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YIK 514
0. A, AMHHOB

OO HA TEOPEMA EZURCTBEHHOCTH IJA KPHUBLIX
B E-TPUTOHOMETPHYECKHX ODOJNHHOMOB

B 1ol palore paccMartpuBaloTcsi KpHBBIE B £ ¢ KOMTIOHEHTAMH
paluyca-pexTopa B BHJE TPUICHOMETPHYECKHX MOJHHOMOB OT HEKOTO-
poro napamerpa

n
.
r= Y, Cppem, p0, (1)
p=—1
rie Cp, — NoCTOsAHHbBIE KOMIVIEKCHBIE BEKTOPBI C TPEMs KOMIOHEHTaMH,
yaos/ieTBopsiomue yeaosumio C_p, = — C,. Uepra cBepxy osHauaer

KOMIUIEKCHOe compsikenHe., Takue KpuBbie Mbl OyAeM HasbiBaTbh TPH-
FOHOMETpHYECKHMH noaunomamu. Hmeer wmecro

Teopema. Ecau kpusas y — MpPULOHOMEMPUHECKILI NOAUHOM Mpe-
meeil cmenenu UMeem RNOCMOAHHYIO KpususHy: k = const == 0, mo
v — dyea okpyxcHocmu.

3amerum, uTo B Hawel pabore™ paceMoTpeHBl KPUBbLIE — TPHTOHO-
METpHUECKHE NOJUHOMBI OT AMWHBL IYIH. Brina JOKazaHa rmeopema
0 MOM, HNO MPUSOHOMEIPUNECKUIL NOAUHOM OAUHbE OY2i NPOU3EOALHOU
CIMENeH ¢ NOCIOARNOL KpueusHOt WAL ¢ NOCTMOSHHIM KPYHEHUEM 3815~
emecs Oyeoil OKpYICHOCTL .

HcnoavsyeMm Qopmysy  AuddepenumanbHol  reomerpun k* =
= [IF'r"13 | r" |°. Hmeem

2 2
r=1i X Cpet?t, " =— Y Cppe®.
p=--3 p=—0

Bynem npegnonarate, uto eektop C,5<0. Cnyuafi Cy = 0 paccmor-
pHM B KOHUE cTaTbH. PaccMoTphM MHOrodY/en

3 6
[F'P=— Y (CpCp)eitrtot =— Y aue,
P, Py=—3 p=—t
rie KospOUIHenTs oy = 3 (Cs,Cp) B pasBepHYTOM BHIE MOXKHO
PP e==p
sanycath Tak:
I a’ﬁ == C%?
o = 2 (Cscz), ;
oy = 2 (‘C:;C]_) + Cg, s
ay = 2 (CyCy), {2)

oy, = 2 (C3C_y) -+ C?,
oy = 2 (CsC_y) + 2 (C,Cy),
g = 2 (C5C_5) + 2.(Col_y) + 2 (C1Cy).
% Amuynos 0. A. O 3EMEHYTHIX KpPHERX — TPHTOHOMETPHYECKHX NOJHHOMAS

immm Iyru // Uccnepcranust 1O FeOMeTpHH H  MaTeMaTHUeCKOMY — d4HAlH3Y.
JonocuGupex, 1988, C. 10—37.



AR

Jlance paccMOTPHM BEKTOpHOE mOpouspenenue r’ u r”:
3

5
(Frl=—i Y plCoColetectodi=—i Y dye,

Pys Dy=—3 p=0b

16 BeKTopH dp = Y p,1C,Cpl B noxpoGHOA 3amuch HMEIOT BHA
pl—l-n,_.-_—.p

d;', == I.CZCJI)

d.q, =% {CI-[C;;IQ)

d< = Clc I, i
dy = [CL,Csl 4, )
d =10.C13 41000 b

d” =~ Ec_l(:ll 2 'i" 1C_2C2| 4 '}' [C_sCs] 6.

YpeanTenb BhIpaXKeHHs s kP 3anumes B CJelyiolmeMm BHJe:

5 10
lirrit=— X @pdp)eotoo=— % v,
Pra Py=a—5 p=—I10
KosdduuuenTel ¥y = N (d,dp) B paseepnyTOi 3amucH TaKue:

fytpy=p
Yio = di-
Yo = 2(dsdy), "
ve = 2 (dsdy) + di, 4)

v, = 2(dsda) + 2 (dyda)s
B panbHeiimem GyneMm npexnoaarats, uro k == 1. Toraa sonpoc o cy-

{IECTBOBANNE KPHBOE ¢ 2 = | yKasanHoro BHIa CBOAMTCA K BOTpOCY
0 paBeHcTBe ABYX MHOMOU/ICHOB!

6 19
(X oe) = X vee. (5)
p=—0 p=—10
B sieBoll 4acTH paBeHCTBa CTOMT moamsoM 18-t cremeny, a B npasoit —
10- crenenu. [lostomy oy =0, a5=0, oy =0, v, =0, P
Tlepsie TpH ypaBHEHHS AAOT
C: =0,
(CoCs) = 0, ' (6)
2 (CsCy) + C: = 0.

EcJii koMaekcHsli Bexrop Cy 3amicarh B BHe IeHCTBHTE/ILHON H MHH-
moft gactu: Cy = a - ib, TO ycioBHe C} = 0 o3HayaeT BHINOJIHEHHE
JBYX JeACTBHTENEHBIX ypaBHemuil a® = b%, (ab) = 0. Mer npenanosa-
raem, uro Cy == 0. OpToHOpMHPOBaHHHI Gasuc KOOpAMHATHOH CHCTE-
Mbi €y, €5, €y BOSbMEM TaK, uTO ¢ OyIeT HANPABJEHO 0O 4, &, — O b
Il €y OpTOroHanbio a | b. Toraa moxem sanucaTs: Cqy = a; (&, +ie,),
rae @y <% 0 — 1OJOXKHTENBHO® HHCJIO. Vpasuerne (C3C;) = 0 osHaua-
o1, wro Cy = ag (e, -+ iey) + Caeq TAC QM C3 — HEKOTOPbIE KOMILIEKC

k|



Hble yHCsa., YpaBHeHHe Yy, = 0 aBTOMAaTHYECKH BLIIOJHEHO B CHIY
ypaBaenuit (6). JeACTBHTENBHO, Yy = & = ([C,C,)[C,Csl) = CiC: —
— (C4C,)* = 0.

Paccmorpum y,. Tlokamem, gro yy = O:

Yo = 2 (dody) = 4 (ICLGLIIC,C,)) = 4 (C:ZCI)Cg — 4 (C,Ca)(C56C) = 0_

3

Tak xak y, = a3, 10 ag =0, 1. e. (C,C,) = 0. Pasnoxenue |r’|?

N0 CcreneHsM ¢ umeer UJ€H CTApUIEH CTENEHH, pPAaBHBIH — oe®t.
S iy = 4

[MostoMy 5 =9, =0, v, = &,

Ecyi BBnC/ATD KOMPPHINEHTH Y H Y, TO OHH GYAYT PaBHBI HYJIO

B CHJY [NpeJBIYIIHX COOTHOleHu#. PaccMorpum yg:

ve = 2 (dudy) + 2 (ddy) + d5 = 2{(IC,C5l, 3[C_,C.l +
g [C-:zca]) 4 8([6163]! EC_,_C;,])} o ([CIC,])Z = 2 {“'3612:(636—1)““‘
— 8 (C,CH(C4C.1)) + CiCs = G5 [2(C4C,) + Ci) = Cla,.

Tak KaK s = 0f3, TO HMEET MeCTO ypaBHeHne o5 = Cact,. Takum
o6pa3oM, HMEIOTCS ABe BOsMO:KHOCTH [ :ay == 0; II : o3 = C}. Pac-
CMOTpHM cHauana ciydait 1. B stom caydae B pasnoxennu |r' |2 une-
HOM crapiueli crenesH gaBaserca — oyef. [lostomy vs =79, = 0,
vs = a;. PaccMoTpum
vs = 2 {(dsdy) + (dudy) + (dady)} = 2 {(123], 21 — 11] +-
+4[—2214-6[—33)+2 (18], [ — 1213 - 5[ —23]) +
44 ([12], [ — 18]} =2 {2 (CsL.) (CsC) — 403 (C,C. ) —
— 10 (C1Cs)(C5C_,) — 4 (CEC—I)(CICS)}!

Tle MBI Hcrnosb3osadd ofesHauenus [if]l = [CiCl.
Uenonbzya (6), moayaum

s = — 2 (CiCo){2 (C5CLp) + 2 (CaC)} = — 2 (CiCi)ay.

Tax xak ys =0, 10 (C;C3) @y = 0. Ecan o, = 0. 10 |r']* = —a,.
B stom cayuae napamerp { ¢ TOUHOCTBIO IO MHOMXKHTEISl ABJILETCH /U~
Hoit ayru. {okasareqabctso 8 [1] Teopemsr o 10M, ute KpUBasi ¢ MOCTO-
SIHHOH KPHBH3HOH €CThb OKPYZKHOCTb, OCHOBHIBAeTCA Ha OAHOPOAHOMN
cHcTeMe, MMEIOIIeH MeCTO H B TOM CJyuae, Koraa [ npornopuHoHaTbHO
nrune ayra. [Nosromy Gylem npeanoaarats, uro o, = 0. Chaenosaredn-
Ho, (C,Cy) = 0. M3 nocaesmero yparuenns cueremst (6) caenyer Cs =
= (. Mcnosnb3ys nosyueHRBIe YC/IOBHs, MOXKeM 3amucate BekTopsl Cj
B BHJE
Cy = ay (e, + iey),
Cy = a, (e + iey),
i Cy = a, (e, + iey) + cees.
Oreiona crenyer (C,Cy) = 0. 3anuiuem Ko3POHIHEHT Y,:
Yy = 2 {(dsd_y) + (dydy) + (dod)} +ds =2{ — (23], 311 —
w512 —31) +2(113], 2 [— 111 +-4[ —221 + 6 —33]) +
+ (1121, 3 [— 12] 4+ 51— 23])} 4+ 16 (I—13])%.



Hcnonnays yeaopus Ba sektoph C,, HaxomuM v, = — 8 (C3C_y) (C} +
4+ 2(CsC_,) = —8 (C,C_;) o,- Ho wmb paccmatprBaeM cayyai I,
Korja o, = 0. Ilosromy ycnosue 7y, = 0 He gaer Ham HOBOH uHpop-
mannu. Kosdpduuuent y; umeer BUA

Vs = 2 {{dsd_) + (dd_,) + (d.dy) + (dyd))} =2 —4 [23] 1 —

—3h—2q@13], 311 —2} +512—3) + (12}, 2[— 111 +
+4[—22] +61—33D) +4( r 13, 3[—1214+5[—23)) =
=8 1B} 10,652 (00 ) cfrm (C1C_1)(CAC1)—20 (C:C_g) X

X (C5C.q)} = — 2 HC,C_)6CT + 20 (C4C_y)) +(CL)RCH

+ 12 (CC))

Tak xak a, = 0, 10 2 (C,C_,) + Ci = 0. ITostomy

15 = — 2 {(C,C_p) (6CT — 10CT) + (C.Cy) (2CT — 6CT)} =
= 8C {(GoC-o) + (CoL0)) = 4Clats.

i 2 9
C npyroil cropombl, Y, = @i- Tak Kak o4 7= 0, 10 af = ac?  (8).
B nanbHefimeM Ham NoHagoGATCA BHpAXKEHHA KOIPPUIHEHTOB v,
Vs H 7o 4epes o, ¥ . Mveem

| = (gl o + o) = e 3ot ™ 4 "
3 (o 4 odor,) et - Gag ey P e 4 )

I TOUKAMH 3dMEHEHbl YNeHbl C OTPHIATENbHBIMH T0OKa3aTeaaMH e,
C Apyrofi cTopodnl, HalIeM BEIDAXKEHHE 7, YBDe3 BEKTODH G

ve = 2 {(dsd_s) + (dyd_o) + (dsd_y) +(dud ) + 4l =
= 2 {— (1231 —1 —2) — 8 ((13] 11 —3]) — (112}, 3 {1 —21 -
4 5[2—3]) + 4(1— 131, 21 — 11} 4 4 [ — 221 - 6 [— 33])} e
90— 122430 — 1211 —23) +25( — 2312,
CkanqapHyle TPOH3BEACHHS BEKTOPHLIX [POH3BEIEHHH Mbl pPas/NOKHM
no dopmyae anaautnueckoit reomerpun (lablled]) = (ac)(bd) — (ad) X
% (bc). Beemew otosnavenns (C,C_;) = p; Crpynnupyem 4ieHbl, co-
nepxamue (C;C_y) 1 (C,C_ ). Toraa nomyuum

va = —16 (C:C_)py + p2 + py) — 2 (C3C_)0((C.Cy) + 16 (C,C_)—
— 25 (C4C_ o) — 9 (CsC.)° = —8 (CsC ) ty—34 (CoC_NCC_) —
— 26 (C4C_o)* — 9 {C,C_y)%

Cpenaem sameny (C,C_,) = —(C,C_o) + oé’- . Torpa noayuum
. . 2 i
vy = —8(CsC_y) 01— 8(CL ) oty — a1

[Mosromy umeeT MecTo ypaBHEHMHE

—8((CoC.y) % + (CoC0) %) — 3 0 = Botfon, (10)



Hasee paceMotpuM KO3PPHLHEHT V!
vo = 2 {(dsd_y) -+ [ded_s) + (dsd_p) -+ (dad_y) + (dido)}s

CrpynnupyeM WieHbl B BHIDAKEHHA ¥y B Tp# TPYUNb: COAepKalllHe
(C,C_)), (CsC_y) m (CyC.,). Torma noyuum

w=2{— (CaC_1)(22ps + 6py + 12p,) — 8(CsC_ 1 H(C4C_a) +
=+ (CiC_y)) — (C5Cp)(lapy+ 20p, + 50p4)}.

