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Abstract

We prove that the Hopf vector field is a unique one among geodesic
unit vector fields on spheres such that the submanifold generated by the
field is totally geodesic in the unit tangent bundle with Sasaki metric.
As application, we give a new proof of stability (instability) of the Hopf
vector field with respect to volume variation using standard approach from
the theory of submanifolds and find exact boundaries for the sectional
curvature of the Hopf vector field. 1

Introduction

Let (M, g) be (n + 1)-dimensional Riemannian manifold with metric g and ξ
a fixed unit vector field on M . Consider ξ as a local mapping ξ : M → T1M .
Then the image ξ(M) is a submanifold in the unit tangent sphere bundle T1M .
The Sasaki metric on the tangent bundle TM induces the Riemannian metric
on T1M and on ξ(M) as well. So, one may use the geometrical properties of
this submanifold to determine geometrical characteristics of a unit vector field.
Namely, a unit vector field ξ is said to be minimal if ξ(M) is of minimal volume
with respect to the induced metric [6, 4]; ξ is totally geodesic if ξ(M) is totally
geodesic submanifold in T1M . A complete description of totally geodesic vector
fields on 2-dimensional manifolds of constant curvature has been given in [14].
It was proved that only unit sphere (among non-flat space forms) admits totally
geodesic unit vector fields (which are non-geodesic ones). In contrast to this
case, on a 3-dimensional sphere the Hopf (and therefore, geodesic) unit vector
field is a unique one with globally minimal volume [6]. Since totally geodesic
submanifold is always minimal, it was natural to suspict that the Hopf vector
field is totally geodesic in fact. In addition, for the spheres of greater dimensions
the Hopf vector fields stays minimal but become unstable [10, 6]. Nevertheless,
something should distinguish the Hopf vector fields. And this something, as we
prove here, is their totally geodesic property. Namely, ( Theorem 2.1 )

Let ξ be a unit geodesic vector field on a unit sphere Sn+1. Then ξ is totally
geodesic vector field if and only if n = 2m and ξ is a Hopf vector field.2

Using this result we give another proof of stability or instability of the Hopf
vector fields with respect to volume functional (cf. [5])using a standard formula
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2The result is true with one additional condition (see below)
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for the second volume variation from the theory of the submanifolds ( Theorems
3.1 and 3.2 ).

The Hopf vector field on S2m+1 is stable for m = 1 and unstable for m > 1.

We also find an exact boundaries for the sectional cutvature of this field
( Theorem 4.1 ).

Sectional curvature of ξ(S2m+1) varies between 1
4 and 5

4 . Minimal bound
the curvature achieves on ξ-tangential lift (3) of ξ-section and maximal on ξ-
tangential lift of ϕ-section in terms of contact metric geometry.

1 Some preliminaries

Let (M, g) be (n + 1)-dimensional Riemannian manifold with metric g. Denote
by

〈·, ·〉 a scalar product with respect to g and by ∇ the Levi-Civita connection
on M .

The Sasaki metric on TM is defined by the following scalar product: if
X̃, Ỹ ∈ TTM , then

〈〈
X̃, Ỹ

〉〉
=

〈
π∗X̃, π∗Ỹ

〉
+

〈
KX̃, KỸ

〉
(1)

where π∗ : TTM → TM is a differential of projection π : TM → M and
K : TTM → TM is the connection map.

Let ξ be a unit vector field on M . A vector field X̃ ∈ TTM is tangent to
ξ(M) if and only if [12]

X̃ = (π∗X̃)h + (∇π∗X̃ξ)v,

where (·)h and (·)v mean horizontal and vertical lifts of fields into the tangent
bundle.

It is well known that ξv is a unit normal vector field on T1M . Let X be
tangent to M , then

Xt = Xv − 〈
X, ξ

〉
ξv,

is always tangent to T1M and is called the tangential lift of X [1]. It is easy to
see that 〈〈

Xt, Y t
〉〉

=
〈
X, Y

〉− 〈
X, ξ

〉〈
Y, ξ

〉
.

Introduce, now, a notion of ξ-tangential and ξ-normal lifts with respect to given
field ξ. We proceed in the following way.

Introduce a shape operator Aξ for the field ξ by

AξX = −∇Xξ,

where X is arbitrary vector field on M .
Define a conjugate shape operator A∗ξ by

〈
A∗ξX, Y

〉
=

〈
X, AξY

〉
. (2)

Let X, Y be the vector fields on M . Define ξ-tangential lift Xτ
ξ and ξ-normal

lift Y ν
ξ of X and Y respectively by

Xτ
ξ = Xh − (AξX)t, Y ν

ξ = (A∗ξY )h + Y t. (3)
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Then, Xτ
ξ is evidently tangent to ξ(M). Moreover,

〈〈
Xτ

ξ , Y ν
ξ

〉〉
=

〈〈
Xh, (A∗ξY )h

〉〉− 〈〈
(AξX)t, Y t

〉〉
=

〈
X,A∗ξY

〉− 〈
AξX,Y

〉
+

〈
AξX, ξ

〉〈
Y, ξ

〉
=

〈
AξX, Y

〉− 〈
AξX, Y

〉 ≡ 0

and therefore the linear space of all ξ-normal lifts coincides with the normal
space of ξ(M) at each point.

To construct a natural tangent and normal orthonormal frames for ξ(M),
one can use a singular decomposition of the shape operator Aξ, based on the
following linear algebra result ( [9], Theorem 7.3.5 and Exercise 7.3.5) which we
present here in a slightly modified form.

