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NPEAUCJIOBUE KO BTOPOMY W3JAHUIO

Hacrosimee u31aHue KHArM OTJMYAETCa OT NEpPBOro M3ia-
Has (1955 r.). VameHeHus BHECEHB NOYTH BO BCE PasieJibl
KHUIH. DTN M3MEHEHHs HOCAT PasJHuHBIM Xapaktep. B omnux
Clyyasx YJyulUEHB J0Ka3aTeabCTBA, B APYTHX — H3MEHEH
NOpANOK MBJOXEHUS, B TPETbUX — H3JIONKEHHE MONOJHEHO
WINOCTPUPYIOLIMMY NMPUMEPAMU M PUCYHKaMH.

OcHoBHBIE BONPOCH KypCa, COOTBETCTBYIOIIME NPOrpaMme
¢u3NKO-MaTEMaTHYECKUX (PAKY/NbTETOB, B KHHI€ H3JIOXCHHI
BOCTaToyHo noapo6xo. Martepuan, BeixOAAWUH 8a MpPENEB!
NpOrpaMMbl, NOAaH, KaK INpPaBWo, B ONHCATEAbHOM TIJIaHE.

Asmop

NPEJAUCJIOBUE K TPETbEMY U3JAHUIO

Hacrosiiuee wnszaHHe KHAMM OTJIHYAETCAd OT NPEIBLAYLIErO
(1956) wneGoJpluNMM YCOBEPLIEHCTBOBAHUAMM B psAle JOKasa-
TeabCTB. CyWeCTBEHHO HBMEHEHO TOJLKO MBJIOXeHHe BOmpoca
06 oruGarwouiet onHonapamerpuqecxoro CeMelCTBa KpPUBHIX M
NOBEpPXHOCTEMH,

Asmop



BBEJEHUE

Iluddepenunaipras reoMeTpusi — 3TO 4acThb MaTeMaTHKH,
KOTopas u3yuyaeT reoMeTpuueckse oOpasbl, B NMEpBYIO ouepens
KpUBHIE W TOBEPXHOCTH, @ TaKXKe CeMelCTBa KPUBHX M MO-
BepXHOCTEH MeTomaMH aHalu3a OeCKOHEeYHO MaJanX. Xapax-
TEpHBIM 1J5  Ju(depeHunaJpHOl  reomMeTpun  sBJASeTCs  TO,
YTO OHAa M3y4aeT Mpexae BCEro CBOHCTBA KPHUBHX M MOBEDX-
HOCTEH «B MaJoOM», T. € CBOHCTBAa CKOJb YroAHO MaJjbixX
KYCKOB KPHBRIX H NOBEpXHOCTE.

Indgepenunaibphas reoMeTpus BO3HHKJIA W Pa3BUBAJIaCh
B TECHOHf CBSI3U € aHATU30M, KOTOPHIH CaM B 3HAYHTEAbHOH
CTeNMeHH BHIPOC W3 3aJay reoMeTpun. Muorme reomerpuue-
CKHe TIOHATHS MNPEAINECTBOBAJIM COOTBETCTBYIOUIUM MOHSATHAM
anaau3a. Tak, Hanpumep, NOHATHE KacaTeabHOH NpeNecTBO-
BaJO MOHATHIO NPOW3BOAHOH, MOHsTHE NJoWLanK M o6bema —
TIOHATHIO HHTErpaJna.

BosuukHoBeHue aupdepeHnnalpHoll reoMeTpHR OTHOCHTCS
k nepsoit noaosuHe XVIII Beka » cCBf3aHO € uMeHamu
JI. dtinepa u I. Monxa. Ilepsoe cBomHOE CcounHeHne MO
Teopui mnoBepxHocTedl Obo Hanucano Mowxem («ITpusosxe-
HUe aHaianm3a K reomerpumy, 1795 r.).

B 1827 r. T'aycc onyGaukoBan pabory «OOuiee ucciaeno-
BaHWE O KDHBHX IMOBEPXHOCTSIX», KOTOPOH 3a/10XMJ OCHOBHI
TEOpMH TNOBepXHOCTEH B ee coBpemeHHoM Buge. C Tex mop
nuddepenunaipHas reoMeTpus nepecrana ObTh TOJBKO NpH-
JIOXKCHHWEM aHa/NM3a W 3aHsAJa CaMOCTOATeNbHOE MEeCTO B Mare-
MaTHKe.

Otkputue H. W. JloGaueBckuM HeeBK/INOOBOH reoMeTpnu
CHIPaJO OTPOMHYIO DOJib B Pa3BUTHK BCEH reoMerpuy, B TOM
yucne n pugdepenunansHoit. Tak, B 1854 r. b. Pumau csoeit
aAexuvel «O runoresax, JeXalMX B OCHOBAHHAX TEOMETPUM»
3aJi0UJ OCHOBB TAaK Ha3hiBaeMOH pHMaHOBOH reomerpuy,



8 BBEINEHME

KOTOpast B NPHMEHEHMH K MHOTOMEDHBIM MHOrooOpasmusM Ha-
XOINTCR B TaKOM Xe€ OTHOIUEHHH K TEOMETPHU A-MEPHOTO
€BKJINJOBA TNPOCTPAHCTBA, KAaK BHYTPEHHSS TEOMETPHs Npo-
U3BOJIPHOM TNOBEPXHOCTH K €BKJAWIOBOH reOMETpHM HAa IJIO-
CKOCTH.

Teopernko-rpynnoBas Touka 3pedus . Kieiina, wusno-
JeHHas B ero «3pJianreHckod nporpamme» (1872 r.), B npm-
MEHeHun K angdepenHunasbHoit reomeTpun Obiia  pasBuTa
9. KapTaHoM, MOCTPOMBLINM TEOPHIO NPOCTPAHCTB MPOEKTHB-
Ho#t M addunHOR CBASHOCTH.

B Poccun wmxkoay nu¢pdepeHunajbHol reoMeTpud €osnadn
®. "Munmuur u K. M. IlerepcoH, oCHOBHbiE wuccaenoBaHus
KOTOPHIX MOCBSIIEHH BONMPOCaM M3ruGaHus MOBEPXHOCTeH.
9T uccaenosaHns ObM NPOJOMKEHH B paboTaXx MHOrux
. PYCCKHX ¥ COBETCKHX T€OMETPOB.

B ocHOBY HacTosimiell KHHMH HOJIOXKEHb JEKIHMH aBTopa
no JuddepeHunaspHOR reomMeTpud Ha  (HU3UKO-MaTEMaTHue-
ckom (rakyapTere XapbKOBCKOTO YHuBEpcuTeTa. ABTOp npe-
caefoBad 1eb  NaTh CTPOroe M3JoXeHue OCHOB, nuddepen-
‘NMadbHOH reOMETpUM W THINHYHBIX I/ HEe MEeTONOB MHCCJEeNo-
BaHM#, HE Hapyllas NpPH STOM SHAYHTE/NbHO YCTAHOBHUBIIHMXCH
Tpaguuuil. DBouasliofl ¢axTuyeckuit marepuan no anddepen-
HMaTbHOM TEOMETPUM BHIHECEH B YNpPa)XKHEHWS W 3alauu, pelle-
RiE€ KOTODHIX fBISETC 00s3aT€NbHbIM YCJIOBHEM NPH MOAro-
TOBKE CTYIEHTOB-T€OMETDPOB.



YACTb NMEPBAY
TEOPUSl KPHBbIX

TNTABA I
MOHSAITUE KPUBO#

Kpupas gaBJls€TC OOHHM ¥3 OCHOBHHX OGBEKTOB, pac-
cMarpuBaeMbix B nudepeHunaibHoll reomerpun. B Hacroswei
F1aBe Mbl BHISICHAM TIOHSITHE KPHBOH B TOH Mepe, B Kako#t
sTOro TpebyeT malbHelllee WNSJTOKEHHE,

§ 1. DaemenTapuan kpusas. Ilpoctas kpusas.
O6mas xpuas.

Onpenenennio NOHATUSI KPUBOH MBI MPEANOUITIEM HEKOTOPHIE
cBeneHust 06 0TOOpaXEeHUsIX NMPOU3BOJLHOIO MHOXKECTBA TOYEK
B NPOCTPAHCTBO.

Ilycte M — mo6Goe MHOXECTBO TOYEK NMpocTpaHcTBa. Io-
BOPAT, UTO SanaHo omolpascenue f muHoxectsa M B npo-
CTPAHCTBO, €Cu Kaxao# Touke X MHOXecTBa M mocTaBsJjieHa
B COOTBETCTBHE HEKOTOpas Touka f(X) mpocrpanctsa. Tquka
npocrpancrsa f(X) HasmBaeTcs olpa3ox Touku X. Muoxe-
cTBO TOueK f(M), cocraBneHHOE U3 06pasoB BCEX TOYEK MHO-
wecTBa M, HaswpiBaeTCs o6pa3on MHOxecTBa M.

Otobpaxenne f MHO:KeCTBa M HasHBaerca 00Ho-00HO-
3Ha4HbLM, eclmu 00pasnl PasAUUYHBIX TOueK pasauuHe. IIycts
J— onno-omnosnayHoe oToOpaxenue. Torma eCTECTBEHHBIM
ofpasom onpesneneno orobpdxenne f! muoxecrsa f(M), Ko-
TOopoe Touke f(X) comocraBaser TOuKy X. DTO OTOGpaNKeHue
HasbiBaeTcs obpamubiim K f.

Oro6paxenne f MHOXeCTBa M Ha3biBAETCS HeNpepslBHbIM,
ecan, kakoBa Gsl HM Obina Touka X us M u umcao & >0,
CYLLECTBYET YHUCIO 8>O Takoe, 4TO HOJa moOo# Touku Y
w3 M paccrosuue Ttouku f(V) or f(X) meHblie e, Koub
Ckopo paccrosHue Y oT X MeHblue d.
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Tycts f— ONHO-ONHO3HAYHOE U HEMpephiBHOE OTOGpaXxe-
une M. Eciu oroGpaxenne f! muoxecrsa f(M) Takxe He-
npepsigno, TO f Ha3HIBAETCs MONOAOULECKUM OMmoOpasice-
nuem. OTHOCHTENBHO MHOXecTBa M u ero o6pasa f(M) mpu
TONOJIOTHYECKOM OoTOOpaxeHnn [ TOBOPSAT, YTO OHU 20.ME0-
MOPYIHEL W MONOAOUHECKU IKBUBAACHINHEL.

Onpenenum 3JeMEHTapHYIO KPUBYIO.

MHOXeCTBO 7 TOYEK MNPOCTPaHcTBa Mbl OyneMm Ha3meBaTh
M MERMAPHOL KpuBol, €Cin 3TO MHOXECTBO sBJSETCH 0oOpa-
B0M OTKDHITOrO OTpPE3Ka MNpsMOH NMpPH TOMOJOTMYECKOM OTO-
OpaxeHnu ero B NMPOCTPAHCTBO.

IMycts 7— snemenrtapHas KpuBast n a <t <_b — OTpesoK,
o6pa3oM KoToporo npu ortoGpawxennn f saBiaseTcs KpUBas.
Tlyers fi(f), fa(f) u f3(f)— KOOpIAMHATH TOUKH KDHUBOH, CO-
OTBeTCTBYlome# Touke ¢ oTpe3ka. CucreMy paBeHCTB

x=f@E), y=hL® 2=

Ha3HIBAIOT YPaBHEHUsMIL KDUBOH Y B MapaMeTpuuecko#t gopme.

MuoxectBo G Touek NIPOCTPAHCTBA HA3BIBAETCS ONLKPbLINLbIM,
€Cc/n 1/ Kawaoh TOouku X 5TOro MHOXECTBA MOXHO yKasaTb
yucno e >0 Takoe, YTO BCE TOYKH MPOCTPAHCTBA, paccros-
HUA KOTODHX oT X meHblue e, Toxe npuHamaexar (. Oue-
BHIHO, MHOXECTBO, COCTaBJeHHOe H3 JoOOH COBOKYNHOCTH
OTKPBHITHIX MHOXECTB, OyIET OTKDHITHIM.

Oxpecmuocmslo TOUKH X NMPOCTPAHCTBA HAa3HIBAETCA JO-
©00¢ OTKPHTOE MHOXECTBO, COIEpHKaIlee 3Ty TOUKY.

MhoxecTBO M TOUEK NMPOCTPaHCTBA HA3bIBAETCS LBASHBIM,
€Can He CYwecTByeT OTKPHTHX mHoxects G' u G”, pasbu-
Baromux MHoxectBo M Ha nse vacti — M u M’, onHa u3
KOTOPHX mpuHamiexana Ow Toapko G/, a Apyras — ToJb-
xo G”.

Onpenenum Tenepb NPOCTYIO KDPUBYIO.

MHOXECTBO | TOUEK TNPOCTPaHCTBAa MBI OyneM Ha3bIBaTh
npocmoil Kpusoill, €Ciu 5TO MHOXECTBO CBSISHO M Yy KawIoh
ero TOYKH X eCTh Takas OKPECTHOCTb, YTO DPaCrmoJsIOXEeHHasd
B HEH 4acTh | ABJAETCA 3JEMEHTapHOH KpuBOM.

CrTpoeHne TPOCTOH KPUBOH «B LEJIOM» BHISACHAETCH CJe-
aywoued reopemoit:

O0pa3 omkpsmo20 ompe3Ka UAl OKPYICHOCHU NpUl mo-
N0AOULECKOM OMOOPANHCEHUN 8 NPOCMPAHCMBO ecmb Npo-
cmas Kpusas.
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O6pamHo, awbasn npocmas Kpusas ecms ofpa3 omypwl-
mo20 ompe3Ka UAU OKPYXCHOCMIU NP MONOA0ULECKOM
omoOlpagcenun 8 npocmparcmso. KopoTko 3TO BhHpaxaoT
COBAMHE: HPOCHMIASA KPUBAS 20 MEOMOPPHA UMl OMKPbMOMY
ompe3Ky UuAl OKPYHCHOCMU.

Mzl He OyzeM NPHBOAMTL NCKAa3aTelbCTBO 3TOH TEOPEMSI.
3ameTdM TOJBKO, UYTO YKasaHHOE€ B He#l CBOWCTBO INpPoOCTO#t
KpuBOH OBTb TOMEOMOP(HOR OTKPHTOMY
OTPE3KY WJH OKPYXHOCTH TMOJHOCTHIO Xa-
pakTepusyer ee M, CJeloBaTe]bHO, NpoCcTas
KpmBas MOXeT OHTb onpeleieHa STHM CBOH-
CTBOM.

ITpocras xpusas, roMmeoMop(dHas OKPYxK-
HOCTH; Ha3bIBAETCA 3AMKHYMOI.

OKpECTHOCTBIO TOuKu X Ha NPOCTOH Kpu-
BOH 7 HasmBaercs oOmias 4acTb KPWBO# ¥ U
HEKOTOPOH HPOCTPaHCTBEHHON OKDPECTHOCTH Puc. L
Toukn X. Cor/lacHO OmpenesneHnio y Kax-
noft TOUKM MpOCTOH KpHBOH €CTb OKPECTHOCTb, SIBJASIOLIAsiCS
saemeHTapHolt kpusoit. B manbHediuem, rosops 06 OKpPECTHO-
CTH TOYKH Ha KpuBOH, MBI OyJAeM HMeTb B BHIY TaKylO 3Je-
MEHTapHYI0 OKPeCTHOCTh (puc. 1).

Ilycte mpocras KpuBas 7 sBaseTcs 06pPasoM OTKPHTOTO
OTPe3Ka MJAU OKPYKHOCTH g NPU TOMOJOTMYECKOM OTOOpaxe-
nun f. Ilycts X — npousBo/ibHas TOUKAa g W o — mobas ee
okpectHocTb. Torga o6pas o npu oToGpaxenwn f sBiasercs
OKpecTHOCTBIO TOuKM f(X) Ha Kkpuso#t 7. OOpatHo, moGas
OKpecTHOCTh TOYKM f(X) Moxer GHITh MoJyueHa Takum 0O6-
pasom.

Oto6paxcenne f MHOxecTBa M B IPOCTPAHCTBO HA3HIBAETCA
AOKQABHO MONOAOUYECKUM, €CIN Y KaXAOH TOUKH 3TOro
MHOXECTBA €CTb OKPECTHOCTb, B KOTOPOH oToGpaxenne f
TOTIOJ/IOT HYECKOE.

MHOxecTBO 7 TOuek NPOCTPaHCTBa Mbl OyJeM Ha3HBaTh
o0ueli Kpugol, ecin 3TO MHOXECTBO sBJAETCA 06pasoMm Npo-
CTOi KpuBOH NpPU JIOKaJAbHO TOMNOJOTMYECKOM OTOOpaKeHnu
€€ B NPOCTPaHCTBO.

Mbi Gynem roBoputh, uTO OTOOpaxeHwe f; mpocTo# KpH-
BOH T, u oroGpaxenue fy npocTof KpuBo# Ty ompenensioT
OIHY ¥ Ty e OOILYI0O KDHBYIO 7Y, €C/IH MEXIY TOYKaMu KpH-
BHIX 73 H g MOXET OHTb YCTaHOBJEHO TONOJOrHYECKOE
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COOTBETCTBHE, NPHU KOTOPOM 00pas3bl COOTBETCTBYIOMIMX TOUYEK
3TUX KPHBBIX Ha KDHBOR | COBMNajaorT.

Yro6n NOSCHATH BTOPYIO 4YacTh [JAHHOTO OMNpeneaeHHs,
npuseneM npumep. Ha puc. 2 nsoOpaxeHa o6uiast Kpusas.
ATy KPHUBYK MOXHO NPEACTaBHTh Kak 00pa3 OKPYMXHOCTH

NpH  JOKaJpbHO TOMNOJIOrHYe-

! N ¢ CKOM OTOOpaeHNH IBYMA pas-

JINUHBIMH CIOCOGaMH, KOTOPhIE

C TOYKH 3pEHusi JAHHOTO Oll-

2 penesneHust JAOT  PasiHyHbIE

kpussie. HaraagHo ux moxHO
npeacTaBuTh cebe Tak.

ITycTe TOuKa ABHHKETCA 1O
okpyxHoct. Torma>o6pas ee
nBikercs mo kpusoi. Ilpm atom™ Touxa-oOpas, mpoxoas Kpu-
Byl0, MOXET 3aHMMaThb NOCJenoBaTe/JbHO NOJOXKeHua 1, 2, 3,
4, 2, 5, HO MOXET NPOXOAUTH KPUBYW H B mopsake 1, 2, 4,
3, 2, 5. OtoOpaxeHnus, CooTBercTByiOIME 3TAM 006X01aM,
onpenensioT pasiuuHele oOuHe KPHBHIE, XOTS KaK TOURYHBIE
MHOXECTBA OHUM U COBNANAOT.

IMycts o6wast kpusas | asiaserca o6pasoM NpU JIOKaJbHU
TOMOJIOTHYECKOM OTOOpaweHun f B MNPOCTPAHCTBO NPOCTOH
Kpusoil 7. OkpecTHocTbi0 Touxku f(X) Ha Kpuso#t 7 Mbl Oy-
JeM Ha3piBaTh 00pa3 JoOoff OKpeCTHOCTH TOukuM X Ha Kpn-
Boit 7 npm otoGpamennd f. Tak kak oroGpawxenne f B HO-
CTaTOYHO MaJIO#t OKPECTHOCTH TOUKH X §BJSETCs TOMNOJIOTH-
yeckuM, TO f(X) Ha Y HMEET OKPECTHOCTD, SBJSIOLLYIOCH
8JIEMEHTAPDHOH KPMBOIA.

Taxkum o6pasom, uccaedosarue 110606 Kpusol <8 MaALOM>
Mooicem Obime CBEOEHO K PACCMOMPEHUID INEMEHMAPHOL
Kpusgoil.

Puc. 2.

§ 2. Peryasapnas kpusasi. Cnoco6bl aHaJUTHYECKOTO
3ajaHus KpUBOH

Kpusyio 7 mpi OyaeM HasmBatb pez2yasproi (k pas mud-
(epeHunpyemoit), ecam y Kaxaoit TOYKH 3To#t KpuBOH ecthb
OKPECTHOETb, JONyCKaloumas pEeryJjasapHylo MNapaMeTpusauuio,
T. € 3aJaHuUe YPaBHEHHAMKM B NapaMeTPUYECKOi ¢opme:

x=f1 (t)s y=fa(f). z=f3(t),
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rae fy, fa f3— peryaspunie (B pas nenpepmBHO muddepen-
uipyemne) ¢yHxumu. Ilpu k=1 kpuBas HaswBaeTci 24a0-
Kol

KpuBas HaswiBaeTcd aHaiumudeckoli, ecim OHa B 1OCTa-
TOYHO MaJIOH OKDECTHOCTH KaxIO# CBOEH TOUKHM HONYCKaeT
aHaMUTHYECKYl0 NapameTpusauuio (pysxumm fi, fy, f3 — aua-
JTHYECKHE).

B nansnedimiem mel GyIEM DacCMaTpPUBaTh MCKJIOUATENHHO
peryasipHbie KpPHBHIE,

Kak nokasano B npenpinymem naparpade, kpuas B OK-
PECTHOCTH KawIOH TOUKH MOxeT OHTb 8agaHa ypaBHEHUSMH
B MapameTpuyeckoit gopme

x=x{), y=y{), z=z(),

rae x(f), y(?), z(f)— dyHkuun, onpeneseHHHE B HEKOTOPOM
wntepsane a < t<b.
EcrecTBeHHO BOSHHKAeT BONPOC, KOTIA CHCTeMa PaBEHCTB

x=x({), y=y@), z=z() (@<t<b)

ONPENENSET PETyJAPHYI0 KPHUBYIO, T. €. KOrja 3TH PaBEeHCTBa
MOXHO pacCMaTpuBaTh KaK YpaBHEHus HEKOTOPOH KpuBOH?
OrBeT Ha 3TOT BONPOC BO MHOMMX CJAyYasix [aeT Cleayoumas

Teopewma. Ecau x(t), y(t) u 2(t) — pezysnpnoe gynx-
yuu, y0084emMBOPLIOUUE YCAOBUIO

OO+ O>0 (@]t h),

mo cucmema pageHcms

x=xl) y=y@O z=z(0) (@t<b)

ABASIEMCA YPABHEHUAMU Hexomopol kpusoi . Sma xpusas
ecms o6pa3 ompesxa a<_t<b npu aoxarsno monoso2u-
wecKkom omoGpajyceruu, Komopoe mourxe t ompe3xa cono-
cmagasem mouky npocmpaHcmea ¢ xoopounamamu Xx (t),
y(), 2(0).

3xech B JOKa3aTeNbCTBE HYXIAETC TOJNBKO YTBEPXKIEHHE
0 JIOKaJbHOH OJHO-OJIHO3HAYHOCTH YKa3aHHOTO OTOOpaXEHHs.
Ilokaxem 3TO yTBEpMIEHHE.

Eciu yTBEpAEHHE HEBEPHO, TO CYIIECTBYET TaKoe £,
B CKOJb YrOAHO MaJOH OKDECTHOCTM KOTOPOrO MOXHO YKa-
sath fy m fy(fy £ ty) Takme, uTO

x(t)—x(t)=0, y(t)—y(td=0, z(t)—z(t)=0.
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ITo Teopeme o cpemHem OTCioxa MOJyuaem

X (B)=0, y'B)=0, 2'(¥)=0,
rae &, %, 8§ saxmouenm mexay # u fp. Tak Kak # u %
CKOJIb yrogHo OJusKk#M K f), TO MO HENPEPHIBHOCTH (PYHKIMH
X @), y @), 2@

X (t)=0, y(t)=0, Z({t)=0,
a, CIef0BaTENbHO,

X2 (ty) + 3 (t)+ 27 () =0.

Mbl npuIIM K OPOTMBOPEYHIO. YTBEPXKIEHHE IOKa3aHO.
HekoTopsie KpuBme npu noaxonsmeMm BuGope ocefl Ko-
OpAVHAT X, Y, 2 NOMYCKAalT NMapaMeTpu3allHio BUAA

x=t, y=o¢@) z=¢@O (@t
WK, 4TO TO XK€,
y=0®), z=¢x) (@xb)

dTa napameTpusaums BO MHOTMX CJyyasX OKasblBaeTcs 0CO-
6enHo ymoOHOW. B cBa3m ¢ 3TUM BO3HMKaeT BONMpOC: Koraa
KpHBast XOTs Obl «B MajJOM» NONYCKAaeT TaKyl0 Napamerpusa-
uno? OTBeT Ha BOMPOC HaeT CJeayloilas TeopeMma:
Teopewma. Ilycme — peayaspras kpusas,

x=fH{#), y=h), 2=, (@t

ee peyasipHas Napamempudayus 8 OKPEeCMHOCMU MOYKIL
(X0, Yo 20), coomsemcmsyowei t=t, I[lycms 8 3moil
moure f'y(f) £ 0. Tozda 8 docmamouno Marol oKpecmHo-
cmu mouru ty xpusas | mojcem Ovims 3a0ana ypasHe-
Husam:

y=9(), z=y()

20e @ u $— peayasproe yrxyun om X.

JeficTBUTENIbHO, O TEOpeME O HEABHHIX (QYHKUMAX Cylle-
CTBYeT peryJasapHast QyHkumus y (X), paBHas £, Npu X=X, U
YIOBJETBOPAIOLIAS YPABHEHHIO

x=fi(x (%)

s BCex X, OMM3Kux K X JnddepeHuupys 3TO0 TOXKIAECTBO
npn X=X, HaxomuMm 1=/1"(¢)y (%) Otcioma ¥ (x)#0.
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Taxum o6pasom, QpyHKuus y (X) B OKPECTHOCTH Xy MOHOTOHHA,
M, C/IeNO0BaTe/NbHO, NMpH HOCTaTOYHO MajioM O oToOpaxeHne
orpeska xo— 8 < x< X8 Ha och t, 3anaBaeMoe paBeH-
CTBOM f==7 (x), OyIeT TOMOJOrHYECKHUM.

Otciona crneayer, uto OKpecTHOCTb Y (X — 8) < t<C
< (%o 8) xpuBoH 7 MOxXeT OnTh 3anaHa yPaBHEHUSMHU

Y=hQE) z=H®) En—3x<x+7)

Teopema noxasana.

PaccmMorpuM Teneph HeBHOE 3afaHue KPHBOH, MNpHuEM
1719 MPOCTOTH CHayasia OTPAHMYMMCS IVIOCKMMH KPHBBIMHU.

KpuBas HaswiBaeTCs naockoli, €cim BCE €€ TOYKM lpuHal-
JIeXaT HEKOTOpo# niaockocTH. Bynmem cumrath, 4TO 3TOH mJo-
CKOCTBIO §IBJSIETCA MJIOCKOCTh xy.

Mer 6yzem rosopuTh, YTO NJIOCKAsA KpHBas 3ajaHa ypas-
HEHNEM

¢ (x,¥)=0,

BHIPAXA 3THM TOJBKO TO, YTO KOOPIHHATH TOYEK KPHBOK
YIOBJETBOPAIOT JaHHOMY YpaBHeHuio. IIpu sTom MOryT cyiue-
CTBOBaTb TOUYKM IJIOCKOCTH, YAOBJETBODSIOUINE 3TOMY Yypas-
HEHRIO M He MpHUHALIENKamue KPUBOH, a MHOXECTBO BCeX
TOYEK MJIOCKOCTH, YIOBJIETBOPAIOMMX YpaBHEHMIO ¢ (X, y)=0,
MOXET He OBITh KPMBOH B CMBICJE ONpeAeseHus, JaHHOTO
B TpeasyumemM naparpade.

B cBsisy ¢ 3aaHWeM KDHBBIX YPaBHEHHEM B HESIBHOM BHIE
BaXHYIO POJIb MrpaeT Clexylomas

Teopewma. [Tycme o¢(x,y)— pe2yaspras gynrxyus ne-
peMennbix x, y. Ilycmos M — MHOMCECMBO mMOUeEK NAOCKO-
cmu xy, y0084emBOPAIOUUX YPABHEHIUIO

o (x,y)=0;

(X0, Yo)— mourxa smoz0 mHodNCecm8a, 8 KOmMOpok @5 -
+ ¢35 # 0. Toz20a y mouxu (X, Yyo) ecms okpecmnocms
maxas, 4mo 8ce npurad.iexcaujue eii MoOUKU MHONCECMBA
M olpasyiom pe2yaspryio neMeHmMAPHYI0 KPUBYIO.
HokasareanbctBo. [IycTs a1 onpeneseHHOCTH B TOU-
Ke (%o, Yo) ¢y # 0. Tlo Teopeme o HeaBHBIX yHKuUMAX Cywe-
CTBYIOT uMc/aa O M ¢, GOJIblIME HYJs, U PETyJIsapHas QYHKUUS
¢ (x), onpeneneHHas B uuTepBane Xy — < x <X, 9, Ta-
KHe, 4TO BCE TOUKA (X, (X)), Xo— < x < Xo-+ 0 ynos-
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Nerpopstof  ypaBHeHHIO ¢ (X, y)=0, NpuueM STHMU TOUKAMU
MCYEPTILIBAIOTCA BCE TOYKM MPAMOYFOJbHHKE Xy — & < X <
< x0+3, yo—e<y<yo-te YyAHOBIETBOPAOWAE YpaBHE-
mio ¢ (x, y)=0. DnemeHTapHas Kpusad, O KOIOpOH ugeT
peub B TeOpeMe, 3amaeTcs YpaBHEHHEM

Y=0x) (x—3xx+3).

Teopema noxasaua.

CoorsercrByomas TeopeMa A/ NPOCTPAHCTBEHHBIX KpPH-
BHIX COCTOMT B CJEAYIOLLEM.
" Teopema [lycms @(x, y, 2) u Y(x, y, 2)— pe2yisp-
Hole PYHKYUU NepeMeRKbX X, Y, 2. [Tycms M — mroodcecmso
mouex npocmparcmea, y008AeMEOPSIOWNUX YPABHERUSIM

e(x, ¥, =0, ¢(x, y, 2)==0,

(X0, Yo, 20) — mouka amoz20 MHONCECMEaA, 8 KOmMOPOW panz

Mampuyb

(‘Px Py (Pz)

Px by 9z
pasen 0syx. To20a y mouxu (xy yo 2,) ecms moxas
OKpecmnocme, wmo 6ce npuxnadsexcauue ef MmMOLKU MHO-
oecmea M o0pa3yiom peyApHYI0 SAeMEHMAPRYIO  Kpl-
8yio.

IloKasaTenbCTBO 3TOH TEOPEMBl TaKike OCHOBAaHO Ha MpH-

MEHEHUH TEOpEeMB O HESBHBIX (DYHKUMAX M NPHUHLIHMINAJTLHO

HE OTJ/HYAETCs OT AOKa3aTeabCTBa COOTBETCTBle[IlEﬂ TEOPEMHEI
I MJIOCKHAX KPUBBIX.

§ 3. OcoGble TOYKM peryJsipHBIX MJIOCKHX KPMBBIX

Ilycts 7— perynsipHas njockast KpuBas U P —Touka Ha
Hell. Touka P KpuBOH T Ha3BIBAETCS OObIKHOBEHHOW MOUKOU
N0 OTHOWIEHMIO K JaHHOH CTenmeHu peryJapHOCTH R, ecau
KpuBas monyckaetr k& pas AuddepeHUBpyeMyl NapameTpusas
LU0 B OKDECTHOCTH 3TOH TOUKH

x=x(), y=y(@®,

yzosJetsopsiomyio B touke P ycaosuwo: x'* -}y £ 0. Ecim
e TaKOHW NapaMeTpHsaum¥ He CYWIECTBYeT, TO P HashBaeTCA
0c000d mourod.
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ITpumep. Touka =0 xpusoit
x=8 y=t (—1<t<H)

OOLIKHOBEHHAast MO OTHOLIEHUIO K ABAXAB Au(depeHuupyembm
napametTpusanuam, u60 KpuBas JONYCKaeT 3SKBHBAJEHTHOE
3ajaHue

7
w=v, y=F[7  (—1<<D)

OnHako, Kak Mbl yBMIOMM HUXe, Touka =0 gBagercad 0CO-
60ff MO OTHOLIEHWIO K AHAJIMTHYECKHMM NapamMeTpH3auuiM.