Cnenaem sameny (C,C_)) =—(C,C_;) + %1. - Hcnonbsys  Beipawme-
nue y, ¥3 (9), nonyunMm ypashed:e
2{—4(CsC.y) 8y — 4 (C,C_,) g — 0ty (Bpy + Epy + 1pg)} =
— 30 (o + ey 9. (11)
Cranspusie npowssenenus (C4C_y) u (C4C_;) MOKHO BHIDASHTH 4epes

kos(punmentsr o, Vimeem ypasnemnwe o, =0=2(C,C_,) + £

Hcnombays (8), moayunm )

o
—2(CL.)=Ci=7. (12)
{TonctaBuBs 3ro BeipazeHue B (12), Mbl Hafinem _
9
8(C4C.,y) = —20,05 — Fat (13)

[Toxcraeus Buipaxenns (CsC_;) n (CsC_,) u3 (12) u (13), Mel npujem
K YPABHEHHIO

2 9
2|°‘1]g+aﬂ=f%—'2[3px+ﬁpz+”Pa]- (14)

Hakomen, paccMOTPHM BbIpaKeHHe AIf Y, KOTOpoe HMeer Haubosee
TPOMO3JAKUI BHA:

= _
%o=2% (dds) +di =—4(5p:p; + 10105 + 13pspg) —
—4p} — 16p5 — 36p3 — 14 (C_,C,) (C1C.p) — 46 (C_,Cy) (Co€_g) —

— 30 [(C_1Ca) (C.C_g) + (CLoL1) (CoCL)). (15)
Tak Kak a; = 2(C,C_,) + 2(C,C_;), TO MOMem HAHTH
25
CeCy) =4 (%D e 3‘2) . (16)

Obosnauiny | = —4 (5p,p, + 10p,05 -+ 13p,0,) — dp; — 1607 — 36p3.
[Moncrapus Bepaxenus (12), (13), (16) B (15), mosyumm | =ap 4
4 | ety [2(20y — 1). C nomompto ypasneuns (14) uckmounm |e, % Ilo-
AYHHM :

%
=+ Qg — D[ & g — — 30, — B0y — Llpg) =
y 9
=T — 4 % + 3py + 6ps + Llps, (17)

7



rae

1
T =Y — 2a, (3p, + 6p, + 11py) =

= — (pi -+ 13p: + 3303 4 14p,0, + 34pyp, + 46p,p).
Jlerko TNpoBepuThb, YTO HMEET MECTO C/Aelyloillee HEOXKHIAHHOE pa-
peHcTBO: | —T = — % og. Ypasnewue (17) naer

—3cty = 3p; + 15p, -+ 35py. (18)
C novoutsio ypaeserus (14) naiizem 12| a, |* = —3p, — 15p, — 35py==
= 3a’. CnegoBarennio, as = 4 |a, [2 (19). 3anuwey nosyuenssie ypas-
HeHHA o) = 4 | ey |, o) = 4C3, @, =0 ¢ NOMOIIbI0 KOMIOHEHT BEeKTO-
poe Ci. Ilpunumas Bo BHmMaune (7), MOXeM 3anucath:
P === (c]él) e 2la, P+ ),
Py =—(Colp) = —2[a, %,
pg = —2a5.
CnepoBatenbho, Koa(puuuedaTsl oy U or,'1 HMEIOT BHJ
o, =—2(2(a; [ +|a ' +a3) + e [,
o, = —4{ayd, + 8,a,). (20}
Tostomy ypapnewin o1 == 4C] =4¢i n @, =0 mnepenamyrea TaK:
4 (a0, + a,a,)* = ¢, 4a4a, + ci = 0. CnenoBaTebio,
(a:iae + "'Izlaj)3 = —lyd, Icl |2 - 4asial l (21}

Tak Kak o = 4ci, 10 |, | =4V agla,|. Ypasueuuwe (19) ¢ yuerow
(20} paer

2(1ay P+ e+ as) + | P =4V a4 @2)

C nomoumpio ypasuenus (21) naitnem Bhipaxenue |a,| vepes |a,| u a;.

TMonomuM a, =|a,| e, rae ¢, — apryMenTsl KOMIVIEKCHBIX YHCeN .
k=1, 2. U3 ypasuenus (21) caenyer, uro |a,| 0. Vnave u a,=C
yro saeuer o, = 0. B stom cayuae |r'|* =-—o, 1 TeopeMa AOKasaia
Ilyers a,550. OBosnaunm 6 = @, — 2¢,. Torna ypasnexue (21) moix-
Ho 3anmcarth TaK: '

036’.‘”+!a1|2€""9=—~ﬂslﬂ;l(2+ 1 ) (23

| 1y 2
[lpasas uwacTs sBAs@Tcs OTpHUATEAbHBIM unciom. [losromy MHMMas
yacth ciepa (a3 —|a,|?)sin@=0. Ecmn a,=]|q,], 10 2cO08 0=

1 "
el g Monyab feBoit HacTH MeHblle WM pased 2, a mpa-
¢

pofl — Gojibiie 2, uto Heposmoxkuo. Ilostomy sin@=0, Tax kax
npaBast uacTh ypaenennsa (23) orpruatesbha, to 0= m. Hs (23} na-

"



XOIUM |y f‘“’saslalé}(as—lal )% Beipamenusi |¢; [* u |a,|* nmoxcra-
BUM B ypaBuenme (22), Torpa nosyuum

(E{I1|+aa}z+ﬁ!‘|—}-ﬂ-—_—2]/asla1[.

Jlas enuunnel x = V 4, [a, | MoeM 3anucaTh KBagpaTHOE ypaBHEnHe:
B —98Bx+AB=0,rze A=(la,|+a,)?* n B={(a,|—az?* Ecmu
a, =0, 10 o, = 0 u teopema aokasana. [Ipu yenrosun a; =0, auckpu-
MUHAHT ypaBHeHus 118 X, pamnsifi B(B— A) < 0. Ilosromy 310 ypas-
nenne He pveeT eficrBuTenbnkX peutenuii. Teopema Beayuae | nokasana.

. 2 ~2
Pacemorpum cayuait IL a3 = C3. Moxem cuurath, uto o, #0.
Iogasewm, uTo &, = 0. Panee Mbl HaljH Beipaxenne v, = —2(€,Cp) a;.

Hmeer mecto ypaemenne —2(C,Cq) o =_3a,§a1. [Ipeanonaras, 4to
o, %= 0 H ucnoJapsya ycaoBue a3 = C3, noayunm 3C3 4 2(C,Cy) =0
(24). C ppyrofi croponsl, ypasHenue o, = 0 umeer Bug

03 4-2(C L) = 0. (25)

Us ypasuennit (24), (25) cnenyer Ca =0, 1. e. @, =0, uto nporu-
popeunT Hamemy mnpeanadoxeunio. Ilostomy o = 0. HMmeem passo-
memue |1’ [ = — (@2 + oy + o_,e~%f). Bekropnl Ci yROB/ETBOPAIOT
chenylollell cHcTeMe OJHOPOAHBIX YpaBHeHuH:
C2 =0, (C,€s) =0, 2(C,Cy) +C2 =0, (C,C)) =0,
(CyC_,) +(C,C_) =0. (26)
Herpyano mafitu Bripaxenus KOpQUUMEHTOB Y
8 2
Vo =02, V5 =0, v, =30, 3=0,
o= Sagfay Flog ) =0, vo=0 +bxlay[® (27
Mexno nafitu Bupamenue kospdumumenta v, = —2(C;C)) o, —8 %
X (C4C_y) oy, W3 ycnoBusa o, =0 caepyer —2 (C3CI)‘= C; = aa,
[ostomy —4 (C,C_y) = 02ty Tar kar o, = 2(C4C_,) + Ci, TO pmeer
MeCTO ypaBHEHLE

ey (2 4 o) = 2C1. (28)
Yuprwgan ypaseenus (26), naiiem BEIpaxceHue
3 = —4(CsC1) (CoCg) + (CLC_)1 + 8(C.L D I2(C,C,) +
+ C?] = 8(C,C_1) o,

Tak kax v, =0, ay=0, (C,L_) =0, a nostomy u (C,L_,)=0.
Bektop C, umeer Buy C, = Cee3, ;% 0. Tak kak (G, =0; 10
¢y == 0. Haxomnm kos@dinuuent 7,

Py = —4(CsC_1) [4py + TPy + 12p5] — 2 (CyC) oy —
—2C7 [3p + 8p5) = atyo [4ps + TPy + 1205 +
o oy — g (2 4 o) (3py - 8p5) = Doty -+ aac_y —
— 20, (3p, + 8pg) = 3y (0 + | 22 )

9



3nech MEl HCNOJIb30BANU BhIpaKeHHA KO3PhHUMEHTOB ¥, H3 2N un (28}.
TMocne coxpauennst Ha ey = 0 nomyuum

—2(3p, + 8pg) =0 + 2| &y [ (29)
Ypasuenne y; = 0 BHINOAHAEICA aBTOMATHYECKH B CHJY BHIA BEKTO-
poB C,. Boluncienne KOS(pHULHENTA Yo NPHBOAUT K yPABHEHUIO

—4{13p,0, + 10p,0; -+ 5py0,} — dpi — 36p5 — 160y | —
5o 3 ) b ;
— | oty [P0 + (@ + ?)?I%fz:ao-!-ﬁ[% ety (30)

3ameTHM, UTO |Gy [ = p%. [MosToMy Ta YaCThb BbIPAXKEHUS B JIEBOH

yaCcTH BBIMMCAHAONO ypaBHEHWsA, KOTOpas KeaapatTHuha Do py, cosia-
naet ¢ BenduuHoi /, BBeIeHHOH TIpH PAcCMOTPEHHH Cayyas 1. C no-

3
vompio (30) noayanm I =ap + 2[ay [* (e, — 2). Mcnoabsyem Taxke
pesuuuny 7, BBENelHYIO BhIIUe, W KOTOpas CRsi3aHa ¢ BemunHOf
coornomennem [ =T — 4 . Toraa mosydim

!;-a,ﬁ—Qat,(I}p, i ic GP2+ 11!33)“%5"‘(-" +41a2 [?=

= ot + 2| &y [Pty = —20t, (3p, -+ 8pg). (31

B nocnenneM paBeHCTBE MBI HCMO/Ib30BAIH (29), HUs (31) nHaxommm

Qo — 60ty (py + P2 4 Pg) + 410y [° = 0. Tak KaK oy = 2(p; + P2+ Pah
TO OTCIOfa HAXOLUM ypaBHenue o =4|a,[%, KOTOpoe aHANOTHYHO

i 2
ypaBrennio (19). C noMoIlbio 3TOr0 COOTHOIIEHHA 3aMEHUM Qo B (29).
Torpa noayupm

—2(3p, + 8py) = 6t | (32
Ho of = C3 = ¢i. Tostomy |ay |2 = | |2 = — (C3C_y) = —p,. YPas-
wemue (32) nepemuiiercss Tak: —O6p, — 16p, = —06p,, T. €. py= 0.