Theorem 1.1 A matrix A ∈ Mm,n of rank k may be represented in the form

A = FΣE∗,

where F ∈ Mm and E ∈ Mn are unitary matrices.
The matrix Σ = [σij ] ∈ Mm,n is such that σij = 0, i 6= j, σ11 ≥ σ22 ≥

· · · ≥ σkk > σk+1,k+1 = · · · = σqq = 0, q = min{m,n}. The values {σii} ≡ {λi}
are non-negative square roots of eigenvalues of the matrix AA∗ and hence are
uniquely defined. The columns of the matrix F are the eigenvectors of the matrix
AA∗ and the columns of the matrix E are the eigenvalues of the matrix A∗A.
Moreover, A∗fi = λiei and Aei = λifi for i = 1, . . . , k. If the matrix A is real,
then F, Σ and E can be real.

The columns of the matrices F and E are called respectively left and right
singular vectors of matrix A. The values λi are called singular values of the
matrix A.

Set A = Aξ and apply Theorem 1.1. Since A∗ξξ = 0 for any unit vector field
ξ , there exist an orthonormal local frames e0, e1, . . . , en and f0 = ξ, f1, . . . , fn

on M such that

Aξ e0 = 0, Aξ eα = λαfα, A∗ξ f0 = 0, A∗ξ fα = λαeα, α = 1, . . . , n,

where λ1 ≥ λ2 ≥ . . . λn ≥ 0 are the real-valued functions.
It is natural to call the functions λi (i = 1, . . . , n) the singular principal

curvatures of the field ξ with respect to chosen singular frame. Remark, that
if necessary one may use the signed singular values fixing the directions of the
vectors of the singular frame. Setting λ0 = 0, we may rewrite the relations on
singular frames in a unified form

Aξ ei = λifi, A∗ξ fi = λiei, i = 0, 1, . . . , n,

λ0 = 0, λ1, . . . , λn ≥ 0.
(4)

The following lemma is easy to prove using (2) and (4).

Lemma 1.1 [12] At each point of ξ(M) ⊂ TM the orthonormal frames

ẽi =
1√

1 + λ2
i

(eh
i − λif

v
i ), i = 0, 1, . . . , n,

ñσ| =
1√

1 + λ2
σ

(
λσeh

σ + fv
σ

)
, σ = 1, . . . , n

(5)
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form the orthonormal frames in the tangent space of ξ(M) and in the normal
space of ξ(M) respectively.

Set
(∇XAξ)Y = ∇X(AξY )−Aξ∇XY.

If we introduce a half tensor of Riemannian curvature as

r(X, Y )ξ = ∇X∇Y ξ −∇∇XY ξ, (6)

we can easily see that
−(∇XAξ)Y = r(X,Y )ξ. (7)

Now, we are able to formulate a basic lemma for our considerations.

Lemma 1.2 [12] The components of second fundamental form of ξ(M) ⊂ T1M
with respect to the frame (5) are given by

Ω̃σ|ij = 1
2Λσij

{〈
r(ei, ej)ξ + r(ej , ei)ξ, fσ

〉
+

λσ

[
λj

〈
R(eσ, ei)ξ, fj

〉
+ λi

〈
R(eσ, ej)ξ, fi

〉]}
,

where Λσij = [(1 + λ2
σ)(1 + λ2

i )(1 + λ2
j )]
−1/2 (i, j = 0, 1, . . . , n; σ = 1, . . . , n).

Remark. We say that the given unit vector field is holonomic if ξ is a field
of unit normals for a family of hypersurfaces in M and non-holonomic otherwise.
If the integral trajectories of ξ are geodesics in M then ξ is called geodesic vector
field. Evidently, in the case of holonomic geodesic unit vector field, Aξ becomes
a usual shape operator for each hypersurface. In this case Aξ is self-adjoint
(symmetric), i.e.

〈
AξX,Y

〉
=

〈
X, AξY

〉
and thus A∗ξ = Aξ

with respect to some orthonormal frame. Let R(X, Y ) ξ =
[∇X ,∇Y

]
ξ−∇[X,Y ] ξ

be a curvature tensor of M . The non-holonomic shape operator satisfies the
non-holonomic Codazzi equation

R(X, Y )ξ = (∇Y Aξ)X − (∇XAξ)Y = r(X, Y )ξ − r(Y,X)ξ. (8)

These facts justify the terminology for the operator Aξ and the tensor r.

2 Proof of the main result.

In this section we will prove of the following theorem.

Theorem 2.1 Let ξ be a unit geodesic vector field on a unit sphere Sn+1. Then
ξ is totally geodesic vector field if and only if n = 2m and ξ is a Hopf vector
field3.

3The nesessary part of the result is true if the vector field satisfies a condition of covarian
normality, that is AξA∗ξ = A∗ξAξ.
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Sufficient part of the proof.
The sufficiency is a consequence of more general considerations involving the

properties of Killing and Sasakian structure vector fields. Remind that the Hopf
vector field is both Killing and Sasakian structure characteristic vector field.

We begin with Killing vector fields. Let M be (n+1)-dimensional a Rieman-
nian manifold admitting a Killing vector field ξ. Then Aξ is skew-symmetric

〈
AξX, Y

〉
= −〈

X, AξY
〉

and thus A∗ξ = −Aξ (9)

with respect to some orthonormal frame.
The field ξ is necessarily geodesic and evidently Aξξ = 0. For the singular

frames we have e0 = f0 = ξ and eα, fα ∈ ξ⊥ for all α = 1, . . . , n. Moreover, set
2m = rank Aξ. There exists an orthonormal frame

e0 = ξ, e1, . . . , em, em+1, . . . , e2m, e2m+1, . . . , n

such that

Aξ eα = λαem+α, Aξ em+α = −λαeα for α = 1, . . . , m

Aξe0 = 0, Aξeα = 0 for α = 2m + 1, . . . , n.
(10)

From the definition of the singular frame (4), we see that one may set

fα = em+α, fm+α = −eα for α = 1, . . . , m

f0 = e0, fα = eα for α = 2m + 1, . . . , n.
(11)

A unit vector field ξ is called normal if
〈
R(X, Y )Z, ξ

〉
= 0 and strongly

normal if
〈
(∇XA)Y, Z

〉
= 0 for all X, Y, Z ∈ ξ⊥ [7]. It is evident that each

strongly normal vector field is always normal. If ξ is a unit Killing vector field
the converse is also true.