B HacTtosem naparpage MH PaccMOTDHM MOAPOOHO BO-
npoc 06 ocoOhX TOuKax MJIOCKAX aHAMNTHYECKHX KPUBBIX
N0 OTHOIUEHMIO K aHAMUTAYECKUM NapaMeTpHsaumsM.

Jlemma., [lycms 7— anasumuueckas wpusag u O—
mauka Ha wed. Tozd0a npu nodxodswem svbope oceil
KoopOuxam  Kpugyio MOJMCHO napamempu3osams mak,
4mo ee ypasHeHus 8 okpecmuocmu mouxu O Oyoym
umems 6uo

x = a,t",
y=b1t’nl+bgtm3+... y M gml-

INoxasateabcrBo. Ilpumem touky O 3a Haualo KO-
opanHar. Ilycrs

x=0y8" 0™ ...
y=p1s" 4 Bas™ ...

Kakas-HuOy[p aHaJuTHYECKas napameTpusauus kpuspod. He
orpanuyuBas OGIIHOCTH, MOXHO CuHTaTh, 4TO Touke O COOT-
BETCTBYeT 3HayeHue mapamerpa s =0. MoxHO CuMTaTh TaKwe,
uro ny<<my. (Ecimm ny >>my, MOXKHO NOMEHATb pOJIAMH X
ny.)

BeepeM HoBHI napameTp f, CBfI3aHHBLIK C § PABEHCTBOM

1
t——s<“ls"‘+%8"’+..-)"_l

a,;s™
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Iipn 1axom BhOOpe mapaMeTpa ypaBHEHHS KPUBOH T B OK-
pectHocTH TOukM O MMEIOT BUA

n
x=a1t 1,

y:bltml+b2tm2 "l—‘..- y

4YT0 M TpeBOBaJOCH JOKA3aTh.
Teopewma. Ilycms 8 oxpecmnocmu mowxu O anaii-
muueckas Kpusas 3a0aKHa YpasHEeHUSMU

x = a,t",

y=bt" Fbot™ ..., m<m,

Toz0a, 0an moz2o0 umobe mouxa O 6saa oco6oi mou-
Koll Kpusoll, Heob6xo0umo 1 docmamouro, 4umobs. xoms Obl
00HO my He Oeauaocs Ha n.

HokasarteabcrBo. Heo6Gxoanumocts. Bo-nep-
BBIX, 3dMETUM, YTO BCE M, M f; He MOTYT OBITb UYETHHIMH,
TaK KaK TOrAa [IJd CKOJb YrofHo Madwx ¢ x(f)=x(—1),
Y(#)=y(—1*), T. €. HapyIUEHO YCJIOBHE OJHO-OJHO3HAYHOCTH
otro0paxeHHs B CKOJb YrOIHO MaJOH OKPECTHOCTH TOUKH
t=0.

ITyctb Bce my xpatHe ny (n;, OYEBMAHO, HeueTHo). Bae-
IeM BMmecro ¢t mapamerp S==¢"., Torma ypaBHeHUs KpuBOil
B OKDECTHOCTH Toykn O NMPUMYT BHL

X =a,S,
y =bls”! -—I— ngk9 + ‘ee

OuesuznHo, Touka O, COOTBETCTBYIOINAS 3HAYEHUIO Hapa-
merpa § =0, sBageTcs OOBHIKHOBEHHOH TOUKOH KpuBOH.

ILocratrounocrth Ilycte xoTa O OOHO m, HE Je-
autcs Ha ny. ITokaxem, uro Touka O— ocobas Touka. Ecam
Touka O OOBIKHOBEHHafl, TO B €€ OKPECTHOCTH KpuBas HOmy-
ckaer napamerpusaumio x=fy(c), y=7/a(c), rme fy n fo—
aHAINTHYECKHE (YHKUWH, YOOBJETBODSIOIME INDH O =0
otsevalomiemy touxke O, ycaosuio fi* - fi¥ # 0.

Tak kak  f()(LE) =y OEEN, a2 yOEE)*
npu t—>0 crTpemMuTci K KOHEYHOMY TIpeleny, pPaBHOMY
Fa(e)(f1(Go)™, 10 fi£0 B Touke O u, CJEIOBATEJBHO,
Hallla KpuBasg MO TeopeMe NMPeABAYIIEro maparpaga aonyckaer
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33/1aHUE YDABHEHHEM
Y=o =cx 4.,

rIe ¢(x)— aHanmatnueckas ¢ynkums ot Xx. Iloacrasass B
3TO ypaBHeHne x=ux(f) u# y=y(f), NOJAyuYAM TONAECTBO

bytms - potma -, . = aj
= ¢yayt™ -} caitPm 4. ..

Otciona clenyer, 4uTO BCe 2y KpaTHH 7. 0
Mpb npumiu k nporusBopeunio. Teopema
JI0Ka3aHa MOJIHOCTBIO,
3amevanue. Ecim touka O oco- ¢
Gast, mpuueM n; W My YETHHE, TO OHa
Ha3BIBAETCA MOYKOU 8038pama 8mepozo
poda. Kpusas B OKpeCTHOCTH 3TO# TOuU-
KH HMEeT BHJ, NMOKa3aHHHH Ha puc. 3, a.
Ecau touka O ocoGas, npauem my g
HE JEJNUTC Ha My W, KPOME TOro, 7y
YeTHoe, a m, HeuetHoe, To (O Ha3H- Puc. 3.
BAETCA MOUKOL B036pama nepgo2o po-
da. Bun xpuBOH B OKPECTHOCTM TakO#l 0COOO#H TOUKM MOKa-
3aH Ha puc. 3, 6.
IlpocTo#t Odocmamounbif nNpuUsHaK TOro, uTOOB TOUKa
KpuBo#l Obla ocobofi, maer caexyomas
Teopewma. [Tycmy anarumuueckas Kpusas | 8 oxpecm-
rocmu mourxu O 300aHQ YpasHeHUSMU

x=x(), y=y(@),

20e x(f) u y(f)— anarumuneckue ynxyun napamempa t.
ITycmo nepssie omauuHsie om HYAsL npou3soOxsie PYHKUYUL
x({@) u y(t) umeiom nopsdxku ny u my; coOMmMeemMCMBERHO,
npunes ny < m,.

Toz0a mouxa O 6ydem ocobol, ecan my He Oeaumcs
Ha ny, npusem mouxa O O6ydem mourol Bo3gpama 6mMoO-
pozo poda, ecau my u m; o6a 4uemHsie, U MO4KOL 8038pama
nepsozo poda, ecau 1y 4emwo, @ My He4emHo.

Dra TeopeMa HENMOCPEACTBEHHO BHITEKAET W3 NPEABLAY e,

B sakuioueHne paccMmoTpuM Bompoc 00 OCOOBIX TOuUKax
IVIOCKHX aHAJUTHYECKHX KPHUBHIX B CJAYyYae HEABHOrO 3a-
JaHus.
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Hycrb N10CKas aHAaJIWTHUYECKass KpHBasf Y 3alaHa ypaBHE-
HHEM

(P(x’ y)=0’

rae ¢(x, y)— aHaauTHuecKas (YHKUNA NEPEMEHHBIX X H .

Ecan % -} ¢} £ 0 B Touke O(xy, Jy) KpuBOH# 7, TO 37a
TOYKAa KPHBOH sBJAETCS OOBIKHOBEHHOH TOYKOH, Kak MOKa-
3aH0 B § 2. Takum 06pa3oMm, 0cOObIMH MOryT OBITH TOJIBKO
T€ TOYKH KDHBOH, B KOTOPBIX ¢,=o,=0.

He orpannuusas o6mmuocTH, MOXHO cuutaTh TOuKy O Ha-
YaJloM KoopauHaT..B okpectHoctn Touku O kpuBas 7 aony-
CKaeT napaMeTpH3ailnio Bula

X = alt"l,

y:bltml+bgtmg+...,

NpUYEM MOXHO CYMTaTh, UTO 1y << my. B mpoTuBHOM CJyuae
MOXHO NOMEHATh OCH X u y. [las TOro yroOH ONMpesenuTh,
aBasercd a1 TOYKa O 0co60# TOYKOH KPUBOH M BBHIACHMTD
XapakTep OCOGEHHOCTH B 3TOH TOUYKE, NOCTaTOYHO 3HATH TNO-
KasaTemu ny, my, Mg, ...

I Toro yroObi OMpeseNuTh 3TH MOKa3aTeld, BOCHOJb-
3yeMCs TOXIECTBOM

e(x(®) y@)=0.

Ilycrte pasnoxenne ¢yHkuuu ¢ (X, y) 0O CTENewsM X, y
HAYNHAETCA YJIeHaMu BTOPOH CTENEHu

9 (%, ¥)=ax" + 2auxy 4 any®+. ..

Bynem pasauuath TpH cayuas:

1. agap— aj; >0.

2. QgpQgg — a,el <0.

3. ayap— aj; =0.

IToBopoToM oOce#t KOODAMHAT MOXHO ROOHTHCA TOTO, YTO
B PasJOXEHMH (PYHKUMU ¢ (X, y) B CTENEHHON pAX uJeH, CO-
Jepxamui xy, Oymer OTCYTCTBOBATb.

[loncrasaas x(f) u y(f) B pasnoxeHue QyHKuuu ¢ (X,Y),

NOMyyuM TOXAECTBO OTHOoCHTENbHO f. Ilpm ny < my HU3WYIO
cTeneHb f, PaBHYIO 271, UMEET TOJBKO OMMH YJIEH — Qgo@it™™t,
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Orciona ag =0, 4T0O HEBO3MOXHO H# B NEPBOM, HH BO BTO-
pom ciayuae. OcTaercd NPEANoOJOKUTb, UTO ny==my. Torma
B MEPBRIX IBYX CJyuYasX HHBIIYIO CTENEeHb HMEIOT WIEHH
agait’™ n aghit*™. B nepsom cayyae W 3TO He-
BO3MOXHO, TaK KaK Qgp U Qg ONHOI'O 3HAK3, a U3 TOXNECTBA
CHEAYET, UTO Qga} | agbi=0.

Takum 06pa3oM, B MEpBOM CJAyuyae HE CYLIECTBYET aHa/Iu-
THYECKOH KpHBO#H, ynosieTsopsiomel ypasnenuio ¢ (x, y)=0
n cojepxamedt Touky O. B aTOM Cilyyae B JOCTATOYHO Ma-
Jo#t okpectHocTH Toykd O BOOOLIE HE CYLIECTBYET TOYEK,
oTJUYHKX OT O, YIOBJETBOPAIAX ypasHeHuo ¢ (x, y)=0.
Koraa xpuByio onpeaesnsioT Kak reOMETPUYECKOe MeCTo TO-
YeK, yAOBJAETBOPAIOIMX YpaBHeHuO ¢ (X, y)==0, TaKyio TOUKy
Ha3bIBAIOT U30AUPOBAKHOE 0c000l Mmo4Koi.

ITpumep. I'eomerpuyeckoe MECTO TOHYEK, YIOBJIETBO-
PSIOIIUX YPaBHEHUIO

4+ ) (> — 1)=0,

cocrout u3 npsmo#t x=—1 u touku (0, 0), KoTropas sBJsETCA
H30/JMPOBAHHON TOUYKOH 3TOrO0 reoMeTpHyecKkoro Mecra.

B Tperbem ciayuae MOXHO cunTaTh @go=0, Tak Kak
Qgyap = 0. Pasnoxenne dyHkunmu ¢ (X, y) UMEET BUL

Cp(x’ J’)=dogy2+a3&x3—}—...

ITpeanonoxum, 4to agzy# 0. D10 COOTBETCTBYeT B OOmIEM
caydae ToMy, 4TO (QoOpMH

Py == Qg X" + 2a;1xy +any® W gy=agpx* ...} awy’

He uMeT obwux Aeautenefl. -

IMoncrasnas x(f) m y(f) B pasnoxenne QyHKunu ¢ (X, ¥)
3aMEYaeM, YTO YJeHaMH C HU3IUNME CTENEHAMH ! SBJAOTCA
apbit’™ u agait*™. Otciona caepyer, uto 2m,==3n;, T. €.
my He Oemutcs Ha ny. CrexosartenbHo, Touka O sBAsAETCHA
ocoboft Touko# KpuBOHL.

OxasniBa€Tcs, YTO €CJAd CUNTaTh #y W Ny 003 UETHBIMH,
TO M BCE M, OKAa3blBAIOTCS YETHHIMH, TaK Kak JuHEHHO m oX-
HOPOIHO BBIpaxaloTca uyepes my u ny. Ho, kak Obijo orme-
YEHO paHee, My M BCE My, He MOryT OHTh uyeTHeIMH. IloaToMy
YEeTHO TOJBKO #y. DTO 3HAuuT, yTO 0COGasd Touka O sasasercs
TOYKOH BO3BpaTa NMEPBOro Poia.
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ITpumep. Havano koopamnar nas nosnykyGuueckodt ua-
paboant y? — x% =0 sBJIs€TCA TOUKOH BO3BpaTa NEPBOro POIA
(puc. 4).

PaccmoTpyuM, HakoHew, BTOpoif cayuyail. B stom cayuae
QYHKUMIO @ (X, y) MOXHO NPEACTAaBUTb B BHIE

¢ (x, y)=Ax*42Bxy -} Cy’,

rae A, B, C— anaqutnueckne QYHKIUE OT X, ¥, PaBHbE
COOTBETCTBEHHO @g), 0, @y B TOuke O W, CJIEIOBATENBHO,

Ay

Puc. 4.

yIOBJETBODSIOmME  BOAMBM  3TOH  TOUKM  HEPABEHCTBY
AC — B*<0. Tlostomy B Mamoit OKpecTHocTH TOuku O

¢(x, N=C(y—xt(x ¥) (y—xba(x, ¥)
‘e § ¥ & — KODHH KBaZpaTHOrO ypaBHEHWs
A 2Bt Ci=0.

CMenoBaTeNbHO, BO BTOPOM CJyyae TIEOMETPHYECKOE MECTO
[OYEK, YAOBJETBODPSIOMINX ypaBHeHunio ¢ (x, ¥)=0 B okpecT-
10cTH Toukn O, COCTOMT M3 MBYX aHAJMTHYECKHX KPHUBHIX
v—xE (¥, ¥)=0, y—xf(x, ¥)=0, nas xaxno# us Ko-
‘opbix Touka O sBIseTcsi OOBIKHOBEHHOH TOUYKOH, TaK Kak

= =25 )|, =—10 00,

Korﬂa KPHBYIO OIpeneaioT KakK reoMeTpruyecKoe MECTO
‘OUEK, YAOBJICTBOPAOUNX YPABHEHUIO
¢ (= J’)=0»

ouxy O B paccMaTpHBaeMOM CJyuae CYMTAlOT T€M HE MeHee
:c000# M Ha3bIBAIOT 334060l TOYKOH.
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ITpumep. Ieomerpuueckoe MeCTo TOYEK, YAOBJETBO-
PAOIWAX YPABHEHHIO

(xg—{—y%)a—Qa%(x?—yg):O

(nemuuckara Bepuyaim, puc. 5), B OKPECTHOCTH Y3JOBOk
Toukn (0, 0) coCcTOMT W3 OBYX aHAMUTHUECKHX KPUBBIX

Aﬁa " é:B‘z-
§ 4. AcuMATOTH MJIOCKHX KPUBBIX
Ilycts | — HesaMkHyTas KpmBas,
x=x(t), y=y(@
(alt<Th)

— ee ypaBHeHHs.. [OBOpAT, uTO KpuBasg YXOANT B OECKOHeu-
HOCTb C OJHOH CTODOHBI, €CJHH TpH
t—-a (mm npn t—>b) x'() -+ 1
—~+ y*(f) > co. Ecan xe u nput—>a u
npu t—b x%(¢) 4 y*(t) > oo, TO ro-
BOpAT, 4TO KpuBas yxoautr B Oec-
KOHEYHOCTh ¢ 00enx cropoH. OueBnn-
HO, CBOHCTBO KpuBOo# yxomuth B Gec- g
KOHEYHOCTb HE 3aBHCHUT OT ee mnapa-
METPHU3aIMH.
Mycts kpuBas | yxomutr B Oec-
KOHeuHOCTh, Hanpumep, x*-+y*—co Puc. 6.
npu t—a. IlpaMas g HassiBaeTCA
acumnmomoii Kpuso# Y, ecan paccrosHue d(f) TOUKHM Kpu-
BOH | OT mpsiMoit g CcTpemuTcs K Hyumo, koraa £ — a (puc. 6).
Teopema. [Jag mozo umobt Kpusas 7, 3A0aHHAA
YPABHEHHAMU

x=xl) y=y@t) (@tb)

yx007 8 OeckoHeyHocmbs npu t—-a, uMesa QCUMRMOMY
HeoOx00umo u 0ocmamouro:

1. [lpu t—a xoms 6o 00HO U3 08YX OMHOUEHW
YO (@) u x(t)(y () cmpemumen & KoneuHoMmy npe-
deny. ITycms 0as onpedeaennocmu y (£)(x ()™ — k.

2. [Ipu t —> a u sunoaxeHwr nepso20 YCA0BUSL BbipadHe-
Hue Y (t)— kx (t) maxace cmpemumcsi ¥ npedeny.
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Ecau amom npedea o6o3navums £, mo ypasrenue acumn-
momust 06y0enm

y—kx—l:O.
HokasateancrBo. Heo6xonumocts Ilycrs g
y—kx—1=0

— acuMntToTa KpuBoi# |. BripameHnue
yO)—kx(t)—!

C TOYHOCTBIO IO MNOCTOSHHOrO MHOXHTEJS PaBHO paccTod-
HHIO TOuKM (f) KpuBOH Y OT mpaAMoH & A Tak KaK g acumm-
TOTa, TO

yO)—kx(t)—I{—0 (%)
npu
t—a.

Hpn t—>a x(f)—> 00, Tak Kak B NPOTHBHOM Clyuae
y(f)— kx (f)— ! He MOWeT OCTaBaThC OrPAHMUEHHBIM MADPH
t—a (x*(H)+y*(f) >o0). A Torma u3 (x) moaydaercs, uTo

y ()
o

y(t)— kx(f) > 1.

Heo6xoaumocTs n0Ka3saHa.
Jocrarounocts Tak kak npu £t —>a

i((‘t)) Sk uyt)—kx(ty—>1,

TO
yt)—kx(t)—I!—0.

A st0 3HauuT, TO TOuKa (f) KpuBo# T npm f —>a HeorpaHu-
yeHHO npuOJanKaeTcs K npsiMoft

y—kx—1I1{=0,

KOTOpas fABJSETCH, TaKkAM 06PasoM, aCHMNTOTOM.
Teopema noka3aHa.
I[Tpumep. Kpusas

=t y=—rtr (=1t
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(BeTBb runep6oibl) yxomur B OecKOHeyHOCTb mnpH £ —> 1
(puc. 7).

Ilpn £t >1
X (t)
—c 0, —0. .
y(t)—) x@®—0.y@)>1
Cnenonarenbﬂo, KpudBasg HMEET aCUMNTOTY
x—1=0.

PaccvoTpum Temeps Bonmpoc 06 acUMNTOTax KpPHUBOMH, 3a-
IaHHOM YpaBHEHHWEM B HESBHOM Bule

9% ¥)=0. y

Kak Ownia0 oTMmMeueHo, ypaBHeHue
¢ (x, y)=0 omnpeznenser KpuByio JHLb B ,
TOM CMBIC/IE, YTO TOYKH KPHBOH yIOBJIETBO-
psaoT ypasHennio ¢ (x, y)==0, Ho, Bo0OO-
IIe TOBODf, HE HMCYEPNHIBAIOT BCEX TOUEK I\/
TZIOCKOCTH, OOJAfalomUX 3TUM CBOHCT- g
BOM. 3ajaua O pasbiCKaHUM aCHMNTOT -1 +Hlz
KpUBOH, 3alaHHON ypaBneHuem ¢ (x, y)=.
=0, sBAdeTCS HE BNOJHE ONpEne/eH-
Ho#. IlpemcTaB/isieTcss BO3MOXHBIM YyKa-
3aThb TOJbKO HEKOTOPYIO COBOKYNHOCTb NPAMBIX, COAEPKALLYIO -
ACHMOTOTHL.

Mb  orpaHuumMcs  cayuaeM  anreOpamyecKuX — KPHMBBIX
(9 (% y)——-MHoroh.rzeH OTHOCHTEJILHO TEPEMEHHBIX X U ).

Ilyctb (X, J) — npousBoJIbHAa TOUYKa aCHMNTOTHI,

x=X+M y=3-4pu

— ypaBHEHHEe acuUMNTOTH B mapamerpunueckoit ¢opme. O6o-
3HauuM Q (%) TOuKy KpuBo#, OGamxally0 K TOUKe (1) acHMi-
toTH. KoopauHatet Toukn Q ()

x@)y=2%x-+ M-+t
Y@=y + pu-+n)

E@) u q(u)—>0 npu u— co.

Puc. 7.

rue

O603HaunM ¢, COBOKYMHOCTb UJIEHOB CTENEHH 2 B MHO-
rounene ¢. Torma:

¢ =9+ Pns -+ + o
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Ioacrasnas x=x(u), y=y (@) B ¢(X, y) 1 BHIEJAA UYICHDI,
comepxamue u® u u*!, noayuum

e(x (), y@)=u"o, (A p)-+
+ 0" {2 (@ AT @a 0 1) 20a o W}

B npaBo#t yacT¥ paBeHCTBA HEe BHIINCAHBL UYIEHBI, HMEIO-
e MOpSAmOK Huxke 1™l
Tak kak o (x(w), y (@)=0, a crenosareisHo,

1
-7 ¢(x @, y(@)—>0 npn u—co, 10 g2 p)=0.

AHanornyHo noJsyuaem

X(n s pk T (@a™ p) + 001 p)=0.

Tak kak (¥, J)— npou3BOJIbHAs TOUKa aCUMOTOTH, TO
3TO PABEHCTBO €CTh YPaBHEHHE AaCHMINTOTHL.
ITpumep. CocraBuTh ypasHeHHE acHMOTOT TrunepGOJIL!

x*—3xy+ 2 x+1=0.

oM p)=»— 3\ -+ 2p2=0.

Orcioma s A ¥ . NOJyyaeM C TOYHOCTBIO HO HECYIECTBEH-
HOTO MHOXHTEJS IBE CHCTEMBI 3HaueHnmil A=1, p=1; A=2,
p=1. IloxcTaB/sss 5Ti 3Ha"eHust B MOJYYEHHYIO Bhille (HOp-
MYJy, HaXOOUM aCHMITOTHL

—x+y+1=0 x—2y+2=0.

YNPAXKHEHWA K T'JIABE |

Hmeem

1. Touka M pemxeTcs B NPOCTPAHCTBE TaK, YTO ee NPOEKUUA
Ha MAOCKOCTb Xy DABHOMEPHO IBHXKETCS MO OKPYXHOCTH X% - y? =
=a% C Yri10BOH CKOPOCTBIO o, a IPOEKUHA Ha OCb Z IBHMXETCHA paB-
HOMEPHO CO CKopocTbio ¢. KpuBas, KoTOpylo omuchiBaer TouKa M,
Ha3bIBaeTCA npocmoii 8unmosoi aunued. CoCTaBUTb YypaBHeHHE
BMHTOBO! JIMHUH B NMapaMeTpPUyeckod ¢opMe, DPHHAB 3a MapameTp
Bpems f. CumuraTh, UTO B HavaabHblt MoMeHT (£=0) KOOp/HMHATHI
Toykn M cytb a, 0, 0.

Omsem. x =acoswt, y=asinot, z=ct.

2. Tpocras BuHTOBAast auMHUA (ynpakHeHHe 1) NMpoeKTHpyerca
Ha MIOCKOCTb Xy MYyYKOM NapaiienbHbIX MPAMbBIX, 06pa3y0LWHUX YIox
¥ ¢ ocbio z. Haittu ypasuenne npoexuun. Ilpu xakoMm 3 mpoekuus
6yner umerb 0co6bie TOUKH? BhIACHHTL XapakTep O0COGLIX TOUEK.
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Omeem. Ecan nyyok mnpoeKTHPYOLHX NPAMBIX Napaine’eH
nnockoctn Oyz, TO ypaBHeHHs NPOEKUHH GyayT

xXx=acoswt, y=cttgd-} asinof.

aw
TMpoekuus Gyner umerb 0coGble TOYKH, €CId tg&:-::'_—T, Oco6rie
TOYKH — TOYKH BO3BpaTa II€PBOTO poja.

3. OKpy™HOCTb pafMyca @ PaBHOMEPHO KaTHTCA 6e3 mpocKaib-
3bIBaHHA 1O NPAMOH g €O CKOPOCThIO v. Halith ypaBHeHHe KpHBOH 7,
KOTOPYIO OMMCHIBaeT TOYKAa M, HEMOIBHXKHO CBA3aHHasdA C OKPYM-
HOCTbIO. TIpH KakOM yca0BMH KpHBas | uMeeT ocoGbie TOUKH? Bhi-
ACHHTL XapaKkTep OCOOBIX TOYEK.

Omeem. Ecin npamyio g NpHHATB 3a OCb X M B HauadbHbIi
MOMEHT TOYKa M HaxXOAHTCA Ha OCH y HHKe LEHTPa OKPYXKHOCTH,
TO ypaBHEHHs KPUBOH | GyIYT:

x=vt—bsin%t, y=a—-—bcos1-;—t,

rie b — paccrosine TOUYKH M OT ueHTpa OKpyxHoctH. Kpusas
nMeeT ocobble TOYKH, ecad TOYKa M Ha OKPYXHOCTH (B 9TOM Cay=
yae KpHBaA 7| HasbiBaerca Hur.aoudoii). Ocobbie TOYKH — CYTb
TOYKH BO3BpaTa NEpBOro poja.

4. Jloxa3aTp, YTO KpHBafd, 3alaHHad ypaBHEHHEM
2 2 2
|22 +1y1® =a® (acmpouda),
ABASIETCA aHaAMTHYecKOH kpuBo#. Halith ee ocoGhe Touku. Brisic-
HHTb XapaKkTep OCOGBIX TOYeK.

Omgem. Kpuas IomyckaeT OYEBHIHYI aHAIMTHYECKYIO Tlapa-
MeTpH3aLHI0

x=acos’t, y=uasindt,

a caeoBaTenbHO, OHa aHaautHyeckasa. Oco6uie Touku: (0, a), (0, — a),
(a, 0), (—a, 0). Oco6rie TOYKHM — TOYKHM BO3BpaTa MEPBOr0 POAA.

5, CoCTaBHTb YpaBHEHHA aCHMNTOT KPHUBBIX:

1. x=asint

y=a (cost +Intg %) (mpaxmpuca),

2. x3 4 y¥—3axy =0 (aucm Hexapma).

Omegem.

1. x=0.

2 x4+y+a=0.
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3AJAYM M TEOPEMBI K T'JIABE 1|

1. Iycts
Xx=x(f), y=y(t), z=2z2(1)

— KakaA-Hu6YAb napamerTpH3auus 3saemeHTapHoit kpuso#. Tornma
mo6as Apyras mapaMeTpu3auus HMeeT BHJ
X=x@() y=y@[x) z=zE()

TAe 6 (T) — HenmpephiBHAA CTPOCO MOHOTOHHAA (YHKUHA.

Kakaa creneHs peryaspHocTH KpHBOH, 3allaHHOH ypaBHEHHEM
B HesABHOH ¢opme ¢ (x, y) =0, rapaHTHpyerca n-kpatHOH mudde-
PEHUMPYEMOCTBIO DYHKUHH ¢, eCHH % —}—cp};&O? MoxeT a1 Kpu-
Bag o6aamatb Goabluelt peryaspHoctbio? [loctpouts npumep.

3. MocTpoutb npuMep KpHBOH, KOTOpas He Homyckana Gl Taal-
KO mapameTpu3aluy HH HAa KakOH CBOeH 4YaCTH.

4. [ycTb miockaa aHalUTHYECKAs KDPHBag | B OKPECTHOCTH
TOYKH (X, Vo) 3alaeTcsa ypaBHeHHeM ¢ (X, y) =0, riae ¢ — aHanu-
THyeckaa gynkuusa. Ilycrb B Touke (X, ¥,) GYyHKUMA ¢ U BCce ee
npou3BOAHbIe 10 n— l-ro mopsaka paBHbl Hymo. Jlokas3aTe, 4TO
ecny BCE KODHH MHOrOYJeHa

0”
PO= Y s
k4+l=n

BEIIECTBEHHbBl M Da3gHyHBl, TO LA KPHBOH Y TOuka (X, ¥,) AB-
asercs OObIKHOBEHHOH TOYKOH B CMbicie onpenenends § 3.

5. Hafity ycnmoBMs cyuieCTBOBaHHA acHMNTOTH NPOCTPAHCIBEH-
HOIt KpUBOlt X =x (£), y =y (f), 2=z (t), yxonauei# B GeckoHey-
HOCTb NpH ¢ —> @, aHATOCHYHBIE MOAYyYeHHBIM B § 8 maa maockoi
KPHBO#.

CoCTaBHTh ypaBHEHHE aCHMOTOTHL

6. Cocrasutb ypaBHeHHe acumnToT anre6pauueckoi npocCTpaH-
CTBCHHOH KPHBOM, 3alaHHO# YDaBHEHHAMM B HEABHOM BHIE

c?(x’ ¥ 2)=0, ¢(x, y, 2) =0,

rie ¢ M ¢ — MHOrouJeHbl OTHOCHTEIbHO X, ¥ H 2, NOJOGHO TOMY
KaK 3TO CHeJaHO NaA NMAOCKMX KPHBHIX B § 4.

(x0, Yo)

FTABA 1l

NOHATHUA 1J KPUBBIX, CBA3AHHBIE
C MOHATHUEM COINPUKOCHOBEHMS

Ilycte M u M — MHOXeECTBa TOYEK NpOCTPAHCTBA, MMEI0-
wpe obuyio Touky O. ITycts X — npousBo/ibHas TOYKA MHO-

wectBa M, h(X)—ee paccrosHue oT MHO¥ecTBa M (TouHas

HUXKHAS TPaHb PAaccTOsiHU#M Touek MHoxecTBa M OT TOuKd X)
u d(X)— paccrosnue toukn X or toukm O.
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Mp 6ynem rosoputs, yTo0 MHOXeCTBO M compurxacaemcs
¢ mHoxxecTBoM M B Touke O, ecan otHoleHue h(X)(d(X)™
(@>>1) cTpemuTca K HymO, KOrAa Touka X HEOrpaHHYEHHO
npubamxaerca K 1ouyke O.

C noMouwplo NMOHATHS CONPUKOCHOBEHMS BBOIATCA MHOIHE
NOHATMS AJ KpuBhX. Mbl paccMOoTpuM HX B HacTosauleH
rjiase.