Ho 310 HEeBO3MOMXHO, TaK Kak @, 110 NpeANo/]oKenio, He PpanHo
nymo. Teopema B cayuae Il nokasana.

B sakmiouenpe pacemorpum cayuaii Cy=0. llpu stom ycjoBuE
yTREpKeHue TeopeMbl Oblio nokasano H. lanosanosoit. Paccmatpu-
BaemMas KpHBaf ARAHETCA TPHTUHOMETPI‘]‘IECKHM NOJIHHOMOM BTOpOﬁ
crerend. B stom caydae B pasnomenun — |7'[* xosduuuent a, ¢ Hap-
GONBIIMM MHIEKCOM p €ecTh o, a Koa(duitienT y, ¢ HanOO0JbILKM
HHEKCOM ecTh Y = &3, Caenopatensno, o, =0, oy=0. 3r0 o3ha-
yaer C3 =0, (C,C,;) =0. Janee nveem as =7, = ([C:C,])*= /AR
— (C,C,)? = 0. TTosromy u o, = €7 = 0. YcraHOBJeHHLIE YCJIOBHS Ha
Ch BIEKYT Y5 =¥, =0, @1 =¥, Omuaro v, = 2(dyd,) =2 HCE.L
(CoiC1) 2 + 41C.aCal) = 4(—1C1 P (C1C) + CL(CoCr)) + B(C:Lo) X
% C1 4 (C,C;)| Cg|*) = 0. Cienoareneno, o, =0. Teopema J0Kazana
NOAHOCT IO,
ocmynuaa & pediconseeuro 16.11.87



YK 514
A. A, BOPHCEHKO, 10. A. HHKOJIAEBCKHF

KJACCHOUKALLMA TOYEK TPEXMEPHDBIX MOBEPXHOCTEH
Mo rPACCMAHOBY OBPA3Y

Cpepuueckoe H3obpaikenue ABYMEPHbIX [OBEPXHOCTEHl B Tpexvep-
HOM €BKJHAOBOM NPOCTPAHCTBE HIPAET CYIIECTBEHHYIO POJMib B H3yue-
UMM MX CcTpoenusi. [ MHOrOMEPHBIX MOBEPXHOCTEH NPOH3BOJBLHONU
' KOpa3MepHOCTH 2HAJOrHUHYIO POJib HTPaeT rpaccMaHoB o0pas noBepx-
HocTH B MHorooGpaswm [paccMana G (m, n) [1—41.

B sroii paGore Hayuaercs IpaccMaHoB 00pa3s TpeXMeproH noBepx-
noeru B E° m [-meproir nosepxmoctn F' < E'*. 0. A. Ammnos
|5) BBOAHMA KaaccunKauuio Touek nosepxnoctn F* < E* no Kpusushe
ke MuHoOrooGpasua ['pacemana G (2,4) mo miomwagke, kacarteqabHOR K
rpaccMaHoBy ofpa3y TMOBEDXHOCTH; IIPH 3TOM BHIENSAHCH TOUKH, IS
KoTopbix a) kg =1; 6) ks =1; B) ke << 1. AHanoruunas xiaccH@HKa-
HSl TOUEK MHOrOMEpDHBIX MOBEPXHOCTEH MO rpaccMaHoBy obpasy Obiia
npennoxkena B (6]

C apyro#t cropousi, cymecTyeT aduHHag KAACCHPUKALMA TOUEK
F? s E*, ocnoranuas Ha apunnOl SKBUBAJEHTHOCTH CONpHKAcalOmuX-
csl napaGojongoB K nosepxHoctd F?. 3ech Takke BbUIEAETCS TPH
pasiuuHblX AQOHEHBIX KJacca, KaHOHHYECKHH BH/I CONPHKacaiome-
rocsi napaGoJionsa AMsl TOYeK KaKIOro M3 KJ/ACCOB CACAYIOHMH:

Xyw= By | [ X3 =2x1%, Xy = X1
a) 2 9 0) 5 v B) g
Xy =X1— X2 lx4=x2 Xy = Xz

A. A. BopuceHKO f0Ka3a/1 3KBHBajleHTHOCTb appHHHON U rpaccMa-
HoBoil knaccudukanui.

Hamu nokasano, uro kodeudas afuHuas KnacCHOHKAUHSA Cyie-
cTByer M Aas Touek mnopepxHocTei F¥  ES. Kaaccupukauus Touex
OCYIIECTBAALTCS 10 JEMEHTADHBIM JAEIHTEAM MyuKa BTOPHIX KBajpa-
THUHLIX (POPM H 1O HUHCJY ACHMITOTHYSCKAX HAMpaBJeHHA [OBEPXHO-
CTH ONHOBPEMEHHO; BCEro BhlAesercs 12 pasauuHblX apduHHBIX KJjac-
OB, IpaccManoB 06pa3 Koropsix He Bhipomkzen [71:

: o Kanouuueckuit BHJ Yheno acHMuTOTH-
~Nb n/n SnemeuTapHLle NyuKa KRaIpaTHYHEX YeCKHX Hanpapde-
JEJTHTeNH ¥ LAg
popM Hui
2 3 4
2 3 = 2
L-—-}\,l,?\.——l,,x—-l, Xz - X3y X1+ X3 0
2 2 2 2
Ay e Ay ofs Ay 2y | —%2 -+ X3, —X1 4 X3 4

11



|} £ R ¢ S T RS S, TR, x5 x; 4 %3 0
6. by s Dy G 2
11 a. 0; x+x+x 0
(Blgp.) S TR T O . B N S Bemec*rae(mr?tﬁ
] KOHYyC (00

IV [ hidy, Mo Bk | ey 0 dunds

+ (@ + B%) £ 2 b S 28 2
p=0

V a. (A— K% A—2dy | %+ x5 2x.%, — %3 1

6. b Ry Xo=op; 2ok, ~uns 3

VI (h— )% A— )y Xy 2x,%, 4 X3 1

VI '+ R Yy Drakes Fo - Dk, 2
VIIT | nyuoK BhIpoikKjed 2570 xaxy 1 nanpasseHue
i H TMJOCKOCTh

napaﬁ.

[Ipu 3TOM HE VYHTHIBAIOTCH CNYYad BBHIPOMKIEHHS, KOTOPbIE CBOJATCH
K K‘lchCHElJHKaU,HH ronex o B FPa BR

[lyers F' < E'*? — peryaspras [-vepnas MOBEPXHOCTL B {'=F
P-MEDHOM EBKJII0BOM [POCTPAHCTBE. [Toctpoum B Kamxiaol TOUKE
nosepxHoct# F' kacarenbHoe NPOCTPAHCTBO H NePeHeceM ero napaieis-
"no BTouky O € E'*? — mawano koopmusar. MHOXKECTBO HOJyUeH-
HEIX [-MEpHEIX TIJI0CKOCTeH, paccMaTpuBaeMblX KaK TOUKH MHOT0oHpasus
I'pacemana G (I, ! + p), naswBaercs rpaccMaHOBEM 00pazoM HOBepX-
HOCTH F Orodpamxenne I', craBsiee B COOTBETCTBHE TOYKE ¢ ITOBEP X-
nocrn F* TOYKY MHOrooGpasus I'pacemana G (I, [+ p} COOTBETCTB Y-
10HyI0 -MepHOH KacaTelbHoil MJIOCKOCTH B Touke g K F', GydeM Hasbl-
BaTh T'PACCMAHOBBLIM OTOOpaXKEHHEM.

BuemHuil Hysnp-HHAeKe p (g) peryaspHof MOBEP XHOCTH F' B Touke
¢ — 3T0 pa3MepHOCTb MaKCHMAaJbHOTo JHHeHHOTO MOANPOCTPAHCTEA,
B KAacaTe/IbHOM NPOCTPAHCTBE K [IOBEPXHOCTH, COOTBETCTBYIOMIETO HY-
/eBOMY COGCTBEHHOMY 3HAUCHHIO BTOPOH KBaupaTHuHOH HopMbI HOBep X-
HOCTH OTHOCHTEJIbHO [POH3BOJBHONH HOpMAMH.

e



Herpynao nokasaTe, uro ecin BHEIIHH{ HY/Jb-HHAEKC PEryaspHOH
nosepxHocty F* B 1aHHON TOuKe g paBen HyJ0, TO orofpaxenue I'pac-
omana I' B okpectHocT U (g) TOUKH g HMEET MAKCHMAJbHBI paur mu
rorfa rpacemanos obpas I' (' [ U (¢) sieasietcs raankeM I-MepHBIM
nogmuoroodpasuem 8 G (I, I +- p). Mbl Gylem cuntaTh 3TO NPEATIONO-
JMCHHE BLINOMHEHHBIM HA MpOT AMKeduy BeeH padoThl.

Hac 6yner wuartepecoBarh kpususHa Muoroodpasus [pacemana
G(l, I+ 2) no gsymepHBIM mJowaskaM, gacareabunim k I (FY) 8
rouxke I (q) €G (I, I+ 2). B cayuae ! = 2 taxas njaomagka — ojHa,
109TOMY HOCTATOYHO PACCMOTPETh CERUHOHHYIO KpHBH3HY G (2,4)
no sroil miaomanke. B eayuae [ =3 kacaTelpHOE NPOCTPAHCTBO
Trol (F*) Tpexmepro, nosToMY CYIKEHHE TEH30pa KPHBH3HE MHOro0Gpa-
sus I'pacemana G (3,5) Ha 310 UPOCTPAHCTBO MOXKHO [IOJHOCTLIO OXa-
paKTepH30BATH CyKEHHEM Ha Hero xe tensopa Puuuu G (3,5). Bo usbe-
Mauue rpoMosnKux (GopMyJHpPOBOK B paMKax 3t1oli paGoTel 00] TeH-
sopoM Puuyn myorooGpasus G (3,5) Besne Gyaes NoHHMATH HMEHHO 510
€ro cy)KeHue Ha KacaTteJbHoe mpocrpanctso k I (F?).

OO6bekToM Hallero HeeleaoBaHus GYAYT raapube KpUBHARE Puyun
muoroo6pasua G (3,5) 8 touke T'(g), riae g — Touka Ha peryaspHofl
nopepxuoctH F® < E° Takux kpuBusH — tpu. OHH, KaK H3BECTHO,
COlepXKAT MAKCHMANbRYIO H MHHHMAJAbHYIO CEKIHOHHYIO KDHBH3ZHY
G (3,5) o naomagkam u3 Try I' (F?). Iockonbky no teopeme Bowra
[8] cexunonnas KpuBH3HA By MHOrooOpasus ['paccMaBa sakmouena
B npenenax or 0 10 2 : ko € [0,2], To u rnaBree xpuBHsHL &y, ky U &,
Toe OYILYT JIeaTh B 3TOM OTpE3Ke.