Now we can essentially simplify the result of Lemma 1.2.

Lemma 2.1 Let ξ be a Killing vector field on a Riemannian manifold Mn+1.
Suppose that rankAξ = 2m. Denote eα (α = 1, . . . , n) a singular frame for
the field ξ satisfying (10) and (11). If ξ is (strongly) normal then the non-zero
components of a second fundamental form of ξ(M) ⊂ T1M are given by

Ω̃σ|m+σ 0 = −Ω̃m+σ|σ0 =
1
2

Kσ(1−Kσ)
1 + Kσ

σ = 1, . . . ,m,

where Kα are the sectional curvatures of Mn+1 along the planes ξ ∧ eα.

Proof. Since ξ is a Killing vector field then [4]

A∗ξAξX = R(X, ξ)ξ (12)

and hence, the right singular vectors for Killing vector field are the Jacobi fields
along ξ- geodesics. Let e1, . . . , en be an orthonormal frame of Jacobi fields.
Then

R(eα, ξ)ξ = Kαeα α = 1, . . . , n,

where Kα are the sectional curvatures of M along ξ ∧ eα planes.
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On the other hand, by definition of singular vectors

A∗ξAξeα = λ2
αeα.

Thus Kα = λ2
α ≥ 0.

Any Killing vector field ξ satisfies

r(X, Y )ξ
def
= −(∇XAξ)Y = R(X, ξ)Y. (13)

Therefore, Ω̃σ|00 =
〈
r(e0, e0)ξ, fσ

〉
= 0. Next, from the relation

λα

〈
eσ, fα

〉
=

〈
eσ, Aξeα

〉
= −〈

Aξeσ, eα

〉
= −λσ

〈
fσ, eα

〉

we find λαλσ

〈
eσ, fα

〉
= −λ2

σ

〈
fσ, eα

〉
and therefore

Ω̃σ|α0 = 1
2Λσα0

{〈
r(eα, e0)ξ + r(e0, eα)ξ, fσ

〉
+ λσλα

〈
R(eσ, e0)ξ, fα

〉}
=

1
2Λσα0

{〈
R(eα, ξ)ξ, fσ

〉
+ λσλα

〈
R(eσ, ξ)ξ, fα

〉}
=

1
2Λσα0

{
λ2

α

〈
eα, fσ

〉
+ λ3

σλα

〈
eσ, fα

〉}
=

1
2Λσα0

{
λ2

α

〈
eα, fσ

〉− λ4
σ

〈
eα, fσ

〉}
=

1
2

λ2
α−λ4

σ√
(1+λ2

σ)(1+λ2
α)

〈
eα, fσ

〉
.

Taking into account (11), we get

Ω̃σ|m+σ 0 = −Ω̃m+σ|σ0 =
1
2

Kσ(1−Kσ)
1 + Kσ

σ = 1, . . . , m. (14)

Since ξ is strongly normal,

r(eα, eβ)ξ ∼ ξ, R(eα, eβ)ξ = 0

for all α, β = 1, . . . , n. Therefore for the remain components we have Ω̃σ|αβ = 0.

One of the most important examples of Killing vector fields is a characteristic
vector field of Sasakian structure. Using Lemma 2.1 we can prove the following.

Lemma 2.2 Let M2m+1 be Sasakian manifold and ξ be a characteristic vector
field. Then ξ(M) is totally geodesic in T1M .

Proof. Let M2m+1 be an odd dimensional manifold admitting a unit vector
field ξ, linear operator ϕ and 1-form η such that

ϕ2X = −X + η(X)ξ, ϕξ = 0, η(ϕX) = 0, η(ξ) = 1

for any vector field X on M . A triple (ϕ, ξ, η) is called an almost contact
structure on M and the manifold is called an almost contact manifold.

If the almost contact manifold is Riemannian with metric g(·, ·) =
〈·, ·〉 and

〈
ϕX, ϕY

〉
=

〈
X, Y

〉− η(X)η(Y ), η(X) =
〈
X, ξ

〉
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for any vector fields X and Y on M then a tetrad (ϕ, ξ, η, g) is called an almost
contact metric structure and the manifold is called an almost contact metric
manifold. The almost contact metric structure is said to be contact if dη(X, Y ) =〈
ϕX, Y

〉
for all X, Y .

The vector field ξ is called characteristic vector field of almost contact metric
structure. This field is always geodesic. If, in addition, ξ is a Killing vector field,
then the almost contact metric manifold is called K-contact. If, moreover, the
Riemannian curvature tensor R satisfies

R(X, Y ) ξ =
〈
ξ, Y

〉
X − 〈

ξ, X
〉
Y. (15)

for all vector fields X, Y on M , then the K-contact manifold is called Sasakian.
In Sasakian manifold

∇Xξ = ϕX, (∇Xϕ)Y =
〈
ξ, Y

〉
X − 〈

X, Y
〉
ξ = R(X, ξ)Y. (16)

The property (15) implies that the sectional curvature of M along the planes
involving characteristic vector field ξ is equal to 1 and ξ is a normal unit vector
field while (16) means that ξ is strongly normal. So, we may apply Lemma 2.1
and immediately get Ωσ|αβ ≡ 0.

