʩʪʚʦʨʽʪʴ ʚʫʟʣʠ ʽʥʰʠʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ. ɺ ʬʽʟʠʮʽ 

Poisson's Equation (poeq)  ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʜʣʷ ʚʠʨʘʟʫ 2-=vu , ʘ 

ʚ ʬʽʟʠʮʽ Poisson's Equation 2 (poeq2) ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Flux/Source ʜʣʷ ʟʘʜʘʥʥʷ 

ʧʦʭʽʜʥʦʾ  uvx 5.0-=¡ . 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 2: 

   Boundary Selection  ï Selection = Manual, 2      (ʪʦʯʢʘ x=1) 

   Dirichlet Boundary Condition  ï r  = v- 2 

Poisson's Equation 2 (poeq2): 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Poisson's Equation 2 (poeq2) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2     (ʪʦʯʢʘ x=1) 

   Boundary F lux/Source ï g = - 2*u  
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ʋʤʦʚʘ ʚʫʟʣʘ Flux/Source  ( ) vqgvc -=Ð-Ö-n   ʚ ʪʦʯʮʽ x=1  çʟ ʪʦʯʢʠ ʟʦʨʫ 

ʜʨʫʛʦʾ ʬʽʟʠʢʠè ʧʨʠ q=0 ʤʘʻ ʚʠʜ gvc x =¡- , ʜʝ ʟʥʘʯʝʥʥʷ  4-=c  ʟʘʜʘʥʦ ʫ ʚʫʟʣʽ 

ʬʽʟʠʢʠ. ʊʦʤʫ, ʱʦʙ ʚʦʥʘ ʥʘʙʫʣʘ ʚʠʛʣʷʜʫ 2/uvx -=¡  ʧʦʪʨʽʙʥʦ ʧʦʢʣʘʩʪʠ ug Ö-= 2 . 

  ɿʘʥʦʚʦ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ  

  Home - >  Study  ï Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʪʦʡ ʞʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʽʚ, ʷʢʠʡ ʥʘʚʝʜʝʥʦ ʚ ʧʦʧʝʨʝʜʥʽʡ ʪʘʙʣʠʮʽ ʧʨʠ 

ʟʘʩʪʦʩʫʚʘʥʥʽ ʚʫʟʣʽʚ Constraint   ʜʣʷ ʩʴʦʤʦʾ ʫʤʦʚʠ ʩʪʠʢʫʚʘʥʥʷ.       
ƴ

 

ʏʘʩʪʦ ʧʨʠ ʬʦʨʤʫʚʘʥʥʽ ʤʦʜʝʣʽ ʚ ʜʚʦʭ çʩʫʩʽʜʥʽʭè ʨʽʚʥʷʥʥʷʭ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ 

ʦʜʥʘʢʦʚʝ ʽʤôʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ. ɿʘʟʚʠʯʘʡ ʮʝ ʙʫʚʘʻ, ʢʦʣʠ ʚ ʛʽʣʮʽ çʬʽʟʠʢʠè ʥʘ 

ʜʝʷʢʽʡ ʜʽʣʷʥʮʽ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʛʝʦʤʝʪʨʽʾ çʜʽʻè ʽʥʰʝ ʨʽʚʥʷʥʥʷ. ʊʦʜʽ ʥʘʚʝʜʝʥʽ ʚʠʱʝ 

ʧʨʠʢʣʘʜʠ ʥʝ ʩʧʨʘʮʴʦʚʫʚʘʪʠʤʫʪʴ, ʙʦ ʧʨʠ ʟʘʜʘʚʘʥʥʽ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʩʪʠʢʫʚʘʥʥʷ 

ʧʦʪʨʽʙʥʦ ʨʦʟʨʽʟʥʷʪʠ ʽʤʝʥʘ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʥʘ ʧʨʦʪʠʣʝʞʥʠʭ ʙʦʢʘʭ ʚʥʫʪʨʽʰʥʴʦʾ 

ʤʝʞʽ, ʘ ʚʦʥʠ ʦʜʥʘʢʦʚʽ. ʊʘ ʞ ʧʨʦʙʣʝʤʘ ʚʠʥʠʢʘʻ ʫ ʚʠʧʘʜʢʫ çʬʽʟʠʢʠ ʫ ʬʽʟʠʮʽè, 

ʢʦʣʠ ʧʦʪʨʽʙʥʦ ʷʚʥʦ ʟʘʜʘʚʘʪʠ ʨʽʟʥʽ ʟʥʘʯʝʥʥʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ  ʧʦ ʨʽʟʥʽ ʙʦʢʠ ʚʽʜ 

ʨʦʟʜʽʣʶʚʘʣʴʥʦʾ ʤʝʞʽ. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʚ ʟʘʜʘʯʽ (3), (4) ʚ ʦʙʦʭ ʨʽʚʥʷʥʥʷʭ 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʜʥʘʢʦʚʝ ʽʤôʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ, ʥʘʧʨʠʢʣʘʜ, u. ʊʦʜʽ ʚ ʪʦʯʮʽ  

1=x  ʤʦʞʥʘ ʟʘʜʘʪʠ ʣʠʰʝ ʦʜʥʝ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ u ʘʙʦ ʾʾ ʧʦʪʦʢʫ. ɺʦʥʦ ʙʫʜʝ 

ʦʜʥʘʢʦʚʠʤʠ ʜʣʷ ʦʙʦʭ ʙʦʢʽʚ ʚʽʜ ʪʦʯʢʠ, ʙʦ ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʜʦ ʩʧʽʣʴʥʦʛʦ ʽʤʝʥʽ u. ɺ 

ʨʝʟʫʣʴʪʘʪʽ ʟʘʜʘʚʘʪʠʤʝʪʴʩʷ ʦʜʥʘʢʦʚʘ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ ʜʣʷ ʜʚʦʭ ʚʽʜʨʽʟʢʽʚ (ʣʽʚʦʛʦ ʽ 

ʧʨʘʚʦʛʦ). ɺ COMSOL Multiphysics ʻ ʨʽʟʥʽ ʩʧʦʩʦʙʠ ʧʦʜʦʣʘʪʠ ʮʶ ʩʢʣʘʜʥʽʩʪʴ (ʘʙʦ 

ʚʠʢʦʨʠʩʪʘʪʠ ʮʶ ʦʩʦʙʣʠʚʽʩʪʴ). ʆʜʥʠʤ ʟ ʥʠʭ ʻ ʟʘʩʪʦʩʫʚʘʥʥʷ ʟʙʽʨʦʢ (assembly) ʽ 

ʧʘʨ (pairs). ɼʣʷ ʧʦʷʩʥʝʥʥʷ ʩʢʘʟʘʥʦʛʦ ʜʦʩʣʽʜʠʤʦ ʧʦʧʝʨʝʜʥʶ ʟʘʜʘʯʫ (3), (4), ʚ ʷʢʽʡ 

ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ (4) ʟʤʦʜʝʣʶʻʤʦ ʷʢ çʧʽʜʬʽʟʠʢʫè ʦʩʥʦʚʥʦʾ ʬʽʟʠʢʠ ʨʽʚʥʷʥʥʷ (3). 

ʇʨʠʢʣʘʜ 3. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ (3), (4) 

[ ] () 10,1,0,1 -=Í=¡¡ uxuxx ,              (3) 

[ ] () 32,2,1,4 =Í=¡¡ uxxuxx              (4) 

ʟ ʫʤʦʚʘʤʠ ʩʪʠʢʫʚʘʥʥʷ ʚ ʪʦʯʮʽ 1=x : 

1. ( )101 =-u , ( ) 001 =+u . 

2. ( ) 201 =-u , ( ) 201 =+u . 

3. ( ) 401 =-¡xu , ( )101 =+¡xu . 

4. ( ) ( )0101 +=- uu , ( ) ( ) 201401 =+¡--¡ xx uu . 

5. ʅʝʧʝʨʝʨʚʥʽʩʪʴ ʧʦʣʷ: ( ) ( )0101 +=- uu , ( ) ( )0101 21 +¡=-¡ xx ucuc . 

ʊʫʪ ( )01°u   ̔  ( )01°¡xu  ʧʦʟʥʘʯʘʶʪʴ ʧʨʘʚʫ ʽ ʣʽʚʫ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʡ ʚ ʪʦʯʮʽ x=1. 

  ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʝʡ ʜʣʷ ʮʠʭ ʟʘʜʘʯ ʛʝʥʝʨʫʚʘʪʠʤʝʪʴʩʷ ʦʜʥʘ ʬʽʟʠʢʘ ʥʘ 

ʚʽʜʨʽʟʢʘʭ [0,1] ʽ [1,2], ʧʦʻʜʥʘʥʠʭ ʦʧʝʨʘʮʽʻʶ çForm Assemblyè. ʅʘ ʜʨʫʛʦʤʫ 

ʚʽʜʨʽʟʢʫ [1,2] ʟʘʜʘʚʘʪʠʤʝʪʴʩʷ ʨʽʚʥʷʥʥʷ (4), ʱʦ ʘʚʪʦʤʘʪʠʯʥʦ ʟʚʫʟʠʪʴ ʟʦʥʫ ʜʽʾ 

ʨʽʚʥʷʥʥʷ (3) ʜʦ ʚʽʜʨʽʟʢʘ [0,1].  
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ɯʤô ̫ʰʫʢʘʥʦ ʾʚʝʣʠʯʠʥ ʚ ʦʙʦʭ ʨʽʚʥʷʥʥʷʭ ʙʫʜʝ ʦʜʥʘʢʦʚʠʤ. ʉʪʚʦʨʶʚʘʥʘ ʦʧʝʨʘʮʽʻʶ 

çForm Assemblyè ʧʘʨʘ, ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ çʚʥʫʪʨʽʰʥʴʦʾè ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ, 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʝʪʴʩʷ ʘʙʦ ʥʽ. 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺʩʪʘʥʦʚʽʪʴ ʧʨʘʧʦʨʝʮʴ, ʷʢʠʡ ʚʠʟʥʘʯʘʪʠʤʝ ʚʽʜʦʙʨʘʞʝʥʥʷ ʽʥʜʠʢʘʪʦʨʽʚ ʝʣʝʤʝʥʪʽʚ 

ʛʝʦʤʝʪʨʽʾ. 

Component 1 ï Definitions - View 1: 

   View  ï Show geometry labels  = True  

ʉʪʚʦʨʽʪʴ ʛʝʦʤʝʪʨʽʶ ʤʦʜʝʣʽ, ʷʢʘ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ ʧʨʠʩʪʠʢʦʚʘʥʠʭ ʚʽʜʨʽʟʢʽʚ, ʽ 

ʟ'ʻʜʥʘʡʪʝ  ʾʭ ʚ ʟʙʽʨʢʫ  (assembly). 

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :   

   Interval ï Left endpoint , Right endpoint = 0, 1 

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 2 (i2) :   

   Interval ï Left endpoint , Right endpoint = 1, 2 

  LMB > Build All Objects 
Geometry 1 - Form Union:  

   Form Union/Assembly  ï Action  = Form an a ssembly  

   Form Union/Assembly  ï Create pairs  = True  

ʆʩʪʘʥʥʽʡ ʧʨʘʧʦʨʝʮʴ ʚʢʘʟʫʻ ʩʠʩʪʝʤʽ ʩʪʚʦʨʶʚʘʪʠ ʧʘʨʠ (ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʪʠʧʫ Identity Pair ).   

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʥʘʟʚʘ ʚʫʟʣʘ Form Union ʚ ɼʄ ʟʤʽʥʠʣʘʩʷ ʥʘ Form Assembly. 

ʂʨʽʤ ʪʦʛʦ, ʪʦʯʢʘ x=1 ʚʽʜʨʽʟʢʘ [0,1] ʦʪʨʠʤʘʣʘ ʽʥʜʠʢʘʪʦʨ ʟ ʥʦʤʝʨʦʤ 2. ʎʷ ʞ ʪʦʯʢʘ, 

ʘʣʝ ʷʢ ʯʘʩʪʠʥʘ ʚʽʜʨʽʟʢʘ [1,2], ʦʪʨʠʤʘʣʘ ʽʥʜʠʢʘʪʦʨ ʟ ʥʦʤʝʨʦʤ 3.  

  ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Extra fine  

  LMB> Build All 
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ɺ ʥʘʰʽʡ ʟʘʜʘʯʽ ʻ ʜʚʽ ʟʦʥʠ, ʚ ʷʢʠʭ ʜʽʷʪʠʤʫʪʴ ʨʽʟʥʽ ʨʽʚʥʷʥʥʷ. ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ 

ʨʽʚʥʷʥʥʷ (3) ʚʫʟʦʣ Poisson's Equation 1 ʚʞʝ ʩʪʚʦʨʝʥʦ. ɺ ʛʽʣʮʽ Poisson's 

Equation (poeq) ʜʣʷ ʟʘʜʘʥʥʷ ʨʽʚʥʷʥʥʷ (4) ʩʪʚʦʨʽʪʴ ʱʝ ʦʜʠʥ ʪʘʢʠʡ ʞʝ ʚʫʟʦʣ. 
  Physics - > Domains - > Classical PDEs - Poisson's Equation 

Poisson's Equation (poeq) - Poisson's Equation 2: 

   Domain Selection ï Selection , <> = Manual, 2   

 
ɿʘʜʘʥʥʷ ʦʙʣʘʩʪʽ ʜʽʾ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʘʚʪʦʤʘʪʠʯʥʦ ʟʚʫʟʠʣʦ ʟʦʥʫ ʜʽʾ ʧʝʨʰʦʛʦ 

ʨʽʚʥʷʥʥʷ. ʑʦʙ ʮʝ ʧʝʨʝʚʽʨʠʪʠ ʚʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Poisson's Equation 1. ʁʦʛʦ 

ʨʦʟʜʽʣ Domain Selection  ʧʦʚʠʥʝʥ ʤʘʪʠ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ. 

 
 

ɺ ʩʝʢʮʽʾ Domain Selection  ʚʠʜʥʦ, ʱʦ ʚʽʜʨʽʟʦʢ ʟ ̔ʥʜʠʢʘʪʦʨʦʤ 2 ʥʝ ʚʭʦʜʠʪʴ ʜʦ 

ʟʦʥʠ ʜʽʾ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ, ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʩʠʩʪʝʤʠ ʚʠʜʽʣʝʥʦ ʚʽʜʨʽʟʦʢ 1. 

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʫ ʩʪʚʦʨʝʥʦʤʫ ʚʫʟʣʽ Poisson's Equation 2 ʥʝʤʘʻ 

ʤʦʞʣʠʚʦʩʪʽ ʟʤʽʥʠʪʠ ʽʤôʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ, ʚʦʥʦ ʪʘʢʝ ʞ, ʷʢ ʫ ʚʫʟʣʘ Poisson's 

Equation 1, ʽ ʚʠʟʥʘʯʘʻʪʴʩʷ ʚ ʙʘʪʴʢʽʚʩʴʢʽʡ ʛʽʣʮʽ Poisson's Equation (poeq). 

  ʅʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʚʫʟʣʽʚ Poisson's Equation 1  ̔   Poisson's Equation 2. 

Poisson's Equation 1: 

   Diffusion Coefficient ï c =1 

   Source Term ï f = - 1 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 1-=¡¡- xxu . 

Poisson's Equation 2: 

   Diffusion Coefficient ï c = 4 

   Source Term ï f = - x 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [1,2] ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ  xu xx -=¡¡-4 . 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ [0,2]. 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1  (ʪʦʯʢʘ x=0) 

   Dirichlet Boundary Condition  ï r  = - 1 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 2: 

   Boundary Selection  ï Selection = Manual,4  (ʪʦʯʢʘ x=2) 
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   Dirichlet Boundary Condition  ï r  = 3 

ɿʘʫʚʘʞʝʥʥʷ. ʆʩʢʽʣʴʢʠ ʛʝʦʤʝʪʨʽʷ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ ʦʢʨʝʤʠʭ ʚʽʜʨʽʟʢʽʚ [0,1] ʽ 

[1,2], ʪʦ ʪʦʯʢʘ x=1, ʷʢʘ ʥʘʯʝʙʪʦ ʥʘʣʝʞʠʪʴ ʦʙʦʤ ʚʽʜʨʽʟʢʘʤ, çʧʦʜʽʣʝʥʘè ʥʘ ʜʚʽ 

ʯʘʩʪʠʥʠ, ʷʢʽ ʤʘʶʪʴ ʽʥʜʠʢʘʪʦʨʠ 2 ʽ 3. ʇʨʠ ʯʦʤʫ, ʪʦʯʢʘ ʟ ʽʥʜʠʢʘʪʦʨʦʤ 2 ʥʘʣʝʞʠʪʴ 

ʣʽʚʦʤʫ ʚʽʜʨʽʟʢʫ, ʘ ʪʦʯʢʘ ʟ ʽʥʜʠʢʘʪʦʨʦʤ 3 ï ʧʨʘʚʦʤʫ.   

1. ɺʥʫʪʨʽʰʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ( )101 =-u , ( ) 001 =+u . 

  ɿʘʜʘʡʪʝ ʜʣʷ ʣʽʚʦʾ çʬʽʟʠʢʠè ʚ ʪʦʯʮʽ x=1 ʫʤʦʚʫ ɼʽʨʽʭʣʝ ()11 =u , ʘ ʜʣʷ ʧʨʘʚʦʾ 

ï ʫʤʦʚʫ  () 01 =u . 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 3: 

   Boundary Selection  ï Selection = Manual, 2 (ʪʦʯʢʘ x=1-0) 

   Dirichlet Boundary Condition  ï r  = 1 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 4: 

   Boundary Selection  ï Selection = Manual, 3 (ʪʦʯʢʘ x=1+0) 

ɺʠʢʦʨʠʩʪʦʚʫʡʪʝ ʧʨʦʢʨʫʯʫʚʘʥʥʷ ʢʦʣʝʩʘ ʤʠʰʽ ʜʣʷ ʧʝʨʝʤʽʱʝʥʥʷ ʬʦʢʫʩʘ ʧʦ 

ʯʝʨʟʽ ʤʽʞ ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. 

   Dirichlet Boundary Condition  ï r  = 0 

ʇʦʜʠʚʽʪʴʩʷ ʥʘ ʥʦʤʝʨʠ ʽʥʜʠʢʘʪʦʨʽʚ: ʚ ʪʦʯʮʽ x=1 ʜʣʷ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ ʥʘ ʚʽʜʨʽʟʢʫ 

[0,1] ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʽʥʜʠʢʘʪʦʨ 2; ʜʣʷ  ʫʤʦʚʠ ʚ ʪʽʡ ʞʝ ʪʦʯʮʽ ʥʘ ʚʽʜʨʽʟʢʫ [1,2]  ï 

ʽʥʜʠʢʘʪʦʨ 3. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  ï Compute 

 
ɿʚʝʨʪʘʻʤʦ ʚʘʰʫ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʦʙʠʜʚʽ çʚʥʫʪʨʽʰʥʽè ʫʤʦʚʠ ɼʽʨʽʭʣʝ 

ʩʪʚʦʨʶʚʘʣʠʩʷ ʢʦʤʘʥʜʘʤʠ ʟ ʚʠʧʘʜʥʦʾ ʢʥʦʧʢʠ-ʩʧʠʩʢʫ Boundaries  ï Dirichlet 

Boundary Condition. ʗʢʱʦ ʫʤʦʚʫ ɼʽʨʽʭʣʝ ʟʘʜʘʚʘʪʠ ʢʥʦʧʢʦʶ-ʩʧʠʩʢʦʤ Pairs  ï

 Dirichlet Boundary Condition, ʪʦ ʫʤʦʚʘ ʚʽʜʥʦʩʠʪʠʤʝʪʴʩʷ ʜʦ çʦʙʦʭ ʙʦʢʽʚ ʧʘʨʠè, 

ʪʦʙʪʦ ʜʦ ʪʦʯʢʠ ʮʽʣʢʦʤ. ɯʥʘʢʰʝ ʢʘʞʫʯʠ, ʦʜʥʘ ʫʤʦʚʘ ʚʽʜʥʦʩʠʪʠʤʝʪʴʩʷ ʦʜʥʦʯʘʩʥʦ 

ʜʦ ʦʙʦʭ ʪʦʯʦʢ ʟ ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. ʇʦʷʩʥʠʤʦ ʮʝ. 

2. ɺʥʫʪʨʽʰʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ( ) 201 =-u , ( ) 201 =+u . 

  ɼʝʘʢʪʠʚʫʡʪʝ ʚʫʟʣʠ ʦʩʪʘʥʥʽʭ ʜʚʦʭ ʫʤʦʚ ɼʽʨʽʭʣʝ ʽ ʩʪʚʦʨʠʪʴ ʦʜʥʫ ʫʤʦʚʫ 

ɼʽʨʽʭʣʝ ʥʘ ʧʘʨʽ. 

Dirichlet Boundary Condition 3: RMB > Disable 

Dirichlet Boundary Condition 4: RMB > Disable 

  Physics  -> Boundar y -  Pairs  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 5: 
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ɺ ʨʦʟʜʽʣʽ Pair Selection  ʚ ʩʧʠʩʢʫ Pairs  ʢʣʘʮʥʽʪʴ ʧʦ ʨʷʜʢʫ  

Identity  Pair  1 (ap1) . 

   Pair  Selection  ï Pairs = Identity Pair 1(ap1)  

   Dirichlet Boundary Condition  ï r  = 2 

 
ɺ ʨʦʟʜʽʣʽ Pair  Selection  ʦʙʠʨʘʶʪʴʩʷ ʧʘʨʠ, ʷʢʽ ʚʠʟʥʘʯʘʶʪʴ ʤʽʩʮʷ ʥʘʢʣʘʜʘʥʥʷ 

ʫʤʦʚʠ. ʗʢ ʥʘʩʣʽʜʦʢ ʚ ʩʧʠʩʢʫ Selection  ʚʢʘʟʘʥʽ ʽʥʜʠʢʘʪʦʨʠ ʪʦʯʦʢ  çʨʦʙʦʯʦʾè 

ʧʘʨʠ. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [0,1] ʤʘʶʪʴ ʽʥʜʠʢʘʪʦʨʠ 1 ʽ 2, ʘ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ 

[1,2] ï ʽʥʜʠʢʘʪʦʨʠ 3 ʽ 4. ʊʦʙʪʦ ʽʥʜʠʢʘʪʦʨʠ  2 ʽ 3 ʧʦʟʥʘʯʘʶʪʴ çʨʽʟʥʽ ʩʪʦʨʦʥʠè 

ʩʧʽʣʴʥʦʾ ʪʦʯʢʠ ʮʠʭ ʚʽʜʨʽʟʢʽʚ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

 
ʗʢ ʙʘʯʠʪʝ, () 21 =u  ʻ ʛʨʘʥʠʯʥʠʤ ʟʥʘʯʝʥʥʷʤ u ʥʘ ʦʙʦʭ ʚʽʜʨʽʟʢʘʭ [0,1] ʽ [1,2]. 

  ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 

        Ὗὼ =
1

2
( 2 + 5 ὼ+ ὼ2), ὼɴ [0,1], 

        Ὗὼ =
1

24
(30 + 17 ὼ+ ὼ3), ὼɴ [1,2]. 

ʉʭʦʞʠʤ ʯʠʥʦʤ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʚʫʟʣʠ ʪʠʧʫ Flux/Source , ʟʘʜʘʶʯʠ ʚ 

ʥʠʭ ʨʽʟʥʽ ʟʥʘʯʝʥʥʷ ʧʦʪʦʢʽʚ ʥʘ ʩʪʦʨʦʥʘʭ ʧʘʨʠ.  

3. ɺʥʫʪʨʽʰʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ( ) 401 =-¡xu , ( )101 =+¡xu .  

  ɼʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ  ʦʩʪʘʥʥʴʦʾ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʽ ʩʪʚʦʨʠʪʴ ʜʚʘ ʚʫʟʣʠ ʪʠʧʫ 

Flux/Source , ʷʢʽ ʚʽʜʥʦʩʠʪʠʤʫʪʴʩʷ ʜʦ ʨʽʟʥʠʭ çʬʽʟʠʢè. 

Dirichlet Boundary Condition 5: RMB > Disable 
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ʅʘʛʘʜʘʻʤʦ, ʱʦ ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [0,1] ʫʤʦʚʘ Flux / Source  ʤʘʻ ʚʠʛʣʷʜ  

uqguc x -=¡ .  

  Physics  -> Boundaries  ï Flux/Source 

Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2    ( ʪ. x=1- 0) 

   Boundary Flux/Source ï g =4 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʟʘʜʘʻʪʴʩʷ ʫʤʦʚʘ () 41 =¡
xu  (ʦʩʢʽʣʴʢʠ c=1 ̔  q=0). 

  Physics  -> Boundaries  ï Flux/Source 

Flux/Source 2: 

   Boundary Selection ï Selection, < > = Manual, 3   ( ʪ. x=1+0) 

   Boundary Flux/Source ï g =- 4 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [1,2] ʟʘʜʘʻʪʴʩʷ ʫʤʦʚʘ ()11 =¡xu  (ʥʘʛʘʜʘʻʤʦ, ʱʦ ʧʨʠ q=0  ʥʘ 

ʣʽʚʦʤʫ ʢʽʥʮʽ ʫʤʦʚʘ ʤʘʻ ʚʠʛʣʷʜ guc x =¡- , ʦʩʢʽʣʴʢʠ c=4 ʤʠ ʧʦʢʣʘʣʠ g=- 4).  

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 

        Ὗὼ =
1

2
2 + 6 ὼ+ ὼ2 , ὼɴ [0,1], 

        Ὗὼ =
1

24
(22 + 21 ὼ+ ὼ3), ὼɴ [1,2]. 

ʊʝʧʝʨ ʧʦʜʠʚʠʤʦʩʴ, ʷʢ ʧʨʘʮʶʚʘʪʠʤʝ ʫʤʦʚʘ Flux/Source ,  ʩʪʚʦʨʶʚʘʥʘ ʥʘ ʧʘʨʽ. 

4. ʋʤʦʚʘ Flux/Source ʥʘ ʧʘʨʽ. ɼʝʘʢʪʠʚʫʡʪʝ ʜʚʘ ʦʩʪʘʥʥʽʭ ʚʫʟʣʘ Flux/Source ʽ 

ʟʘʤʽʩʪʴ ʥʠʭ ʩʪʚʦʨʽʪʴ ʦʜʠʥ ʥʘ ʧʘʨʽ.  

Flux/Source 1: RMB > Disable 

Flux/Source 2: RMB > Disable 

  Physics  -> Boundar y -  Pairs  ï Flux/Source 

Flux/Source 3: 

   Pair  Selection  ï Pairs = Identity Pair 1(ap1)  

   Boundary Flux/Source ï g =1 

ʋʤʦʚʠ ʪʠʧʫ Flux/Source, ʷʢʽ ʟʘʜʘʥʽ ʚ ʩʧʽʣʴʥʽʡ ʪʦʯʮʽ, ʩʫʤʫʶʪʴʩʷ, ʪʦʙʪʦ 

ʩʫʤʫʶʪʴʩʷ ʣʽʚʽ ʽ ʧʨʘʚʽ ʯʘʩʪʠʥʠ ʫʤʦʚ ( ) uqguc -=Ð-Ö-n  ʮʠʭ ʚʫʟʣʽʚ. ɺ ʥʘʰʦʤʫ 

ʚʠʧʘʜʢʫ ʫʤʦʚʘ Flux/Source ʥʘ ʧʘʨʽ ʜʽʷʪʠʤʝ ʷʢ ʜʚʽ ʦʢʨʝʤʽ ʫʤʦʚʠ ʚ ʪʦʯʢʘʭ ʟ 

ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. ʗʢʱʦ ʧʦʟʥʘʯʠʪʠ ʽʥʜʝʢʩʘʤʠ 1 ʽ 2 ʨʦʟʚôʷʟʢʠ ʣʽʚʦʨʫʯ ʽ 

ʧʨʘʚʦʨʫʯ ʚʽʜ ʪʦʯʢʠ ʩʪʠʢʫ, ʪʦ ʧʨʠ q=0 ʤʘʪʠʤʝʤʦ 

( )[ ] ( )[ ] 21222111 ggucuc +=Ð-Ö-+Ð-Ö- nn . ɺʨʘʭʦʚʫʶʯʠ ʥʘʧʨʷʤʢʠ ʥʦʨʤʘʣʝʡ ʽ 

ʪʝ, ʱʦ 21 gg = , ʦʪʨʠʤʫʻʤʦ () () 12211 211 gucuc xx =¡-¡ , ʪʦʙʪʦ () () 2141 21 =¡-¡
xx uu . 
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ʊʘʢʦʞ ʟʘʣʠʰʘʻʪʴʩʷ ʫʤʦʚʘ () ()11 21 uu = . ʊʘʢʠʤ ʯʠʥʦʤ, ʫʤʦʚʘ Flux/Source ʥʘ ʧʘʨʽ 

ʚ ʪ. x=1 ʤʘʪʠʤʝ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ ( ) ( )0101 +=- uu , ( ) ( ) 201401 =+¡--¡ xx uu . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  Home - >  Study  - Compute 

 
ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 

        Ὗὼ =
1

2
( 2 +

86

15
ὼ+ ὼ2), ὼɴ [0,1], 

        Ὗὼ =
1

120
(238 + 41 ὼ+ 5ὼ3), ὼɴ [1,2]. 

5. ʅʘʛʘʜʘʻʤʦ, ʱʦ ʫʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʬʽʟʠʯʥʦʛʦ ʧʦʣʷ ʚ ʪʦʯʮʽ ʩʪʠʢʫ ʤʘʻ ʚʠʛʣʷʜ  

21 uu = , xx ucuc 2211
¡=¡ , ʜʝ ʽʥʜʝʢʩʠ 1 ʽ 2 ʚʽʜʧʦʚʽʜʘʶʪʴ ʛʨʘʥʠʯʥʠʤ ʟʥʘʯʝʥʥʷʤ 

ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ u ʧʦ ʨʽʟʥʽ ʙʦʢʠ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ. ʇʨʠ ʦʜʥʘʢʦʚʦʤʫ ʽʤʝʥʽ 

ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ ʣʽʚʦʨʫʯ ʽ ʧʨʘʚʦʨʫʯ ʚʽʜ ʨʦʟʜʽʣʶʚʘʣʴʥʦʾ ʪʦʯʢʠ ʜʣʷ ʟʘʜʘʥʥʷ 

ʪʘʢʦʾ ʫʤʦʚʠ ʧʨʠʟʥʘʯʝʥʠʡ ʚʫʟʦʣ Continuity .  

  ɼʝʘʢʪʠʚʫʡʪʝ ʦʩʪʘʥʥʽʡ ʚʫʟʦʣ Flux/Source 3 ʽ ʟʘʤʽʩʪʴ ʥʴʦʛʦ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ 

Continuity . 

Flux/Source 3: RMB > Disable 

  Physics  -> Boundar y -  Pairs  ï Continuity 

Poisson's Equation (poeq) ï Continuity  1: 

   Pair  Selection  ï Pairs = Identity Pair 1  (ap1)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  Home - >  Study  - Compute 

 
ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʘʥʘʣʽʪʠʯʥʦʛʦ ʨʦʟʚôʷʟʢʫ 

        Ὗὼ =
1

2
( 2 +

74

15
ὼ+ ὼ2), ὼɴ [0,1], 

        Ὗὼ =
1

120
(142 + 89 ὼ+ 5ὼ3), ὼɴ [1,2]. 

ɿʥʦʚʫ ʟʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ɿʘʫʚʘʞʝʥʥʷ. ɻʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ, ʦʪʨʠʤʘʥʽ ʚ ʧʫʥʢʪʘʭ 2 ʽ 5, ʜʫʞʝ ʩʭʦʞʽ, ʘʣʝ ʚʩʝ ʞ 

ʪʘʢʠ ʚʽʜʨʽʟʥʷʶʪʴʩʷ. ʎʝ ʚʠʜʥʦ ʽ ʟ ʘʥʘʣʽʪʠʯʥʠʭ ʚʠʨʘʟʽʚ ʨʦʟʚôʷʟʢʽʚ, ʥʘʚʝʜʝʥʠʭ ʚ 

ʮʠʭ ʧʫʥʢʪʘʭ. ɺ ʧ.2 ʫʤʦʚʠ ʚ ʪʦʯʮʽ  x=1 ʤʘʣʠ ʚʠʛʣʷʜ ( ) 201 =-u , ( ) 201 =+u . ɺ 

ʧ.5 ʚʦʥʠ ʙʫʣʠ ( ) ( )0101 +=- uu , ( ) ( )0101 21 +¡=-¡ xx ucuc . ɺ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ 

( ) ( ) 230/590101 ¸=+=- uu .                     
ƴ

 



222 

 

ʈʦʟʛʣʷʥʝʤʦ ʚʠʢʦʨʠʩʪʘʥʥʷ ʦʙʤʝʞʝʥʥʷ Constraint  ʥʘ ʧʘʨʽ (ʟ ʦʧʮʽʻʶ Individual 

dependent variables =True ). ʋʤʦʚʘ Constraint  ʥʘ ʧʘʨʽ ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʟ ʙʦʢʫ 

ʚʭʦʜʦʚʦʾ (source) ʪʦʯʢʠ ʧʘʨʠ. ʆʜʥʘʢʦʚʽʩʪʴ ʽʤʝʥ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʟ ʦʙʦʭ ʙʦʢʽʚ 

ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ ʧʨʠʟʚʦʜʠʪʴ ʜʦ ʜʦʜʘʪʢʦʚʦʾ ʫʤʦʚʠ ʨʽʚʥʦʩʪʽ ʛʨʘʥʠʯʥʠʭ ʟʥʘʯʝʥʴ 

ʨʦʟʚôʷʟʢʫ ʥʘ ʮʽʡ ʤʝʞʽ. 

  ʇʨʦʜʦʚʞʠʤʦ ʨʦʟʛʣʷʜʘʪʠ ʟʘʜʘʯʽ (3), (4), ʽ ʧʨʦʘʥʘʣʽʟʫʻʤʦ ʥʘʩʪʫʧʥʽ  

ʦʙʤʝʞʝʥʥʷ Constraint  ʥʘ ʧʘʨʽ: 

1. R=2- u. 

2. R=ux- 1. 

3. R=up( u) - down( u)+3/2 . 

ʇʨʠʢʣʘʜ 4. ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʨʦʙʦʪʠ ʟʘʟʥʘʯʝʥʠʭ ʫʤʦʚ ʚ ʬʘʡʣ ʧʦʧʝʨʝʜʥʴʦʛʦ 

ʧʨʠʢʣʘʜʫ ʙʫʜʝʤʦ ʚʥʦʩʠʪʠ ʟʤʽʥʠ ʽ ʜʠʚʠʪʠʩʷ, ʱʦ ʚʠʭʦʜʠʪʴ.  

ʈʦʟʚôʷʟʦʢ.   

1. R=2- u. ɺ ʦʩʪʘʥʥʴʦʤʫ ʬʘʡʣʽ ʜʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Continuity 1  ʽ ʟʘʤʽʩʪʴ ʥʴʦʛʦ 

ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Constraint .  

Continuity  1: RMB > Disable 

  Physics  -> Boundar y -  Pairs  ï Constraint 

Poisson's Equation (poeq) ï Constraint 1: 

   Pair  Selection  ï Pairs = Identity Pair 1 (ap1)  

   Constraint  ï R = 2- u 

ʅʘʛʘʜʘʻʤʦ, ʱʦ ʚʭʦʜʦʚʦʶ (source) ʪʦʯʢʦʶ ʧʘʨʠ ʻ ʪʦʯʢʘ ʟ ʽʥʜʠʢʘʪʦʨʦʤ 2. ɺʠʨʘʟ, 

ʟʘʧʠʩʘʥʠʡ ʚ ʧʦʣʽ R, ʫ ʚʭʦʜʦʚʽʡ ʪʦʯʮʽ ʧʘʨʠ ʦʙʝʨʪʘʪʠʤʝʪʴʩʷ ʥʘ ʥʫʣʴ, ʪʦʙʪʦ ʤʠ 

ʤʘʪʠʤʝʤʦ ʫʤʦʚʫ ɼʽʨʽʭʣʝ ( ) 201 =-u  ʥʘ çʣʽʚʽʡè ʪʦʯʮʽ ʧʘʨʠ. ʆʜʥʘʢʦʚʽʩʪʴ ʽʤʝʥ 

ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ ʜʣʷ çʧʨʘʚʦʾè ʪʦʯʢʠ ʧʘʨʠ ʧʨʠʟʚʦʜʠʪʠʤʝ ʜʦ ʫʤʦʚʠ  

( ) ( )0101 -=+ uu .  

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

 
ʌʘʢʪʠʯʥʦ ʨʦʟʛʣʷʥʫʪʽ ʫʤʦʚʠ ʚʠʢʦʨʠʩʪʘʥʦ ʚ ʧ.2 ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʨʠʢʣʘʜʫ, ʪʦʤʫ ʽ 

ʛʨʘʬʽʢʠ ʧʦʚʥʽʩʪʶ ʩʧʽʚʧʘʜʘʶʪʴ. 

2. R=1- ux.  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʫ ʚʠʨʘʟ, ʷʢʠʡ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʫ ʚʫʟʣʽ  Constraint 1. 

Poisson's Equation (poeq) ï Constraint 1: 

   Constraint  ï R = 1- ux 

   Constraint Settings ï Apply reaction terms on =  

              Individual dependent variables  

  Home - >  Study  - Compute 
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ʋʤʦʚʘ  R=1- ux=0  ʫ ʚʫʟʣʽ  Constraint 1 ʨʝʘʣʽʟʫʻʪʴʩʷ ʷʢ ( )101 =-¡xu  (ʥʘ ʣʽʚʽʡ 

ʪʦʯʮʽ ʧʘʨʠ) ʽ ( ) ( )0101 -=+ uu  ï ʥʘ ʧʨʘʚʽʡ (ʮʝ ʚʠʧʣʠʚʘʻ ʟ ʦʜʥʘʢʦʚʦʩʪʽ ʽʤʝʥ 

ʨʦʟʚôʷʟʢʽʚ ʟ ʦʙʦʭ ʙʦʢʽʚ ʧʘʨʠ). ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʣʷ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʛʣʷʜ 

        Ὗὼ =
1

2
( 2 + ὼ2), ὼɴ [0,1], 

        Ὗὼ =
1

24
( 90 + 77 ὼ+ ὼ3), ὼɴ [1,2]. 

ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʮʽ ʢʨʠʚʽ ʚ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ. 

  ʉʧʨʦʙʫʡʪʝ ʟʤʽʥʠʪʠ ʚʭʦʜʦʚʫ (source) ʪʦʯʢʫ ʧʘʨʠ. ɼʣʷ ʮʴʦʛʦ ʚ ʇɺ ʚʫʟʣʘ 

Identity  Pair 1 (ap1) ʧʦʪʨʽʙʥʦ ʚʩʪʘʥʦʚʠʪʠ ʧʨʘʧʦʨʝʮʴ Manual control of 
selections  ʽ ʚ ʩʝʢʮʽʷʭ ʚʠʙʦʨʫ ʧʦʤʽʥʷʪʠ ʤʽʩʮʷʤʠ ʽʥʜʠʢʘʪʦʨʠ ʪʦʯʦʢ ʧʘʨʠ. 

Definitions - Identity Pair 1  (ap1): 

   Pair type  ï Manual control of selections = True  

   Source Boundaries  ï Selection,<> = Manual,3  

   Destination  Boundaries  ï Selection,<> = Manual,2  

ɺʠʢʦʨʠʩʪʦʚʫʡʪʝ ʧʨʦʢʨʫʯʫʚʘʥʥʷ ʢʦʣʝʩʘ ʤʠʰʽ ʜʣʷ ʧʝʨʝʤʽʱʝʥʥʷ ʬʦʢʫʩʘ ʧʦ 

ʯʝʨʟʽ ʤʽʞ ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. 

ɿʥʦʚʫ ʚʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ. 

 
ʊʝʧʝʨ ʫʤʦʚʘ R=1- ux=0  ʫ ʚʫʟʣʽ  Constraint 1 ʨʝʘʣʽʟʫʻʪʴʩʷ ʷʢ ( )101 =+¡xu  (ʥʘ 

ʧʨʘʚʽʡ ʪʦʯʮʽ ʧʘʨʠ)  ʽ ( ) ( )0101 +=- uu  ï ʥʘ ʣʽʚʽʡ. ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʚ ʮʴʦʤʫ 

ʚʠʧʘʜʢʫ ʤʘʻ ʚʠʛʣʷʜ 

        Ὗὼ = 1 +
7

3
ὼ+

1

2
ὼ2, ὼɴ [0,1], 

        Ὗὼ =
1

24
(22 + 21 ὼ+ ὼ3), ὼɴ [1,2]. 

Cʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʮʽ ʢʨʠʚʽ ʚ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ. 

3. R=up( u) - down( u)+3/2 .  

ʇʦʚʝʨʥʽʪʴ çʥʘʧʨʷʤʦʢ ʜʽʾ ʧʘʨʠè. 

Definitions - Identity Pair 1  (ap1): 

   Pair type  ï Manual control of selections = False  

ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʫ ʚʠʨʘʟ, ʷʢʠʡ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʫ ʚʫʟʣʽ  Constraint 1. 