§ 1. BexkTtopHas (yHKUMA CKAJAPHOr0 apryMeHTta

B najpHefiniem n3noxeHMH MB OyZeM WIHPOKO MNOJB30-
BaTbCS  3JMEMEHTAaDHBIMA CPEeNCTBaMH BEKTODHOrO aHa/usa.
B cBAsM ¢ O9TUM HAanmOMHUM oOmNpeieJeHHe HEKOTOPHX Mo-
HATUN,

IMycte G— moGoe MHOXECTBO TOYEK Ha MpPAMOH, InJO-
CKOCTH WJM B mpoctpaHcTBe. I'oBOpAT, yt0 Ha MHOXectBe (G
8alaHa 8ewmop-gpyrkyus f, ecin Kaxao# Touke X 3TOro
MHOXeCTBa COMocTasJeH BeKTop f(X).

I BekTOp-pyHKuu#, Tak Ke KaK u IJf CKaJapHBIX
¢ynkuu#t B aHanuse, BBONUTCE NOHATHE npedesa. T'osopsr,
yto f(X)—»>a npy X —> X, ecm |f(X)—a|—>0 npu
X’—)Xo.

Il BeKTOp-pYHKHUH HMEIOT MECTO TEOpEeMs O npene-
Jie, aHaJOTHYyHBIE TeopeMaM O npejete JJs CKaJApHEIX
(ynkuni.

Hanpunwmep, ecau f (X) u g (X) sexmop-gpynxyuu, a A(X)—
ckanrspras gyuryus u f(X)—>a,g(X)—> b u A\(X)—>m npu
X-—)Xo, mo

SX)*XgX)>axb,
AMX)-f(X)—>m-a,
f(X)-g(X)—>a-b,

FX) X gX)—>aXb.

JIloka3aTeqbCTBO STHX YTBEPXKAEHHH NPUHUUNUAIBHO He
OT/IMYAETCsl OT [OKAa3aTe/bCTBA COOTBETCTBYIOLIMX YTBEpKAE-
HAH  [Jd  CKaJApHHIX ¢yHKuuE B anaamse, [laa npumepa
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JOKaxeM NOCJEeAHEE YTBEDXKACHHUE. Hmeem

IfFX)X gX)—aXb|=
=|(f(X)—a) X (g(X)— b+ (f(X)—a) X b—
—E@X)—bdXa|<|f(X)—a| |gX)—b|+

F1fX)—a| |b]|+|gX)—0b] |al

Orciona caenyer, uro |f(X)X g(X)—a X b|—>0 npu
X — Xy A sto 3Hayut, uto f(X) X g(X)—>a X b.

Ins BekTOp-QYHKUMH BBOAMTCA NOHATHE HENPEpbLBHOCINU
nono6HO TOMY, Kak AJsi CKaMsIpHHX ¢yHkuu#. Wmenno, ¢yHK-
uns f(X) uasviBaercs wenpepuisroi 8 mouke Xy, ecu f(X)—
- f(Xy) npu X = X,

IIyems f(X) u g(X)— sexmop-ghynryun nenpepsigHole
8 mourxe X,, a MN(X)— crasrsipHas GYHKYUS, Henpepui8Has
8 amoii moure, Toz20a 8exmop-ghyHKyuU

MO FX), fFX)EgX) FX)XegX)

a maxoce crasapran @Hynxuyus f(X)- g(X), nenpepoi8rbe
8 mouxe X,.

ITO CBOHCTBO HENPEPHIBHOCTH ABJSETCH NPOCTHIM Clef-
CTBHEM CBOHICTB Npenesa.

Toustue npomssonmHoH. Ilycte f(f)— Bekrop-
(hyHKIMS, OnpeseseHHass Ha oTpeske. ['OBOPAT, uTO BEKTOD-
oyHkunsa f umMeer B TOuKE f OTPE3Ka Npou3sodHyiw, ecau cy-
1LeCTBYET Mpenes OTHOLIEHHs

fe+h—4(@)
h

npu f—0. Ilpoussomnas B Touke ¢ oGosnayaerca f'(f).
Ecau f(t) u g(t) — oudbgbepenyupyemoie 8 mouxe t 8er-
mop-goynxyu, a \(t) — oudbghepenyupyenas 8 smoii mouie
cxaasipras gyuxyus, mo h(t)f(t), f(E) X g@) (&) X g(®)
F@O gt) cymv dynwyun, ouggbeperyupyemoie 8 mouxe t,
npuvesr
MY =VF+Af
fre=Ff=*g
(fXgy=f Xeg+fX&"
(fey =fg+fg"
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A1u popmyas nuddepenunposanns noayyaorcs 6yKBaIpHO
TaK XK€ KaK COOTBeTCTByloiire ¢(opmyas auddepeHinposa-
Husi CKaZgpHHX QyHKUMH# B ananuse.

IpousBonnas Bekrop-¢ynkuns f7(f) HaseiBaercs 8mopoil
npou3goonoii ynxyuu f(f) u ob6osnauaerca f(f). Ana-
JOTHYHO OHNpejeNsieTcs TPEThs, UeTsepTas U T. A. MNpPOUs-
BOJHBIE.

®OyHKuus, UMemas HENpepHBHbIE NPOU3BOIHBIE 1O R-TO
NOPsAIKa BKJIOYHTEJBHO HAa OTpe3Ke (@, b), HaswBaercs k pa3
ougbghepenyupyemoii PHyHKyued Ha IMOM ompesre.

IIycts ey, e, e;— Tpu BexTOpa, HE Jiexalmue B OIHOH’
nA0cKOCcTH. Kaxapi#i BEKTOpP r 1OMYCKaeT nNPEACTaBleHUe B
BHIE

r=uxe, + ye, -} zes;

uacia X, y, 2 ONpeNe/sioTCs OXHOSHAYHO M  HAa3bIBAIOTCA
Koopdunamanu 8exmopa r OTsocutenbHO Oasuca ey, €, €3

Ilycts  r (f) — BekTOp-pyHKUMS, 3aIaHHAas Ha OTPE3KE.
Onpenemnm tpu cKkaxspusie ¢yukuun X (f), y (f), 2(f) ycno-

BHEM .
r)y=x{@)e,+y({t)es+ 2(t)es

Torna, ecau dynxyuu x(t), y(f), z(¢) nenpepoisres
onghgheperyupyemn, mo sexmop-gpyHxyus r(t) Henpepulgua,
coomsemcmseenno ougbgpepenyupyema. Obpammuo, ecau Bek-
mop-gpyrryus r(t) Henpepeisna usu Oughgbeperyupyena, mo
dyuryuu x(t), y(t), 2(f) Henpepvi8Hbl, cOOMBEMCMBEHHO
oughgbepenyupyemer.

Ilns  pokasaTenscTBa BTOPOrO  YTBEPHIEHHs DPAaBEHCTBO
r()=ux(t)e; |y (t)es+ z (f) &3 yMHOXUM CKaMIPHO HA BEK-
TOp €'y, NMepneHIuKyJapHHH BEKTOpaM e, u e; Torma no-
ayuuM x (f) (ese’y)) =r(t) €'y, Orcioma BUmHO, YTO HEMPEPHIB-
HOCTh uin auddepeHunpyeMoctTs BeKTOp-(yHKuun r(f) Bae-
ueT 3a Co60H HENpepHIBHOCTb, COOTBETCTBEHHO auddepeHuy-
pyemocTs, ¢yHKumn X (f). AHanormyHo maa Qynkumm y (f)
u z(t).

Lars sexmop-goynryuil usmeem mecmo gopmuysa Tediropa.
Hmenno, ecau f(f) n pa3 dudgbepenyupyenmasn gynxyusa, mo

FE-+A)=Ft) -+ AF ) +...+ LW O 42, A,
20e |e(t, At)| > 0 npu At — 0.
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B camom peae,

fO=x{t)e;+y () ey -+ z(t)e,

(o]

24 A)=x () -+ Abx () F... - (6™ (§) F-2),
yE+A)=y (t)—}-Aty’(t)—{—...—{—A—;;(y("’ (®) + =),
2t M) =z(®) -+ At (O +... 5 O+ e

YMHOXKA 5TH DABEHCTBA Ha @€, €;, €3 COOTBETCTBEHHO, CKJa-
awas u sameuas, uro x¥) (f) ey - y*) () eyt 2P (H ey =
=) (¢), nonyyaem ¢opmyay Te#nopa mns BEKTOP-(yHK-
unn f ().

IMonsTue unrterpana B cmbicie PumaHa O BEKTOpHOM
¢dbynkuun BBOAMTCA OYKBaJbHO TaK XKe, KaK HJa CKaJspHOH
¢ynkuun. HHAterpan BexkTop-QyHKuMH 06JanaeT OOBIYHBIMH
ceolicrBamn. Mmenno, ecau f(t) nenpepusnas wa ompesie
a<<t<<b gexmop-ghynxyun u a< c<b, mo

b c b
[F@ydt={f®at 4 feyat.

a a c

Ecau m — nocmosnnasn, mo

b b
{mftyat=m f@tyat.

Ecau r— nocmosnneli sexmop, mo

b b
{rr@yat=r{feyat,

b
(rXfyat=r X\ f@)at.

b
a a

Humeem mecmo ¢popmysa ougdghepenyuposanus Heonpede-
ACHHO20 UHMe2Paia

2\ foat=f .

QQ’}&
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B sakmouenue 3ameruM, yTO MNapaMETPHYECKOE 3alaHue
KPHBOH YpaBHEHUAMH

x=x(), y=y@), z=2()

SKBUBAJIEHTHO 3aJaHMIO €€ C MOMOUIBI0 OZHOr0 BEKTOPHOrO
ypaBHeHnst

r=rt)y=xt)e,-+y()es+2()es,

rIe €, €3, €3 — €QNHUYHbIE BEKTOPHI, MMEOLINE HaNpaBJCHUS
KOODJAMHATHBIX Ocel Xx, y, 2.

§ 2. Kacareavnan xpusoil

[Tycts Y—kpuBas, P —Touka Ha Hel u g— mpsmad,
npoxonadwas yepes Touky P. BospMeM Ha KpHBOH TOuKy Q
u 0003HauMM ee pacCTeaHNE OT TOuYKH P u
npamMoi g uepes d u h CODTBETCTBEHHO. g

Mbr Oynem Ha3biBaTh MPAMYIO g KacameAs-

~

. h
Hoil K XpuBo# T B Touke P, ecim — — 0,

d
korxa Q— P (puc: 8).
Ecau wpusas Y 8 mouxe P umeem raca- 4
measnyio, mo npamas PQ npu Q— P cxo-
dumcs K smoii kacamensroi. O6pamnuo, ecau Puc. 8.
npaxast PQ npuQ — P cxodumcs K Hekomopol
npamoll g, mo ama npgmasn A6isgemcsa Kacameasroi. JLns po-

h
Ka3aTeapCTBa 3TOr0 YTBEPKACHHUSI NOCTATOYHO 3aAMETUTD, YTO ra

ecTb CHHyC yrJa, oOpasyemoro mnpsmsiMa g 0 PQ.
Teopewma. I1a0kan Kpusas | umeem 8 Kaxi0ol motu-
Ke Kacamensnyio u npumom eOuHcmeeHKYI.
Ecan
r=r()

8eKMOpHOe YpagHeHue Kpusod, mo KacamessHas 8 mouke
P, coomeemcmsywuweil 3nauernuio napamempa t, umeem Ha-
npasaenue sexmopa r'(t).

HokasateabcTBo. JlomyctuM, 4o KpuBas Y B TOY-
Ke P, COOTBETCTBYWILEH 3HAaueHMIo napameTpa f, UMEET Ka-
cateapHyio g IlycTh T — enuHnuHbfl BEKTOp, HMEOIUH Ha-
npasJienne npsmoft g Paccroanne d Toukm Q, COOTBETCTBYIO-
ueid suavenmio mapamerpa t-}-Af, or Taukn P pasHO

2 A B Toropenos
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|r(t-+ Af)—r(t)|. Paccrosuue h TOukH Q OT KacaTeJbHOH
pasuo |(r (t -+ Af) —r (¢)) X v |. Ilo onpeaenenuio KacateabHOH

h __ [(ri¢4A8)—r(2) X 7|

—0 npu At—0.

dT T (rtFa)—=r@)]
Ho
r(t+ At)— r(2)
s —ranxsl_ |- w X'I_,lr'mxrl
[(r¢+80)—r @) — lr(t-{—AZ;—r(t) jfr@)
Orciona
r@HxXe=0.

A 310 BO3MOXHO TOJBKO TOrJa, KOrId BEKTOP T HUMEET Ha-
npasaenue Bektopa r’(f). Takum o6pasom, ecan KacaTeabHas
CYIIeCTBYET, TO OHAa WMEET HanpasaeHue BexTopa r’(f) u,
C/IeN0BaTeIbHO, €IUHCTBEHHA.

To, uro npsmas g, npoxomsmas uepes TOuky P n ume-
Iomas  HanpasjeHHe BeKTOpa ¢’ (f), SBAAETCA KacaTeJbHOH,
TaKXKe CNpaBeIuBO, MO0, KAK MNOKa3HBAIOT NpEXBAyLINE
BBIKJIAIKH, 1JIg Tako# mnpsamoh

_ r'()
. (r (¢ + A8 r(t>)><|,.(m SIrOXre]

- lr¢+48)—r ()] lr @}

TeopeMa 10Ka3aHa NOJHOCTHIO.

3nas HanpaBJCHHE KacaTeJbHOY, HETPYAHO COCTABHTH €€
ypaBHeHue. JlefiCTBUTENBHO, €C/MH KPHBas 8aflaHa BEKTOPHHIM
ypasHenuem r==r (f), To BeKTOop ¥ mpou3BOJBHOK TOUKM Ha
KacaTeJbHOH MOXHO TNPEACTaBUTb TaK:

F=r ()42 ()

A1Cc 4 ecTh YDaBHEHHE KacaTelpHOR B TapamMerpuueckofi
(opme (mapamerp A).

Brisenem ypaBHeHue KacaTenbHOM IUIS PasNMUHBIX  CJY-
yaeB aHaJHTHUECKOrO 3alaHus KpHBOH.

ITycTs KpWBas 8aaaHa YDaBHEHWSIMH B MapaMETPUuECKOH

¢opme

x=x), y=y(), z=2z(1).
Takoe 3amanne KpuBO# SKBUBAJEHTHO BEKTOPHOMY 3aZaHHIO

r=ri)=xOe+yt)ea+z(t)es
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TIE @, €;, €; — COMHKYHHE BEKTOPHI FI0 KOOPAUHATHHM OCAM.
3aMeHss BEKTODHOE YpaBHEHHE

F=r)+M@®

TPeMS CKaJIsPHBIMY, TOJNy4YdM YpaBHEHHS KaCaredbHOH, COOT-
BETCTBYIOIHE NapaMETPUUECKOMY Cnocoby 3azaHus

E=x®)+M@, J=yO+WO Z=z@O+I@
WY, B 9KBHUBAJEHTHOH opme,
E—x() _J—yt) _Z—z(t)
x () ¥y Z(@¢ -
Eciau kpuBas njaockas W 3aJaHa YpPaBHEHUAMH
x=x@), y=y(@)
YPaBHEHHE €€ KacaTeJbHOH 3amuIleTcs Tak:
E—x(t)__J—y(@)
x'(¢) y@e
YpaBHeHHe KacaTesbHOH B ciayyae 3aJaHus KPHUBOH ypaBHe-
HUSAMH

y=yKx) z2=2(x) (*)
NIPOCTO NOJYYaeTCi M3 ypaBHeHMst KacaTeJpHOM mjd cayvas
napaMeTpuueckoro 3axaHus KpuBo#H. JlOCTaTOYHO 3aMETUTh,
YTO 3aAaHHE KPUBOH YypaBHEHHAMH (%) SKBHBAJEHTHO Mapa-
METPUYECKOMY 3a[aHHUIO
x':.:t, y:y(t} z=2(t).
YpaBHeHus KacaTeAbHOR K KPUBOH, 8aRaHHOH YypaBHEHUAMH (),
3aNUIIYTCA TaK:
~ J—y(x Z—z(x
FxdY® _ E—z(x)
¥ (x) Z (x)
Wiy, B dKBUBANEHTHOH dopme,
Y=y +y ) E—x)
F=2z(x)+ 2 (x) (X — ).
B uactHocTH, €CIM KpHBad MNJOCKas U 3aJaHa YPaBHEHUEM
y=y(x), TO ypaBHEHuE KacaTeJpHOH K He#l Oyuer

J=yX) +¥ *)F—x).

2.
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CocraBuM, HAaKOHEll, YpPaBHEHHE KacaTeJbHOH K KPHBOH,
8alaHHONH ypaBHEHUSIMH

(P(xa B A 2’)=0, '*P(x: Y, 2):0,

B TOUKE (Xy, V¢ 2¢), TA€ PAaHT MATPHULBI

(‘Px Py ‘Pz)
be Oy ¢2
pasen asym. Ilycrts

x=x(t)’ y=y (t)» =z (t)

Kakag-HuOyAb peryJspHas NapaMeTpH3auus KPHUBOH B OKpecT-
HOCTH TOYKH (Xg, Vo, 20)

VpaBHenue kacatenbHOR K KpHUBOH B TOYKE (Xo, Vg, 24) -

f“xo=y~YO =§ —2
Xo Yo 2y
Takum o0OpasoM, 1/ NOJYyYEHHs YDaBHEHHs KacaTeabHOH
JHOCTaTOYHO 3HAThb X:Yo: 2, DBHUMCAUM ST OTHOIIEHHA.
HWmeem ToxIecTBa
px@ Y@ 2=0, $(x®), y®), z@®)=0.

Nudpdepenunpys 3Ta TONKAECTBA NO f, OymeM HMETb:

¢xX ‘Pyy’ -+ 9.2’ =0,
"I’xx’ + q’yy’ + %2' =0.

Orciona
x' yl _ z'
Py Pz Pz Px Px Py
by bl bz el 19x by

¥ ypaBHEHHWe KacaTeJbHOH MPUMET BUX
£—x =.9—J’o Z—2,
Py Pz Pz Px Px Py
by ¢z br $x bx by
rae TPOUSBOIHME @, @y ..., P, B3STH B TOUKE KacaHus
%o Yo 20)
Ecan kpuBas miockas u 3agaHa ypasHenueM ¢ (x, y)=0,
TO yPaBHeHHe KacaTeabHo# Oyner
X—xo__J—0
Py T o—gy

?
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Ilns BeIBOZA 3TOr0 YypaBHeHMs HOCTATOYHO 3aMETHTh, YTO
3aaHMe KDHBOH B MJIOCKOCTH Xy ypaBHeHueM ¢(x, y)==0
SKBUBAJEHTHO 3aJaHUI0 €€ B NPOCTPAHCTBE YDaBHEHUAMH

o(x y)=0, 2=0.

Hopmaasnoil 1naAOCKOCTHIO KpuBO## B TOuke P Haskl-
BAeTCd IJIOCKOCTb, MPOXOAANLAS 4Yepes TOYKy P neprneHanKy-
JApHO KacaTeqpHOH B 3To# Touke. CocraBuTh ypaBHeHue
9TOR MJOCKOCTH MOCJE TOro, Kak M3BECTHO ypaBHEHHE Kaca-
TeJpHOR 1J1 /MoOOro cjayuass aHaJUTHYEeCKOro 3afaHus Kpu-
BOM, He cOCTaB/lfeT TPyAa M INpeiJjaraeTcs B KayecTBe Jer-
KOro YynpaKHeHus.

§ 3. Conpukacaomasici MJIOCKOCTb KPHBOH

Ilycte 7—Kpusags u P — TOuKa Ha He#l, & — MJIOCKOCTB,
npoxoasuas yepes Toyky P. OO603Haumm h paccTosHHe mpo-
U3BOJILHOH TOUKM @ KpUBOH OT
MJIOCKOCTH & ¥ d — PacCTosHuE
9TOH TOUKM OT TOuku P.

Mepr Gynem Has3biBaTh MJIOCKOCTD
o conpukacamuelics TMIOCKOCTbIO
KpuBoft 7 B TOuKe P, ecam OT-

h
HouteHue —>—0, korma Q—P

dB
(puc. 9).

Teopema. Peayaspuas (no
Kpaineii mepe, 08adxC0b Henpe-
poisro  Oubghepenyupyemas) Kpusas | 8 KaxHc0ol mouxe
UMeem conpuxacauyocs niockocms. [lpu smom conpu-
Kacamnu,ascsi NAOCKOCMb AlO0 eO0UHCHBEHHAs, Au6Oo Al06as
NAOCKOCHb, COOEPAHCAULASL KACAMEALHY IO K KPUBOU, A8ASEMCS
conpuracawueics. Ecau

r=r()

ypasHerue Kpusoll Y, mo CONPUKACAIOWASCS NAOCKOCHS 8
moure, coomsemcmsyuel 3HaieHur napamempa t, na-
paasensna gexmopax r' (t) u r” (2).

INokasateasctBO. Ilycth o — conpukacawowasics
IVIOCKOCTb KPUBOH 7 B TOuKe P, COOTBETCTBYIOIIEH 3HAUEHUIO
napamerpa ¢ OO6o3HaumM e emHHUYHBIH BEKTOP HOPMaaH
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K TJIOCKOCTH 0. PaccrosHue TOuKM Q, COOTBETCTIBYIOLLEH 3Ha-
uennio mapamerpa f-}- Af, OT IJIOCKOCTH &

=|e(r(t-+At)—r@)|
Paccrosnne atof Toukm or P

d=|rt+A)—r@)|
l/lmeeM
_ler@+s—r@)|__
(r @+ 48)—r (@)

|e <r’ (t) M+ —2@ A 4 e A8 )\ ‘ @& 4 o
(r (O) M Fe,bt) = IGEA :

Tak kak >0 npn Af—>0, ¢}, &0, a 17 ®)]#0,

10 er (t)=0, er”(f)=0. Taxum oOpasom, ecaum conpuKa-
caloniasnca MIOCKOCTh CyLecTBYeT, TO BekTopH /' (f) u r” (f)
napasjielbHbl el

B TOM, 4TO CONMPHKAaCaOIAACa MJIOCKOCTb BCEraa cyuie-
CTBYeT, HeTpyaHO yOeautshcs. [Las 3TOro BosbMeM IJIOCKOCTD 4,
napaujaenbHyo Bekropam r'(f) 4 r” (f) (10 OTHOMIEHHIO K HYy-
JIEBOMY BEKTODY MBI CuMTaeM JMOOYI0 NJIOCKOCTb €My Napad-
aenpoil). Torna er’ (f)=—er” (f)=—0 u, cienoBarenLHO,

_ﬁ leil
GRS

Taxum o6pasom, B KaxmoH TOyke KPHBOH CymECTBYET
conmpuKacaromagcs nJaockocts. OueBHOHO, CONMpHUKacalowascs
NJOCKOCTh, GYAyyd napaiennHa Bektopam 7’/ (f) u r”(f) Oy-
JET €XMHCTBEHHOH, ecan BekTODH 7’ (£) 1 r” (t) He Mapasie/bHEL.
Ecan xe 3Tn BEKTOPH Mapa/iensHbl (wiu BexTop r’’ (£)=0),
10 Mobas NJIOCKOCT, MPOBEJEHHAA Uepes KacaTedbHYIO K KpH-
BOH, Oyner conpukacaromelics NI0CKOCTBIO.

Teopema noxasaHa.

CocTaBuM ypaBHeHne conpukacaomelica niaockoctu. ITycrs

=—r (f) — BEKTODHOe ypaBHeHHE KDHBOH u f— 3HayeHue na-
pamerpa, COOTBEeTCTBylomiee Touke P xpuo#. IlycTe B sTOH
touke r(f) u r’(f) we napamressHue Bextopel. Torna
r({) X r’' () Gymer BeKTOpOM HOPMajau CONpHKacamouehcs
niockoctd. Ecan F 0603HauuTh BEKTOP NPOM3BOJBLHOH TOUKH
compuKacaloleics NJAOCKOCTH B TOyYKe P, TO BEKTOpH

er' (t) _I_er"

—gre—r— 0 mpn At — 0,
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F—r{) u r ()X r’(f) nepnenauxyaspun. Otcioga ypasHe-
HHYe conpuKacawuehca NI0CKOCTH

F—r@®)@r@OXr®)=0
F—r®) r ) r#)=0.

HIH

W3 sToro ypaBHeHuss nas CJAy4yas NapaMeTpUYecKoro 3a-
JaHus KpuBoOH

x=x(t) y=y() z=2(0)
T0JyuaeM ypaBHEHHE COHpHKHCﬂ!OUJ.EﬁCﬂ NAOCKOCTH B BRIe

E—x@ y—y@®) 2—2()
PO A0, 2@ |=0.
x” (t) y” (t) z" (t)

BriBoa ypaBHeHHs CONPHKAacalomencs MIOCKOCTH s APY-
rUx CJyuyaeB aHaJWTHYECKOro B3anaHus KpPHBOH mNpemocTaB-
JISETCA YMTaTelIo.

Kaxnmas npsmas, npoxoisuias uyepe3 TOYKY KpHBOH mnep-
NEHANKYASIPHO KacaTeJbHOH, HA3bIBACTCS HOPMAALI0 KDPUBOiL.
Cpenu 3THX NpPSMBIX B C/Ay4ae, KOrjaa CONpuKacamomasics mnio-
CKOCTh SIBJSIETCS E€AMHCTBEHHOH, BBIAEJSIOTCS NBE 3aMeuaTelib-
HbBlE MPAMBIE. 24QBHASL HOPMAA6 — HODMAMb, JeKallad B
CcOnMpHKacamIleiics MIOCKOCTH, U  OUHOPMAAL — HODMallb,
TepNeHanKyaapHas CONpHKacamomelics mIOCKOCTH. Tak Kak
¥M3BECTHO YpaBHEHHE KacaTeJbHO# 1 CompuKacamoetics naocKo-
CTH, TO BHBOA YpaBHeHu#l rAaBHOH HOpPMaaHd U OHHOpMAJAU
He COCTaB/seT TPyAa W MPeJOCTaBJAETCH 4UTATENIO B Ka4ecTse
ynpaxxHeHus.

§ 4. ConpuKOCHOBEHHE KPHBBIX

Iycte ¥ ¥ 7 — 3/emMeHTapHbie KPUBHE, UMeomue o0uiyio
touky O. Bosbmem Ha Kpuso# 7 TOuky P u 0603Haumm A
ee paccTosHue OT KpuBO# 7, a d — paccrosiHue ot Touku O.

Mpt Oynem roBoputh, 4TO KpuBas Y MMEeT C KPHBOH |
B Touke O CONpUKOCHO8eHUe nopsdKa N, eci¥ OTHOUleHHe

h

a7,—>(), xorgza P— O (puc. 10).
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Mycrs 7 u ' — obwue Kpusble, uMeomue OoOLLYIO TOY-
Ky O. Mu 6yneM roBopuTh, YTO KpHBast |  HMeeT ¢ KpuBOH T
B Toyke O CONPHKOCHOBEHHE NOPSIKA 71,

b ecnu  3JEMEHTApHas OKPECTHOCTh Touku O
KpuBO# |’ HUMeeT CONpUKOCHOBEHHME MOpAj-
7P Ka 7 C 3JEMEHTapHOH OKPECTHOCTbIO KpH-

0 BOH 7.
y Teopewma. [lycme 1 u | — peayisap-

Hole naockue kpussie, ¢ (X, y)==0— ypas-
Henue Kpusod |, a x=x() y=y({t)—
7 ypasrenus xpusol Y. Ilycme ¢3¢y # 0

8 moure O(Xp Vo).

Puc. 10.

To20a 0an mozo0 umobs kpugas Y ¢
Kpusoii Y 8 mourxe O umeaa conpurocrose-
Hue nopsdxa n, Heo6Xo0UMO U QOCMAMOYHO, 4molbu npu
t, coomgemcmsyioumer mouxe O, 8biMOAHAAUCH YCAOBUS:

e(x(® y®)=0
2ot yO)=0,

et y(O)=0.

HNoxasateabcrBo. Ilyctre M —Touka Kpuso# 7.
Mo onpenenenuio ee paccrosiHue h(M) OT KpuBOH 7Y ecTb
TOUYHAsi HUXKHSAS TPaHb PacCTOSHUH Touek Kpusol | oT Touxku M.
Ilpu mocraTouHo#t Giusoctn Toukw M K O 5Ta TOUHAst HHK-

HAs TpaHb NOCTHraerca IJs HekoTopo#t Toukm M KpuBo# 7.
IMoxaxem, yro oTpesok MM Hanpas/JeH MO HOPMAJIH KPH-

Bo#t 7 B TOouke M. B camom zene, myctb 7 (S)— BECKTOP TOU-
KA KpuBo#t T, a m — BekTOp Touku M. KBa;apar paccrosHus
TOuKH M OT TOYKH KpuBOH paseH (F(S)— m)? Iaa s, coor-
BETCTBYIOUIEr0 MUHAMYMY 3TOrO pacCTOSHUS, HUMEeM

2 (7 () —mp=0,

otkyna (7 (s)— m)7 (s)=0, a 310 3Hauut, yTO BeKTOp MM

HANpaBAEH MO HOPMamu KpueoH | B Touke M. '
Mycts & — HanpaBasiomue KocuHycH npsmott MM.

Koopaunatii Toukn M uepes KOOpAHHATH TOYKH - M MOryT
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ObiTh BBID@XEHH CJenylowuM oOpasoMm:
X=x-th, J=y-+n
rae h— paccrosHue TOuKH M OT KpmBOH 7.

Koopannare X, yJ TouKM M, Kak TOuKu KpuBO# Y, ynaos-
JIETBOPAIOT ypaBHeHuio ¢ (x, ¥)==0. Taxum oGpasom,

¢ (x4 Eh y -+ qh)=0.
Orciona

¢ (% ¥) - tho. (X, ¥) -+ nhey (%5 )+ HR=0,

rae R orpaHuueHo B OKkpecTHOCTH TOUkH O (Xp Vo).

Hpu x— xp, y—> Y, upakenne &p, -} Mp, crpemutcs K
npeneny, OTJAHYHOMY OT HyJs, TaK Kak npencraBiageT coboi
CKalspHOE TIPOHW3BEJIEHHE [BYX BEKTODOB C KOODIMHATaMu
£ MM ¢p 9, KOTODHE B Mpenese OT/IMYHBI OT HYJsi M Ha-
npasJieHsl MO0 Hopmaiu Kpueo# 7 B Touke O. Takum o6pa-

_ %
Sox -+ M9y
pAAoK ¢.

[Mycts TOuka M Ha KpHBOH 7 COOTBETCTBYET 3HAYEHHIO
napameTpa f. Torma ee paccrosHue oT O, paBHoe

lr (@) —rt)|=|¢t—t) (" t)+ 2

npu pocratoynolt 6iusoctm M k O umeer mopamok |t —t, |
Orciona caemyer, 4To aas Toro yToObl KpHBas |’ HMeaa C
kpuBo#t 7 B TOuke O CONPUKOCHOBEHHE NOpAIKa 7, Heobxo-
MO .M JIOCTaTOYHO, YTOOH
¢ (x () y ()

t—12)"

80M, BeJnuMHAa h=— — IR’ npu M — O wumeer no-

— 0 npan t— ¢,

Ho aT0 3HauuT, YTO BCE uJEeHH pa3JOXKEHHA (YHKUAR
p(x(® y(?) no crenenam (!—=2,) KO 7-TO BKJIOUHTEJLHO
paBHH HYJIIO.

Teopema mokasaHa.