Now the sufficient part of the Theorem 2.1 follows immediately from Lemma
2.2. Remark, that for the 3-dimensional manifold the we can prove a stronger
result.

Theorem 2.2 Let ξ be a unit Killing vector field on 3-dimensional Riemannian
manifold M3. If ξ(M3) is totally geodesic in T1M

3 then M3 is either Sasakian
and ξ is the characteristic vector field or M3 = M2×E1 metrically and ξ is the
unit vector field of Euclidean factor.

Proof. Indeed, (14) is true for any unit Killing vector field. If ξ(M3) is totally
geodesic, then there exist a Jacobi frame e1, e2 in ξ⊥ such that the sectional
curvatures Kξ∧e1 = Kξ∧e2 = K and K satisfies K(1 − K) = 0. Since e1 and
e2 are Jacobi fields along ξ-geodesics,

〈
R(e1, ξ)ξ, e2

〉
= 0 and therefore, for any

unit X in ξ⊥ it is easy to find that Kξ∧X ≡ K. Thus, all the sectional curvatures
along 2-planes involving ξ is equal either 0 or 1. The first case means that ξ is a
parallel vector field on M3. So, M3 = M2×E1 metrically and ξ is a unit vector
field of Euclidean factor. The second case means that M3 is K-contact which
means in dimension 3 that M3 is Sasakian and ξ is the characteristic vector
field.

The necessary part of the proof. Suppose now that ξ is geodesic vector
field generating a totally geodesic submanifold in T1S

n+1.
Since ξ is geodesic vector field,

r(eα, ξ)ξ = ∇eα∇ξξ −∇∇eαξξ = −A2
ξeα.

Since the manifold is of constant curvature 1,

r(ξ, eα)ξ = R(ξ, eα)ξ + r(eα, ξ)ξ = −eα −A2
ξeα,

λαλσ

〈
R(eσ, ξ)ξ, fα

〉
= λαλσ

〈
fα, eσ

〉
=

〈
Aξeα, A∗ξfσ

〉
=

〈
A2

ξeα, fσ

〉
.
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So we have

Ω̃σ|α0 = 1
2Λσα0

{
−2

〈
A2

ξeα, fσ

〉− 〈
eα, fσ

〉
+

〈
A2

ξeα, fσ

〉}
=

− 1
2Λσα0

〈
A2

ξeα + eα, fσ

〉
.

If ξ is a totally geodesic vector field, then
〈
A2

ξeα + eα, fσ

〉
= 0

for all α, σ = 1, . . . , n. This means that

A2
ξeα + eα = 0

for all α and therefore each eα is the eigenvector for the operator A2
ξ correspond-

ing to a common eigenvalue −1. Since Aξ is a real operator, its eigenvalues are
±i. In this case, with respect to some orthonormal frame, the matrix of Aξ|ξ⊥
takes a box-diagonal form with boxes of type4

(
0 ±1
∓1 0

)
.

This means that Aξ+A∗ξ = 0 and therefore, ξ is a Killing vector field on a sphere.
Evidently, the dimension has to be be odd and the field has to be Hopf’s one.

The proof is complete.

Remark. The Hopf vector field is totally geodesic on the unit sphere only.
If S2m+1(r) is a sphere of radius r, then ξ is not Sasakian structure vector field
but still unit Killing normal vector field satisfying Kσ = 1

r and therefore

Ω̃σ|00 ≡ 0, Ω̃σ|αβ ≡ 0,

Ω̃σ|m+σ0 = −Ω̃m+σ|σ0 =
1

2 (1 + 1
r2 )3/2

1
r2

(1− 1
r2

) (α, β, σ = 1, . . . , m).

Thus, if r 6= 1 then ξ does not generate a totally geodesic submanifold. Never-
theless, it stays minimal.

3 Stability of the Hopf vector field.

3.1 General formula and preparations.

Let Mn be a submanifold in a Riemannian space Rm. Denote by ∇⊥ a covariant
derivative in normal bundle connection. Let ei (i = 1, . . . , n) be an orthonormal
frame on Mn and η be a normal variation field along Mn. Denote by ki(η)
an i-th principal normal curvature of Mn with respect to η and K(ei, η) the
sectional curvature of Rm along a plane ei∧η. Then the volume second variation
of Mn with respect to η is given by [3]

δ2V ol(η) =

∫

Mn

{
n∑

i=1

〈∇⊥ei
η,∇⊥ei

η
〉− |η|2

(
−

∑

i,j; i 6=j

ki(η)kj(η) +
n∑

i=1

K(ei, η)
)}

dV.
(17)

4With additional condition of covariant normality (see the footnote on page 4)
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To apply the formula (17) to our case we should find the normal bundle
connection for the submanifold ξ(S2m+1) ⊂ T1S

2m+1.

Lemma 3.1 Let X and Y be arbitrary vector fields on Sn+1 (n = 2m). Denote
Y ⊥ = Y − 〈

ξ, Y
〉
ξ. Then, with respect to the Hopf unit vector field ξ,

∇̄Xτ
ξ
Y ν

ξ =
(∇XY ⊥)ν

ξ
− 1

2
〈
ξ, X

〉(
AξY

⊥)ν

ξ
,

where ∇̄ means a covariant derivative with respect to the Levi-Civita connection
on T1S

n.