Poisson's Equation (poeq) ï Constraint  1: 

   Constraint  ï R = up(u) - down(u)+3/2  
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ʋʤʦʚʘ ʧʨʘʮʶʻ ʥʘ ʧʘʨʽ ʟ ʚʭʦʜʦʚʦʶ ʪʦʯʢʦʶ 2. ɺʦʥʘ ʥʘʣʝʞʠʪʴ ʚʽʜʨʽʟʢʫ [0,1] ʽ ʚ ʥʽʡ 

ʚʝʢʪʦʨ ʥʦʨʤʘʣʽ ʥʘʧʨʘʚʣʝʥʠʡ ʟʦʚʥʽ ʮʴʦʛʦ ʚʽʜʨʽʟʢʘ. ɺʝʣʠʯʠʥʘ u, ʷʢʘ 

ʦʙʯʠʩʣʶʻʪʴʩʷ ʚ ʮʽʡ ʪʦʯʮʽ, ʚʠʟʥʘʯʝʥʘ ʣʠʰʝ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. ʊʦʤʫ ʦʧʝʨʘʪʦʨ 

up( u)  ʧʦʚʝʨʪʘʪʠʤʝ ʥʫʣʴ, ʘ () uu ¹down . ɺ ʨʝʟʫʣʴʪʘʪʽ ʜʣʷ ʣʽʚʦʛʦ ʨʽʚʥʷʥʥʷ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ ʫʤʦʚʘ ( ) 2/301 =-u . ɼʣʷ ʧʨʘʚʦʛʦ ʨʽʚʥʷʥʥʷ ʘʚʪʦʤʘʪʠʯʥʦ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ ʫʤʦʚʘ ( ) ( )0101 -=+ uu .   

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ. 

  Home - >  Study  - Compute 

 
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʚ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʤʘʻ ʚʠʛʣʷʜ 

        Ὗὼ =
1

2
( 2 + 4 ὼ+ ὼ2), ὼɴ [0,1], 

        Ὗὼ =
1

24
(6 + 29 ὼ+ ὼ3), ὼɴ [1,2]. 

ʉʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ ʮʽ ʢʨʠʚʽ ʚ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ. 

 

5.2. ʇʨʠʢʣʘʜʠ ʢʨʘʡʦʚʠʭ ʟʘʜʘʯ ʥʘ ʚʽʜʨʽʟʢʫ. 

5.2.1. ʂʨʘʡʦʚʘ ʟʘʜʘʯʘ 0)1(,0)1(,1)1( 2 ==--=++¡¡ uuuxu . 

ʅʘ ʚʽʜʨʽʟʢʫ [-1,1] ʨʦʟʚôʷʞʽʪʴ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ 

( ) () 01,01,11,1)1( 2 ==-¢¢--=++¡¡ uuxuxu xx . 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   PDE Interfaces - Coefficient Form PDE (c) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [-1,1]. ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1): 

   Interval ï Left endpoint , Right endpoint = - 1, 1  

  LMB > Build All Objects 
ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 (comp1) - Mesh 1 : LMB > Build All 

ɿʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. ɺ ʇɺ ʚʫʟʣʘ Coefficient Form PDE (c) - Coefficient Form 

PDE 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʧʦʚʠʥʥʘ ʩʪʦʷʪʠ ʦʜʠʥʠʮʷ (ʽʥʜʠʢʘʪʦʨ 

ʚʽʜʨʽʟʢʘ [-1,1]). ʂʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʶʪʴʩʷ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʽ 

ʮ̔ ʻʾ ʇɺ. 

Coefficient Form PDE (c) - Coefficient Form PDE 1: 

   Diffusion Coefficient ï c = - 1 
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   Absorption Coefficient ï a = 1+x̂ 2  

   Source  Term ï f = - 1 

ʈʝʰʪʫ ʢʦʝʬʽʮʽʻʥʪʠ ʧʦʢʣʘʜʽʪʴ ʥʫʣʷʤʠ: ea=0, da=0, Ŭ=0, ɓ=0, ɔ=0.. ʎʠʤ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 1)1( 2 -=++¡¡ uxu xx . 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ.  

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = All boundaries  

   Dirichlet Boundary Condition  ï r  = 0  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study  - Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot Group 1 ï Line Graph 1 ʦʪʨʠʤʘʡʪʝ 

ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

 
ʇʝʨʝʚʽʨʠʤʦ, ʱʦ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʟʘʜʘʚʘʪʠ ʥʫʣʴʦʚʦ ,ʁ ʘʣʝ ʚ 

ʬʽʟʠʯʥʽʡ ʤʦʜʝʣʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʦʜʘʪʢʦʚʠʡ Source  ʚʫʟʦʣ, ʷʢʠʡ ʙʫʜʝ 

ʟʦʙʨʘʞʘʪʠ ʜʞʝʨʝʣʦ ʦʜʠʥʠʯʥʦʾ  ʧʦʪʫʞʥʦʩʪʽ, ʱʦ ʜʽʻ ʥʘ ʚʩʴʦʤʫ ʚʽʜʨʽʟʢʫ. 

  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ. 

Coefficient Form PDE (c) - Coefficient Form PDE 1: 

   Source  Term ï f = 0 

ɼʦʜʘʡʪʝ ʚ çʬʽʟʠʢʫè ʚʫʟʦʣ ʪʠʧʫ Source . 

  Physics  - > Domain  -  Domains ï Coefficient Form PDE ï Source 

Coefficient Form PDE (c) - Coefficient Form PDE 1 ï Source 1: 

   Domain Selection ï Selection = Manual, 1   ( ʚʽʜʨʽʟʦʢ [-1,1] ) 

   Source  Term ï f = - 1 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ɺʠ ʧʦʚʠʥʥʽ ʦʪʨʠʤʘʪʠ ʪʦʡ ʞʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ, ʱʦ ʽ ʨʘʥʽʰʝ. 

 

 

5.2.2. ʂʨʘʡʦʚʘ ʟʘʜʘʯʘ ʟ ʢʫʩʢʦʚʠʤ ʚʽʣʴʥʠʤ ʯʣʝʥʦʤ. 

ʈʦʟʚôʷʞʽʪʴ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ 

() () () 01,00,10, ==¢¢-=¡¡ uuxxfu ,         (1) 

ʜʝ ʢʫʩʢʦʚʦ - ʩʪʘʣʘ ʬʫʥʢʮʽʷ ()xf  ʤʘʻ ʚʠʛʣʷʜ 

()
î
í

î
ì

ë

²

<<

¢

=

75.0,0

75.025.0,1

25.0,0

x

x

x

xf . 
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ʈʦʟʚôʷʟʦʢ 1. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File- >New - > Model Wizard - > 1D - > Mathematics - 

   PDE Interfaces - Coefficient Form PDE (c) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ, ʷʢʘ ʙʫʜʝ ʧʨʝʜʩʪʘʚʣʷʪʠ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʷʥʥʷ. 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

          Function n ame = pw1 

   Definition ï Extrapolation  = Constant  

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

      ï Start, End, Function = 0,0.25,0  

      ï Start, End, Function = 0.25,0.75,1  

      ï Start, End, Function =   0.75,1,  0 

 

 

 

ɺʠʙʽʨ Extrapolation =Constant  ʦʟʥʘʯʘʻ, ʱʦ ʧʦʟʘ ʟʘʜʘʥʠʭ ʜʽʣʷʥʦʢ ʬʫʥʢʮʽʷ 

ʧʨʦʜʦʚʞʫʚʘʪʠʤʝʪʴʩʷ ʩʚʦʾʤʠ ʟʥʘʯʝʥʥʷʤʠ, ʷʢʽ ʚʦʥʘ ʥʘʙʫʚʘʻ ʥʘ ʣʽʚʦʤʫ ʽ ʧʨʘʚʦʤʫ 

ʢʨʘʷʭ ʦʙʣʘʩʪʽ ʚʠʟʥʘʯʝʥʥʷ. ʂʣʘʮʘʥʥʷ ʧʦ ʢʥʦʧʮʽ Plot ʫ ʚʝʨʭʥʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ 

ʙʫʜʫʻ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ (ʜʣʷ ʢʦʥʪʨʦʣʶ). 

  ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,1].  
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :  LMB > Build All Objects 
ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 (comp1) - Mesh 1 : LMB > Build All 

ʇʝʨʝʚʽʨʪʝ , ʱʦ ʚ ʇɺ ʚʫʟʣʘ Coefficient Form PDE (c) - Coefficient Form PDE 1 ʚ 

ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ (ʽʥʜʠʢʘʪʦʨ ʚʽʜʨʽʟʢʘ). 

ʂʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʡʪʝ ʚ ʧʦʣʷʭ ʚ ʥʠʞʥʽʡ ʯʘʩʪʠʥʽ ʮʽʻʾ ʇɺ. 

Coefficient Form PDE (c) - Coefficient Form PDE 1: 

   Diffusion Coefficient ï c = - 1 

   Absorption Coefficient ï a = 0 

   Source Term ï f =- pw1(x)  

ʈʝʰʪʫ ʢʦʝʬʽʮʽʻʥʪʠ ʧʦʢʣʘʜʽʪʴ ʥʫʣʷʤʠ: ea=0, da=0, Ŭ=0, ɓ=0, ɔ=0. ʎʠʤ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ()xu xx 1pw-=¡¡ . 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ.  

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 1 : 
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   Boundary Selection  ï Selection = All boundaries  

   Dirichlet Boundary Condition  ï r  = 0  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot Group 1 ï Line Graph 1 ʦʪʨʠʤʘʡʪʝ 

ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

 
ʈʦʟʚôʷʟʦʢ 2. ʋ ʨʽʚʥʷʥʥʷʭ ʪʠʧʫ (1) ʯʣʝʥ f  ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʟʘʟʚʠʯʘʡ 

ʧʨʝʜʩʪʘʚʣʷʻ ʟʦʚʥʽʰʥʽʡ ʚʧʣʠʚ (ʟʦʚʥʽʰʥʶ ʩʠʣʫ, ʜʞʝʨʝʣʦ ʪʝʧʣʘ, ʜʞʝʨʝʣʦ ʩʪʨʫʤʫ ʽ 

ʪ.ʜ.). ʁʦʛʦ ʤʦʞʥʘ ʢʦʨʠʛʫʚʘʪʠ ʚʠʨʘʟʘʤʠ, ʷʢʽ ʜʦʜʘʶʪʴʩʷ ʚ ʨʽʚʥʷʥʥʷ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʚʫʟʣʽʚ-ʜʞʝʨʝʣ ʪʠʧʫ Source . 

  ʇʨʦʜʦʚʞʠʪʴ ʨʦʙʦʪʫ ʟ ʧʦʧʝʨʝʜʥʽʤ ʬʘʡʣʦʤ. ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Coefficient 

Form PDE (c) - Coefficient Form PDE 1 ʽ ʚ ʧʦʣʝ, ʱʦ ʟʘʜʘʻ ʯʣʝʥ f, ʚʚʝʜʽʪʴ 0 

(ʟʘʤʽʩʪʴ - pw1(x) ). 

Coefficient Form PDE (c) - Coefficient Form PDE 1: 

   Source  Term ï f = 0 

ɸʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Geometry 1 ʽ ʩʪʚʦʨʽʪʴ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʜʚʽ ʪʦʯʢʠ x=0.25   ʽ 

x=0.75 . 

  Geometry - > Primitives - > Point 

Geometry 1 ï Point 1: 

   Point ï x =0.25, 0.75  

  LMB > Build All Objects 
ʊʦʯʢʠ ʧʦʪʨʽʙʥʽ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʜʘʣʽ ʚʠ ʤʦʛʣʠ ʚʢʘʟʘʪʠ ʽʥʪʝʨʚʘʣ [0.25,0.75], ʥʘ 

ʷʢʦʤʫ ʙʫʜʝ ʜʽʷʪʠ ʟʦʚʥʽʰʥʷ ʩʠʣʘ. 

  ɺ ʇɺ ʚʫʟʣʘ Dirichlet  Boundary Condition 1 ʧʝʨʝʚʽʨʪʝ, ʱʦ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ 

ʥʝ ʟʤʽʥʠʣʠʩʷ. ʗʢʱʦ ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʇɺ ʮʴʦʛʦ ʚʫʟʣʘ ʟ'ʷʚʠʣʠʩʷ ʥʦʚʽ ʪʦʯʢʠ, ʪʦ 

ʚʠʜʘʣʽʪʴ ʾʭ ʥʦʤʝʨʠ ʟʽ ʩʧʠʩʢʫ. 

  ɼʦʜʘʡʪʝ ʚ ʛʽʣʢʫ Coefficient Form PDE (c) ʚʫʟʦʣ ʪʠʧʫ Source , ʷʢʠʡ 

ʧʨʝʜʩʪʘʚʣʷʻ ʟʦʚʥʽʰʥʽʡ ʚʧʣʠʚ. 

  Physics  - > Domain  -  Domains ï Coefficient Form PDE ï Source 

Coefficient Form PDE (c) - Coefficient Form PDE 1 ï Source 1: 

   Domain Selection ï Selection = Manual, 2   ( ʚʽʜʨʽʟʦʢ [0.25,0.75] ) 

   ʅʘ ʚʽʜʨʽʟʢʫ [0.25,0.75] ʙʫʜʝ ʜʽʷʪʠ ʟʦʚʥʽʰʥʷ ʩʠʣʘ. 

   Source  Term ï f = - 1 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study  - Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ 1D Plot Group 1 ï Line Graph 1 ʚʠ ʧʦʚʠʥʥʽ ʦʪʨʠʤʘʪʠ ʪʫ 

ʞ ʢʨʠʚʫ, ʱʦ ʽ ʨʘʥʽʰʝ. 

ʈʦʟʚôʷʟʦʢ 3 (ʜʣʷ ʪʨʝʥʫʚʘʥʥʷ ʥʘ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʘʨ/pairs). ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʜʝʷʢʠʭ ʟʘʜʘʯ ʪʽʣʦ ʧʦʪʨʽʙʥʦ ʨʦʟʛʣʷʜʘʪʠ ʥʝ ʷʢ ʩʫʮʽʣʴʥʝ, ʘ ʷʢ ʟʙʽʨʢʫ, ʩʢʣʘʜʝʥʫ ʟ 
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ʜʝʢʽʣʴʢʦʭ ʜʝʪʘʣʝʡ, ʤʘʪʝʨʽʘʣ ʢʦʞʥʦʾ ʟ ʷʢʠʭ ʤʘʻ ʚʣʘʩʥʽ ʬʽʟʠʯʥʽ ʚʣʘʩʪʠʚʦʩʪʽ. ɺ 

ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʚ ʦʩʪʘʥʥʴʦʤʫ ʚʫʟʣʽ ʛʽʣʢʠ Geometry ʚʢʘʟʫʻʪʴʩʷ Assembly ʪʠʧ 

ʟ'ʻʜʥʘʥʥʷ ʝʣʝʤʝʥʪʽʚ. ʊʦʜʽ ʩʠʩʪʝʤʘ ʽʥʪʝʨʧʨʝʪʫʻ ʛʝʦʤʝʪʨʽʶ ʷʢ ʢʦʣʝʢʮʽʶ ʬʽʛʫʨ 

(ʟʘʤʽʩʪʴ ʾʭ ʦʙ'ʻʜʥʘʥʥʷ), ʽ ʢʦʨʠʩʪʫʚʘʯʝʚʽ ʩʘʤʦʤʫ ʧʦʪʨʽʙʥʦ ʚʠʟʥʘʯʠʪʠ ʩʧʦʩʦʙʠ 

ʟʚôʷʟʢʫ ʨʦʟʨʽʟʥʝʥʠʭ ʪʽʣ ʟʘ ʜʦʧʦʤʦʛʦʶ ʽʥʩʪʨʫʤʝʥʪʽʚ, ʷʢʽ ʥʘʟʠʚʘʶʪʴʩʷ çʧʘʨʘʤʠè 

(pairs). ɽʣʝʤʝʥʪʠ ʧʘʨʠ ʧʦʟʥʘʯʘʶʪʴ ʧʨʦʪʠʣʝʞʥʽ ʙʦʢʠ ʤʝʞʽ ʢʦʥʪʘʢʪʫʶʯʠʭ ʪʽʣ. ɿʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʧʘʨʠ ʩʪʚʦʨʶʶʪʴʩʷ ʘʚʪʦʤʘʪʠʯʥʦ ʧʨʠ ʬʦʨʤʫʚʘʥʥʽ ʟʙʽʨʢʠ. 

  ʉʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʤʦʜʝʣʴ ʟ ʜʚʦʤʘ çʬʽʟʠʢʘʤʠè: ʨʽʚʥʷʥʥʷʤʠ ʃʘʧʣʘʩʘ ʽ 

ʇʫʘʩʩʦʥʘ. 
  File- >New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Laplace Equation (lpeq) - >  

   Classical PDEs -  Poisson's Equation (poeq) + Variables = u - > Stationary 

ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʽ ʤʠ ʚʽʜʨʘʟʫ ʜʦʜʘʣʠ ʜʚʽ ʬʽʟʠʢʠ/ʨʽʚʥʷʥʥʷ, ʽ ʚ ʦʙʦʭ ʟʘʜʘʣʠ 

ʦʜʥʘʢʦʚʝ ʽʤ'ʷ u ʰʫʢʘʥʦʾ ʟʤʽʥʥʦʾ. ʎʝ ʥʝ ʧʨʠʚʦʜʠʪʠʤʝ ʜʦ ʢʦʥʬʣʽʢʪʫ, ʦʩʢʽʣʴʢʠ 

ʨʽʚʥʷʥʥʷ ʜʽʷʪʠʤʫʪʴ ʥʘ ʨʽʟʥʠʭ ʚʽʜʨʽʟʢʘʭ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺʩʪʘʥʦʚʽʪʴ ʧʨʘʧʦʨʝʮʴ ʚʽʜʦʙʨʘʞʝʥʥʷ ʽʥʜʠʢʘʪʦʨʽʚ ʝʣʝʤʝʥʪʽʚ ʛʝʦʤʝʪʨʽʾ. 

Component 1 ï Definitions - View 1: 

   View  ï Show geometry labels  = True  

ʉʪʚʦʨʽʪʴ ʨʦʟʨʘʭʫʥʢʦʚʫ ʦʙʣʘʩʪʴ ʤʦʜʝʣʽ, ʷʢʘ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʪʨʴʦʭ ʧʨʠʩʪʠʢʦʚʘʥʠʭ 

ʚʽʜʨʽʟʢʽʚ, ʽ ʟ'ʻʜʥʘʡʪʝ ʾʭ ʚ ʟʙʽʨʢʫ  (assembly). 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :   

   Interval ï Left endpoint , Right endpoint = 0,0.25  

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 2 (i2) :   

   Interval ï Left endpoint , Right endpoint = 0.25,0.75  

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 3 (i3) :   

   Interval ï Left endpoint , Right endpoint = 0.75,1  

  LMB > Build All Objects 
Geometry 1 - Form Union:  

   Form Union/Assembly  ï Action  = Form an a ssembly  

ʆʩʪʘʥʥʷ ʽʥʩʪʨʫʢʮʽʷ ʟʤʽʥʠʪʴ ʥʘʟʚʫ ʚʫʟʣʘ ʥʘ Form Assembly (fin ). 

   Form Union/Assembly  ï Create pairs  = True  

ʎ  ̫ʽʥʩʪʨʫʢʮʽʷ ʚʢʘʟʫʻ ʩʠʩʪʝʤʽ ʩʪʚʦʨʶʚʘʪʠ ʧʘʨʠ (ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʪʠʧʫ 

Identity Pair ).   
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ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ.  

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Fine r  

  LMB> Build All 
ɿʘʜʘʡʪʝ ʛʝʦʤʝʪʨʽʶ, ʥʘ ʷʢʽʡ ʜʽʷʪʠʤʝ ʨʽʚʥʷʥʥʷ ʃʘʧʣʘʩʘ. 

Component 1 - Laplace Equation (lpeq): 

   Domain  Selection  ï Selection = Manual,1,3 (ʚʽʜʨʽʟʢʠ [0,0.25] ̔  [0.75,1]) 

 
ʂʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʃʘʧʣʘʩʘ ʟʘʜʘʚʘʪʠ ʥʝʧʦʪʨʽʙʥʦ. 

  ɿʘʜʘʡʪʝ ʛʝʦʤʝʪʨʽʶ, ʥʘ ʷʢʽʡ ʜʽʷʪʠʤʝ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ, ʽ ʡʦʛʦ ʧʘʨʘʤʝʪʨʠ. 

Poisson's Equation (poeq): 

   Domain  Selection  ï Selection =Manual,2 (ʚʽʜʨʽʟʦʢ [0.25,0.75]) 

 
Poisson's Equation(poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = 1 

   Source  Term ï f = 1 

ɿʘʫʚʘʞʝʥʥʷ. ʈʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʥʝ ʟʤʽʥʠʪʴʩʷ, ʷʢʱʦ ʟʘʜʘʪʠ ʢʦʝʬʽʮʽʻʥʪʠ c=- 1, 

f =- 1. ɸʣʝ ʚ ʧʦʜʘʣʴʰʦʤʫ ʤʠ ʟʘʜʘʚʘʪʠʤʝʤʦ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʧʦʣʷ ʚ ʪʦʯʢʘʭ x=0.25   

ʽ  x=0.75 , ʜʣʷ ʷʢʦʾ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʧʦʚʠʥʥʽ ʙʫʪʠ ʫʟʛʦʜʞʝʥʽ ʟ 

ʨʽʚʥʷʥʥʷʤ ʃʘʧʣʘʩʘ. 

  ɺ ʛʽʣʮʽ Laplace Equation (lpeq) ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʥʫʣʴʦʚʠʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ. 

Laplace Equation (lpeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Laplace Equation (lpeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1,6  (ʣʽʚʠʡ ʽ ʧʨʘʚʠʡ ʢʽʥʮʽ) 
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   Dirichlet Boundary Condition  ï r  = 0  

ʊʝʧʝʨ ʜʦʜʘʡʪʝ ʫʤʦʚʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʨʦʟʚôʷʟʢʽʚ ʫ ʚʫʟʣʘʭ ʩʪʠʢʫʚʘʥʥʷ 

ʨʦʟʨʘʭʫʥʢʦʚʠʭ ʛʝʦʤʝʪʨʽʡ ʜʚʦʭ çʬʽʟʠʢè. ʋʤʦʚʘ ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʦʟʥʘʯʘʻ 

ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ ʽ ʧʦʪʦʢʫ ʚ ʟʦʥʽ ʩʪʠʢʫʚʘʥʥʷ. ʄʘʪʝʤʘʪʠʯʥʦ ʮʝ 

ʦʟʥʘʯʘʻ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʚ ʪʦʯʢʘʭ ʩʪʠʢʫʚʘʥʥʷ ʨʦʟʚôʷʟʢʽʚ ʨʽʚʥʷʥʥʷ ʃʘʧʣʘʩʘ Lu  ʽ  

ʇʫʘʩʩʦʥʘ Pu , ( pL uu =  ʚ ʪʦʯʢʘʭ ʟôʻʜʥʘʥʥʷ) ʽ ʚʝʣʠʯʠʥ, ʧʦʚôʷʟʘʥʠʭ ʟ ʾʭ ʧʦʭʽʜʥʠʤʠ. 

ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ 
x

u
c

x

u PL

µ

µ
-=

µ

µ
Ö-1  ʚ ʪʦʯʢʘʭ  x=0.25    ̔  x=0.75 . ʋʤʦʚʠ 

ʥʝʧʝʨʝʨʚʥʦʩʪʽ ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʶʚʘʪʠ ʚ ʦʙʦʭ ʬʽʟʠʢʘʭ. 

Laplace Equation (lpeq): RMB > Pairs ï Continuity 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Continuity  1 ʚ ʨʦʟʜʽʣʽ Pair Selection  ʚ ʩʧʠʩʢʫ Pairs  

ʚʠʜʽʣʽʪʴ ʧʘʨʠ Identity  Pair  1 ( ap1)    ̔  Identity  Pair  2 ( ap2). ɼʣʷ 

ʮʴʦʛʦ ʫʪʨʠʤʫʶʯʠ ʢʣʘʚʽʰʫ CTRL, ʢʣʘʮʥʽʪʴ ʤʠʰʝʶ ʧʦ ʮʠʤ ʝʣʝʤʝʥʪʘʤ. ɺʦʥʠ 

ʧʨʝʜʩʪʘʚʣʷʶʪʴ ʚʫʟʣʠ ï ʢʽʥʮʽ ʟôʻʜʥʘʥʠʭ ʚʽʜʨʽʟʢʽʚ. 

 

 
ʊʫʪ ʚ ʩʧʠʩʢʫ Selection  ʩʪʦʷʪʴ ʽʥʜʠʢʘʪʦʨʠ ʪʦʯʦʢ ʚʠʢʦʨʠʩʪʦʚʫʚʘʥʠʭ ʧʘʨ ʟʽ 

ʩʪʦʨʽʥ ʨʦʟʛʣʷʜʫʚʘʥʦʾ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ. ɺ ʨʦʟʜʽʣʽ Pair Selection  

ʚʢʘʟʫʶʪʴʩʷ ʧʘʨʠ, ʷʢʽ ʚʠʟʥʘʯʘʶʪʴ ʤʽʩʮʷ ʥʘʢʣʘʜʘʥʥʷ ʫʤʦʚʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ. 

ʆʙʨʘʪʠ ʘʙʦ ʟʥʷʪʠ ʚʠʙʽʨ ʤʦʞʥʘ ʢʦʤʙʽʥʘʮʽʻʶ Ctrl - click . 

  ɸʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ ʚ ʛ̔ ʣʮʽ ʬʽʟʠʢʠ Poisson's Equation (poeq) 

ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ Continuity . 

Poisson's Equation (poeq): RMB > Pairs ï Continuity 

Poisson's Equation (poeq) ï Continuity  1: 

   Boundary Selection  ï Selection = Manual, 3, 4 (ʚʠʜʽʣʠʪʠ ʦʙʠʜʚʽ ʧʘʨʠ)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ʉʪʚʦʨʶʪʁʴʩʷ ʜʚʽ ʛʽʣʢʠ ʟ ʦʜʥʘʢʦʚʠʤʠ ʛʨʘʬʽʢʘʤʠ (ʢʦʞʥʘ çʬʽʟʠʢʘè ʧʦʙʫʜʫʚʘʣʘ 

ʚʣʘʩʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ u). ɺʠʣʫʯʽʪʴ ʜʨʫʛʫ ʛʽʣʢʫ. 

Results - 1D Plot Group 2: RMB > Delete 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʚ ʧʝʨʰʽʡ ʛʨʫʧʽ ʩʪʚʦʨʽʪʴ ʛʨʘʬʽʢ çʘʥʘʣʽʪʠʯʥʦʛʦè ʨʦʟʚôʷʟʢʫ  
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ɼʣʷ ʮʴʦʛʦ ʩʧʦʯʘʪʢʫ ʚ ʤʦʜʝʣʽ ʩʪʚʦʨʽʪʴ ʢʫʩʢʦʚʫ ʬʫʥʢʮʽʶ, ʷʢʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʦʩʪʘʥʥʴʦʶ ʬʦʨʤʫʣʦʶ. 

Component 1(comp1): 
  Definitions  - > Functions  - > Piecewise 

           Function nam e = pw1 

Definition ï Intervals (ʪʘʙʣʠʮʷ)  -  

      ï Start, End, Function = 0,0.25,x/4  

      ï Start, End, Function = 0.25,0.75,  - x^2/2+x/2 - 1/32  

      ï Start, End, Function =   0.75,1,  (1 - x)/4  

ʑʦʙ ʬʫʥʢʮʽʷ ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ, ʚʠʢʦʥʘʡʪʝ ʦʥʦʚʣʝʥʥʷ ʨʦʟʚôʷʟʢʫ.  

Study 1: RMB > Update Solution 

ɺ ʛʽʣʢʫ  1D Plot Group 1 ʜʦʜʘʡʪʝ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ pw1. 

Results - 1D Plot Group 1 - Line Graph 1: RMB > Duplicate  

1D Plot Group 1 - Line Graph 2 : 

   y- Axis Data ï Expression = pw1(x)  

ʉʪʠʣʴ ʢʨʠʚʦʾ ʥʘʣʘʰʪʫʡʪʝ ʪʘʢ, ʱʦʙ ʚʦʥʘ ʚʽʜʨʽʟʥʷʣʘʩʷ ʚʽʜ ʛʨʘʬʽʢʘ 

ʚʝʣʠʯʠʥʠ u. 
  LMB > Plot 

 
ʗʢ ʙʘʯʠʪʝ, ʛʨʘʬʽʢʠ ʩʧʽʚʧʘʜʘʶʪʴ. 

ɿʘʫʚʘʞʝʥʥʷ. ʑʦʙ ʧʘʨʠ ʪʠʧʫ Identity Pair   ʩʪʚʦʨʶʚʘʣʠʩʷ ʩʠʩʪʝʤʦʶ, ʚ ʛʽʣʮʽ 

Geometry ʧʦʪʨʽʙʥʦ ʧʦʙʫʜʫʚʘʪʠ ʪʨʠ ʽʥʪʝʨʚʘʣʠ ʪʘʢ, ʷʢ ʟʦʙʨʘʞʝʥʦ ʥʘ ʥʘʩʪʫʧʥʦʤʫ 

ʨʠʩʫʥʢʫ ʣʽʚʦʨʫʯ. ʂʨʝʩʣʝʥʥʷ ʢʽʣʴʢʦʭ ʚʽʜʨʽʟʢʽʚ ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʜʥʦʛʦ ʚʫʟʣʘ 

Interval  1 ʟ ʪʦʯʢʘʤʠ ʚʩʝʨʝʜʠʥʽ ʪʘʢ, ʷʢ ʟʦʙʨʘʞʝʥʦ ʥʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ 

ʧʨʘʚʦʨʫʯ, ʥʝ ʧʨʠʚʝʜʝ ʜʦ ʧʦʷʚʠ ʚʫʟʣʽʚ ʧʘʨ. 
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5.2.3. ʉʪʘʪʠʯʥʠʡ ʧʨʦʛʠʥ ʩʪʨʫʥʠ ʧʽʜ ʜʽʻʶ ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ. 

ɼʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʨʽʚʥʦʚʘʛʠ ʩʪʨʫʥʠ ʤʘʻ ʚʠʛʣʷʜ )(xfuxx -=¡¡ , ʜʝ

()TxFxf /)( = , T ï ʥʘʪʷʛ ʩʪʨʫʥʠ, ()xF  ï ʟʦʚʥʽʰʥʷ (ʧʦʧʝʨʝʯʥʘ) ʩʠʣʘ, 

ʨʦʟʨʘʭʦʚʘʥʘ ʥʘ ʦʜʠʥʠʮʶ ʜʦʚʞʠʥʠ. ʌʫʥʢʮʽʷ ()xu  ʷʚʣʷʻ ʚʝʨʪʠʢʘʣʴʥʝ ʟʤʽʱʝʥʥʷ 

ʪʦʯʦʢ ʩʪʨʫʥʠ, ʷʢʽ ʤʘʣʠ ʜʦ ʥʘʚʘʥʪʘʞʝʥʥʷ ʛʦʨʠʟʦʥʪʘʣʴʥʫ ʢʦʦʨʜʠʥʘʪʫ x. ʂʨʘʡʦʚʘ 

ʟʘʜʘʯʘ, ʨʦʟʚôʷʟʘʥʘ ʥʘʤʠ ʚ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʨʠʢʣʘʜ,̔ ʤʘ ̒ʪʘʢʠʡ ʚʠʛʣʷʜ, ʽ ʾʾ ʤʦʞʥʘ 

ʽʥʪʝʨʧʨʝʪʫʚʘʪʠ ʷʢ ʨʽʚʥʷʥʥʷ ʩʪʘʪʠʯʥʦʛʦ ʧʨʦʛʠʥʫ ʩʪʨʫʥʠ ʧʽʜ ʜʽʻʶ ʢʫʩʢʦʚʦ-ʩʪʘʣʦʾ 

ʟʦʚʥʽʰʥʴʦʾ ʩʠʣʠ. ʉʭʦʞʠʡ ʚʠʛʣʷʜ ʤʘʻ ʟʘʜʘʯʘ ʨʽʚʥʦʚʘʛʠ ʩʪʨʫʥʠ ʧʽʜ ʜʽʻʶ 

ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ. 

  ʅʝʭʘʡ ʩʪʨʫʥʘ ʟʘʢʨʽʧʣʝʥʘ ʚ ʪʦʯʢʘʭ 00 =x   ̔ Lxn = , ʘ ʟʦʚʥʽʰʥʽ ʩʠʣʠ if  

ʧʨʠʢʣʘʜʝʥʽ ʚ ʪʦʯʢʘʭ ( )1...,,2,1 -= nixi , Lxxxxx nn =<<<<<= -1210 ...0 . 

ʌʫʥʢʮʽʶ()xf , ʩʪʚʦʨʶʚʘʥʫ ʥʘʙʦʨʦʤ ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ ʫ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʢʘʭ xi 

ʚʽʜʨʽʟʢʘ [ ]L,0 , ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ
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- ʬʫʥʢʮʽʷ ɼʽʨʘʢʘ, ʷʢʘ ʜʦʨʽʚʥʶʻ ʥʫʣʶ ʚʩʶʜʠ, ʦʢʨʽʤ ʪʦʯʢʠ xi, ʚ ʷʢʽʡ ʚʦʥʘ 

ʦʙʝʨʪʘʻʪʴʩʷ ʥʘ ʥʝʩʢʽʥʯʝʥʥʽʩʪʴ ʪʘʢ, ʱʦ ʽʥʪʝʛʨʘʣ ʧʦ ʚʽʜʨʽʟʢʫ, ʷʢʠʡ ʤʽʩʪʠʪʴ 

ʪʦʯʢʫ xi, ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ʊʦʜʽ ʟʘʜʘʯʘ ʧʨʦ ʨʽʚʥʦʚʘʛʫ ʩʪʨʫʥʠ ʧʽʜ ʜʽʻʶ 

ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 
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iixx xxfu d , () () 0,00 == Luu .           (1) 

ʋ ʮʽʻʾ ʟʘʜʘʯʽ ʻ çʘʥʘʣʽʪʠʯʥʠʡè ʨʦʟʚôʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʣʘʤʘʥʦʾ 
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ʷʢʠʡ ʤʠ ʚʠʢʦʨʠʩʪʘʻʤʦ ʜʣʷ ʧʦʨʽʚʥʷʥʥʷ ʟ ʯʠʩʝʣʴʥʠʤ ʨʦʟʚôʷʟʢʦʤ. 

  ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯʽ (1) ʚ Comsol ʤʦʞʥʘ ʟʤʦʜʝʣʶʚʘʪʠ ʜʝʣʴʪʘ ʬʫʥʢʮʽʶ 

ɼʽʨʘʢʘ ʟʘ ʜʦʧʦʤʦʛʦʶ çʚʫʟʴʢʦ ʾʟʚʠʯʘʡʥʦèʾ ʬʫʥʢʮʽ,ʾ ʽʥʪʝʛʨʘʣ ʚʽʜ ʷʢʦʾ ʧʦ ʚʽʜʨʽʟʢʫ 

ʾʾ ʥʦʩʽʷ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ʅʘʧʨʠʢʣʘʜ, ʪʘʢʦʶ ʬʫʥʢʮʽʻʶ ʤʦʞʝ ʙʫʪʠ ʢʫʩʢʦʚʦ - 

ʩʪʘʣʘ ʬʫʥʢʮʽʷ  
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ʧʨʠ ʤʘʣʦʤʫ ʟʥʘʯʝʥʥʽ ʧʘʨʘʤʝʪʨʘ Ů. ʊʘ, ʷʢʱʦ ʜʦʚʞʠʥʘ ʾʾ ʥʦʩʽʷ ʤʝʥʰʝ ʜʦʚʞʠʥʠ 

ʩʢʽʥʯʝʥʥʠʭ ʝʣʝʤʝʥʪʽʚ, ʪʦ ʯʠʩʝʣʴʥʠʡ ʤʝʪʦʜ ʤʦʞʝ çʥʝ ʧʦʤʽʪʠʪʠè ʪʘʢʫ çʚʫʟʴʢʫè 

ʬʫʥʢʮʽʶ ʽ ʚʠ ʦʪʨʠʤʘʻʪʝ ʭʠʙʥʠʡ ʨʝʟʫʣʴʪʘʪ. ɼʣʷ ʥʘʙʣʠʞʝʥʥʷ ʜʝʣʴʪʘ ʬʫʥʢʮʽʾ 

ʢʨʘʱʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʥʝʧʝʨʝʨʚʥʫ ʛʣʘʜʢʫ ʬʫʥʢʮʽʶ, ʥʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʶ ɻʘʫʩʘ 

() pss 2/
22 2/xexf -= . ɺʦʥʘ ʤʘʻ ʜʟʚʽʥʦʧʦʜʽʙʥʫ ʬʦʨʤʫ ʽ ʟʘʜʦʚʦʣʴʥʷʻ ʫʤʦʚʽ 

() 1=ñ
¤

¤-
xdxf . ʇʨʠ ʥʝʚʝʣʠʢʦʤʫ ʟʥʘʯʝʥʥʽ ʧʘʨʘʤʝʪʨʘ ů ʬʫʥʢʮʽʷ ɻʘʫʩʘ ʤʘʻ 

çʚʫʟʴʢʠʡè ʛʨʘʬʽʢ ʽ ʧʨʠ ʤʘʣʦʤʫ (ʘʣʝ ʥʝ ʟʘʥʘʜʪʦ) ů ʾʾ ʤʦʞʥʘ ʟʘʩʪʦʩʦʚʫʚʘʪʠ 

ʟʘʤʽʩʪʴ ʜʝʣʴʪʘ-ʬʫʥʢʮʽʾ. ʆʜʥʘʢ ʚ COMSOL ʻ ʽʥʰʝ ʨʽʰʝʥʥʷ. ɺʦʥʦ ʧʦʣʷʛʘʻ ʫ 

ʚʠʢʦʨʠʩʪʘʥʥʽ ʚʙʫʜʦʚʘʥʦʛʦ ʽʥʩʪʨʫʤʝʥʪʫ ʪʦʯʢʦʚʠʭ ʜʞʝʨʝʣ Point Source , ʘ ʚ 

ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʚʠʧʘʜʢʫ ï  Flux/Source . 
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ʇʨʠʢʣʘʜ. ʈʦʟʚôʷʞʝʤʦ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ (1) ʟ ʥʘʩʪʫʧʥʠʤʠ ʜʘʥʠʤʠ: 

2,1,2,1,3 2121 ===== ffxxL . ɼʠʬʝʨʝʥʮʽʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

( ) ( )221 ----=¡¡ xxuxx dd , ʘ çʘʥʘʣʽʪʠʯʥʠʡè ʨʦʟʚôʷʟʦʢ (2) ʤʘʻ ʚʠʛʣʷʜ  

22/16/2/5)( -----= xxxxu . 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

     PDE Interfaces - Coefficient Form PDE (c) - > Stationary 

Untitled.mph (root): Unit  System  ï <> = None 

ʇʦʙʫʜʫʡʪʝ ʛʝʦʤʝʪʨʽ ʁʤʦʜʝʣʽ, ʷʢʘ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,3] ʽ ʜʚʦʭ ʪʦʯʦʢ x=1, 

x=2. ʊʦʯʢʠ ʧʦʪʨʽʙʥʽ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʟʛʦʜʦʤ ʚʠ ʤʦʛʣʠ ʚʢʘʟʘʪʠ ʾʭ ʧʨʠ ʟʘʜʘʥʥʽ ʤʽʩʮʷ 

ʧʨʠʢʣʘʜʘʥʥʷ ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ.  

  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1): 

   Interval ï Left endpoint , Right endpoint = 0,3  

  Geometry  - > Primitives  - > Point 

Geometry 1 ï Point 1 (pt1): 

   Poi nt ï x =1,2  

  LMB > Build All Objects 

ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1: 

   Mesh Settings ïElement size = Extremely fine  

  LMB > Build Mesh 
ɿʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Coefficient Form PDE (c) - 

Coefficient Form PDE 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʩʪʦʷʪʴ ʥʦʤʝʨʠ  

1,2,3  ï ʽʥʜʠʢʘʪʦʨʠ ʚʩʽʭ ʯʘʩʪʠʥ ʚʽʜʨʽʟʢʘ [0,3]. ʂʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʡʪʝ ʚ 

ʧʦʣʷʭ ʚ ʥʠʞʥʽʡ ʯʘʩʪʠʥʽ ʮʽʻʾ ʇɺ. 

Coefficient Form PDE (c) - Coefficient Form PDE 1: 

   Diffusion Coefficient ï c = - 1 

   Absorption Coefficient ï a = 0 

   Source Term ï f =0 

ʈʝʰʪʫ ʢʦʝʬʽʮʽʻʥʪʠ ʧʦʢʣʘʜʽʪʴ ʥʫʣʷʤʠ: ea=0, da=0, Ŭ=0, ɓ=0, ɔ=0. 

  ʄʠ ʚʞʝ ʢʘʟʘʣʠ, ʱʦ ʯʣʝʥ f  ʷʚʣʷʻ ʟʦʚʥʽʰʥʽʡ ʚʧʣʠʚ, ʷʢʠʡ ʤʦʞʥʘ ʟʘʜʘʚʘʪʠ ʥʝ 

ʚ ʧʦʣʽ Source  Term ï f, ʘ ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʩʧʝʮʽʘʣʴʥ ̔ ʚʫʟʣʠ ʜʞʝʨʝʣ ʪʠʧʫ 

Source   ʘʙʦ  Flux/Source . ɿʦʢʨʝʤʘ, ʜʞʝʨʝʣʘ ʤʦʞʫʪʴ ʙʫʪʠ ʪʦʯʢʦʚʠʤʠ. 

ɿʘʫʚʘʞʝʥʥʷ. ɺ ʦʜʥʦʚʠʤʽʨʥʠʭ ʤʦʜʝʣʷʭ ʟʦʚʥʽʰʥʻ ʟʦʩʝʨʝʜʞʝʥʝ ʟʫʩʠʣʣʷ ʟʘʜʘʻʪʴʩʷ 

ʢʦʤʘʥʜʦ  ʁ Physics  > Boundary  -  Boundaries  ï Flux/Source, ʘ ʟʦʚʥʽʰʥʻ 

ʨʦʟʧʦʜʽʣʝʥʝ ʟʫʩʠʣʣʷ ï ʢʦʤʘʥʜʦʶ  Physics  > Domain  -  Domains  ï Source. 