I pumep. Hatitu napabony smaa

y—(@+ax+...4 axm=0,
KoTopas ¢ Kpuso#
y=1¢(x)
B touke (0, ¢(0)) MMeeT CONPHKOCHOBEHHE N-TO MOPSAKA,
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CornacHo Teopeme mpy x=0 u k=0, 1, ..., n
dk
@) —a—ax—...—ax")=0,
OTKyza

’ t
a=29(0), a;=¢ (0} ..., a"=ﬁT‘P(”) (0).
Hckomas napa6osa:

=00+ ¢ (0)x 5" (0) £ ... o 0) 5"

§ 5. OruGaromas cemeiiCTBA KpHBBIX,
SaBHCAINKMX OT MapameTpa

Mycrs S{y,} — ceMeAcTBO rMafikux KpUBBHIX Ha MJIOCKO-
CTH, 3aBUCSIAX OT mapameTpa . [Jamkas kpuBad | Haswl-
BaeTca o2ubaiouel cemedctea S, ecau oHa B Kaxaoh cBoeit
TOYKe KacaeTcsi XOTa Obl ONHOH KDPHBOM cemeHcTBa nm'KammbiM
Va CBOUM OTPE3KOM Kacaercsi Oecko-
HEYHOTO MHOXECTBa KPHBHIX cemeh-
crBa (puc. 11)

Mpumep. Tnagkas Kpusas,
HE UMeIias NpIMOJMHEHHHX Yyua-
CTKOB, fABJfIETCA orubamomel csoux
KacaTeJbHbIX.

Huxecnenywomas teopema B n3-
BECTHOH cTeneHu pelaer BOOpPoOC O
Haxoxaenun orubBarometi.

Teopewma. ITycms xpusee 7,
cemeiicmea S 8 ob6racmu G 3a-
dawmcsa yplsnenusmu

Puc, 11

o(x, ¥, )=0, a<<a<b,

20e ¢ — nenpepbl8ro Oudhdbeperyupyesmas ByHKYUL no Bcesn
apaymenman, ydosaemsopawuas ycaosuno @i - ¢y # 0.

Toz20a ozubaowan | cemeiicrnsa S (ecau ona cyuecm-
8yem) 3a0aemcs YpasHeHUAMU

Cp(x, Y, =0, (Pa(x’ y, 0)=0
8 WOM CMbicae, 4mo 348 Kascdoli mouku (x, y) ozubanued
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MOJICHO YyKa3ams maxoe o, Mo CUCMEMOL 3Ha4erll X, Y,
O0ydym ydosiemsopamscs oba ypasienus =0 u ¢, =0.

HokasateabctTBo. Iycts P{(X%, y)— npoussoJbHas
TOuKa ormbaometi 7. MoryT nmpencTaBHTbCA ABa Cayyas:

1. B touke P xacaercs OECKOHEYHOE MHOXECTBO KDPHUBBIX
CEMEHCTBA: Ya;, Tagr -+

2. B rouke P KacaeTcs TOAbKO KOHEYHOE YHCJO KPHBBHIX
CEMEHCTBA: Yay, ¢+ 5 Tup

Paccmorpum nepsmi#i cayyail. He orpanuumsas oGmnocTty,
MOXHO CYHTaTh, YTO MOC/ENOBATENBHOCTh YHCEN &, CXOMUTCS
K HEKOTOPOMY @g(a=<Cay<<h). Tak xak rouxka P npunamjie-
MAT KakIOH Kpusok Y, T0 ¢ (X, ¥y, az)=10. Orciona

(% ¥, W) —o(x, ¥, o) =(0 — %) ¢, (x, ¥, a*¥)=0,

rie o* gakmoueHo MexAy o, #H o, CaexoBaTeabHO,
Qo (%, ¥, 0*)=0. Tlpu e n /—>00 o, A @, —a, NO3TOMY

(P(x) y» U'O)——‘O’ (Pu(x» J’, 0’0)=0

M YTBEPXIEHHE TEOPDEMH B NEPBOM CJyuae HOKa3aHO.
Paccmotpum BTOpO# ciayuaft. JlonycTuM, uTo Teopema He-
BEpHA H, CJeNOBaTeNbHO, Mpu JioboM oap(k=1, 2, ..., n)

(P¢ (x) )’, a’k) ;t 0‘

OGosnaynm ®f SaMKHYTYIO €-OKPECTHOCTb TOUKH @) Ha

otpeske (a, b) u 8 manmi# oTpesox orubawouieH |, comepma-
muit Touky P. Ecam e ¢uxcupoBaTts, a 8 B3ATh IOCTaTOUHO,
MaJblM, TO A8 BCAKOH KPWBOH T,, KOTOpas Kacaercs o, o
NPUHALJICKUT ONHOH M3 okpecrHocTe w: Ecam zonycruts
NpOTUBHOE, TO JIErKO NPHXOAVWM K BHBOAY, YTO B TOouke P
KpUBOH T KacaeTca HEKoTopas KpuBas cemeficTBa, OT/JMYHaf
OT KPUBBIX 7,,, YTO HEBO3MOXHO.

O603HauuM 72, MHOXECTBO TOUEK OTpe3Ka 8, B KOTODHIX
KacaloTCsl KPHBHIE Y, MpH a CCof. OueBUIHO, m, SBIASETCH

3aMKHYTHIM MHOXeCTBOM. [TocTpoum OTpesoK 8, mpuHamiexa-
mui 8, o6Aajalomui N0 OTHOUIEHHIO K KaXIOMY MHOXECTBY
mj, ClelyolHM CBOHCTBOM: JHOO MHOXECTBO 772, CONEPKHT

TNIONHOCTBI0 OTPE30K O n60 OHO HE CONEPKHT HU ONHOH ero
touku. Tako#t orpesok 8 crpourcs mnpocro. CHauara crpoum
OTpPesoK ', MpHYeM, €CI¥ OTPE3OK O COHEPKHTCHA LEINKOM B
my, To nonaraem 8 =3, ecau 3 HE MOKPHBAETCA MHOXECTBOM
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my, TO B KauectBe O OEpeM OTPESOK Ha MOMOJNHUTE/b-
HOM K My MHOXECTBE 8 — my. Jlajlblie aHAJOTMYHBLIM CNOCO-
Gom cTpoum oTpe3ok d” ¢ momouplo OTpesKa & W MHOXECT-
Ba mg U T. A KoHeuHelM 4HCJIOM TakHxX onepauuét Mbl
NpUXOJANM K OTPe3Ky 8, 06/1afa0meMy yKasaHHBIMH CBOHCTBaMH.

ITycTe MHOXECTBO m, comepxkur oTpesok . Ilpm Hocra-
TOYHO MaJIOM & CEMEHCTBO KDHBBIX 7, B OKPECTHOCTH TOUKH P
npH o C w, MOXET ObiTh 3a-
IaHO ypaBHEHHEM

‘P(JC. y)=4q,

rane ¢ (x,3) — HENpEepLBHO
auddepenuupyemMas QyHKIRs,
YAOBJETBODAIOWIAS  YCJIOBHIO
03493 #0. 310 caenyer
U3 HallEero NpeanoJoKeHus o
TOM, -4TO @, (X, J,0,) %~ 0 B
TOuke P.

Kpusas 7 Ha orpeske 9
MOxeT ObTh 3aaHa ypaBsHe-
Hasmn  x=x(f), y=y(f),
rae x (f) u y (f) — HenpepsiBHO
nuddepenunpyemMne  (QyHKUUH, YHOBJETBOPSIOLINE YCJIOBHIO
x? -1y £ 0. OGosnaunm o (f) 3HAuEHHE NapaMeTPa o C= wy,
OTBEYAIOLIEr0 KpuBOH 7, KacaowmeHcs oTpeska 8 B Touke
(x (@), y (). OueBunaHo,

a@)=9x ), y(©)

IBJIIETCS1 HeNpephIBHO U depeHuupyemon yHkuuei.

HUmeem
o = q;xx’ + q»),y’.

Tax kKak x’ ® ) — KOMIOHEHTH KacaTeJbHOTO BEKTOpa
KpuBo# 7, ¢, H {y, — KOMNOHEHTH BEKTOPAa HOPMAIM KPUBOH
Ya(t)y @ KPUBBIE Y,(s) M T KacaioTcsi B TOuKe (), 10 o' =0 g,
ciaenoBare/bHo, o == const.

Takum oOpasoMm, BHOIL OTpe3Ka 8 KpHUBOH 7| Kacaercs

TOJMBKO O[Ha KpuBag 7Y, CEMeHCTBa mpH o C 0, CAENO0Bas
TeNLHO, BO BCceM cemekctBe S Hatinerca He GoJsee n Takux

Puc. 12.
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KpuBHX. A 1O onpejeneHuio orubaomed uX n0MKHO OHTb
6eckoneunoe MHOxecTBO. Mb mpumig k nmporusopeynio. Te-
opeMa IOKa3aHa.

3ameyaHue. Cucreme ypasHeHHH

9 (x, ¥, 0)=0,
CPa(x; y a-)=01
BoOOuE TOBOPS, MOryT YIOBJAETBOPATb KDHUBHIE M HE SABJSIO-

mueca ornbGaomelt. Hanpumep, ypasnenuio orunbawomet cemei-
CTBa KpPUBHIX

(x—apt+@y—apf—3x—a)y(y—a)=0

VIOBJETBOPAET MNpAMasg X =y, KOTOpPad, OHAKO, HE ABJAETCS
orubawomieft. Drta npsmas COCTOMT H3 Y3JOBBIX TOUEK KpH-
BHX cemeiicra (puc. 12).

YIPAXXHEHHWA K TJIABE 1I

1. lns BUHTOBOH JHHHH
x=cost, y=sint, z=t
B touyke (1, 0, 0) cocraBuTb ypaBHeHHs:
a) KacareJbHOI1,
6) conpuKacapoueica MIOCKOCTH,
B) HOpMalbHON NIOCKOCTH,

T) IJIaBHOHl HOpMauy,
&) GHHOpMaJH.

Omesem. YpaBHeHHe KacaTelbHOM:
x—1
0

YpaBHeHHE conpuKacamomeica nNI0CKOCTH:

===
T

H
y—z=0;
ypaBHeHHe HOPMalbHO# MIOCKOCTH:

y+z=0;
ypaBHeHHe TlaBHOH HOpMaam:

ypaBHenHe GuHOpManm:
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2. CocraBHTh ypaBHeHHe KacaTeJbHOH K KPHBOH, 3alaHHOH ypaB-

HEHUAMH
Fpyif=1, wfy=x

B touke (0, 0, 1),
Omeem.

y_z—1
1= 0 -
3. Haittn ypasuenne mapaGons BHIa

y=x*4ax-+b,
Kacawiueicsa OKpY¥KHOCTH

X
5=

x4yt =2
B Touke (l, 1).
Omeem. y = x* —3x 4 3.

4, Halith xpuBy1o y =y (x), eciy H3BeCTHO, YTO JJIMHA OTpe3Ka
KacaTenbHOH MeXNy TOYKOH KacaHHa M TOYKOH NepeceyeHHd Kaca-
TeNbHOW C OChI0 X NOCTOAHHA W PaBHA 4.

Omsem. Tpakrtpuca:
a—VE—F

y

5. Ha 6uHOpManax npocToit BUHTOBOM JHHHYM OTIOMEHK OTPE3KH
onHot u Toit we mauHel. Haiitw ypaBHeHue KpuBOH, o6pasyemoit
KOHILAMH 3THX OTPE3KOB.

Omesem. BuHTOBaA THHUA.

+VE=

ctx=aln

6. [lox KakuM YLJIOM TepeceKaloTCs KPHBBIE
xy=¢;, x*—yi=qcy?
7. Ecan KkpHBas y Ha MIOCKOCTH NepeceKaeT KPUBbIE CeMeHCTBa
¢ (%, y) = const (e% + 57 0)
nox NpAMbIM YILiaoOM, TO OHa YAOBJIETBOpSAET YPaBHEHUIO
dx _dy

.

Px Py
Jloka3arb.

8. Haittm ceMeHCTBO KpHMBHIX, MepeceKaloUUX NOX NPAMBIM
yriOM BCe OKPYKHOCTH, NpOXONALIME Yepe3 IBe NaHHbIE TOYKH
TIOCKOCTH.

Omegem. CeMeiCTBO OKPYXHOCTeiL.

9. Haiitw ypaBHeHHe OKpYXHOCTH, HMeoLIeit ¢ napaGonoit
y=x% B ee BepIIHHe CONPHKOCHOBEHHe BTOPOro MopalKa.
Omeem. x2 4y =3y.

10. Ha#itu ormbaiomyi ceMeiicTBa NPAMBIX, OTCEKAOUUX OT
koopauHatHoro yraa XOY TpeyroabHuk ¢ miomanbio 2q2
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Omsem. Be1Bb paBHOGoOKOM runep6oan xy = a?%, pacnojoxeH-
nas B yrie XOY.

11. Haittu oru6amiyio cemeficTBa NPAMHX, HA KOTOPHX KOOp-
AHHATHbIE OCH BHIPE3al0T OTPe30K NOCTOSHHOH IIMHBL 4.
Omsem. Actpouna:
2 2 2

3 3__ .3
[x|° +1yl° =a".
12. Hatitn oru6awoimyio TPaeKTOPDHH MaTepHalibHOH TOYKH, Bbi-
6pacbiBaeMoit U3 Hayana KOOPIHMHAT CO CKOPOCTHIO U,
Omeem. Tlapa6oaa Ge30MacHOCTH
__ & v}
y= 203 + 2g
(g — YCKOpeHHe CHABl TAXECTH).

13. Haiith oruGaiomyo cBeToBHX NyyeH, HCXOAAUMX M3 Hayasa
KOODAHHAT NMOCAE MX OTPaXEHHS OT OKPYKHOCTH

x2 4y =2ax.

Omegem. ¥ nutka TMackans:

16ax > —0.

(et 3t — 200 + 5 (2 45— G

3ANAYU Y TEOPEMBI K T'JIABE II

1. MMycte y— xpuBas ¥ P —TOYyKa Ha Helt, g— npaMas, nNpo-
xonduwan uepe3 pasnMyHble ToykH R W S kpuBoit. Tosopsar, uto
KpuBas Yy MMeeT B TOYKe P KacaTelbHYH B CHAbHOM CMBICIe, €CIH
npamsie g Npy R # S — P CXONATCA K HEKOTOPOH# NpAMOi &p

Jloka3aTb, YTO eCaAH KpUBas TriaamKas, TO OHAa MMeeT B KauIoH
TOYKEe KacaTelbHYI0O B CHAbHOM CMbICIe, 3Ta KacaTedbHasd COBIlagaeT
C KacaTeJbHOH B CMbiCle OGLIYHOrO oONpejeleHHs, IaHHOTO B § 2.

Ecan xpuBad HMeeT B KaxJO# TOYKe KacaTeAbHYI0 B CHIbHOM
cMbIcae, TO OHa (KpuBag) raagkas.

2. Jloka3artb, YTO €C.IH KacaTeJbHble TJIafKOH KPUBOH MPOXONAT
yepe3 ONIHY H TY Xe TOYKY, TO KpuBad npexacTaBiasger coboit oTpe-
30K NIPAMOMN, HIH MONYNPAMYIO HJIH Le]YI0 NpsaMYyIo.

3. Tlokasatb, 4TO KacaTeabHble BHHTOBON THHHH

X=acosowf, y=asinot, z2=0b¢t

HAaKJOHEHbI NMOJ NMOCTOAHHLIM YIJIOM K MIOCKOCTH xy. [lokasatb, uto
riaBHble HOPMaid BHHTOBOH JMHUH NepecekaloT 0OCb Z.

4. VnBepcHell HasblBaeTCA Takoe npeo6pa3oBaHHe, NPH KOTOPOM
COOTBETCTBYIOIME TOYKM DacrnoiararoorTcs Ha ONHOH, uayuieit u3
HEKOTOpOit (PMKCHPOBAaHHOH TOYKH S (LleHTpa HHBEPCHH) MOAynps-
MOH, a fpoys3BeleHHe PacCTOAHHI HX OT g nocroauno. Jloka3ars,
YTO NPH MHBEPCHH YIibl MEXIY KPHUBBIMM COXPaHAOTCH.
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5. JlokasaTe, YTO €CIH KacaTeJbHble KDHBOH MapalielbHbl HEKO=
TOPOH MIIOCKOCTH, TO KPHBas MIOCKafA.
6. [1pH KaKoM YCJIOBHH NpAMBlE gy

{ 8, (1) x+ b, () y+ e, () 2+ d (£) =0,

a; () x+bs () y+es () 2+ ds (2) =0

ABNAIOTCA KacaTeJbHbHIMH K HEKOTOPOH KpUBOH
x=x(), y=y(@), z=z().

Haittn sty kpuByio.
7. CocTaBUTb ypaBHEHHE .,CONPHKACAIOLIEHCA MIOCKOCTH KPUBOH,
3alaHHON YpaBHEHHAMHU

o, 92 =0, ¢(x, y,2)=0

B TOYKE (X, ¥y, 2Zp)-

8. Myctb Y — kpuBas u P — TOYka Ha He#, @ — MIOCKOCTh, NPO-
xonAuian yepe3 pasinynbie Touyku Q, R u S kpusoi. osopsar, uro
KpMBas Y HMeeT B TOYke P compHKacamoIylcs NMIOCKOCTb B CHJb-
HOM CMbICi€, eClIH MIOCKOCTH « npu Q, R u S — P cxonarca K He-
KOTOPOH MIOCKOCTH @p

HokasaTh, 4TO ecad peryndpHas (XBaxIbl HenpepbiBHO Iudpde-
peHuupyemas) KpuBas B TOYKe P HMeeT eJHHCTBEHHYIO CONMpHKaca-
I0YI0CA MIOCKOCTb B OObIYHOM cMbicie (§ 3), TO OHa HMeeT B 3TOM
TOYKE CONMPHKACAIOLIYIOCA MIOCKOCTb B CHABHOM CMBICIE M OHH
COBMAanalorT.

9. BocCcTaHOBHTH KPHUBYIO

x=x(t), y=y(), z=z(f)
no ee COﬂpHKaCalOLLlHMCH MI0OCKOCTAM
A{)x+B({t)y+C(t)z+ D (t)=0.

10. Joka3aTh, YTO eClIH BCe CONMPHKACAIOLIHeCcAd MIOCKOCTH Kpu-
BOM MpPOXOMAT yepe3 OIHY M Ty e TOUKY, TO KpPHBasd IIOCKas,

11. Jdokasarb, 4To Yycan0BHe, He0OXONMMOE M NOCTaTOYHOE IIA
TOro, yro6bl KpHBad

x=x(f), y=y ), z=z()
6bl1a MIOCKOH, COCTOUT B TOM, YTOGbI

v

x y z
x!l y" zn =0
X"y 2

12. Jloka3atb, 4TO CBOMCTBO CONPHKOCHOBEHHA KPUBHIX B3aAHMHO,
T. €., ecad riafgkad KpuBas 7y, MMeeT ¢ riIagkol KpHBOH Yy conpu-
KOCHOBEHHe TOpAIKa 1, TO KpHBas y; UMeeT C KPHBOH y; B TOi e
TOYKe CONPHKOCHOBEHHE 1IOpALKa 7.

[Moka3satb Ha npuMepe, YTO TpeGoBaHUe TMANKOCTH CYIIECTBEHHO,
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13. Tlycts kpusue Y1 Y {3 UMeOT 06umyl0 TOuKy P, B KOTO-
POH KDHUBHIE Yy H 7, Y3 H Y; HAXOAATCA B COMPHKOCHOBEHHH NOPAL-
Ka n. Torga Kpuebe y, u y; MMEOT B P Takke CONPHKOCHOBeHHE
nopAnka nu,

14, Tokasath, yro ecau KpuBas B KauIOH TOYKE HMeeT compy-
KOCHOBEHHe TpeThero Nopsjika ¢ COMPHKacaouiei#ca NIOCKOCTbIO, TO

9Ta KpPHBas MAOCKafd.
15. Mexny ToukaMu KOODAMHATHBIX OCeHl X H Y YCTaHOBJEHO
OPOEKTHBHOE COOTBETCTBHE

y=%—i—§’ ab—ﬂx¢0

JloxasaTh, YTO CEMEHCTBO NPAMBIX, COCNHHAOIINX COOTBETCTBYIOIUE
TOUKH OCejl, OTHGaeT KPHBYIO BTOPOrO Nopsuxa.

16, dokasaTb, 4TO e€CIH ONHOMAapaMeTPUyecKoe CeMEHCTBO KpH-
BbIX Ha MIOCKOCTH 3a1aeTcd ypaBHEHHUAMH

(P(x’ ¥ o B)=0, f (2, 8) =0,

npuuem f2 +f§;é0, TO oru6apuias 3TOro ceMeHWCTBa YXOBIETBOPA-
eT ypaBHEHHAM

¢=0, f=0, ¢, +1rf,=0, ‘?g"l“)‘fp—_—"o

B TOM CMbICI€, YTO IS KaXAOH TOYKM (X, y) Orubaiouied MOMXHO
yKa3aTh Takue a, § M A, KOTOpBIC BMecTe ¢ X M y GyIyT ymoBaer-
BOPATb YKAa3aHHBIM YeThipEM YPaBHEHHAM.

YpaBHenue orubamouieil B HCABHOM BHIE MOMKET ObITh IOJAYYEHO
NyTeM HCKJIIOYEHUA «, B, A U3 3THX YETbipex ypaBHEHHIL

rm1TABA I

BOIPOCHl TEOPHH KPUBbBIX, CBSI3AHHBIE
C NOHATUEM KPUBHU3HBI U KPYUYEHUS

§ 1. Jumna nyru xpusoit. EcTecTBennas
napameTpu3anus

Ilycrs | — s/emMenrapHad KpuBas, sasiagomasca obpazom
OTKDHITOrO0 OTpPe3Ka g NpH TOMNOJIOTMYECKOM ,0TOOpaxenuu f.
OrHocutenapno jgomano#t I' (puc. 13) mbt Gygem rosopurs,
YTO OHA NPABUABLHO BRUCAHA B KPUBYIO 7Y, €Cau 1poobpasbi
ee BepLIMH HAa g CAEAYIOT B TaKOM :Ke MNOpsAIKe, KaK U Ha
aAomano#. CBOHCTBO JomMaHOH ObTb NMpaBUJBLHO BHMCAHHOH B
KpUBYIO He 3aBUCHT OT roMeomopdusma f. Kpusad nasmiBaer-
e cnpamasemoll 8 oxpecmHocmu mouwku P, ecnu 3Ta TOUKA
MMEST 3JIEMEHTapHYI0 OKPECTHOCTb TaKyio, YTO BCE NPaBWIBHO
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BNUCAHHbIE B HEE JJOMAHbIE DaBHOMEPHO OrPaHUYGHH MO [JHHE.
KpuBasi, cnpsMiseMas B OKDECTHOCTH KaxIOH CBOeH TOuKd,
HaspiBaeTCH NPOCTO CNPAMASAEMOI.

OtpeskoM Kpuso#t MH OyzeM HashlBaTh €€ 4acTb, TOMEO-
MOD(HYI0O B3aMKHYTOMY npsamoJuHeiHomy otpesky. Jaunoii
dyau ompe3xa (W1a npocro Ayro#f) OyneM HashBaThb BEPXHIOK
rpass IJIMH NPAaBAIbHQ BMNCAHHHX B 3TOT OTPE30K JIOMaHBIX.

Teopema. [laadrxas kpusas
1 cnpamasgema. Ecau

r=r)
ee 2aa0Kas napasmempuszayus u
1(a <<t << b)— ompe3ox xpusoi 1,
mo 0AuUKG 3moz20 ompesKa
b
s@=\|r@lat
a
Puc. 13. HDokasateascrso. Ilycts
P — npou3sosbHas TOYKAa KPUBOH u
r=r(f)—raankas napaMeTPU3aLMs KPUBOK B OKPECTHOCTH
sTo# Touku. OueHnM NJMUHY NPAaBHILHO BNHCAaHHOH B OKpecT-
Hocts a<_¢t< B toukm P nomano# T.

ycts ¢4, &, ..., , — 3HAYEHNUd NapaMeTpa, COOTBETCTBYIO-
mye MNOCAeIOBAaTeNbHBIM BepIINHaM JoMaHo#. JlauHa 3BeHa
JOMaHOM, coemuHsiomero BepluuHsl (f;_4) ® (f;), paBHa
|r(t;)—r(t;y)|. Dauna sceit nomanof

sM=|r) —r(t)

Hmeem
4
rit)—rt)= { r@ad
4,
Orciona '
4
lrt)—rt)|< § |rolda<d—tom
i
rae M —nocTosHHasA, YAOBJIETBOpAOman ycaosuo |7/ (f) | << M.
CienoBarenbHo,

sO=MEE—ti)=MEB—a)
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TakuM oOpasom, jaomansie I, BIMCaHHHIE B JOCTaTOYHO
MaJayilo OKPECTHOCTp TOYKH P, OrpaHvyeHsl B8 COBOKYMHOCTH
u, CJAENOBATEeNHHO, KpHBas 7 CHOpiMJseMa.

Ha#inem mamny ortpeska § kpuBO# 7, 8agaHHoro ypas-
HeHueM

r=r({), a<t<b

Bo-nepBhix, 3aMETHM, YTO, [OCJIOBHO INOBTOPAS NPEAH-
Hywee paccyxaeHne, yOexaaeMcs B paBHOMEpHOH oOrpau-
YEHHOCTH IUIMH JIOMaHBIX, BIMCAHHBIX B OTPE3OK 1. Caeno-
BaTEJIBHO, NJIMHA JAYT¥ OTPE3Ka | KOHEYHa.

Brouwem B orpesok 7 Jaomauyio I, ymosaersopsiomyio
crenywoimuM ycaosuam: 1) pimna aomado#i I' otamuaercs ot
IJIAHBL IyTH OTpe3Kka T He Gosiee ueM Ha & 2) mnsd BCEX i
|t —1t;|<3. 3mech ¢ u & — moGHIE MOJOKUTENBHBIE UHCIIA.
CyuwecrBoBaHue TaKOH JIOMaHOW  HETPYAHO  YCMOTPETH.
B camom nmene, cywecrtsyer JomaHas I', ynosaerBopsiomas
NEepBOMY YCJOBHIO IO ONpPEAEJEHHI0 IJIMHBI JAyrd OTpesKa
kpuBoi. Tlonosnss ee HOBBIMM BEPIIMHAMH, MBI HE Hapyllaem
nepBoro ycjaosus. Bmecte ¢ TeM 3THM MNOMOJHEHHEM MOXHO
yI0BAETBOPHTH W BTOpPOMY ycaoBuro. Ilpu 3TOM MOXHO cuu-
TaTb TaKXe, YTO HA4YaJpbHOH BEpIUMHOH JOMaHOH sBJAAETCA
TOYKa (@), 8 KOHeyHOH — (b).

Vimeem

b
Zj-‘llr(ti)—r(ti—l),——“s |7 (t)] dt -

-I-{Z(ti—tigj)[r’(ti)]—S[r'(t);dt}+

+ {Z_J [rey—rt)| — X E—ta) | E)] } (+)

JleBas 4aCTh STOr0 DaBEHCTBAa OTJIMYAeTCs He OGosee uem
Ha ¢ oT $(Y) mo nocrpoenuto I Yro Kacaercs mnpasoit
4yacTH, TO OHa CKOJb Yroaso Gauska K

b

{170t

a

IefictBuTeNLHO, BTOPOH uJieH npaso# yacTd Maa BMeCTE C 8
10 ONpenesNeHUI0 UHTErpasa.
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Tpern#t unen monyckaeT npemacras/eHde
t; 4
S rod| =3 {17 ¢ dt
fia i

W, CJeAO0BATE/]bHO, MO a6COMIOTHOM BE/IWUHHE HE MPEBOCXOMMT

4 b
SViro—re)d=_@ad,
t. a

-1
rae €(f)—>0 mpu 38— 0 B Cuny paBHOMEPHOH Hempephis-
HocTH ¢ynkunn #’ (f). Urak, Tpetu#t ujsen pameHcTBa (*) Max
BMeCTE C 9.
Taxkum 006pa3oM, MBI NPHXORMM K BHIBOAY, YTO HJMHA OT-
peska § KpuBOH Y CKOJb yrOZHO MaJO OT/IHYAETCH OT

b
1ol a,
a
a, CJeNOBAaTeNbHO, PABHA €MY.
Teopema a0OKa3aHa NOJHOCTBIO.
Iycts 7 — cupamaseMas Kpupas, 7 == F(f) — Kakas-HuOynn
ee mnapamerpusauua. Ilycte §(f)— miuHa Ayra oTpeska fyf
kpuso# 7. Ompereaum ¢yukuuio o (f) ycaosuamu:

s(t)=s(?), ecnn ty<t,
s(t)y=—s(t), ecm t, >t,
[+] (to) = O.

®ynxuna o(f) crporo MoHoToHHA. Ilostomy o MOXHO npm-
HATH B KauecTBe nmapaMmerpa Ha Kpuso#. Takyo mnapamerpu-
sauii0 Me OyleM HaskBaTh eCcmecmBeHHOM.

Teopema Ecmecmsennas hnapamempusayus pezyasp-
Holi (k pa3 ougpgbeperyupyenroi, anarumusecrkoii) Kpusok. 6e3
ocobux mouex ssanemcs pexyasipHol (k pa3 Ougheperyu-
pyemoli, coomsemcmsenno aHaumudeckoi). Ecau r=
=r(c) — ecmecmsennas napamempusayus Kpugod, mo

17 @) =1

HDoxasarenbcrtso. Ilycrs 7= F(f) — Kakas-Hubynp
pery/spHas napaMeTpusauus KpuBOH | B OKPECTHOCTH MpoO-
MSBOJBHOH TOYKH, COOTBETCTBYiomleH 8HaueHMIO napameTpa
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6, Jlas KawAaoOro OTPesKa, NPHHALJIEKAWEr0 3TOH OKpecT-

HOCTH, MMEeM
t

s—a={Vri@adt

£
ds =R ~
Tak KaK—E=VI‘ #>0, a 7(t)— k pas auddepenuupye-
mas QyHkuns ot £, To ¢ aBaserca k pas muddepeHuupyemoi
¢ynkunett 6. Ho nas o, 6muskux x oy, 7 (s)=F(¢(9)). Orciona

crenyet, yto 7 (o) — peryaspHas (B pas nudpepeHumpyemasn)
¢ynxupnsa. Vimeem

dr(s) _ dr(ty dt _ dr() 1
ds — dt ds - dt \dr|
dt
CrenoBatebHO,
)| =1

Teopema nokasana.

B sakmouenne namuM ¢GopMyasl A9 AAMHBL AYTH DEry-
JApHOM KPUBOH VIt  PasAMuHBIX  CJIyyaeB aHaJNTHYECKOrO
3a1aHud KPHUBOH.

1. KpuBas 3agaHa ypaBHEHWSMH

x=x{), y=y(), z=2z(),
ty 17}
sty t)=\1r @ dt=(V "+ y" |2 dt
ty t
2. KpuBad 3ajaHa ypaBHEHHSAMHU
y=y(x) z=2(x)
X2
8 (%1, xe)-"—-“s Vit F 2 dx.
X1
Jlas MJAOCKHX KPHUBBIX, JIEKAUMX B MJOCKOCTH XY, B 3THX
¢dopmynax Hamo Noaoxurs 2'==0.

§ 2. Kpususna xpuabﬁ

IMycts P — mpousBo/bHas TOYKA pEryJaspHOH KpUBOH 7T
n Q-— Touka Kpuso#, Osmskas k P. O6osHauum AY yroux
MeXay KaCaTelbHHIMH KpuBO# B Toukax P u Q, a |As|—
AJuHy ayru otpeska PQ kpuso#t (puc. 14).
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Kpususwoi xpuso#t | B TOuke P Mun Oynem HasHBaTb
npeaen orHowenns A$ (| As |y, xorma Touka Q— P.