Proof. With respect to the Levi-Civita connection ∇̄ on T1M we have [1]

∇̄
XhY h = (∇XY )h − 1

2
(
R(X, Y )ξ

)t
, ∇̄

XhY t = (∇XY )t +
1
2
(
R(ξ, Y )X

)h
,

∇̄XtY h =
1
2
(
R(ξ, X)Y

)h
, ∇̄XtY t = −〈

Y, ξ
〉
Xt.

Using this formulas, we get

∇̄Xτ
ξ
Y ν

ξ = ∇̄
Xh(A∗ξY )h + ∇̄

XhY t − ∇̄(A∗ξX)t(A∗ξY )h − ∇̄(A∗ξX)tY t =
[
∇X(AξY ) +

1
2
R(ξ, Y )X − 1

2
R(ξ, AξX)A∗ξY

]h

+
[
∇XY − 1

2
R(X,A∗ξY )ξ +

〈
Y, ξ

〉
AξX

]t

.

Since ξ is a Killing vector field, (9) and (13) are fulfilled and we have

∇̄Xτ
ξ
Y ν

ξ =
[−(∇XAξ)Y −Aξ(∇XY ) + 1

2R(ξ, Y )X + 1
2R(ξ, AξX)AξY

]h +
[∇XY + 1

2R(X,AξY )ξ +
〈
Y, ξ

〉
AξX

]t =
[
R(X, ξ)Y + 1

2R(ξ, Y )X + 1
2R(ξ,AξX)AξY

]h +
[
1
2R(X,AξY )ξ +

〈
Y, ξ

〉
AξX

]t + (∇XY )ν
ξ .

Since R is a curvature tensor of a unit sphere and keeping in mind (9) and (12),
we continue

∇̄Xτ
ξ
Y ν

ξ =
[〈

ξ, Y
〉
X − 1

2

〈
X,Y

〉
ξ − 1

2

〈
ξ,X

〉
Y + 1

2

〈
AξX,AξY

〉
ξ
]h +

[− 1
2

〈
ξ, X

〉
AξY +

〈
ξ, Y

〉
AξX

]t + (∇XY )ν
ξ =

[〈
ξ, Y

〉
X − 1

2

〈
X, Y

〉
ξ − 1

2

〈
ξ, X

〉
Y + 1

2

〈
X, Y

〉
ξ−

1
2

〈
ξ, X

〉〈
ξ, Y

〉
ξ
]h +

[− 1
2

〈
ξ, X

〉
AξY +

〈
ξ, Y

〉
AξX

]t + (∇XY )ν
ξ =

[〈
ξ, Y

〉(
X − 〈

ξ, X
〉
ξ
)− 1

2

〈
ξ,X

〉(
Y − 〈

ξ, Y
〉
ξ
)]h +

[− 1
2

〈
ξ, X

〉
AξY +

〈
ξ, Y

〉
AξX

]t + (∇XY )ν
ξ =

[〈
ξ, Y

〉(
A∗ξAξX)− 1

2

〈
ξ, X

〉(
A∗ξAξY

)]h

+
[− 1

2

〈
ξ, X

〉
AξY +

〈
ξ, Y

〉
AξX

]t + (∇XY )ν
ξ =

(∇XY )ν
ξ +

〈
ξ, Y

〉(
AξX

)ν

ξ
− 1

2

〈
ξ, X

〉(
AξY

)ν

ξ
.
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Consider, now,
(∇XY ⊥)ν

ξ .

(∇XY ⊥)ν
ξ =

[
A∗ξ∇XY ⊥]h +

[∇XY ⊥]t =
[
A∗ξ∇X

(
Y − 〈

ξ, Y
〉
ξ
)]h

+
[∇X

(
Y − 〈

ξ, Y
〉
ξ
)]t =

[
A∗ξ∇XY +

〈
ξ, Y

〉
A∗ξAξX

]h

+
[∇XY +

〈
ξ, Y

〉
AξX

]t =

(∇XY )ν
ξ +

〈
ξ, Y

〉(
AξX

)ν

ξ
.

Since Aξ ξ = 0, we see that AξY = AξY
⊥ . Comparing the results, we get

∇̄Xτ
ξ
Y ν

ξ =
(∇XY ⊥)ν

ξ −
1
2
〈
ξ, X

〉(
AξY

⊥)ν

ξ

what was claimed.

Remark. As we see, the tangent component of the latter derivative is zero,
which gives another proof of totally geodesic property of the Hopf vector field.

Since Y ν
ξ = (Y ⊥)ν

ξ , we may consider only the vectors from ξ⊥ in all ξ-normal
lifting operations. So, keep this in mind in what follows.

Corollary 3.1 Let ∇̄⊥ denote a covariant derivative in normal bundle of ξ(M).
If ξ is a Hopf vector field on the unit sphere Sn+1 (n = 2m) then

∇̄⊥Xτ
ξ
Y ν

ξ =
(∇XY )ν

ξ −
1
2
〈
ξ, X

〉(
AξY

)ν

ξ
= −〈

ξ, X
〉
Y h + 2

(∇XY
)t

, (18)

for any X and Y ∈ ξ⊥.

Proof. Indeed, if ξ is a Hopf vector field for any Y, Z we have
〈〈

Y ν
ξ , Zν

ξ

〉〉
=

〈
A∗ξY, A∗ξZ

〉
+

〈
Y, Z

〉− 〈
ξ, Z

〉〈
ξ, Y

〉
=

2
〈
Y, Z

〉− 2
〈
ξ, Z

〉〈
ξ, Y

〉
.