ɼʦʜʘʡʪʝ ʚ çʬʽʟʠʢʫè Coefficient Form PDE(c) ʚʫʟʣʠ ʪʠʧʫ Flux / Source , ʷʢʽ 

ʙʫʜʫʪʴ ʧʨʝʜʩʪʘʚʣʷʪʠ ʟʦʩʝʨʝʜʞʝʥʽ ʥʘʚʘʥʪʘʞʝʥʥʷ. 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Coefficient Form PDE (c) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2      (ʪʦʯʢʘ x=1) 
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   Boundary Flux/Sou rce ï g =- 1  

ɿʘʫʚʘʞʝʥʥʷ. ʊʫʪ ʟʦʩʝʨʝʜʞʝʥʘ ʩʠʣʘ ʜʦʜʘʪʥʘ ʽ ʜʽʻ ʚʛʦʨʫ. 

ɼʦʜʘʡʪʝ ʜʨʫʛʫ ʟʦʩʝʨʝʜʞʝʥʫ ʩʠʣʫ. 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

   Boundary Selection ï Selection, < > = Manual, 3     (ʪʦʯʢʘ x=2) 

   Boundary Flux/S ource ï g =- 2        (ʚʝʣʠʯʠʥʘ ʟʦʩʝʨʝʜʞʝʥʦʾ ʩʠʣʠ) 

ɿʘʫʚʘʞʝʥʥʷ. ʋ ʚʠʧʘʜʢʫ Coefficient  Form PDE ʽʥʪʝʨʬʝʡʩʫ ʚʫʟʦʣ 

Flux / Source   ʚ ʢʽʥʮʝʚʠʭ ʪʦʯʢʘʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ (ʚʽʜʨʽʟʢʘ) ʨʝʘʣʽʟʫʻ 

ʫʤʦʚʫ ( ) uqguuc -=+-Ð-Ö- gan . ʇʨʠ ʦʙʨʘʥʠʭ ʟʥʘʯʝʥʥʷʭ ʧʘʨʘʤʝʪʨʽʚ,  

0,0,0 === qga  ʚʦʥʘ ʤʘʻ ʚʠʜ guc =ÐÖn , ʜʝ xuu ¡=Ð°= iin ,  (ʪʫʪ i ï 

ʦʜʠʥʠʯʥʠʡ ʚʝʢʪʦʨ ʚʟʜʦʚʞ ʦʩʽ X). ʆʪʞʝ ʫʤʦʚʘ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ cgux /=¡° , ʷʢʠʡ 

ʬʘʢʪʠʯʥʦ ʟʘʜʘʻ ʟʥʘʯʝʥʥʷ  ʧʦʭʽʜʥʦʾ ʚ ʢʽʥʮʝʚʠʭ ʪʦʯʢʘʭ ʚʽʜʨʽʟʢʘ. ɸʣʝ ʜʣʷ 

ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ ʚʽʜʨʽʟʢʘ ʩʝʥʩ ʫʤʦʚʠ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʚʦʥʘ ʟʘʜʘʻ ʩʪʨʠʙʦʢ 

ʧʦʭʽʜʥʦʾ ʧʨʠ ʧʝʨʝʭʦʜʽ ʯʝʨʝʟ ʪʦʯʢʫ (ʘ ʥʝ ʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʦʾ). ʊʦʜʽ ʫʤʦʚʫ ʤʦʞʥʘ 

ʽʥʪʝʨʧʨʝʪʫʚʘʪʠ ʷʢ ʪʦʯʢʦʚʝ ʜʞʝʨʝʣʦ (ʟʦʚʥʽʰʥʴʦʾ ʩʠʣʠ, ʪʝʧʣʘ ʪʘ ʽʥ.). ɼʽʡʩʥʦ, ʟ (1) 

ʧʽʩʣʷ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʠʧʣʠʚʘʻ 
1

1

1
)( CxxHfu

n

i iix +-Ö-=¡ ä
-

=
, ʜʝ )(xH  ʬʫʥʢʮʽʷ 

ʍʝʚʠʩʘʡʜʘ. ʗʢʱʦ ʨʦʟʛʣʷʥʫʪʠ ʦʢʦʣʠʮʶ ʪʦʯʢʠ kxx= , ʪʦ ʣʽʚʦʨʫʯ ʚʽʜ ʥʝʾ 

ʤʘʪʠʤʝʤʦ ( ) 1

1

1
0 Cfxu

k

i ikx +-=-¡ ä
-

=
, ʘ ʧʨʘʚʦʨʫʯ ( ) 111

0 Cfxu
k

i ikx +-=+¡ ä=
. ʊʦʜʽ 

ʩʪʨʠʙʦʢ ʧʦʭʽʜʥʦʾ ʚ ʪʦʯʮʽ kx  ʜʦʨʽʚʥʶʚʘʪʠʤʝ  ( ) ( ) kkxkx fxuxu -=-¡-+¡ 00 . ʅʘ 

ʟʦʚʥʽʰʥʽʡ ʤʝʞʽ ʦʜʥʘ ʟ ʮʠʭ ʦʜʥʦʙʽʯʥʠʭ ʧʦʭʽʜʥʠʭ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʽ ʪʦʤʫ ʚʫʟʦʣ 

Flux / Source   ʥʘ ʥʽʡ ʟʘʜʘʻ  ʚʝʣʠʯʠʥʫ ʧʨʦʧʦʨʮʽʡʥʫ ʧʦʭʽʜʥʽʡ (ʟ ʤʥʦʞʥʠʢʦʤ c). 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  - > Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 1: 

   Boundary Selection  ï Selection = Manual,1,4  (ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [0,3]) 

   Dirichlet Boundary Condition  ï r  = 0  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ɺ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ 1D Plot Group 1 ï Line Graph 1 ʚʠ ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢ 

ʨʦʟʚôʷʟʢʫ. 

  ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ çʪʦʯʥʦʛʦè ʨʦʟʚôʷʟʢʫ. ɼʣʷ ʮʴʦʛʦ ʚ 

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 1 ʜʦʜʘʡʪʝ ʱʝ ʦʜʠʥ ʣʽʥʽʡʥʠʡ ʛʨʘʬʽʢ. 

   1D Plot Group 1  -> Add Plot  ï Line Graph 

1D Plot Group 1 - Line Graph 2: 

   Selection ï < > = 1 ,2,3          ( ʽʥʜʠʢʘʪʦʨʠ ʯʘʩʪʠʥ ʚʽʜʨʽʟʢʘ [0,3] ) 

   y- Axis Data ï Expression = 5/2 - x/6 - abs(x - 1)/2 - abs(x - 2)+0.05  

   x- Axis Data ï Parameter, Expression = Expression ,x  

  LMB > Plot 

ɺ ʧʦʣ ̔ Expression  ʜʦʜʘʥʦʢ 0.05  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʛʨʘʬʽʢʠ 

ʥʘʙʣʠʞʝʥʦʛʦ  ̔ʪʦʯʥʦʛʦ ʨʦʟʚôʷʟʢʽʚ ʥʝ ʟʣʠʚʘʣʠʩʷ. 
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5.2.4. ʂʨʘʡʦʚʘ ʟʘʜʘʯʘ () ()11,00,0))1(( ===¡¡+ uuuu . 

ʈʦʟʚôʷʞʝʤʦ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ 

( ) 01 =öö
÷

õ
ææ
ç

å
+

xd

ud
u

xd

d
,  () ()11,00 == uu .  

ɺʦʥʘ ʻ ʤʘʪʝʤʘʪʠʯʥʦʶ ʤʦʜʝʣʣʶ ʟʘʜʘʯʽ ʩʪʘʮʽʦʥʘʨʥʦʾ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʚ 

ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʪʝʧʣʦʽʟʦʣʴʦʚʘʥʦʤʫ ʟ ʙʦʢʽʚ ʩʪʨʠʞʥʽ, ʢʽʥʮʽ ʷʢʦʛʦ ʧʽʜʪʨʠʤʫʶʪʴʩʷ 

ʧʨʠ ʪʝʤʧʝʨʘʪʫʨʘʭ 0 ʽ 1, ʽ ʟ ʢʦʝʬʽʮʽʻʥʪʦʤ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ k, ʱʦ ʟʘʣʝʞʠʪʴ ʚʽʜ 

ʪʝʤʧʝʨʘʪʫʨʠ  u  ʟʘ ʬʦʨʤʫʣʦʶ uk +=1 . 

  ɼʣʷ ʪʨʝʥʫʚʘʥʥʷ ʧʦʢʘʞʝʤʦ, ʷʢ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʟʘʛʘʣʴʥʘ (ʛʝʥʝʨʘʣʴʥʘ) 

ʬʦʨʤʘ ʨʽʚʥʷʥʴ Comsol Multiphysics.  

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʙʝʟʨʦʟʤʽʨʥʫ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ 
  File - > New - > Model Wizard - > 1D - > Mathematics -  

    PDE Interfaces - General Form PDE (g) - > Stationary 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,1].  

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :  LMB > Build All Objects 
ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 (comp1) - Mesh 1 : LMB > Build All 

ɿʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʚʽʨʪʝ , ʱʦ ʚ ʇɺ ʚʫʟʣʘ General Form PDE (g) - General 

Form PDE 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ.  

  ɺ ʨʦʟʜʽʣʽ Equation  ʥʘʚʝʜʝʥʦ ʚʠʜ ʨʽʚʥʷʥʥʷ ʚ ʟʘʛʘʣʴʥʽʡ (ʛʝʥʝʨʘʣʴʥʽʡ) ʬʦʨʤ ̔

f
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d
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. 

ʇʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʶʪʴʩʷ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʠ ʮ̔ ʻʾ ʇɺ. 

General Form PDE (g) - General Form PDE 1: 

   Conservative Flux ï ɻ = (1+u)*ux  

 
   Source Term ï f  = 0 

   Damping or Mass Coefficient ï da = 0 

   Mass Coefficient ï ea = 0 

ʎʠʤ ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ( ) 01 =öö
÷

õ
ææ
ç

å
+

xd

ud
u

xd

d
. 
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  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection = Manual  

   Boundary Selection ï < > = 1    (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = 0 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  2: 

   Boundary Selection ï Selection = Manual  

   Boundary Selection ï < > = 2    (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = 1 

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot Group 1 

ï Line Graph 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

 
ʆʙʯʠʩʣʽʪʴ ʩʝʨʝʜʥʶ ʪʝʤʧʝʨʘʪʫʨʫ ʩʪʨʠʞʥʷ.  

Results ï Derived Values: RMB > Integration ï Line Integration 

 
Line Integration 1:  

   Selection ï < > = 1           (ʚʽʜʨʽʟʦʢ  [0,1]) 

ʎʠʤ ʚʠʟʥʘʯʘʻʪʴʩʷ ʚʽʜʨʽʟʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ. ɼʘʣʽ ʚʚʝʜʽʪʴ ʚʠʨʘʟ, ʷʢʠʡ ʙʫʜʝ 

ʽʥʪʝʛʨʫʚʘʪʠʩʷ. 

   Expression  ï Expression = u 

ʅʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Evaluate ʽ ʚ ʽʥʬʦʨʤʘʮʽʡʥʽʡ ʟʦʥʽ ʚʠ ʧʦʙʘʯʠʪʝ ʟʥʘʯʝʥʥʷ 

ʽʥʪʝʛʨʘʣʘ ñ
1

0
xdu . 

 
ɺʽʥ ʧʨʝʜʩʪʘʚʣʷʻ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ, ʷʢʝ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

ññ=
1

0

1

0
xdxduuʩʨ . ʆʜʥʘʢ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʤʦʞʥʘ ʦʙʯʠʩʣʶʚʘʪʠ ʘʥʘʣʦʛʽʯʥʦ 

ʦʙʯʠʩʣʝʥʥʶ ʽʥʪʝʛʨʘʣʘ.  

Results ï Derived Values: RMB > Average ï Line Average 

Line Average 1: 

   Selection ï < > = 1           (ʚʽʜʨʽʟʦʢ  [0,1]) 

   Expression ï Expression = u 

ʅʘ ʢʥʦʧʮʽ-ʩʧʠʩʢʫ Evaluate ʚʠʙʝʨʽʪʴ Table 1 ï Line Integration 1(u), ʪʦʙʪʦ 

ʚʠʢʦʥʘʡʪʝ ʜʨʫʢ ʟʥʘʯʝʥʥʷ ʚ ʧʦʧʝʨʝʜʥʶ ʪʘʙʣʠʮʶ. 
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ɺʠ ʦʪʨʠʤʘʻʪʝ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ 0.55556 , ʷʢʝ ʟʙʽʛʘʻʪʴʩʷ ʟʽ ʟʥʘʯʝʥʥʷʤ ʽʥʪʝʛʨʘʣʘ, 

ʦʪʨʠʤʘʥʠʤ ʨʘʥʽʰʝ. 

 
ʈʦʟʛʣʷʥʫʪʫ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ ʤʦʞʥʘ ʽʥʪʝʨʧʨʝʪʫʚʘʪʠ ʷʢ ʟʘʜʘʯʫ ʩʪʘʮʽʦʥʘʨʥʦʾ 

ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʚ ʧʣʦʩʢʽʡ ʩʪʽʥʮʽ ʟʘʚʪʦʚʰʢʠ ʦʜʠʥʠʮʷ ʽʟ ʟʘʣʝʞʥʠʤ ʚʽʜ 

ʪʝʤʧʝʨʘʪʫʨʠ ʢʦʝʬʽʮʽʻʥʪʦʤ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. ʈʦʟʚôʷʟʘʥʥʷ ʤʘʪʝʤʘʪʠʯʥʦʾ ʟʘʜʘʯʽ 

ʚʽʜ ʬʽʟʠʯʥʦʾ ʽʥʪʝʨʧʨʝʪʘʮʽʾ ʥʝ ʟʘʣʝʞʠʪʴ, ʦʜʥʘʢ ʛʨʘʬʽʯʥʝ ʟʦʙʨʘʞʝʥʥʷ ʨʦʟʚôʷʟʢʫ 

ʤʦʞʝ ʙʫʪʠ ʥʘʦʯʥʽʰʠʤ, ʷʢʱʦ ʧʦʙʫʜʫʚʘʪʠ ʟʘʣʠʪʠʡ ʢʦʥʪʫʨʥʠʡ ʛʨʘʬʽʢ 

ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʪʦʚʱʠʥʽ ʩʪʽʥʢʠ. ʇʦʢʘʞʝʤʦ, ʷʢ ʮʝ ʤʦʞʥʘ ʟʨʦʙʠʪʠ. 

  ʑʦʙ ʧʦʙʫʜʫʚʘʪʠ ʧʦʚʝʨʭʥʝʚʠʡ ʛʨʘʬʽʢ ʧʦʪʨʽʙʥʦ ʤʘʪʠ ʜʚʦʚʠʤʽʨʥʝ ʜʞʝʨʝʣʦ 

ʜʘʥʠʭ. ʆʜʠʥ ʽʟ ʩʧʦʩʦʙʽʚ ʧʦʣʷʛʘʻ ʚ ʩʪʚʦʨʝʥʥʽ ʚ ʤʦʜʝʣʽ ʢʦʤʧʦʥʝʥʪʘ ʟ 

ʜʚʦʚʠʤʽʨʥʦʶ ʛʝʦʤʝʪʨʽʻʁ, ʥʘ ʷʢʽʡ ʟʛʦʜʦʤ ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ ʛʨʘʬʽʢ. ɸʣʝ, 

ʦʩʢʽʣʴʢʠ ʜʚʦʚʠʤʽʨʥʘ ʬʽʛʫʨʘ ʤʘʪʠʤʝ ʧʨʷʤʦʢʫʪʥʫ ʬʦʨʤʫ (ʟʦʙʨʘʞʘʪʠʤʝ ʯʘʩʪʠʥʫ 

ʧʝʨʝʨʽʟʫ ʩʪʽʥʢʠ), ʪʦ ʧʨʦʩʪʽʰʝ ʚʠʢʦʨʠʩʪʘʪʠ ʜʞʝʨʝʣʦ ʜʘʥʠʭ ʪʠʧʫ Grid  2D  (ʪʦʙʪʦ 

ʢʦʤʧʦʥʝʥʪ ʤʦʞʥʘ ʥʝ ʩʪʚʦʨʶʚʘʪʠ). 

Results ï Data Sets : RMB > More Data Sets - Grid 2D 

Data Sets  - Grid 2D 1:  

   Data ï Source = Data set  

   Data ï Data set = Study 1/Solution  1 

ɿʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ɼɼ Grid 2D  ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʢʚʘʜʨʘʪ ]1,0[]1,0[ ³ . ɸʣʝ 

ʜʚʦʚʠʤʽʨʥʦʛʦ ɼɼ ʟʘʤʘʣʦ. ʉʧʨʘʚʘ ʚ ʪʦʤʫ, ʱʦ ʘʙʩʮʠʩʘ ʚ ɼɼ Grid  2D  ʥʝ 

ʧʦʚôʷʟʘʥʘ ʟ ʧʦʟʜʦʚʞʥʴʦʶ ʢʦʦʨʜʠʥʘʪʦʶ ʚʽʜʨʽʟʢʘ [0,1], ʷʢʠʡ ʻ ʨʦʟʨʘʭʫʥʢʦʚʦʶ 

ʦʙʣʘʩʪʶ ʥʘʰʦʾ ʤʦʜʝʣʽ. ɼʣʷ ʧʦʙʫʜʦʚʠ ʥʘʜ ɼɼ Grid  2D  ʢʦʥʪʫʨʥʦʛʦ ʛʨʘʬʽʢʘ 

ʨʦʟʚôʷʟʢʫ u ʥʘʤ ʟʥʘʜʦʙʠʪʴʩʷ ʦʧʝʨʘʪʦʨ ʚʽʜʧʦʚʽʜʥʦʩʪʽ (coupling operator). ɺʽʥ 

ʙʫʜʝ ʚʩʪʘʥʦʚʣʶʚʘʪʠ ʚʽʜʦʙʨʘʞʝʥʥʷ ʪʦʯʦʢ sx  ʚʽʜʨʽʟʢʘ-ʜʞʝʨʝʣʘ [0,1] ʽ ʪʦʯʦʢ 

],[ dd yx  ʢʚʘʜʨʘʪʘ-ʘʜʨʝʩʘʪʘ ʟʘ ʬʦʨʤʫʣʦ sd xx = . 

 
ʆʧʝʨʘʪʦʨʠ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʩʪʚʦʨʶʶʪʴʩʷ ʫ ʚʫʟʣʘʭ Definitions  ʢʦʤʧʦʥʝʥʪʽʚ-

ʜʞʝʨʝʣ, ʽ ʤʦʞʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʥʘ ʚʩʽʭ ʝʪʘʧʘʭ ʨʦʙʦʪʠ ʟ ʤʦʜʝʣʷʤʠ. 

  ɼʣʷ ʩʪʚʦʨʝʥʥʷ ʪʘʢʦʛʦ ʦʧʝʨʘʪʦʨʘ ʚʠʢʦʥʘʡʪʝ ʽʥʩʪʨʫʢʮʽʾ. 

Component 1: 

  Definitions - >Coupling - Component Coupling - General  Extrusion  
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Definitions - General Extrusion 1 (genext1): 

   Source Selection ï Selection ï Manual, < > = Manual,1   (ʚʽʜʨʽʟʦʢ [0,1]) 

   Destination  Map ï x-expression = x 

ʊʫʪ ʚ ʧʦʣʽ x-expression  ʧʘʨʘʤʝʪʨ x ʻ ʘʙʩʮʠʩʦʶ ʚ ʨʦʟʨʘʭʫʥʢʦʚʽʡ ʦʙʣʘʩʪʽ 

ʘʜʨʝʩʘʪʘ (ʙʫʜʴ-ʷʢ̔ʡ ʛʝʦʤʝʪʨʽʾ, ʚ ʷʢʽʡ ʽʩʥʫʻ ʢʦʦʨʜʠʥʘʪʘ x; ʚ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʮʝ 

ʙʫʜʝ ʘʙʩʮʠʩʘ ʪʦʯʦʢ ɼɼ Grid  2D). ɺ ʧʦʣ ̔Opertor name  ʟʘʣʠʰʪʝ ʽʤ'ʷ genext1  

ʙʝʟ ʟʤʽʥ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʮʝʡ ʦʧʝʨʘʪʦʨ ʟʘʜʘʚʘʪʠʤʝ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʘʙʩʮʠʩ ʪʦʯʦʢ 

ʚʽʜʨʽʟʢʘ ʽ ʘʙʩʮʠʩ ʪʦʯʦʢ ɼɼ Grid  2D. ʇʨʠ ʮʴʦʤʫ ʚʠʢʦʨʠʩʪʘʥʥʷ ʦʧʝʨʘʪʦʨʘ ʫ 

ʚʠʛʣʷʜʽ genext1 (u)  ʦʟʥʘʯʘʪʠʤʝ ʦʙʯʠʩʣʝʥʥʷ ʚ ʪʦʯʮʽ (x,y)  ʘʜʨʝʩʘʪʘ 

ʚʠʨʘʟʫ u(x) . 

  ʆʧʝʨʘʪʦʨ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʚ ʙʫʜʴ-ʷʢʠʭ ʤʽʩʮʷʭ ʤʦʜʝʣʽ. 

ɼʣʷ ʢʦʥʢʨʝʪʥʦʩʪʽ ʧʝʨʝʜ ʡʦʛʦ ʽʤ'ʷʤ ʩʣʽʜ ʧʠʩʘʪʠ ʧʨʝʬʽʢʩ comp1 ï ʽʤ'ʷ 

ʢʦʤʧʦʥʝʥʪʘ, ʚ ʷʢʦʤʫ ʦʧʝʨʘʪʦʨ ʩʪʚʦʨʝʥʠʡ, ʽ ʟ ʷʢʦʛʦ ʚʠʙʠʨʘʻʪʴʩʷ ʚʝʣʠʯʠʥʘ u 

(ʪʦʙʪʦ ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʟʘʧʠʩ comp1.genext1(u) ).  

  ʇʝʨʝʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ. 

  Home ->  Compute 

ɼʣʷ ʧʦʙʫʜʦʚʠ ʢʦʣʴʦʨʦʚʦʛʦ ʛʨʘʬʽʢʘ ʪʝʤʧʝʨʘʪʫʨʠ ʩʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ 

ʛʨʫʧʫ ʽ ʚ ʥʽʡ Surface  ʛʨʘʬʽʢ. 

  Results  -> Plot Group ï 2D Plot Group 

2D Plot Group 2: 

   Data ï Data set = Grid 2D 1  

  2D Plot Group 2  ->  Surface 

2D Plot Group 2 ï Surface 1: 

   y- Axis Data ï Expression = comp1.genext1(u)  

   Coloring and Style ï Color table = Thermal  

  LMB > Plot 

ɺ ʧʨʷʤʦʢʫʪʥʠʢʫ Grid  2D ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ ʟʘʣʠʪʠʡ ʢʦʥʪʫʨʥʠʡ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ 

( ) ()xuyxU =, , ʷʢʠʡ ʚ ʢʦʣʴʦʨʽ ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʪʦʚʱʠʥʽ 

ʩʪʽʥʢʠ. 

 
ɼʣʷ ʧʦʷʩʥʝʥʥʷ ʨʦʙʦʪʠ General Extrusion ʦʧʝʨʘʪʦʨʘ ʩʪʚʦʨʠʤʦ ʱʝ ʦʜʠʥ ʦʧʝʨʘʪʦʨ, 

ʷʢʠʡ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠ ʚʽʜʧʦʚʽʜʥʽʩʪʴ 
2

22

dd
s

yx
x

+
ª

 
ʤʽʞ ʪʦʯʢʘʤʠ ʚʽʜʨʽʟʢʘ 

]1,0[Ísx   ʽ ʪʦʯʢʘʤʠ ʢʚʘʜʨʘʪʘ ( ) ]1,0[]1,0[, ³Ídd yx . 

Component 1: 

  Definitions - >Coupling - Component Coupling - General Extrusion  

Definitions - General Extrusion 2 (genext2): 
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   Source Selection ï Selection ï Manual, < > = Manual,1  (ʚʽʜʨʽʟʦʢ [0,1]) 

   Destination Map  ï  x-expression = sqrt((x^2+y^2)/2)  

ʊʫʪ ʚ ʧʦʣ ̔ x-expression  ʚʠʨʘʟ sqrt (( x^2+y^2)/2)  ʧʨʝʜʩʪʘʚʣʷʻ ʚʽʜʩʪʘʥʴ (ʟ 

ʪʦʯʥʽʩʪʶ ʜʦ ʤʥʦʞʥʠʢʘ 2) ʪʦʯʦʢ ʢʚʘʜʨʘʪʘ ʜʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ɺ ʧʦʣʽ 

Opertor name  ʟʘʣʠʰʪʝ ʽʤ'ʷ genext2 . ɺʠʢʦʨʠʩʪʘʥʥʷ ʚʠʨʘʟʫ genext2(u)  ʥʘʜ 

ʜʚʦʚʠʤʽʨʥʠʤ ɼɼ Grid  2D ʙʫʜʝ ʦʟʥʘʯʘʪʠ ʦʙʯʠʩʣʝʥʥʷ ʚ ʡʦʛʦ ʪʦʯʢʘʭ ʚʠʨʘʟʫ 

( )2/)( 22 yxu + . 

ʇʦʥʦʚʽʪʴ ʨʦʟʚôʷʟʦʢ. 

Study 1: RMB > Update Solition 

ʉʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʽ ʚ ʥʽʡ Surface  ʛʨʘʬʽʢ. 

  Results  -> Plot Group ï 2D Plot Group 

2D Plot Group 3: 

   Data ï Data set = Grid 2D 1  

   2D Plot Group 3  ->  Surface 

2D Plot Group 3 ï Surface 1: 

   y- Axis Data ï Expression = comp1.genext2(u)  

  LMB > Plot 

 
ɿʘʫʚʘʞʝʥʥʷ. ʇʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ General Extrusion  ʦʧʝʨʘʪʦʨʘ ʚʘʞʣʠʚʦ, ʱʦʙ 

ʟʥʘʯʝʥʥʷ ʚʠʨʘʟʫ sqrt (( x^2+y^2)/2)  ʥʝ ʚʠʭʦʜʠʣʦ ʟʘ ʤʝʞʽ ʛʝʦʤʝʪʨʽʾ ʜʞʝʨʝʣʘ 

(ʚʽʜʨʽʟʢʘ [0,1]). ɺ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʧʦʪʨʽʙʥʦ ʜʦʪʨʠʤʫʚʘʪʠ ʥʝʨʽʚʥʽʩʪʴ 

120 22 ¢+¢ yx  (ʱʦ ʚʠʢʦʥʫʻʪʴʩʷ). 

ʇʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʤʠ ʙʘʞʘʻʤʦ ʧʨʦʘʥʘʣʽʟʫʚʘʪʠ 

ʨʦʟʚôʷʟʦʢ ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ 

( ) 01 =öö
÷

õ
ææ
ç

å
+

xd

ud
uk

xd

d
, () ()11,00 == uu  

ʧʨʠ ʨʽʟʥʠʭ ʟʥʘʯʝʥʥʷʭ ʧʘʨʘʤʝʪʨʘ k. ɿʚʠʯʘʡʥʦ, ʚ ʤʦʜʝʣʽ ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ 

ʧʘʨʘʤʝʪʨ k ʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʡʦʛʦ ʧʽʜ ʯʘʩ ʟʘʧʠʩʫ ʨʽʚʥʷʥʥʷ. ʇʦʪʽʤ ʤʦʞʥʘ 

ʟʤʽʥʶʚʘʪʠ ʟʥʘʯʝʥʥʷ k ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʽ ʜʣʷ ʥʦʚʦʛʦ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ 

ʢʦʞʝʥ ʨʘʟ ʧʨʦʚʦʜʠʪʠ ʦʙʯʠʩʣʝʥʥʷ. ʇʨʦʪʝ ʨʦʟʨʦʙʥʠʢʘʤʠ ʩʠʩʪʝʤʠ ʧʝʨʝʜʙʘʯʝʥʘ 

ʤʦʞʣʠʚʽʩʪʴ ʚʠʢʦʥʘʥʥʷ ʦʜʥʦʛʦ ʦʙʯʠʩʣʝʥʥʷ ʚʽʜʨʘʟʫ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʘ. 

ʎʝ ʥʘʟʠʚʘʻʪʴʩʷ Parametric Sweep  ʜʦʩʣʽʜʞʝʥʥʷʤ (ʧʘʨʘʤʝʪʨʠʯʥʠʤ ʘʥʘʣʽʟʦʤ). 

ʇʦʢʘʞʝʤʦ, ʷʢ ʡʦʛʦ ʚʠʢʦʥʘʪʠ. 

  ʇʨʦʜʦʚʞʠʪʴ ʨʦʙʦʪʫ ʟ ʧʦʪʦʯʥʦʶ ʤʦʜʝʣʣʶ. ʇʦʯʥʽʪʴ ʟ ʪʦʛʦ, ʱʦ ʚ ʛʽʣʮʽ Global 

Definitions ʟʛʝʥʝʨʫʡʪʝ ʚʫʟʦʣ, ʷʢʠʡ ʧʨʠʟʥʘʯʝʥʠʡ ʜʣʷ ʩʪʚʦʨʝʥʥʷ ʧʘʨʘʤʝʪʨʽʚ.  
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Global Definitions: RMB > Parameters 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parameters ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name  

ʚʚʝʜʽʪʴ ʽʤ'ʷ ʧʘʨʘʤʝʪʨʘ k, ʘ ʚ ʢʦʣʦʥʮʽ Expression  ʚʚʝʜʽʪʴ ʷʢʝʩʴ ʟʥʘʯʝʥʥʷ, 

ʥʘʧʨʠʢʣʘʜ, ʦʜʠʥʠʮʶ. 

 
 

ʊʝʧʝʨ ʧʘʨʘʤʝʪʨ ʧʦʪʨʽʙʥʦ ʚʠʢʦʨʠʩʪʘʪʠ ʫ ʨʽʚʥʷʥʥʽ. ɼʣʷ ʮʴʦʛʦ ʚʥʝʩʽʪʴ ʟʤʽʥʫ ʚ ʇɺ 

ʚʫʟʣʘ General Form PDE 1. 

General Form PDE (g) - General Form PDE 1: 

   Conservative Flux ï ɻ = (1+k*u)*ux  

ʈʝʰʪʫ ʧʦʣʽʚ ʮʽʻʾ ʇɺ ʟʘʣʠʰʪʝ ʥʝʟʤʽʥʥʠʤʠ. 

  ɼʣʷ ʚʠʟʥʘʯʝʥʥʷ ʟʘʣʝʞʥʦʩʪʽ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ʚʽʜ ʧʘʨʘʤʝʪʨʘ ʚ ʛʽʣʮʽ 

Study 1 ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʚʽʜʧʦʚʽʜʥʠʡ ʚʫʟʦʣ. 

Study 1: RMB > Parametric Sweep 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parametric Sweep ʚ ʨʦʟʜʽʣʽ Study Settings  ʻ ʪʘʙʣʠʮʷ 

ʜʣʷ ʚʚʝʜʝʥʥʷ ʟʥʘʯʝʥʴ ʧʘʨʘʤʝʪʨʽʚ. ʂʣʘʮʥʽʪʴ ʧʦ ʣʽʚʽʡ ʢʦʣʦʥʮʽ ʪʘʙʣʠʮʽ ʧʨʘʚʦʶ 

ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɯʟ ʩʧʠʩʢʫ ʚʠʙʝʨʽʪʴ, ʩʪʚʦʨʝʥʠʡ ʥʘʤʠ 

ʨʘʥʽʰʝ ʧʘʨʘʤʝʪʨ k. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ ʙʘʞʘʥʽ ʟʥʘʯʝʥʥʷ 

ʧʘʨʘʤʝʪʨʘ, ʥʘʧʨʠʢʣʘʜ, - 0.9, - 0.5,0,1,5,10 . ʋ ʩʧʠʩʢʫ Sweep type ʟʘʣʠʰʪʝ 

Specified combinations  (ʮʷ ʦʧʮʽʷ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ, ʢʦʣʠ ʘʥʘʣʽʟ 

ʚʠʢʦʥʫʻʪʴʩʷ ʟʘ ʢʽʣʴʢʦʤʘ ʧʘʨʘʤʝʪʨʘʤʠ). 

 

 
ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot Group 1 - 

Line Graph 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ, ʷʢʽ ʚʽʜʧʦʚʽʜʘʶʪʴ ʨʽʟʥʠʤ ʟʥʘʯʝʥʥʷʤ 

ʧʘʨʘʤʝʪʨʘ k. ɼʣʷ ʚʽʜʦʙʨʘʞʝʥʥʷ ʣʝʛʝʥʜʠ ʚʠʢʦʥʘʡʪʝ ʥʘʩʪʫʧʥʽ ʽʥʩʪʨʫʢʮʽʾ. 

1D Plot Group 1: 

   Legend  ï Show legends = True    

       ï Position = Lower right  

1D Plot Group 1 ï Lin e Graph 1: 

   Legend ï Show legends = True   
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5.2.5. ɿʘʜʘʯʘ ʥʘ ʚʣʘʩʥʽ ʟʥʘʯʝʥʥʷ. 

ʑʝ ʦʜʠʥ ʪʠʧ ʜʦʩʣʽʜʞʝʥ,ɹ ʷʢʠʡ ʽʥʦʜʽ ʧʦʪʨʽʙʥʦ ʚʠʢʦʥʫʚʘʪʠ, ʧʦʣʷʛʘʻ ʚ ʧʦʰʫʢʫ 

ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ. ʎʝ ʙʘʛʘʪʦ ʚ ʯʦʤʫ 

ʘʥʘʣʦʛʽʯʥʦ ʥʝʩʪʘʮʽʦʥʘʨʥʠʤ ʢʨʘʡʦʚʠʤ ʟʘʜʘʯʘʤ ï ʚ ʨʽʚʥʷʥʥʽ ʧʦʭʽʜʥʘ ʟʘ ʯʘʩʦʤ tu¡ 

ʟʘʤʽʥʶʻʪʴʩʷ ʚʠʨʘʟʦʤ ul- , ʘ ʜʨʫʛʘ ʧʦʭʽʜʥʘ ttu¡¡ ï ʚʠʨʘʟʦʤ u2l . ʅʘʧʨʠʢʣʘʜ, 

ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ xxt uu ¡¡=¡  ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 0=+¡¡ uuxx l . 

  ɺ ʩʠʩʪʝʤʽ Comsol Multiphysics ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʪʘʢʠʭ ʟʘʜʘʯ ʧʨʠʟʥʘʯʝʥʠʡ 

Eigenvalue  ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ, ʷʢʠʡ, ʘʥʘʣʦʛʽʯʥʦ ʪʠʧʘʤ Stationary  ʽ Time 

Dependent , ʦʙʠʨʘʻʪʴʩʷ ʚ ʧʘʥʝʣʽ Select Study . 

 
ʊʠʧ ʜʦʩʣʽʜʞʝʥʥʷ Eigenvalue  ʜʦʩʪʫʧʥʠʡ ʪʽʣʴʢʠ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʥʦ ʾʽ ʟʘʛʘʣʴʥʦʾ 

ʬʦʨʤ ʨʽʚʥʷʥʴ. 

ʇʨʠʢʣʘʜ. ɺʠʟʥʘʯʪʝ ʚʣʘʩʥʽ ʯʠʩʣʘ ʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʟʘʜʘʯʽ 

() () 0,00,02 ===+¡¡ pl uuuu . 

ʎʝʡ ʚʠʙʽʨ ʦʙʫʤʦʚʣʝʥʠʡ ʪʠʤ, ʱʦ ʤʠ ʟʥʘʻʤʦ ʚʣʘʩʥʽ ʯʠʩʣʘ ʮʽʻʾ ʟʘʜʘʯʽ 

ZÍ= kkk ,l (ʮʽʣʽ),  ʽ ʾʤ ʚʽʜʧʦʚʽʜʘʶʪʴ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ xkCsin , ʷʢʽ ʤʠ ʟʤʦʞʝʤʦ 

ʧʦʨʽʚʥʷʪʠ ʟ ʨʦʟʚôʷʟʢʦʤ Comsol Multiphysics. 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   PDE Interfaces - General Form PDE (g) - > Eigenvalue 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [ ]p,0 .   

  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1): 

   Interval ï Left endpoint , Right endpoint = 0,  pi   

  LMB > Build All Objects 

 ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1 (comp1) - Mesh 1 :  

   Mesh Settings ï Element Size = Finer  

  LMB > Build All 
ɿʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ General Form PDE (g) - General 

Form PDE 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ.  

  ɺ ʨʦʟʜʽʣʽ Equation  ʟʘʧʠʩʘʥʦ ʨʽʚʥʷʥʥʷ ʚ ʟʘʛʘʣʴʥʽʡ (ʛʝʥʝʨʘʣʴʥʽʡ) ʬʦʨʤʽ, 

ʧʝʨʝʪʚʦʨʝʥʝ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯ ʥʘ ʚʣʘʩʥʽ ʟʥʘʯʝʥʥʷ 

fudue aa =GÖÐ+-ll2 . 

ʇʘʨʘʤʝʪʨʠ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʟʘʜʘʶʪʴʩʷ ʚ ʧʦʣʷʭ ʚ ʥʠʞʥʽʡ ʯʘʩʪʠʥʽ ʇɺ. 
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General Form PDE (g) - General Form PDE 1: 

   Conservative Flux ï ɻ = ux 

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

   Mass Coefficient  ï ea = 1 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 02 =+¡¡ uu l . ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection = All boundaries  

   Dirichlet Boundary Condition ï r  = 0 

ɿʘʜʘʡʪʝ ʢʽʣʴʢʽʩʪʴ ʦʙʯʠʩʣʶʚʘʥʠʭ ʚʣʘʩʥʠʭ ʯʠʩʝʣ.  

Study 1 ï Step 1: Eigenvalue: 

   Study Settings  ï Desired number of eigenvalues = 6 

 

 
ʇʝʨʰ, ʥʽʞ ʨʦʟʚôʷʟʫʚʘʪʠ ʟʘʜʘʯʫ, ʧʨʠʟʥʘʯʪʝ ʩʧʦʩʽʙ ʥʦʨʤʫʚʘʥʥʷ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, 

ʷʢʽ, ʷʢ ʚʽʜʦʤʦ, ʚʠʟʥʘʯʘʶʪʴʩʷ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʩʪʘʣʦʛʦ ʤʥʦʞʥʠʢʘ. ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ 

ʧʽʜʙʠʨʘʶʪʴʩʷ ʪʘʢ, ʱʦʙ ʾʭ ʥʦʨʤʘ ʜʦʨʽʚʥʶʚʘʣʘ ʦʜʠʥʠʮʽ. 

  ʑʦʙ ʚʽʜʦʙʨʘʟʠʪʠ ʜʦʯʽʨʥʽ ʚʫʟʣʠ ʛʽʣʢʠ Study 1 (ʷʢʱʦ ʚ ɼʄ ʾʭ ʱʝ ʥʝʤʘʻ), 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ 
  Study  - >  Show Default Solver 

ʊʝʧʝʨ ʟʘʜʘʡʪʝ ʪʠʧ ʥʦʨʤʠ. 

Study 1 ï Solver Configurations ï Solution 1 - Eigenvalue Solver 1: 

   Output ï Scaling of eigenvectors = Max 

ʎʝʡ ʚʠʙʽʨ ʦʟʥʘʯʘʪʠʤʝ, ʱʦ ʚ ʷʢʦʩʪʽ ʥʦʨʤʠ ʬʫʥʢʮʽʾ ʟʘʩʪʦʩʦʚʫʚʘʪʠʤʝʪʴʩʷ ʾʾ 

ʤʘʢʩʠʤʘʣʴʥʝ ʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʚʠ ʟʘʣʠʰʠʪʝ ʟʥʘʯʝʥʥʷ RMS (root mean square), ʪʦ 

ʜʣʷ ʥʦʨʤʠ ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʬʦʨʤʫʣʘ ()() Dxdxfxff
D

/ñ= . 

  ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Compute ʽ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʫʟʣʘ Results - 1D Plot 

Group 1 ï Line Graph 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢʠ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ. 

  ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʧʝʨʰʠʭ ʰʝʩʪʠ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʯʘʩʪʦʪ. 

Results ï Derived Values: RMB > Global Evaluation 

Global Evaluation 1: 

   Data ï Data set = Study 1/Solution  1 

   Data ï Eigenvalue selection = From list  

ʑʦʙ ʜʽʟʥʘʪʠʩʷ (ʽ ʚʚʝʩʪʠ) ʽʤ'ʷ ʟʤʽʥʥʦʾ, ʷʢʘ ʧʨʝʜʩʪʘʚʣʷʻ ʚʣʘʩʥʽ ʯʠʩʣʘ, ʚ 

ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʟʘʛʦʣʦʚʢʘ ʨʦʟʜʽʣʫ Expression  ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Replace 

expression . ʋ ʚʽʢʥʽ, ʷʢʝ ʟôʷʚʠʪʴʩʷ, ʨʦʟʢʨʠʡʪʝ ʜʝʨʝʚʦ ʟʤʽʥʥʠʭ 

ʛʦʪʦʚʠʭ ʜʦ ʚʩʪʘʚʢʠ, ʟʥʘʡʜʽʪʴ ʽ ʚʠʙʝʨʽʪʴ ʧʦʜʚʽʡʥʠʤ ʢʣʘʮʘʥʥʷʤ ʟʤʽʥʥʫ 

freq . 

   Expression ï Expression = freq  
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ɺ ʪʽʡ ʞʝ ʧʘʥʝʣʽ ʚʣʘʩʪʠʚʦʩʪʝʡ ʚʫʟʣʘ Global Evaluation 1 ʚ ʩʧʠʩʢʫ Eigenvalues , 

ʫʪʨʠʤʫʶʯʠ ʢʣʘʚʽʰʫ CTRL ʽ ʢʣʘʮʘʶʯʠ ʤʠʰʝʶ ʧʦ ʙʘʞʘʥʠʤ ʟʥʘʯʝʥʥʷʤ, ʚʠʙʝʨʽʪʴ 

ʚʩʽ ʰʽʩʪʴ ʜʦʜʘʪʥʠʭ ʚʣʘʩʥʠʭ ʯʠʩʝʣ. 