A
l4s| Y

Puc. 14.

Teopema. Peeyaspnas (08ancoe. Henpepsi8Ho Ougb-
depenyupyenan) rpusas umeem 8 KaxycOol moure onpe-
Oenennyio xpusudny ky. Ecau

r=r(s)
ecmecmeerKas napamempusdayus xpusod, mo
ky=|r"(s)|.

Ilycte Toukam P un Q COOTBETCTBYIOT 3HayeHHs Napa-
metpa S u S As. Yron A% pasen yray Mexay eAHHHYHBIMH
KacaTeJpHHIMH  BekTOpaMun T (S)=r'(s) u T(SAs)=
=r'(s+ As).

Tak Kkak BeKTOpPH T(S) M T (S -} As) exunnunsie u oOpa-

ayiot yroa A8, 1o [T (s As)— T (s)|=2 sin A3 (puc. 15).

2
TTosTomy
. A% . A%
rspa)—n(| 2y s g
[3s] = TT8s| T Ay fas|t
2

3ameuasn, uto AY— 0 npu |As|— 0 no HempepniBHOCTH T (S),
¥ nepexoas K Npenenay, NOJYyYHM:

[r" ()| =Fy.
Teopema moOKasaHa.
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Ilycte B naHHOM ToOYke KpMBOH KPHBU3HA OTJIHMUYHA OT
l ”
nyJas. Paccmorpum BexTop v=2-r"(s). Bexrop v emunn4-
1

Holi ¥ Pacno/soXKeH B CONPHUKACAOUEHcs MIOCKOCTH KpUBO#
(§ 3 ra 1I). Kpome TOro, STOT BEKTOp NEPNEHAMKYJISDEH
KacaTe/lbHOMY BEKTOPY T, TaKk Kak t®=1 u, caenosarensHo,
1t =1tvk =0. Taxum o006pa3om, 3TOT BEKTOD HaIpaBJEH
110 TJaBHO# HOpMasu KpuoH. OyeBUAHO, HANPABJIEHUE BEKTOPA
v HE W3MEHHTCHl, eC/IM W3MEHUTh HauaJo OTCYera AYr § WM
HanpaBJieHHe OTcueTa. B nmasmbHeiiiem, rosops 06 equHHUHOM
BEKTOpE TIJIaBHOH HOpMaan KpuBoH, MBI OyieM UMeTb B BUAY
BEKTOP V.

QueBngHo, BekTOp T X v=[ HanpaBJeH no Guxopmaiu
KpuBOH. TOT BEKTODP Mbl OyAeM Has3hiBaTh €QUHULHbLM BEKIMO-
poit OnHOpmMaAu Kpugod.

Halimem BmIpaxeHHe Jp/1% KPUBU3HB KDHBOH B ciyuae
moboro mnapaMerpuueckoro 3amanus. Ilycte KpuBas 3ajgaHa
BEKTOPHBIM YPaBHEHHEM

=r (t)

BhipasuM BTODYIO NPOH3BOAHYIO BEKTOD-DYHKUMH F MO Ayre S
yepes npousBogHue no f. Mwmeem

r=rs.
Orcona

rrg — SIQ.
CrenoBartenbHo,

. r

s V-r,—s .

IluddepeHuupys 3T0 PaBEeHCTBO eule Pa3 Mo f, MOJyuuM:
r’ (r'rll) r'
rssS =—— ——>tr.
yr:  (VrEp

BosBoms 5TO paBeHCTBO B KBafZpaT M 3ameyas, 4TO
§?=r", Gymem umersb
oI —(r'r")?
1=
WM, YTO TO KE Camoe,
b2 — (r'xr)?
1 (r:2)3 .
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Orciofa 449 KPUBM3HH KDHBOM, sajaHHOM ypaBHeHnSMH

x=x(t) y=y(t) z=2(0)

noJyyaem
x’ yl 2 yl ” 12 zr xl \2
R
1— (xrz +yv2 -+ zvz)s .

EC.'IH KpuBag IJIOCKass H pacnonomeua B IIJIOCKOCTH xy,
g (XY —y'x')?

Ecip nnockas KpuBas salaHa ypasHEHHeM y =y (X),
e ¥
Ty

3ameuanne. KpuBusna KpuBo#H N0 oOnNpeneIeHuio
HeoTpuuateabHa. Jla8 TNIOCKMX KPUBBIX BO MHOTHX CJyuyasx
1esnecooOpa3sHO OTHECTH KPHUBH3HE 3HAK,
cyuTas ee B OJHUX CJyuasx MOJOKHTENb-
HOH, B Ipyrux — oTpuuareipHoit. Ilpu
3TOM TNOJB3YIOTCH CJAeRyomnM coobpa-
xenneM. KacatensHuiti Bektop ' (f) Kpu-
BOH npM [BHXEHHHM BHOJNb KDUBOH B
HanpaBJieHnn BO3pacTalouUux f NMOBOPayH-
Baercs. B 3asucumocmu om Hanpasre-
Hus epawerus 8exmopa r (f) Kpususny
cCHuUmaiom MNoAONHCUMEAsHOR U Ompul-
yameasrod (puc. 16). Ecam onpeneants 3THM YCJIOBHEM
3HAaK KPUBHU3HH IJIOCKOM KpHBOH, TO A/ Hee MNOJyyaerca
¢dbopmyna

k_____________xy—y:; win .k=_f_____xy—y§ .
(2 4y7)? (xr+y%)?
B uactHOCTH, 1/17 3amaHus KDUBOH ypaBHEHHEM Yy =1 (x)
¥ _ y°
k —_——E__ UJHU k = — i.
(14+y7)? (+y?

B zax/oyeHne HatiieM BCe KpHBBE, MMEIOllHe B KaxIOH
TOYKE KPUBHSHY, paBHylo Hymo. Mmeem

By=|r"(s)|=0.
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Orciona r’(s)=0 u, crenoBatenbHo, r(s)=as-}b, rue
a ¥ b — NoCTOSHHbIE BEKTOPHL.

Takum oOpasom, xpusas, umewass 6¢cidy Kpuslusmy,
PAsHY0 HYAl0, A8ASEMCA MO0 NPAMOU, AbO OMKpbMbLM
ompe3sxom npsmoli. OOpaTHOE TaKKe BEPHO.

§ 3. Kpyuenune kpusoii

Ilyctb P — mpousBo/ibHas TOUKAa KpuBOH T m Q — TOuKa
KpuBolt, Ommskas k P. O6osnauum Ad yroa mexnmy compu-
KacalouuMuca MIOCKOCTAMHU KpH -
Bo# B Toukax P wm Q, a
|As| — nimny orpeska PQ xpu-
Boi. Tlox abcosrwomuunm xpyue-
Huem |ky| xpuBo# | B TOuKe
P Mbi OyzeM NOHMMaTh Npenen
otHoweHnss Ad (| As|)!, korma
Q — P (puc. 17).

Teopema.  Pezyaspnasn
(mpuscos nenpepbisro Oughghe-
penyupyemas) Kpusas 8 Kaxc-
doil mouke, 20e KpuUBU3HA OMAULHA OmM HYAR, UMeem
onpedesennoe abcoatomruoe Kpyusenue | ky|. Ecau

r=r(s)

ecmecmBenHas napamempusayus Kpusol, mo

}kglz | (r, ’;f) r')| .

IloxkasarteanctBo. Ecim kpuBusHa kpuso#t ¥ B Touke P
OTJMYHA OT HYyJd, TO 1O HENPEPHIBHOCTM OHA OTJHYHA
OT HyJd B TOYKax, Omuskux K P. B kaxmolt Touke, rae Kpu-
BH3Ha OTJMYHA OT HyJs, BeKTOPH r'(s) u r’(S) QTIHYHbHI
OT HyJs u He mnapawenbHel. [losTomMy B Kaxmo#l Touke Q,
6/nsKo#t K P, CyWeCTBYeT ONpenesdeHHas COMpUKacaiouascs
MJI0CKOCTb.

Iycts B(s) n P(s As)— eanHuynpie BekTOpH OHHOP-
Manu B Toukax P m Q xpuBo# 7. Yron A% pasen yray mexay
Bektopamu B(s) n B (s As).
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Tak kak sextopsl B(s) u P(s|As) enunnussie u o6pa-
syor yroa A%, to |B (s As)— P (s)|=2 sin — A& . Moaromy

2siné€1 smA—a
[B(s+4s)—B(s)|__“°" 2 2 A
[as] = Tas] M Ths|

2

Orciona, nepexoas K npenemy npu |As | — 0, nosyuaem
| s | =P}
BexTtop ) nepnennnkyaspen f, tak kax f'f = (-;— 59>’ =

Herpyauo Bumers, UTo OH HEprNeHAMKYJIAPEH U 7.
B camom nene,

f=@CXvW=vXvEtrTXWV.

Ho 1t'|jv. Tlostomy f'=7 XV, orkyna caeayer, uro f'
neprneHaukyaspeH t. Takum oOpasom, Bekrop [’ mapasienex
BEKTOPY V HU, CJIENOBAaTE/]bHO,

[ 2| ==[(B"V)I
IMoncrasaas crojia v._..—;—r' 1 |3——_—L%<—r——, NOJIy HM:
1 1
r,r’,r"
| by | = 1( k’ )

Teopema noxasaHa NOJHOCTbIO.

Onpeneanm Teneps Kpy#enue KpuBoH.

W3 napannensnocrn Bekropos ' u v ciaenyer, uto npu
JBMXKEHNH BAOJb KPUBOH B CTOPOHY BO3pACTAOIAX § CO-
NPHUKACaILancs MJAOCKOCTh KpusOH NOBOpauuBaercs OKOJIO
KacaTe/sipHOH KpuBoH. B cBA3um ¢ 3TUM MBl onpedeausn Kpy4e-
Hue Kpugoil paserHcmeom

kg=i~‘kg'

u Gydenm Opams 3Hax (-+), ecau 8pawenue KacamensHol
naockocmu npoucxodum 8 Hanpasasenun om Pk v (puc. 18),
u (—), ecau spawerue npolcxodum 8 Hanpassexuu om v
x P. Onpenemns tak KpyueHue KpuBoH, Oynem umeTs By — f'v
HJIIH

(r" r’, rl'l)

by =— L
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HafizeM BhpaXeHUe NJS KPYYeHHs KPUBOR B cuayvae Jo0oi
peryispHoft napamerpusaunn r=r(f). Vimeem

ro=rt, ri=rt*4rv,
roas=r"t3{r, r'},
rae {r', r°} — muuednas xomGunaums Bextopos r’ u r’. Iloa-
CTaBasisi HatIEHHBIE BHIPAXEHHS JVIS Fg, Fgs W Fgss B (opMyay
g ke B 3ameuasn, 4ro £i= ;1,—2, 1o-

JIy4nM
k —— (r'Y r” r"’)
2 (f' X r')2 . T
B 3akmaiouenne 3TOro mnaparpa- £ v

¢a HalizeM BCE KpHUBHE, Y KOTO-
pHX B KaxXIo# TOuKe KpyueHue
pasHo Hymo. WMmeem

Puc. 18.
kg = ﬁ"\? =0.
Taxk kax, kpome Toro, f't=0 n pp=0, 10 f'=0, p=
= fly= const.

Bextops v m P nepnenamkyaapusi. ITostomy r'fiy=0.
Orciona (F(s)— ro) Po=0; 3TO 3HauuT, 4YTO KpHBaA JEKUT B
TJIOCKOCTH, 33JIaHHO# BEKTODHBIM ypaBHeHueM (r — rg) flo =10.

Wrtak, xpusas, y rxomopoil xpyueriie 8 Kaxcooi mouxe
pasro Hyaw,— naockas. OOpaTHOE TaKxke BEPHO.

§ 4. opmyan Ppene. Hatypaabnele ypaBHeHus
KpUBOii

Tpu nmoaynpsiMele, UCXOASIIHE U3 TOYKH KPHBOH M HMEIO-
1l¥e HaNpaBJeHHss BEKTOPOB T, v, [, sBastoTca pebpamu Tpex-
FPaHHOro yria. JTOT TPEXTPaHHBIH YroOJ HASHIBAETCS ecmecm-
BCHHBIM MPEX2PAHKUKOM.

ITpa wccrenosasun CBOWUCTB KPUBOH B OKPECTHOCTH INPO-
M3BOJBHOKH TOUKM P BO MHOTHX C/AyuastX OKaseIBAeTCs yIOOHBM
BHOpAaTh HEKAPTOBY CHCTEMY KOOPAMHAT, NPHUHAB TOYKY P
KpUBOH 3a HauaJg0 KOODIHHAT, a OCH ECTECTBEHHOTO TpPEX-
rpaHHMKa — 3a OCH KoopauHat. Hmke MBI moayyum ypaBHe-
Hue KpuBO# mpH TakoM BhOOpe CHCTEMbl KOOpAHHAT.



60 MIOHATUS KPUBM3HBI U KPYUYEHHS [Ta 1T

Bripasum Npons3BOAHble BEeKTOPoB T, v, B mo ayre kpusoi
yepes camu BEKTOpH T, v, f. Mmeem

vV=r"=kv.

Ias noayuenns ' BcmomuuM, yto BekTOp [’ napamienen v
a p'v=~rke Orcroma

B = kgv.
Hakonern,
V=B X=Xt X V=~kvXT+hfXv=
= — (kT -} Asf).
CucreMy dopmya

TvT= kv,

vV=—~T — kof,

= kyv

HasBIBAT hopmyranmu @pere.

Hatinem pasioxenne panmyc-sekropa r(S -+ As) B okpe-
CTHOCTHM TPOM3BOJIBHOH Toukm P, cOOTBETCTBYMOLlEH ayre s,
10 OCSIM ECTECTBEHHOrO TPEXTPaHHHKA B 3TOW TOuke. Mmeem

r(s+As)=r(s)-} Asr'(s) —}—A—;—z—r”(s)—}-%sjr’”(s)—{—...

Ho B Touke P r=0, r'=x, r" =k, r"=kv— kit —
— kikof, ... u 1. 0. Takum oOpasowm,
kjAs?

resta9=(8s— 4 e (MR EE vt
(=254 ).

Orciona, NMpUHAMAs Kacare/bHYI0, [JIaBHYI0 HOpMaJjb H Ou-
HOpMasb 33 OCH X, J, 2 HeKapTOBOH CMCTEMBI KOODIWHAT,
N0JAYYaeM .ypaBHEHHE KPUBOH, OTHECEHHOH K OCAM ecTeCTBEH-
HOrO TpPEeXIpaHHuKa

2A3
x=As-—-k‘6s 4.,
k,As? k{As3
Jy= 12 + 16 +»
__ kiksAS®

2= —6-+...
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TTpoexuny KpuBO# Ha IJVIOCKOCTH €CTECTBEHHOTO TpeXrpaH-
HHKZ B OKPECTHOCTH ero BepIUHHB 33aJal0TC COOTBETCTBYIO-
IWAMH TlapaMu 3TUX ypaBHeHuH. Bux npoexkum# npu Ay %0
n kg # 0 nokasan Ha puc. 19.

Mu Budemu, 4To KOS(QUUMEHTH PA3IOKEHUS (QYHKIUKA
r(s+As) B pan no crenensM As BBIPaXaOTCS TONBKO yepe3
KPHUBH3HY U KDYuYeHue KpHBOH. DTO naer 'y
OCHOBaHHMe MOJaraTh, YTO KPHBH3HA U KpY-
yeHHe B KaKOH-TO Mepe OnpenenaioT Kpu- E _/_
Bylo. 1 nmeficteurensHo, nmeer mecro T

Teopema [lycms ky(S) u ky(s)—

A00be  pe2yasipHbie  QYHKYUU,  npuven

ki1(s)>0. Toz0a cywecmsyem u npumoms P
e0UHCMBEeHHAsA, ¢ MOUHOCMBI0 00 HoAOIHCE-

_HUA 8 nMpocmpaxcmee, Kpusas, 04l KOMmMO- v
poii ky(S) neanemcs kpususnoil, a ky(s)—
Kpyuerlem 8 mowure, coomsemcmsyouen
dyze S. A p

IokasateabcTBO. Ecaum Kpusas, —~,
CyIeCTBOBaHue KOTOpPOH YTBEpxkAaeTcs Te- S~ T
opeMo#i, neHCTBHUTENBHO CYIIECTBYET, TO €IU-
HNUYHBIE BEKTOPH! KacaTeJIbHOM, ri1aBHOH HOp- Puc. 19.
Mamd u OuHopmaau 3TOH KpuBo# 7% (S),

v(s), P(s) ymoBaerBopsioT cucreme muddepeHnnaibHbX ypas-

HeHu#
§’ = kl'l’
N=—h"E — kel )
f= kam

B cuay ¢opmya Ppene.

EcTeCTBEHHO NO3TOMY MNpPH pasbiCKaHuW MHTEpecyiouel
Hac KpuBOi (C KpuBuSHOH ky(S) u KpyueHuem Ry(S)) o6pa-
THTbCS K PELIEHAIM CHUCTEMBHI ().

Mycts §(s), M(s), §(s)— pewenne sTO# CHCTEMH, yoOB-
JETBOPAIOIIEE HAYaJbHHIM YCIOBHAM: Npu S=3§) E=E§,,
N="ny, t=2=8 rae &» Mo &o— TPH eIMHUUHBIE B3AHMHO
NEpNEeHUKYISPHBIE BEKTOPbl, CMEIIAaHHOE NPOUSBENEHHE KO-
TopHX (8o Mo E)=1.

IMoxamem, uro BekTopn §&(s), M(S), &(S) eamHuunbie n
B3aWMHO NepneHAuKy/apHbie npu -mobom s u (§, n, §)=1.
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ILasi storo suuncanm (8%, (Y (B, (Bn), (mE), (€E). Hcnomsays
ypapHeHHs CHCTEMB, JJIS STHX TNPOUSBOAHHX INOJYuaeM CJe-
AYIOILIME BHDAKEHHS

&Y =2k (Em), G =k (0 — A1 (BY) — Aa(ED)
(MY =—2k, EN)— 2k (ME), (ME) = ka2 (W) — ko (EP) — &1 (BE)
(8% =2k, (M%), (CEY =k (ME) | A2 (E7).

PaccmarpuBas aTH paBeHCTBa Kak cucteMy anddepen-
unassHeX ypasuenn# mas EL L § Ev, ng, L& sameuaewm,
YTO OHa YNOBJETBOPSETCH 3HayeHusimu § =1, =1, =1,
En=0, n{=0, §§=0. C npyro#i cTopoHH, 3Ta cucTemMa
yropreropsiercs  3HaueHumsmu  ET=E¥(s), M=% (s) ...
(E&)=CE(s)&(s). O0a 31m pelieRHs COBMANAT HPU §==S,,
a C/eNOBaTeNbHO, MO TEOPEMe O eIMHCTBEHHOCTH pelugHwusl
COBIANAIOT TOXAECTBEHHO. Mrak, s BCex §

=1L PE=1L..5)§© =0

TTokaxem, uto (§(sy Mm(s) &(s))=1. Tak xak & 1, §
— eIMHUYHHE B3AUMHO MEPHEHANKYJSPHBIE BEKTOPH, - TO -
(& m §)==*1. Cmemwannoe npowussenenue (§ m, §) Hempe-
DHIBHO 3aBHCHT OT §, APU S==S§, OHO paBHO -1, nosTomy
OHO paBHO -}-1 1na Bcex s.

PaccMoTpum Teneps KpUBYIO 7, ONpelenseMylo BEKTOPHBIM
ypaBsHeHueM

r={g()ds

Bo-nepshiX, saMeTuM, 4YTO MNapaMeTpusauuss KpHBOH
ectecTsennad. B camoM mene, AAuMHa AYrH OTPE3KA $,S KpH-
BOHM 7 paBHa

Ir@lds={18(s)ds=s—s

Kpususna 1(puaoé 1 pasHa |r"(s)|=|E& (s)|="F.(s). Kpyue-
HUE KpPHMBOU 7 DPaBHO
(reey G Ry Rt R)
B k3 =
—_ INARAES :% (— k& — kb)) = hy(s).
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Takum 006pasoM, KpuBas | UMEET B TOYKE, COOTBETCTBYiO-
wel Ayre S, KPUBUBHY k;(5) B Kpyuenne Ry(S).

CymectBoBaHHe KpuBOH JoKasaHo. JlokameM emnHCTBEH-
HOCTb.

[Tyctb 7y ¥ Yo— ABE KDHUBHE, KOTOPHE B TOYKAX, COOT-
BETCTBYIOHMIUX JHYTE §, HMEIOT OAHMHAKOBHIE KPUBUSHB &4 (S)
W KpyueHus £ky(s). CoBMeCTHM KpHBBHE T; H Ty TOUKaMH,
COOTBETCTBYIOIIUMH IyT€ S W ECTECTBEHHHMH TPEXTPaHH®-
KaMH B 3TUX TOukaX. ITyctb Ty, vy, Py B Ty vy Py — emu-
HUYHBIE BEKTODH KACAaTEJbHBIX, TJaBHHIX HOpManed n Ou-
HOpMaJe} KPUBHX Ty M Ty COOTBETCTBEHHO.

Tpotikn BekTOp-pyHKUAE Ty (S), Vi (S) Pi(S) 1 Ta(s) Vg (S)
Ba(s) ABAAIOTCA peUIEHWSMM CHCTeMbl ypaBHenu#h s § %, L.
HauaabHbie 3HaueHuws 3tux pelienuft cosmagaior. Orciona
CTEAYET, YTO pelNeHHA COBMAZAOT TOXIECTBEHHO. B uacr-
HOCTH, Ty (S)=1Te(S)h W r(S)=ry(s). Hurerpupys 310
PaBEHCTBO B NPENEAax Sp S, NMOIYUNM:

ri(s)=ry(s).

Taxum oOGpasoM, KpuBas Ty OTJHYAETCA OT Ty TOJBKO
NOJOKEHUEM B NPOCTPAHCTBE.

TeopeMa moKazaHa NMOJHOCTHIO.

CucTeMy paBeHCTB

ky="Fy(8) ka==Fkq(S)

HA3HIBAIOT HAMYPAAsHHMU YypasHexugmu xpusoh. CornacHo
JOKa3aHHOH TeopeMe Kpu8as HAMYPAALHBLMU YPABHEHIIMU
onpedeasiemcs O0KHO3HAYHO € MOHHOCMBbI0 00 O08UITEHUR.

§ 5. Tlnockue xpuBbie

B srom naparpage MB DPacCMOTPHM CONPHKACAOMYIOCH
OKPYXHOCTh IJIOCKO# KPUBOH, 3BOJIOTY H 3BOJbHBEHTY.

ITycrte 7— njockas Kpusas, P— Touka Ha He#t. Okpyx-
HOCTh % TPOXOAAMIAS YEPe3 TOUKY P, HasbiBaeIcs conpuka-
cauelcs OKpYHCHOCMbI0 KPUBOH Y B TOuKke P, eclin Kpusas
B 3TOH TOUKE C OKPYXHOCTHIO MMEET CONPHUKOCHOBEHHE BTO-
poro nopsamka. LleHTp conpukacawoiiefics OKPYXHOCTH Hazbl-
BaeTC UYEeHmMpoOM KPUBU3HB. KPUBOM.

Hattnem compukacaioulyiocsi OKpY»HOCTb PETyJsApHOH Kpu-
BOo# 7 B TOuke P, rae KpususHa omimuna or Hyas. Ilycrs
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r==r(s)— ecTecTBeHHas TNapaMeTPU3alus KpPHBOM. Ypasne-
Hpe MPOU3BOJLHOM OKPYXHOCTH HMMEET BHI

(r—a)P—R'*=0,

rie @ — BEeKTOpP LEHTPa OKPYXHOCTH, a R — paamuyc.
Cornacno teopeme § 4 rii. Il Aas conpuKocHOBEHUST BTOPOro

nopsaKa KPHBOH T C OKPYXHOCTbIO B TOUKe P HeoOxoanmo

M IOCTaTOYHO BHIMOJIHEHNE B 3TOH TOUKE CACAYIOMUX yCAOBHL:

(r(s)—ay—R'=0,
dis {rs)—aP —R}=2(r(s)—a)r (s)=0,

Edgg {(r(s)—a) — R} =2r*(s) +2(r(s)—a)r’ (s)=0.

M3 3Tux Tpex yc/aoBuit mepBoe BhIpaxaeT co6o#f TO, 4TO
TOYKa P JIeXHT Ha OKpYKHOCTU. V3 BTOPOro ycjoBHs BHIHO,
yT0 BEKTOp (r(S)— @), HanpasJeHlBIH K3
IIEHTPa OKPYXKHOCTH B TOUKY P, nepreHau-
KyJspeH KacaTeJlbHOH K KpuBOH; 3TO 3Ha-
yyT, YTO UEHTP OKPYHKHOCTH JIEKHT Ha
HopMamu Kpuso#t (puc. 20). Tperbe ycnosue
onpeneaser pazuyc kpyra. B camom mene,
ri(s)=1, r'(s)=~kv u 12K Kak |r(s)—a|
B Touke P ectb paauyc Kpyra R u BeKkTOp

Puc. 20. (r(s)—a) napaineneH BEKTOPY W, TO

1— Rk=0. Takum o6pasom, pamuyc conpu-
Kacalolleroca Kpyra paBeH paauycy KpuBusHsl Kpupoi. Orciona
CIeNyeT, YTO €ca¥ KPHBH3Ha B TOuKe P paBHa HYyJIO, TO
He CYUIECTBYeT CONpHUKAcalomeics OKPYXHOCTH KpuBoH
B Touke P. B sTOoM ciyuae OKPYKHOCTb BLIDOXIAETCs B Mpsi-
MYI0, M KacateJbHas KpHBOH umeer C He#t (KpuBOH) COnpuKo-
CHOBEHHE BTOPOro NopsaKa.

Msbl HamM paguyc # NOJOXEHUE LEeHTPa CONPHKAcaio-
mwerocs kpyra. OnpezeiauM Tenepb 3BOMIOTY KpPUBOH.

Deoaiomoil KpuBOH Ha3HIBaETCA TEOMETPHUUYECKOE MECTO
ILlEHTPOB KPHBU3HBI KPUBOH.

Haiinem ypasHeHue 92BOMIOTH peryaspHoft KpuBo# 1.
Ilycts r=r(s)— ectectBeHHas MapamMeTpu3aund Kpusofi.
Toraa BEKTOp LEHTPa KPUBH3HHI KPUBOMH

1

F=r+—k—v.
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BuscHuM, uTO mnpexcrasiaseT coboft sBodora KpHBOH. Mt
OrpaHHUNUMC PacCMOTPEHHEM C/EAYIOUIMX OCHOBHBIX CJy4aes:
1. Bnoas Bce#t xpusott £/ (S) >0 wmn A (s)<O0 u k(s)

He o0Opallaercs B Hy/Ib.

2. Bnoas Bcett xpmo# &' (s) >0 wimn
F (s)<0, k(s) obpauaerca B HyJ b npw
8§ = 8p.

3. Mmas<sy K (s)>0, mma s>s
K ()< 0, K (s)=0, k" (59) # 0, k(S) ne
o0paitaercs B HYJb.

B nepsom ciayyae sBOMIOTA TIpea-
crapaser coGo# peryaspHyio kpusyio Ge3
ocobuix Touek (puc. 21, a). e#icTBu-
TEJILHO,

=l =)
=—v%;—¢0.

Bo BropoM ciyyae 3BOJIOTa pacna-
HaeTcs Ha JBe peryJspHbie KpuUBHE, fB-
JAOMUECT BOMOTAMH vacTeH KPHBOH Y
npu $< Sy u § >8 (puc. 21, 0).

B Ttperbem ciyuyae sBOMIOTA NpeENCTa-
BaseT coOo#t peryaspHyio kpusyio. Tou-
Ka 9BOJIOTH, COOTBETCTBYIOULas TOUKE
Sy KpuBOH, saBaseTcs 0co00O# TOUKOH,
MMEHHO TOYKOH BO3BpaTa NEPBOrdo poaa
(puc. 21, 8). ITokaxem 3TO.

Ilpu s=s,

> (1Y —o
P=v(i)=0
l ’

F=—re () ()
i o 4]

14
2
6)
7
Sy 4
7

8) _

14

4
So
Puc. 21,

OtHeceM 3BOMIOTY K NpPAMOYTOJBHHIM KOODAUHATAM, NPHHSB

TOYKy Q (S;) 3BOMOTH 32 HAual0 KOOPAMHAT, a KacaTeJbHYIO
U HOpMa/lb KDuBOH T B TOuke Q(S,) 3a HampaB/ieHHs oceh

3 A. B. Tloropeanos
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x u y. Ilpn Takom BHOOpE CUCTEMBI KOOpJAHHAT OylNEM HMETrb

2—-——3(—1-)'(3—-—3)3—]—
- 3T\Z 0. vesy
. 11\ .
y=‘§‘(7) (s —so+-...
Orciona caenyet, 4ro Touka Q (So) 2BOMOTH sBJseTCs 0COOOMH
TOUKOH, MMEHHO TOYKOH BO3BpaTra NMEPBOro poIa.
PaccMoTpuM HeKoTophie CBOHCTBA 3BOJIOTHL
[Iycre 7— peryJasipHast KpuBas, IJsi KOTOpoH Bciomy &' (s)
coxpaHser 3HaKk u k(s) Hurge He obpauiaercss B Hyab. B atom
c/lyyae, Kak Mbl MOKa3ajW, 5BOMIOTa { KpuBOH Y ABJIAETCH pe-
ryaspHo#t kpuso#i 0e3 0COGHIX TOUEK.

Hatizem nauHy ayrm oTpesKka 3BOJIOTH, COOTBETCTBYIOUIErO
OTpe3Ky 8,53 Kpuso#. Vimeem

8 S3 ,
S 0= | 1#1ds={ | (2] | s
S1 S1
Orcioga, Tak Kak k' COXpaHAeT 3HaK, MOJydaem:

60 8= e — 5|
PR G RGO
Takum oO6pasom, Oauna 0yau ompe3xa 380410mMb. PaBHA
abcoAlomHol Beaunlure pa3rocmu paduycos KpusL3nb Kpusoi
8 mouKax, coomeemcmsyOUWUX KOHLAM dMmo20 ompe3ra.
IMokaxem, uro 3ssosoma i neasemcs o2ubauel Hop-
Marell kpugod Y. JleNCTBUTENBHO, TOUKA Q(s) sBomoTH -
JKUT Ha HODMaJn KpuBo# B Touke Q ($). KacaTenbuan SBOJMIOTH

B TOUKE Q(s) MMeeT HanpasjeHne P =w , a craenosa-

&
TeJbHO, COBMAfaeT C HOpManablo KpuBoH B Touke Q (S).
ITycts xpuBas 8ajaHa ypaBHEHUSAMH:
x=x(), y=y (@)
Hatinem ee sBomory kak orubaromyio Hopmate#t Kpubofi.
YpasHenue HOpMaian

E—x®O) X O+ G—y®)y O)=0.
Cne,uonarenbﬂo, orn6alomaﬂ 3ajaeTcd ypaBHeHHﬂMH
@—x) ¥+ (—3)5 =0,
E—x)x"+@—3)y — &+ 3y)=0
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Orciona NOJyyaeM Aad X u j CHeAyIIUWe BHIpaKeHus!
o P X0ty ¥ty
X=X J’ ynx xy -~,V+x' " :___-n .