Let Y, Z ∈ ξ⊥. Then by Lemma 3.1 and (9)
〈〈∇̄Xτ

ξ
Y ν

ξ , Zν
ξ

〉〉
=

〈〈(∇XY )ν
ξ − 1

2

〈
ξ, X

〉(
AξY

)ν

ξ
, Zν

ξ

〉〉
=

2
〈∇XY − 1

2

〈
ξ, X

〉
AξY, Z

〉− 2
〈∇XY, ξ

〉〈
ξ, Z

〉
=

2
〈∇XY − 〈∇XY, ξ

〉
ξ, Z

〉
+

〈
ξ,X

〉〈
Y, AξZ

〉
=

〈〈
2 (∇XY )t, Zt

〉〉− 〈〈 〈
ξ, X

〉
Y h,−(AξZ)h

〉〉
〈〈− 〈

ξ,X
〉
Y h + 2(∇XY )t, (A∗ξZ)h + Zt

〉〉
=

〈〈− 〈
ξ,X

〉
Y h + 2(∇XY )t, Zν

ξ

〉〉
.

Since Z is arbitrary, we get the result.
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3.2 Second variation of the volume for the Hopf vector
field.

Let ξ be a given unit vector field on Mn+1. Then the vector field η̃ = (η)ν
ξ

can be considered as a field of volume variation for the submanifold ξ(Mn+1),
where η is an arbitrary vector field in ξ⊥. For the case of the Hopf vector field
on Sn+1 (n = 2m), we may choose

ẽi =
1

||(ei)τ
ξ ||

(ei)τ
ξ =





eh
0 for i = 0 ,

1√
2

(
eh
α + f t

α

)
for α = 1, . . . , n,

(19)

where e0, e
1, . . . , en, f0, f1, . . . , fn form the singular bases for the Aξ- operator,

as an orthonormal tangent frame of ξ(Sn+1). Since ξ(Sn+1) is totally geodesic,
the Duschek formula (17) obtains the form

δ2V ol(η̃) =
∫

Sn+1

{
n∑

i=0

‖∇⊥ẽi
η̃ ‖ − ‖η̃ ‖2

n∑

i=0

K̃(ẽi, η̃)

}
dV, (20)

where ∇̄⊥ẽi
is given by (18) and K̃ is given by [2]

K̃(X̃, Ỹ ) =
〈
R(X1, Y1)Y1, X1

〉− 3
4

∣∣ R(X1, Y1)ξ
∣∣2+

1
4

∣∣ R(ξ, Y2)X1 + R(ξ, X2)Y1

∣∣2 + |X2|2|Y2|2 −
〈
X2, Y2

〉2+

3
〈
R(X1, Y1)Y2, X2

〉− 〈
R(ξ, X2)X1, R(ξ, Y2)Y1

〉
+

〈
(∇X1R)(ξ, Y2)Y1, X1

〉
+

〈
(∇Y1R)(ξ, X2)X1, Y1

〉
,

(21)

for an orthonormal basis X̃ = Xh
1 + Xv

2 , Ỹ = Y h
1 + Y v

2 ( X2, Y2 ∈ ξ⊥) of a
2-plane tangent to T1S

n+1.

Lemma 3.2 Let ξ be the Hopf vector field on Sn+1 (n = 2m). Let η ∈ ξ⊥

generates a normal volume variation η̃ = (η)ν
ξ for the submanifold ξ(Sn+1) ⊂

T1(Sn+1). Let e0 = ξ, e1, . . . , en is a right singular frame for the operator Aξ.
Then, the Duschek formula (17) can be reduced to the form

δ2V ol(η̃) =
∫

Sn+1

{
4|∇e0η |2 + 2

n∑
α=1

|∇eαη |2 − 2n− 1
2

|η |2
}

dV, (22)

Proof. Denote ∇̄⊥ the normal bundle connection for ξ(Sn+1). Prove, first,
that

n∑

i=0

‖∇̄⊥ẽi
η̃ ‖ = 4|∇e0η |2 + 2

n∑
α=1

|∇eαη |2 − |η |2.

Applying (18) and keeping in mind (19), we find

∇̄⊥ẽ0
η̃ = −(η)h + 2(∇e0η)t

∇̄⊥ẽα
η̃ =

√
2 (∇eαη)t

11



Therefore
n∑

i=0

‖∇̄⊥ẽi
η̃ ‖ = |η |2 + 4 |∇e0η |2 + 2

∑n
α=1

(
|∇eαη |2 − 〈∇eαη , ξ

〉2
)

=

|η |2 + 4 |∇e0η |2 + 2
∑n

α=1

(
|∇eαη |2 − 〈

η ,∇eαξ
〉2

)
=

|η |2 + 4 |∇e0η |2 + 2
∑n

α=1 |∇eαη |2 − 2
∑n

α=1

〈
η , fα

〉2 =

|η |2 + 4 |∇e0η |2 + 2
∑n

α=1 |∇eαη |2 − 2 |η |2 =

4 |∇e0η |2 + 2
∑n

α=1 |∇eαη |2 − |η |2

and the proof is complete.
Now prove that

‖η̃ ‖2
n∑

i=0

K̃(ẽi, η̃ ) =
1
2
|η |2 + (n− 2) |η |2.

The sectional curvature of T1M
n is given by (21) in presumption that X̃ and

Ỹ are orthonormal. To find ‖η̃ ‖2K̃(ẽi, η̃ ) we can use (21) setting Ỹ = η̃ and
keeping in mind that η̃ is of arbitrary length.