 
ʂʣʘʮʥʽʪʴ ʚʛʦʨʽ ʇɺ ʧʦ ʢʥʦʧʮʽ Evaluate, ʽ ʥʘʜʨʫʢʫʡʪʝ ʮʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʚ ʪʘʙʣʠʮʽ. 

 
ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʚʽʜʦʙʨʘʟʷʪʴʩʷ ʟʥʘʯʝʥʥʷ kw , ʷʢʽ ʧʦʚ'ʷʟʘʥʽ ʟ ʚʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ 

kl ʬʦʨʤʫʣʦʶ ik
k

p

l
w

2
= . ʗʢ ʚʠʜʥʦ ʟ ʪʘʙʣʠʮʽ, ʯʝʪʚʝʨʪʝ ʽ ʜʘʣʽ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʚʠʟʥʘʯʝʥʽ ʟ ʜʝʷʢʦʶ ʧʦʭʠʙʢʦʶ. ɰʾ ʤʦʞʥʘ ʟʤʝʥʰʠʪʠ, ʷʢʱʦ ʉʢɽ ʩʽʪʢʫ ʟʨʦʙʠʪʠ 

ʜʨʽʙʥʽʰʦʶ.  

Mesh 1: 

   Mesh Settings  ïElement  size = Extremely fine  

Study 1: LMB > Compute 
  LMB> Build All 
ʅʘʜʨʫʢʫʡʪʝ ʩʘʤʦʩʪʽʡʥʦ ʥʦʚʫ ʪʘʙʣʠʮʶ ʚʣʘʩʥʠʭ ʯʠʩʝʣ. ʇʝʨʰʽ ʰʽʩʪʴ ʯʠʩʝʣ ʙʫʜʫʪʴ 

ʦʪʨʠʤʘʥʽ ʚʞʝ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʧ'ʷʪʠ ʜʝʩʷʪʢʦʚʠʭ ʟʥʘʢʽʚ.  

  ɺʽʜʢʦʨʠʛʫʡʪʝ ʛʨʘʬʽʯʥʫ ʟʦʥʫ ʚʫʟʣʘ 1D Plot Group 1. ɿʘʣʠʰʪʝ ʚ ʥʽʡ ʛʨʘʬʽʢʠ 

ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, ʷʢʽ ʚʽʜʧʦʚʽʜʘʶʪʴ ʧʝʨʰʠʤ ʯʦʪʠʨʴʦʤ ʜʦʜʘʪʥʠʤ ʚʣʘʩʥʠʤ 

ʯʠʩʣʘʤ.  

1D Plot Group 1: 

   Data ï Eigenvalue selection = From list  
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   Data ï Eigenvalues = 1,2,3,4  

ʑʦʙ ʚʠʢʦʥʘʪʠ ʦʩʪʘʥʥʽʡ ʚʠʙʽʨ, ʚ ʩʧʠʩʢʫ Eigenvalues  ʢʣʘʮʘʡʪʝ ʤʠʰʝʶ 

ʧʦ ʙʘʞʘʥʠʤ ʟʥʘʯʝʥʥʷʤ, ʫʪʨʠʤʫʶʯʠ ʢʣʘʚʽʰʫ CTRL. 

1D Plot Group 1 - Line Graph 1: 

   Legend ï Show legends = True  

  LMB > Plot 

 
ɿʘʫʚʘʞʠʤʦ, ʱʦ ʚʠʙʽʨ ʟʥʘʢʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, ʷʢʽ ʤʘʶʪʴ ʚʠʛʣʷʜ xklsin° ,  ʜʝ 

kk =l , ʥʝʚʠʟʥʘʯʝʥʠʡ. ɿʤʽʥʶʶʯʠ ʨʦʟʤʽʨ ʝʣʝʤʝʥʪʽʚ, ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʪʽ ʞ ʚʣʘʩʥʽ 

ʯʠʩʣʘ, ʘʣʝ ʟ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʽʥʰʦʛʦ ʟʥʘʢʘ. ʅʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʨʠʩʫʥʢʫ 

ʧʦʢʘʟʘʥʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ, ʧʦʙʫʜʦʚʘʥʽ ʧʨʠ  Extremely fine   ʨʦʟʤʽʨʘʭ ʩʢʽʥʯʝʥʥʠʭ 

ʝʣʝʤʝʥʪʽʚ. 

  ʗʢʱʦ ʥʝʦʙʭʽʜʥʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʪʽʣʴʢʠ ʦʜʥʦʛʦ ʨʦʟʚôʷʟʢʫ, ʪʦ ʚ ʧʦʣ ̔

Expression  ʛʨʘʬʽʯʥʦʛʦ ʚʫʟʣʘ Line Graph ʤʦʞʥʘ ʟʘʩʪʦʩʫʚʘʪʠ ʦʧʝʨʘʪʦʨ with . 

ɼʣʷ ʚʠʜʽʣʝʥʥʷ k-ʾ ʚʣʘʩʥʦʾ ʬʫʥʢʮʽʾ ʡʦʛʦ ʩʣʽʜ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 

with ( k, ʚʠʨʘʟ) , 

ʜʝ k ï ʥʦʤʝʨ ʚʣʘʩʥʦʛʦ ʟʥʘʯʝʥʥʷ, ʜʨʫʛʠʡ ʘʨʛʫʤʝʥʪ ʷʚʣʷʻ ʚʠʨʘʟ ʚʽʜ ʟʤʽʥʥʦʾ 

ʨʦʟʚôʷʟʢʫ, ʥʘʧʨʠʢʣʘʜ, u. 

  ɼʣʷ ʩʧʨʦʙʠ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʜʝʩʷʪʦʾ ʚʣʘʩʥʦʾ ʬʫʥʢʮʽʾ. ɼʣʷ ʮʴʦʛʦ ʚʠʢʦʥʘʡʪʝ 

ʧʦʩʣʽʜʦʚʥʽʩʪʴ ʽʥʩʪʨʫʢʮʽʡ: 

  Results  - > Plot Group  ï 1D Plot Group 

Results - 1D Plot Group 2: 

   Data ï Data set = Study 1/Solution  1 

   1D Plot Group 2  -> Add Plot  ï Line Graph 

Results - 1D Plot Group 2 - Line Graph 1: 

   Selection ï < > = 1  

   y- Axis Data ï Expression = with(10,u)  

   x- Axis Data ï Parameter, Expression = Expression , x 

 
  LMB > Plot 
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ʆʩʪʘʥʥʽʡ ʛʨʘʬʽʢ ʚʽʜʧʦʚʽʜʘʻ ʜʝʩʷʪʦʤʫ (ʧʦ ʧʦʨʷʜʢʫ ʚ ʩʧʠʩʢʫ Eigenvalue ) 

ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ, ʧʦʙʫʜʦʚʘʥʦʤʫ ʩʠʩʪʝʤʦʶ. ʉʧʠʩʦʢ ʮʠʭ ʚʣʘʩʥʠʭ ʟʥʘʯʝʥʴ ʚʠ 

ʤʦʞʝʪʝ ʧʦʙʘʯʠʪʠ ʚ ʇɺ ʚʫʟʣʘ 1D Plot Group 2, ʷʢʱʦ ʚ ʨʦʟʜʽʣʽ Data ʚ ʩʧʠʩʢʫ 

Eigenvalue selection  ʦʙʝʨʝʪʝ ʟʥʘʯʝʥʥʷ From List . 

 

 
ɺ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʜʝʩʷʪʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʜʦʨʽʚʥʶʻ 4. 

ɿʘʫʚʘʞʝʥʥʷ. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʨʦʟʚôʷʟʦʢ u ʧʨʝʜʩʪʘʚʣʷʻ ʥʘʙʽʨ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, 

ʘ ʟʤʽʥʥʘ freq  ï ʚʣʘʩʥʠʭ ʟʥʘʯʝʥʴ. 

ɿʘʫʚʘʞʝʥʥʷ. ʆʧʝʨʘʪʦʨ with  ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʣʠʰʝ ʥʘ ʝʪʘʧʽ 

ʧʦʩʪʦʙʨʦʙʢʠ, ʪʦʙʪʦ ʫ ʚʫʟʣʘʭ ʛʽʣʢʠ Results. 

 

5.2.6. ʇʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ. 

ʏʠʤʘʣʦ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʻ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʜʝʷʢʠʭ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 

ʦʧʝʨʘʪʦʨʽʚ. ɿʦʢʨʝʤʘ, ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ()xPn  ʟʘʜʦʚʦʣʴʥʷʶʪʴ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʤʫ ʨʽʚʥʷʥʥ  ʁ

( ) ( ) 11,011 2 ¢¢-=++öö
÷

õ
ææ
ç

å
- xunn

xd

ud
x

xd

d
.      (1) 

ʆʜʥʘʢ, ʧʦʚʪʦʨʠʚʰʠ ʤʦʜʝʣʴ ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʨʠʢʣʘʜʫ, ʤʠ ʥʝ ʟʤʦʞʝʤʦ ʦʪʨʠʤʘʪʠ ʮʽ 

ʬʫʥʢʮʽʾ. ʉʧʨʘʚʘ ʚ ʪʦʤʫ, ʱʦ Comsol Multiphysics ʧʨʠ Eigenvalue  ʜʦʩʣʽʜʞʝʥʥʽ 

ʟʘʚʞʜʠ ʚʠʢʦʨʠʩʪʦʚʫʻ ʦʜʥʦʨʽʜʥʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. ʅʘʚʽʪʴ ʪʦʜʽ, ʢʦʣʠ ʚʠ ʜʦʜʘʻʪʝ 

ʥʝʥʫʣʴʦʚʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ɼʽʨʽʭʣʝ 00 ¸=uu , ʩʠʩʪʝʤʘ ʽʥʪʝʨʧʨʝʪʫʻ ʾʾ ʷʢ 0=u . 

ɸʣʝ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʤʘʶʪʴ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ [ ]1,1-  ʟʥʘʯʝʥʥʷ 1° . ʊʦʤʫ 

Eigenvalue  ʜʦʩʣʽʜʞʝʥʥʷ ʪʫʪ ʥʝ ʧʽʜʭʦʜʠʪʴ. ʗʢʱʦ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʝʦʜʥʦʨʽʜʥʽ, 

ʪʦ ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ (1) (ʽ ʘʥʘʣʦʛʽʯʥʠʭ ʡʦʤʫ) ʤʦʞʥʘ ʚʠʢʦʥʘʪʠ 

ʧʘʨʘʤʝʪʨʠʯʥʠʡ ʘʥʘʣʽʟ ʧʦ ʧʘʨʘʤʝʪʨʫ n. 

  ɺʩʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʥʘ ʧʨʘʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [ ]1,1-  ʤʘʶʪʴ ʟʥʘʯʝʥʥʷ 

1+. ʅʘ ʣʽʚʦʤʫ ʢʽʥʮʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ ʜʦʨʽʚʥʶʶʪʴ 1+, ʘ 
ʥʝʧʘʨʥʦʛʦ 1-. ʊʦʤʫ ʛʨʘʥʠʯʥʽ ʟʥʘʯʝʥʥʷ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ   

( )( ) ()11,11 =-=- uu
n

.            (2) 

ʆʪʞʝ ʜʦʩʣʽʜʠʤʦ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ (1) ï (2). 

ʈʦʟʚôʷʟʦʢ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ ʩʪʘʮʽʦʥʘʨʥʫ 1D ʤʦʜʝʣʴ. 
  File- >New - > Model Wizard - > 1D - > Mathematics - 

      Classical PDEs - Helmholtz Equation(hzeq) - > Stationary 
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ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʛʽʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʧʘʨʘʤʝʪʨʽʚ. 

Global Definitions: RMB > Parameters 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parameters ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name  

ʚʚʝʜʽʪʴ ʽʤ'ʷ ʧʘʨʘʤʝʪʨʘ n, ʘ ʚ ʢʦʣʦʥʮʽ Expression  ʚʚʝʜʽʪʴ ʟʥʘʯʝʥʥʷ 1. 

 
 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [-1,1]. ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1): 

   Interval ï Left endpoint , Right endpoint = - 1, 1  

  LMB > Build All Objects    

ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Mesh 1: 

   Mesh Settings ïElement size = Finer  

  LMB > Build All 
ɿʘʜʘʡʪʝ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Helmholtz Equation (hzeq) - 

Helmholtz Equation 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain  Selection  ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ. ɺ 

ʨʦʟʜʽʣʽ Equation  ʟʘʧʠʩʘʥʦ ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ ʚ ʬʦʨʤʽ 

( ) fuuc =+Ð-ÖÐ a . 

ʇʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʡʪʝ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʠ ʮɹ ʦʛʦ ʚʽʢʥʘ. 

Helmholtz Equation (hzeq) - Helmholtz Equation 1: 

   Diffusion Coefficient ï c = x^2 - 1 

   Source Term ï f = 0 

   Absorption Coefficient ï a = n*(n+1)  

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ( ) ( ) 011 2 =++öö
÷

õ
ææ
ç

å
- unn

xd

ud
x

xd

d
. 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, < > = Manual ,1 (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = ( - 1)̂ n  

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  2: 

   Boundary Selection ï Selection, < > = Manual , 2   (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = 1 

ɼʣʷ ʚʠʢʦʥʘʥʥʷ ʧʘʨʘʤʝʪʨʠʯʥʦʛʦ ʘʥʘʣʽʟʫ ʚ ʛʽʣʮʽ Study 1 ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ 

Parametric Sweep 1. 

Study 1: RMB > Parametric Sweep 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parametric Sweep ʚ ʨʦʟʜʽʣʽ Study Settings  ʢʣʘʮʥʽʪʴ 

ʧʦ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʧʨʘʚʦʶ ʢʥʦʧʢʦʶ ʤʠʰʽ ʽ ʚʠʙʝʨʽʪʴ ʢʦʤʘʥʜʫ Add. ɯʟ ʩʧʠʩʢʫ 
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ʚʠʙʝʨʽʪʴ, ʩʪʚʦʨʝʥʠʡ ʨʘʥʽʰʝ ʧʘʨʘʤʝʪʨ n. ʋ ʜʨʫʛʦʤʫ ʩʪʦʚʧʮʽ ʪʘʙʣʠʮʽ ʟʘʜʘʡʪʝ 

ʙʘʞʘʥʽ ʟʥʘʯʝʥʥʷ ʮʴʦʛʦ ʧʘʨʘʤʝʪʨʘ: 0,1,2,3,4,5 . 

 
Study 1: LMB > Compute 

ɺ ʛ̔ʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1 - Line Graph 1, ʚ ʛʨʘʬʽʯʥʽʡ 

ʟʦʥʽ ʷʢʦʛʦ ʙʫʜʫʶʪʴʩʷ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʡ, ʱʦ ʻ ʨʦʟʚôʷʟʢʘʤʠ ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ ʧʨʠ 

n=0,1,2,3,4,5 . ɼʣʷ ʚʽʜʦʙʨʘʞʝʥʥʷ ʥʘ ʛʨʘʬʽʢʫ ʣʝʛʝʥʜʠ ʚʠʢʦʥʘʡʪʝ ʽʥʩʪʨʫʢʮʽʾ: 

1D Plot Group 1: 

   Legend ï Show legends, Position = True , Lower right   

1D Plot Group 1 ï Line Graph 1: 

   Legend ï Show legends = True   

 

ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʧʦʣʽʥʦʤʘ () ( )xxxP 35
2

1 3

3 -= . ɼʣʷ ʮʴʦʛʦ ʚ 

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 1 ʜʦʜʘʡʪʝ ʱʝ ʦʜʠʥ ʣʽʥʽʡʥʠʡ ʛʨʘʬʽʢ. 

  1D Plot Group 1  -> Add Plot  ï Line Graph 

1D Plot Group 1 - Line Graph 2: 

   Selection ï < > = 1          (ʽʥʜʠʢʘʪʦʨ ʚʽʜʨʽʟʢʘ [-1,1] ) 

   y- Axis Data ï Expression = (5*x̂ 3 - 3*x)/2  

   x- Axis Data ï Parameter, Expression = Expression , x 

  LMB > Plot 

ɻʨʘʬʽʢ ʧʦʣʽʥʦʤʘ ʃʝʞʘʥʜʨʘ ()xP3  ʥʘʢʣʘʜʘʻʪʴʩʷ ʥʘ ʢʨʠʚʫ ʧʦʧʝʨʝʜʥʴʦʛʦ ʨʠʩʫʥʢʘ, 

ʷʢʘ ʚʽʜʧʦʚʽʜʘʻ ʟʥʘʯʝʥʥʶ ʧʘʨʘʤʝʪʨʘ n = 3 . 

 

5.3. ʅʝʪʠʧʦʚʽ ʢʨʘʡʦʚʽ ʟʘʜʘʯʽ. 

5.3.1. ɺʠʢʦʨʠʩʪʘʥʥʷ Global ODEs and DAEs ʽʥʪʝʨʬʝʡʩʫ. 

ɺ ʟʘʩʪʦʩʫʚʘʥʥʷʭ ʚʠʥʠʢʘʶʪʴ ʟʘʜʘʯʽ, ʢʦʣʠ ʟʘʜʘʶʪʴʩʷ ʽʥʪʝʛʨʘʣʴʥʽ ʘʙʦ ʫʩʝʨʝʜʥʝʥʽ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʰʫʢʘʥʠʭ ʚʝʣʠʯʠʥ, ʘ ʥʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. ɸʣʝ ʷʢʽʩʴ ʛʨʘʥʠʯʥʽ 

ʫʤʦʚʠ ʟʘʚʞʜʠ ʽʩʥʫʶʪʴ ʽ, ʷʢʱʦ ʾʭ ʧʨʘʚʠʣʴʥʦ ʧʽʜʽʙʨʘʪʠ, ʤʦʞʥʘ ʟʘʜʦʚʦʣʴʥʠʪʠ 

ʙʘʞʘʥʠʤ ʦʙʤʝʞʝʥʥʷʤ. ʆʪʞʝ, ʦʢʨʽʤ ʨʦʟʚôʷʟʢʽʚ ɼʈʏʇ, ʰʫʢʘʥʠʤʠ ʩʪʘʥʦʚʣʷʪʴʩʷ 

ʧʘʨʘʤʝʪʨʠ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʘʙʦ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʴ. ʈʦʟʛʣʷʥʝʤʦ ʜʝʢʽʣʴʢʘ 

ʧʨʠʢʣʘʜʽʚ. 
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ʇʨʠʢʣʘʜ 1. ʅʝʩʢʽʥʯʝʥʥʠʡ ʮʠʣʽʥʜʨʠʯʥʠʡ ʧʨʦʚʽʜʥʠʢ ʨʘʜʽʫʩʘ R ʥʘʛʨʽʚʘʻʪʴʩʷ 

ʧʦʩʪʽʡʥʠʤ ʩʪʨʫʤʦʤ, ʷʢʠʡ ʚʠʜʽʣʷʻ ʚ ʦʜʠʥʠʮʽ ʦʙôʻʤʫ ʟʘ ʦʜʠʥʠʮʶ ʯʘʩʫ ʪʝʧʣʦ 

ConstQ= . ɺ ʫʩʪʘʣʝʥʦʤʫ ʦʩʝʩʠʤʝʪʨʠʯʥʦʤʫ ʚʠʧʘʜʢʫ ʪʝʤʧʝʨʘʪʫʨʘ ()rT  

ʟʘʜʦʚʦʣʴʥʷʻ ʨʽʚʥʷʥʥʶ  

Q
r

T
r

rr

k
-=öö

÷

õ
ææ
ç

å

µ

µ

µ

µ
,              (1) 

ʜʝ  k ï ʢʦʝʬʽʮʽʻʥʪ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ, r  ï ʨʘʜʽʘʣʴʥʘ ʢʦʦʨʜʠʥʘʪʘ.  

ɿʘʚʜʘʥʥʷ 1.1.  ʊʝʤʧʝʨʘʪʫʨʘ ʧʦʚʝʨʭʥʽ ʚʽʜʦʤʘ T0. ɿʥʘʡʪʠ ʧʦʪʫʞʥʽʩʪʴ Q ʪʘʢʫ, ʱʦ 

ʩʝʨʝʜʥʷ ʪʝʤʧʝʨʘʪʫʨʘ ʧʦ ʧʝʨʝʨʽʟʫ ʮʠʣʽʥʜʨʘ ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ 01 TT > . ɺ 

ʤʦʜʝʣʴʥʽʡ ʟʘʜʘʯʽ ʧʦʢʣʘʜʝʤʦ k=1, R=1, 5.1,1 10 == TT . 

ʈʦʟʚôʷʟʘʥʥʷ. Cʪʚʦʨʽʪʴ ʦʜʥʦʚʠʤʽʨʥʫ ʦʩʝʩʠʤʝʪʨʠʯʥʫ  ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File- >New- >Model Wizard- >1D Axisymmetric- > Mathematics ï 

   PDE Interfaces ï Coefficient From PDE(c) + Variables = T - > Stationary 

ɿʘʫʚʘʞʝʥʥʷ. ɺ ʨʝʞʠʤʽ 1D Axisymmetric  ʥʝʤʘʻ ʜʦʩʪʫʧʫ ʜʦ ʽʥʪʝʨʬʝʡʩʽʚ 

ʢʣʘʩʠʯʥʠʭ ɼʈʏʇ. ʊʦʤʫ ʤʠ ʦʙʨʘʣʠ Coefficient From PDE   ̔ ʥʪʝʨʬʝʡʩ. 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʩʧʦʩʪʝʨʝʞʝʥʥʷ ʟʘ ʨʦʟʤʽʨʥʦʩʪʷʤʠ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺ ʇɺ ʚʫʟʣʘ Component 1 ʚ ʨʦʟʜʽʣʽ Spatial coordinates  ʚʠ ʤʦʞʝʪʝ ʜʽʟʥʘʪʠʩʷ 

(ʘʙʦ ʧʦʤʽʥʷʪʠ) ʽʤʝʥʘ ʧʨʦʩʪʦʨʦʚʠʭ ʟʤʽʥʥʠʭ, ʷʢʽ ʙʫʜʫʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩʷ ʚ 

ʤʦʜʝʣʽ. 

 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʚ ʨʝʞʠʤʽ 1D Axisymmetric  ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʧʦʟʥʘʯʝʥʥʷ ʢʦʦʨʜʠʥʘʪ ( )zr ,,j . 

  ɺ ʛ̔ ʣʮʽ Global Definitions ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʧʘʨʘʤʝʪʨʽʚ.  

Global Definitions: RMB > Parameters 
ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʚʜ̔ʧʦʚʽʜʥʦ ʜʦ ʥʘʩʪʫʧʥʦʾ ʪʘʙʣʠʮʽ. 

 
 

ʈʦʟʨʘʭʫʥʢʦʚʘ ʦʙʣʘʩʪʴ (ʧʝʨʝʨʽʟ ʧʨʦʚʽʜʥʠʢʘ)  ʫʪʚʦʨʶʻʪʴʩʷ ʦʙʝʨʪʘʥʥʷʤ ʚʽʜʨʽʟʢʘ 

[0,1] ʥʘʚʢʦʣʦ ʦʩʽ  Z. ʉʪʚʦʨʽʪʴ ʮʝʡ ʚʽʜʨʽʟʦʢ. 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :  LMB > Build All Objects 
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ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 1 (comp1) - Mesh 1 : LMB > Build All 

ʅʘʣʘʰʪʫʡʪʝ ʨʽʚʥʷʥʥʷ. ɺ ʇɺ ʚʫʟʣʘ Coefficient Form PDE (c) - 

CoefficientFromPDE 1 ʚ ʨʦʟʜʽʣʽ Equation  ʥʘʚʝʜʝʥʦ ʟʘʛʘʣʴʥʠʡ ʚʠʛʣʷʜ 

ʢʦʝʬʽʮʽʻʥʪʥʦʾ ʬʦʨʤʠ ɼʈʏʇ 

( ) fTTTTc
t

T
d

t

T
e aa =+ÐÖ++-Ð-ÖÐ+

µ

µ
+

µ

µ
a

2

2

bga , 
rµ

µ
=Ð .  

ɿʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ ʚʚʝʜʽʪʴ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʠ ʮ̔ ʻʾ ʧʘʥʝʣʽ. 

Coefficient Form PDE (c) - CoefficientFromPDE 1: 

   Diffusion Coefficient ï c = r  

   Absorption Coefficient ï a = 0 

   Source Term ï f = Q*r  

ɯʥʰʽ ʢʦʝʬʽʮʽʻʥʪʠ ʟʘʜʘʡʪʝ ʥʫʣʴʦʚʠʤʠ, ʪʦʙʪʦ 0=ae , 0=ad , 0,0 == ba , 0=g . 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ (1) ʫ ʚʠʛʣʷʜʽ   

( ) QrTr rr Ö=¡- ' .             (2) 

ʊʫʪ ʚʝʣʠʯʠʥʘ Q ʻ ʥʝʚʽʜʦʤʦʶ. ɺʦʥʘ ʙʫʜʝ ʧʽʜʙʠʨʘʪʠʩʷ ʽʟ ʜʦʜʘʪʢʦʚʦʾ ʫʤʦʚʠ, ʷʢʘ 

ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʟʘʜʘʥʘ ʩʝʨʝʜʥʷ ʪʝʤʧʝʨʘʪʫʨʘ. 

  ɻʨʘʥʠʯʥʘ ʫʤʦʚʘ ʚ ʪʦʯʮʽ 0=r  ʥʝ ʟʘʜʘʻʪʴʩʷ, ʙʦ ʥʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ  ʚʦʥʘ 

ʥʝʧʦʪʨʽʙʥʘ ʯʝʨʝʟ ʦʩʝʩʠʤʝʪʨʠʯʥʽʩʪʴ. ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʫ ʪʝʤʧʝʨʘʪʫʨʫ ʥʘ ʧʦʚʝʨʭʥʽ  

ʮʠʣʽʥʜʨʘ. 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Coefficient Form PDE (c)  - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,2  (ʪʦʯʢʘ r=1) 

   Dirichlet Boundary Condition  ï r  = 1  

ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʟʚôʷʟʢʫ (Coupling Operators), ʷʢʠʡ ʦʙʯʠʩʣʶʚʘʪʠʤʝ 

ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ.  

  Definitions  - > Coupling -  Component Coupling -  Average 

Definitions - Average 1 (aveop1): 

   Source Selection ï Geometric entity level = Domain 

            ï Selection - < > = 1  

   Advanced  ï Compute integral in revolved geometry = True  

ʆʩʪʘʥʥʽʡ ʧʨʘʧʦʨʝʮʴ ʧʨʠʤʫʩʠʪʴ ʩʠʩʪʝʤʫ ʦʙʯʠʩʣʶʚʘʪʠ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ 

ʚʝʣʠʯʠʥʠ  T  ʧʦ ʢʦʣʫ ʟʘ ʬʦʨʤʫʣʦʶ 

()ññññ Ö=
p

j
pp

2

0 022

11 R

ʢʦʣʫʧʦ
drdrrT

R
sdT

R
. 

ɯʤ'ʷ ʦʧʝʨʘʪʦʨʘ aveop1  ʚʢʘʟʫʻʪʴʩʷ ʚ ʧʦʣʽ Operator name . ʆʧʝʨʘʪʦʨ 

aveop1 (expr)  ʦʙʯʠʩʣʶʻ ʧʦ ʦʙʨʘʥʽʡ ʚ ʥʴʦʤʫ ʟʦʥʽ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʙʫʜʴ-ʷʢʦʛʦ 

ʚʠʨʘʟʫ expr .  
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ɺʠʢʦʨʠʩʪʦʚʫʯʁʠ ʮʝʡ ʦʧʝʨʘʪʦʨ, ʜʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ ʨʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ 

ʥʝʚʽʜʦʤʦʾ Q. 

  ʉʪʚʦʨʽʪʴ ʚʫʟʦʣ Global Equations , ʚ ʷʢʦʤʫ ʚʢʘʞʽʪʴ ʥʝʚʽʜʦʤʫ Q, ʘ ʚ ʷʢʦʩʪʽ 

ʨʽʚʥʷʥʥʷ ʥʘʧʠʰʽʪʴ  ʫʤʦʚʫ, ʷʢʘ ʚʠʟʥʘʯʘʻ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʢʦʣʫ. 

   Physics  - > Global  ï Global Equations 

Coefficient Form PDE (c) - Global Equations 1: 

   Global Equations ï Name = Q  

    Global Equations ï f(u,ut,utt,t)  = T1- aveop1(T)  

  
ʈʦʟʫʤʽʪʠ ʟʘʧʠʩ ʚ ʪʘʙʣʠʮʽ ʧʦʪʨʽʙʥʦ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ. ɿʘʜʘʯʘ ʙʫʜʝ 

ʨʦʟʚôʷʟʫʚʘʪʠʩʷ ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ Q  ʦʜʥʦʯʘʩʥʦ ʟ ʨʽʚʥʷʥʥʷʤ ʫ ʚʫʟʣʽ Coefficient 

Form PDE 1 ʜʦʢʠ ʚʠʨʘʟ ʚ ʢʦʤʽʨʮʽ f(u,ut ,utt ,t ) ʥʝ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ, 
ʪʦʙʪʦ ʜʦʢʠ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ aveop1(T)  ʥʝ ʩʪʘʥʝ ʟʘʜʘʥʦʶ 

ʚʝʣʠʯʠʥʦʶ T1. 

  ʊʘʢʠʤ ʯʠʥʦʤ, ʚ ʥʘʰʽʡ ʟʘʜʘʯʽ ʩʪʚʦʨʝʥʦ ʜʚʽ ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ: T ʪʘ  Q. ʇʨʠ 

ʯʦʤʫ T ï ʮʝ ʧʦʣʝʚʘ ʟʤʽʥʥʘ (ʬʫʥʢʮʽʷ ʚʽʜ r), ʘ Q ï ʥʝʚʽʜʦʤʠʡ ʩʢʘʣʷʨ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  

  Home - >  Study  - Compute 

ʇʽʩʣʷ ʾʭ ʟʘʚʝʨʰʝʥʥʷ ʚ ʛʨʘʬʽʯʥʽʡ ʟʦʥʽ ʚʠ ʧʦʙʘʯʠʪʝ ʦʜʥʦʚʠʤʽʨʥʠʡ ʛʨʘʬʽʢ 

ʪʝʤʧʝʨʘʪʫʨʠ T, ʷʢʠʡ ʥʘʣʝʞʠʪʴ ʚʫʟʣʫ 1D Plot Group 1 - Line Graph 1. 

 
ʋ ʚʫʟʣʽ 2D Plot Group 2 ʙʫʜʝ ʩʪʚʦʨʝʥʠʡ ʧʦʚʝʨʭʥʝʚʠʡ ʛʨʘʬʽʢ ʨʦʟʧʦʜʽʣʝʥʥʷ 

ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʢʦʣʫ. ɼʣʷ ʡʦʛʦ ʧʦʙʫʜʦʚʠ ʚ ʛʽʣʮʽ Data Sets ʩʪʚʦʨʝʥʦ ʜʞʝʨʝʣʦ 

ʜʘʥʠʭ Revolution 1D 1. Cʢʦʨʝʛʫʡʪʝ ʡʦʛʦ ʥʘʣʘʰʪʫʚʘʥʥʷ. 
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Results - Data Sets - Revolution 1D 1: 

   Revolution Layers  ï Start angle, Revolution angle = 0, 360  

ʊʝʧʝʨ ʧʝʨʝʙʫʜʫʡʪʝ ʛʨʘʬʽʢ. 

2D Plot Group 2: 

   Plot Settings  ï Plot data set edges = False  

   Color Legend  ï Show maximum  and  minimum values   = True  

  LMB > Plot 

 
ɿʘʣʠʰʠʣʦʩʷ ʜʽʟʥʘʪʠʩʷ ʚʝʣʠʯʠʥʫ ʧʦʪʫʞʥʦʩʪʽ ʜʞʝʨʝʣʘ ʪʝʧʣʘ Q. ɼʣʷ ʜʨʫʢʫ 

ʟʥʘʯʝʥʥʷ ʮʽʻʾ ʥʝʚʽʜʦʤʦʾ ʚ ʛʽʣʮʽ Derived Values ʩʪʚʦʨʝʥʦ ʚʫʟʦʣ State variable Q.  

Results - Derived Values - State variable Q: 
  LMB > Evaluate ï New Table 

ɺ ʪʘʙʣʠʮʽ  Table 1 ʙʫʜʝ ʥʘʜʨʫʢʦʚʘʥʠʡ ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʝʥʥʷ Q=4. 0000 . 

 
ɿʙʝʨʝʞʽʪʴ ʤʦʜʝʣʴ ʚ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ɿʘʚʜʘʥʥʷ 1.2. ʊʝʤʧʝʨʘʪʫʨʘ ʧʦʚʝʨʭʥʽ ʮʠʣʽʥʜʨʘ ʚʽʜʦʤʘ T0. ɿʥʘʡʪʠ ʧʦʪʫʞʥʽʩʪʴ Q 

ʪʘʢʫ, ʱʦ ʪʝʤʧʝʨʘʪʫʨʘ ʮʝʥʪʨʘʣʴʥʦʾ ʪʦʯʢʠ ʜʦʨʽʚʥʶʻ ʚʝʣʠʯʠʥʽ 01 TT > . ɺ 

ʤʦʜʝʣʴʥʽʡ ʟʘʜʘʯʽ ʧʦʢʣʘʜʽʪʴ  k=1, R=1, 5.1,1 10 == TT . 

ʈʦʟʚôʷʟʘʥʥʷ. ɼʣʷ ʮʽʻʾ ʟʘʜʘʯʽ ʚʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʦʪʦʯʥʠʡ ʬʘʡʣ. ʈʽʚʥʷʥʥʷ 

ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʟʘʣʠʰʠʪʴʩʷ, ʥʝʚʽʜʦʤʘ ʧʦʪʫʞʥʽʩʪʴ ʚʥʫʪʨʽʰʥʽʭ ʜʞʝʨʝʣ ʪʝʧʣʘ Q 

ʪʝʞ ʟʘʣʠʰʘʻʪʴʩʷ. ɸʣʝ ʟʤʽʥʠʪʴʩʷ ʫʤʦʚʘ, ʟ ʷʢʦʾ ʚʦʥʘ ʚʠʟʥʘʯʘʻʪʴʩʷ.  

Coefficient Form PDE (c) - Global Equations 1: 

    Global Equations ï f(u,ut,utt,t)  = T1- at0(0,T)  

 
ʊʫʪ ʦʧʝʨʘʪʦʨ at0(0,T ) ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʟʥʘʯʝʥʥʷ 

ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʪʦʯʮʽ 0=r , ʪʦʙʪʦ ʚ ʮʝʥʪʨʽ ʢʦʣʘ. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  

  Home - >  Study  - Compute 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʟʤʽʥʠʪʴʩʷ ʬʦʨʤʘ ʢʨʠʚʦʾ, ʷʢʘ ʧʨʝʜʩʪʘʚʣʷʻ ʟʘʣʝʞʥʽʩʪʴ ʪʝʤʧʝʨʘʪʫʨʠ 

()rT  ʚʽʜ ʚʽʜʩʪʘʥʽ ʜʦ ʮʝʥʪʨʘ ʢʦʣʘ (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ), ʘ ʪʘʢʦʞ 

ʢʦʣʴʦʨʦʚʠʡ ʛʨʘʬʽʢ ʨʦʟʧʦʜʽʣʫ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʧʝʨʝʨʽʟʫ ʮʠʣʽʥʜʨʘ (ʥʘʩʪʫʧʥʠʡ 

ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ). 



252 

 

 

 
ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʥʘʡʜʝʥʦʾ ʧʦʪʫʞʥʦʩʪʽ Q ʜʞʝʨʝʣ ʪʝʧʣʘ. 

Results - Derived Values - State variable Q: 
  LMB > Evaluate ïTable 1 

ɺ ʪʘʙʣʠʮ ʁTable 1 ʙʫʜʝ ʜʦʜʘʥʘ ʢʦʤʽʨʢʘ ʟ ʨʝʟʫʣʴʪʘʪʦʤ ʦʙʯʠʩʣʝʥʥʷ Q=2. 0000.  

 

ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʘʣʝ ʥʝ ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ɿʘʚʜʘʥʥʷ 1.3. ɼʞʝʨʝʣʦ ʪʝʧʣʘ ʩʪʘʣʦʾ ʧʦʪʫʞʥʦʩʪʽ  q  ʜʽʻ ʚʩʝʨʝʜʠʥʽ ʢʦʣʘ ʨʘʜʽʫʩʘ 

Rr <0 . ʊʽʣʦ ʚʠʧʨʦʤʽʥʶʻ ʪʝʧʣʦ ʧʦ ʟʘʢʦʥʫ ʅʴʶʪʦʥʘ 

 ( )
RrRrr TTgT
==

-=¡
2 ,             (3) 

ʜʝ g ï ʢʦʝʬʽʮʽʻʥʪ ʪʝʧʣʦʦʙʤʽʥʫ ʟ ʥʘʚʢʦʣʠʰʥʽʤ ʩʝʨʝʜʦʚʠʱʝʤ ʟ ʪʝʤʧʝʨʘʪʫʨʦʶ 2T . 

ʇʽʜʽʙʨʘʪʠ 2T  ʪʘʢ, ʱʦʙ ʩʝʨʝʜʥʷ ʪʝʤʧʝʨʘʪʫʨʘ ʚʥʫʪʨʽʰʥʴʦʛʦ ʢʦʣʘ ʨʘʜʽʫʩʘ Rr <0  

ʜʦʨʽʚʥʶʚʘʣʘ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ 01 TT > . ɺ ʤʦʜʝʣʴʥʽʡ ʟʘʜʘʯʽ ʧʦʢʣʘʜʽʪʴ  k=1, R=1, 

2=q , 5.00 =r , 5.11=T , 5=g . 

ʈʦʟʚôʷʟʘʥʥʷ. ɼʣʷ ʮʽʻʾ ʟʘʜʘʯʽ ʚʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʦʪʦʯʥʠʡ ʬʘʡʣ. ɼʦʜʘʡʪʝ 

ʟʥʘʯʝʥʥʷ ʥʦʚʠʭ ʧʘʨʘʤʝʪʨʽʚ ʤʦʜʝʣʽ ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʥʘʩʪʫʧʥʦʾ ʪʘʙʣʠʮʽ. 

 
ɼʣʷ ʩʪʚʦʨʝʥʥʷ ʚʥʫʪʨʽʰʥʴʦʛʦ ʢʦʣʘ ʜʦʜʘʡʪʝ ʚ ʛʝʦʤʝʪʨʽʶ ʪʦʯʢʫ 0rr = . 

  Geometry - > Primitives - > Point 

Geometry 1 ï Point 1: 

   Point ï x =r0  

  LMB > Build All Objects 
ʋ ʚʫʟʣʽ Coefficient Form PDE 1 ʦʙʥʫʣʽʪʴ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʷʥʥʷ. 

Coefficient Form PDE (c) - CoefficientFromPDE 1: 

   Source Term ï f = 0 

ɼʦʜʘʡʪʝ ʚ çʬʽʟʠʢʫè  ʦʢʨʝʤʝ ʜʞʝʨʝʣʦ ʪʝʧʣʘ (ʪʠʧʫ Source ) ʩʪʘʣʦʾ ʧʦʪʫʞʥʦʩʪʽ q, 

ʷʢʝ ʜʽʷʪʠʤʝ ʚ ʢʦʣʽ 0rr ¢ . 

  Physics  - > Domain  -  Domains ï Coefficient Form PDE ï Source 

Coefficient Form PDE (c) - Coefficient Form PDE 1 ï Source 1: 
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   Domain Selection ï Selection = Manual,1   ( ʚʽʜʨʽʟʦʢ [0,r0] ) 

   Source  Term ï f = r * q 

ʊʫʪ ʤʥʦʞʥʠʢ r ʚʠʢʦʨʠʩʪʘʥʦ ʪʦʤʫ, ʱʦ ʚ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʧʨʠ ʟʘʧʠʩʫ 

ʨʽʚʥʷʥʥʷ ʫ ʚʠʛʣʷʜʽ (2) ʧʦʪʫʞʥʦʩʪʽ ʚʩʽʭ ʜʞʝʨʝʣ ʪʝʧʣʘ ʤʥʦʞʘʪʴʩʷ ʥʘ r. 

  ɼʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʽ ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʪʠʧʫ 

Flux/Source 1 . 

Coefficient Form PDE (c)  - Dirichlet Boundary Condition 1: RMB > Disable 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Coefficient Form PDE (c) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual, 3     (ʪʦʯʢʘ r=1) 

   Boundary Flux/Source ï g =g*T2*r    

              ï q =g* r  

ɺʨʘʭʦʚʫʶʯʠ, ʱʦ rc= , ʤʠ ʟʘʜʘʣʠ ʫʤʦʚʫ 
RrRrr TrgTrgTr
==

ÖÖ-ÖÖ=¡
2 . ʎʝ  

ʩʧʽʚʧʘʜʘʻ ʟ ʛʨʘʥʠʯʥʦʶ ʫʤʦʚʦʶ (3). 

  ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʢʦʣʫ 

ʨʘʜʽʫʩʘ 0r . 

  Definitions  - > Coupling -  Component Coupling -  Average 

Definitions - Average 1 (aveop2): 

   Source Selection ï Geometric entity level = Domain 

            ï Selection - < > = 1      (ʚʽʜʨʽʟʦʢ ],0[ 0r )  

   Advanced  ï Compute integral in revolved geometry = True  

ʅʘʛʘʜʘʻʤʦ, ʱʦ ʦʩʪʘʥʥʷ ʦʧʮʽʷ ʚʠʟʥʘʯʘʻ ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ 

ʧʦ ʢʦʣʫ ʨʘʜʽʫʩʘ 0r  (ʘ ʥʝ ʧʦ ʚʽʜʨʽʟʢʫ ],0[ 0r ). 