Seoss8enmoil KpUBOH | Ha3biBaeTCAd TaKas KpHBas 7Y
OTHOUIEHHI0 K KOTOPOH KpHBas | fABJAETCS 2BOVIIOTOH. I{ycrb
r=r(s)— ecTecTBeHHad napamMeTpusaums Kpuso#t 7. Bekrop

TOYKH SBOJBBEHTH F(S), OUEBHAHO, HOMyCKael mpexCrasienne

r(s)=r(s) +X(s)7 ()

Iucddepenunpya 370 paBeHCTBO MO S, NMOJYYUM
r =1+ Nv 4 Mev.

Otciona, Tak Kak F' nmepnespuxynsped v, N =— 1. Cxeno-
BaTENbHO, A==¢ — 8.

Takum oOpasom, ecim KpuBasi MMEeT 2BOJBLBEHTY, TO OHa
3aJaeTCd YpPaBHEHHEM

r=r@+1—s), ()

rae ¢ = const. Jlerko y6ennThcs, 4TOo Kaxcaas KpuBas, 3ana-
BaeMas ypaBHEHHEeM (#), MEeT CBOE#t 35BOHOTOR KPHUBYIO T H,
C/IeJIOBATENbHO, SBJSETCS I/ Hee 3BOJMbBEHTOH. Y paBHeHue
3BOJIbBEHTH B CJAyuae NpPOH3BOALHOH napaMerpusaliud Kpu-
BOit 7, OueBMIHO,

F=rt)— ,ff()t) SVr”(t) dt,

WIH, B CKaldpHoH dopwme,

F=x(t)— _L_S POTIG dt
eI Vot

Y=y — _y_ﬁt_)____s PEIGESEIO YA

Y=y O— S \ VO F 0

HarasnHo o6pasoBaHue 3BOJIBBEHTH MOXHO NPENCTaBATH
caenyioiuM o6pasom. IIpencraBum cefe HEPaCTIKUMYIO HHTD,
HaTAHYTYI0 Ha 4YacTh KPUBOH 7, COOTBETCTBYyIomYylo s< ¢ 6
KoHuoM B Touke Q(c). Ecam 3Ty HuTh, OTTArMBas 3a KOHEL,
CMaThIBaTh C KDHBOM, KOHELl HUTH ONHUCHLIBAET 3BOJBBEHTY
Kpuso#t (puc. 22).

BoisicHauM, 4To npencrasiseT coCoft 3BOMBBEHTa B JBYX
OCHOBHBIX CJIyYasix;

3‘
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1) s Bcex s< ¢ KpuBo# k(s) He oOpamaercs B HYJb;

2) k(s) ofOpamaercd B HYJb TOJBKO NPHU §==S5,;, NPHYEM
¥ (sy) # 0.

B nepsoM cCiayuae 3BOJBBEHTa €CTh peryJspHas Kpubas
6e3 ocoGenHocrelt. e#cTBUTENMBHO,

?’:(r——(s—c)'r)’=—-(8-—c)k\’7ﬁ0-

Bo BTOpOM Ciyyae 5BOJBBEHTA TAKKE SBJAETCH DEryJsap-
HO KpuBOH, HO TOuKa Q(S;) 3BOJIBBEHTH sBJAETCS 0COOOMH

c

4
Puc. 22, Puc. 23.

TOYKOH, WMEHHO TOUYKOH BO3Bpara BTOpPOro poxa (puc. 23).
Ilns nmokasatesnbCTBa STOrO YTBEPKIEHHUS HAAO OTHECTH 3BOJIb-
BEHTY K MNPAMOYrOJbHBIM HEKapTOBBIM KOOpIHUHATaM, NPHHSB

TOYKY Z}(sl) 338 HayaJo KOOpAMHAT, a 3a OCH KOOpAMHAT —
npsMble, NapajliiebHBe KacaTeJbHOH M HOPMaJH KpuBOoH | B
Touke Q (sy).
YIIPAXXHEHUA K TJIABE Il

1. Haiity manny oTpeska — a << x << a mapa6oan

y=nbx
2ab VT F425° + In (2ab 4 VT 4a%%)
% :

Omgem. § =

2. Haittu aauny orpeska KpHBOM
xXx=acht, y=asht, z=at
Mexny Toukamu O u £,
Omsem. s=a)/2 sht.
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3. Haéitu naumHy XYrd acTPOHIbI
x=acos*t, y=asin®t.
Omegem. s = 6a.
4, Hatity manny otpeska 0<S{<<2n HUKIOHIBI
x=a(t—sint), y=a(l—cost).
Omegem. s = 8a.

5. Haittu BbipaxxeHue NIHHBI OYrH KPUBOH, 3alaHHOH ypaBHe-
HUEM B NOJSPHBIX KOOPIHHATax

. p=p(®).

2

Omgem_ s (3“ 82) = S '/ pi + 9'2 d&-
8

6. Halitn KpuBH3HY KpHBOH:

x=t—sint, y=1-—cost, z=4sin~;—.

Omsem. R = % 1,/_1 + sin”é~ .

7. HailTh KpuBu3HY KPHBOH, 3a1aHHOH YPaBHEHMAMH B HEABHOM
BuIe
x+4shx=siny+y,

z4+ef=x+In(l+4+x)+1
B Touke (0, 0, 0).
Omeem. kl=——§—.

8. Hafitu kpuBH3HY M KpyyeHHe B MPOU3BOJIbHON TOYKE KPHBOMH,
3aaHHO! B YMpaXXHeHHH 2.

L S O S
2ach® > " 2ach®’
9. BeluHCANTD KpYuYeHHe KpHBOU
x=achtcost, y=achtsint, z=at.
Omegem. ky=—acht.

10. TMoka3aTh, YTO KpPHMBH3HA M KpY4YeHHe NPOCTOH BHUHTOBOI
JYHUK HOCTOSIHHBL

i1. Haittu BbipaxceHHe RaA KPUBH3HHI MJIOCKOH KPHBOM, 3amaH-
HOil ypaBHeHMeM B NOJAPHBIX KOODXHHATAX.

L (L)"

4

Omegem. k=

Omegem. k,=
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12, INoka3aTb, 4TO KpYUEHHE KPHBON
r=a{b(t) X b at,

rae b (¢) — BexTop-PyHKUHUSA, yHOBAETBOpAOmMan ycaosuaM [b(f)l=1
b’ (¢) |40, a = const, moctoanHo.

13. Tokasath, YTO OTHOLIEHME KPUBU3HH K KPYYEHHIO KPHBOH

x=a(sina@t)dt, y=afcosat)ds, z=0t
NOCTOSHHO.
14, Haiitn 9Boatoty napa6oint

2 =2px.
Omsgem. TNoayky6uueckas napaGoaa:
21py? = 8 (x — p)%.

15. Hafite sBO;OTY TPakTpPHCHI

=—a (lnlg%—}—cost), y=asint.
Omgem. Uennas aunus:

X
y—achT.

16. Hatitu sBomOTY acTpOMAb

2 2
| x1® 4 191% =1
Omeem. Actponna:
2

x4y +x—y]

17. Hatitu sBoabBeHTH Kpyra

2
39

x4 yr=R2
Omeem. x =R (cos$ + (8 —c)sin 9),
y=R (sin § — (8 —c) cos 9).

18. Haiitn Bce naockne KpuBble C NaHHBIM HaTypalibHbLIM YpaB-
HeHueM k =k (s).
Omeem. X = S sin a(s) ds, y= S cos a(s) ds, rae

a(s) = S k(s) ds.



3AAYM U ‘TEOPEMHI 1

3AJAUM U TEOPEMBI K TJIABE lII

1. ®ynkuns f(£), 3anaHHas B uHTEpBane a <f <<b, HasbiBaerCa
(ynxupelf OrpaHHYCHHON BapHaUWH, €CIH I MOOHX £y, £y, ooy ty
TaKUX, UT0 @ <<t <ty <<... <<t, <<b, cymmsl

; | £ (te) — f (tr-) |

pPaBHOMEPHO OT'paHWYEHBI.

Joka3aTh, YTO KpHBasd Y CnpAMJasdeMa TOr4a M TolbKO TOrna,
Korma OHa NONYCKaeT B OKPECTHOCTH KamIo# CBOEH TOYKH mapa-
MeTpH3aLHIo

x=x(t), y=y(@t), z=2z(),

rae x (£), y (¢), z(f) — GyHxuuy orpaHMYeHHO! BapHalMH.

2. loka3atb, YTO eCl1d KpHUBas oGinagaeT OXHUM M3 CIELYIOLUX
yeThipex CBOMCTB: .

1) KacateabHele KpWUBOH 006pa3yioT MOCTOAHHBIA Yroa C HeKo=
TOPHIM HamnpaBleHHEM,

2) 6uHOpMAaNH KPHBON 06pa3yloT MOCTOAHHBI Yrol ¢ HEKOTOPHIM
HalpaBJeHHeM,

3) rnaBHble HOPMaJaH KPHUBOH NapamiebHH HEKOTOPOR NIOCKOCTH,

4) oOTHONIEHHE KPEBHM3HBI K KPYYEHHIO KPHBOH 4 IIOCTOSHHO,
TO OHa 06GianaeT OCTaAbHBIMH TPEMS CBOHCTBaMH.

Haiitu o6Guiuit BMI KpHUBOW, OGragaiolleil ITUMH CBOHCTBaMH,

3. Joka3aTh, YTO €CAM KPHBH3HA W KpYYeHHe KPHBOU NOCTO-~
SIHHBl M OTAMYHBI OT HYJAA, TO 3Ta KPHBAaA €CTh NPOCTaas BHHTOBaA
JUHHA.

4. Jlokasatb, YTO €CIH MeXJIy TOYKaMHM JBYX KDHBBIX YCTaHOBS
JIEHO B3aUMHO ONHO3HAayHOE COOTBETCTBME, NMPU KOTOPOM OHHOpMa-
JH KPUBBIX B COOTBETCTBYIOLIMX TOYKax 'COBMAaNalT, TO KpHBHIE
NI0CKHe,

5. lokasath, uto J06ad KpPHBaA C TMOCTOSHHBIM KDYUEHHEM
¥ OTIMYHOH OT HYyIA KPHBM3HOH MOXeT ObITb 3alaHa BEKTODHbIM
YpaBHeHUEM

r=c{b@) xb @ d,

rge b (t) —mHexoropaa BekTOpP-QYHKUHA, YROBIAETBOPAIOULASA YCIO-
BUAM!

|b(t)| =1, b (£)%0.

6. BoccTaHOBUTL KpHBYIO, €CIH 3alaHa OfHa M3 TPEX BeKTOp-
dyHkuui v (8), v (s) uam P (s).

7. Ecan Mexn1y TOYKaMH IBYX KPHBBIX MOMeET OBITb yCTaHOB=-
NeHo COOTBETCTBHE TaK, YTO B COOTBETCTBYIOLIMX TOYKAX STHUX KPH~
BhIX KacaTelbHble NapaljielbHbl, TO TNaBHbE HOpMaiH ¥ GMHOPMany
TOMe mapainenbHbl. JoKka3aTb.

8. Kpusbie 7, H Y, Ha3bIBalOTCA KpHBbIMU BepTpaHa, ecin MeX1y
HUMH MOXeET OblTb YCTaHOBJEHO B3aUMHO OIHO3HAYHOE TOYeYHoe



2 TIOHSTUS KPUBH3HBI U KPYUEHUS [Tn 1T

COOTBETCTBME, NPU KOTOPOM rJaBHbe HOPMaiH B COOTBETCTB)IOLLIX
TOYKax CoBNalaioT.

[Tokasatb crenymolue CBOHCTBAa KPHBBIX Yy Yo!

a) pacCTOosiHHe MeXIY COOTBETCTBYIOUIMMH TOYKAMH KPHBbLIX
Y1 H Yp TOCTOSHHO;

6) KacaTeJAbHbH€ KPHUBHX 7; H Yy B COOTBETCTBYIOLIMX TOUKax
06pa3yioT MOCTOAHHBIH yrou;

B) KPHBH3Ha U KPYyYeHHE KaX1Of M3 KPHUBHIX CBA3aHE COOTHO-
LIeHHEM

asind k,—acosd kg=sin 9,

rie a— PacCTOSHHE MeX1Y COOTBETCTBYIOWMMH TOYKAMH KPHUBHIX
Y1 7e» @ ¥ — yrox Mexny xacaTelbHHIMH B COOTBETCTBYIOLIHX TOYKaX.

9. JlokasaTh, YTO eclH KPMBH3HA M KpYYeHUe KDHBOH CBs3aHbl
JMHEHHON 3aBHCHMOCTBIO

asind B, —acosd ky=sin ,

TO KpHBas sABaserca KpuBoi DBeptpana.
10. Hokasath, YTO KpHBas, 3ajlaBaeMasd BEKTOPHHIM YpaBHEHHEM

r=afe(t)dt+b e @) xe@a,

rae e (t) — BeKTOp-) YHKIMA, YIOBIETBOPAIOINAsA yCAOBHAM Je (2)| =1,
e (t)|=1, aBaserca xpuBoi Beprpana. U o6partno, mobas kpusas
epTpaHa MoxeT GhITb 3afaHa BEKTOPHHIM YPaBHEHHEM TaKOTo BHIA.
11, Mycts kpuBasm 7, Moayyaercs NPOEKTHBHBIM mpeo6pa3oBa-
nueM u3 kpusoh 7,. Jlokasath, yTo ecaM B ToOYKe P KpPHBO# 7,
KpHUBH3Ha (KpyyeHHe) paBHa HYJO, TO B COOTBETCTBYIOulell Touke
KpPHBO# {3 KpHBH3HA (COOTBETCTBEHHO KPYYEHHE) TaKe paBHAa HYMo.



YACTSH BTOPAY
TEOPUS NMOBEPXHOCTEM

Fr'NTABA IV
NOHSITUE NMOBEPXHOCTH

§ 1. daemeHTapHas MOBEPXHOCTE.
Iipoctass nosepxHocts. OGmAs MOBEPXHOCTH.

O6aacrtb Ha NMJIOCKOCTH Mbl OyZeM HaswiBaTh dA4eMeEHMAp-
Hotl 00MacTbIO, €C/IH OHA SBJSETCS 00pPa3sOM OTKPHTOrO Kpyra
npun TomosoruyeckoM otoOpaxennu. Takum oOpasoMm, asJae-
MeHTapHas o001acTe — 3T0 06JaCThb TOMEOMOp(QHas Kpyry.

[Tycts §— mpocras 3aMKHyTad KpuBass Ha MJIOCKOCTH.
WssectHa Tteopema 2KopaaHa O TOM, YTO NPOCTas 3aMKHyTast
Kpusas pa30uBaeT MJOCKOCT Ha JBe 06JacTH M sBJASETCH
rpanuuedt mas xaxaof us atux obnaacredl. OmHa us obiacreit
KOHeyHa, Apyras — 6eckoHeyna. OxasniBaeTcs, KOHEUHast 061acThb
romeomopdHa Kpyry. Takum o6pasom, sxympentocme Keao-
pama, npAMOY20AbHUKQ, BHYMPEHHOCMb SAAUNCA — BCE SMO
daemenmapHsle o0aacmil.

OnpenenuM 3JEMEHTaPHYIO MOBEPXHOCTS.

Muoxectso @ Touex mpocTpaHcTBa M GyneM HasblBaTh
SN MEHRIMAPHOL, NOBEPXHOCMBI0, €CTH OHO SABJASETCS 00pasoM
3/eMeHTapHo#t 06JaCTH Ha MNJIOCKOCTH IpU TOMNOJIOTHUECKOM
oToOpaXxeHH# ee B NPOCTPAHCTBO.

[Tycte ® — anemenrapHass moBepXHOCTh W (G — aJemeH-
TapHas 00/1acTh B MJOCKOCTH, 00pa3oM KOTOpO# npu TOmo-
Jorpueckom oroOpaxeHun f spaserca nosepxHocts @. Ilycrts
¥ 11 U-— NEKapTOBbH KOOPAMHATH TNPOH3BOJBLHOH TOUKH, NMpPH-
Hangaexame# obaactd, X, ¥, 2 — KOOPAMHATBL COOTBETCTBYIO-
mei TOYKM noBepxHocTH. KoopAuHaTh X, V¥, 2 TOUKH NMOBEPX-
HOCTH CyThb (PYHKIMH KOOpAMHAT TOukM obnaactn G:

x=fi(w, v), y=/y(u, v), 2=/, ) (%)
DTy cucTeMy paBeHCIB, samatouiylo oroGpaxenne f obnacte G
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B MPOCTPAHCTBO, Ha3blBAIOT YpAGHEHUS MU TOBEPXHOCTH B ma-
paMeTpHuecKoil (OPME; # M U HA3HBAT KPUBOMUHEUHHLMU
Koopduramamu Ha TOBEPXHOCTH.

YpasueHns (x) NpA (UKCUPDOBAHHOM X WM U 3a4alOT
KPUBYIO, JIEKAILYI0 Ha MOBEDPXHOCTH. DTH KPHBHIE HA3hIBAIOTCA
KOOPOUHAMHbLMI AUHUSMU.

Muoxectso @ rtouex mpocrpaHcTBa Mbl OyneM HasbBATh
npocmoli No8EPXHOCMBI0, €CAH 3TO MHOXKECTBO CBSISHO H
© Kawmas Touka X STOr0 MHOXECTBA HMMeeT okpectHocTs @
TaKkywo, uro 4acrte ®, pacnosoxenHas B G, aBJgercss 3JEMEH-
TapHO# NOBEPXHOCTHIO.

DJaeMeHTapHasl NOBEPXHOCTb fBJISETCS MNPOCTOH MOBEPXHO-
ctbio. Ho saeMeHTapHHIME NMOBEPXHOCTAMH [daJeKO He ucyep-

NBIBAIOTCS BCE NPOCTHE MNOBEPXHOCTH.

Hanpumep, coepa saBasercs npocToit

TS MOBEPXHOCTBIO, HO HE 3JEMEHTapHOMH.

Hpocrhie NOBEpXHOCTH HEJb3s OXa-

paKTepu3oBaTh B LeIOM O00OmWoO

npocTo, Kak 3T0 O6plI0 cHesaHo s

npocrteix KpuBnix. Hexkoropoe npexncra-

BJEHUE O PasHOOOpasnuu HPOCTHX HO-

BepXHocTel naer caenyouee coobpaxenue. Ecau u3 npou3sons-

Kol npocmoii nosepxmocmu yoaiums a060e 3aAMKHYMOE

MHOJICECMBO MO4eK, KO maK, 4moGs. He Hapyuwums C813-

HOCmu OCmaQ8uielics 4acmu, mo 3ma@ OCMABULAsICS 4aACb
6ydem mawoice Npocmoli nosepxHocmsio.

IIpocTas NOBEPXHOCTh Ha3HIBAETCSH NOAHOW, €Cad TPEeneiib=
Hasg TOuKa IJa JmoOo# cXonsuiefics noc/iesoBaTebHOCTH TO«
ueK MOBEPXHOCTH TaKkKe fBJAETCS TOYKOH mosepxHoctd. Ha-
npumep, cdepa, napabosoun CyTb MNOJHHE MOBEPXHOCTH,
a chepuueckuft CErMEHT He fBJAETCHA NMOJHOH MOBEPXHOCTHIO
(peup maer o cdepuueckoM cermente Oe3 orpanuumBaionied
€ro OKDYXHOCTH).

Ecom npocrast mosHas HOBEPXHOCTb SIBJSETCS KOHEYHOH,
TO OHa HasmBaercs 3amxuymod. Kpome cdepsl, 3aMKHyTOH
NOBEPXHOCTHIO SIBJSETCs, HANpPUMEP, TOP — IOBEPXHOCTh, MO=
Jiyuaemas BpalllEHHEM OKDYXXHOCTH OKOJIO TNpSAMOH, Jexauiel
B IJIOCKOCTH OKDYXHOCTH U He NepeceKawollet OKPYXHOCTb
(puc. 24).

Onpene/uM TOHATHE OKpecmHOCcmu TOUKH Ha NPOCTOH
NOBEPXHOCTH.

Puc. 24.
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OkpecTHOCTBIO TOYKH X Ha npoctoidl nmosepxHocin @ Ha-
swiBaercs oOmas vacts mnosepxHocTd @ M HeKOTOPOH IpO-
CTpaHCTBeHHON oKpecTHOCTH TOouk# X. CorzacHo onpeneseHuso
Y Kaxao# TOYKH NPOCTOH TNOBEPXHOCTH €CTh OKDECTHOCTH,
SBJIAIOLIAACA DJEMEHTapHOM TNOBEPXHOCThIO. B  naapHeiluiew,
roBopss 00 OKPEecTHOCTH TOUYKHM Ha fIOBEDXHOCTH, Mbl GymeM
UMETh B BHAY TaKyl0 3JEMEHTapHYI0 OKPECTHOCTb.

MuoxecrBo @ Touex npocTpaHcTBa MH OYyAeM HasnBaTh
obujell nosepxXHocmyio, €CIA OHO ABAfETCS OOpP&30OM NMPOCTOH
TIOBEDXHOCTH MpH JIOKaAbHO TOINOJIOTHYECKOM OTOOpaxeHuu
€€ B NPOCTPaHCTBO.

Mu Gymem roBOpHTH, YTO -OTOOGpaMeHHe f; BPOCTOH no-
BepxHocty @; m oroGpaxenue f3 npocro#t mosepxnoctu Dy
onpenensioT OmHy M Ty xe obmyio mosepxmocts D, ecam
MexJy ToukaMu noBepxHocred ®; u Dy moxer ObiTh ycTa-
HOBJIEHO TOMOJOIMYECKOE COOTBETCTBHE, NPH KOTOPOM 0Opashl
COOTBETCTBYIOIUMX TOYEK STHX NOBEPXHOCTEH HA NMOBEPXHOCTH
® cosnanaior.

Ilycts o6mas noeepxHocts @ sBasercs o6pasoM nmpocroft

nosepxHoctd @ npu JIOKaNLHO TONOAOTMYECKOM OTOOpaskeHud f.
OxkpectiocTeio TOukd f(X) Ha nosepxuocta @ Mp Oynem
HashiBaTh 006pa3 JHoGoH OKPECTHOCTH TOYKH X Ha IIOBEPXHO-
cru @ npu orebpamennu f. Tak xak oroGpawemme f B nocra-
TOYHO MaNOH OKpecTHOCTA TOukH X sB/SETCH TOMOMOTMUOCKHM,
10 f(X) Ha @ ¥WMEeT OKPECTHOCTh, WBAAIOLIYOCH SJESMEHTAD-
no#t mnosepxHocTblo. Takum o0Opasom, uccaedosarue 21000l
NOBEPXHOCIMU <8 MAAOM> CBOOUMCS K PACCMOMPERILIO 3ie-
MeHmapHoi nosepxrocmi.

§ 2. Peryaspnasi noBepxHOCTb. AHaJUTHYECKOE
8ajaHue MOBEPXHOCTH

Hs onpesenenus oOweli nOBEpXHOCTH CJeIyeT, YTO
Yy KauaeHd ee TOWKU CYIMSCTBYET OKPECTHOCTH, SBAAI0IMARCA
2IeMEHTAPHOH NOBEPXHOCTHIO.

{losepxmocts P Ml GyleM HaswBarh peeyanpsol (% pas
IudepeHuupyemMon), €CHd Yy KaxAOH TOUKH ST0l nosepx-
HOCTH €CTb OKPECTHOCTb, AOHYCKMOINas PeryssapHyio napa-
MeTPH3alHo, T. € S4JatHHe YPABHEHHSMH B nNapaMeTpivecKoi
Popwme

x=hH@ v), y=f@ vy z=fH@ v)
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rae f,, Jfu JSfs— perynspusie (k& pa3 HenpepniBHO mudpepeH--
uupyembie) (QYHKUUM, 3anaHHeie B 3JeMeHTapHol obaactu G
nxockoctd uv. Ilpu 2==1 noBepxHOCTb Ha3HIBAETCA 24a0XOil.

TToBepXHOCTh HA3LIBAETCA aKaaumudecKoli, €Cii OHA B
JOCTATOYHO MQJIOH OKPECTHOCTH KaxIoH cBoeff TOukM aomy-
CKaeT aHaJMTAYEeCKyw napamerpusaumio (byukumu fy, f,, f3 —
aHa/MTHYECKHE),

B nmanpHefiieM Mel OyaeM pacCMaTpMBaTh HMCKJIOYATENBHO
peryaapHele NOBEPXHOCTH.

CorsiacHo omnpesie/eHnio, PEryaspHas NMOBEPXHOCTb B OKpe-
CTHOCTM Kaxao# cBoe#t TOYKH MOKeT OHTh 3afaHa ypaBHe-
HUAMU B NapaMeTpuyeckodl dopme

x=x, v), y=y@u, v), z==2(u, v),

raie x(u, v), y(u, v), z(u, v)— peryaapHele (YHKUUN nepe-
MEHHBIX 4, U, 3aJaHHKe B HeKoTtopo# o6aactu G mirocko-
cte uv. EcTecTBeHHO BO3HWKAeT BONMPOC: KOrjga CHCTEMa pa-
BEHCTB

x=x@ v), y=y@u v), z=2z(@u, v),

rie x(u, v), y(u, v), z(u, v)— peryispHsie QyHKUMU B He-
KoTopo# obnacty @ MIOCKOCTH U, — 3afaeT IOBEPXHOCTH?
OTBeT Ha 5TOT BONPOC BO MHOTHX CJyuasxX HaeT C/lepylomias

Teopema. Ecau x (u, v), y(u, v), z(u, v)— pezyssp-
noe ghynxyuu 8 obracmu G naocKocmu uv, y00sAemeopsio-
wue YcAo8ui0, LMo parz Mampuysl

(xu Yu zu)
x1! y'b z'u
sci00y 8 G pasen 08yM, mo cucmema pageHcms

x=xv), y=y@u, v), z=z(@u, v)

3a0aem Hexomopyw nogepxnocms D. Ima nosepxrocms
ecms obpa3 npocmot nosepxrocmu G npu A0KAAsHO mono-
JAo2udeckom omoOpaxcerun, Komopoe moure (u, v) obia-
cmu Q conocmasasiem Mmo4Ky NpocmpaHcmea ¢ KOOpOUHa-
manu x U, v), y @, v), 2, ).

B sToffi TeopemMe B 10Ka3aTeNbCTBE HYXKAAETCH, OYEBHIHO,
TOJBKO YTBEePAEHHE O JOKAJbHOH OIHO-OAHO3HAYHOCTH YKa-
3aHHOro oroOpaxeHnus. IlokawkeMm 3To.
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HlonycruM, yTBEpXKHEHWE HEBEPHO, TOTAA CYWIECTBYET
TOUKa (11y, Vg) B o6aacty G, B CKOJb YrOZHO Majoift OKpecrT-
HOCTM KOTOPOH MOXHO yKasaTb [BE Pas/uuHble TOUKH (Uj, U)
u (11g, vg) Taxue, U4TO

Xy, v)— x(4y, V) =0, y(u;, v;) —y(Uy v5)=0,

z (1, vy) — 2(ug, vg)=0.
Hmeem

X (U, vy) — x (g, Vo) =(x (3, V) — X (3, vg)) +
—+ (x (uy, vg) — X (utg, Vg)) =
= (vl - U‘Z) xz:(ub &l) + (ul - uﬂ) xu(&i» ’Ug) = O'
Ananoruuno,
y (ul’ '01) — ¥ (ug, ’02) =
= (03 — ) Yo (tts, B) -+ (1 — 113) ¥,,(d5, v2) =0,

2z (uy, V1) — 2(ugvg) =
= () — V) Z,(1y, B3) -+ (13 — 1) 2, (B3, V) = 0.
INpunumad BO BHUMaHWe, 4TO Uy — lly, Uy — Uy HE DaBHH

HY/I0 OAHOBPEMEHHO, U3 MOJIYYEHHBIX TPEX PABEHCTB 3aKJIIO-
4aeM, 4TO paHr MaTpHiibi

(xll (&i’ '09) yu (&;) 'Ug) 2y (&é’ "Uq))
Xy (ul’ 81) y‘u (ub &i) z’u(uly &3)
MEHbIIE OBYX, T. € €€ JETCPMHUHAHTBI BTOPOro mnopsaxa pas-

Hb Hymo. [To uHenpepeiBHQCTH (YHKUMR X, X,, ..., 2, OT-
clofia clefyeT, 4yTo BCE AETEPMHUHAHTHI BTOPOro MOpSAaKa Mar-

puiH
(xu Yu zu>
x‘ﬂ y“U zv
B TOUKE (U, V,) PaBHBl HYMO, T. € PaHr MaTPUUbLl MEHbLIE
AByX. Mbl npumumu K npotusopeuuio. YTBEPKIEHNE NOKa3aHO.
Hekotoprie mosepxHocT¥ npy mnoaxoasmem BeiGope ocei

KOOpAMHAT X, Y, 2 MOONYyCKAalT IapaMeTpusauuio g BCEH
TIOBEPXHOCTH BUAIA

x=u, y=vuv, 2=F(u,v),
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rae f(u,v)— dyHkums, onpenenesHas B obmacty G mioc-
KOCTH 4v. YpaBHEHHs STOH NOBEPXHOCTH MOryT ObITb 3anu-
caHbl B O3KBUBaJZEHTHOH Qopme z=Ff(x, ).

Takad napaMeTpu3auus IOBEPXHOCTH OT/IMYaeTess 6oub-
wo# HaraaaHoctbio. COOTBETCTBHE ME¥AY TOUKAMHM [TOBEpX-
HOCTM M TOYKaM#m O00JacTH MJIOCKOCTH XY OCYWeCTBJSETCH
NPOEKTUPOBAHMEM NPSMBIMH, NMAPaJJIETbHBIMU OCH 2.

Mg Gymem rosoputs, uro mnosepxHocts ® wxesgHO 3a-
Oana ypagreruem

¢ (x,¥,2)=0,

BHIDaXad STHM TOJBKO TO, YTO KOODAHHATHI TOYEK MOBEPX-=
HOCTH YLOBJIETBODAIOT [aHHOMY ypaBHenuwo. Ilpm atom Mo-
FyT CyIIECTBOBATh TOUKM NPOCTPAHCTBA, YIOBJETBOPSIOLUIAE
JAHHOMY YpaBHEHHI0O M He NpHHALJexaumue MOBEPXHO-
cta @.

Ilpu paccMoTpeHuH MOBEPXHOCTEH, 3aTaHHHMX YpaBHEHHEM
¢ (¥, ¥, 2)==0, BaXHYyIO pOJb WUrpaeT Ciexylouas

Teopewma. I[Tycme ¢ (xy, 2) — peayasnpras ynxyus ne-
peMennsx x, ¥, 2. [lycme M—mHnosncecmso mouex npocm-
pancmea, ydosisemsopanuwux ypasienuio 9 (x, y, 2)=0,
(X0 Yo, 20)— mourxa 3mo20 MHOJNCECMSBA, 8 KOMOPOU
o% + o5 + 92 # 0. To20a y mouru (xo, yo, 20) ecme oxpecm~
HOCME makas, 4mo 8ce mo4ku muoxcecrmsa M, npunadae-
acauue 3moil oxpecmHocmu, o0pasym peysIpRYI0 d4e-
MEHMAPHYI0 NOBEPXHOCHLb.