Now set ζ = Aξη and then η̃ = ζh + ηt. Evidently,
〈
η, ζ

〉
= 0,

〈
η, ξ

〉
=

〈
ζ, ξ

〉
= 0, |η | = |ζ|. (23)

Set X̃ = ẽ0 = eh
0 and Ỹ = ζh + ηt. Then

‖η̃ ‖2K̃(ẽ0, η̃ ) =
〈
R(e0, ζ)ζ, e0

〉− 3
4

∣∣ R(e0, ζ)ξ
∣∣2 +

1
4

∣∣ R(ξ, η)e0

∣∣2 =

|ζ|2 − 3
4
|ζ|2 +

1
4
|η |2 =

1
2
|η |2

To find K̃(ẽα, η̃ ) for α = 1, . . . , n we set X̃ = 1√
2
(eh

α + f t
α) and therefore

X1 =
1√
2
eα, X2 =

1√
2
fα, Y1 = ζ, Y2 = η

in application of (21). Thus we have

‖η̃ ‖2K̃(ẽα, η̃) =
1
2

〈
R(eα, ζ)ζ, eα

〉− 3
8

∣∣ R(eα, ζ)ξ
∣∣2+

1
8

∣∣ R(ξ, η)eα + R(ξ, fα)ζ
∣∣2 +

1
2
|η |2 − 1

2
〈
fα, η

〉2+

3
2
〈
R(eα, ζ)η, fα

〉− 1
2
〈
R(ξ, fα)eα, R(ξ, η)ζ

〉
.

Now set ηα =
〈
η, fα

〉
. Then ζα =

〈
ζ, eα

〉
= −〈

η, fα

〉
= −ηα. Keeping in mind

(23) we get

‖η̃ ‖2K̃(ẽα, η̃) =
1
2
|η |2 − 1

2
(η α)2 +

1
8

∣∣〈eα, η
〉

+
〈
fα, ζ

〉∣∣2 +
1
2
|η |2−

1
2 (η α)2 − 3

2

〈
eα, η

〉〈
fα, ζ

〉
= |η |2 − (η α)2 − 〈

η, eα

〉2
.
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It is also easy to see that

n∑
α=1

(η α)2 =
n∑

α=1

〈
η, eα

〉2 = |η |2.

Hence we have

‖η̃ ‖2
(

K̃(ẽ0, η̃) +
n∑

α=0

K̃(ẽα, η̃)

)
=

1
2
|η |2 + (n− 2) |η |2.

Combining the results we get what was claimed.

Proposition 3.1 The Hopf vector field on the unit 3-sphere is stable.

Proof. Since the subspace of right (and left) singular frames for the Hopf
vector field coincides with ξ⊥, we may choose the other two Hopf vector fields
on S3 as e1 and e2. Then

∇e1e1 = 0, ∇e1e2 = −e0,
∇e2e1 = e0, ∇e2e2 = 0.

(24)

Set η = η1e1 + η2e2. Set |grad η α|2 =
(
e1(η α)

)2 +
(
e2(η α)

)2 (α = 1, 2). Then,
using (24) we find

2∑
α=1

|∇eαη |2 =
n∑

α=1

| grad η α|2 + |η |2.

Therefore,

δ2V ol(η̃) =
∫

Sn+1

{
4|∇e0η |2 + 2

n∑
α=1

|grad η α|2 +
1
2
|η |2

}
dV > 0

which means that ξ(S3) is stable.

Proposition 3.2 The Hopf vector field on the unit n-sphere for n = 2m+1 > 3
is unstable.

Proof. Choose the vectors of the singular frame such that e0 = ξ while the
other e1, . . . , e2m are the horizontal lifts of vectors of orthonormal frame qk of

CPm with respect to the Hopf fibration S2m+1 S1

−→ CPm. Then ∇qk
qj = 0 and

Jq2k = q2k+1 (k, j = 1, . . . , m) for complex structure of CPn (see [8]). Then
along the fiber, i.e. along the integral curves of e0 = ξ, the following table of
non-zero covariant derivatives can be achieved [8, 10].

∇e0e2k = e2k−1, ∇e0e2k−1 = −e2k,

∇e2k
e0 = e2k−1, ∇e2k−1e0 = −e2k

∇e2k−1e2k = e0, ∇e2k
e2k−1 = −e0,

13



where k = 1, . . . ,m.
Let η = η 2k−1e2k−1 + η 2ke2k be a variation field. Then, using a table of

derivatives, we find

∇e0 η =
(
e0(η 2k−1) + η 2k

)
e2k−1 +

(
e0(η 2k)− η 2k−1

)
e2k−1

∇e2t−1 η = e2t−1(η 2k−1) e2k−1 + e2t−1(η 2k) e2k + δst η 2k e0

∇e2t η = e2t(η 2k−1) e2k−1 + e2t(η 2k) e2k − δkt η 2k−1 e0,

where δkt is the Kronecker symbol.
Set

|grad η σ|2 =
n∑

α=1

[
eα(η σ)

]2
.

Then
n∑

α=1

|∇eα
η |2 =

n∑
σ=1

|grad η σ|2 + |η |2

and

|∇e0η |2 =
m∑

k=1

[(
e0(η 2k)− η 2k−1

)2 +
(
e0(η 2k−1) + η 2k

)2
]
.

To prove the instability, we should find variation field η providing a negative
sign for the second volume variation. So, choose

η = cos te2k−1 + sin te2k,

where t is an arc-length parameter on e0-curves. Then

∇e0η = 0, grad η σ = 0

and for the integrand in the Duscheck formula (22) we have

5− 2n

2
|η |2 < 0

for n > 2, which completes the proof.