Hmeer mecto

Teopema. [Tycms F® < E® — peesyaapuan nosepxnocine, g€ F* u
enewnil Hysb-undexe noszpxroemu F° 8 mouxe q pasen wymo. Tozda
f SABLCUMOCTIL OM MUNOS 3AEMEHMAPHbLY Oerymenell . nywKa GMopoLx
Keadpamuunsix Gopm nosepxrocmu F* 8 mouke g, eaaswvie Kpususmpt Pus-
uu mrozoobpasug pacemana G (3,5) 6 mouxe I' (9) no naowaedkam, kaca-
meabhsm K epaccmarosy 00pasy nosepxuocmu F3, ydosaemsopaom cae-
Qyrowgum  ouersam:

Karonuuecknll BHI nyuka .
SneMenTapHEe : Fnaexme kprewsnd
N-5/0 JeJETeNHn i o ?ﬁ;\famqﬂﬂx TeH3opa Puuun
| 2 ; <1 4
a0 Aedigs AR
; ' ’ 2 @ 0 = k 3 k l;
J et S R T B
}“l '-pt‘:-l.& i la ’?’&;‘“1 ?
Mool A—i; A=A
u BoL A—A l 2 2 2 D<ky, hy<< 1
T A = g Xz kx1-+ %0 gl
ll ""/"" }\‘s %




II[ a, ;\“"_1'15 l"—}hl,

6 Bbl- | 0; x, -+ %3 4 x3 Ry=8 =h=1
POKA. i
v A—hq,

A— e 1 (562“%-52] 1—x§ F 21, x| Oty By< ]
B0 PHE T S B R

Va6| A—A)% A—2e| 2218 22, —x2 | Oy, Ros]

7y ) g B2
& (A —2y)% h—A, o5 e, 4 45 ’iik»"ﬂ;i i:
-l (A—2,)0° Q% %2 + 2k, 4 él }Zkffgl:
Y—Hl MYY90K BHIPOIK e 2x,X40 2,::1x3 0 by, By<<1;
mapab, Ry |

['paAdupbl H3MEHEHHS JIABHBIX KPHBHU3H K, [PH PA3JH4HbIX I/IEME H-
TAPHBIX JeMUTeNsIX pasanudel, 2 cayyad I w VIII orimuaiores TeM,
4To JABYMEpHHIE IFOMIAJKH, HA KOTOPHIX [OCTHTaeTcs KpusH3Ha I,
KacalTea PA3AHYHEIX BIOJHE TEOAe3HYeCKHX NOAMHOroodpasuit: B
cayuae 11 — tpexmeproii cpepnt 8* = G (3,5), B caywae VIII — aBy-
mepuoit cdepnt S? — G (2,4) <= G (3.5).

Ecou ana Touku noBepxuoctd F° < E® riaBHbie KPUBH3HII R,
YIOBNETBOPAIOT OAHOMY H3 HEPAaBEHCTB B (OPMYNMPOBKE TeOpeMbl, & B
cnyuanx I[ u VIII pasmuuaiorcs KacaredbHble [OMIAARH, H 3TO YCTOI-
4HBO OTHOCHTE]ILHO HEBLIPOKICHHHIX aDPUHHLIX npeobpasoBaHHil npo-
CTPaHCTBa, TO OANOZHAUHO ONPEAESISIOTCH BU/ SAEMEHTAPHBIX ACNUTEICH
NyuKa BTOPHIX KBAXPATHUNBIX GOPM H C TOYHOCTHIO 10 UHCJA aCHMUTO-
THYECKHX HaupaBieHui onpenensercda ahGuHHE Kiace TOUKH.

1. Ilyets g€ F! < E'+2, F!— perynspras NOBEPXHOCTE H M(g) =
== 0, Cucremy xoopaupar B E!+? Buibepem Tak, 4TOObl TOYKA g COB-
naja ¢ Havajaom KoopmmHat O€ E'+?, a KacaresbHOE MPOCTPAHCTEO
T,F* —c nognpocrpascteoM (%y, ..., %) B E'Z Uepes (Ax, x) u
(Bx, x) 0603HauMM BTOphie KBajpaTHUHble (OpMbl nosepxHocTH F!
v rouke O OTHOCHTENbHO HOpMAJel Xy H Xi42. B AanbHefmen,
€¢aH 910 He OyaeT BLI3HIBATL HejOpasyMeHnnd, GyjaeM OnyckaTb apry-
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- b

MEHTBI Y KBajipaTHYHOH (QOPMBI H OTOXJIECTBJATL €€ C COOTBETCIBYIO
el cumMerpuueckoin matpnueit. Ilosepxnocts F! B OKpecTHOCT
roykn O sajaeTcs ypaBHEHUSMH

X1 = .‘Fl(xls s ey xl');
Xigo = fz o P .’C:),
ad
npuuem QyHKIHA fi» fa—peryaspas u [, (0) = é’;‘ =0 (=12
0

{e=1, ..., D). Kospbuuuentrs popm A u B ecTb:
B I
. i x0x; |’ YT 0x0x;

|]-

Feau NOCTPOUTH KACATEbHOE NpOSTPaHcTBO TxF' B TOuke X0 =
(1] i L} L] a L] i

(XY, ooes Xty Fo (X0 ooy %) fo(X1s ooy %)) EFY 1 nepenecTd ero

NAPA/ASTIbIO B HAYano KOOPAMHAT, TO MOMYYeHHOR MOXIPOCTPABCTBO

MOMKHO 3alaTh ABYMA YPABHCHHAMH.

[TosToMy rpaccmadoseiM ofpazoM Toukn x"€F' fyner Touka
I'(x%) ¢ soKasbHEIME KOOpAHHATAMMU:

oh W oh
gy Bt TS dy
o Oy o
Ox,? Oxy ' T Ox1 ) |y

p G(l, I+ 2). B uacrnocts, I'(0) =0 B coorsercTBin C BHOGOPOM
cueremMbl Koopampar B EfHE

O1ciofia BHAHO, uTO KacaTesbHbIM mpoctpanctsom k I' (F!) B Touke
I' (x%) apasiercs [-MepHoe JMHeHHOe NPOCTPAHCTBO, HATAHYTOE HA BEK-
TOpBLI -

o o, oy
Oxyihey " daydxy? T 0xp0x;

g1 =\ ay, 8%, 3%, €T G (1 +2)
Ox10x;°  0xa0x;" "7 P 0xi0x;/ |y

B vwacruocru, B Touke O nonpocty MMeem

@A - . . QY
= R
4 (._b”b'z; T—_— bf}'.-'

_:""B}'neu oBoanavaTh BekTop-ctpoku matpuii A u B uepes @; u by
goorperdmienno, Torpa 2; = (‘;’) :
sl ;




I'paccmanoso orofpamenue I':F!—»G(l, I--2) uuaynupyer romo
mopbuam  kacatesphblx  npoctpaners Dy 1T F'—>T G (I, 14 2)
M3 wupemwiaymiero BHAHO, ¥TO 3T0T ronoMopguaM JefiCTByeT TaK

Fy(x) = 2;. Ecmn n€TF!, u= _\_: UiX;, TO

=

(aly u)(“z: u) it <ah u))’ (1)

i
F*(u)= l‘ U= ((bl? .ll)(bg, L) »»e (b;, n)

e |

rae {,)— eBKJHIOBO CKalApHoe npouspenenne B L7,

PaccmoTpum Teneph CEKIHOHHYH KPHBH3HY Miorootpazus ['pac-
emana G (I, [+ 2) B touge O BRoJb NAOHMIAJIKH, HATAHYTOH Ha B4 Ka-
catensHbIX K G (4, 1 - 2) pekropa T n T2, [To gopmyne Bonra [8] cex-
$IHOHHAA KPUBH3HA pABHA:

Te (A A7)/2+ Tr (A,A3)/2
To(TXT VR Tr (T2 —(Tr{T172%))3 ?

@

roe Tr ofozsaraer cief  MaTpuusl; * — TpaucnoHHposaHue; A, =
= TIT* — P71y A, = TY¥T* — T?*T! — gococummerpuueckue 2 X 2-
u I X FmaTpuusl COOTRETCTBEHHO,

B raneueiimem mas marpuust P Gvaev ofo3pauath ee {j-if sne-
sedT [Plq.

Briugcnenie CeKUHOHNOA KPUBHAHEL 110 dopMyJie (2) MOMKHO ynpoc-
THTh, €CJIH 3aMETHTDL, YTO JJf MoOBIX KBagpaTHRIX MaTpuu Q u# R
Tr (QR*) ecthb CcyMMa UPOH3BENEHHII COOTBETCTBYIOUUX 3JIeMEHTOB
MaTpuu Q u R, B uactnoctd, Tr (QQ*) ecth cyMMa KBAZpaToB 3JIEMEH-
ToB MaTpuikl Q. Ecam Matpuna Q xococnmmerpuueckas, to Tr (QQ*) /2
LCTh I'[Oi'[pOCTy CyMMé KBa,U.pHTOB IMEMECHTOB MATPHILBI Q, CTOALIHX
Haj raaBHof Amaronadabio, B uactaocti Tr(AA7) /2 = ([Aq]0)%

Jiemma 1. flyems F! < E'™? — peeyaspHad nosepxnociio ¢ Hegbis
poscderipm epaccmarossis obpasos. Toeda

a) Kamodomy eewecmeennony xoprio ypasrenus det (4 — AB) =0
COOMBEMCMBIENT HANPASIEHUE 8 KACUEADHOM NPOCHLIARCMBE K pacco-
HOBY 0Gpasy nOBEPXHOCHIL, OA2 Komopo2o no A0boel npoxodswed wepes
Heeo dsymeproli naowadie cekyuonHan KpususHa muoeoobpasun [pac-
cenana G (L, | - 2) #e Soavwe eduruypt,

0) Kaxedol nape KOMIAZKCHO-CONPANCEHHBIX KOPHEL coomaemomayem
deymepran niowadxa, 1o KOMOPOHL CEKyLOHROR KPUBU3HA MHO2000pG-
sug Cpaccmana G {1, 1 4 2) Goapuiz edunuupt.

B cayuae, worga paccmaTpuBaeTcs TpexXmepHas TNOBEPXHOCTH f°
B @BKJHAOBOM TIPOCTPAHCTBE £°, HMEET MECTO

Jemma 2. [Tyems F? < E® — pezyaapuan noeepxrocme ¢ Heesipo-
MeDeHHBLM epacesmanoseiy 06pasom. Toe0a 1z Mpex zi0eHblX KPUGLLH
Punan muozootpasus  Fpaccmana G (3,5), Ha kacomesvHolX 8eKmopu
K epaccmanosy obpasy nosepxuocmu F*, no xpained mepe, Gee we npe-
Aocxodant eduHLybL.

Insa fokasarenbCTBa STHX JEMM BOCMOJ B3YEMCH TOHITHEM CONYA-
/{CHHBIX Hanpaesexnii. Bylem HaseiBaTh HanpaBleHES ¥, H Uy CONpsi-

Ry =

10



ennnivi (oTHocHTebHO myuka A — AB), ecqn (Ao, 0,) = (BT, .09)=
ws (), HANPABJEHHE ©; M NOANPOCTPAHCTBO L COMPAMEHHLIMH, BCIH
v, conpsmeHo moboMy BEKTOPY H3 L. Scuo, uro npu  aphuHHBIX
npeobpaszoBannsx B ToF' CONpsNKEHHOCTD COXPAHAETCA.

Jlemva 3. [Tycmo wanpasaenue © CONPRNEHO nOONpOCMPancMsy
L — T,F' paameprocmu L — 1. Toeda ceKyuonHas KPUBUSHL MHOZ0-
obpasun Tpacemana G (1, 1+ 2) no naowadke (T, N,w), 20e w—
atobodl sexmop u3 L, He npesocxodum eOuruypi.

NokasaTtenpbcTso. OPTOrOHAJBHYIO CHCTEMY KOOPAHUAT B
T, F! BpiGepem Tax, urobsl NOANPOCTPAHCTBO L coBMaO € €y iyisy X7l
Hie OrpaHHuMBas OCUIHOCTH, MOKHO CYMTATh, 4TO BEKTOp W €CTb
e/IHHHUHBIE BEKTOD OCH X,.

B cuiy compsskenHoCTH ¥ ¥ L nosyunm Ao | L, By L L. Orciona
v | A(L), v i B(L). Ho A(L) ectb noampocTpancTeo, HATARYTOE® Ea
BEKTOPH @, = AX,, @y =A%, ..., @& =Ax;. Orciola n0Mayvaen
(v, a))=0, j=2, 3, ..., I. To e sepHO u A (v, b;). Torua
o (gopmyae (1) umeem

F*(v):((n a,) 0.... O).
(v, ) 0...0

Boanmem

w=nw=@8:jy

rie s yaobersa obosHaueHo o = (9, @), P= (. o)
a
P=r, @) =T =)= 2=y
a s

[puveusies  opmyny (2) ana  noacueta CEKIIMOHHOR  KPHBHAIBL
G (1, 1 + 2) no naomake (T, T%): Tr (A A1)/2 = (aby, — Parg)™ Tr(Ag X
{

w A2)/2 = Y (aay; -+ Bbe;)®. Bripaxedue B 3HaMenaTene: TE(TITy %

e i
xTuﬂﬂﬂ—aﬂﬂﬂﬂﬁ=ﬁ;@4¢%wuﬁ%+mmr%mﬁ

Butwprast tenepb 43 "ucauTeNst sHaMeHATeTb, HMEEM
i
(ahyy — Pagy)® + ¥ [(aas; + Bbey)* — (a® + B?) (@) + bap)] —
j=2
i
— (abyy — fay)® = — E_Q (cebay — Paz)* < 0.
F’_..