HoxkasartearctBo. Ilycts 14 onpemeseHHOCTH ¢, 7= 0
B TOUKE (X;, ¥ 2,)- [10 TEOpEME O HEABHHIX (PYHKUMAX CYUIECT=
BYIOT unc/Ia 8 B ¢ GoJblIe HY s i peryiaspHas ynkuus ¢ (x, y),
onpeneneHnas B obaactu |x—x,|<3, |y —y,[<8, Takue,
uTO BCE TOUKH (X, ¥, ¢ (% V), | X — x| <8 |y—y,| <3,
YLOBJETBOPAIOT YpaBHeHUIO ¢ (X, Y, 2)==0, npuueM 3THMH TOUY=
KaM# MCUEPTIBIBAIOTCA BCE TOYKH Napajienenunesa| x — x,| <3,
[y —3| <3 |2—2,|<e, ymosieTBopsiomHe YyDPABHEHHIO
¢ (¥, y, 2)=0. DaemenTapHas NOBEPXHOCTb, O KOTOPOH HIET
peub B TEOPEME, 3alaeTCd ypaBHEHHEM

=4, ¥) |x—x,]<3 |y—y, <>

Teopema moka3aHa.
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§ 3. CnenuaabHble mapaMeTpu3auuy HOBEPXHOCTH

Pezyasipras nosepxrocms 8 oKpecmHocmu Kaxcool csoeii
moukxu 0onycxaem OeciucAeHHOE MHOJCECMB0 napamempi-
3ayuii.

IetcTBATENBHO, MYCTH

x=x(u, v), y=y(u, v), z2=2(u, v)

— KaKas-HnOyap napamMeTpusauus NMOBEPXHOCTH B OKPECTHOC-
™ TouKU Q(uy v,).

Ecmn ¢ (a, B) n ¢(a, B)— moGpie perymspHeie GyHKUHH,
yAOBJAETBOpSIOMEE B TOUKE (@, B,) ycaoBuam

uy=1¢(ap By), | %a Pp
'Uo=q)(a0, po)’ q’a %

x=x(9 (% B), ¢(a B))

y=y(¢ @ B) ¢(x B))

z2=z(¢ (@ B ¢@ B)
JIAIOT  TaKXe PperyJspHylo [apamMeTpusaluio MOBEPXHOCTH.
O10 oueBuAHBIM 00pasoM BHITEKAET U3 TOro, YTo (GOpMyJaMu

u=g¢(a, ), v=9(a, B)
8aflaeTCA TOMOJNOTMYECKOE OTOOpaXKEHHE [OCTaTOYHO MaJsoh
OKDECTHOCTH TOuKH (%, Po) mJIOCKOCTH af Ha HEKOTOpYIo
OKPECTHOCTb TOYKH (#y, Up) NJIOCKOCTH UD.

ITpn wnccnenoBanun peryAspHeIX TNOBEPXHOCTER ObiBaer
NOJE3HO MOJB30BaTHCA  CHENUAAbHBIME  NapaMeTPU3aunaMi.
Paccmorpum Hau6osee ynoTpeburte/bHHE U3 HHX.

Teopema. Iycme O — pezyargpras nosepxnocms u

0,

TO ypaBHEHHs

x=x@m v, y=y@u v), 2=z )
Karxas-Huby0s ee pe2yAspHas napamempu3ayus 8 oxpecm-
Hocmu mouxu P. [Tycms 8 mouxe P
xu yn ¢ 0.
Xy Yo

Tozda 8 oxpecmuocmu P nosepxrocme ® donycxaem
8adaHrue ypagreHueMm
=f(x, y)

20e [~ pezyanpras gynxyus.
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HokasateabcrtsBo. Ilo Teopeme o HeaBHBIX (HyHK-
IMAX CYIIECTBYIOT peryaspHuie ¢ynkuun u(x, y), v(x, 3)
KOTOpHI€ NpH MNOACTAHOBKE HX B ypaBHeHH X =x (1, T) U
y=y(u, v) oOpamarT NoCjIeJHHE B -TOKIECTBA.

Tak xak

Xy Yu
Xy y'u

Uy Uy

=1,

lly Uy
TO

Uy Uy 0,

1y, vy
Bsoxs HoBble mapameTpel o u § coriacHo (opmyiam

=u(@ f) v=0( p)

nosyuaem:
x=a, y=00, 2=2z@(@, B) v(* B))
WIH, Y4TO TO Xe CaMoe,

z2=f(x, y)
Teopema noxasaHa.
Teopema [lycmys @ — peayaspnas nosepxnocms,
u, v—ee pe2yiapuas napamempusdagus. I[lycmes 8 oxpecm-
Hocmu mouku (uy, v,) 3a0aHs 08a OughgheperyuarbHbLY
YpasHerus

A (1, v)du—+ By(a, v)dv=0, } )

Ay (1, v)du - By (u, v)dv=0,
roaghgpunuenmo. Komopuix 8 mouke (1y, Vo) Y008AEMBOPAIO L

yca08UI0
A, By

0.
Ay By #

To20a 8 okpecmuocmu amoii mouru nosepxnocms © moxcHo
napamempu3osams max, 4Mmo KOOPOUHAMHbE AUHUU Oy0ym
UHMEPANGHBLMIL KPUBLIMU YPABHEHUH (*).
HokaszateabcrBo. He orpannunBas oOLHOCTH, MOX-
Ho cuntath Ay #0 u By # 0. Ilycts v=1¢(a, 1)— pewe-
HUE NEPBOTrO K3 ypasHeHnH (*), KoTopoe npu u =u, o0palaercs
B a, a u=1¢ (B, v)— pelwedne BTOPOro ypaBHeHHs, KOTOPOE
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npu v==7, obpamaercs B B. YpasHenua v=¢(a, U) u
u=1{(B, v) paspemwuMb OTHOCHTENBHO & U 3 COOTBETCTBEHHO
B OKDECTHOCTH TOUKH Uy Uy TaK Kak

-g-;:l # 0 npu n=u,

0 _ —
T)F_l # 0 npu v=1,

Mycts a==a(u, v) n § =3 (u, v)—3tn pewennud. IToxa-
WeM, 4Yro

% Bu

ay By

Tak xak a(u, v)==const ecrb uHTErpa; NEpPBOro s’
YpaBHeHUH (*), TO ypaBHEHUA

Aydu -+ Bydv=0 n a,du -} o,dv=0

cosmectdnl. Orcroga

%0,

Ay By

a

=0.

u %

AHaJOTHYHO,
Ay B, I

B, By

Ecan npeanosoXuts, 4To
o, a,,’

Bu B‘U

TO HEMENJIEHHO NOJyYaercs
Al Bl
Ay By

a 3T0 HeBO3MOXHO. Urak,

Uy %y
Bu Bo

Otcioga caenyer, uto o(w, v) u B(% U) MOXKHO BBECTH
B KauecTse HOBHIX MNapaMeTpoB Ha mnosepxHocTd. Ecau 31O

#0,
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clenath, TO KoopAuHaTHbie JuHuu (a==const u B == const)
OyIAyT MHTErpajbHbIMM KPHUBBIMHM ypaBHEHuM ().

Teopemnb moKa3aHa.

3ameuanne Cucrema ypasuenuft(*), Kotopas Qurypu-
pyer B (OPMYJTMPOBKE TEOPEMH, YaCTO OBIBAET 3aJaHa ONHUM
YpaBHEHHEM BTODOH cTeneHu

Adu® 4 2B du dv -+ C dv* =0,

CooTBercTByioliee yC/AOBHE Ha KO(P(HAUHEHTH CBOAMTCA
K HEpaBeHCTBY

AC— B 0.

§ 4. Ocolbie TOUKM HA peryJsapHOii MOBEPXHOCTH

Touky P peryaspHOl NOBEepXHOCTM Mbl OyneM HasbIBaTh
00b/KHOBEHHOI TOUKOH MO OTHOLIEHMIO K MHaHHOH CTenenu
perynsapHocTn kR, ecAnm IOBEPXHOCTb MAONMYCKaeT 2 pas aud-
¢epeanupyemMylo napameTpusauuio

x==x vy y=y@ vy 2=z, v)

B OKPECTHOCTH STOH TOUKH, YAOBAETBODPSIOWYIO YCJIOBHIO:
paHr MaTpulib

(xll yu zu)

Xo Vo 2o

B Touke P paBeH AByM. B nmpoTuBHOM cayyae Toyka P Hasbl-
BaeTCd ocoOod. JluHmMA Ha NOBEPXHOCTH, BCE TOYKM KOTOpOH
SBJAIOTCS OCOOBIMH TOYKAMH, Ha3bIBAeTCH 0co0ol auHuei.

Inga nosepxHocTel paccMoTpende Bompoca 00 0cCOOHX
TOUKaxX NpEeACTaBJaseT cobolt Oosee TpyaHylo 3amauy, YeM
I KpUBBIX. MBI OrpasMumMCd MCC/EAOBaHUEM NpOCTEHINHX
Cyuaes.

Hycrte

Xx=x@ v), y=y@u v) 2=z v)

peryispHas napaMeTpusalis IOBEDXHOCTH B OKPECTHOCTH
Toukn Q. Ilyctb panr Marpuum

(xﬂ y u zu)
Ko Yy 2o
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BCIOAY B OKPECTHOCTH () paBeH ABYM, KpOMe caMo# TOuKd Q,
B KOTOpDOH OH MEHbLIE IBYX.

Bynem nosp30BaThC BEKTOPHOH 3amuchbi0 YpaBHEHHS MO-
BEPXHOCTH r==r (1, v), rae r (i, v)=x(u, v)e,-+y(u, v)e.+
-+ 2 (1, v)e; (€, € €3 — ennHHUHBIE BEKTOPH, HanpaBJeHHbIE
no ocaM x, y, 2). Torma ycadsue TOoro, 4TG0 paHr YHOMSIHY-
TOH MaTpHUIbl PaBeH NBYM HJHA MEHbIUE [BYX, CBOAWTCA K TOMY,
yto r, X r, # 0 wmm r, X r,=0 cOOTBETCTBEHHO.

BBegem B paccMoTpeHue BeKTOD-(YHKILHIO

ry X Iy
S=Trxral <*’

HenocpencrsenHo npoBepsercs, YTO OHAa MHBAPWAHTHA OTHO-
CUTEJBHO NpeobpasoBaHusi KOOPAMHAT € sKOOMaHOM GO/bLIAM
Hyas. Ecam ke AkoOWaH MeHbIUE HyJs, TO 5Ta (QyHKUHA Me-
HAET TOJBKO 3HAK.

Touxa Q nosepxHocmu 6ydem 3asedomo 0coboli, ecau
8p He cmpemumcs K onpedeieHnomy npedeay npu P—> Q.
B camom nene, ecim Q OGHIKHOBEHHast TOUK3, TO B €€ OKpECT-
HOCTH MOXeT OhThb BBeJeHa pery/spHas napamerpusauus (o, B)
TaKas, 4To raXrB;éO B TOuke Q U, CJAeZOBaTe]bHO, NpH
P—>Q

F, X rg +ruxr,,
lre X rg| ™ 7 |ra Xy

CTpeMATCs K ONpene/IeHHOMY Npenedny.

3aberas HeCKOJNBKO BTepef,. 3aMeTuM, 4TO & (4, ) aBJs-
€TC eINHHYHBIM BEKTOPOM HOpMaj¥ K NMOBEPXHOCTH B TOY-
Ke P. Hopmans K MNOBEPXHOCTH ONpPeIE/sSeTcss HEe3aBUCHMO
OT KaKoH-mb60 KOHKpeTHOR mnapaMerpusauun MOBEPXHOCTH.
Ecnu touka Q — OOBIKHOBEHHast TOYKA NOBEDPXHOCTH, TO HOP=
Majb TIOBEDXHOCTM B OKDECTHOCTH 3TOH TOUKH HENPEPBIBHO
3aBUCHT OT MOJIOXEHUS TOUKH W, CJENOBATENbHO, €IMHHYHBIH
BeKTOp &p(u, v) npu P —> Q CTpeMuTCs K ONpene]eHHOMY
npeaeny — eIMHUYHOMY  BEKTOPY  HODMaji  IOBEPXHOCTH
B TOuKe Q.

MMpumep. Touka (0, 0) Ha nosepxHOCTH

1
x=u, y=v, z=@’}1%3
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(puc. 25) sasasercs ocoboft Touxo#l. Herpymno nponepnts,
yto E (1, v) He CTPEMHTCA K ONpPEAENEHHOMY Npeneny, Koraa
U ¥ U NPON3BOJLHHM O0pa3oM CTPEMATCA K HYJIO.

Honycrum Tenepb yto npu P-—> Q &p cTpemurcs K omnpe-
neneHHomy npeneny &, Torma paccMoTpeHHblHl TOJBKO 4TO
MPU3HAK He JaeT OTBeTa Ha BONpOC, OymeT au Touka Q oOco-
6o#t TOukoH uaM OOBIKHOBEHHOM.

ITycte KpuBO/MHEHHBIE KOOPAMHATH TOUKH Q — 1, U T,
BospmeM B MJIOCKOCTM uv Majibli MPOCTOH KOHTYD ¥, OXBa-
TeiBaloum# TOuky (wp vp). Ilycts 71—
COOTBETCTBYIOIMI KOHTYD Ha NOBEpX-
Hocti. ClipoeKTupyeM KOHTYp | Ha nJo-
CKOCTb 0, MPOXOAALLYIO Yepes TOUKY Q,
NEePNeHAuKY IAPHYI0 BEKTOPY &

Ecsn npoexuust ¥ KOHTYpa 7 Ha mJjo-
CKOCTb G He OXBaThIBaeT TOUKH Q miau
OXBaTHBaeT ee GoJee OJHOTO DPasa, TO
Q 3aBegomMo ocobasi TOuKa.

JlonycTuM, YTO yTBepKIEHHe He-
BEPHO M (Q — OOBLIKHOBEHHAs TOUKA.
g Torma noBepxHOCTb HOMyCKaeT mnapa-
Puc. 25. meTpusaunio r==r(a, ) y1O0BJETBO-

psomy B Q ycaosuo r, Xr, # 0,
OTKYZa CJCNYeT, YTO 7, U F, HEPaBHEIE HYJIO U HEMapasaens-
HBlE BEKTODBI.

Iycts a=0a,+&() n B=00y-} n(f)— ypasuenne xon-

Typa 1. Torza KOHTYpP B NMAOCKOCTH O, 3aJaHHHA ypaBHEHHEM

r=rQ+tOr.(Q-+10r,(Q

Mano orinyaeTca OT §. W Tak Kak 3TOT KOHTYD MOJIyvYaeTcs
adunHpiM npeoOpa3oBaHueM u3 ¥, TO OH, a C HAM W KOHTYD T,
OIMH Pa3 OXBAaTHIBAET TOUKY (Q TMOZOOHO TOMY KaK KOHTYp
OXBaTHIBAaeT TOUKY (g Bo)

ITpumep. Touka (0, 0) na mosepxHOCTH

Az

x=uw—7v, y=2uw, =11

(puc. 26) sBasercs ocoboil. Ilpm obxome OKpyxHOCTH 7
|- v*=¢? cooTBeTcTBylOmIaA TOuKAa § NPOXOAMT ABANbI
okpyxnocth x?-}y*=eb Takum oGpasom, § oxBaThiBaer
Touky (0,0) aBaxcasL.
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ITpumep. Bce toukm mosepxHOCTH
x=u y=1v, z=1

pacnoyoxeHHele Ha ocd x-0B (v=0), sBasiorca 0cQOHIMH
(puc. 27). 3mech NJIOCKOCTH O SABJSETCH IMJIOCKOCTBIO XY.
Kouryp Y coorBercTByiouiei 0KpyKHOCTH §: (¥ — a) | yi=¢?
pacriosiaraeTcsi UEAHKOM B noJynjaockoctd y=0 (rak Kak
y=1% u, ciaenoBaTeJbHO, HH pa3y HE OXBATHIBAET TOUKY
Q(a, 0) ocn x-os.

Puc. 27,

Oco6ast /MHMSA THNA, PACCMOTPEHHOrO B 3TOM HpHUMEDe,
HasbiBaeTcs pelpos 8038pama nopepxHocTH. Kaxcnas naockocrs,
nepneHanKyaspHas peOpy Bosspata, nepecekaeT NMOBEPXHOCTb
no KpuBoM, ajaa KkOTOpoH TOouka pebpa BO3BpaTa SBJASETCS
0C_060H TOYKOM — TOukOH  Bo3Bpata. B  paccMoTpenHom
NpUMepe TAaKUMA CEYEHHIMH ABJSIOTCS  MOJyKyOuueckue
napa6oJni.

B 3akmouenue — HecKOMBKO C0B 00 0cOObX TOUKax
NOBEPXHOCTH, 3aJaHHOH ypasHeHuem ¢ (X, y, 2)=0.

Bo-nepBhiX, 0COObIMH TOUKaMu MHOBEPXHOCTH MOTYT ObiTbh
TOJIBKO T€ €€ TOUKH, Fie ¢, = ¢, ==¢,=0. [lelicTBUTENLHO,
€C/m B TOUKE (Q MOBEPXHOCTH OfHA M3 YaCTHHIX NPOM3BOA-
HBIX, Hampumep, ¢, 7 0, TO NOBEPXHOCTb B OKPECTHOCTH
TOYUKM (Q [HONYyCKAaeT peryJspHYlo NapaMeTpusauuio BHAA
z=1{(x, y), OoTKyma cjexyeT, uto Q sBJseTCS OOBIKHOBEH-
HOW TOYKOH.

Iyct ¢, = Py =@, = 0 B Touxe noBepxHOCTH Q (Xo Vo 20)-
Pagnaras ¢ynkumio ¢ no ¢opmyre Tetiiopa B oKpecTHOCTH
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TOYKH Q, MOJNYyYHM:
a1 (x — Xo)* 4~ a9 (¥ — y0)’ + @53 (2 — 20)* 4
+ 2a33 (x — X0) (Y — o) 2013 (X — ) (2 — 20) +
+ 2ag5(y — y0)(z2 — 2) -+ R=0.
OxasbiBaeTcs, YTO €C/AM KeaiparuuHas opma Zaiji,-ij
ABJAETCA ONpedeNeHHOH, T. e. obpawaercsi B HyJb TOJbKO
Korga Bce %, paBHEl HY/MO, TO B HOCTATOYHO MajJOH OKpeECT-
HOCTH TOYKH (X Ve Z,) HM OIHA TOYKA MPOCTPAHCTBA, KpOME
CaMO# TOUKH (Xp Yo 2¢» HE YHOBJETBOPAET YPaBHEHUIO
2 ¢(x, y» 2)==0. TlosTtomy noBepx-
Hocts @ He Moxer OHTh 3aJ1aHa ypas-
HeHueM @ =0 B OKpecTHOCTH TOUKH Q.
3ameuvanue. Yacro mnoxg mno-
BEPXHOCTbIO, 3alaHHOH  ypaBHEHHEM
¢ (X% ¥, 2)=0, noHuMaT reoMerpu-
YeCKOEe MeCTO TOYEeK NPOCTPAHCTBY,
Y Z  YHOBJETBOpAOWAX YypaBHenuio ¢ ==0.
Ilpu Takom onpeneneHH#d MOBEPXHO-
CTM TOUKY B PacCMOTPEHHOM TOJbKO
A YTO CJyuyae HasbBAOT U30AUPOBAHHOL
p 0co60# TOUKOM.
uc. 28,
ITpumep. T'eomerpuyeckoe me-
CTO TOY€EK, YJIOBJAETBOPSIOLIMX YpaBHe-
o (x* 4y 424 (1 — x*— y?— 2% =0, cocrour u3 coe-
pu x4y 4-2*=1 n rtouku (0, 0, 0) xoropas sBisETCS
M30/IMPOBAHHON TOYKOH STOrO TEOMETPHYECKOrO MeCTa.
Ecim xBaapartuusas ¢opma Za,-J«EiE ; SBJSIETCA BHAKO-

NEPEMEHHOH, HO HE pasjaraercsi B NPOU3BEAEHHE IBYX JH-
HEHHBIX (OpM, TEOMETPHUYECKOE MECTO TOYEK MPOCTPAaHCTBA,
yAOBAETBOPAIOMAX YypaBHeHuo @ (X, y, 2)==0, BOinsH TOUKHM
(X vy 2,) mmeer ¢opmy, O1H3KYI0 K KOHYCy BTODOro mHO-
PAIKa, ypaBHeHHe KOTOporo ¢ (X, ¥, ) — R==0. Ecan nosepx-
HOCTh OIPENENAIOT KaK TeOoMETPHUYECKOE MECTO TOuYeK Ipo-
CTPAHCTBa, YIOBJETBOPAIOUWHKX YypaBHeHHIO ¢ (X, y, 2)=0, TO
B 5TOM CIyYae TOUKY (Xg Yy Z,) HA3BIBAIOT KOKUALECKOH TOUKOH.
IMpumep. Havano koopuHHaT uBAsSETCA KOANYECKOH TOUKOR
TEOMETPHYECKOTO MeCTa TOYeK, YAOBAETBOPHIOUIUX YPABHEHUIO
(xi +y2+22)2_ 2a2(z2_xﬁ_yﬂ)=0
(puc. 28).
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Ecim kBanpaTtuuHas gopma Zaiﬁiﬁj pacnagaeTca B Npo-
M3BEIEHUE MABYX JIMHEHHBIX (OPM, MOrYT NMpEenCTaBHTbCA pas-
nuuHble cayuad. Touka moxeT OviTh OcoGoft (Hanmpumep, TOuKa
(0, 0, 0) moBepxsHoctH Xxy—2°==0) mwim OOGHLKHOBEHHOH
(nanpumep, Ttouka (0, O, 0) moBepxHocTH Xxy— x2'=0).
B atoM ciyuae HeoOXOIMMO HCCIENOBAaTh HajbHEHIUME YJIEHbI
pasiioxenns (PyHKUUH ¢.

PaccmoTpenns Bcex MOCTEAYIOIUMX T/I1aB OTHOCATCH TOJBKO
K 00/1aCTAM MOBEPXHOCTH C OOBIKHOBEHHHIMM TOuKaMu. B wacr-
HOCTH, A ynotpebisdeMbiX mapaMmeTpusanuit mpeanosaraercs
BHINOJIHEHHBIM ycnosue 1, X r, %= 0. B npanpuefiiieMm sto cre-
LMa/JbHO HE OroBapMBAETCA.

YTNPAYXXHEHWA U 3AJAUYU K I'JIABE IV

I. CocraBuTb ypaBHeHHE NOBEPXHOCTH, oGpadyemoit moaynps-
MBIMH, KOTOpble HCXOINAT M3 TOYkH (@, b, ¢) m nmepecekalor mapadony

2=0, y*=2px.
Omsem. (bz— cy)? =20 (z —¢) (a2 — cx).

2. Haittu ypaBHeHne nuausnpa ¢ o6pasyouMMy napanielbHbIMK
npAMOR x ==y =2z, ONHCAHHOI0 OKOJO 3JLIHICOUAA
x244y* 922 =1,
Omesem. (x + 4y + 92)* — 14 (x* 4-4y? + 922 — 1) =0.
3. Haittu reomerpnueckoe MecTo NMpoexkyu# LEHTPa 3MIHMCOMIAA
xs 2 zz
X+ »"._s +2 =1,
a b c?
Ha €ro KacaTe/JbHbl€ IIOCKOCTH.
Omsgem. x2a® -+ y2b® + 2%c® = (x2 4 y? + 2%)2,
4. CocraBuTb ypaBHeHue NMOBEPXHOCTH, KOTOpasA Moayyaercs NpH
BPall[eHUH KPUBOMH
x=q(u), z={ (), y=0
OKOJI0 OCH 2.
Omgem. x =9 (u)cosv, y=o(@)sinv, z=1{y ().
3. Tlpamaa g nBuWeTCA B MPOCTPAHCTBE TakK, YTO BHIMOIHAIOTCA
ciaenyoiHe yCiIoBus:
a) mpAMad BCe BPeMA lepecekaeT OCb z MOX NPAMBIM YIJOM;
6) Toyka nepeceyeHus MNPAMOH g C OCbIO 2 PaBHOMEDHO IBHU-
WETCA CO CKOPOCTBIO &;
B) NMpAMasg PaBHOMEPHO BpaUIZeTCA OKOJNO OCH 2 C YrlOBOH CKO=
poCTbIO w. ’
CocTaBuTh ypaBHeHHe NOBCPXHOCTH, KOTOPYIO OMHCHIBACT NpU
CBOCM JIBHXEHHH NpaAMan g
Omsem. x = v cos o, y =v sin on, =au.



88 TIOHATHS COTIPUKOCHOBEHUS [T V

3nech 44— BpeMs, a U-— PAacCTOAHHE TOYKH NOBEPXHOCTH OT
ocu 2. ToBepXHOCTb Ha3BIBAETCA NPOCTOH BHHTOBON MOBEPXHOCTHIO
HAH 26AUKOUOOM.
6. MMyctp TpH ceMelicTBa MOBEPXHOCTEH 3aNalOTCA YpaBHEHHAMH:
¢ (x, ¥, 2) = u = const,
¥ (x, y, 2) = v= const,
X (%, ¥, 2) = w = const.
JlokasaTb, YTO €CaH B TOYKE (X, ¥, 2,) AKOGHAH

Dy 40 0
D (x, y, 2) ’
TO BCe TPH ceMeHCTBA B OKPECTHOCTH 3TOH TOYKH MOXKHO 3alaTbh
BEKTODHbHIM ypaBHEHHEM
r=r(u, v, w).
IMoBepXHOCTH pa3iaHUHBIX CeMEHCTB MOJAYYAlOTCA NOpH 4 = const,
v=const H w = const.
7. TloBepXHOCTBIO MepeHoca Ha3biBaeTCS NIOBEPXHOCTb, 06pasye-

Mas NMpH NOCTyNaTeAbHOM mepeMelieHHH OIHOH KPUBOH BLCIb ApY-
rol kpuBoit. Joxasatb, YTO MOBEPXHOCTb MEPEHOCA MOXET GbITh,

3ajaHa ypaBHeHHEM
r=q(u)+ ¢ (v),

THe @ ¥ P — BEKTOP-(PYHKIHH, H3 KOUX NMepBas 3aBUCHT TOAbKO OT I,
a BTOpas TOJIbKO OT 7.

8. IlokasaTh, YTO MOBEPXHOCTb, ABAAIIAACH [EOMETPHYECKHM
MEeCTOM CpeIMH OTPE3KOB, KOHIb KOTODHIX NPHHajJAexaT ABYM HaH-
HHIM KPWBbLIM, €CTh NOBEPXHOCTb NIEPEHOCa.

9. Haittn oco6ylo auHMI0O Ha nceBpocdepe

. . . u
x=sinucosv, y=sinusinv, z=cosu-Intg O

T
Omgem. OcoGas nuHuA u = 5= pe6po Bo3Bpara.

[TTABA V

OCHOBHBIE INOHATUSI AJISi MOBEPXHOCTEM,
CBSIBAHHBIE C INMOHIATHEM CONPUKOCHOBEHYS

§ 1. Kacareabnas niaocKoCTb MOBEPXHOCTH

IMycte ® — nosepxHOCTh, P — TOYKa Ha Hel W a — mjo-
CKOCTb, TNpOXxonfmas uepes Touky P. BosbmeMm Ha nosepx-
HOCTH TOuKy Q ¥ 00603HauuM €e pacCTOsHHs OT TOYKU P u
IVIOCKOCTH & 4epe3 d U A COOTBETCTREHHO.
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Mbi Gyznem HasbiBaTh IJIOCKOCTb O KQCAMEAbHOW NAOCKO-
h
Cnibl0 TOBEPXHOCTH B TOouke P, ecau ortHouweHwe ——> 0,

d
xorza Q — P (puc. 29).

Teopema. Taadrasn nogepxrnocmes ® umeem 6 raoic-
00il mouke KacameasHyw naAoC-
Kocmb U NPUMOM eOUHCMBEHHYI0.

Ecow r=r(u, v) rarxas-xu-
6y0s 2sna0Kas napamempusayus
noBepXHOCMIl, MO KacamesvHas
naocxkocms 8 mouxe P (u, v) na-
paasessna seximopar r,(u, v) u
r,(u, v).

HoxasareancrtBo. J[lony-
cTHM, yTo noBepxHocTs @ B TOU-
ke P (u, v) nmeer KacateabHYIO NJIO-
ckocTh . IlycTh 7 — enuHnunbifl BEKTOpP, NEePNEeHAMKY/spPHbIH
naockoctd a. Paccrosume d Ttoukum Q(u-Aw, v} Av) or
TOuKH P (u, v) pasuo |r (u -} Au, v -} Av) — r (u, v) |. Paccros-
HUE TOYKH Q OT MJIOCKOCTH & PaBHO

|(r (-4 Ay, v+ Av)— r (u, V)n|,
h | (r(u+ Au, v+ Av)—r (u, v))n|

a IF(a+tbu, vFbo)—r (@, v)]

h
CornacHo oOnpeneneHuio = — 0, xoraa Au u Av He3aBUCHMO

CTPEMATCA K HYJIIO. B yacTtHOCTH,

I(r(u+Au’ v)—r(ul U))nl
ll’(ll+All, v)—r (4, ‘v)l

— 0 npn Au—0.

Ho
l(r(u+Au, 1})—-"(11, 1)))"1 —_—
|r(u+Au, v)_r(ul ‘D)' -
| r(u—+Au, v)—r(u, v) -n‘
Au |ry (u, v)n|
l r(u+ Au, v)—r (1, v) |ry (u, )| °
Au

Takum oOpasom,
r,(u, Yyn=0.

Tak kak r,(n, ¥) %0 (r,(u, v) Xr,(m v)% 0), T0 pasen-
cTBO r,(u, Y)n=0 BO3MOXHO TOJLKO B TOM CJyuae, €C/u
BeKTOp 7, (1, U) mapajieneH MIOCKOCTH .
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AHaJOrMYHO TNOKa3LIBAETCH, YTO U BeKTOp 7,(u, )
TOXE MapajJeJeH IUJIOCKOCTH @, H° TaK KaK BEKTOPHI
r,(w, v) u r,(u, vU) OTAMYHEI OT HYJAA H HemapaieJbHb
(r, (w, v) X r,(u, v)5£0), To KacarenbHas MWIOCKOCTb, €CJM OHA
CY11eCTBYET, €IMHCTBEHHas.

Jokaxem Tenepp CyuiecTBOBaHHE KacareabHOH MJIOCKOCTH.
Ilycte mA0CKOCTH o MapasijielbHa BEKTOpaM r, (#, v) 4 7y (1, v).
ITokaxeMm, 4TO OHa sBJSETCH KacaTeJIbHOH IIOCKOCTBIO MO-
BEpXHOCTH B TOouke P (u, v).

HUnmeem
__l(r(u+Au, v4A80)—r(u, v))n|
d— | r(u 4 Au, v+ Av)—r (4, v)|

l (ryn) Au 4 (r,n) Av 4 ¢, YV Au® F Avt |
|r,,Au+r,,Av-|—s,]/Au’+szl =

Au
e et e M e e |
- Au Av
"y Ru* T Ao tro *VBuT F bo? T

rie |e | u |eg| cTpemsitcs k Hymo, Korma Au, Av— 0.
JlonycTAM, YTO CymecTByeT MOC/Jea0BaTelbHOCTh nap Aux,
Av, cxomsmumxcs K HYJIO M TAaKHX, UTO COOTBETCTBYIOILEE MM
%>e>0. W3 nocaenosarenbHocTu nap Au, Av MOXHO BbI-
JIEeNNTh TaKylo NOANOC/HEAOBATENBHOCTh, /ISt KOTOPOH OTHO-
ieHus
Au Av

n
Au? 4 Ay? Au® + Av?
+ +

6ynyT cxomutbes. Ilycth & M m— npese/bHBIE 3HAYEHUs STHX
supaxennl. Ouesumno, £ n*=1. Tlepexoas k npemeny

h
OTHOLUEHUS i N0 BBIACJNEHHON MOANOC/HENOBAaTENbHOCTH Nap

Au, Av, nonyumm:
b () 84 (ram) m|
d | ry§+rml -
Tak kak (r,n)=0, (r,n)=0, ar,E-+r,n+#0 (r, u r, ne-

- —> 0. Ho sto nporusopeunt TOMY, uTO

napaJ/ielbHbl), TO
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BCE JONpeIe/bHbE 3HAYECHNs di N0 npeAnosaoxeHuto Goablue
e >0.