4 Sectional curvature of the Hopf vector field.

Since the Hopf vector field is totally geodesic in T1S
n+1, the sectional curva-

ture of ξ(Sn+1) is completely defined by the curvature of T1S
n+1 along the

planes, tangent to ξ(Sn+1). We can easily find it applying (3) and (21) to the
Hopf vector field. Remind that the Hopf vector field is a characteristic one for
the contact metric structure on the spheres. In contact metric geometry, the
sections, containing characteristic vector field, are called ξ-sections, while the
sections of type X ∧ ϕX for X ∈ ξ⊥ are called ϕ-sections. Using the notion of
ξ-tangential lift (3), for any X ∈ ξ⊥ we call a 2-plane Xτ

ξ ∧(ξ)τ
ξ as a ξ-tangential

lift of ξ-section and a 2-plane Xτ
ξ ∧ (∇Xξ)τ

ξ , as a ξ-tangential lift of ϕ-section.
The following assertion holds.
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Theorem 4.1 The sectional curvature of ξ(S2m+1) for the Hopf vector field
varies between 1

4 and 5
4 . The curvature is minimal for ξ-tangential lift of ξ-

section and maximal for ξ-tangential lift of ϕ-section

The proof is elementary consequence of the Proposition below. It should be
mentioned that the curvature of T1S

n+1 varies between 0 and 5/4 [13]. The
theorem clarifies geometrical meaning of the maximal curvature. The mini-
mal curvature is, geometrically, the ξ-sectional curvature of natural Sasakian
structure on T1S

n+1 (which,as well known, equals to 1/4 after rescaling).

Proposition 4.1 Let ξ be the Hopf vector field on Sn+1 (n = 2m). Let Xτ
ξ , Y τ

ξ

be ξ-tangential lifts of orthonormal vectors X and Y respectively. The sectional
curvature K̃(Xτ

ξ , Y τ
ξ ) of ξ(Sn+1) along the 2-plane (Xτ

ξ , Y τ
ξ ) is given by

K̃(Xτ
ξ , Y τ

ξ ) =
1− 3

4
[ 〈

ξ,X
〉2 +

〈
ξ, Y

〉2 ]
+

3
2

〈
AξX, Y

〉2

2− [ 〈
ξ,X

〉2 +
〈
ξ, Y

〉2 ]

Proof. Let X and Y be unit mutually orthogonal vector fields on Sn+1.
Then Xτ

ξ = Xh − (AξX)t and Y τ
ξ = Y h − (AξY )t form a basis of elementary

2-plane, tangent to ξ(Sn+1). This basis is not orthonormal, since

‖Xτ
ξ ‖2 = |X|2 + |AξX|2 = 2− 〈

ξ, X
〉2

,

‖Y τ
ξ ‖2 = |Y |2 + |AξY |2 = 2− 〈

ξ, Y
〉2

,
〈〈

Xτ
ξ , Y τ

ξ

〉〉
=

〈
X, Y

〉
+

〈
AξX, AξY

〉
= −〈

ξ,X
〉〈

ξ, Y
〉
.

Therefore, the norm of bivector Xτ
ξ ∧ Y τ

ξ is

‖Xτ
ξ ∧ Y τ

ξ ‖ = 4− 2
〈
ξ, X

〉2 − 2
〈
ξ, Y

〉2
. (25)

Now set X1 = X, Y1 = Y, X2 = AξX, Y2 = AξY and apply (21). We have
〈
R(X1, Y1)Y1, X1

〉
= 1,

∣∣ R(X1, Y1)ξ
∣∣2 =

∣∣〈ξ, Y 〉
X − 〈

ξ, X
〉
Y

∣∣2 =
〈
ξ, Y

〉2 +
〈
ξ, Y

〉2
,

∣∣ R(ξ, Y2)X1 + R(ξ,X2)Y1

∣∣2 =
∣∣〈AξY,X

〉
ξ − 〈

ξ, X
〉
AξY +

〈
AξX, Y

〉
ξ − 〈

ξ, Y
〉
AξX

∣∣2 =
〈
ξ,X

〉2|AξY |2 +
〈
ξ, Y

〉2|AξX|2+
2

〈
ξ, X

〉〈
ξ, Y

〉〈
AξX, AξY

〉
=

〈
ξ, X

〉2(1− 〈
ξ, Y

〉2 ) +
〈
ξ, Y

〉2(1− 〈
ξ, X

〉2 )−
2

〈
ξ, X

〉2〈
ξ, Y

〉2 =
〈
ξ,X

〉2 +
〈
ξ, Y

〉2 − 4
〈
ξ,X

〉2〈
ξ, Y

〉2
,

|X2|2|Y2|2 −
〈
X2, Y2

〉2 = |AξX|2|AξY |2 −
〈
AξX,AξY

〉2 =

(1− 〈
ξ, X

〉2 )(1− 〈
ξ, Y

〉2 )− 〈
ξ, X

〉2〈
ξ, Y

〉2 = 1− 〈
ξ, X

〉2 − 〈
ξ, Y

〉2
,

〈
R(X1, Y1)Y2, X2

〉
=

〈− 〈
AξY, X

〉
Y, AξX

〉
=

〈
AξX,Y

〉2
,

〈
R(ξ,X2)X1, R(ξ, Y2)Y1

〉
=

〈 〈
ξ,X

〉
AξX,

〈
ξ, Y

〉
AξY

〉
= −〈

ξ, X
〉2〈

ξ, Y
〉2

.
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Substituting the latter equalities into (21) and dividing the result by (25), we
get

K̃(Xτ
ξ , Y τ

ξ ) =
1− 3

4
[ 〈

ξ,X
〉2 +

〈
ξ, Y

〉2 ]
+

3
2

〈
AξX, Y

〉2

2− [ 〈
ξ,X

〉2 +
〈
ξ, Y

〉2 ]
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