Suaupr, k, < 1. Jlemma jokasada.
{19 JeMMBL 3 NoJiyuaeTcs JIOKA3aTeNbCTBO YTBEPKACHAA a) JeMMEl
éa- Jleficrawrennno,  ecmt A, — BEIECTBEHHEIH KOpeHb TNOJIMHOMA
8 (A == Ayf1) = 0, TO CyuLecTBYET HeHY1eBOH BEKTOP © € T F! 1axo,
Wi Ap = A,Bv. B kauectse L posbmem [ — L-MepHoe nOANPOCTPAHCTEY,
opteronaanioe Kk Av (nk Bo). Torna v 1 L conpsiKeHsl.
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[lycre Temepe 2z — KOMIIeKCHBIH Kopenb Muorowiena det (4 —
— AB) == 0. Toraa cymecrByeT KOMINEKCHBIH [-MepHEIH BeKTOp p - ig
takofl, yto (4 —2B)(p - ig)= 0. Bubepem B T, OPTOHOPMHPOBAHHYIO
CHCTEMY KOODIHMHAT Tak, uroGbl BEKTOP p ObI PABEH EAHHHYHOMY BEK-

TOPY Ha OCH X; H ILTOCKOCTh pg CcoBnana Obl ¢ KOOPAHHATHOH MJOCKO-
CThIO X7 14 . Hmeem

p:(ol-oi LRLRCEE ) O) 1)1 q={0- “aey 0', i1, QI)

Ha Toro, uro (A—zB)(p 4+ iq) = 0, nonyuaem, uTo uermpe EBeKTOpP
Ap =a, Bp ="bi, Aq =q_.a:1+ qai, Bq = q_ by + qb; KOM-
nnasapesl. 3HAUHT, W BEKTOPH @i, Bi—y, @ © B — KOMDNaBapHLL.
Des napymenusi ofUlHOCTH MOMKHO CUHTATH, YTO

@i = aa; +pby,
by = ya; + Bby. )

Torpa Gepem

i _ [ 2T . aa!‘;‘ﬁbi
Tfl F*(p)—“ (bl)' T *(xf——l)_" (?ﬂ{‘f"abf)
A cuHTaem ceknuonnyio Kpususny G(l, {4 2) Bpons gsymepnofi nao-
wanku, naranytoi na TP u T2 no dopmyne (2): (Tr AJAT)2 = (*pa? b
i

a0 S
+O—a)a, bo—po)*.  (Tr(AAD/2 =@~ X (auby—
¥ ==

—aubi = (B — V) (@ib; — (@, B)?). Beipamenne, crofuiee B 3Ha-
menarene gopmynet (2), paspo: Tr (FTY) Tr(T2T%*) — (Tr (MT?))2 =
= (@i + 1) ((@*+7") @] + (B* + 8% b+ 2 (o + V9) (@, b)) — (i +
+ (B + V) (@i, b))+ Ob)). Bumuuras M3 UHCANTENS SHAMEHATEND, MO-
JIVUHM [{a;b;}g—-a?b}“’) [4By -+ (6 —@)®]. Tlokamewm, 4TO BhHIpaMeHue
B KBaJPaTHHIX CKOOKAX OTPHLATELHO.

M3 Toro, 4to ABYMepHOH NIOCKOCTH (p, §) = (X;_1X;) COOTBETCT-
BYET KOMIVIEKCHRIH KopeHb ypapuenua det(d— AB) =0, szaxmouyaem,
UTO RECKPHMHHAHT KBAAPATHOTO NO ) ypaBHeHus

Ay by —Mbrg g @ 1 — Aby 1y
det ( i ) -
Q11— kb Qi — by

crpunatened. lVia coorrowenuit (3) nosyuaeM, uto oH pasen (oM —
— OM)2—4BM (—yM), rae uepes M oGo3uaueno yay - (8 — a)
X aiby — Bbj;. Torma M?2((x— 8)% 4 4By) < 0.

Jlemma 1 mokasama.

HokaszsatenscrBo aemMbl 2. PaccMOTpEM TIaaBBHE KpH-
BH3Hn Puygn mmoroofipasus G (3, 5) Ha KacaTelbHOM NPOCTPaHCTRE
K I'(F%) B Touke O€ G (3, 5). B TpexmepHomM cliyuae CeKIMOHHANA KDH-
BH3HA TNOJHOCTBIO onpefensercs TteHsopoM Puuym, a umernio: &, =
= (NA'AN /(g ATAD, rie A’ —ZKoopnuHaThl OGHBEKTOPA, HATAHYTOTO
Ha BeKTOpwl X, YETof?, k= ks (T.x, Tyy), Nij~— KOMOOHCHTH TEH-
sopa Puuud, gy — KOMNOHENTH METPHYECKOro TeHsopa Ha G (3, 5).

18



"1 BH ble KpuBUSHBL PHugH onpelieqIflorCs U3 ypaBHEHH: det (N — 2g)=0.
Mo yreepxaenuio 6) nemmbl 1 cpasy mnojydaeM, 91O gopma N-—g
HENOJOKHTEIBHO Onpellejieda Ha JABYMepHOM [pOCTPAHCTBE OuBeKTO-
pos A Taknx, uto Alv; + A%, + A%y, = 0.

OpoBpeMenHo guaronannsya N i g, HOJywaM

N=R|O & O)|R* g=RR",
00 &

rae R € GL (3, R). Iockonpky N — g HENOJIOKHTR/IBHO ONPEAECHa
A ABYMEPHOR MJIOCKOCTH, TO TO K€ BEPHO H JJIH )

/by 0 0 100
0 k 0]—f0 1 0
0 0 k) \0 01

Orciofa BHAHO, YTO JBE H3 TpeX TJAaBHHIX KPHBH3H R, HE NpPeBOC-
Xojsr equrmin. Jlemva 2 fokasana.

Nlemma 4. [Tycme F! < EY* — peegagpras  nogepxsocmo ¢ Hes
AMDONCORHHBIN 2PACCHAROSbLM 00PAZ0M. Toeda

1) Ecau ozpanudenue ny4xa 6mopolx KBAOPQUAHOLY hopm Ha 08y-
MEPHYIO NAOWAOKY 8 KACAMEALHOM NPOCITIPARCMEE K MOBEPXHOCITIL wmeern
aipunnoui mun

Xrp1 = 2X11 %1 T =%
; I B)

3

Xpq2 = X1 Xip2=X{
MO COKWUOHRAR KPUBUIHA ks MHO2000pA3UR Tpacemana G (11 -+ 2)
adoan naowadku L, (0) cmpozo mervuie 2, xoms, moocem Ootne, €KOAb
yeodno Bauska K 2.

9) Ecau ozpanuderue Ha O8ymepHY0 KACAMEAbRYIO naowadky o
AYNKG  BMOpBLX  KBAOPAMUUHOIX dopm  umeem apPuHHbil mun

i) {x"""' o im_‘x’ o, Mo cekyuonnan rpususha G{, 1+ 2) BAOJL

Kl =2 Xj—| — X
Iy (0) moacem npununame snaterue 2.

Nlokasatenbctso. 1). OpronopMupoBaiiyto CHCTEMY KOOPAH-
far T F!=lx, % ..., %} MOXHO BHIOpaThH TaK, yTOOBI V10~
JLa/ikA o, 0 KOTOpOR TOBOPUTCA B thopMyaHPOBKE JEMMEI, COBNAaNa
¢ ABymephoit niockoeTsio {Xi—ixi}. T10CKOMbKY HYUOK BTOPLIX KEAL-
pi ML popy umeer THD ) KR B), TO MOXHO BRIOpaTh TAKYWO HOP-
Milith, UTO COOTRETCTBYIOILAs BTOpas  KEaipaThHHad dopma (oboszna-
UM Be vepes A) wa njowajke o == Ex;,lxi} ByneT BBIPOXKJAEHA.
Wuflapem renepsh ocH X,—p B X; TaK, uToGbl AWAroHanusosaTh gopmy A
M olnake o, Torha

% | X

Aw| 7% T0 | B= ity =1

o |
* 0 0
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[locunraem CeXHUMOHHYIO KPHBHSHY TO TLIOMAJKE L', (0) = (T'T?), rpe

Tl o 1’1* (x!—l) o (ai—ul 1 sae Qg i-a 0 ) ,

biar ... b biepg
2 N (3 .. au—g 0 0
B dak) = (bu cen by by bu) ’

BriGepem B naomaage T, (o) oproronanbunie B merpuke G (I, - 2)
BEKTOpSI, B3AB JHHEHbIe KomOMHauuu BekropoB 7% u T2:7! =TI
T?=T*4 af", rae o Bubupaercst n3 ycaopua Tr(T72%) =0. Bge-
Hem 0GO3HAYEHHs AJIS KOMHOHENT BeKTopos 1t u T2

” u = ¢ ;0
1 [l . I |t
me(we) ()

b} bl

rae u, v, ¢, d—[—1-mepHsie BeKkTOps; Y U 8 —uucna: y=b;_;
8= by 4 ab_y,.

Teneps nocunrtaem cekumonnyio Kpususuy no gopmyse (2): (Tr x
X (AaAI))ﬂ =(a, d)—(v, ¢))*=M,;, M;>0, M, ne sasucur ot
v u b,

1—1

(Tr (ALAD)2 =M, + g] (ydi — 8v)® = M, + || yd — bo |,

M, = 0 e saBhcutr or y u 6. -

SHa_MQ_HaIe.nb (opmyabl (2), c onHoil croporw, pasen Tr (T7'%*) x
X Tr (@) = (lal*+ o l® +v)(le]*+ | 1 + 8% (yurena op-
ToroHasHocTh T u T%), ¢ mpyro#i, dopmaltisHO:

Tr (T7*) Tr (T272%) — (Tr (77242 =
=M, + || a8 —cyl®+ || v§ — dylf,

rae uepes M, o603HaUEHO HEOTPHUATENbLHOE CAATaeMoe, He 3aBHCHALIee
or y u 6. M3 dopmynu (2)

b1 — My A My — My— 1] 82 — ye ||
“ (a2 P4+ 0ci*4-11d 2+ 83

Kpusnsia paBHa 2 TOMBKO B TOM CJIydae, Korja mocaefifee BEIpa-
JKeHHe MaKCHMaJbHO H paBHO efunuiue. Ho 1As ero MakCHMajabHOCTH
neobxonuMo, urodsl y = 6 = 0 (uHaye, samenve ux Ha v /2 u 8 / 2, Mut
YMEHb LIIUM SHAMEHATO/b ® HE YMEHBIIHM MHCIHTENb, T. €. YBENHUHM BCIO
Apodn). [osromy Ky = 2 ToabKO B cayuae, Koraa y = & = 0. Bosppa-
INasach K BRIpaxkeHHio y ¥ O uepes kosadpunuentsl matpun A # B, no-
nywaeM by g = by =0. 3nauur, oe matpuunt A n B umMeloT BUA

X
( X0 )
P00
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X A1 0) T - (}(« 0 0
R ¥ bpg— 07 77 ¥ 00
‘T’mT__”, Tl=T'4pT?% P BubepeMm H3 YCTOBUA OPTOrOHANBHOCTH
Tr (7'7%%) = 0, Kax u Bhille, A1A KPaTKOCTH BBeJeM 0503HaYeHH:
i TR - ¢, 00
; P | S § B Pl :
T_kl_?;rﬁ 0),T——(d 0 0)'

e

Teneps yxke T1=( ) Bosbumem

#, v, ¢, d—1—2-vepHble BEKTOPLL; Y = Qi—1 (~1, 8 =bi—1 {-1-

ITpumensiem opmyay (2). Mileu mepsoe csaaraemoe B HHCJIUTENE!
(Tr(A,AD)/2 =M, >0, e sasucur or y u 0. Bropoe cnraraemoe:
(Tr(AAD)/2 = M, + || ye + 8d |}, My> 0, ne sasucut or y u 8
B anavenarese Tr (THTY Tr (F272%) = My + @+ 89 (¢l + | dl®,
M, » 0, ne sapucur or y u 8. Torza

PO poa M+ My, — My — || 8e— vd |2
My F 0 (L elP+1Tdi®’

M3 cooGpaskenuit, aHanorHYHBIX NPUBEICHHBIM BBIUIE, IOTyHaeM, YTO
HOOMXOAUMBIM YC/IOBHEM [OCTHIKEHHs BEpXHed IDAHMIEl Ry = 2 ABaA-
#7CH paBedcTBo y =0 = 0, T. €. @—1 1—1 = bj—g 41 =0. 210 npoTHBO-
JEMNT 1PEANIONIOKEHAIO  IEMMBL. Crpoures mpuvep Gan30CTH R K 2.
Ipu [ =3 on GyneT NpenbhABAEH HHKE.