ɺ ʧʦʣʽ Operator name  ʦʙʨʘʥʝ ʩʠʩʪʝʤʦʶ ʽʤ'ʷ ʦʧʝʨʘʪʦʨʘ aveop2  ʟʘʣʠʰʪʝ. 

  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʫ ʚʫʟʦʣ Global Equations 1. 

Coefficient Form PDE (c) - Global Equations 1: 

   Global Equations ï Name = T2 

    Global Equations ï f(u,ut,utt,t)  = T1-  aveop2(T)  

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ.  

  Home - >  Study  - Compute 

ʂʨʠʚʘ, ʷʢʘ ʧʨʝʜʩʪʘʚʣʷʻ ʟʘʣʝʞʥʽʩʪʴ ʪʝʤʧʝʨʘʪʫʨʠ ()rT  ʚʽʜ ʚʽʜʩʪʘʥʽ ʜʦ ʮʝʥʪʨʘ 

ʢʦʣʘ, ʙʫʜʝ ʧʝʨʝʙʫʜʦʚʘʥʘ (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ). ʅʦʚʠʤ ʙʫʜʝ ʽ  

ʢʦʣʴʦʨʦʚʠʡ ʛʨʘʬʽʢ ʨʦʟʧʦʜʽʣʫ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʧʝʨʝʨʽʟʫ ʮʠʣʽʥʜʨʘ (ʥʘʩʪʫʧʥʠʡ 

ʨʠʩʫʥʦʢ ʧʨʘʚʦʨʫʯ). 

  
ʅʘʜʨʫʢʫʡʪʝ ʟʥʘʯʝʥʥʷ ʟʥʘʡʜʝʥʦʾ ʪʝʤʧʝʨʘʪʫʨʠ T2 ʟʦʚʥʽʰʥʴʦʛʦ ʩʝʨʝʜʦʚʠʱʘ. 

Results - Derived Values - State variable Q: 
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           Label = State variable T2 

   Expression  ï Expression =T2 

  LMB > Evaluate ïTable 1 
ɺ ʪʘʙʣʠʮʶ Table 1 ʙʫʜʝ ʜʦʜʘʥʘ ʥʦʚʘ ʢʦʤʽʨʢʘ ʟ ʨʝʟʫʣʴʪʘʪʦʤ ʦʙʯʠʩʣʝʥʥʷ   

T2=1.2142 . 

  

ɺʧʨʘʚʘ. ʅʘ ʚʽʜʨʽʟʢʫ  [ ]1,0=W  ʜʘʥʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ fu=D  ʟ ʥʫʣʴʦʚʠʤʠ 

ʛʨʘʥʠʯʥʠʤʠ ʫʤʦʚʘʤʠ. ɺʽʜʦʤʦ, ʱʦ f ï ʩʪʘʣʘ, ʘʣʝ ʪʘʢʘ, ʱʦ: 

1. ɯʥʪʝʛʨʘʣ ʚʽʜ ʨʦʟʚôʷʟʢʫ ʧʦ ʚʽʜʨʽʟʢʫ [0.25,0.75]  ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. 

2. ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ ʧʦ ʚʩʴʦʤʫ ʚʽʜʨʽʟʢʫ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ.  

3. ɿʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ u ʚ ʪʦʯʮʽ 5.00=x  ʜʦʨʽʚʥʶʻ ʟʘʜʘʥʽʡ ʚʝʣʠʯʠʥʽ  a=1  (ʪʦʙʪʦ 

() axu =0 ). 

  ɼʣʷ ʢʦʞʥʦʾ ʫʤʦʚʠ ʨʦʟʚôʷʟʘʪʠ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ ʜʣʷ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʽ 

ʧʽʜʽʙʨʘʪʠ ʚʽʜʧʦʚʽʜʥʝ ʟʥʘʯʝʥʥʷ ʥʝʚʽʜʦʤʦʛʦ ʧʘʨʘʤʝʪʨʘ  f. 

 

 

5.3.2. ɺʠʢʦʨʠʩʪʘʥʥʷ ʚ ʨʽʚʥʷʥʥʷʭ ʦʧʝʨʘʪʦʨʽʚ. 

ɼʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ ʚ ʢʦʝʬʽʮʽʻʥʪʘʭ, ʛʨʘʥʠʯʥʠʭ ʫʤʦʚʘʭ ʽ ʚʽʣʴʥʠʭ ʯʣʝʥʘʭ 

ʤʦʞʫʪʴ ʤʽʩʪʠʪʠ ʥʝ ʪʽʣʴʢʠ ʘʨʠʬʤʝʪʠʯʥʽ ʦʧʝʨʘʮʽʾ, ʬʫʥʢʮʽʾ, ʧʘʨʘʤʝʪʨʠ ʽ ʟʤʽʥʥʽ 

ʤʦʜʝʣʽ, ʘ ʽ ʦʧʝʨʘʪʦʨʠ ʩʠʩʪʝʤʠ ʘʙʦ ʢʦʨʠʩʪʫʚʘʯʘ. ʏʘʩʪ̔h ʝ ʟʘ ʚʩʝ 

ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʧʝʨʘʪʦʨ integrate(...) . ɸʣʝ ʟʫʩʪʨʽʯʘʶʪʴʩʷ ʚʠʧʘʜʢʠ 

ʟʘʩʪʦʩʫʚʘʥʥʷ ʽʥʰʠʭ ʦʧʝʨʘʪʦʨʽʚ. ʈʦʟʛʣʷʥʝʤʦ ʢʽʣʴʢʘ ʫʯʙʦʚʠʭ ʟʘʜʘʯ, ʨʽʚʥʷʥʥʷ 

ʷʢʠʭ ʤʽʩʪʷʪʴ ʦʧʝʨʘʪʦʨʠ.   

ʇʨʠʢʣʘʜ. ʈʦʟʚôʷʟʘʪʠ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ () 10, <<=¡¡- xxfu xx , () 10 -=u , ()11 =u  ʟ 

ʥʘʩʪʫʧʥʠʤ ʚʽʣʴʥʠʤ ʯʣʝʥʦʤ  f : 

  1. () ñ-=
1

0
1 xduxf ; 

  2. () ñÖ+=
x

xduxf
0

641 ;  

3. ()
í
ì
ë

-

¢¢Ö+-
=

ʽʥʘʢʰʝ,1

3/23/1,101 ]3/2,3/1[ xu
xf , ʜʝ ]3/2,3/1[u  ʧʦʟʥʘʯʘʻ ʩʝʨʝʜʥʻ 

ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ u ʥʘ ʚʽʜʨʽʟʢʫ [1/3,2/3];  

  4.  ()
( )

í
ì
ë ¢¢Ö
=

ʽʥʘʢʰʝ

xu
xf

,0

3/23/1,75.010
; 

  5. () ( ) ( ) ( ) ( )9.08.07.06.0 uuuuxf +++= ; 

6. () ( ) ( ) ( )3/23/210110 2 uxxxf Ö-Ö+--= d , ʜʝ ()xd  - ʜʝʣʴʪʘ-ʬʫʥʢʮʽʷ 

ɼʽʨʘʢʘ. 

ʇʨʠ ʩʪʚʦʨʝʥʥʽ ʤʦʜʝʣʝʡ ʜʣʷ ʮʠʭ ʟʘʜʘʯ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʛʝʥʝʨʫʚʘʪʠʤʝʪʴʩʷ ʦʜʥʘ 

ʬʽʟʠʢʘ (ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ) ʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʫʪʴʩʷ ʦʜʥʘʢʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ 
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ɼʽʨʽʭʣʝ.  ɺ ʤʦʜʝʣʷʭ ʟʤʽʥʶʚʘʪʠʤʝʪʴʩʷ ʚʽʣʴʥʠʡ ʯʣʝʥ ()xf  ʘʙʦ ʩʪʚʦʨʶʚʘʪʠʤʫʪʴʩʷ 

ʜʦʜʘʪʢʦʚʽ ʚʫʟʣʠ ʜʣʷ ʡʦʛʦ ʢʦʨʝʛʫʚʘʥʥʷ.    

ʈʦʟʚôʷʟʘʥʥʷ. ʉʪʚʦʨʽʪʴ ʤʦʜʝʣʴ ʟʽ ʩʪʘʮʽʦʥʘʨʥʠʤ Classical PDEs -  

Poisson's Equation (poeq)   ʽʥʪʝʨʬʝʡʩʦʤ. 

  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɺʩʪʘʥʦʚʽʪʴ ʧʨʘʧʦʨʝʮʴ, ʷʢʠʡ ʚʠʟʥʘʯʘʪʠʤʝ ʚʽʜʦʙʨʘʞʝʥʥʷ ʽʥʜʠʢʘʪʦʨʽʚ ʝʣʝʤʝʥʪʽʚ 

ʛʝʦʤʝʪʨʽʾ. 

Component 1 ï Definitions - View 1: 

   View  ï Show geometry labels  = True  

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʝʡ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,1].  
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 (i1) :  LMB > Build All Objects 
ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Mesh 1: 

   Mesh Settings ïElement size = Extra f ine  

  LMB> Build All 

1. 10,1
1

0
<<-=¡¡- ñ xxduu xx , () 10 -=u , ()11 =u . 

ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ [0,1].  

  Definitions  - > Coupling  -  Component  Coupling  -  Integration 

Component 1 - Definitions - Integration 1 (intop1): 

   Source Selection ï Geometric entity level = Domain 

            ï Selection - < > = 1      (ʚʽʜʨʽʟʦʢ [0,1]) 

ɯʤ'ʷ ʦʧʝʨʘʪʦʨʘ intop1  ʚ ʧʦʣʽ Operator name  ʟʘʣʠʰʪʝ ʙʝʟ ʟʤʽʥ. ʅʘʛʘʜʘʻʤʦ, ʱʦ 

ʦʧʝʨʘʪʦʨ intop1(expr)  ʽʥʪʝʛʨʫʻ ʙʫʜʴ-ʷʢʠʡ ʚʠʨʘʟ expr , ʟʘʜʘʥʠʡ ʥʘ ʟʦʥʽ ʜʽʾ 

ʦʧʝʨʘʪʦʨʘ, ʧʦ ʮʽʡ ʟʦʥʽ (ʟʘʨʘʟ ʧʦ ʚʽʜʨʽʟʢʫ  [0,1]). 

  ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Poisson's Equation (poeq) - Poisson's Equation 1 

ʚ ʨʦʟʜʽʣ ̔ Domain Selection  ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʩʪʦʾʪʴ ʦʜʠʥʠʮʷ. ɺ ʨʦʟʜʽʣʽ 

Equation  ʟʘʧʠʩʘʥʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʚ ʬʦʨʤʽ 

( ) ()xfuc =Ð-ÖÐ . 

ʇʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʟʘʜʘʡʪʝ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ ʯʘʩʪʠʥʠ ʇɺ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = 1 

   Source Term ï f = 1- intop1(u)  

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ñ-=¡¡-
1

0
1 xduu xx . 

  ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

   Physics  -> Boundari y - Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, <> = Manual ,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 
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   Dirichlet Boundary Condition ï r  =- 1 

  Physics  -> Boundari y - Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  2: 

   Boundary Selection ï Selection, <> = Manual , 2 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ) 

   Dirichlet Boundary Condition ï r  = 1 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ 

  Home - >  Study  ï Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ.  ʉʪʠʣʴ ʢʨʠʚʦʾ ʥʘʣʘʰʪʫʡʪʝ ʥʘ ʩʚʽʡ ʨʦʟʩʫʜ. 

   
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ U ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʜ  

Ὗὼ =
1

2
( 2 +

64ὼ

13

12ὼ2

13
) 

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʚʠ ʤʦʞʝʪʝ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʡ U ʚ ʛʽʣʮʽ 

1D Plot Group 1. 

2. 10,641
0

<<Ö+=¡¡- ñ xxduu
x

xx , () 10 -=u , ()11 =u . 

ɺ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʷʥʥʷ ʚʠʢʦʨʠʩʪʘʥʘ ʧʝʨʚʽʩʥʘ ñ
x

xdu
0

 ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ.  

  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source Term ï f = 1+64*intop1(u*(x<=dest(x)))  

ɼʣʷ ʟʦʙʨʘʞʝʥʥʷ ʧʝʨʚʽʩʥʦʾ ʙʫʣʦ ʟʘʩʪʦʩʦʚʘʥʦ ʽʥʪʝʛʨʘʣ ʟʽ ʟʤʽʥʥʦʶ 

ʚʝʨʭʥʴʦʶ ʤʝʞʝʶ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʷʢʠʡ ʢʦʥʚʝʨʪʦʚʘʥʦ ʚ ʚʠʟʥʘʯʝʥʠʡ 

ʽʥʪʝʛʨʘʣ ʧʦ ʚʽʜʨʽʟʢʫ 

() ()( )ññ ¢=
1

0

xxxxx dxudu
x

a

.

 
ʊʫʪ ʜʦʜʘʪʢʦʚʠʡ ʤʥʦʞʥʠʢ ( )x¢x , ʷʢʠʡ ʜʦʨʽʚʥʶʻ +1 ʘʙʦ 0, ʦʙʥʫʣʷʻ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʠʡ ʚʠʨʘʟ ʥʘ ʜʽʣʷʥʮʽ x>x . ʑʦʙ ʨʦʟʨʽʟʥʠʪʠ ʧʨʦʩʪʦʨʦʚʫ 

ʢʦʦʨʜʠʥʘʪʫ x ʽ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ x (ʚʦʥʘ ʪʝʞ ʟʤʽʥʶʻʪʴʩʷ ʧʦ ʚʽʜʨʽʟʢʫ 

[0,1]), ʟʦʚʥʽʰʥʶ ʘʙʩʮʠʩʫ x ʚ ʦʧʝʨʘʪʦʨʽ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘʤʽʥʝʥʦ 

ʦʧʝʨʘʪʦʨʦʤ dest(x) . 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ñÖ+=¡¡-
x

xx xduu
0

641 . 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study  - Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 
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ɺ ʮʴʦʤʫ ʧʨʠʢʣʘʜʽ ʢʦʨʠʩʥʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʧʝʨʚʽʩʥʦʾ ʨʦʟʚôʷʟʢʫ. 
  Results  -> Plot Group ï 1D Plot Group 

  1D Plot Group 2 -> Add Plot  ï Line Graph 

1D Plot Group 2 - Line Graph 1: 

   Selection ï < > = 1                   (ʚʽʜʨʽʟʦʢ [0,1] ) 

   y- Axis Data ï Expression = intop1(u*(x<=dest(x)))  

   x- Axis Data ï Parameter, Expression = Expression ,x  

  LMB > Plot 

 

ɺʽʣʴʥʠʡ ʯʣʝʥ ʨʽʚʥʷʥʥʷ  ñÖ+
x

xdu
0

641  (ʷʢ ʽ ʧʝʨʚʽʩʥʘ) ʥʘ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʚʽʜʨʽʟʢʘ 

[0,1] ʜʦʜʘʪʥʠʡ, ʘ ʥʘ ʣʽʚʽʡ ï ʚʽʜôʻʤʥʠʡ (ʧʨʠʙʣʠʟʥʦ). ʆʪʞʝ ʽ  ʚʠʧʫʢʣʽʩʪʴ ʢʨʠʚʦʾ u 

ʥʘ ʮʠʭ ʜʽʣʷʥʢʘʭ ʨʽʟʥʘ. 

3. ʇʨʦʜʦʚʞʠʪʴ ʨʦʙʦʪʫ ʟ ʧʦʪʦʯʥʠʤ ʬʘʡʣʦʤ. 

  ɼʣʷ ʟʘʩʪʦʩʫʚʘʥʥʷ ʦʧʝʨʘʪʦʨʘ ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ ʥʘ 

ʚʽʜʨʽʟʢʫ [1/3,2/3] ʚ ʛʝʦʤʝʪʨʽʾ ʧʦʪʨʽʙʥʦ ʤʘʪʠ ʪʘʢʠʡ ʚʽʜʨʽʟʦʢ. ɼʣʷ ʮʴʦʛʦ ʚ 

ʨʦʟʨʘʭʫʥʢʦʚʫ ʦʙʣʘʩʪʴ ʜʦʜʘʡʪʝ ʜʚʽ ʪʦʯʢʠ ï ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ. 
  Geometry - > Primitives - > Point 

Geometry 1 ï Point 1: 

   Point ï x =1/3 , 2/3  

  LMB > Build All Objects 
ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʦʙʯʠʩʣʝʥʥʷ ʩʝʨʝʜʥʴʦʛʦ ʟʥʘʯʝʥʥʷ ʧʦ ʚʽʜʨʽʟʢʫ [1/3,2/3]. 

  Definitions  - > Coupling  -  Component  Coupling  -  Average 

Component 1 - Definitions - Average 1 (aveop1): 

   Source Selection ï Geometric entity level = Domain 

            ï Selection - < > = 2      (ʚʽʜʨʽʟʦʢ [1/3,2/3]) 

ɯʤ'ʷ ʦʧʝʨʘʪʦʨʘ aveop1  ʚ ʧʦʣʽ Operator name  ʟʘʣʠʰʪʝ ʙʝʟ ʟʤʽʥ.  

  ʇʝʨʝʚʽʨʪʝ, ʱʦ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ɼʽʨʽʭʣʝ ʟʘʣʠʰʠʣʠʩʷ ʟʘʜʘʥʠʤʠ ʥʘ ʢʽʥʮʷʭ 

ʚʽʜʨʽʟʢʘ. ɿʤʽʥʠ ʤʦʛʣʠ ʩʪʘʪʠʩʷ, ʙʦ ʧʽʩʣʷ ʜʦʜʘʚʘʥʥʷ ʚʥʫʪʨʽʰʥʴʦʛʦ ʚʽʜʨʽʟʢʘ 

[1/3,2/3]  ̔ ʥʜʠʢʘʪʦʨʠ ʪʦʯʦʢ ʧʦʤʽʥʷʣʘʩʷ.  

  ʋ ʚʫʟʣʽ  Poisson's Equation 1  ʟʤʽʥʽʪʴ ʚʽʣʴʥʠʡ ʯʣʝʥ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source Term ï f = - 1 
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ɺ ʛʽʣʮʽ Poisson's Equation (poeq) ʩʪʚʦʨʽʪʴ ʚʫʟʦʣ ʪʠʧʫ Source , ʷʢʠʡ 

ʧʨʝʜʩʪʘʚʣʷʪʠʤʝ ʜʦʜʘʪʢʦʚʠʡ ʟʦʚʥʽʰʥʽʡ ʚʧʣʠʚ ʥʘ ʚʽʜʨʽʟʢʫ [1/3,2/3]. 

  Physics  - > Domain  -  Domains ï Poisson's Equation ï Source 

Poisson's Equation (poeq) ï Source 1: 

   Domain Selection ï Selection = Manual, 2   ( ʚʽʜʨʽʟʦʢ [1/3,2/3] ) 

   ʅʘ ʚʽʜʨʽʟʢʫ [1/3,2/3] ʙʫʜʝ ʜʽʷʪʠ ʟʦʚʥʽʰʥʷ ʩʠʣʘ. 

   Source  Term ï f = 10*aveop1(u)  

ɺ ʨʝʟʫʣʴʪʘʪʽ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ()xfu xx =¡¡- , ʜʝ 

()
í
ì
ë

-

¢¢Ö+-
=

ʽʥʘʢʰʝ

xu
xf

,1

3/23/1,101 ]3/2,3/1[
, 

ʽ  ]3/2,3/1[u   ʧʦʟʥʘʯʘʻ ʩʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ u ʥʘ ʚʽʜʨʽʟʢʫ  [1/3,2/3].  

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ 

  Home - >  Study  - Compute 

ʽ ʫ ʚʫʟʣʽ 1D Plot Group 1 ʦʪʨʠʤʘʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʜ:  

Ὗὼ =

ừ
Ử
Ừ

Ử
ứ 1 +

53

57
ὼ+
ὼ2

2
 ,                                                 ὼ<

1

3

1 +
53

57
ὼ+

1

342
65 390 ὼ+ 756 ὼ2  ,    

1

3
ὼ

2

3

1 +
53

57
ὼ+

1

114
65 + 130 ὼ+ 57 ὼ2  ,  ὼ>

2

3

 

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʤʦʞʝʪʝ ʩʘʤʦʩʪʽʡʥʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ U ʚ ʛʽʣʮʽ 1D Plot 

Group 1. 

4. () 10, <<=¡¡- xxfu xx , () 10 -=u , ()11 =u , ʜʝ ʚʽʣʴʥʠʡ ʯʣʝʥ ()xf , ʟʘʜʘʥʠʡ ʥʘ 

ʚʽʜʨʽʟʢʫ [1/3,2/3], ʻ ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ, ʧʨʦʧʦʨʮʽʡʥʦʶ ʟʥʘʯʝʥʥʶ ʨʦʟʚôʷʟʢʫ u ʚ 

ʬʽʢʩʦʚʘʥʽʡ ʪʦʯʮʽ, ʥʘʧʨʠʢʣʘʜ,  

()
( )

í
ì
ë ¢¢Ö
=

ʽʥʘʢʰʝ

xu
xf

,0

3/23/1,75.010
. 

ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ, ʘ ʪʘʢʦʞ ʚ ʧʦʣʷ ʇɺ ʚʫʟʣʘ Source 1. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source Term ï f = 0 

Poisson's Equation (poeq)  ï Source 1: 

   ʅʘ ʚʽʜʨʽʟʢʫ [1/3,2/3] ʙʫʜʝ ʜʽʷʪʠ ʟʦʚʥʽʰʥʷ ʩʠʣʘ. 

   Source  Term ï f = 10*at1(0.75,u)  

ʅʘʛʘʜʫʻʤʦ, ʱʦ ʦʧʝʨʘʪʦʨ at1( x0, expr )  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ 1D ʛʝʦʤʝʪʨʽʷʭ ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʠʨʘʟʫ expr  ʚ ʪʦʯʮʽ ʟ ʢʦʦʨʜʠʥʘʪʦʶ x0. 
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  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study  - Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʛʣʷʜ:  

Ὗὼ =

ừ
Ử
Ừ

Ử
ứ

 

           1 +
24

7
ὼ ,                            ὼ<

1

3
1

21
( 31 + 132 ὼ 90 ὼ2) ,    

1

3
ὼ

2

3

               
1

7
(3 + 4 ὼ)  ,                         ὼ>

2

3

 

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʤʦʞʝʪʝ ʩʘʤʦʩʪʽʡʥʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ U ʚ ʛʽʣʮʽ 1D Plot 

Group 1. 

5. () 10, <<=¡¡- xxfu xx , () 10 -=u , ()11 =u , ʜʝ ʚʽʣʴʥʠʡ ʯʣʝʥ ()xf  ʻ ʩʪʘʣʦʶ, ʷʢʘ 

ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ  

() ( ) ( ) ( ) ( )9.08.07.06.0 uuuuxf +++= . 

ɼʝʘʢʪʠʚʫʡʪʝ ʚʫʟʦʣ Source 1 ʽ ʚʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʇɺ ʚʫʟʣʘ Poisson's Equation 1. 

Poisson's Equation (poeq) ï Source 1: RMB > Disable 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source Term ï f = sum(at1(0.5+i*0.1,u),i,1,4)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study  - Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʜ:  

Ὗὼ =
1

2
2 +

92 

13
ὼ

40

13
 ὼ2  

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘʤʦʩʪʽʡʥʦ ʜʦʙʫʜʫʡʪʝ/ʧʝʨʝʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ U ʚ ʛʽʣʮʽ 

1D Plot Group 1. 

6.  () ( ) ( ) ( )3/23/210110 2 uxxxf Ö-Ö+--= d . ɼʨʫʛʠʡ ʜʦʜʘʥʦʢ ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ 

ʨʽʚʥʷʥʥʷ ʽʤʽʪʫʻ ʟʦʩʝʨʝʜʞʝʥʝ ʟʦʚʥʽʰʥʻ ʟʫʩʠʣʣʷ ʘʙʦ ʜʞʝʨʝʣʦ,  ʷʢʝ ʧʨʦʧʦʨʮʽʡʥʝ 

ʨʦʟʚôʷʟʢʫ ʚ ʪʦʯʮʽ x=2/3.  
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  ɺʥʝʩʽʪʴ ʟʤʽʥʠ ʚ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʽ ʜʦʜʘʡʪʝ ʚʫʟʦʣ ʪʦʯʢʦʚʦʛʦ ʜʞʝʨʝʣʘ 

Flux/Source 1. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Source Term ï f = - 10*(1 - x^2)  

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Poisson's Equation (poeq) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual, 3    (ʪʦʯʢʘ x=2/3) 

   Boundary F lux/Source ï g = 10*at1(2/3,u)  

ʊʫʪ ʪʦʯʢʘ ʧʨʠʢʣʘʜʘʥʥʷ ʟʫʩʠʣʣʷ  x=2/3 ʽʩʥʫʻ ʚ ʛʝʦʤʝʪʨʽʾ ʤʦʜʝʣʽ, ʘ ʚʝʣʠʯʠʥʘ 

ʟʫʩʠʣʣʷ 10*at1(2/3,u )  ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ  at1(2/3,...) ʙʝʨʝʪʴʩʷ ʟ 

ʪʽʻʾ ʞ ʪʦʯʢʠ  x=2/3. 

  ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ 

  Home - >  Study  - Compute 

ʽ ʦʪʨʠʤʘʡʪʝ ʥʘʩʪʫʧʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ. 

  
ɸʥʘʣʽʪʠʯʥʠʡ ʨʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʤʘʻ ʚʠʜ:  

Ὗὼ =
1

1981

1782
ὼ+ 5 ὼ2

5

6
ὼ4 ,    ὼ<

2

3
989

891

7621

1782
ὼ+ 5ὼ2

5

6
ὼ4 ,   ὼ>

2

3
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1D Plot Group 1. 

 

 

5.4. ɼʝʤʦʥʩʪʨʘʮʽʡʥʽ ʧʨʠʢʣʘʜʠ. 

5.4.1.   ʊʝʧʣʦʧʨʦʚʽʜʥʽʩʪʴ ʚ ʙʘʛʘʪʦʰʘʨʦʚʽʡ ʧʣʦʩʢʽʡ ʩʪʽʥʮʽ. 

ɼʘʥʦ ʥʘʙʽʨ n ʧʣʦʩʢʠʭ ʢʦʥʪʘʢʪʫʶʯʠʭ ʥʝʦʙʤʝʞʝʥʠʭ ʧʣʘʩʪʠʥ ʪʦʚʱʠʥʦʶ id  ʟ 

ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ( )nii ,...,2,1=l ; ʪʝʧʣʦ ʧʝʨʝʜʘʻʪʴʩʷ ʯʝʨʝʟ 

ʧʣʘʩʪʠʥʠ ʥʦʨʤʘʣʴʥʦ ʾʭ ʛʨʘʥʷʤ, ʚʥʫʪʨʽʰʥʽʭ ʜʞʝʨʝʣ ʪʝʧʣʘ ʥʝʤʘʻ. ʊʝʤʧʝʨʘʪʫʨʘ ʥʘ 

ʟʦʚʥʽʰʥʽʭ ʧʦʚʝʨʭʥʷʭ ʜʦʨʽʚʥʶʻ  0u   ̔ nu . ʊʨʝʙʘ ʟʥʘʡʪʠ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ 

ʚʩʝʨʝʜʠʥʽ ʪʘʢʦʾ ʙʘʛʘʪʦʰʘʨʦʚʦʾ ʧʣʦʩʢʦʾ ʩʪʽʥʢʠ.  

  ʄʘʪʝʤʘʪʠʯʥʘ ʤʦʜʝʣʴ ʟʘʜʘʯʽ ʧʦʣʷʛʘʻ ʚ ʨʦʟʚôʷʟʘʥʥʽ ʩʪʘʮʽʦʥʘʨʥʦʛʦ ʨʽʚʥʷʥʥʷ 

ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ () 0=öö
÷

õ
ææ
ç

å

xd

ud
x

xd

d
l    ʟ ʢʫʩʢʦʚʦ-ʩʪʘʣʦʶ ʬʫʥʢʮʽʻʶ ()xl : 
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ʈʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʚʽʜʦʤʠʡ. ɺʽʥ ʤʘʻ ʚʠʛʣʷʜ 
1

0 0 0

11 1
1

1 1

2 2 /

n
n n n

in
in i ii ii

u u u u x x x x
u x x

d l l l ll

-

= +
=

å õå õ+ - - -
= + + + - -æ öæ öæ ö

ç ÷ç ÷
ä

ä
    (1) 

ʽ ʤʠ ʟʤʦʞʝʤʦ ʧʦʨʽʚʥʷʪʠ ʡʦʛʦ ʟ ʨʦʟʚôʷʟʢʦʤ, ʷʢʠʡ ʧʦʙʫʜʫʻ ʩʠʩʪʝʤʘ. 

ʇʨʠʢʣʘʜ. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʨʦʟʧʦʜʽʣʫ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʪʨʠʰʘʨʦʚʽʡ ʩʪʽʥʮʽ ʧʨʠ 

ʥʘʩʪʫʧʥʠʭ ʟʥʘʯʝʥʥʷʭ: {} { }3,2,1,0
3

0
=

=iix , { } { }5,2,1
3

1
=

=iil , 1,4 30 == uu . 

ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

    Classical PDEs - Heat Equation(hteq) - > Stationary 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʪʨʴʦʭ ʧʨʠʣʝʛʣʠʭ ʚʽʜʨʽʟʢʽʚ [0,1], [1,2] ʽ [2,3].  
  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0, 1, 2,3  

Geometry 1 - Interval 1 (i1) :  LMB > Build All Objects 
ʐʘʨʠ (ʚʽʜʨʽʟʢʠ) ʨʦʟʨʽʟʥʷʶʪʴʩʷ ʢʦʝʬʽʮʽʻʥʪʦʤ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. ʅʘ ʢʦʞʥʦʤʫ ʟ 

ʥʠʭ çʧʨʘʮʶʻè ʩʚʦʻ ʨʽʚʥʷʥʥʷ. ʊʦʤʫ ʩʪʚʦʨʽʪʴ ʚ ʤʦʜʝʣʽ ʱʝ ʜʚʽ çʬʽʟʠʢʠè, ʜʦʜʘʚʰʠ 

ʚ ʥʝʾ ʜʚʘ ʨʽʚʥʷʥʥʷ.  
  Physics - > Domains - > Classical PDEs - Heat Equation 

  Physics - > Domains - > Classical PDEs - Heat Equation 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʚ ʛʽʣʮʽ Heat Equation (hteq) ʟ'ʷʚʣʷʪʴʩʷ ʜʚʘ ʥʦʚʠʭ ʚʫʟʣʘ Heat 

Equation 2   ̔ Heat Equation 3. ʅʘʣʘʰʪʫʡʪʝ ʾʭ ʧʘʨʘʤʝʪʨʠ. 

Heat Equation 2: 

   Domain Selection ï Selection , <> = Manual , 2   (ʚʽʜʨʽʟʦʢ [1,2]) 

   Diffusion Coefficient ï c = - 2 

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

Heat Equation 3: 

   Domain Selection ï Selection,<> = Manual,3    (ʚʽʜʨʽʟʦʢ [2,3]) 

   Diffusion Coefficient ï c = - 5 

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

ɺ̔ ʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Heat Equation 1. ʁʦʛʦ ʨʦʟʜʽʣ Domain Selection  ʧʦʚʠʥʝʥ 

ʤʘʪʠ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ. 
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ʊʫʪ ʚʠʜʥʦ, ʱʦ ʚʽʜʨʽʟʢʠ ʟ ʽʥʜʠʢʘʪʦʨʘʤʠ  2 ʽ 3 ʥʝ ʚʭʦʜʷʪʴ ʜʦ ʟʦʥʠ ʜʽʾ ʧʝʨʰʦʛʦ 

ʨʽʚʥʷʥʥʷ. ɺ ʇɺ ʮʴʦʛʦ ʚʫʟʣʘ ʚʚʝʜʽʪʴ ʥʘʩʪʫʧʥʽ ʟʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ. 

Heat Equation 1: 

   Diffusion  Coefficient  ï c = - 1 

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, < > = Manual , 1     (ʪʦʯʢʘ x=0) 

   Dirichlet Boundary Condition ï r  = 4 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  2: 

   Boundary Selection ï Selection, < >  = Manual,4      (ʪʦʯʢʘ x=3) 

   Dirichlet Boundary Condition ï r  = 1 

ʅʘ ʚʥʫʪʨʽʰʥʽʭ ʛʨʘʥʠʮʷʭ ʫʤʦʚʠ ʟʘʜʘʚʘʪʠ ʥʝʧʦʪʨʽʙʥʦ. ʅʘ ʥʠʭ ʘʚʪʦʤʘʪʠʯʥʦ 

ʨʝʘʣʽʟʦʚʫʚʘʪʠʤʝʪʴʩʷ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʪʝʧʣʦʚʦʛʦ ʧʦʣʷ (ʪʝʤʧʝʨʘʪʫʨʠ ʽ ʪʝʧʣʦʚʦʛʦ 

ʧʦʪʦʢʫ).   

  ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Finer  

  LMB> Build All 
ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

Study 1: LMB > Compute 
ɺ ʛ̔ʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1 - Line Graph 1, ʚ ʛʨʘʬʽʯʥʽʡ 

ʟʦʥʽ ʷʢʦʛʦ ʙʫʜʫʪ̒ʴʩʷ ʣʘʤʘʥʘ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʻ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʥʘʰʦʾ 

ʪʨʠʰʘʨʦʚʦʾ ʟʘʜʘʯʽ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. 

 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ (1) ʧʨʠ ʦʙʨʘʥʠʭ ʟʥʘʯʝʥʥʷʭ 

ʧʘʨʘʤʝʪʨʽʚ  n=3, {} { }3,2,1,0
3

0
=

=iix , { } { }5,2,1
3

1
=

=iil , 1,4 30 == uu . ɼʣʷ ʮʴʦʛʦ ʚ 

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 1 ʜʦʜʘʡʪʝ ʱʝ ʦʜʠʥ ʣʽʥʽʡʥʠʡ ʛʨʘʬʽʢ. 

  1D Plot Group 1  -> Add Plot  ï Line Graph 
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1D Plot Group 1 - Line Graph 2: 

   Selection ï < > = 1,2,3          (ʽʥʜʠʢʘʪʦʨʠ ʚʩʽʭ ʪʨʴʦʭ ʚʽʜʨʽʟʢʽʚ) 

   y- Axis Data ï Expression =5/2 -  

         15/17*(6/5*x - 3/5 - abs(x - 1)/2 - 3*abs(x - 2)/10)  

   x- Axis Data ï Parameter, Expression = Expression , x 

  LMB > Plot 
ɻʨʘʬʽʢ ʚʚʝʜʝʥʦʛʦ ʚʠʨʘʟʫ, ʧʦʙʫʜʦʚʘʥʦʤʫ ʟʘ ʬʦʨʤʫʣʦʶ (1), ʚ ʪʦʯʥʦʩʪʽ 

ʥʘʢʣʘʜʘʻʪʴʩʷ ʥʘ ʣʘʤʘʥʫ ʦʩʪʘʥʥʴʦʛʦ ʨʠʩʫʥʢʘ.  

ɺʧʨʘʚʘ 1. ʈʦʟʚôʷʞʽʪʴ ʧʦʧʝʨʝʜʥʶ ʟʘʜʘʯʫ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʥʘ ʚʽʜʨʽʟʢʫ [0,3] 

ʻʜʠʥʝ ʨʽʚʥʷʥʥʷ ʟ ʢʫʩʢʦʚʦ ʟʘʜʘʥʠʤ ʢʦʝʬʽʮʽʻʥʪʦʤ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. ʇʦʙʫʜʫʡʪʝ 

ʟʘʣʠʪʠʡ ʢʦʥʪʫʨʥʠʡ ʛʨʘʬʽʢ, ʷʢʠʡ ʧʨʝʜʩʪʘʚʣʷʻ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʪʦʚʱʠʥʽ 

ʙʘʛʘʪʦʰʘʨʦʚʦʾ ʩʪʽʥʢʠ. 

ɺʧʨʘʚʘ 2. ɼʦʩʣʽʜʽʪʴ ʩʪʘʮʽʦʥʘʨʥʠʡ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʙʘʛʘʪʦʰʘʨʦʚʽʡ 

ʧʣʦʩʢʽʡ ʩʪʽʥʮʽ ʟ ʟʘʜʘʥʠʤ ʪʝʧʣʦʦʙʤʽʥʦʤ ʥʘ ʛʨʘʥʠʮʷʭ. 

  ɼʘʥʦ n ʧʣʦʩʢʠʭ ʢʦʥʪʘʢʪʫʶʯʠʭ ʥʝʦʙʤʝʞʝʥʠʭ ʧʣʘʩʪʠʥ ʪʦʚʱʠʥʦʶ 

1--= iii xxd  ( )nxxx <<<= ...0 10  ʟ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ il 

( )ni ,...,2,1= . ʊʝʤʧʝʨʘʪʫʨʘ ʩʝʨʝʜʦʚʠʱ ,l rT T, ʱʦ ʦʤʠʚʘʶʪʴ ʣʽʚʫ ʽ ʧʨʘʚʫ ʩʪʽʥʢʠ 

ʟʘʜʘʥʽ. ɿʥʘʡʪʠ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʪʘʢʡ̔ ʙʘʛʘʪʦʰʘʨʦʚʽʡ ʧʣʦʩʢʽʡ ʩʪʽʥʮ.̔ 

  ɿʘʜʘʯʘ ʧʦʣʷʛʘʻ ʚ ʨʦʟʚôʷʟʘʥʥʽ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ 

() 0=öö
÷

õ
ææ
ç

å

xd

ud
x

xd

d
l  

ʟ ʢʫʩʢʦʚʦ-ʩʪʘʣʦʶ ʬʫʥʢʮʽʻʶ ()xl .  ʅʘ ʣʽʚʦʤʫ ʽ ʧʨʘʚʦʤʫ ʢʽʥʮʷʭ ʧʨʠ 00==xx    ̔

nxx=  ʤʘʻʤʦ ʪʝʧʣʦʦʙʤʽʥ ʟ ʥʘʚʢʦʣʠʰʥʽʤ ʩʝʨʝʜʦʚʠʱʝʤ ʟʘ ʟʘʢʦʥʦʤ ʅʴʶʪʦʥʘ 

() ()( )001 uTu llx -=¡- al     ̔   () ()( )rnrnxn Txuxu -=¡- al , 

ʜʝ rl aa, ï ʢʦʝʬʽʮʽʻʥʪʠ ʪʝʧʣʦʦʙʤʽʥʫ ʥʘ ʣʽʚʦʤʫ ʽ ʧʨʘʚʦʤʫ ʪʦʨʮʷʭ.  

  ʈʦʟʚôʷʟʦʢ ʮʽʻʾ ʟʘʜʘʯʽ ʚʽʜʦʤʠʡ. ɺʽʥ ʤʘʻ ʚʠʛʣʷʜ 
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++= ä=
. 

  ʈʦʟʛʣʷʥʴʪʝ ʟʘʜʘʯʫ ʨʦʟʧʦʜʽʣʫ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʪʨʠʰʘʨʦʚʽʡ ʧʣʦʩʢʽʡ ʩʪʽʥʮʽ ʧʨʠ 

ʥʘʩʪʫʧʥʠʭ ʟʥʘʯʝʥʥʷʭ ʧʘʨʘʤʝʪʨʽʚ: 4=lT , 1=rT , }3,2,1,0{}{ 3

0==iix , 2=la , 1=ra , 

}2/1,2,3/2{}{ 3

1==iil . 
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5.4.2.   ʊʝʧʣʦʧʨʦʚʽʜʥʽʩʪʴ ʚ ʙʘʛʘʪʦʰʘʨʦʚʽʡ ʮʠʣʽʥʜʨʠʯʥʽʡ ʩʪʽʥʮʽ. 

ʉʪʘʮʽʦʥʘʨʥʝ ʦʜʥʦʨʽʜʥʝ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʤʘʻ ʚʠʛʣʷʜ ( ) 0=ÐÖÐ ul , ʜʝ 

l ï ʢʦʝʬʽʮʽʻʥʪ ʚʥʫʪʨʽʰʥʴʦʾ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ. ʗʢʱʦ ʩʪʽʥʢʘ ʷʚʣʷʻ ʩʦʙʦʶ 

ʧʦʨʦʞʥʠʩʪʠʡ  n - ʰʘʨʦʚʠʡ ʮʠʣʽʥʜʨ, ʚʽʩʴ ʷʢʦʛʦ ʟʙʽʛʘʻʪʴʩʷ ʟ ʚʽʩʩʶ z, ʪʝʤʧʝʨʘʪʫʨʘ 

ʚʩʪʘʥʦʚʠʣʘʩʷ, ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʥʝ ʟʘʣʝʞʘʪʴ ʚʽʜ ʢʫʪʦʚʦʾ ʢʦʦʨʜʠʥʘʪʠ ʽ ʢʦʦʨʜʠʥʘʪʠ 

z, ʢʦʝʬʽʮʽʻʥʪ ʚʥʫʪʨʽʰʥʴʦʾ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ l ʟʘʣʝʞʠʪʴ ʪʽʣʴʢʠ ʚʽʜ ʨʘʜʽʫʩʘ r, ʪʦ 

ʤʠ ʤʘʻʤʦ ʦʩʝʩʠʤʝʪʨʠʯʥʫ ʟʘʜʘʯʫ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʪʝʤʧʝʨʘʪʫʨʘ ʮʠʣʽʥʜʨʘ 

ʟʘʣʝʞʠʪʴ ʪʽʣʴʢʠ ʚʽʜ ʨʘʜʽʘʣʴʥʦʾ ʢʦʦʨʜʠʥʘʪʠ r, ʽ ʤʠ ʧʨʠʭʦʜʠʤʦ ʜʦ ʢʨʘʡʦʚʦʾ ʟʘʜʘʯʽ 

ʜʣʷ ɿɼʈ: 
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ʈʦʟʚôʷʟʦʢ ʮ̔ ʻʾ ʟʘʜʘʯʽ ʚʽʜʦʤʠʡ. ɺ̔ʥ ʤʘʻ ʚʠʛʣʷʜ 
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ʈʦʟʚôʷʟʦʢ (1) ʧʨʠ 0 nr r r¢ ¢ ʜʘʻ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʙʘʛʘʪʦʰʘʨʦʚʽʡ 

ʮʠʣʽʥʜʨʠʯʥʽʡ ʪʨʫʙʽ, ʢʦʣʠ ʪʝʤʧʝʨʘʪʫʨʘ nuu ,0  ʚʥʫʪʨʽʰʥʴʦʾ ʽ ʟʦʚʥʽʰʥʴʦʾ 

ʧʦʚʝʨʭʦʥʴ  ʚʽʜʦʤʽ.  ɺʠʨʘʟ  (1) ʤʠ ʟʤʦʞʝʤʦ ʧʦʨʽʚʥʷʪʠ ʟ ʨʦʟʚôʷʟʢʦʤ, ʷʢʠʡ ʧʦʙʫʜʫʻ 

ʩʠʩʪʝʤʘ. 