Yrnepxaenne 1) nemubl 4 noxasano.

2) Bosbmem

4= >€Iloi a=(% 011
Lh S 0} 11

B KauecrBe 0 Bo3bMeM muomaiky (x._yx). Ha sroil naomalke
nyuok A — AB umeer aphHHHENT THI 8).
G (! - 2, I) Bronb MJIOMAAKH, HATSIHYTOH Ha BEKTOPHI

Pty Ged= (3081 ) T =0 1 01 )

(KUMONRAn KPHBA3HA paBHa ABYM. 2) JlOKa3aHo. JlemMa 4 nokasasa.
Mi Hiee nenocpeicTBeHHO Caelyer

Jlemma 5. FEcaw 00HG u3 2aqsuelx Kpueuss Puwiu mH02000pasus
(i (3, B) adoav rkacameapbrozo npoCMpParcmesa Tol (F?) & epaccmarosy
oApasy RosepxXHOCMIL PasHA 2, MO NYUOK BIMOP6IX K8adpamu4HoLX Gops
A = AB nosepxuocmu F? uscem KOMRACKCHOUL KOpeHb.
- 2. B jansnefiwem Gynem paccmarpuath ciydai [ = 3; T €,
I8 = ED, Tlonyuny BHPAKeHKEe KOMTIOHEHT TeHsopa Puuid N u mer-
PUNBEKOTO Telsopa g MHOrooGpasHs G (3,5), orpaHHuenHbIX Ha Kaca-
‘I‘llilbltut_w npoerpancrao Tol' (F*) K rpaccManoBy o6pasy NOBEPXHOCTH
F* siepen l(t)'i[ll‘].\l‘lIl,Ht'.i-I’l‘M BTOpLIX KBajpaTHuHuix dopm A u B.

~ Hyers, P gnapparnas matpaua. ‘lepes PV Gynem obo3HauaTH

HOOBAIHOHIYIO MATPHILY, T. €. MAaTPHIY, COCTABJICHHYIO u3 anreGpa-
WHBRIME Aono/aneunfl K S/eMEHTAM MaTPH bl P.
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Jlemma 6. 1. (P¥)V == (PV)*, 9, Mampuya, npucoedunennas x cun
MEMPUYECKOL, MaKILe cummempineckas. 3. (PQ)Y = PYQV, g wacm
#oemy, (PP = (PV)2, i

Eeau P 3x3-nampuya, mo 4. det (PY) = (det P)%. 5. Mampuya
nPUcoeduHennan K Kococummempudeckoll,— cummempuieckasn. 6. PV —
= Pdet P.

Hmeer wmecro

Jlemma 7. Iaasnsie spueusmo mensopa Puyun seasomes KOpHAMU

yposHenus

det [(AY 4 BY)? + (AB — BA)Y — k (4% 1- BY¥] = 0, @

Horasarennctso mporomuTes HEMOCPEACTBEHIIBEIM BHIYMCAEHHEM MO
Gopmy.re (2). Momyuaen:

N'=(AY + BY) + (AB— BA)V; g = (A% + B¥v. ®)

JGosnaunm Jieyio yacts (4) uepes F (k). Hutem raaBuse KDHBH3HE,
T. €. Hafo uccrefoBath nyau F (k). Uz aemmor 2 FeOMETPHYECKOrO
CMBICJa KOpHEH F (k) noayuaem

Jlemma 8. Pynxuyus F (k) obradaem caedyrowumu ceodicmsanu: 1)
F(k)— noauron cmenenu 3. 2) Bee Kopri F (k) eewecmeennst u rewcam
Ha ompeske [0, 2]. 3) F(0) >0, F(2) < 0. 4) F (k) umeem ne menee
Osyx koprei na ompeaxe [0, 1].

Kopuu dyukuun F (k) MHBADHAHTHBL OTHOCHTEJBHO OPTOrOHA/Ib-
HEIX npeo0pasoBanuil B KacaTeNbHOM H HOpMAaJbHOM NPOCTPAHCTBAX
H  OTHOCHTENBHO DPOMOTETHH B O6DBEMIIOMEM pocrpancTee. [lyers
A u B Henponoprmonanbiib. BuiGepem ocw x, tax, urobn Marpuua A
‘Oblia BBHIPOXKAEHA, a Gasuc (x,, Xa, Xg) B ToF* — 1ag, uro6m A Geuia
Auaronanmbha. Torma romorterie ¢ COOTBETCTBYIOMIHM KO(DDUIHEHTOM
‘popmel A u B npusogsatcs K KAHOHHYECKOMY BH/LY:

00 0 .
A=|0 1 0}, B= (b))}, jm1. (6)
0 0 a

TIpu srom
det(A—AB) = —Abya + M2(a (by by, — b2) -+

+ (b11bys — b3,)) — A% det B. ) ._

IHGJIBSYHCB () u (6), paccmorpum N — g. Ilockombry F () =
= det (N — g), sto noseosut Ham CYIHTb O DACHOJOKEHHH KOpHe(]

F (k) ua [0,2].
Hnueem
(Av - BY)? e B2 = A%? + AVBV (AVB\?)* =
a% -+ 20 (byy — byy — bls) a (bsabl_s ~—b1absg) @ (byybyy— b,36,,)
=1 @ (byghyg— by,04,) 0 0 .
@ (bygbyy — bygby,) 0 U
8.1
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; b:;s (a—1) abygbag (1 —a) byyby3(@—1)
(AB = BA)Y = abyybys (1 —0) a®bls —abxzbla 8.2y
by (@a—1)  —abyybys biz

Hafizem g HMa (6) caepyer, 4o

bi (bl’ b2> <b1! bs)
(A2 4+ BV = (b;, by B3 (b, by |+

(by, by (by, by bs

b3 4 a%hs - 0 — at (by, by)— (by, by)
+| —a®¢by, by a*bi 0} 8.3
““(b:[! bs) : 0 b;
epoan us stux matpun ects B?7. Ilo nemve 6 ona pasHa Bv2 B utore

N“—gz

gaéuban"‘éﬂb%"a 2bia—| 2aby3bys—aby,bast | 2ab1y+byy—abygbys+ |
ma'bﬂﬁ‘—‘bw_bas ~+a®%by1b154-0%01505s +bubw+b1sbas '

& Zdbmb,,——abub“—l- 252
' 3 —ath b s .
wf' of 0%y, by, +a%b1gby Falgr o bgbis |
: é‘};lnbns“‘—“blsbm‘l‘ 2 2
a by bys F Brabes —abyabys —bn—bs ‘
®

PuceMoTpuM iBa HACTHBEIX CAyuas

1) B nyuke A—AB ectb thopma panra 1. Dynem cuutath, 470 OCE
ﬁ}lﬂ npuneenun K euny (6) BeSmpaaacs tag, urobw rg A =1, Torga
- 000

A g ([J 1 0]. B nnockocrr (x;x,) Bbibepem Gasuc TaK, 4T00bl b1y = 0,
X0 0 0

B i by by
'_flgﬂ' m‘m A ue namennrea. B = (bu by b ) [Monoxum €= k—1
23 “an

" QHHI!MHM ¢ novompio (8) det (N — kg). On pasen:

dﬂt (N ~— g) —eg) =—¢ [511'533 (bubz.s > bnbas -+ blzbsa) =

. |- ed ((bn - zJ1") b33 4 (bzs =+ 533) b11} 42242,

i det (4? - BY) > 0.

.H%xpl-lmnnmrr KBaJpaTHOrO  Tpexujsema B  CKoOKax gageﬁ-
.I - blabin ™. Orciona ero KOpHH & = — b”:aa ;
-#}i"-ga ‘!‘“ hg'gil"" M

[TocKONBKY 5, 8, <0, To Ry, Ry < 1.

i, M0 k= 1, Pacematpusas cayuan g =0, g, = 0 u yuu
e h,,, b“ i bygy by 1€ MOTYT OLHOBpEMEHHO PaBHATLEN HY /IO
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TAK KaK WHAUE OTJIMYEH OT HYJs BHEUIHHE HYJb-HHAEKC, MOVIyYaeM,
HTO DABEHCTBO ejuuMue &y Wi k, BO3MOKHO JHIIE B CAEAYIOLHE
chIyuanx:

a) by =byy =0, by=4hy =k, =1;

6) by =0, by 50 nau, naobopor, k, = ky=1,0<k < 1;

B 0y Doy 52 0, ks = 1,0 < by, by < 1.

2) Paccmotpum eme cayuaii, korga by = 0 B KaHOHHYECKOM BHIE
{6) dopm A u B. Ilocunraewm, uenonwvsysn (8), F (1) = det (N — g).
Eean obosuawits o =[N —gl,, p=[N — gl o det (N —g) =
= (ab;,p — by;0)*> 0. Ecan umeer mecro CTPOI'OE HEPABEHCTBO, T. €.
F (1) > 0, 10 no iemme 8 nonyuaem 0 < Ry, kg << 1, ks = 1. Ecou ke
F (1) =0, 10, Bbuncasa F’ (1), y6exuaemes, uro F'(1) << 0, u mo
aemme 8 Gynem umeth 0 < &y, ky < 1, by = 1,

3.JoKa3aTeAbBCTBO TeOpEME. Hcnonesys noxasan-
HEHI€ BRILLE JIEVMBI, YCTAHOBHM NPHBAEHHBIE B TEOPEME IPAHKLEL IVIABHEIX
kpususn Puyup mHorooGpasus [pacemana G (3.5) B1oAL KacaresnbHoro
TpocTpancTBa K rpaccmanoBy obpasy I' (F®) peryasipuoit nopepxuocTa
F? B 3aBHCHMOCTH OT 3JeMeHTAapHEIX AeJHTesel nyska A — AB BrO-
PBEIX KBaJpaTHUNHIX GOPM B PACCMATPHBAEMOfl TOUKE.

[ ab. [lo nemve 2 0 < &y, k, < 1. [Tokaxewm, uto B npegenax Kax-
Aoro U3 1ByX adduHHBIX KJaaccoB I a u I 6 &y MoXKeT MenAThCS B HHTEp-
Base (0,2),

1 MO aM 0 1
Ia. Tlycts A::(M 0 l), B=( 0 —M 0), M>1 det(4 —
0 10 I 0 0
— AB) = —MM + 20M = 1. Dror KybGuyeckuft TPEXUNCH: NMPH A—> == 00
CTpeMHTCA K oo npu A =0 pasen —I1; npu & = | pasen M — | > 0.
3uauut, det(A—AB) uMeeT TPH PATHYHBIX BElIECTREHHBIX KOpHS.
B nawewm cayuae och x sBAserca acHMuToTHYECKHM HarpaB/IeHHEM
nosepxHOCTH. [lostomMy nywor A — AB jneficTBHTENBLHO XapaKTepHusyer
adunnbil kaace 1 a,
Brruncnsiem cexuuonnyio Kpususuy G (3, 5) no maomanke Ly (%3, x3):

r=(o Su o= 09

8M2 -1
Torna opu M — 400, by = Y7Ly e 2, 3HAUHT, U Ky~ 2.

16. Honoxum
CME T MB 0 —M* 0O M
A = M MEP4l —M, B= 0 M 0],
0 —M 1 M 0 0
M > 0, =
det (4 —AB) = ASM® — A2 (M2 - M* 4 M2) + A (2M5— M3) - 1.

OT10T KyOWueckiit Tpexunem: mpu A-—--moo crpeMates K z=oo; opn
A==0Q paen |, npu A=s | orpuuarenen, ecan B3site M HOCTATOUHO

Gonbiunm, Takum oBpasoM, Meem TpH BEIIECTBEHHBIX KOPHS. [Tockoabky
A NONCKHTENLHO ONPeAe/IeHa, UCHMITOTHIECKHX Hanpas/enHil Mosepx.