ʇʨʠʢʣʘʜ. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʨʦʟʧʦʜʽʣʫ ʪʝʤʧʝʨʘʪʫʨʠ ʚ ʪʨʠʰʘʨʦʚʽʡ ʪʨʫʙʽ ʧʨʠ 

ʥʘʩʪʫʧʥʠʭ ʟʥʘʯʝʥʥʷʭ ʧʘʨʘʤʝʪʨʽʚ: {} { }6,5,4,3
3

0
=

=iir , { } { }5,2,1
3

1
=

=iil , 

4,8 30 == =nuu . 

ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

    Classical PDEs - Heat Equation(hteq) - > Stationary 

ɿʘʫʚʘʞʝʥʥʷ. ʄʦʞʥʘ ʙʫʣʦ ʙ ʩʪʚʦʨʠʪʠ 1D Axisymmetric ʤʦʜʝʣʴ. 

ɺ ʇɺ ʚʫʟʣʘ Component 1 (comp1) ʚʽʜʢʣʶʯʽʪʴ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ 

ʚʝʣʠʯʠʥ, ʘ ʚ ʪʘʙʣʠʮʽ Spatial coordinates  ʟʘʤʽʩʪʴ x ʚʚʝʜʽʪʴ r .   

Component 1 (comp1):  

  Unit  System  ï <> = None 

  Spatial c oordinates  ï First  = r  
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ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [3,6], ʽ ʥʘ ʥʴʦʤʫ ʜʚʦʭ 

ʨʦʟʜʽʣʶʚʘʣʴʥʠʭ ʪʦʯʦʢ x=4 ʽ  x=5.  
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval 1 : 

   Interval ï Left endpoint , Right endpoint = 3,6  

  Geometry  - > Primitives  - > Point 

Geometry 1 ï Point 1(pt1): 

   Point  ï r  =4,5  

ʊʦʯʢʠ  ʩʪʚʦʨʝʥʽ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʨʦʟʙʠʪʠ ʚʽʜʨʽʟʦʢ [3,6] ʥʘ ʯʘʩʪʠʥʠ ʜʣʷ ʚʠʜʽʣʝʥʥʷ 

ʜʽʣʷʥʦʢ, ʥʘ ʷʢʠʭ çʧʨʘʮʶʚʘʪʠʤʫʪʴè ʨʽʚʥʷʥʥʷ. 

  ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Geometry 1 - Form Union (fin)  ʚ ʩʧʠʩʢʫ Action  

ʚʠʙʨʘʥʦ Form a union . 

  ɼʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ ʱʝ ʜʚʽ çʬʽʟʠʢʠè (ʜʚʘ ʨʽʚʥʷʥʥʷ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ). 

  Physics - > Domains - > Classical PDEs - Heat Equation 

  Physics - > Domains - > Classical PDEs - Heat Equation 

ɺ ʛ̔ʣʮʽ Heat Equation (hteq) ʟ'ʷʚʣʷʶʪʴʩʷ ʜʚʘ ʥʦʚʠʭ ʚʫʟʣʘ Heat Equation 2 ʽ 

Heat Equation 3. ʅʘʣʘʰʪʫʡʪʝ ʾʭ ʧʘʨʘʤʝʪʨʠ. 

Heat Equation 2: 

   Domain Selection ï Selection , < > = Manual ,2   ( ʚʽʜʨʽʟʦʢ [4,5] ) 

   Diffusion Coefficient ï c = - 2*r  

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

Heat Equation 3: 

   Domain Selection ï Selection , < > = Manual ,3   ( ʚʽʜʨʽʟʦʢ [5,6] ) 

   Diffusion Coefficient ï c = - 5*r  

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

ɺʽʜʢʨʠʡʪʝ ʇɺ ʚʫʟʣʘ Heat Equation 1. ʇʦ ʚʠʜʫ ʩʝʢʮʽʾ ʚʠʙʦʨʫ ʚ ʨʦʟʜʽʣʽ Domain 

Selection  ʚʠʜʥʦ, ʱʦ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ ʜʽʻ ʪʽʣʴʢʠ ʥʘ ʚʽʜʨʽʟʢʫ [3,4] (ʽʥʜʠʢʘʪʦʨ 1).  

 
ɺʚʝʜʽʪʴ ʟʥʘʯʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. 
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Heat Equation 1: 

   Diffusion  Coefficient  ï c = - r  

   Source Term ï f = 0 

   Damping or Mass Coefficient ï da = 0 

ɿʘʜʘʡʪʝ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ. 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection, < >  = Manual ,1    (ʪʦʯʢʘ x=3) 

   Dirichlet Boundary Condition ï r  = 8 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition  2: 

   Boundary Selection ï Selection, < > = Manual,4    (ʪʦʯʢʘ x=6) 

   Dirichlet  Boundary  Condition  ï r  = 4 

ʅʘ ʚʥʫʪʨʽʰʥʽʭ ʛʨʘʥʠʮʷʭ ʨʝʘʣʽʟʦʚʫʚʘʪʠʤʝʪʴʩʷ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʪʝʧʣʦʚʦʛʦ ʧʦʣʷ 

(ʪʝʤʧʝʨʘʪʫʨʠ ʽ ʪʝʧʣʦʚʦʛʦ ʧʦʪʦʢʫ) ʘʚʪʦʤʘʪʠʯʥʦ.   

  ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size =Finer  

  Mesh - > Build - > Build Mesh 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʟʘʜʘʯʽ. 

Study 1: LMB > Compute 
ɺ ʛ̔ʣʮʽ Results ʩʪʚʦʨʶʻʪʴʩʷ ʚʫʟʦʣ 1D Plot Group 1 - Line Graph 1, ʚ ʛʨʘʬʽʯʥʽʡ 

ʟʦʥʽ ʷʢʦʛʦ ʙʫʜʫʪ̒ʴʩʷ ʢʨʠʚʦʣʽʥʽʡʥʘ ʣʘʤʘʥʘ, ʱʦ ʟʦʙʨʘʞʘʻ ʨʦʟʚôʷʟʦʢ ʟʘʜʘʯʽ 

ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ ʚ ʪʨʠʰʘʨʦʚʦʤʫ ʮʠʣʽʥʜʨʽ. 

 
ɺ ʥʘʰʽʡ ʟʘʜʘʯʽ ʢʦʨʠʩʥʦ ʟʦʙʨʘʟʠʪʠ ʨʦʟʧʦʜʽʣ ʪʝʤʧʝʨʘʪʫʨʠ ʧʦ ʧʝʨʝʨʽʟʫ ʮʠʣʽʥʜʨʘ. 

  ʉʪʚʦʨʽʪʴ ʽ ʥʘʣʘʰʪʫʡʪʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ ʪʠʧʫ Revolution 1D .  

Results ï Data Sets: RMB > Revolution 1D 

Data Sets - Revolution 1D 1 : 

   Data  ï Data set: =Study 1/Solution 1 

   Axis Data  ï r:  =0 
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ʊʫʪ ʚ ʨʦʟʜʽʣʽ Axis Data  ʧʦʣʝ r ʚʠʟʥʘʯʘʻ ʢʦʦʨʜʠʥʘʪʫ ʪʦʯʢʠ ʦʙʝʨʪʘʥʥʷ (ʚʽʜʨʽʟʦʢ 

ʙʫʜʝ ʦʙʝʨʪʘʪʠʩʷ ʥʘʚʢʦʣʦ ʪʦʯʢʠ r= 0). ɺ ʧʦʣʷʭ Start angle  ʽ Revolution angle  

ʟʘʜʘʶʪʴʩʷ ʧʦʯʘʪʢʦʚʠʡ ʢʫʪ ʽ ʢʫʪ ʧʦʚʦʨʦʪʫ ʚʽʜʨʽʟʢʘ ʚ ʛʨʘʜʫʩʘʭ. 

  ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʜʚʦʚʠʤʽʨʥʫ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ ʽ ʚ ʥʽʡ Surface  ʛʨʘʬʽʢ, ʷʢʽ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʫʪʴ ʩʪʚʦʨʝʥʝ ʜʞʝʨʝʣʦ ʜʘʥʠʭ. 

  Results  - > Plot Group ï 2D Plot Group 

2D Plot Group 2: 

   Data ï Data set = Revolution 1D 1  

  2D Plot Group 2  - >  Surface 

2D Plot Group 2 ï Surface 1: 

   Expression ï Expression = u 

   Coloring and Style ï Color table = ThermalLight  

  LMB > Plot 
ɹʫʜʝ ʧʦʙʫʜʦʚʘʥʦ ʥʘʩʪʫʧʥʝ ʟʦʙʨʘʞʝʥʥʷ. 

 
ɼʣʷ ʧʦʨʽʚʥʷʥʥʷ ʧʦʙʫʜʫʡʪʝ ʛʨʘʬʽʢ çʪʦʯʥʦʛʦè ʨʦʟʚôʷʟʢʫ (1). ʆʜʥʘʢ ʚʠʨʘʟʠ (1) ʽ 

(2)  ʜʦʩʠʪʴ ʩʢʣʘʜʥʽ ʽ ʧʨʦʩʪʝ ʚʚʝʜʝʥʥʷ ʮʠʭ ʬʦʨʤʫʣ ʙʫʜʝ ʚʝʣʴʤʠ ʛʨʦʤʽʟʜʢʠʤ. 

ʊʦʤʫ ʩʧʦʯʘʪʢʫ ʩʪʚʦʨʽʪʴ ʢʦʥʩʪʘʥʪʠ, ʷʢʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʚ ʮʠʭ ʬʦʨʤʫʣʘʭ. ɰʭ 

ʟʨʫʯʥʦ ʟʘʜʘʪʠ ʚ ʪʘʙʣʠʮʽ ʛʣʦʙʘʣʴʥʠʭ ʧʘʨʘʤʝʪʨʽʚ. 

  ɺ ʛ̔ʣʮʽ Global Definitions ʟʛʝʥʝʨʫʡʪʝ ʚʫʟʦʣ, ʧʨʠʟʥʘʯʝʥʠʡ ʜʣʷ ʩʪʚʦʨʝʥʥʷ 

ʧʘʨʘʤʝʪʨʽʚ. 

Global Definitions: RMB > Parameters 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parameters ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name 

ʚʚʦʜʴʪʝ ʽʤʝʥʘ ʧʘʨʘʤʝʪʨʽʚ, ʘ ʚ ʢʦʣʦʥʮʽ Expression  ï ʾʭ ʟʥʘʯʝʥʥʷ. 
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ɺʚʦʜʠʪʠ ʟʥʘʯʝʥʥʷ ʤʦʞʥʘ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚ ʢʦʤʽʨʢʠ ʪʘʙʣʠʮʽ ʘʙʦ ʚ ʧʦʣʷ Name  ʽ 

Expression , ʨʦʟʪʘʰʦʚʘʥʽ ʥʠʞʯʝ. ʎʝ ʦʩʦʙʣʠʚʦ ʢʦʨʠʩʥʦ ʜʣʷ ʜʦʚʛʠʭ ʚʠʨʘʟʽʚ. 

ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʟʤʽʥʥʦʾ q, ʚʠʨʘʟ ʚ ʢʦʤʽʨʮʽ ʪʘʙʣʠʮʽ ʚʠʜʥʠʡ ʥʝ ʮʽʣʢʦʤ. ɸʣʝ 

ʘʢʪʠʚʫʚʘʚʰʠ ʡʦʛʦ ʨʷʜʦʢ, ʚ ʧʦʣ ̔ Expression  ʚʠ ʧʦʚʥʽʩʪʶ ʧʦʙʘʯʠʪʝ ʚʠʨʘʟ ʽ 

ʟʤʦʞʝʪʝ ʡʦʛʦ ʚʽʜʨʝʜʘʛʫʚʘʪʠ. 

  ɿʘʜʘʥʽ ʧʘʨʘʤʝʪʨʠ ʤʦʞʥʘ ʟʙʝʨʝʛʪʠ ʚ ʪʝʢʩʪʦʚʠʡ ʬʘʡʣ, ʷʢʱʦ ʥʘʪʠʩʥʫʪʠ ʥʘ 

ʢʥʦʧʢʫ  Save to File,  ʨʦʟʪʘʰʦʚʘʥʫ ʧʽʜ ʪʘʙʣʠʮʝʶ. 

  ɿʘʣʠʰʠʣʦʩʷ ʩʪʚʦʨʠʪʠ ʬʫʥʢʮʽʶ, ʷʢʘ ʙʫʜʝ ʨʝʘʣʽʟʦʚʫʚʘʪʠ ʦʙʯʠʩʣʝʥʥʷ ʟʘ 

ʬʦʨʤʫʣʦʶ (1).  

Global Definitions: 
   Home- > Definitions  -  Functions  - > Globsl - Analitic 

Global Definitions  - Analytic  1: 

          Function name = U 

   Definition ï Expression = (u0+u3)/2 -  

       q/2*(log(r/r0)/lmd1+log(r/r3)/lmd3+  

       (1/lmd2 - 1/lmd1)*abs(log(r/r1))+  

       (1/lmd3 - 1/lmd2)*abs(log(r/r2)))  

   Definition  ï Arguments = r  

ɼʣʷ ʢʦʥʪʨʦʣʶ ʚʠʢʦʥʘʡʪʝ ʧʦʙʫʜʦʚʫ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ ʥʘ ʚʽʜʨʽʟʢʫ [3,6], ʟʘʜʘʚʰʠ 

ʡʦʛʦ ʢʽʥʮʽ ʚ ʨʦʟʜʽʣʽ Plot Parameters . 

   Plot Parameters ï Low limit, Upper limit  = 3, 6 

  LMB> Plot 
ɼʣʷ ʪʦʛʦ, ʱʦʙ ʬʫʥʢʮʽʷ ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ ʪʨʝʙʘ ʦʥʦʚʠʪʠ ʨʦʟʚôʷʟʦʢ (ʘʙʦ ʧʦʚʥʽʩʪʶ 

ʧʝʨʝʦʙʯʠʩʣʠʪʠ ʤʦʜʝʣʴ ʢʦʤʘʥʜʦʶ Compute). 

Study 1: LMB > Update Solution 
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ʊʝʧʝʨ ʤʦʞʥʘ ʧʦʨʽʚʥʷʪʠ ʯʠʩʝʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʽ ʘʥʘʣʽʪʠʯʥʠʡ. ɼʣʷ ʮʴʦʛʦ ʚ 

ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ 1D Plot Group 1 ʜʦʜʘʡʪʝ ʜʨʫʛʠʡ ʣʽʥʽʡʥʠʡ ʛʨʘʬʽʢ. 

  1D Plot Group 1  - > Add Plot  ï Line Graph 

1D Plot Group 1 - Line Graph 2: 

   Selection ï < > = 1,2,3        (ʽʥʜʠʢʘʪʦʨʠ ʚʩʽʭ ʪʨʴʦʭ ʚʽʜʨʽʟʢʽʚ) 

   y- Axis Data ï Expression = U(r )  

   x- Axis Data ï Parameter, Expression = Expression , r  

ɻʨʘʬʽʢ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʣʘʤʘʥʦʾ, ʧʦʙʫʜʦʚʘʥʦʾ ʟʘ ʬʦʨʤʫʣʦʶ (1), ʩʧʽʚʧʘʜʝ ʟ 

ʛʨʘʬʽʢʦʤ ʨʦʟʚôʷʟʢʫ, ʧʦʙʫʜʦʚʘʥʠʤ ʩʠʩʪʝʤʦʶ. 

ɺʚʝʜʝʥʥʷ ʬʦʨʤʫʣ (1) ʽ (2) ʚʝʣʴʤʠ ʛʨʦʤʽʟʜʢʝ ʽ ʩʪʚʦʨʝʥʥʷ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ 

U(x) ʟʘʙʠʨʘʻ ʙʘʛʘʪʦ ʟʫʩʠʣʴ. ʅʘ ʜʦʧʦʤʦʛʫ ʤʦʞʝ ʧʨʠʡʪʠ Matlab ʟ ʤʦʞʣʠʚʽʩʪʶ 

ʩʪʚʦʨʶʚʘʪʠ ʩʢʣʘʜʥʽ ʬʫʥʢʮʽʾ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʣʘʩʥʽ ʟʘʩʦʙʠ ʧʨʦʛʨʘʤʫʚʘʥʥʷ. 

ɺʠʢʣʘʜʘʥʥʷ ʤʦʚʠ ʧʨʦʛʨʘʤʫʚʘʥʥʷ Matlab ʥʝ ʻ ʥʘʰʦʶ ʤʝʪʦʶ. ʄʠ ʙʫʜʝʤʦ 

ʧʨʠʧʫʩʢʘʪʠ, ʱʦ ʯʠʪʘʯ ʟʥʘʡʦʤʠʡ ʟ ʮʽʻʶ ʪʝʤʦʶ. ʗʢʱʦ ʥ,̔ ʪʦ ʧʨʦʧʫʩʪʽʪʴ ʮʝʡ 

ʬʨʘʛʤʝʥʪ ʪʝʢʩʪʫ ʜʦ ʢʽʥʮʷ ʧʘʨʘʛʨʘʬʘ  ʽ ʧʦʚʝʨʥʽʪʴʩʷ ʜʦ ʥʴʦʛʦ ʪʦʜʽ, ʢʦʣʠ ʙʫʜʝʪʝ 

ʛʦʪʦʚʽ. 

  ɼʨʫʛʠʡ ʩʧʦʩʽʙ ʩʪʚʦʨʝʥʥʷ ʬʫʥʢʮʽʾ ʟʘ ʬʦʨʤʫʣʘʤʠ (1) ï (2). 

  ʉʧʦʯʘʪʢʫ ʚ Matlab ʩʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ, ʷʢʘ ʙʫʜʝ ʨʝʘʣʽʟʦʚʫʚʘʪʠ ʦʙʯʠʩʣʝʥʥʷ ʟʘ 

ʬʦʨʤʫʣʘʤʠ (1), (2) ʧʨʠ {} { }6,5,4,3
3

0
=

=iir , { } { }5,2,1
3

1
=

=iil , 4,8 30 == =nuu . 

function u = stcylheat(r)  

  % ʘʨʛʫʤʝʥʪ r -  ʚʝʢʪʦʨ- ʩʪʦʚʧʝʮʴ 

   r =r ';    

    % ʚʭʽʜʥʽ ʜʘʥʽ ʟʘʜʘʯ ̔

    R=[3,4,5,6];        % ʨʘʜʽʫʩʠ ʰʘʨʽʚ 

    lmbd=[1,2,5];       % ʢʦʝʬ. ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ 

    n=length ( lmbd );  

    u0=8; un=4;         % ʪʝʤʧʝʨʘʪʫʨʠ ʛʨʘʥʠʮʴ 

    % ʆʙʯʠʩʣʝʥʥʷ q ʟʘ ʬʦʨʤʫʣʦʶ (2)  

    H = diff ( log ( R));  

    qz=sum(H./lmbd);  

    q=( u0- un)/ qz ;  

    % ʨʝʘʣʽʟʘʮʽʷ ʬʦʨʤʫʣʠ (1)  

    difInvLmbd=diff(1./lmbd);  

    outR=R(2:n);        % ʚʥʫʪʨʽʰʥʽ ʨʘʜʽʫʩʠ 

    invOutR =1./ outR ;  

    s2=difInvLmbd*abs(log(invOutR'*r));  

    s0=(u0+un)/2;  

    s1=log(r/R(1))/lmbd(1)+log(r/R(n+1))/lmbd(n);  

    u=s0 - q/2*(s1+s2);  

end  

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʧʨʘʮʝʟʜʘʪʥʦʩʪʽ ʬʫʥʢʮʽʾ ʚ ʢʦʤʘʥʜʥʦʤʫ ʚʽʢʥʽ Matlab ʚʠʢʦʥʘʡʪʝ 

ʥʘʩʪʫʧʥʠʡ ʢʦʜ 
r=[3:0 .1:6]'; u=stcylheat (r); plot(r, u,'LineWidth',3);  
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  ɺ ʨʝʟʫʣʴʪʘʪʽ ʧʦʚʠʥʝʥ ʙʫʪʠ ʧʦʙʫʜʦʚʘʥʠʡ ʛʨʘʬʽʢ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʣʘʤʘʥʦʾ, 

ʥʘʚʝʜʝʥʠʡ ʨʘʥʽʰʝ. 

  ʊʝʧʝʨ ʚʠ ʧʦʚʠʥʥʽ ʧʝʨʝʢʦʥʘʪʠʩʷ, ʱʦ ʚ ʥʘʣʘʰʪʫʚʘʥʥʷʭ ʩʠʩʪʝʤʠ COMSOL 

Multiphysics ʚʢʣʶʯʝʥʘ ʧʽʜʪʨʠʤʢʘ ʟʦʚʥʽʰʥʽʭ ʧʨʦʮʝʩʽʚ. ɼʣʷ ʮʴʦʛʦ ʚʠʢʦʥʘʡʪʝ 

ʢʦʤʘʥʜʫ ʤʝʥʶ File - Preferences. ɺʽʜʢʨʠʻʪʴʩʷ ʦʜʥʦʡʤʝʥʥʝ ʚʽʢʥʦ. ʅʘ ʩʪʦʨʽʥʮʽ 

Security  ʧʦʚʠʥʝʥ ʙʫʪʠ ʚʩʪʘʥʦʚʣʝʥʠʡ ʧʝʨʝʤʠʢʘʯ Allow external processes 

and libraries  (ʚʩʪʘʥʦʚʽʪʴ ʡʦʛʦ, ʷʢʱʦ ʮʝ ʱʝ ʥʝ ʟʨʦʙʣʝʥʦ). 

  ʇʦʪʽʤ ʚʠ ʧʦʚʠʥʥʽ ʧʦʚʽʜʦʤʠʪʠ ʩʠʩʪʝʤʽ COMSOL Multiphysics, ʜʝ 

ʟʥʘʭʦʜʠʪʴʩʷ ʬʘʡʣ ʩʪʚʦʨʝʥʦʾ ʬʫʥʢʮʽʾ (ʚʽʥ ʧʦʚʠʥʝʥ ʤʘʪʠ ʽʤ'ʷ stcylheat.m ). 

ʅʘʡʧʨʦʩʪʽʰʝ ʩʢʦʧʽʶʚʘʪʠ ʬʘʡʣ ʮʽʻʾ ʬʫʥʢʮʽʾ ʚ ʪʦʡ ʞʝ ʢʘʪʘʣʦʛ, ʚ ʷʢʦʤʫ ʚʠ 

ʟʙʝʨʝʛʣʠ ʬʘʡʣ ʧʦʪʦʯʥʦʾ ʤʦʜʝʣʽ. 

  ʊʝʧʝʨ ʚ COMSOL Multiphysics ʩʪʚʦʨʽʪʴ ʬʫʥʢʮʽʶ, ʷʢʘ ʙʫʜʝ ʦʙʦʣʦʥʢʦʶ 

ʬʫʥʢʮʽʾ Matlab. 

Global Definitions: RMB > Functions - MATLAB 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ ʚ ʨʦʟʜʽʣʽ Functions  ʚ ʪʘʙʣʠʮʽ ʬʫʥʢʮʽʡ ʚ ʩʪʦʚʧʮʽ 

Function name  ʚʚʝʜʽʪʴ ʽʤ'ʷ stcylheat , ʘ ʚ ʩʪʦʚʧʮʽ Arguments  ʚʚʝʜʽʪʴ r . 

   Function s ï Function nam e = stcylheat  

         ï Arguments = r  

ɼʣʷ ʟʨʫʯʥʦʩʪʽ ʚʩʪʘʥʦʚʽʪʴ ʧʝʨʝʤʠʢʘʯ 

       ï Clear functions automatically before solving  = stcylheat  

 

 
ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʧʨʘʮʝʟʜʘʪʥʦʩʪʽ ʬʫʥʢʮʽʾ ʚ ʨʦʟʜʽʣʽ Plot Parameters  ʚʚʝʜʽʪʴ 

ʜʽʘʧʘʟʦʥ ʟʤʽʥʠ ʘʨʛʫʤʝʥʪʫ ʽ ʧʦʙʫʜʫʡʪʝ ʢʨʠʚʫ 

   Plot Parameters ï Low limit, Upper limit  = 3, 6 

  LMB> Plot 

ɹʫʜʝ ʧʦʙʫʜʦʚʘʥʠʡ ʛʨʘʬʽʢ ʨʦʟʚôʷʟʢʫ ʟʘ ʬʦʨʤʫʣʘʤʠ (1), (2). 

ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʚ Matlab ʬʫʥʢʮʽʷ stcylheat  ʧʨʘʮʶʻ ʧʨʘʚʠʣʴʥʦ, ʚʠ 

ʚʠʢʦʥʘʣʠ ʚʩʽ ʦʧʠʩʘʥʽ ʥʘʣʘʰʪʫʚʘʥʥʷ COMSOL, ʘʣʝ ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʢʦʤʘʥʜʠ Plot 

ʦʪʨʠʤʫʻʪʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ, ʪʦ ʩʧʨʦʙʫʡʪʝ ʚ Matlab ʥʘ ʧʦʯʘʪʢʫ ʢʦʜʫ 

ʬʫʥʢʮʽʾ ʟʘʢʦʤʝʥʪʫʚʘʪʠ ʽʥʩʪʨʫʢʮʽʶ r=r' . ʄʦʞʣʠʚʦ ʚʘʰ COMSOL ʧʝʨʝʜʘʻ 

Matlab ʬʫʥʢʮʽʷʤ  ʘʨʛʫʤʝʥʪ ʫ ʚʠʛʣʷʜʽ ʨʷʜʢʘ (ʘ ʥʝ ʩʪʦʚʧʮ,̫ ʷʢ ʮʝ ʧʝʨʝʜʙʘʯʘʻʪʴʩʷ 

ʚ ʪʽʣʽ ʬʫʥʢʮʽʾ stcylheat ). 

ʌʫʥʢʮʽʶ stcylheat  ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʚ ʙʫʜʴ-ʷʢʦʤʫ ʤʽʩʮʽ ʤʦʜʝʣʽ, ʘʣʝ 

ʪʽʣʴʢʠ ʧʽʩʣʷ ʚʠʢʦʥʘʥʥʷ ʢʦʤʘʥʜʠ Compute.  

  Home - >  Study  ï Compute 

ʗʢʱʦ ʟ ʷʢʦʾʩʴ ʧʨʠʯʠʥʠ ʚʠ ʚʥʝʩʣʠ ʟʤʽʥʠ ʚ ʢʦʜ Matlab ʬʫʥʢʮʽʾ, ʪʦ ʩʣʽʜ 

ʚʠʢʦʨʠʩʪʘʪʠ ʢʥʦʧʢʫ Clear Functions ʽ ʧʦʚʪʦʨʥʦ ʚʠʢʦʥʘʪʠ ʢʦʤʘʥʜʫ Compute. 

  ɻʨʘʬʽʯʥʦ ʧʦʨʽʚʥʷʡʪʝ ʯʠʩʝʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʽ ʩʪʚʦʨʝʥʫ ʬʫʥʢʮʽʶ. 

1D Plot Group 1 - Line Graph 2: 
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   y- Axis Data ï Expression = stcylheat ( r )  

ɺʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Plot. ɺʦʥʘ ʩʧʨʘʮʶʻ ʙʝʟ ʧʦʤʠʣʦʢ, ʷʢʱʦ ʢʦʤʘʥʜʘ Compute 

ʚʠʢʦʥʫʚʘʣʘʩʷ ʧʽʩʣʷ ʪʦʛʦ, ʷʢ ʚʫʟʦʣ stcylheat  ʙʫʚ ʩʪʚʦʨʝʥʠʡ. ɻʨʘʬʽʢʠ 

ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʣʘʤʘʥʠʭ ʧʦʚʠʥʥʽ ʥʘʢʣʘʩʪʠʩʷ ʦʜʠʥ ʥʘ ʜʨʫʛʠʡ. 

 
 

 

5.4.3.   ɿʘʜʘʯʘ ʟ ʨʦʟʨʠʚʥʠʤ ʨʦʟʚôʷʟʢʦʤ. 

ʈʦʟʚôʷʞʝʤʦ ʥʘʩʪʫʧʥʫ ʢʦʥʪʘʢʪʥʫ ʟʘʜʘʯʫ: 
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ɺʦʥʘ ʤʦʜʝʣʶʻ ʜʠʬʫʟʽʶ ʚ ʣʽʚʦʤʫ ʰʘʨʽ (10 ¢¢x ) ʽ ʜʠʬʫʟʽʶ ʟ ʣʘʥʮʶʛʦʚʦʶ 

ʨʝʘʢʮʽʻʶ ʚ ʧʨʘʚʦʤʫ (ʣʘʥʮʶʛʦʚʘ ʨʝʘʢʮʽʷ ʝʢʚʽʚʘʣʝʥʪʥʘ ʥʘʷʚʥʦʩʪʽ ʜʞʝʨʝʣ 

ʜʠʬʫʥʜʫʶʯʦʾ ʨʝʯʦʚʠʥʠ, ʽʥʪʝʥʩʠʚʥʽʩʪʴ ʷʢʠʭ ʧʨʦʧʦʨʮʽʡʥʘ ʢʦʥʮʝʥʪʨʘʮʽʾ w). 

  ʈʦʟʚôʷʟʘʪʠ ʧʦʩʪʘʚʣʝʥʫ ʟʘʜʘʯʫ ʚ Comsol ʤʦʞʥʘ ʢʽʣʴʢʦʤʘ ʩʧʦʩʦʙʘʤʠ: ʟ 

ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʜʚʦʭ ʢʦʤʧʦʥʝʥʪʽʚ, ʢʦʞʝʥ ʟ ʷʢʠʭ ʤʽʩʪʠʪʴ ʩʚʦʶ çʬʽʟʠʢʫè (ʚ 

ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʩʚʦʻ ʨʽʚʥʷʥʥʷ), ʘʙʦ ʟ ʜʚʦʤʘ çʬʽʟʠʢʘʤʠè ʚ ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ. 

ʊʫʪ ʤʠ ʥʘʚʝʜʝʤʦ ʪʨʠ ʩʧʦʩʦʙʠ. ʋ ʚʩʽʭ ʚʠʧʘʜʢʘʭ ʨʦʟʚôʷʟʦʢ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʙʫʜʝ 

ʨʝʘʣʽʟʦʚʘʥʦ ʚ ʦʜʥʽʡ çʬʽʟʠʮʽè, ʘ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ï ʚ ̔ʥʰʽʡ. ʆʩʦʙʣʠʚʽʩʪʶ 

ʨʝʘʣʽʟʘʮʽʾ ʤʦʜʝʣʽ ʚ ʧʝʨʰʠʭ ʜʚʦʭ ʩʧʦʩʦʙʘʭ ʙʫʜʝ ʦʨʛʘʥʽʟʘʮʽʷ ʚʟʘʻʤʦʜʽʾ çʬʽʟʠʢè ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʽʚ ʟʚ'ʷʟʢʫ, ʷʢʽ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʫʪʴʩʷ ʜʣʷ ʤʦʜʝʣʶʚʘʥʥʷ 

ʢʦʥʪʘʢʪʥʠʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ. ɺ ʪʨʝʪʴʦʤʫ ʨʦʟʚôʷʟʢʫ ʤʠ ʦʙʽʡʜʝʤʦʩʷ ʙʝʟ ʮʠʭ 

ʦʧʝʨʘʪʦʨʽʚ. 

ʈʦʟʚôʷʟʦʢ 1. ɺʠʢʦʨʠʩʪʘʥʥʷ ʜʚʦʭ ʢʦʤʧʦʥʝʥʪʽʚ.  

ʉʪʚʦʨʽʪʴ ʬʘʡʣ ʤʦʜʝʣʽ ʽ ʚ ʥʴʦʤʫ ʧʝʨʰʠʡ ʢʦʤʧʦʥʝʥʪ. 
  File - > New - > Model Wizard - > 1D - > Mathematics ï 

    Classical PDEs ï Poisson's Equation (poeq) - > Stationary  

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ʉʪʚʦʨʽʪʴ ʚ ʢʦʤʧʦʥʝʥʪʽ ʚʽʜʨʽʟʦʢ [0,1]. 
  Geometry - >Primitives - > Interval 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Interval  1 ʟʘʣʠʰʪʝ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʽʚ ʽ ʟʘʢʽʥʯʠʪʴ 

ʩʪʚʦʨʝʥʥʷ ʛʝʦʤʝʪʨʽʾ ʥʘʪʠʩʢʘʥʥʷʤ ʥʘ ʢʥʦʧʢʫ . 

  ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟ ʥʘʣʘʰʪʫʚʘʥʥʷʤʠ ʟʘ 

ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 
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Component 1 (comp1) - Mesh 1 : LMB > Build All 

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ʇʫʘʩʦʥʘ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f = 0 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 0=¡¡xxu . 

  ɿʘʜʘʡʪʝ ʣʽʚʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ()10 =u . 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection , <> = Manual,1  (  ʪʦʯʢʘ  x=0 ) 

   Dirichlet Boundary Condition ï r  = 1 

ɿʘʣʠʰʠʣʦʩʷ ʟʘʜʘʪʠ ʜʨʫʛʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ, ʘʣʝ ʤʠ ʟʨʦʙʠʤʦ ʮʝ ʧʽʟʥʽʰʝ.  

  ɺ ʧʦʪʦʯʥʠʡ ʬʘʡʣ ʜʦʜʘʡʪʝ ʜʨʫʛʠʡ ʢʦʤʧʦʥʝʥʪ. 

  Home - >  Model - Add Component ï> 1D 

ʁʦʛʦ ʛʝʦʤʝʪʨʽʷ ʙʫʜʝ ʩʢʣʘʜʘʪʠʩʷ ʟ ʚʽʜʨʽʟʢʘ [1,2]. ʉʪʚʦʨʽʪʴ ʡʦʛʦ. 

Component 2 ï Geometry 2: 

  Geometry  -> Primitives  ï Interval 

Component 2 ï Geometry 2 - Interval 1: 

   Interval ï Left endpoint , Right endpoint = 1, 2  

  LMB > Build All Objects 
ʅʘ ʩʪʚʦʨʝʥʦʤʫ ʚʽʜʨʽʟʢʫ ʛʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

Component 2 (comp1) - Mesh 2 : LMB > Build All 

ɼʦʜʘʡʪʝ ʚ ʢʦʤʧʦʥʝʥʪ çʬʽʟʠʢʫè - ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ. 

Component 2: RMB > Add Physics = Add Physics  - > 

       Mathematics ï Classical PDEs ï Helmholtz Equation (hzeq) - >ʍ 

ɺ ʜʝʨʝʚʽ ʤʦʜʝʣʽ ʟôʷʚʠʪʴʩʷ ʛʽʣʢʘ Component 2 - Helmholtz Equation (hzeq), ʷʢʘ  

ʙʫʜʝ ʧʨʝʜʩʪʘʚʣʷʪʠ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ ʟʘʜʘʯʽ. ɺ ʾʾ ʇɺ ʚ ʩʧʠʩʢʫ Domain Selection  - 

Selection   ʘʚʪʦʤʘʪʠʯʥʦ ʦʙʨʘʥʠʡ ʚʽʜʨʽʟʦʢ [1,2], ʷʢʠʡ ʷʚʣʷʻ ʨʦʟʨʘʭʫʥʢʦʚʫ 

ʦʙʣʘʩʪʴ ʢʦʤʧʦʥʝʥʪʘ. ʊʫʪ ʞʝ ʟʤʽʥʽʪʴ ʽʤ'ʷ ʰʫʢʘʥʦʾ ʚʝʣʠʯʠʥʠ. 

Component 2 - Helmholtz Equation (hzeq): 

   Dependent Variables ï Dependent variable  = w 

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ ( ) fwawc =+Ð-ÖÐ . 

Helmholtz Equation (hzeq) - Helmholtz Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f  = 0 

   Absorption Coefficient ï a = 1 

ʎʠʤ ʥʘ ʚʽʜʨʽʟʢʫ [1,2] ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 0=+¡¡ wwxx . 

  ʇʨʘʚʘ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ () 02 =¡
xw  ʚʩʪʘʥʦʚʣʶʻʪʴʩʷ ʘʚʪʦʤʘʪʠʯʥʦ ʫ ʚʫʟʣʽ 

Zero Flux 1. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʚ ʮʴʦʤʫ ʚʫʟʣʽ ʟʘʜʘʻʪʴʩʷ ʪʘʢʦʞ ʫʤʦʚʘ ʥʘ ʣʽʚʦʤʫ 

ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [1,2], ʦʜʥʘʢ ʾʾ ʧʦʪʨʽʙʥʦ ʙʫʜʝ ʧʝʨʝʚʠʟʥʘʯʠʪʠ. 

  ɿʘʣʠʰʠʣʦʩʷ ʧʦʚ'ʷʟʘʪʠ ʨʽʚʥʷʥʥʷ ʢʦʤʧʦʥʝʥʪʽʚ ʟʘ ʜʦʧʦʤʦʛʦʶ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ 

() () ()
()
()

.
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ɼʣʷ ʮʴʦʛʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʦʧʝʨʘʪʦʨʠ ʚʽʜʧʦʚʽʜʥʦʩʪʽ (extrusion operators). 

ɺʦʥʠ ʚʠʢʦʥʫʶʪʴ ʚʽʜʦʙʨʘʞʝʥʥʷ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ ʢʦʤʧʦʥʝʥʪʘ-ʜʞʝʨʝʣʘ ʥʘ 

ʛʝʦʤʝʪʨʽʶ ʢʦʤʧʦʥʝʥʪʘ-ʘʜʨʝʩʘʪʘ. ʂʦʣʠ ʪʘʢʝ ʚʽʜʦʙʨʘʞʝʥʥʷ (ʦʧʝʨʘʪʦʨ) 

ʩʢʦʥʩʪʨʫʡʦʚʘʥʝ, ʪʦ ʚʦʥʦ ʜʦʟʚʦʣʷʻ ʚ ʘʜʨʝʩʘʪʽ ʦʪʨʠʤʘʪʠ ʜʦʩʪʫʧ ʜʦ ʰʫʢʘʥʠʭ 

ʚʝʣʠʯʠʥ ʽ ʟʤʽʥʥʠʭ ʜʞʝʨʝʣʘ. ʅʝʦʙʭʽʜʥʽʩʪʴ ʩʪʚʦʨʝʥʥʷ ʪʘʢʠʭ ʦʧʝʨʘʪʦʨʽʚ 

ʧʦʷʩʥʶʻʪʴʩʷ ʪʠʤ ʬʘʢʪʦʤ, ʱʦ ʛʝʦʤʝʪʨʽʾ ʢʦʤʧʦʥʝʥʪʽʚ ʥʝ ʧʦʚ'ʷʟʘʥʽ, ʽ ʙʫʜʴ-ʷʢʘ 

ʪʦʯʢʘ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ (x, y, z) ʟ ʨʦʟʨʘʭʫʥʢʦʚʦʶ ʦʙʣʘʩʪʽ ʦʜʥʦʛʦ ʢʦʤʧʦʥʝʥʪʘ ʥʽʷʢ 

ʥʝ ʧʦʚ'ʷʟʘʥʘ ʟ ʪʦʯʢʦʶ, ʱʦ ʤʘʻ ʪʘʢʽ ʞ ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ ʢʦʦʨʜʠʥʘʪ ʚ ʽʥʰʦʤʫ 

ʢʦʤʧʦʥʝʥʪʽ. 

  ʆʧʝʨʘʪʦʨʠ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʚʽʜʥʦʩʷʪʴʩʷ ʜʦ ʛʨʫʧʠ ʦʧʝʨʘʪʦʨʽʚ ʟʚ'ʷʟʢʫ (coupling 

operators) ʽ ʜʣʷ ʾʭ ʩʪʚʦʨʝʥʥʷ ʥʘ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ Definitions  ʻ ʢʥʦʧʢʘ-

ʩʧʠʩʦʢ Component  Coupli ng. ɺ ʮʴʦʤʫ ʧʨʠʢʣʘʜʽ ʜʣʷ ʚʩʪʘʥʦʚʣʝʥʥʷ 

ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʪʦʯʢʠ  x=1 ʨʽʟʥʠʭ ʛʝʦʤʝʪʨʽʡ ʤʠ ʚʠʢʦʨʠʩʪʘʻʤʦ ʦʧʝʨʘʪʦʨ ʪʦʪʦʞʥʦʛʦ 

ʚʽʜʦʙʨʘʞʝʥʥʷ Identity Mapping . ʂʦʣʠ ʚʽʥ ʚʠʢʣʠʢʘʻʪʴʩʷ ʚ ʪʦʯʢʘʭ ʘʜʨʝʩʘʪʘ, ʪʦ 

ʡʦʛʦ ʘʨʛʫʤʝʥʪ ʦʙʯʠʩʣʶʻʪʴʩʷ ʫ ʚʽʜʧʦʚʽʜʥʠʭ ʪʦʯʢʘʭ ʜʞʝʨʝʣʘ. 