24




ndm. je wumeer, T. e, nywok A— AB xapakTepusyer adpuHHBL
fJice 16, Bolumensiem cexkumonnyio Kpususuy G (3,5) no Iomaixe

Fy (xg) Xxg): .
M® M2 41 —M 0 —M 1
T‘-*(o M o) T2=(M 0 o)-

i 8M® - 2M® 1

i Hpn M= +o0 ks = e gm Ly 7 (0
(VIMOTHM, UTO B CHJTY JeMMBI 5 ks ne moxker pasasthest 2. C apyro#t
EIOpoitk, ecan obe Matpuitsl A B B B3ATs ARATOHANLHBIMH, TO NONYHHM
{0 s ky, Ry ky <1 (370 cesyer u3 paborul |4]).

~ 1ln.6. B nyuke A—AB ecto gopua panra 1. Tlpugois Qopsbi
A i B Kk xanounueckomy Buay (6) ¥ HCnoib3ya QOpMyJTy (7 nnm
det (A == AB), nomyuum, 9TO KOSPUIHEHTHI NPH 30w Al pasner G,
jodtlepnanent npu A* pasen byybg, =0, Tak K4aK 3NeMeHTaphhbie LeaH-
JBAH YUKA He BCE COBNaiatorT. Toria B COOTBETCTAHH € BBILEH3NO-
MBIHWN aveent O < By, By < 1, Ry = |. Kpupuaua k, = 1 pocruraerca
o ; ] 7 ._
HA ocKocTy, HATAHYTO# Ha sekrophl T' = {[1] ([]] 8) T2 = [{; ? %) .

—> 2, 3HaunuT, H Ry— 2.

h . 0 0 o
“'l}’}‘ﬂph[ll pthﬂOJ’IO?KEI'IE[ B 'rpex:wepuon [IJIOCKOCTH BEKTOPOB (C . ) .

[l@Kakew, uro Ta MIOCKOCTh ABJSETCS KACATEMBHOA K BHOJHE reo-
MBANMECKOMY MHOTOOGpasHio 3 — G (3,5), H3OMETPHYHOMY eIHHHUHON
Apexmepuoil chepe.

. [lefiersireasto, rpaccmanoso Muoroogpasue G (3,5) = SO (B) /

80 (3) % 8O (2) n xacareabHoe npocTpaHcTBo K G (3,5) mpeacrasis-
B0 KOCOCHMMETPHUECKUMH MATPHIAMH BHAA

0 0 0 | —ty —ty
000 _!12 TTégg
0 0 O | —ty —lss
by it B D
tal 322 23 0 0

.'_Hﬂﬁﬁnmoﬁpmue CHMMETPHYECKOTO  TIPOCTPAHCTBA GIH sBaserca
SHBARS [eOACINIECKHM TOrAA H TOJBKO TOIAd, KOTZA KacaTeabHOe Tpo-
=§Tpl_ﬂee_'rﬁa M YAOBNETBOPAET CAEAYIOMEMY YCJIOBHIO!

Il m, ml, ml = m, ©)

{4} w= OBk Jlu B anreGpe Jln rpynnst G [9]. Jlaa rpaccmarosa
arafipuui okobKa JIi ecTb KOMMYTAaTOP KOCOCHMMETPHHECKHX MaT-

‘. 54 ¥
HEUOUPEICTIENNONO NoACYeTa BHAHO, HTO A1 NoAupoCTpaHCTB2:

0000 —¢
D 00 0 —¢
00 0 0 —c
0000 O

£1 Ca {?30 0
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BEINOMH fleTes yesioBre (9), 3T0 NOANPOCTPAHCTBO ABAACTCH KACATENb-
HbIM NpocTpancTBoM K G (3,4) = S3.

IIT a.6. B myuxe ects uyseBas dopma. Torsa no dopmyse (4) kg =
=1Huk =ky=Fky,=1. ;

IV. Tonbaysack nemmamy 16), 5 u 2, nonyuum, aro 0 < ki Ry < 1,
1 <<k, «2.

V a. 6. [Tywor A — AB uMmeer ABYKpaTHBIi KOPEHbB, HO B HEM Hel
marpuu panra 1, [lpusons dopmst k Buay (6) u nosesysich (7), moay-
a aby =0, a (bubes — b3,) + (Bishss — bis) # 0.

Orciona by; = 0. B cooTBercTBUM ¢ BHIIIECKA3AHHLIM U 00 JeMve 5
umeeM 0 <k, ky<<I, | <ky<<2. .

VI. [lyuok A — AB #MeeT TpexkpaTHblit KOPeHb H, KPOMe TOrg,
conepXHUT QopMy panra 1. B cooreetctBun ¢ (7) [bybsg = 0. Bes

{detB:;EO
HAPYINeHHsT ODIMHOCTH MOMHO CHHTATh, 4TO by, = 0, bgg 5= 0. Torza,
YUHTBIBAsl DACCMOTPEHHBIH BEINIE HACTHBIH caydaii | 6, korga B nyuxe
A — LB ectb MaTpuua panra 1, nosmyunm, uto 0 < &, << 1, &, = Ry
= 1.

VIL. [Tyuwox A — AB nmeer TpexxpaTHulii KOpeHb, HO B HeM HET
marpuusl padra 1. Ilo dopmyse (7) :

aby, =
Q (byybag — bi2) 4= (byybge — bis) =0;
det B 5= 0.
V3 nepBoro ypaBHeHHs Hveem by = 0, Torna H3 BTOPOro g = — ¢t

byg = cbyy. Ilpn stOM detB = — b}, (byy — 2cbgy + ¢®gq). C apy-
roil CTopoH:l, ycnoBhe F (1) = 0 B wactHoM cryuae 2) by, = 0 sanucer-
BaeTC B BHAE: @ (byg (b1sbay — D1sban)) — By3 (B1ghos — byabas) = 0.
Honcraeasas a = —¢*, byy = cby,, noayuuMm . cbi,( — cbyg -+ b,y —
— Cbyg + bgg) = — cdet B % 0. 3naunr, B AaHHOM coyuae HmeeM 0 <
SRy, Ry <<l <Thy<C2, '
VIII. Oraxune 31oro csiyuas or npeasAymero B Tom, uro det B —
= 0. Orciona u F (1) = 0. [lostomy 0 < &y, kg << 1, by = 1.Kpupus-
Ha ky = | JocTHraeTcd Ha MJOCKOCTH, HATAHYTOH Ha BeKTOpHL Tt =

= (g 8 (l)) y T (8 8 ?) Paccymxnas, kak u B cayuvae II, BOJY YUM,.

9TO 3T4 MJIOCKOCTH Kacaercsi BIOJHE reofiesnyeckoi cepsl S G (2, 4),
KacarenbHbie npocrpancTea K cepe S® B cnyuae 11 u k ciepe S

IEPECEKAIOTCH 1O ONHOMEPHOMY HanpaeJeHuo. [loaToMy mnJaowajiKH,

Ha KOTOPHIX JAoCTHTraeTcs ky = 1 B caywasx I u VIII, pasnuduet.
Teopema noxazana.

Cnncox muveparypw: 1. Leichweiss K. Zur' Riemannschen geometrie in!
Grassmannschen Manifaltigkeiten // Math. A. 1961. 78 S. 334—2366. 2. Hoffman D., |
Osserman R, The geomeiry of the generalized Gauss map // Memoirs AMS,
1980. 28, Ne 236. P, 20~30. 2. Wong Y. C, Differential geometry of the Grassmaon |
manifolds // Proc. Nat. Acad. Sci, USA. 1967.57. P, 589—594, 4. Amunoe 0. A.
Vsomerpuveckue morpyskemn ofnacteli  a-MepHOro npocTpaucTea JloGauen-
coro B (2n — l)-Mepnoe eBKAHAOBO npocTpancTeo // Mar, ¢6. 1980, 8, Ne 3. C,
402—433. 5. Amunos 1O, A, O rpaccManosoM 06pase AByMepHOH HOBepPXHOCTH
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MEtpin, M., 1981, T. 2. 416 c.
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B. 1. TOPOX

. 0 MHHHMAJIbHBIX AOBEPXHOCTAX NOCTOAHHOHA
 FAYCCOBOH KPHBH3HbI B NMCEBJAOPUMAHOBOW COEPE

 pajie paGoT paccMATPHBAICS BOMPOC O HAXOKICHWH ABYMEDHBIX
MINIMIJIBIBIX  NOBEPXHOCTEM NOCTOAHNOH TayCCOBOH KPHBHSHEL B PH-
MAHOBLIX 1POCTPAHCTBAX NOCTOSHHON KPHBH3HEL. B patore [1]1 Tluna
AUKASAA, WTO B n-MEDHOM €BK/ANJOEOM NPOCTPAHCTBE HE CYIIECTBYET
MEPHBIX  MHHBEMAJIbHELX NIOBEPXHOCTEN TNOCTOSHNGCH HEHY.IEBOR ra-
fi kpupnsusl. 10. T. Jiymucre |2] Hauen Bee ABYMEPHLIE MHHR-
{iW€ NOBEPXHOCTH MOCTOAHHOH TayCCOBOH KPHBHSIEL B 31THNTHYE-
PHNEPOOAHYECKHX [IPOCTpaNCTBax pasmepHocTeii 3, 4, 3. Bomnpo-
ACCH(MKALME ABYMEPHEIX MHHHMAJBEbIX TOBEpPXHOCTEH NOCTORH-
HOA JPHBHAHLL NOCBSILIEHB! TAKKE patote! 13, 41.
Adtiioraunstil Bonpoc MOXHO PacCMaTpHBaTh H IAs nosepxHocTeit
IPHMAHOBLIX NPOCTDAHCTBAX TOCTOAHNON KPHBHIHEL. B pa-
AOKA3AHO, UYTO HE CYIECTBYET [BYMEPHbIX MHUHHMAaNbHbIX
betell nocrofHdoil HeHyaeBoi TayccoBOR KPUBHAHEL B NCEBJO-
JlonoM npoctparctee E4'. B HacTosmed padore HaxXolATCs ABY-
HIUMATBHBIE TOBEPXHOCTH IOCTOSHHOA TAYCCOBOH KPHBH3-
WpeXMepHoft NceBropUManoBoil chepe (npoctpancrso Ae Cur-
OIHTENBLHON KPHBH3HBI, CHTHATYDA KOTOpOH paBHA (3,1).
Jin | e [ICEBJOEBRIMAOBO TIPOCTPAHCTEO C KBaNpaTHUHON
M b ves dx: | —dx;. Yepes S™*(K,) Gynem oboanavars.
0 ficennopimanory chepy kpusuanb K, >0 B NCeBOCEKAH-
ipoctpanerse L0+l sanapaemyto ypasHeHneM

: 9 2 : 2 1
!4 100 e Kbl = Xn—p2 — * 0t T Xt = R

\yMepiaf nonepxrocthio B S™ k (K;) nornvaetcs ABYMEpHOe
HpVemoe noamMboroo6pasye Knacca C', ma KOTOpPOM HHIY-
e n MeTprKa.

ABYMEPHLIX MHHMMANBHBIX DOBEPXNOCTEN no-
wpniann B S*' (Ko).
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1. Top Kandopna Ty. [losepxmocrs Ty sagaum PaJnyCOM-BeKTO-
POM B ICEBJ0EBK.IHJOBOM NpoCcTpaHcTne £o1: : |

! ; .
riu, v) = YT (cos u, sinu, coswv, sinoy, 0),
i

Tlosepxuocts Ty nexut B esxaunosoit chepe S* (K) < S (K,). Ta-
yccoBa KPHBH3HA NOBEPXHOCTH Ty PaBHA HYJIO H OHA SBJAETCH MHHH-
MaTbHLIM NOAMHOTOOGpasuem B S (K,).

2. Paccmorpum  noeepxuoeth T, 3aJIaHHYIO Al yCOM-BEKTOPOM
B E%:

ru, vy= ?iif (0, cosu, sinu, cho, sho),
1]

Tlosepxmocts 74 sexur B neesgopumanosoir cpepe S (K,) — §%
{Ky). T, — MMHHMaJbBHOE NOAMHOTOOGpasne B St (Ky). T'ayccosa
KpuBH3Ua nOBepXHOCTH T, paBHa Hy/mo. [lo amanoruu ¢ Tonom K-
opia noepxHOCTh Ty HA30BEM [ICEBOPHMAHOBBIM Topom Kingdopna.

Teopema. [Tycme V? — Osymepnan munumarvrasn nosepxHoce 8
SY(Ko) . Myems eayecosa rpususwa K nosepxmocmu V2 nocmosuna
u omauuna om K,. Toeda K = 0 u nosepxnoctne V? ¢ mounocmpio do
dausicerun 8 S** (K,) sansemen aubo mopom Kaupcpopda Ty, aubo nces-
dopumarossim moposm Kaugpopoa T,.

Ina NoKasaTenscTBa TEOPEMbl PACCMOTPHM JEa ciyuasi,

I. V?® — upocTpancTBenHonofobHas MHHUMANbHAS MOBEPXHOCTE B |
S (Ko). '

Ilo amanorun ¢ 15, c. 252 Beesem na nosepxpocTn OPTOTCHAJIBHEIE
KOOpIMHATHI, CBA3AHHBIE C WHIHKATPHCON HOPMANBLHON KPHBU3HBL

Tlyers N2 — HOPMa/IbHOE MPOCTPAHCTBO NOBEPXHOCTH V2 B IpoU3BOIIL:

Hoil Touke x. KamIoMy HANPABJEHHIO T B KACATEABHOM NPOCTpaHCTRE

TOBEPXHOCTH V? B TOYKE X B HOPMAIHHOM POCTPANCTBE N coorBerer-
BYET BEKTOD HOPMA/bLHOM KPHBHSHBI IOBEPXHOCTH B JaHHOM HAMpAB-

nedun R (1), Korga t npoGeraer BceBO3MOMKHLIE HalpaBJeHHs! B Kaca-
TEABLHOM MPOCTPAHCTBE, KOHEN BeKTopa & (T), OTJICKEHHOr0 OT TOuKH

X, onucksaer B Ny 3aMKHYTYIO KPHBYIO — HHAHKATPHCY HOPMAJBIIOI
KPUBH3HBL. B cuay MHHMMAnbHOCTH noBepxmoctn V2 HHIUKATPHCA
HOPMANLHOH KPUBH3HUBI CHMMEIDPHYHA OTHOCHTE/IbHO TOYKH X. Dyax-
ius £* (T) MOCTHrAeT MAKCHMyMA NPH HEKOTOpEHIX HANPABNCHAAX T; U
T, H MHHUMYMA — DM HanpaB/ieHusix 7, W T,. [Ipu srom £ (1,)

= — Rk (7,) 4 HAND2BJEHUA T, H T, B3AUMHO OPTOTOHAMBHEL. BO3bMeM
TeNepE Ha NOBEPXHOCTH V/* KOO AHHATHEIE JIHHMH © = cofist U 4 = const, -
UMEIOUWME B KAKIOA TOUKE X COOTBETCTBEHHO +aMPABJEHUS T, H Ts.
[TosepxnocTs 7', JEKAT B NCEBAOPUMAHOEOH chepe S L (K) = SH (K.
Bekropsl k(1) 4 % (T;) B3AUMHO OpPTOroOHa/bLHBL Hanpasum wopmaan
7y B R, K nosepxaocTH V? no sexropam & (v,) W £ (7,) cooreercreeniio,
[lycrp &2 (1)) = a% k*(1v)) = —b% Torna nepsas Keaiparuumas Gopya |-
nosepxHocT# V? sanuchiraercs B suge ds®= Edu® - Gdv?, a BTODBIE |
KBanpariuibie QopMbl pasesl 11 (m,) = oF du®— aGdv?, 1 (n,) =

= —b ) EGdudv. Jns rayccosoii KpHBHSHBEL mosepxuoctd V* ciipa-
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i
wejinpa Qopmysa: K = b® — a® 4+ K. OGosnauum yepes v, # v, KO3p-
HIHeNTH KPYueHHA: vy = (1, Hau), Vy = (14, Hay). Torma cucrema
pHennit Taycca — Kopauuu — Puyun [6, ¢, 254] ana nosepxHocTH
danuiuerca B BHIE:

1 Ey Gy
K=—m=li), 7). g
(aE), = bV EGv,, @
(bE), = —a V EGv,, 3
(@G), = —bV EGv,, (4
(bG), = aV/ EGv,, (5)
(V)o— (va), = 2ab V'EG. (6)

Oy vepes P pasaocts K — K. ITpennonosxum, uto P = const =
w0, Tik kag P = b* —a®, 10 @ + b* 5= 0.
Linannieas ypaHenue (2), yMHOMKeHHOe Ha @, € ypaBHeHHEM 3),

yMiaiennoiv na b, nonyuum (aa, + bb,) E + (@ - b E, = 0. [Noaromy
Vil o) = = 0
| Va - b%), = 0. CnegoBarensHro, E = T

D, {v)
Va0
IPONKON napamMeTpos & H U MOXHO noBurscs, uTobm E =0 =

o [peanonoxum crnauana, uro a =0, b= 0. Toraa us (1) u (2)

AN

A0 MO U3 ypasuenu#t (4) u (5) maxonum: G = . [Tepe-

e Pa, s G Pay,
Vo ProayVPr@’ t (P20 VP Ea
_'ﬂﬂﬁ@‘l‘ﬂﬂuﬂ vy # vy (6), nomyanm
. P Pay _uyPEa
)‘.+({P-!—‘2QE)VP+RB)H_ V—P+2ﬂ’ . . (T)
aiy \ gy . K
(mm),, o (P—[— 2a‘)v ~YVbria (8

(P - a?) (2a* 4-2Pa® — PK) __ 94
PV P2t ’

3¢+ﬂum
MHM B B

K
L e K(P 2 —2(P—2HA
it TGRS i




Takim ofpasom, OyHKuES @ yIOBIeTBOPSIET CHCTeMe IBYX ypas-

HEHHH: _
@ ba; =24, o,
Quu - Ay = B, . (10]
Paccmorpam 1Ba cayuas. Hyers A 5= 0. [Ipoaudxpepenmupyen
ypastienne (9) no u u 1o v;
iy + Cly = A'ay, (11
Aullyy - Guay, = A'ay. (12
Brlutem u3 ypasnenns (11), ymHoMenzoro Ha a,, ypasHenue (12),
YMHOMKEHHO2 Ha 4q,. [loacraBus B ONy4YEHHOE COOTHOIUEHHE @, H @,
3 (9) n (10), naiinem 24q,, + (B — 24") a’ - 24 (A"—B)=0.(13)
Craanpipas ypaenenne (11), yMHOXKenHoe 11a a, ¢ ypanseunem (13)
YMHOMKCHHBIM Ha @, # yuuthnas (9) u (10}, noayunm

2404 = (24" — B)aya,. (14)

Hudbepenuupys ypasnenne (10) uo u v no v, HOAYYHM
Quuy 1 Qg == B!ﬂ”, (15}
Quup + Aypy = B’av- (lhj

[ponuddepenunposas ypasucmue (11) no u, a ypasnedne (12) — no o,
CA0KUM  [OJYUEHHBIE COOTHOLNCHMS:

a.fm _]' :Zafm —}‘ atjt_. 'J‘ (auuu + auvu) a, +

+ (2w + Ayoy) @y = A" (alll -+ ai) + A" (@us + Qyy)- (17
Yaursisas (9), (10), (15) u (16), us (17) waxonum
2y — 2Ba,, + 225, = 2A(A’ — By + B (A" — B). (18)

Toncrapnas ay, n3 (13) u au, u3 (14) s (18) u yunrmas (10), no-
NYYHM
24 (A" — B’y + (24" — B) (B — A’} =0, (19)

Hoacrasnm B (19) Buipasenus ans pyakuuit A, B # ux POH3BOL
neix. Ilocse npeoSpazosanuii nonyyum

8BP +19K)a'® 424 P8P + 19K)a® + 2P (104 P? -+
=255 PK + 10 K?) a® 4 4P* (24 P? -1- 65 PK |- 10 K?) @ - P? (16 P* 4@
+ 58 PK + 25 K%) @® + P*K (4P -~ 5K) = 0. .

3anmerny, uTO KOD(PHULUUCHTH NPH CTENEHTX g He 0o0paIaloTes ol
HOBPEMCIHNO B 110J1b. (CJelOBATEILHO, ¢ ABASETCH KODIIEM aarebpain
HECKOrO ypaBHeuus ¢ NOCcTOAHHBIMM Koadpuuuentavu. [lostomy a
= cofist, UTO /1EBOIMOXKHO B CHAY UPEATONOKEHHA 24 — a; + o’ Al
0. | :

Hycre renepes A = 0 B nexoropoii o6aacin D. Tora a, = (f

a, = 0. CaejoBarenbto, a = const. Ho K — Ko = b — a®, nosrom)

b = const, Torpa £ = G = const. Crepopatenbao, K = 0, Ha YO
nosusi A =0 nonyunm a® = K;. Torga b =0, uro rq)crl‘}uaopeuur{q1
NPEATONOKEHHIO, o

i
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. Hycers b=0 & HeKOTopoH obnactu D. Ilepsas KBaJIpaTHIHAS

pMa noBepxmocTH V2 NpHMEeT Bui: ds? — (du® 4 dv?). Tlo-

VK

o —K
VE 8= V'K,. Torza sropue
ApatHunnie bopmbI noBepxuocTH V2 pasubl II' = du?— dp?, 112 =),
3 ypasnedud Kopanun nosyumy: vy =0, v, = 0. Torma NOBEPXHOCTS
JTpeACTaBAsieT coGoll Top Kangdopara T,, aexamuii s eBK.IUA0BCH
pe S% () = S ! (Ky).
o 1L V*— pewennnionobuas mnunmansuas osepxnocts B S*!(K,).
Mlycrs (2, 7)— H30TEPMHYCCKHE KOOPAHHATEHL Ha nosepxrocty V2. Toraa
ROOpAHHATAX # =10, V=1 —p nepsasi KeaapaTaunas (opma
Viobepxuocr V2 npumer sum: ds® = 2F du do. Mycrs n,, n, — opro-
OPMHDOBaRHEIT Gasuc nopmamer K nogepxnocrn V2, a L7 (i, f, o =

' 1, 2) — kosunuenth BTODLIX - KBAApAaTHYHBIX (HOPM NOBEpXHOCTH
 OTHOCHTENIbHO  HOpManell 1, u n,. W3 ycnosus muemmansmocTH
oBepxunoctn 1?2 crenyer: Lip =0, L, =0, Torna cucreya VpaBHeHui
feca — Kogauuu — Puuun gig nosepxuoctd V2 samuwmercs B puje:

My K=0. Crenosatenpho, £ =G —

5 K— FuF, ;-3 FF,, , (20)
(Lh)o = v,LYy, (21)

(Lia), = v,Lis, (22)

(Lir)y = —v,L},, (23)

(ng)u = -—-'\?152. (29)

(V) —(v,), + 7]." (L1:L3; — LisLi) = 0. T (25)

K FayccoBa KpHBH3HA NOBEPXHOCTH V2: Vi, Vg ~— KO3DpHIMeRTH
HUA: vy = (1, 0y,), v, = (12, Bay). -
MoXHB ypasrenue (21), yMuokennoe na Lit, ¢ ypasuenwey (23),
eHHbIM Ha L1y, noayumm a4+ 00010 =0, Coanoms
h (Lf1)“+(Lf;)2= @y (1), U3 ypasmenuit (22) u (24) amanoruu-
_00pasoM nosyunm (L212)3+(L32)2 =, (v).
NoBepxXHOCTH V? uMeer mecTo pasnoweme [aycca [6, c. 264).

r. i == _'L}lnl S L%]_ng! (26)
o= "—ILé2n1 "—ngﬂgn (2?)

i—r(u, U) — pajnyc-BeKTOp nosepXHoctH V2, a sanstasm c ug-
1 # 2 o6osnauaer KOBapHaNTHYIO IPOM3BOAHYIO N0 OTHOIIEHHO
PHYCCKOMY TeH3opy rNoBepxnocTH V2 1o 4 m v COOTBETCTReHHO.
(26) 1 (27) cnenyer £y = (L1)2 + (L1)% 7o == (L22)? + (L2o).
YeHoBuit P we (), rl =0 nosyyum r;—’n =r, r:’u =r2. Cae-
BHO, i, = &y (u), r} = P, (v).
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