Component 2 (comp2): 

  Definitions - >Coupling -  Component Coupling -  Identity Mapping  

Component 2 (comp2) ï Definitions - Identity Mapping  1 (idmap1): 

   Source Selection ï Geometric entity level = Boundary  

            ï Selection - < > = 1  (ʣʽʚʠʡ ʢʨʘʡ ʚʽʜʨʽʟʢʘ [1,2]) 

   Frames ï Destination geometry = Geometry 1  

ʎʠʤ ʩʪʚʦʨʶʻʪʴʩʷ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʪʦʯʢʠ x=1 ʜʨʫʛʦʛʦ ʢʦʤʧʦʥʝʥʪʘ ʽ ʪʦʯʢʠ x=1 

ʧʝʨʰʦʛʦ ʢʦʤʧʦʥʝʥʪʘ. 

  
ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʩʪʚʦʨʝʥʠʡ ʦʧʝʨʘʪʦʨ ʟʚ'ʷʟʢʫ idmap 1, ʤʦʞʥʘ ʟʘʜʘʪʠ ʧʝʨʰʫ 

ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ (2). 

Component 1 (comp1): 

  Physics  -> Boundaries  ï Flux/Source 

Poisson's Equation (poeq) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = 2 (ʧʨʘʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ [0,1]) 

   Boundary Flux/Source ï g   = - comp2.idmap1(comp2.wx)  

ʋʤʦʚʘ ʪʠʧʫ Flux/Source ʤʘʻ ʚʠʛʣʷʜ ( ) uqguc -=Ð-Ö-n , ʜʝ n ï ʦʜʠʥʠʯʥʠʡ 

ʚʝʢʪʦʨ ʟʦʚʥʽʰʥʴʦʾ ʥʦʨʤʘʣʽ ʜʦ ʛʨʘʥʠʮʽ (ʚ̔ʜʨʽʟʢʘ [0,1] ʚ ʪʦʯʮʽ x=1). ɺ ʥʘʰʦʤʫ 

ʚʠʧʘʜʢʫ 0,1 =-= qc , ʘ ʟʥʘʯʝʥʥʷ g ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ ʚʽʜʧʦʚʽʜʥʦʩʪʽ 

idmap 1 ʜʦʨ̔ʚʥʶʚʘʪʠʤʝ  wx  (ʧʦʭʽʜʥʽʡ ʧʦ x ʨʦʟʚôʷʟʢʫ w, ʷʢʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʚ ʪʦʯʮʽ 

x=1). ʇʨʝʬʽʢʩ comp2  ʚʢʘʟʫʻ ʽʤ'ʷ ʢʦʤʧʦʥʝʥʪʘ, ʚ ʷʢʦʤʫ ʚʠʟʥʘʯʝʥʠʡ ʦʧʝʨʘʪʦʨ 

idmap 1  ʽ ʚʝʣʠʯʠʥʘ wx. ɺ ʨʝʟʫʣʴʪʘʪʽ ʫ ʚʫʟʣʽ Flux/Source 1 ʨʝʘʣʽʟʫʻʪʴʩʷ ʫʤʦʚʘ 

() ()11 xx wu ¡=¡ . 

  ɸʥʘʣʦʛʽʯʥʦ ʩʪʚʦʨʶʻʪʴʩʷ ʜʨʫʛʘ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ (2).  

Component 1 (comp1): 
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  Definitions - > Component Coupling -  Identity Mapping  

Component 1 (comp1) ï Definitions - Identity Mapping  2 (idmap2): 

   Source Selection ïGeometric entity level = Boundary  

   Source Selection ïSelection - < > = 2  (ʧʨʘʚʠʡ ʢʨʘʡ ʚʽʜʨʽʟʢʘ [0,1]) 

   Frames ï Destination geometry = Geometry 2  

ʎʠʤ ʩʪʚʦʨʶʻʪʴʩʷ (ʦʙʝʨʥʝʥʘ ʜʦ idmap1 ) ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʪʦʯʢʠ x=1 ʧʝʨʰʦʛʦ 

ʢʦʤʧʦʥʝʥʪʘ ʽ ʪʦʯʢʠ x=1 ʜʨʫʛʦʛʦ. 

 
 

ɿʘ ʜʦʧʦʤʦʛʦʶ ʩʪʚʦʨʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ idmap2  ʚ ʪʦʯʮʽ x=1 ʜʨʫʛʦʛʦ ʢʦʤʧʦʥʝʥʪʘ 

ʤʦʞʥʘ ʦʪʨʠʤʘʪʠ ʜʦʩʪʫʧ ʜʦ ʙʫʜʴ-ʷʢʦʾ ʚʝʣʠʯʠʥʠ ʚ ʪʦʯʮʽ x=1 ʧʝʨʰʦʛʦ 

ʢʦʤʧʦʥʝʥʪʘ. ɿʘʤʽʩʪʴ ʛʨʦʤʽʟʜʢʦʛʦ ʚʠʨʘʟʫ, ʱʦ ʤʽʩʪʠʪʴ ʟʚʝʨʥʝʥʥʷ ʜʦ ʮʴʦʛʦ 

ʦʧʝʨʘʪʦʨʘ, ʥʘʤ ʙʫʜʝ ʟʨʫʯʥʦ ʚʠʢʦʨʠʩʪʘʪʠ ʜʦʧʦʤʽʞʥʫ ʟʤʽʥʥʫ. 

Component 2 (comp2) ï Definitions: RMB > Variables 

Component 2 (comp2) ï Definitions ï Variables 1: 

   Geometric Entity Selection ï Geometric entity  level  = Boundary  

                ï Selection   = Manual,1  (ʣʽʚʠʡ ʢʽʥʝʮʴ [1,2]) 

   Variables  ï Name, Expression  = cb,  comp1.idmap2(comp1.u)  

        ï Name, Expression  = nofc,  cb/(1+cb)  

 
ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʩʪʚʦʨʝʥʠʡ ʦʧʝʨʘʪʦʨ ʟʚ'ʷʟʢʫ idmap2, ʤʠ ʟʘʧʠʩʘʣʠ ʚʠʨʘʟ ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʟʤʽʥʥʦʾ cb. ɺʦʥʘ ʧʨʝʜʩʪʘʚʣʷʻ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ u ʚ ʪʦʯʮʽ x=1 

ʧʝʨʰʦʛʦ ʢʦʤʧʦʥʝʥʪʘ, ʘʣʝ ʚʞʝ ʚʠʟʥʘʯʝʥʘ ʫ ʜʨʫʛʦʤʫ ʢʦʤʧʦʥʝʥʪʽ. ɿʤʽʥʥʘ nofc  

ʩʪʚʦʨʝʥʘ ʜʣʷ ʟʨʫʯʥʦʩʪʽ. 

  ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʩʪʚʦʨʝʥʽ ʟʤʽʥʥʽ, ʟʘʜʘʡʪʝ ʜʨʫʛʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ (2).  

Component 2 (comp2): 

  Physics  -> Boundaries  ï Dirichlet Boundary Condition 

Helmholtz Equation (hzeq) - Dirichlet Boundary Condition 1:  

   Boundary Selection ï Selection ,<> = 1    (ʣʽʚʘ  ʪʦʯʢʘ  ʚʽʜʨʽʟʢʘ  [1,2]) 

   Dirichlet Bou ndary Condition ï r  = nofc  

ʎʽ ʥʘʣʘʰʪʫʚʘʥʥʷ ʨʝʘʣʽʟʫʶʪʴ ʫʤʦʚʫ ()
()
()11

1
1

u

u
w

+
= . 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʟʘʜʘʯʽ. 

Study 1: LMB > Compute 

ʇʽʩʣʷ ʾʭ ʟʘʚʝʨʰʝʥʥʷ ʚ ʛʽʣʮʽ Results  ʘʚʪʦʤʘʪʠʯʥʦ ʩʪʚʦʨʪ̫ʴʩʷ ʜʚʽ ʛʨʘʬʽʯʥʽ 

ʛʨʫʧʠ, ʚ ʷʢʠʭ ʙʫʜʫʪʴ ʧʦʙʫʜʦʚʘʥʽ ʛʨʘʬʽʢʠ ʢʦʞʥʦʛʦ ʟ ʨʦʟʚôʷʟʢʽʚ. ʊʘʢʦʞ ʟôʷʚʣʷʪʴʩʷ 
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ʜʚʘ ʜʞʝʨʝʣʘ ʜʘʥʠʭ Study 1/Solution 1(1)  ʽ  Study 1/Solution 1(2), ʱʦ ʤʽʩʪʷʪʴ 

ʰʫʢʘʥʽ ʚʝʣʠʯʠʥʠ ʧʝʨʰʦʾ ʽ ʜʨʫʛʦʾ ʬʽʟʠʢʠ. ʄʠ ʭʦʯʝʤʦ ʦʙ'ʻʜʥʘʪʠ ʢʨʠʚʽ, 

ʧʦʙʫʜʫʚʘʚʰʠ ʩʧʽʣʴʥʠʡ ʛʨʘʬʽʢ. 

  Results  -> Plot  Group  ï 1D Plot Group 

Results - 1D Plot Group 3: 

  1D Plot Group 3  -> Add Plot  ï Line Graph 

Results - 1D Plot Group 3 - Line Graph 1: 

   Data ï Data set = Study 1/Solution  1(1)  

   Selection ï Selection - < > = 1  

   y- Axis Data ï Expression = u  

   x- Axis Data ï Parameter, Expression = Expression , x  

Results - 1D Plot Group 3: 

  1D Plot Group 3  -> Add Plot  ï Line Graph 

Results - 1D Plot Group 3 - Line Graph 2: 

   Data ï Data set = Study 1/S olution  1(2)  

   Selection ï Selection - < > = 1  

   y- Axis Data ï Expression = w  

   x- Axis Data ï Parameter, Expression = Expression , x 

ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʽ ʦʬʦʨʤʣʝʥʥʷ ʢʨʠʚʠʭ ʥʘ ʩʚʽʡ ʨʦʟʩʫʜ. 
  LMB > Plot  

 
ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʦ ʟʦʙʨʘʞʝʥʥʷ ʜʽʣʷʥʦʢ ɼʄ ʧʦʪʦʯʥʦʛʦ ʬʘʡʣʫ. 

 

  

ɺʧʨʘʚʘ. ɼʣʷ ʤʦʜʝʣʽ ʧʦʪʦʯʥʦʛʦ ʬʘʡʣʫ: 

1. ʆʙʯʠʩʣʽʪʴ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥ () () () ()1,1,1,1 wuwu ¡¡  ʽ ʧʝʨʝʚʽʨʪʝ ʚʠʢʦʥʘʥʥʷ ʫʤʦʚ 

ʩʪʠʢʫʚʘʥʥʷ (2).  

2. ʋ ʧʦʪʦʯʥʦʾ ʟʘʜʘʯʽ ʽʩʥʫʻ ʬʦʨʤʫʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ  

    xu Ö-@ 4887265.11  
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    xxw sin1.6087247- cos0.73624502 ÖÖ@  

ʇʦʨʽʚʥʷʡʪʝ ʡʦʛʦ ʟ ʨʦʟʚôʷʟʢʦʤ, ʦʪʨʠʤʘʥʠʤ ʩʠʩʪʝʤʦʶ, ʧʦʙʫʜʫʚʘʚʰʠ ʛʨʘʬʽʢ ʚ 

ʛʽʣʮʽ 1D Plot Group 3. 

ɿʘʫʚʘʞʝʥʥʷ. ʋʤʦʚʘ ()
()
()11

1
1

u

u
w

+
=  ʥʝʣʽʥʽʡʥʘ. ʊʦʤʫ ʤʦʞʥʘ ʦʯʽʢʫʚʘʪʠ 

ʥʝʻʜʠʥʥʽʩʪʴ ʨʦʟʚôʷʟʢʫ. ɼʽʡʩʥʦ, ʷʢʱʦ ʚ ʧʝʨʰʦʤʫ ʢʦʤʧʦʥʝʥʪʽ Component 1 

ʦʙʨʘʪʠ ʥʘʩʪʫʧʥʫ ʧʦʯʘʪʢʦʚʫ ʫʤʦʚʫ  

Component 1 (comp1) ï Poisson's Equation (poeq) ï Initial  Values 1: 

   Initial Values  ï Initial value for u:  = 2 

ʽ ʚʠʢʦʥʘʪʠ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ, ʪʦ ʙʫʜʝ ʦʪʨʠʤʘʥʦ ʽʥʰʠʡ ʨʦʟʚôʷʟʦʢ ʟ ʛʨʘʬʽʢʦʤ 

 
ʈʦʟʚôʷʟʦʢ 2. ɺʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʧʝʨʰʦʛʦ ʨʦʟʚôʷʟʢʫ ʪʠʤ, ʱʦ ʦʙʠʜʚʽ çʬʽʟʠʢʠè 

ʨʝʘʣʽʟʫʶʪʴʩʷ ʚ ʩʧʽʣʴʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ, ʨʦʟʨʘʭʫʥʢʦʚʘ ʦʙʣʘʩʪʴ ʷʢʦʛʦ ʩʢʣʘʜʘʻʪʴʩʷ 

ʟ ʜʚʦʭ ʧʨʠʣʝʛʣʠʭ ʚʽʜʨʽʟʢʽʚ. ʇʝʨʰʝ ʨʽʚʥʷʥʥʷ (1) ʙʫʜʝ çʧʨʘʮʶʚʘʪʠè ʥʘ ʚʽʜʨʽʟʢʫ 

[0,1], ʘ ʜʨʫʛʝ - ʥʘ ʚʽʜʨʽʟʢʫ [1,2]. ɺʟʘʻʤʦʜʽʷ ʨʽʚʥʷʥʴ ʟʘ ʜʦʧʦʤʦʛʦʶ ʛʨʘʥʠʯʥʠʭ 

ʫʤʦʚ (2) ʙʫʜʝ ʤʦʜʝʣʶʚʘʪʠʩʷ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʦʧʝʨʘʪʦʨʽʚ ʟʚ'ʷʟʢʫ (ʦʧʝʨʘʪʦʨʠ 

ʟʚ'ʷʟʢʫ ʤʦʞʫʪʴ ʚʩʪʘʥʦʚʣʶʚʘʪʠ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʤʽʞ ʝʣʝʤʝʥʪʘʤʠ ʦʜʥʽʻʾ ʛʝʦʤʝʪʨʽʾ). 
  File - > New - > Model Wizard - > 1D - > Mathematics - 

   Classical PDEs -  Poisson's Equation (poeq) - >  

   Classical PDEs -  Helmholtz Equation (hzeq) + Variables = w - > Stationary 

ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʜʣʷ ʨʦʟʚôʷʟʢʫ ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ ʤʠ ʦʙʨʘʣʠ ʽʤôʷ w.  

Untitled.mph (root): Unit  System  ï <> = None 

ɻʝʦʤʝʪʨʽʷ ʤʦʜʝʣʽ ʙʫʜʝ ʩʢʣʘʜʘʪʠʩʷ ʟ ʜʚʦʭ ʧʨʠʣʝʛʣʠʭ ʚʽʜʨʽʟʢʽʚ [0,1] ʽ [1,2]. 

ʉʪʚʦʨʽʪʴ ʾʭ 
  Geometry - >Primitives - > Interval 

ʇʘʨʘʤʝʪʨʠ ʧʝʨʰʦʛʦ ʚʽʜʨʽʟʢʘ ʩʧʽʚʧʘʜʘʶʪʴ ʟʽ ʟʥʘʯʝʥʥʷʤʠ ʟʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ. 

ʉʪʚʦʨʽʪʴ ʱʝ ʦʜʠʥ ʽʥʪʝʨʚʘʣ. 
  Geometry - >Primitives - > Interval 

Geometry 1 - Interval  2: 

   Interval ï Left endpoint , Right endpoint = 1,2  

ʊʝʧʝʨ ʧʦʪʨʽʙʥʦ ʟʘʜʘʪʠ ʩʧʦʩʽʙ ʢʦʤʙʽʥʫʚʘʥʥʷ ʩʪʚʦʨʝʥʠʭ ʽʥʪʝʨʚʘʣʽʚ. 

  ɯʩʥʫʻ ʜʚʘ ʩʧʦʩʦʙʠ ʬʦʨʤʫʚʘʥʥʷ ʛʝʦʤʝʪʨʽʾ, ʷʢʽ ʪʘʢʦʞ ʚʠʟʥʘʯʘʶʪʴ ʽʤ'ʷ ʚʫʟʣʘ: 

Form Union   ʽ  Form Assembly . ɿʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʩʪʚʦʨʝʥʥʷ 

ʦʙ'ʻʜʥʘʥʥʷ (Form Union ) ʧʨʠ ʷʢʦʤʫ ʩʠʩʪʝʤʘ ʚʠʢʦʥʫʻ ʣʦʛʽʯʥʝ ʦʙ'ʻʜʥʘʥʥʷ ʚʩʽʭ 

ʛʝʦʤʝʪʨʠʯʥʠʭ ʝʣʝʤʝʥʪʽʚ. ɸʣʴʪʝʨʥʘʪʠʚʦʶ ʻ ʟʙʽʨʢʘ (assembly). ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ 

ʩʠʩʪʝʤʘ ʽʥʪʝʨʧʨʝʪʫʻ ʛʝʦʤʝʪʨʽʶ ʷʢ ʢʦʣʝʢʮʽʶ ʦʙ'ʻʢʪʽʚ, ʪʦʯʢʠ ʷʢʠʭ ʤʦʞʫʪʴ ʙʫʪʠ ʥʝ 

ʧʦʚ'ʷʟʘʥʽ (ʥʘʧʨʠʢʣʘʜ, ʪʦʯʢʘ x=1 ʣʽʚʦʛʦ ʚʽʜʨʽʟʢʘ ʥʝ ʧʦʚ'ʷʟʘʥʘ ʟ ʪʦʯʢʦʶ x=1 

ʧʨʘʚʦʛʦ). ɺ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʜʣʷ ʩʧʦʣʫʯʝʥʥʷ ʚʝʣʠʯʠʥ ʥʘ ʤʝʞʘʭ ʦʙ'ʻʢʪʽʚ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʩʧʝʮʽʘʣʴʥʽ ʽʥʩʪʨʫʤʝʥʪʠ: ʧʘʨʠ (pairs)  ʽ ʦʧʝʨʘʪʦʨʠ ʟʚ'ʷʟʢʫ. 
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  ɺ ʥʘʦhʤʫ ʧʨʠʢʣʘʜʽ ʤʠ ʚʠʢʦʨʠʩʪʘʻʤʦ ʩʧʦʩʽʙ ʬʦʨʤʫʚʘʥʥʷ ʛʝʦʤʝʪʨʽʾ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʟʙʽʨʢʠ (Assembly).  

Geometry 1 - Form Union(fin) 

   Form Union/Assembly ï Action = Form an assembly  

   Form Union/Assembly ï Create pairs = False   (ʟʥʷʪʠ ʧʨʘʧʦʨʝʮʴ) 

  LMB > Build All 
ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ, ʱʦ ʥʘʟʚʘ ʚʫʟʣʘ Form Union ʚ ɼʄ ʟʤʽʥʠʣʘʩʷ ʥʘ Form Assembly. 

ʂʨʽʤ ʪʦʛʦ, ʪʦʯʢʘ x=1 ʚʽʜʨʽʟʢʘ [0,1] ʦʪʨʠʤʘʣʘ ʽʥʜʠʢʘʪʦʨ ʟ ʥʦʤʝʨʦʤ 2. ʎʷ ʞ ʪʦʯʢʘ, 

ʘʣʝ ʷʢ ʯʘʩʪʠʥʘ ʚʽʜʨʽʟʢʘ [1,2], ʦʪʨʠʤʘʣʘ ʽʥʜʠʢʘʪʦʨ ʟ ʥʦʤʝʨʦʤ 3. ɼʣʷ ʪʦʛʦ, ʱʦʙ ʥʘ 

ʨʠʩʫʥʢʘʭ ʨʦʟʨʘʭʫʥʢʦʚʦʾ ʦʙʣʘʩʪʽ ʤʦʞʥʘ ʙʫʣʦ ʩʧʦʩʪʝʨʽʛʘʪʠ  ʥʦʤʝʨʠ/ʽʥʜʠʢʘʪʦʨʠ 

ʝʣʝʤʝʥʪʽʚ ʛʝʦʤʝʪʨʽʾ, ʚʠʢʦʥʘʡʪʝ ʥʘʣʘʰʪʫʚʘʥʥ ̫

Component 1 ï Definitions - View 1: 

   View  ï Show geometry labels  = True  

ɻʝʥʝʨʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Component 1 ï Mesh 1: 

   Mesh Settings ïElement size = Extra fine  

  LMB > Build All 
ɺ ʇɺ ʧʝʨʰʦʾ çʬʽʟʠʢʠè ʚʠʟʥʘʯʪʝ ʚʽʜʨʽʟʦʢ, ʥʘ ʷʢʦʤʫ ʙʫʜʝ çʧʨʘʮʶʚʘʪʠè ʨʽʚʥʷʥʥʷ, 

ʽ ʟʘʜʘʡʪʝ ʡʦʛʦ ʧʘʨʘʤʝʪʨʠ. 

Poisson's Equation (poeq): 

   Domain Selection ï Selection = Manual  

            ï < > = 1  (ʚʽʜʨʽʟʦʢ [0,1] ʟʘʣʠʰʘʻʤʦ, ʘ ʽʥʰʠʡ ʚʠʜʘʣʷʻʤʦ) 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f = 0 

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 0=¡¡xxu  ʥʘ ʚʽʜʨʽʟʢʫ [0,1]. 

  ɼʣʷ ʟʘʜʘʥʥʷ ʣʽʚʦʾ ʛʨʘʥʠʯʥʦʾ ()10 =u  ʫʤʦʚʠ ʚʠʢʦʥʘʡʪʝ ʽʥʩʪʨʫʢʮʽʾ: 

  Physics  -> Boundary -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition  1: 

   Boundary Selection ï Selection  - <> = 1 (ʣʽʚʠʡ ʢʽʥʝʮʴ ʚʽʜʨʽʟʢʘ [0,1]  ) 

   Dirichlet  Boundary  Condition  ï r  = 1 

ɼʨʫʛʫ ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ʤʠ ʧʦʩʪʘʚʠʤʦ ʧʽʟʥʽʰʝ. 

  ʅʘʣʘʰʪʫʡʪʝ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ ( ) fwawc =+Ð-ÖÐ . 

Helmholtz Equation (hzeq): 

   Domain Selection ï Selection = Manual  

   Domain Selection ï < > = 2   (ʟʘʣʠʰʘʻʤʦ ʪʽʣʴʢʠ ʚʽʜʨʽʟʦʢ [1,2] ) 

Helmholtz Equation (hzeq) - Helmholtz Equation 1: 

   Diffusion Coefficient ï c = - 1 

   Source Term ï f  = 0 

   Absorption Coefficient ï a = 1 

ʎʠʤ ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 0=+¡¡ wwxx   ʥʘ ʚʽʜʨʽʟʢʫ [1,2]. 

  ʇʨʘʚʘ ʛʨʘʥʠʯʥʘ ʫʤʦʚʘ () 02 =¡
xw  ʟʘʜʘʻʪʴʩʷ ʘʚʪʦʤʘʪʠʯʥʦ ʚ ʚʫʟʣʽ Helmholtz 

Equation (hzeq) - Zero Flux 1. 
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  ɼʣʷ ʟʘʜʘʥʥʷ ʢʦʥʪʘʢʪʥʦʾ ʛʨʘʥʠʯʥʦʾ ʫʤʦʚʠ (2) ʩʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨʠ ʣʽʥʽʡʥʦ ʾ

ʚʽʜʧʦʚʽʜʥʦʩʪʽ. 

  Definitions - > Coupling - Component Couplings - Linear Extrusion  

Definitions - Linear Extrusion  1 (linext1): 

   Source Selection ï Geometric entity level = Boundary  

            ï Selection - < > = 3       (ʪ. x=1 ʚʽʜʨʽʟʢʘ [1,2]) 

ɺʠʢʦʨʠʩʪʦʚʫʡʪʝ ʧʨʦʢʨʫʯʫʚʘʥʥʷ ʢʦʣʝʩʘ ʤʠʰʽ ʜʣʷ ʧʝʨʝʤʽʱʝʥʥʷ ʬʦʢʫʩʘ ʧʦ 

ʯʝʨʟʽ ʤʽʞ ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. 

   Source Vertices ï Source vertex 1 = 3       (ʪ. x=1  ʚʽʜʨʽʟʢʘ [1,2]) 

   Destination Vertices ï Destination vertex 1 = 2  (ʪ. x=1 ʚʽʜʨʽʟʢʘ [0,1]) 

ʎʠʤ ʩʪʚʦʨʶʻʪʴʩʷ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ]1,0[]2,1[ 11 ­
 
ʪʦʯʢʠ x=1 ʚʽʜʨʽʟʢʘ [1,2] ʽ ʪʦʯʢʠ x=1 

ʚʽʜʨʽʟʢʘ [0,1].  

  ʉʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʚ ʟʚʦʨʦʪʥʫ ʩʪʦʨʦʥʫ.  

  Definitions - > Coupling - Component Couplings - Linear Extrusion  

Definitions - Linear Extrusion  2 (linext2): 

   Source Selection ï Geometric entity level = Boundary  

            ï Selection - < > = 2       (ʪ. x=1 ʚʽʜʨʽʟʢʘ [0,1]) 

   Source Vertices ï Source vertex 1 = 2       (ʪ. x=1 ʚʽʜʨʽʟʢʘ [0,1]) 

   Destination Vertices ï Destination vertex 1 = 3  (ʪ. x=1 ʚʽʜʨʽʟʢʘ [1,2]) 

ɿʘʜʘʡʪʝ çʚʥʫʪʨʽʰʥʶè ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ () ()11 xx wu ¡=¡ . 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Flux/Source 

Poisson's Equation (poeq) - Flux/Source 1: 

   Boundary Selection ïSelection - < > = 2      (ʪ. x=1 ʚʽʜʨʽʟʢʘ [0,1]) 

   Boundary Flux/Source ï g   = - linext1(wx)  

ɿʘʜʘʡʪʝ çʚʥʫʪʨʽʰʥʶè ʛʨʘʥʠʯʥʫ ʫʤʦʚʫ ()
()
()11

1
1

u

u
w

+
= . 

Helmholtz Equation (hzeq): 

   Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Helmholtz Equation (hzeq) - Dirichlet Boundary Condition 1: 

   Source Selection ïSelection - < > = 3       (ʪ. x=1 ʚʽʜʨʽʟʢʘ [1,2]) 

   Dirichlet Boundary Condition ï r  = linext2(u)/(1+linext2(u))  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ. 

  Home - >  Study - Compute 

ʇʽʩʣʷ ʾʭ ʟʘʚʝʨʰʝʥʥʷ ʚ ʛʽʣʮʽ Results ʘʚʪʦʤʘʪʠʯʥʦ ʩʪʚʦʨʶʶʪʴʩʷ ʜʚʽ ʦʜʥʦʚʠʤʽʨʥʽ 

ʛʨʘʬʽʯʥʽ ʛʨʫʧʠ, ʚ ʷʢʠʭ ʧʦʙʫʜʦʚʘʥʽ ʛʨʘʬʽʢʠ ʨʦʟʚôʷʟʢʽʚ u   ̔  w. ʄʠ ʭʦʯʝʤʦ 

ʧʦʙʫʜʫʚʘʪʠ ʦʜʠʥ ʩʧʽʣʴʥʠʡ ʛʨʘʬʽʢ. ɼʣʷ ʮʴʦʛʦ ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ ʣʦʢʘʣʴʥʫ (ʚ 

ʢʦʤʧʦʥʝʥʪʽ) ʟʤʽʥʥʫ U, ʷʢʘ ʥʘ ʨʽʟʥʠʭ ʚʽʜʨʽʟʢʘʭ ʙʫʜʝ ʟʙʽʛʘʪʠʩʷ ʟ ʨʦʟʚôʷʟʢʘʤʠ  u   ̔ 

w, ʘ ʧʦʪʽʤ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʛʨʘʬʽʢ.  

  Definitions  - > Variables  ï Local Variables 

Definitions ï Variables 1: 

   Geometric Entity Selection ï Geometric entity  level  = Domain 
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                ï Selection   = Manual,1  (ʚʽʜʨʽʟʦʢ [0,1]) 

   Variables  ï Name, Expressi on  = U,  u 

 
ʎʠʤ ʤʠ ʧʦʚʽʜʦʤʠʣʠ, ʱʦ ʚʝʣʠʯʠʥʘ U ʥʘ ʚʽʜʨʽʟʢʫ [0,1] ʟʙʽʛʘʻʪʴʩʷ ʟ u. ʑʝ ʨʘʟ 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ 

  Definitions  - > Variables  ï Local Variables 

Definitions ï Variables 2: 

   Geometric Entity Selection ï Geomet ric entity  level  = Domain 

                ï Selection   = Manual, 2 (ʚʽʜʨʽʟʦʢ [1,2]) 

   Variables  ï Name, Expressi on  = U,  w 

 
ʎʠʤ ʤʠ ʧʦʚʽʜʦʤʣʷʻʤʦ, ʱʦ ʚʝʣʠʯʠʥʘ U  ʥʘ ʚʽʜʨʽʟʢʫ [1,2] ʟʙʽʛʘʻʪʴʩʷ ʟ w.  

  ɼʣʷ ʪʦʛʦ, ʱʦʙ ʟʤʽʥʥʘ U ʩʪʘʣʘ ʜʦʩʪʫʧʥʦʶ, ʦʥʦʚʽʪʴ ʦʙʯʠʩʣʝʥʥʷ. 

Study 1: RMB > Update Solution 

ʊʝʧʝʨ ʤʦʞʥʘ ʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʟʤʽʥʥʦʾ U. 

  Results  -> Plot Group  ï 1D Plot Group 

Results - 1D Plot Group 3: 

   Data ï Data set = Study 1/Solution  1 

  1D Plot Group 3  -> Add Plot  ï Line Graph 

1D Plot Group 3 - Line Graph 1: 

   Selection ï Selection = Manual,1,2   (ʦʙʠʜʚʘ ʚʽʜʨʽʟʢʘ [0,1] ̔  [1,2]) 

   y- Axis Data ï Expression = U 

   x- Axis Data ï Parameter, Expression = Expression , x 

ʅʘʣʘʰʪʫʡʪʝ ʩʪʠʣʴ ʛʨʘʬʽʢʘ ʽ ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Plot. ɺ ʨʝʟʫʣʴʪʘʪʽ ʙʫʜʝ 

ʧʦʙʫʜʦʚʘʥʠʡ ʪʦʡ ʞʝ ʛʨʘʬʽʢ, ʱʦ ʽ ʧʨʠ ʧʝʨʰʦʤʫ ʩʧʦʩʦʙʽ ʩʪʚʦʨʝʥʥʷ ʤʦʜʝʣʽ. 

 
ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʨʠʩʫʥʢʫ ʥʘʚʝʜʝʥʦ ʟʦʙʨʘʞʝʥʥʷ ʜʽʣʷʥʦʢ ɼʄ ʧʦʪʦʯʥʦʛʦ ʬʘʡʣʫ. 
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ɿʙʝʨʝʞʽʪʴ ʬʘʡʣ, ʥʘʧʨʠʢʣʘʜ, ʟ ʽʤôʷʤ Discont Diffusion_1. mph, ʘʣʝ ʥʝ 

ʟʘʢʨʠʚʘʡʪʝ ʡʦʛʦ. 

ɿʘʫʚʘʞʝʥʥʷ. ɼʣʷ ʦʪʦʪʦʞʥʝʥʥʷ ʪʦʯʦʢ ʨʽʟʥʠʭ ʛʝʦʤʝʪʨʽʡ ʤʦʞʥʘ ʟʘʩʪʦʩʫʚʘʪʠ 

ʦʧʝʨʘʪʦʨ ʪʦʪʦʞʥʦʛʦ ʚʽʜʦʙʨʘʞʝʥʥʷ Identity Mapping . ʂʦʣʠ ʚʽʥ ʚʠʢʣʠʢʘʻʪʴʩʷ ʚ 

ʪʦʯʢʘʭ ʘʜʨʝʩʘʪʘ, ʪʦ ʡʦʛʦ ʘʨʛʫʤʝʥʪ ʦʙʯʠʩʣʶʻʪʴʩʷ ʫ ʚʽʜʧʦʚʽʜʥʠʭ ʪʦʯʢʘʭ ʜʞʝʨʝʣʘ. 

ʇʦʢʘʞʝʤʦ, ʷʢʽ ʟʤʽʥʠ ʧʦʪʨʽʙʥʦ ʚʥʝʩʪʠ ʚ ʤʦʜʝʣʴ, ʱʦʙ ʚʠʢʦʨʠʩʪʘʪʠ ʪʘʢʠʡ 

ʦʧʝʨʘʪʦʨ. 

  ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ ʦʩʪʘʥʥʴʦʛʦ ʧʨʠʢʣʘʜʫ ʽ ʜʝʘʢʪʠʚʫʡʪʝ (ʘʙʦ ʚʠʜʘʣʽʪʴ) ʚʫʟʣʠ 

ʦʧʝʨʘʪʦʨʽʚ ʣʽʥʽʡʥʦʾ ʚʽʜʧʦʚʽʜʥʦʩʪ̔. 

Definitions - Linear Extrusion  1 (linext1) : RMB > Disable  

Definitions - Linear Extrusion  2 (linext2) : RMB > Disable 
ʊʝʧʝʨ ʩʪʚʦʨʽʪʴ ʦʧʝʨʘʪʦʨʠ ʪʦʪʦʞʥʦʛʦ ʚʽʜʦʙʨʘʞʝʥʥʷ.  

  Definitions - > Component Coupling -  Identity Mapping  

Definitions - Identity Mapping  1 (idmap1): 

   Source Selection ï Geometric entity level = Boundary  

            ï Selection - < > = 3     (ʣʽʚʠʡ ʢʨʘʡ ʚʽʜʨʽʟʢʘ [1,2]) 

ɺʠʢʦʨʠʩʪʦʚʫʡʪʝ ʧʨʦʢʨʫʯʫʚʘʥʥʷ ʢʦʣʝʩʘ ʤʠʰʽ ʜʣʷ ʧʝʨʝʤʽʱʝʥʥʷ ʬʦʢʫʩʘ ʧʦ 

ʯʝʨʟʽ ʤʽʞ ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3. 

ʎʠʤ ʩʪʚʦʨʶʻʪʴʩʷ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ]1,0[]2,1[ 11 ­  (ʥʘʩʧʨʘʚʜʽ ʪʦʯʢʘ x=1 ʚʽʜʨʽʟʢʘ [1,2] 

ʚʽʜʧʦʚʽʜʘʪʠʤʝ ʙʫʜʴ-ʷʢʽʡ ʪʦʯʮʽ, ʜʝ ʦʧʝʨʘʪʦʨ idmap 1 ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʤʝʪʴʩʷ).  

  Definitions - > Component Coupling -  Identity Mapping  

Definitions - Identity Mapping  2 (idmap2): 

   Source Selection ïGeometric entity level = Boundary  

   Source Selection ïSelection - < > = 2     (ʧʨʘʚʠʡ ʢʨʘʡ ʚʽʜʨʽʟʢʘ [0,1]) 

ʆʩʪʘʥʥʽʤ ʩʪʚʦʨʶʻʪʴʩʷ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ]2,1[]1,0[ 11 ­ . 

  ʇʽʩʣʷ ʮʴʦʛʦ ʫ ʚʫʟʣʘʭ ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʽʤʝʥʘ ʦʧʝʨʘʪʦʨʽʚ linext1   ̔ linext2   

ʩʣʽʜ ʟʘʤʽʥʠʪʠ ʽʤʝʥʘʤʠ ʦʧʝʨʘʪʦʨʽʚ  ʪʦʪʦʞʥʦʛʦ ʚʽʜʦʙʨʘʞʝʥʥʷ idmap1    ̔ idmap2 . 

Poisson's Equation (poeq) - Flux/Source 1: 

   Boundary Flux/Source ï g   = - idmap1(wx)  

Helmholtz Equation (hzeq) - Dirichlet Boundary Condition 1: 

  Dirichlet  Boundary  Condition  ï r  = idmap2(u)/(1+idmap2(u))  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʽ ʦʪʨʠʤʘʡʪʝ ʪʽ ʞ ʛʨʘʬʽʢʠ, ʱʦ ʽ ʨʘʥʽʰʝ. 

ʈʦʟʚôʷʟʦʢ 3. ʇʨʦʩʪʽʰʦʶ ʻ ʤʦʜʝʣʴ, ʚ ʷʢʽʡ ʚ ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ ʩʪʚʦʨʶʻʪʴʩʷ 

ʜʚʽ ʬʽʟʠʢʠ ʽ ʥʝ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʦʧʝʨʘʪʦʨʠ ʟʚôʷʟʢʫ. ɼʣʷ ʮʴʦʛʦ ʚʽʜʨʽʟʢʠ 

ʛʝʦʤʝʪʨʽʾ ʧʦʻʜʥʫʶʪʴʩʷ ʦʧʝʨʘʮʽʻʶ Union, ʘ ʚʥʫʪʨʽh ʥ̔ ʛʨʘʥʠʯʥ ̔ ʫʤʦʚʠ (2) 
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ʨʝʘʣʽʟʫʶʪʴʩʷ ʫ ʚʫʟʣʘʭ Flux/Source ʽ  Dirichlet Boundary Condition   

ʚʠʨʘʟʘʤʠ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʦʧʝʨʘʪʦʨʽʚ ʟʚôʷʟʢʫ. 

  ɺʽʜʢʨʠʡʪʝ ʬʘʡʣ DiscontDiffusion_1.mph , ʩʪʚʦʨʝʥʠʡ ʫ ʜʨʫʛʦʤʫ 

ʨʦʟʚôʷʟʢʫ, ʽ ʟʤʽʥʽʪʴ ʚ ʥʴʦʤʫ ʩʧʦʩʽʙ ʧʦʻʜʥʘʥʥʷ ʚʽʜʨʽʟʢʽʚ. 

Geometry 1 - Form an assembly (fin) 

   Form Union/Assembly ï Action = Form a union  

  LMB > Build All 
ʅʘʟʚʘ ʚʫʟʣʘ Form Assembly ʚ ɼʄ ʟʤʽʥʠʪʴʩʷ ʥʘ  Form Union. ʊʦʯʢʘ x=1 

ʦʪʨʠʤʘʻ ʻʜʠʥʠʡ ʽʥʜʠʢʘʪʦʨ 2 (ʧʨʠ Form Assembly ʚʦʥʘ ʧʦʟʥʘʯʘʣʘʩʷ ʜʚʦʤʘ 

ʽʥʜʠʢʘʪʦʨʘʤʠ 2 ʽ 3). 

  ɼʝʘʢʪʠʚʫʡʪʝ ʘʙʦ ʚʠʜʘʣʽʪʴ ʚʫʟʣʠ ʦʧʝʨʘʪʦʨʽʚ ʟʚôʷʟʢʫ (ʚ ʧʨʠʥʮʠʧʽ ʾʭ ʤʦʞʥʘ 

ʥʝ ʯʽʧʘʪʠ). 

Definitions - Linear Extrusion  1 (linext1) : RMB > Disable 

Definitions - Linear Extrusion  2 (linext2) : RMB > Disable 

ʋ ʚʫʟʣʘʭ Flux/Source ʽ  Dirichlet Boundary Condition  ʟʘʧʠʰʽʪʴ ʪʽ ʞ ʩʘʤʽ 

ʬʦʨʤʫʣʠ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʦʧʝʨʘʪʦʨʽʚ ʟʚôʷʟʢʫ.  ʅʝ ʟʘʙʫʜʴʪʝ ʟʥʦʚʫ ʚʠʙʨʘʪʠ 

ʪʦʯʢʠ, ʙʦ ʟʤʽʥʘ ʾʭ ʥʫʤʝʨʘʮʽʾ ʧʨʠʟʚʝʣʘ ʜʦ ʟʘʛʫʙʣʝʥʥʷ ʽʥʜʠʢʘʪʦʨʽʚ ʚ ʩʝʢʮʽʷʭ 

ʚʠʙʦʨʫ ʮʠʭ ʚʫʟʣʽʚ. 

Poisson's Equation (poeq) - Flux/Source 1: 

   Boundary Selection ïSelection - < > = 2          (ʪ. x=1) 

   Boundary Flux/Source ï g   = - wx 

Helmholtz Equation (hzeq) - Dirichlet Boundary Condition 1: 

   Source Selection ïSelection - < > = 2           (ʪ. x=1) 

   Dirichlet Boundary Condition ï r  = u/(1+ u)  

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ ʤʦʜʝʣʽ 

  Home - >  Study - Compute 

ʽ ʚ ʛʽʣʮʽ 1D Plot Group 3 ʦʪʨʠʤʘʡʪʝ ʪʦʡ ʞʝ ʛʨʘʬʽʢ, ʱʦ ʽ ʨʘʥʽʰʝ. 

ɺʧʨʘʚʘ. ʈʦʟʚôʷʞʽʪʴ ʥʘʩʪʫʧʥʫ ʢʦʥʪʘʢʪʥʫ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ 

;21,09;10,1
2

2

2

2

<<=+<<= xw
xd

wd
x
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ud
 

 ʟ ʫʤʦʚʘʤʠ 

() () () 0,11,,10
211

====
=== xxx

xd

wd
uw

xd

wd

xd

ud
u . 

1. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʚʘ ʢʦʤʧʦʥʝʥʪʘ ʽ ʜʚʘ ʦʧʝʨʘʪʦʨʘ ʚʽʜʧʦʚʽʜʥʦʩʪʽ (ʣʽʥʽʡʥʦʾ 

ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʘʙʦ ʪʦʪʦʞʥʦʛʦ ʚʽʜʦʙʨʘʞʝʥʥʷ). 

2. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʚʽ çʬʽʟʠʢʠè ʚ ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ ʽ ʜʚʘ ʦʧʝʨʘʪʦʨʘ 
ʚʽʜʧʦʚʽʜʥʦʩʪʽ. 

3. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʚʘ  ʨʽʚʥʷʥʥʷ ʥʘ ʟʙʽʨʮʽ (Assembly )  ʽ ʫʤʦʚʫ Continuity . 

4. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʚʽ ʬʽʟʠʢʠ ʚ ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ 

ʦʧʝʨʘʪʦʨʽʚ ʚʽʜʧʦʚʽʜʥʦʩʪʽ. 
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5. ɿʘʧʠʩʘʚʰʠ ʟʘʜʘʯʫ ʦʜʥʠʤ ʨʽʚʥʷʥʥʷʤ )()( xFuxKuxx =+¡¡  ʟ ʨʦʟʨʠʚʥʠʤʠ 

ʢʦʝʬʽʮʽʻʥʪʦʤ ()
í
ì
ë

²

<
=

1,9

1,0

x

x
xK    ̔   ʧʨʘʚʦ ʁʯʘʩʪʠʥʦʶ ()

í
ì
ë

²

<
=

1,0

1,1

x

x
xF . 

     
 

5.4.4.   ʇʨʦʛʠʥ ʚʽʣʴʥʦ ʦʧʝʨʪʦʾ ʙʘʣʢʠ.  

ʈʽʚʥʷʥʥʷ ʨʽʚʥʦʚʘʛʠ ʟʽʛʥʫʪʦʾ ʙʘʣʢʠ ʤʘʻ ʚʠʛʣʷʜ [7] 
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ʜʝ ()xq   ïʟʦʚʥʽʰʥʷ (ʧʦʧʝʨʝʯʥʘ) ʩʠʣʘ, ʨʦʟʨʘʭʦʚʘʥʘ ʥʘ ʦʜʠʥʠʮʶ ʜʦʚʞʠʥʠ ʙʘʣʢʠ, 

E, J ï ʤʦʜʫʣ ɹʧʨʫʞʥʦʩʪʽ ʤʘʪʝʨʽʘʣʫ ʙʘʣʢʠ ʽ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʾʾ ʧʝʨʝʨʽʟʫ. ʌʫʥʢʮʽʷ 

()xu  ʷʚʣʷʻ ʚʝʨʪʠʢʘʣʴʥʝ ʟʤʽʱʝʥʥʷ ʪʦʯʦʢ ʦʩʽ ʙʘʣʢʠ, ʷʢʽ ʤʘʣʠ ʜʦ ʥʘʚʘʥʪʘʞʝʥʥʷ 

ʛʦʨʠʟʦʥʪʘʣʴʥʫ ʢʦʦʨʜʠʥʘʪʫ x. 

  ɺʚʝʜʝʤʦ ʧʦʟʥʘʯʝʥʥʷ 
2

2

xd

ud
JEM -= . ʌʫʥʢʮʽʶ ()xM  ʥʘʟʠʚʘʶʪʴ 

ʟʛʠʥʘʣʴʥʠʤ ʤʦʤʝʥʪʦʤ ʙʘʣʢʠ ʚ ʪʦʯʮʽ x. ʊʦʜʽ ʨʽʚʥʷʥʥʷ (1) ʥʘʙʫʚʘʻ ʚʠʜʫ  
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, ʽ ɿɼʈ 4-ʛʦ ʧʦʨʷʜʢʫ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ ʩʠʩʪʝʤʠ ʜʚʦʭ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ 2 - ʛʦ ʧʦʨʷʜʢʫ. 
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ɺ ʤʘʪʨʠʯʥʦʤʫ ʟʘʧʠʩʽ ʩʠʩʪʝʤʘ ʤʘʻ ʚʠʛʣʷʜ 
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ʇʨʠʢʣʘʜ. ʈʦʟʚôʷʟʘʪʠ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ ʧʨʦʛʠʥʫ ʚʽʣʴʥʦ ʦʧʝʨʪʦʾ ʙʘʣʢʠ, ʱʦ 

ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʜʽʻʶ ʢʫʩʢʦʚʦ-ʩʪʘʣʦ ʾʥʘʚʘʥʪʘʛʠ  q.  ɼʣʷ ʚʠʟʥʘʯʝʥʦʩʪʽ ʧʦʢʣʘʩʪʠ 

1=L  (ʜʦʚʞʠʥʘ ʙʘʣʢʠ), 1,1 == JE ,  

î
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î
ì

ë

<¢

<¢

<¢

=

13/2,

3/23/1,

3/10,

3

2

1

xq

xq

xq

q ,  ʜʝ 1,95.0,1 321 -==-= qqq . 

ɿʥʘʢʠ ʚʝʣʠʯʠʥ iq  ʚʢʘʟʫʶʪʴ ʥʘ ʪʝ, ʱʦ ʟʫʩʠʣʣʷ 1q  ʽ 3q  ʜʽʶʪʴ ʚʥʠʟ, ʘ 2q  - ʚʛʦʨʫ. 
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ʈʦʟʚôʷʟʘʥʥʷ. ɿʘ ʜʦʧʦʤʦʛʦʶ ʤʘʡʩʪʨʘ ʩʪʚʦʨʽʪʴ 1D ʤʦʜʝʣʴ ʟʘʜʘʯʽ. 
  File - > New - > Model Wizard - > 1D - >  

     Mathematics - PDE Interfaces - Coefficient Form PDE (c) 
ʇʽʩʣʷ ʚʠʢʦʥʘʥʥʷ ʢʦʤʘʥʜʠ Add ʥʝ ʧʦʩʧʽʰʘʡʪʝ ʧʝʨʝʭʦʜʠʪʠ ʜʦ ʥʘʩʪʫʧʥʦʛʦ ʚʽʢʥʘ. 

ʉʧʦʯʘʪʢʫ ʧʨʘʚʦʨʫʯ  ʚ ʧʘʥʝʣʽ Review Physics Interface  ʚ ʧʦʣ ̔Number of 
dependent variables  ʟʘʜʘʡʪʝ ʢʽʣʴʢʽʩʪʴ ʥʝʚʽʜʦʤʠʭ ʬʫʥʢʮʽʡ 2, ʽ ʥʠʞʯʝ ʚʚʝʜʽʪʴ 

ʾʭ ʽʤʝʥʘ u ,  M.  ɺ ʧʦʣ̔ Field name  ʚʚʝʜʽʪʴ w. 
Review Physics Interface:  

   Dependent  Variables  ï Field name = w 

              ï Number of dependent variables = 2 

              ï Dependent variables  = u, M  

 

 

ʅʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Study ʽ ʚʠʙʝʨʽʪʴ ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ  Stationary . 

ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ. 

Global Definitions: RMB > Parameters 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parameters ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name 

ʚʚʦʜʴʪʝ ʽʤʝʥʘ ʧʘʨʘʤʝʪʨʽʚ, ʘ ʚ ʢʦʣʦʥʮʽ Expression  ï ʾʭ ʟʥʘʯʝʥʥʷ. 

 
ɻʝʦʤʝʪʨʽ̫  ʤʦʜʝʣʽ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,1] ʽ ʜʚʦʭ ʨʦʟʜʽʣʶʚʘʣʴʥʠʭ ʪʦʯʦʢ. 
  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0,1/3,2/3,1  

  LMB > Build All Objects    
ʇʦʙʫʜʫʡʪʝ ʉʢɽ ʩʽʪʢʫ. 

Mesh 1: 

   Mesh Settings ïElement size = Finer  

  LMB > Build All  
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ɿʘʜʘʡʪʝ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ. ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʇɺ ʚʫʟʣʘ Coefficient Form PDE (c) - 

Coefficient Form PDE 1 ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʦʙʨʘʥʦ ʚʝʩʴ 

ʚʽʜʨʽʟʦʢ (ʩʪʦʷʪʴ ʽʥʜʠʢʘʪʦʨʠ 1, 2, 3). ɺ ʨʦʟʜʽʣʽ Equation  ʟʘʧʠʩʘʥʦ ʟʘʛʘʣʴʥʠʡ 

(ʚʝʢʪʦʨʥʠʡ) ʚʠʜ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ 

( ) fuuuu
uu
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ʜʝ öö
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ʻ ʚʝʢʪʦʨʦʤ ʨʦʟʚôʷʟʢʽʚ, 
xµ

µ
=Ð  ï ʦʧʝʨʘʪʦʨ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ. 

ʂʦʝʬʽʮʽʻʥʪʠ ʩʠʩʪʝʤʠ ʻ ʤʘʪʨʠʮʷʤʠ ʨʦʟʤʽʨʫ 22³  ʽ ʟʘʜʘʶʪʴʩʷ ʚ ʧʦʣʷʭ ʥʠʞʥʴʦʾ 

ʯʘʩʪʠʥʠ ʇɺ. ɺʽʜʧʦʚʽʜʥʦ ʜʦ (3) ʚʚʦʜʠʤʦ ʥʘʩʪʫʧʥʽ ʟʥʘʯʝʥʥʷ (ʚʽʣʴʥʠʡ ʯʣʝʥ  f  ʙʫʜʝ 

ʟʘʜʘʥʠʡ ʧʽʟʥʽʰʝ). 
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  ɿ ʢʫʨʩʫ ʦʧʦʨʫ ʤʘʪʝʨʽʘʣʽʚ [7] ʚʽʜʦʤʦ, ʱʦ ʜʣʷ ʚʽʣʴʥʦ ʦʧʝʨʪʦʾ ʙʘʣʢʠ ʜʦʚʞʠʥʠ 

L ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʤʘʶʪʴ ʚʠʛʣʷʜ  

() () 00,00 == Mu , () () 0,0 == LMLu . 

ɿʘʜʘʡʪʝ ʮʽ ʫʤʦʚʠ. 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1 ,4 (ʪ. x=0  ̔   ʪ. x=1) 

   Dirichlet Boundary Conditio n ï r1, r2 = 0 ,0  

 
 

ɼʦʜʘʡʪʝ ʚ çʬʽʟʠʢʫè ʪʨʠ ʚʫʟʣʠ ʪʠʧʫ Source , ʥʘ  ʷʢʠʭ ʟʘʜʘʡʪʝ ʟʥʘʯʝʥʥʷ 

ʟʦʚʥʽʰʥʴʦʛʦ ʨʦʟʧʦʜʽʣʝʥʦʛʦ ʟʫʩʠʣʣʷ. 

  Physics  - > Domain  -  Domains ï Coefficient Form PDE ï Source 

Coefficient Form PDE (c) - Coefficient Form PDE 1 ï Source 1: 

   Domain Selection ï Selection = Manual, 1   ( ʚʽʜʨʽʟʦʢ [0,1/3] ) 

   Source  Term ï f = 
0
ή1

 

Coefficient Form PDE 1 ï Source 1: RMB > Duplicate 
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Coefficient Form PDE 1 ï Source 2: 

   Domain Selection ï Selection = Manual, 2   ( ʚʽʜʨʽʟʦʢ [1/3,2/3] ) 

   Source  Term ï f = 
0
ή2

 

Coefficient Form PDE 1 ï Source 2: RMB > Duplicate 

Coefficient Form PDE 1 ï Source 3: 

   Domain Selection ï Selection = Manual, 3   ( ʚʽʜʨʽʟʦʢ [2/3,1] ) 

   Source  Term ï f = 
0
ή3

 

ɺʠʢʦʥʘʡʪʝ ʦʙʯʠʩʣʝʥʥʷ. 

  Home - >  Study  - Compute 

ɺ ʨʝʟʫʣʴʪʘʪʽ ʙʫʜʝ ʧʦʙʫʜʦʚʘʥʘ ʥʘʩʪʫʧʥʘ ʢʨʠʚʘ (ʛʨʘʬʽʢ ʥʝʡʪʨʘʣʴʥʦʾ ʦʩʽ ʙʘʣʢʠ). 

 
ʉʪʚʦʨʽʪʴ ʛʨʘʬʽʢ ʟʛʠʥʘʣʴʥʦʛʦ ʤʦʤʝʥʪʫ M, ʦʙʯʠʩʣʝʥʦʛʦ ʩʠʩʪʝʤʦʶ. ʂʨʽʤ ʪʦʛʦ, 

ʧʦʙʫʜʫʡʪʝ ʪʘʢʦʞ ʛʨʘʬʽʢʠ ʚʠʨʘʟʫ ïuxx  (ʧʨʠ E=1, J=1 ʤʘʻʤʦ xxuM ¡¡-= ) .  

Results - 1D Plot Group 1: RMB > Duplicate  

1D Plot Group 2 - Line Graph 1 : 

   y- Axis Data ï Expression = M 

1D Plot Group 2 - Line Graph 1 : RMB > Duplicate 

1D Plot Group 2 - Line Graph 2 : 

   y- Axis Data ï Expression = - uxx  

Coloring and style   ï  Color , Width  = Red , 2    

  LMB > Plot           (ʥʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ ʣʽʚʦʨʫʯ) 

  
ʗʢ ʙʘʯʠʪʝ, ʛʨʘʬʽʢ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ uxx  ʻ ʢʫʩʢʦʚʦ-ʩʪʘʣʠʤ. ʁʦʛʦ ʤʦʞʥʘ 

ʧʦʢʨʘʱʠʪʠ, ʷʢʱʦ ʟʘʩʪʦʩʫʚʘʪʠ ʚʠʱʽʡ ʧʦʨʷʜʦʢ ʬʫʥʢʮʽʡ ʬʦʨʤʠ. ɿʘ ʟʘʤʦʚʯʫʚʘʥʥʷʤ 

ʚʩʪʘʥʦʚʣʝʥʦ ʜʨʫʛʠʡ (Quadratic ) ʧʦʨʷʜʦʢ. ɺʩʪʘʥʦʚʽʪʴ ʪʨʝʪʽʡ (Cubic ) ʧʦʨʷʜʦʢ 

ʮʠʭ ʬʫʥʢʮʽʡ. 

Coefficient Form PDE (c): 

   Discretization ï Element order = Cubic  

ɿʘʥʦʚʦ ʦʙʯʠʩʣʽʪʴ ʤʦʜʝʣʴ ʽ ʧʝʨʝʙʫʜʫʡʪʝ ʛʨʘʬʽʢʠ ʚ ʛʽʣʮʽ 1D Plot Group 2. ɺʠ 

ʦʪʨʠʤʘʻʪʝ ʛʨʘʬʽʢ, ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʧʦʧʝʨʝʜʥʴʦʤʫ ʨʠʩʫʥʢʫ ʧʨʘʚʦʨʫʯ.  
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  ʇʦʙʫʜʫʻʤʦ 2D ʛʨʘʬʽʢ ʧʦʜʦʚʞʥʽʭ ʥʘʧʨʫʞʝʥʴ (ʜʠʚ. ʧ. 2.3.4). ɺʽʜʧʦʚʽʜʥʦ ʜʦ 

ʛʽʧʦʪʝʟʠ ʧʣʦʩʢʠʭ ʧʝʨʝʨʽʟʽʚ, ʪʦʯʢʠ ʙʘʣʢʠ, ʱʦ ʤʘʣʠ ʜʦ ʜʝʬʦʨʤʫʚʘʥʥʷ ʢʦʦʨʜʠʥʘʪʠ 

( )yx, , ʧʝʨʝʭʦʜʷʪʴ ʚ ʪʦʯʢʠ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ (X,Y) 

( )2)(1

)(

xu

yxu
xX

x

x

¡+

¡
-=    ̔ ()

( )2)(1 xu

y
xuY

x
¡+

+= .    (4) 

ʗʢʱʦ ʧʦʧʝʨʝʯʥʠʡ ʧʝʨʝʨʽʟ ʙʘʣʢʠ ʧʨʷʤʦʢʫʪʥʠʡ, ʪʦ ʧʦʟʜʦʚʞʥʽ ʥʘʧʨʫʞʝʥʥʷ 

ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

( )
()
J

yxM
yxx

Ö
=,s ,             (5) 

ʜʝ y - ʚʝʨʪʠʢʘʣʴʥʘ ʢʦʦʨʜʠʥʘʪʘ ʪʦʯʦʢ ʙʘʣʢʠ ( 0=y  ʚʽʜʧʦʚʽʜʘʻ ʥʝʡʪʨʘʣʴʥʽʡ ʦʩʽ). 

ɺʝʣʠʯʠʥʘ ( )yxx ,s  ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠʩ ̫ʜʣʷ ʬʫʥʢʮʽʦʥʘʣʴʥʦʛʦ ʟʘʙʘʨʚʣʝʥʥʷ 

çʧʦʚʝʨʭʥʽ ʙʘʣʢʠè. 

  ɼʦʜʘʡʪʝ ʚ ʤʦʜʝʣʴ ʜʚʦʚʠʤʽʨʥʠʡ ʢʦʤʧʦʥʝʥʪ. 

Untitled.mph :  RMB > Add Component - 2D 
ʁʦʛʦ ʛʝʦʤʝʪʨʽʷ ʩʢʣʘʜʘʪʠʤʝʪʴʩʷ ʟ ʦʜʥʦʛʦ ʧʨʷʤʦʢʫʪʥʠʢʘ. 

  Geometry  - > Primitives  ï Rectangle 

Component 2 - Geometry 2 - Rectangle1: 

   Size ï Width , Height = 1, 0.2           (ʜʚʘ ʧʦʣʷ) 

   Position ï Base, x, y = Corner, 0, - 0.1      (ʪʨʠ ʧʦʣʷ) 

  LMB > Build All Objects   

ɿʘʫʚʘʞʝʥʥʷ. ʌʦʨʤʫʣʠ (4), (5) ʚʚʘʞʘʶʪʴ, ʱʦ ʚʽʩʴ ʙʘʣʢʠ ʩʧʽʚʧʘʜʘʻ ʟ ʚʽʩʩʶ X. 

ʇʦʙʫʜʫʡʪʝ ʚ ʦʙʣʘʩʪʽ  ʧʨʷʤʦʢʫʪʥʫ ʩʽʪʢʫ.  

  Mesh - > Generators  ï Mapped 

ɿʘʜʘʡʪʝ ʨʦʟʤʽʨʠ ʢʣʽʪʠʥʦʢ ʩʽʪʢʠ. 

Component 2 - Mesh 1 ï Size: 

   Element Size ï Custom = True  

    Element Size Parameters ï Maximum element size = 0.025  

  LMB > Build All 

  
ʑʦʙ ʥʘ ʛʝʦʤʝʪʨʽʾ ʽʥʰʦʛʦ ʢʦʤʧʦʥʝʥʪʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʨʦʟʚôʷʟʦʢ ʟ ʧʝʨʰʦʛʦ, ʚ 

ʥʴʦʤʫ (ʧʝʨʰʦʤʫ ʢʦʤʧʦʥʝʥʪʽ) ʧʦʪʨʽʙʥʦ ʩʪʚʦʨʠʪʠ ʦʧʝʨʘʪʦʨ ʟʚôʷʟʢʫ. 

Component 1: 

  Definitions - > Coupling - Component Coupling  -  General Extrusion  

Component 1 (comp1) ï Definitions - General Extrusion 1 (genext1): 

  Source Selection ïSelection ï Manual, < > = Manual,1 ,2,3  (ʚʽʜʨʽʟʦʢ [0,1]) 

  Destination  Map ï x-expression = x 

ɿʥʦʚʫ ʟʘʩʪʦʩʫʡʪʝ ʢʦʤʘʥʜʫ . ʅʽʷʢʠʭ ʜʦʜʘʪʢʦʚʠʭ ʦʙʯʠʩʣʝʥʴ ʚ ʤʦʜʝʣʽ ʥʝ 

ʚʠʢʦʥʫʚʘʪʠʤʝʪʴʩʷ, ʘʣʝ ʪʝʧʝʨ ʚ ʛʽʣʮʽ Results - Data Sets  ʤʠ ʟʤʦʞʝʤʦ ʩʪʚʦʨʠʪʠ 
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ʜʞʝʨʝʣʦ ʜʘʥʠʭ, ʷʢʝ ʙʫʜʝ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʚʦʚʠʤʽʨʥʫ ʛʝʦʤʝʪʨʽʶ ʜʨʫʛʦʛʦ 

ʢʦʤʧʦʥʝʥʪʘ. 

Results ï Data Sets - Study 1/Solution 1: RMB > Duplicate 

Data Sets - Study 1/Solution 1 (2):  

   Solution  ï Component= Component (comp2)  

ɺ ʛʽʣʢʫ Results ʜʦʜʘʡʪʝ ʛʨʘʬʽʯʥʫ ʛʨʫʧʫ  2D Plot  Group   ʽ ʩʪʚʦʨʽʪʴ ʚ ʥʽʡ ʚʫʟʦʣ 

Surface . 

  Home - > Results -  Add Plot Group - > 2D Plot Group  

2D Plot Group 3: 

   Dataï Data set  = Sudy 1/Solution 1 (2)  

   Plot Settings  ï Plot data set edges = False  

  2D Plot Group 3 - > Add Plot -  Surface 

2D Plot Group 3 ï Surface 1: 

   Dataï Data set  = From parent  

   Expression  ï Expression   = 1 

   Coloring and Style  ï Coloring , Color  =Uniform , Black  

           ï Wireframe  = True  

ʋ ʚʫʟʣʽ Surface 1 ʩʪʚʦʨʽʪʴ ʧʽʜʚʫʟʦʣ ʜʝʬʦʨʤʘʮʽʾ. 

2D Plot Group 3 ï Surface 1: RMB > Deformation 

2D Plot Group 3 ï Surface 1 ï Deformation 1 : 

   Expression ï x component  = 
       - comp1.genext1(ux)/sqrt(1+comp1.genext1(ux)̂ 2)*y  

   Expression ï y component  = 

        comp1.genext1(u)+y/sqrt(1+comp1.genext1(ux)̂ 2) - y 

ɺʚʝʜʝʥ ̔ ʪʫʪ ʚʠʨʘʟʠ ʚʽʜʧʦʚʽʜʘʶʪʴ ʚʝʢʪʦʨʫ ʟʩʫʚʫ ( )yx DD , , ʷʢʠʡ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʬʦʨʤʫʣʠ (4)  ʷʢ yYyxXx -=D-=D , .  

  LMB > Plot   
ɺ ʨʝʟʫʣʴʪʘʪʽ ʛʨʘʬʽʯʥʘ ʟʦʥʘ ʚʫʟʣʘ Surface 1 ʙʫʜʝ ʤʽʩʪʠʪʠ ʜʝʬʦʨʤʦʚʘʥʝ ʢʘʨʢʘʩʥʝ 

ʟʦʙʨʘʞʝʥʥʷ ʙʘʣʢʠ. 

 
ɺ ʛʨʘʬʽʯʥʽʡ ʛʨʫʧʽ 2D Plot Group 2 ʩʪʚʦʨʽʪʴ ʱʝ ʦʜʠʥ ʚʫʟʦʣ Surface , ʷʢʠʡ ʤʠ 

ʚʠʢʦʨʠʩʪʘʻʤʦ ʜʣʷ ʬʫʥʢʮʽʦʥʘʣʴʥʦʛʦ ʟʘʙʘʨʚʣʝʥʥʷ ʟʦʥʠ ʙʘʣʢʠ.   

2D Plot Group 3 ï Surface 1: RMB > Duplicate 

2D Plot Group 3 ï Surface 2: 

   Expression  ï Expression   = comp1.genext1(M)*y  

ɺʚʝʜʝʥʠʡ ʚʠʨʘʟ ʚʽʜʧʦʚʽʜʘʻ  ʬʦʨʤʫʣʽ (5). 

   Coloring and Style  ï Coloring , Color  =Color table , Rainbow  

             ï Color legend = True  

             ï Wireframe = False  

  LMB > Plot 
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ʅʘ ʦʩʪʘʥʥʴʦʤʫ ʨʠʩʫʥʢʫ ʜʝʬʦʨʤʦʚʘʥʝ ʟʦʙʨʘʞʝʥʥʷ ʙʘʣʢʠ ʟ ʬʫʥʢʮʽʦʥʘʣʴʥʠʤ 

ʟʘʙʘʨʚʣʝʥʥʷʤ ʧʦʻʜʥʘʥʝ ʟ ʾʾ ʢʘʨʢʘʩʥʠʤ ʟʦʙʨʘʞʝʥʥʷʤ. 

ʗʢʱʦ ʚʩʽ ʪʨʠ ʟʦʚʥʽʰʥʽ ʚʧʣʠʚʠ ʦʙʨʘʪʠ ʨʽʚʥʠʤʠ, ʪʦ ʤʠ ʦʪʨʠʤʘʻʤʦ ʟʘʜʘʯʫ ʧʨʦ 

ʧʨʦʛʠʥ ʚʽʣʴʥʦ ʦʧʝʨʪʦʾ ʙʘʣʢʠ, ʷʢʘ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʜʽʻʶ ʨʽʚʥʦʤʽʨʥʦ 

ʨʦʟʧʦʜʽʣʝʥʦʛʦ ʥʘʚʘʥʪʘʞʝʥʥʷ. ʈʽʚʥʷʥʥʷ ʦʩʽ ʪʘʢʦʾ ʙʘʣʢʠ ʤʘʻ ʚʠʛʣʷʜ 

( )433 2
24

xLxxL
JE

q
u +-= . 

ɿʤʽʥʠʤʦ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʽʚ ʥʘʰʦʾ ʟʘʜʘʯʽ 1321 -=== qqq , ʨʦʟʚôʷʞʝʤʦ ʾʾ ʚ 

COMSOL, ̔  ʧʦʨʽʚʥʷʻʤʦ ʛʨʘʬʽʢʠ. 

Parameters: 

   Parameters ï Name, Expression = q2 , - 1  

  Home - >  Study  - Compute 

Results - 1D Plot Group 1: RMB > Duplicate  

1D Plot Group 4 - Line Graph 1 : RMB > Duplicate 

1D Plot Group 4 - Line Graph 2 : 

   y- Axis Data ï Expression = - (x - 2*x^3+x^4)/24  

ɿʤʽʥʽʪʴ ʩʘʤʦʩʪʽʡʥʦ ʩʪʠʣ ɹʣʘʤʘʥʦʾ, ʱʦʙ ʢʨʠʚʽ ʚʽʜʨʽʟʥʷʣʠʩʷ. 
  LMB > Plot 

        
 ɿʚʠʯʘʡʥʦ, ʱʦ ʟʤʽʥʠʪʴʩʷ ʛʨʘʬʽʢ ʫ ʚʫʟʣʽ  2D Plot Group 3. 
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5.4.5.    ɿʘʪʠʩʥʝʥʘ ʥʘ ʢʨʘʷʭ ʙʘʣʢʘ ʧʽʜ ʜʽʻʶ ʟʦʩʝʨʝʜʞʝʥʠʭ ʩʠʣ. 

ʈʽʚʥʷʥʥʷ ʟʛʠʥʫ ʙʘʣʢʠ, ʷʢʘ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʜʽʻʶ ʟʦʚʥʽʰʥʽʭ ʥʘʚʘʥʪʘʛ ʥʘʚʝʜʝʥʦ ʚ 

ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʘʨʘʛʨʘʬʽ (ʬʦʨʤʫʣʘ (1)). ɼʣʷ ʟʦʩʝʨʝʜʞʝʥʠʭ ʥʘʚʘʥʪʘʛ ʧʦʪʨʽʙʥʦ 

ʧʦʢʣʘʩʪʠ ä
-

=

-Ö=
1

1

)()(
n

i

ii xxqxq d , ʜʝ  iq  ʟʫʩʠʣʣʷ, ʧʨʠʢʣʘʜʝʥʽ ʚ ʪʦʯʢʘʭ ix , ()xd  ï 

ʜʝʣʴʪʘ-ʬʫʥʢʮʽʾ ɼʽʨʘʢʘ. ʈʽʚʥʷʥʥʷ (1), ʪʘʢ ʩʘʤʦ ʷʢ ʽ ʚ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʘʨʘʛʨʘʬʽ, 

ʟʚʦʜʠʪʴʩʷ ʜʦ ʩʠʩʪʝʤʠ (2) (ʘʙʦ (3)). ʊʦʤʫ ʧʦʩʣʽʜʦʚʥʽʩʪʴ ʜʽʡ ʧʨʠ ʧʦʙʫʜʦʚʽ ʤʦʜʝʣʽ 

ʧʦʚʪʦʨʶʻ ʧʦʧʝʨʝʜʥʽʡ ʧʨʠʢʣʘʜ, ʟʘ ʚʠʥʷʪʢʦʤ ʪʦʛʦ, ʱʦ ʤʠ ʧʦʚʠʥʥʽ ʟʤʦʜʝʣʶʚʘʪʠ 

ʪʦʯʢʦʚʽ ʟʫʩʠʣʣʷ. 

  ʈʦʟʚôʷʞʝʤʦ ʮʶ ʟʘʜʘʯʫ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʚʽ ʬʽʟʠʢʠ ʚ ʦʜʥʦʤʫ ʢʦʤʧʦʥʝʥʪʽ. 

ʊʦʙʪʦ ʢʦʞʥʝ ʟ ʨʽʚʥʷʥʴ ʩʠʩʪʝʤʠ (2) ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʘʨʘʛʨʘʬʘ ʨʦʟʛʣʷʜʘʪʠʤʝʤʦ ʷʢ 

ʦʢʨʝʤʫ çʬʽʟʠʢʫè. ʑʝ ʦʜʥʘ ʦʩʦʙʣʠʚʽʩʪʴ, ʷʢʘ ʚʽʜʨʽʟʥʷʻ ʮʶ ʟʘʜʘʯʫ ʚʽʜ 

ʧʦʧʝʨʝʜʥʴʦʾ, ʧʦʣʷʛʘʻ ʚ ʚʠʢʦʨʠʩʪʘʥʥʽ  ʛʨʘʥʠʯʥʠʭ ʫʤʦʚ ʟʘʪʠʩʢʘʥʥʷ  

() () 00,00 =¡= uu , () () 0,0 =¡= LuLu . 
ʗʢ ʥʘʩʣʽʜʦʢ, ʚ ʩʠʩʪʝʤʽ (2) ʜʣʷ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʻ 4 ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ, ʘ ʜʣʷ 

ʜʨʫʛʦʛʦ ï ʞʦʜʥʦʾ. ʎʶ ʢʦʣʽʟʽʶ ʤʠ ʧʦʜʦʣʘʻʤʦ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ  Global ODEs 

and DAEs  ʽʥʪʝʨʬʝʡʩ. 

  ɼʣʷ ʜʦʩʣʽʜʞʫʚʘʥʦʾ ʟʘʜʘʯ̔ ʚʽʜʦʤʠʡ ʬʦʨʤʫʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ 

() ( )ä
=

=
n

i

ixxG
JE

xu
1

,
12

1
 ,              (1) 

ʜʝ   ( )( ) ( ) ( )( )
323

3

22

2

3
2

26
, iiiiiii xxxLxLx

L
xxLx

L
xxxxG -++---+-= , ̔  ʤʠ 

ʧʦʨʽʚʥʷʻʤʦ ʡʦʛʦ ʟ ʨʦʟʚôʷʟʢʦʤ, ʦʪʨʠʤʘʥʠʤ ʩʠʩʪʝʤʦʶ. 

ʇʨʠʢʣʘʜ. ʇʦʢʣʘʜʝʤʦ 54,2 == JE  ʽ ʨʦʟʚôʷʞʝʤʦ ʢʨʘʡʦʚʫ ʟʘʜʘʯʫ ʜʣʷ ʙʘʣʢʠ 

ʜʦʚʞʠʥʦʶ L=30 ʽ ʚʠʩʦʪʦʶ 6, ʷʢʘ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʜʽʻʶ ʟʦʩʝʨʝʜʞʝʥʠʭ ʥʘʚʘʥʪʘʛ 

{}{ }1,1,1 --=iq , ʧʨʠʢʣʘʜʝʥʠʭ ʚ ʪʦʯʢʘʭ {}{ }23,15,7=ix . ʅʘʩʪʫʧʥʠʡ ʨʠʩʫʥʦʢ 

ʧʦʷʩʥʶʻ ʧʦʩʪʘʥʦʚʢʫ ʟʘʜʘʯʽ. 

 
ʈʦʟʚôʷʟʘʥʥʷ. ʇʦʯʥʽʪʴ ʩʪʚʦʨʝʥʥʷ ʤʦʜʝʣʽ ʥʘʩʪʫʧʥʦʶ ʧʦʩʣʽʜʦʚʥʽʩʪʶ ʢʦʤʘʥʜ 
  File - > New - > Model Wizard - > 1D 

ʅʘ ʝʪʘʧʽ ʚʠʙʦʨʫ çʬʽʟʠʢʠè ʫ ʚʽʢʥʽ Select Physics  ʟʘ ʜʦʧʦʤʦʛʦʶ ʢʥʦʧʢʠ Add 

ʚʠʙʝʨʽʪʴ ʚʽʜʨʘʟʫ ʜʚʽ çʬʽʟʠʢʠè: 
  Mathematics  ï Classical PDEs ï Poisson's Equation (poeq)  

  Mathematics   ï Classical PDEs ï Poisson's Equation (poeq)  

ʇʨʠ ʚʠʙʦʨʽ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ ʟʘʜʘʡʪʝ ʽʤ'ʷ M ʨʦʟʚôʷʟʢʫ, ʧʦʪʽʤ 

ʚʠʢʦʥʘʡʪʝ ʢʦʤʘʥʜʫ Study. 
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ʅʘ ʝʪʘʧʽ Select Study   ʚʠʙʝʨʽʪʴ Stationary   (ʩʪʘʮʽʦʥʘʨʥʠʡ ʪʠʧ ʜʦʩʣʽʜʞʝʥʥʷ) 

ʽ ʥʘʪʠʩʥʽʪʴ ʢʥʦʧʢʫ Done. 

  ɺʠʤʢʥʽʪʴ ʚ ʤʦʜʝʣʽ ʢʦʥʪʨʦʣʴ ʨʦʟʤʽʨʥʦʩʪʝʡ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ. 

Untitled.mph (root): Unit  System  ï <> = None 

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʽ. 

Global Definitions: RMB > Parameters 

ɺ ʇɺ ʩʪʚʦʨʝʥʦʛʦ ʚʫʟʣʘ Parameters ʚ ʪʘʙʣʠʮʽ ʧʘʨʘʤʝʪʨʽʚ ʚ ʢʦʣʦʥʮʽ Name 

ʚʚʦʜʴʪʝ ʽʤʝʥʘ ʧʘʨʘʤʝʪʨʽʚ, ʘ ʚ ʢʦʣʦʥʮʽ Expression  ï ʾʭ ʟʥʘʯʝʥʥʷ. 

 
ʈʦʟʨʘʭʫʥʢʦʚʘ ʦʙʣʘʩʪʴ ʤʦʜʝʣʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʚʽʜʨʽʟʢʘ [0,30]  ʽ ʪʦʯʦʢ, ʚ ʷʢʠʭ 

ʙʫʜʫʪʴ ʧʨʠʢʣʘʜʘʪʠʩʷ ʟʦʚʥʽʰʥʽ ʥʘʚʘʥʪʘʛʠ. 
  Geometry  - > Primitives  - > Interval 

Geometry 1 - Interval 1 (i1) : 

   Interval  ï Number of intervals = Many 

   Interval  ï Points = 0,7,15,23,30  

  LMB > Build All Objects 
Component 1 (comp1) - Mesh 1 : 

   Mesh Settings ï Element Size  = Extra Fine  

  LMB> Build All 
ɺ ʇɺ ʚʫʟʣʘ ʧʝʨʰʦʾ çʬʽʟʠʢʠè Poisson's Equation (poeq) ʧʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʩʝʢʮʽʾ 

ʚʠʙʦʨʫ Domain Selection  ʦʙʨʘʥʦ ʚʝʩʴ ʚʽʜʨʽʟʦʢ (ʩʪʦʷʪʴ ʽʥʜʠʢʘʪʦʨʠ 1, 2, 3, 4). 

ʇʦʪʽʤ ʟʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʨʽʚʥʷʥʥʷ. 

Poisson's Equation (poeq) - Poisson's Equation 1: 

   Diffusion Coef ficient ï c = E*J  
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   Source T erm ï f = M  

ʎʠʤ ʟʘʜʘʻʪʴʩʷ ʧʝʨʰʝ ʨʽʚʥʷʥʥʷ )(xMuJE xx=¡¡- . 

ɿʘʜʘʡʪʝ ʥʫʣʴʦʚʽ ʛʨʘʥʠʯʥʽ ʫʤʦʚʠ ʜʣʷ ʬʫʥʢʮʽʾ u. 

Poisson's Equation (poeq): 

  Physics  -> Boundar y -  Boundaries  ï Dirichlet Boundary Condition 

Poisson's Equation (poeq) - Dirichlet Boundary Condition 1 : 

   Boundary Selection  ï Selection = Manual,1,5  (ʪ. x=0  ̔   ʪ. x=30) 

   Dirichlet Boundary Condition  ï r  = 0  

ɿʘʜʘʡʪʝ ʧʘʨʘʤʝʪʨʠ ʜʨʫʛʦʛʦ ʨʽʚʥʷʥʥʷ ʇʫʘʩʩʦʥʘ,. 

Poisson's Equation 2 (poeq2) - Poisson's Equation 1: 

ʇʝʨʝʚʽʨʪʝ, ʱʦ ʚ ʩʝʢʮʽʾ ʚʠʙʦʨʫ Domain Selection  ʦʙʨʘʥʦ ʚʝʩʴ ʚʽʜʨʽʟʦʢ 

(ʩʪʦʷʪʴ ʽʥʜʠʢʘʪʦʨʠ 1, 2, 3, 4) 

   Diffusion  Coeffi cient ï c = 1 

   Source Term ï f = 0 

ʎʠʤ ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷ 0=¡¡xxM . ʇʨʘʚʫ ʯʘʩʪʠʥʫ ʧʦʪʨʽʙʥʦʛʦ ʨʽʚʥʷʥʥʷ 

ä
-

=
-Ö-=¡¡

1

1
)(

n

i iixx xxfM d   ʟʘʜʘʡʪʝ ʟʘ ʜʦʧʦʤʦʛʦʶ ʚʫʟʣʽʚ ʪʠʧʫ Flux / Source . 

  Physics  -> Boundaries  ï Flux/Source 

Heat Equation (hteq) - Flux/Source 1: 

   Boundary Selection ï Selection, < > = Manual,2 ,4  (ʪ. x=7  ̔   ʪ. x=23) 

ɿʦʩʝʨʝʜʞʝʥʽ ʥʘʚʘʥʪʘʛʠ ʚ ʪʦʯʢʘʭ  x=7 ʽ x=23 ʦʜʥʘʢʦʚʽ , ʽ ʾʭ ʤʦʞʥʘ ʟʘʜʘʪʠ ʚ 

ʦʜʥʦʤʫ ʚʫʟʣʽ Flux/Source.  

   Boundary Flux/Source ï g =q1 

  Physics  -> Boundaries  ï Flux/Source 

Heat Equation (hteq) - Flux/Source 2: 

   Boundary Selection ï Selection, < > = Manual, 3    (ʪ. x=15) 

   Boundary  Flux / Source  ï g =q2 

ɻʨʘʥʠʯʥʠʭ ʫʤʦʚ ʜʣʷ ʚʝʣʠʯʠʥʠ M ʚ ʥʘʰʽʡ ʟʘʜʘʯʽ ʥʝʤʘʻ, ʘ ʻ ʫʤʦʚʠ () 00 =¡u , 

() 0=¡Lu .  ʑʦʙ ʾʭ ʨʝʘʣʽʟʫʚʘʪʠ ʚ ʢʽʥʮʝʚʠʭ ʪʦʯʢʘʭ ʧʨʠʢʣʘʜʘʶʪʴʩʷ ʷʢʽʩʴ (ʧʦʢʠ ʱʦ 

ʥʝʚʽʜʦʤʽ) ʟʛʠʥʘʣʴʥʽ ʤʦʤʝʥʪʠ ()01 Mm =  ʽ ()LMm =2 . ɺʚʘʞʘʪʠʤʝʤʦ ʾʭ 

ʜʦʜʘʪʢʦʚʠʤʠ ʥʝʚʽʜʦʤʠʤʠ ʟʘʜʘʯʽ, ʷʢʽ, ʜʦ ʪʦʛʦ ʞ, çʧʨʠʚôʷʟʘʥʽè ʜʦ ʢʽʥʮʝʚʠʭ ʪʦʯʦʢ 

0=x  ʽ Lx= .  

  ɺ COMSOL ʩʢʘʣʷʨʥʫ ʚʝʣʠʯʠʥʫ ʚ ʪʦʯʮʽ ʤʦʞʥʘ ʨʝʘʣʽʟʫʚʘʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʟʦʥʜʦʚʦʾ ʟʤʽʥʥʦʾ domain poin t probe . ɺʦʥʘ ʤʽʩʪʠʪʴ ʟʥʘʯʝʥʥʷ çʧʦʣʝʚʦʾè 

ʚʝʣʠʯʠʥʠ ʚ ʪʦʯʮʽ. ɺ ʥʘʰʽʡ ʤʦʜʝʣʽ ʙʫʜʫʪʴ ʧʦʪʨʽʙʥʽ ʟʦʥʜʠ, ʷʢʽ 

ʚʽʜʩʣʽʜʢʦʚʫʚʘʪʠʤʫʪʴ ʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʠʭ ()0xu¡ , ()Lux
¡ . ʉʪʚʦʨʽʪʴ ʮʽ ʟʦʥʜʠ. 

Definitions : RMB > Probes ï Domain Point Probe 

Definitions - Domain Point Probe 1: 

   Point Selection  ï Coordinate = 0       (ʪʦʯʢʘ x=0) 

Definitions - Domain Point Probe 1 ï Point Probe Expression 1 (ppb1): 

        Variable name = Z1 

   Expression ï Expression = ux   

Definitions : RMB > Probes ï Domain Point Probe 