Teopema noka3zaHa NOJMHOCTHIO.

3uas HanmpaBjieHHe KacaTeabHOH MJAOCKOCTH, HETPYIHO Ha-
nucaTh €€ ypaBHEHHe.

[lycts F — BeKTOp NpPOW3BOJBHON TOUKM KacaTeabHOH
MJIOCKOCTH MOBEPXHOCTM B Touke P (u, v). Torma BEKTOPH
f—r@ v), r,(u, v), r,(u, v) napasnejabHH KacateJbHOH mio-
CKOCTH, CJeIOBaTeNbHO, WX CMELIZHHOE MPOM3BENEHHE PaBHO
nymo. OTciona ypaBHeHHE KacaTeNbHOR MJIOCKOCTH

F—r@, v), r,( v), r,(u v))=0.

ITycTs nOBEpXHOCTb 3aJaHa YPaBHEHUAMU
x=x@Wv), y=y(@u v) =2z (u, v).

M3 BEKTOpHOrO ypaBHEHHS KacaTeJbHOH MJIOCKOCTH  CJe-
ZyeT, yTO ypaBHEHHEe KacaTe/lbHOH MJOCKOCTH, COOTBETCTBYIO-
niee Tako# (opme 3anaHus nmoBepxXHocTH, Oyner
X—x@Wv) y—y@m v) 2—=z(@u, v
X, v) Y, v) z2,(m, v) |=0.
X, (1, v) Vo (u, v) 2,(u, v)
YpaBHesne KacareqpbHOH NAOCKOCTH NMOBEPXHOCTH, 3alaH-
HOR ypaBHeHHEM 2=—2(x, y), MNOJyyaeTcs H3 HaHIEHHOIrO
TOJBKO 4TO. JIOCTaTOYHO 3aMETHTh, YTO 3aJaHHE MOBEPXHOCTH

ypaBHeHHeM 2 ==2z(X, ¥) ecTb Julub KpaTKasg 3anuch mnapa-
METPHYECKOro 3alaHus

x=u, y=7v, z=z2(@, 7).

ITosromy ypaBHeHne KacaTe/qbHOH NJAOCKOCTH B Ciayuae 3ama-
HHS TIOBEPXHOCTH YpaBHeHueM 2=z (x, V) Oyner

nian
Z2—2z2—pFX—x)—q(y—y)=9,



92 HOHSITUS COTIPUKOCHOBEHMS o V

rae uepes p M g 0003HaueHBl nepBble NPOM3BOAHBIE (PYHKILHH
2(x, ¥).

Hafinem, HakoHel, ypaBHeHHe KacaTe/JbHOH MJIOCKOCTH IJd
cayyas 3alaHus NOBEPXHOCTH YypasHeHueM ¢ (x, y, 2)=0.
Iycts (X, ¥, 2) — TOYKa NOBEPXHOCTH, B KOTOPOH ¢% - 95~
+e:#£0n x=x(1 v), y=y@u, v), z2==z(u, v)— Kaxas-
HuOyap r1afKasd NapaMeTpH3auHs NOBEDPXHOCTH B OKPECTHOCTH
3To# Touku. Ecam nomcraButh BMECTO X, y, 2 B ypaBHEHHe
NOBEPXHOCTA X (1, V), y (4, v), 2 (u, V), TO MOTYUMM TOXIECTBO
OTHOCHTENBHO & © . [duddepeHuupys 5TO TOXAECTBO,
B TOUKE (X, y, 2) mOJy4uMm:

PxXy "l_ PyYVu _|’ PeRy=— 0,
Py PyYo + 922, =0.

PaccmarpuBas 3T paBeHCTBA KaK CHCTEMY YPaBHEHMH 7A@,
Py ¢ W pewas ee, NOTyuuM:

Px ¥y ¢
Yu 2y 2y Xy Xu Yu
Yoy 29 2y Xy X9 Vo

Ias cayyas napaMeTpPUUECKOro 3aZaHHA NOBEPXHOCTH ypas-
Henue KacareapHoH maockocrn Oyaer
Yu ?

u xu yu
y?: z'v

Xy Vo

(X —x) +0—y) +(E—2) =0,

2y Xy
4

v v

IMpunumass BO BHMMaHHE MNOJYUYEHHYIO BHIIIE NPONOPLHIO,
NOyuaeM YpaBHEHME KacaTeJIbHOR MNAOCKOCTH MOBEPXHOCTH
¢(x, y, 2)=0 B TOUKE (X, ¥, 2)

()?:——x)cp,,—{—(j——y)cpy—}—(é—z)<pz=0

Hopmaasio NOBEPXHOCTH B TOYKE P HAsHBAeTCA NpaMas,
npoxoadwas yepes TOUKYy P NepneHAMKyIapHO Kacarte/bHOH
MJIOCKOCTH B 9STOi TOUKE,

CocTaBuTh ypaBHEHHe HOPMaJlu MOCJE TOTO, KAK H3BECTHO
ypaBieHne KacaTeJbHOH NJIOCKOCTH /I PasjHyHbIX ClyyaeB
3aJaHNA ITOBEPXHOCTH, HE COCTABJAET TPYAAa M NpemIaraercs
B KayecTBe yNpaKHEHHs.
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§ 2. Jlemma 0 paccTOSIHUI TOYKH OT NMOBEPXHOCTH.
ConpukocHOBeHNe KpUBOH H MOBEPXHOCTH

ITycts ® — noBepxHoCTh H Q — NMPOUSBOJIBHAT TOUYKA NPO-
crpanctBa. Paccrosnuem touku Q ot nosepxHoctn ® Hage-
BAETCs TOYHAsA HINHSS IPaHb PACCTOAHHM TOueK NOBEPXHOCTH
OT TOYKH Q.

JNemwma, ITycme © — 22a0Kan nosepxrocms, 3a0QHHASA
ypasrerues ¢ (x," y, 2)=0. ITycms 8 mouxe O(Xy Yy 2
nosepxrocmu ¢y -+ @3 -+ ¢z # 0.

Ecau Q(x, y, 2)— mouxa npocmpancmsa, Oau3xas
¥ mouxe O, HO He npunadiescawas NOBEPXHOCMU, MO NpU
nodcmanosre. Koopournam mouku Q 8 YpasHeHlle nosepxHo-
cmu ®, noaywaemcs seauwuna \, umenuas nopsdox 8esu-
wunbs h— paccmosnus mouxu Q om nogepxHocmu 8 MOM

A
CMbiCAe, HIMO OMmMHOWEHUE T cmpemumesn ¥ onpeae/leuuoﬂy

npedeny, omamiHOMY om Kyas, K020a mouKa Q HEO2paHu-
yenno npubsuscaemcss ¥ O, ocmasasce 8He NOBEPXHOCIIU.

JHokasarteabcTBo. Tak kak Touka O NPUHANIEKHT MO~
sepxHocth @, To cymecrsyer € >0 Takoe, 4TO BCE TOYKH
NpPOCTPaHCTBA, YHAaJeHHele oT Toukn (O Ha pacCTosHHe,
He NpPeBOCXONfEe €, M YAOBJAETBOPAIOIIHME  YPAaBHEHHIO
¢ (x, y, 2)=0, npunagnexar nosepxuocru P.

€
ITycts TouKa Q HAXOMMTCA HAa PACCTOAHUM MEHBIIEM

ot Toukn O. Ilycte P,— nocaenoBarenbHOCTh TOYEK TI0-
BEPXHOCTH, PaCCTOAHHA KOTOPHIX OT ( CTPEMATCH K paccros-
Hpo sto#t Toukn or nosepxuoctu ®. Toukm P, obpasyior

OFPaHHYEHHYIO MOCJEN0BAaTENbHOCTh (ux paccrosnus or Q

e\
MEHplIEe 7), NMO3TOMY MOXHO BBIAC/ANTH CXOIdULylOCAd NOnI-

NOCJIe0BAaTENbHOCTh U3 MOC/AEAOBAaTENbHOCTH TOYek P, He
OrpaHnyMBasi OOLIHOCTH, MOXHO CYMTaTh, YTO CamMa MOCJAENO-
BaTeJbHOCTh P, CXOAMTCS K HekoTopo# Touke P. B .cuay
HenmpepLBHOCTH (YHKUHN ¢ B OKpecTHOCTH Touku O Touka P
YIOBJETBOPSIET ypaBHenuo ¢ (x, y, 2)=0. Orciona crenyer,
yto TOuka P npunagiexur nosepxunocta ®. Takum oGpasowm,
ecmm Touka Q JpocratouHo Osauska k O, HHMXHAS TpaHb pac-
CTOSHAH TOYEK MOBEPXHOCTH OT TOUKH Q HOOCTAraeTcss AJas
HEKOTOpOH TOuKM P, npuHamJexames noBepXHOCTH.
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TTokaxeM Teneps, 4T0 OTPE30K PQ HanpasJeH NO HOP-
Mamu K rnosepxHocru B touke P. Ilycts r==r (1, 0)—ka-
Kas-nulyap riagkas NapamMeTpusallusi MOBEPXHOCTH B TOuke P
u a—sekrop Ttoukn Q. Tak kak o¢ynkuma (r(u, v)— a)’
JOCTAraeT MMHUMyMa B TOuke P,
TO IOMKHO ObiTh

r—ayr,=0,
r—a)r,=0,

HO 3TO W SHAyuT, 4TO OTpPe3oK PQ

HanlpaBTeH 1O HOPMaJu K MOBEpX-
Puc. 30. HOCTU B TOl_I_Ke_P.

Ilycrs X, J» 2 — KOODAMHATH

Touku P, § v, {— Hanpasasomue

KOCHHYCH HODMa/u TOBEPXHOCTH B TOUkKe P, % ¥, Z2—

KOODAMHATH TOYKM Q H h— paccTosHue MexAy TOYKamu P

u Q (puc. 30).
Hmeem

X‘:x-}—Eh, y:y—[——ﬂh, 2=2+Ch.

Tak Kak TOuYKa P NPUHALJIEKHUT MMOBEPXHOCTH, TO

o (x4Eh y-+nh 2-th)=0.

¢ (% ¥ )+ h(eE+ o+ 9L) | he=0,

rae e —>0 npu Q — O.

Heas 5T0 paBeHCTBO Ha h W nepexoid K npenety npH

Q — O, noayunm:
X,
END (g o1+ 200y

BripaxceHne B mpaBo#f yacTM OTJNYHO OT HYJH, TaK Kak
npeacrasiser co0o#t CKaaspHOE NPOM3BENEHWE MapallIeibHBIX,
OTAMYHBIX OT HyJs BekTopoB (& % ) 7 (¢, Py P2

JleMmMa 10KasaHa NMOAHOCTLIO.

IlpumenuM NOKa3aHHyl© JIEMMY K BONPOCY CONPUKOCHOBE-
HUs KpuBO#H C ITOBEPXHOCTHIO.

[ycrs ® — semenTapHas MOBEPXHOCTb M T — 3dJIEMEHTap-
Hasi Kpugpad, umeompe obmyio touky O. Ilycts h — paccros-
HUE TIPOH3BOJBHON TOUKM Q KpuBOH OT mnoBepxHoCTH, Mu
GyseM roBODHTb, YTO KpuBasg | C moBepxHocteio @ umeer

Ortcrona
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d k0 P
conpurockosenue nopadxa n, ecmn oz — 0, korma Q —> P.

ConpukocHOBeHne OOmel KpuBoH ¢ 0OmeH MOBEPXHOCTHIO
Oy/aeM MOHAMATh KAK CONPHKOCHOBEHHE 3JEMEHTAapHHX OKpe-
cTHoCTell OOmwied TOYKH.

Teopewma. [lycms © — ssemenmapnas pezysspras no-
BeDXHOCIS U | — PezyASpHAs Kpusas, umeiujue o0uLyi0
mouxy O. ITycms ¢(x, ¥y, 2)=0— ypasnenue nogepx-
Hocmu 8 okpecmuocmu mouxu O, npunem o3+ @5+ @7 # 0
8 mouxe O; x=x(t), y=y(), z=2z(t)—peeysaprasn
napamempusayus wpugoii | 6 oxpecmuocmu mouru O,
npusen x* - y?* 27 £0 8 moure O.

To20a 0an mozo, wmoOu Kpusas 7 uMesa ¢ nogepx-
rocmeo ® 6 mouxe O conpurxocrogenue nopsadka n, HeoO-
X00umo u docmamouro, 1mobs npu t, coomsemcmeyuem
mouke O, BLNOAHAAICE YCAOSUA

d dan
ex@ y® 2@)=0 Zo=0 ... 77¢=0.

Hoxasatenscrso.  Ilyctb touke O COOTBETCTBYET
gHauenue t==%¢, Ilpu Q— O t—1,

CornacHo Jemme o (x(f), y(f), z(f)) umeer mopamok pac-
crosHns Toukn Q ot nosepxHoctn ®. Uro kacaerca paccros-
Husl Mexcay Toukamd Q u O, TO OHO @MeeT MopaioK |t — £,
TaK Kak

|~A=r s 17 @y 20

IMosToMy I/ CONPUKOCHOBEHHsI /-r0 MOpsAKa KPUBOH | ¢ Mo-
pepxHocTo0 P 8 Touke O HEOOXOAWMO ® JOCTATOYHO, HTOOH
npu t—>1,
g (x (), y{th 2(?)
p— — 0.

A 3TO BOSMOXHO TOrga 4 TOJbKO TOTZ3, KOraa Npu t=1,
dynxuns @ (x(2), y(£) z(f)) u ee npousBojHne AO 1n-TO IMO-
PsSiIKa PaBHBL HYJIO.

Teopema poxasaHa.

Npumep. Hafizem conpuxacawmyocs cgepy xpasod,
T. €. TaKyi0 Cpepy, ¢ KOTOPOH KpuBad MMEET CONPHKOCHOBE-
HUE TPETHero NOPSAKA.

Iycts r=r(s)— ecrecTBeHHas RapaMeTPHBAIMA KPUBOH
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YpaBueHue cdepnl
(r -_ a)g = Ri,

rie a— BeKTOp ueHrpa cgepn, a R — panuyc. Iloacrasass
B 3TO ypaBHeHne r=r(S) u aunddepeHunpyd, MNOCICHOBaA~
TEJBHO IOJyYaeMm:

r—a)r=0,
r—a)kyv+1=0,
r — a) (kv — kit — kykof) =0,

OTKyZa
(r — @) hyksf - k’f_:._—_o.
HTaK)
(r—a)T=0,
ve=—L r—a)p= u
(r_a) __kl’ ) —_-k_fil_;.
Orcioaa

R=Ir—al=V (&) + (4]’
=r-{—,(a—r)=r—|—£l——|—%%.

§ 3. Compukacaomuiica mapaGoaoun. Knaccupuxauus
TOYEK MOBEPXHOCTH

IMycts @ — peryaspHas (aBaxasl HEMPepHBHO AuddepeH-
nypyemas) nosepxHocts U P—rtouka Ha He#t. Ilycts U —
n1apa6osiousi ¢ BepuinHOH P, Kacalowuics NOBEPXHOCTH B 3TOH
Touke. O603HauuM k£ u d paccTosiHUs NPOU3BOJNLHOH TOUKHM Q
II0BEPXHOCTH OT Napabojonia u TOUKH P COOTBETCTBEHHO
(puc. 31).

IMapa6Gosona U/ HasbIBAETCS CONpUKAcaruumcs napado-

h
AouQ0oM TIOBEPXHOCTH B TOUKe P, ec/u OTHOLIEHHe a—;—»O,

korza Q — P. Ilpu atom BeIpOXIeHne napaboJouAa B napa-

Go/MuecKuil WWJINHIP WM TUIOCKOCTh HE HCKJIOYAETCH.
Teopema. B rkaxcooid moukxe P pezyisnproli (08ancos.

Henpepbigro Oughgheperyupyemoli) nosepxrocmu ® cywecm-
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8yem u npumom eOuUHcmBeHHb conpurxacaiouuics napaoo-
aoud U, 8 wacmHocmil, seiposcoarowuiics 8 napaboiuteckuil
YJUAUHOpP UMl NAOCKOCHLS.

JokasareabcTBoO. Bselnem B mpocrpancrBe HpsMoO-
yroJibHble JEKapTOBH KOODAMHATH X, ¥, 2, NPUHAB TOUKy P
3a HAayaJo KOOPJMHAT, KacaTeJbHYIO MJIOCKOCTh B TOUKe P —
3a IMJIOCKOCTh Xy M HOpMajib K Hel —
HOPMaJb K TOBEPXHOCTH — 33 OCb 2.

[Ipu Taxkom BEIOGOpPE CHCTEMBI KOOP-
JIMHAT MNOBEPXHOCTb B OKPECTHOCTH TOY-
kn P moxer ObTh 3aJaHa ypaBHEHHEM

z2=2z(% y)

rae 2(x, y)— msaxas auddepeHuupye-

Mas @yHkuus B okpecrHoctn Touku (0, 0).

Ioxaxem sT0. Puc. 31.
Ilycte  r=r(u, v)— Kakas-HuOymb

asaxcanl  auddepeHunpyemas napamerpu-

sanus noBepxXHOCTH. Tak Kak BexTop r, X r, %0 un Ha-

npasjeH Mo ocH 2, TO

Xu Yu

Xo Yo

Orcioma, kak nokasano B § 3 ra IV, cremyer, uTto nosepx-
HOCTb B OKPECTHOCTH P HOmyCKaeT 3amaHue ypaBHEHHEM
z2=2(% )

rae z(x, y)—mBaxast muddepennupyemas ¢yHkuma. 3ame-
@M, yto 2 (0, 0)=0, Takx Kax TOYKa P NPHUHAMJIEKHT MO-
BepxHoCTH, 8 2,(0, 0) n 2,(0, 0) paBim Hymo, TaK Kak
KacaTe/bHasg miIockocte @ B P 2=2,(0, 0)x+42,(0, O) y
IOJ/KHA COBMAazaTh C maockocthio z2==0.

YpasHenne mnapabonouna U, a TaKkke €ro BHPOXKIEHHS
B napabGosuyecKul WU/JNHAD ¥ IJIQCKOCTh MOTYT ObTh 3afaHbl
ypaBHeHneM BHUIA

z——--(a:cf'—l—-bey--{—cyil =0.

Jonycrum, uto B TOouKe P CywiecTBYeT CONpHKacaiomutca
napa6oaonn. ITokawem, yro oH emuHcTBeHHbiH. ITycrs

l .
2 — o (ax? 4 2bxy +cy)=0

4 A B TIloropenoe

# 0.
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— ypaBHenue conpukacaiowerocs napa6oaoraa. CoraacHo sem-

Me npenbiaymero naparpaga, NpH NOACTAHOBKE KOOpAMHAT

Touky Q B ypaBHeHue nmapaboJionia noayyaeTcs BeauuHHa A,

uMelolas NOPSJAOK DacCTOSHHA Toukd Q OT napaGoaouna.
, A

ITosTomy ?»0 npu Q — P.

Pasnaraa ¢yHkumio 2 (X, y) B OKPeCcTHOCTH Hayaaa Koop-
avHat o dopmyne Tetnopa, nomyunm:

2 (% )= (1 + 255y + 1)+ +3) & (5 )

rae fr, S, f— o003HaueHHs BTOPHIX NPOM3BOIHHX 2, a
g (% y)—>0, xorma x, y—0. IlomcraBiass KOODAUHATH
X, ¥, 2(X,y) Touku (Q MOBEPXHOCTA B ypaBHeHne napaboJonna,
NOAYYMM:

A= {r—a) - 2(s—b) xy+ ¢ — )y} +
+ 3N e (x y)
Ksangpar paccrosuus Touku Q ot P
F=x"4y'+2 (5 ))=2"+y' + &+ ) aalx )
rae eg— 0 nmpu Q— P.
Tak kak oTHOlueHue 213 CTPEMUTCA K HyJIO, KOTHA X ¥ Y

HESABHCHMO [CTPENATCS K Hymo, TO 3TO GyaeT MMETs MecTo
W TOrA3, Koria, Hanmpumep, y=0, a x—0. Ho B stOoM

cayyae

-l-(r—-a))z:’-]-x’z1

2
x% 3 x%e,

1--—.
=

A
B, cAeRoBaTeAbLHO, 71;—»0 npr x— 0 TOTA2 M TONLKO TOrna
?

KoTla a==r. AHaJOruyHo INOKasHBaeTCHd, 4TO0 ¢=1. Iloka-
MEM, HaKoHel, yTo0 b=s. HAag STOro NPEANOJOKHM, UTO
X W Y CTpeMarcs K HYMO, HO TaK, YTO BCErJAa X=—}J.
Torua

A (s—b) x4 2x%,

@ 24 2x%,

A
OT1cioia BUEHO, HTO YCAOBHE F"’O npn x — 0 sBaeuer sa
coGolt paBeHcTBO b==5.
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Takum oOpasoMm, ecau compuxacaomuiica napabogoun
B TOuKe P cymlecTsyer, TO OH emuHCTBeHHH#. Ero ypasHe-
HUE OTHOCHTEJbHO BHIOPaHHOM Hamm
CHCTEMH KOOpIAMHAT Oyner a)

z ——% (rx? 4 2sxy 4ty =0. (%)

Tokaxem Teneps, yro mapao-
Jaouns (%) Bcerma sBJASeTCS COmpH- 5)
Kacaomumcs. B camom nene, aas
sroro napaboJjaonza

A (39

@y () e
npu x, y—>0. )

Teopema n0kasana HOJHOCTBIO.

CymecrBoBaHne u €IWHCTBEH-
HOCTH compuKacaiomwerocs napa6o-
MOHUAQ TMOSBOJAET AaTh CJAEAYIOUIYIO
KJIaCCU(HUKALHMIO TOUEK MOBEPXHOCTH:

1. Touka mnoOBepXHOCTH Ha3ml-
BAETCA 3AMUNIMUHECKOl, €CIn €O-
npukacaomyics napaéosoun B aTokH 2)
TOYKE SBJIAETCA SJUIMNTHYECKHM TNa-
pabosounoM (cm. puc. 32, a).

2. Touka nOBEpPXHOCTA HasHl-
BaeTCi 2unepboauteckoli, ecliua €o-
npuKkacawomuiics napabosons B 3ToH
TOuKe sBjfeTcs  runepboanYecKuM Puc. 32,
napabosonsoM (puc. 32, 6).

3. Touka MOBEPXHOCTH Ha3HWBAETCA napadoaudeckol, eciun
conpukacalomuics napaGoJOMI B 5TOH TOUKE BHPOKIAETCH
B napabomuyecknit nwiuHAp (puc. 32, 8)

4, Touxa nNOBEPXHOCTH HAa3HIBALTCSA MOUKOU YRAOUWCHIUS, €CTIH
conprkacaomuicst napaboson B 3TOH “TOUKE BHIPOWHAAETCI B
NJIOCKOCTh (KacaTe/bHYI0 MJIOCKOCTh NOBEPXHOCTH) (pHC. 32, 2).

B sakaioueHue 3aMeTuM, 4TO HO00OHO MOMY KAk Kaca-'
meAbHas NAOCKOCME NOsepxXHocmul 8ocnpoudgodum ghopmy
NOBEPXHOCMU B8 OKPECMHOCMU MOYKU KACAHUA 8 Nepeo.M
RpUGAUdICERIN, CONpUKacaoutiicss napasosoud socnpoussidin
ee 80 8MOPOM NPUOAUICEHUL.

4‘

-0
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§ 4. OruGaromas cemeiicTBa noBepxHoCTeli, 3aBHCAMUX
OT OAHOrO WJH JBYX NapaMeTpoB

Mycrs S {F,} — oanonapameTpuyeckoe ceMeficTBO IMaiKnux
AIOBEPXHOCTEH, 3aBUCcAmee OT napamerpa o. ['maakas nosepx-
pocts F HasmBaerca oaubamoweil cemefictea S, ecim OHa
B KaxJaoM cBoelt ToOuke Kacaerca No Kpalned Mepe oxaHO#
NOBEPXHOCTH ceMeHCTBa W KaXKABIM CBOMM KYCKOM Kacaercs
6ecyncIeHHOT0 MHOXECTBa NOBEpXHOCTEH cemeHcTBa.

Teopewma. [lycms 3adano odHonapamempuieckoe ce-
Melicmgo 2aadxux nosepxrocmeit S{F,}:

ol » 2, )=0, a<<a<<h,

20e ¢ Henpepsl8HO OughghepeHUUPYeMasT NO BCeM Ap2YMEHMaM
dyurxyus, ydosremsopsiowas ycaosuio ¢k -+ o5 -+ ¢z #~ 0.

Toz20a, ecau 2saa0xas nosepxrocms F seanemcs oeu-
6arouell 5mo20' cemelicmea, ona 3adaemcs YPaBHeHUAMU

o 2 0)=0, ¢, (x ¥ 2 ®)=0

8 moM cMbicAe, 4mo 048 Kascoold motku (X, y, 2)nosepx-
rocmu F moocno yrazames mawxoe o, #mo 4emuipsMsa 8e-
AutuHaMu X, y, 2, o. 0yoym yoosiemsopamecs o6a ypag-
newun ¢ =0 u ¢,=0.

JlokasateqscTBO 3TOH TEOpEMB MO CYIUECTBY NpEACTaB-
nser co0o#t NOBTOpEHMe J[OKa3aTeAbCTBA COOTBETCTBYOLIEH
teopembl maa kpuBniX (§ O, ra lI), mostoMy Mb u3JIONKEM
€ero MeHee mnoapoGHO.

Nycrs P(x, y, 2)— npoussojbHas TOUKa noepxHoctd F.
Bynem pasiauuare A3a cayuas:

1. B Touke P Kacaercs OeCKOHEUHOE MHOXKECTBO MOBepX-
Hocte#t cemeficTBa: Fop Fay, ...

2. B Touke P KacaeTcs TOJbKO KOHEUHOE YHCJIO MOBEpX-
Hocreft cemefictBa: F,, ... F,,n.

Paccmorpum nepseit cayuail. He orpanuymusas o6umnocTt,
MOXHO CYHTaTh, YTO MOCJENOBATENBLHOCTh YHCEN 0 CXONMTCS
k HekoTOopoMy @, Tak Kak ¢ (X, ¥, 2, az)==0 npn awGowm &,
o

P 2 a)— (% 3 2 a)="
= — %) 9 (% 3» 2 a*)=0,
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otkyaa @(x, ¥, 2 a¥)==0. Ilepexoms K npeaery mnpu
k, [ — oo, moJayuaem

e ¥ 7 0)=0, ¢, (% ¥, 2 %)=0.

W B nepsom ciayyae yTBEpXkKIESHHE TEOpPEMBl IOKa3aHo.

Paccmorpum Bropo#t caywait. Jlomyctum, uTo yTBepxkAeHHE
TeopeMbl HEBEPHO W, CJAeAOBaTe]bHO, NpH. iobom k (R=1,
2, .oy n), 9. (% ¥ 2, 0) % 0. OO603HAYAM ©) 3aMKHYTYIO
€-OKPECTHOCTb TOUKH @ M f MaJbll KycOK moeepxHoctu F,
cogepxamuft Touky P. (ITox KyckoM NOBEpXHOCTH MBI MOHH-
MaeM 3aMKHYTylo 00JacTp Ha MOBEPXHOCTH, T. €. 00.JacTh
BMecTe ¢ ee rpanuued) Ecam Kycok f mOCTaToyHo maa
u F, xacaercs f, TO o NPHHAJENKAT ONHOH M3 OKPECTHO-
crelt o

OGo3HauuM M, MHOXECTBO TOYEK [, B KOTODHIX KacatoTcs
nosepxHoctu F, C napamerpom a, npuHamiexauium oy. Kaxnoe
MHOXECTBO 1, 3amkHyToe. CyIecTByeT KyCOK NOBEDXHOCTH
f, conepxamutica B f 1 obramaoimit MO OTHOIIEHHIO K KaK-
JIOMY MHOXECTBY M, CJCAYIOWMM CBOMCTBOM: KaXHO€ MHO-
WeCTBO my aub0 comepxkuT f b0 He COHEpPKHUT HU ONHOH
ero Touku. Kycok f CTpOWTCS TOUHO TaK e, Kak OTpe3oK 3
B 10Ka3aTeJbCTBE COOTBETCTBYOLIEH TEOpeMbl MIJI% KPHBHIX.

Iycrs f npunamnexut mp. Tak Kak ¢,(x, y, 2, az) %0,
TO NpH HOCTATOYHO MaJOM & MOBEPXHOCTH F, I/ KOTODHIX
@.C 0, B OKPECTHOCTH TOYKH P 3aNaIOTC ypaBHEHHEM

(% ¥, 2)=0
rae ¢ — HenpepeBHO AuddepeHunpyemas PyHKuus, yIOBJIET-
Bopstomwas ycaosuio §3 - 5493 7~ 0. ITosepxnocts F Ha
Kycke f mMoxer OHWTb 3amaHa ypasHeHusaMu: x=x (4, v),
y=y@Ww v), z2=z@m v), rre x@ v, yw v),z(@w v)—
HEnpepsiBHO IudepeHipyemMbie QyHKLUNH, YIOBAETBOPSIOLIUE

ycaosuio 1, X ry £ 0.
O6GosHauuM 2 (i, U) 3HaueHWe NMapameTpa a C ®$, OTBEYAIo-

wero mnosepxHoct# F,, Kacaome#ca kycka f B Touke (u, vk
o, v)=4¢(xu v), yu v), 2 v)

o (11, v) — oueBHAHO, HeNPEPHIBHO Auddepenuupyemas pyHKund.
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Hneem

0, =X, + "Pyyu + $zZ 4
Uy == Yy Xp $yYo + 220

Tak Kak BEKTODH (X, Yy 24) (KXo Va» Zp) SBISIOTCS Kaca-
TENLHHIMUA BEKTODaMu TOBepxHocTH F, (T $,) — BeKTOp
HOpMaau nosepxHoctd F,, a mosepxHoctd F u F, Kacaworcs,
10 a,=0, a,=0. C.nenoaaTeano, o == const.

TaxuM 0o0pasoM, Kycka f KacaeTcsi TOJAbKO OfHa MOBEpX-
HOCTh CEMEHCTBa NpH & C- o}, M, CACAOBATENLHO, BO BCEM

cemelicTBe Haiimercs ue Oosiee n Takux nosepxHocreh. Ho
1o onpeneseHno orubGaloniell UX KOMKHO OHTh GECKOHEYHOE
MHOXecTBO. MH npumwam K npoTuBopeunio. Teopema noka-
3aHa.

Mycts  S{F,;} — nBynapamerpuyeckoe ceMeiicTBO raaj-
KHMX noaepxuocren Fnaakas noBepxHocTh F  HasmiBaercs
o2ubawueld cemefictBa S, eci1 OHa B KaxmoH cBoef Touke
KacaeTcss x0T OBl OXHOM INOBEPXHOCTH CeMe#CTBa M BIOJb
Kaxjoft KpMBOH Ha moBepxHOocTH F ee Kacaercsi GecumcieH-
HOE MHOXECTBO NOBEpPXHOCTeH cemehcTBa.

Teopewma Qzubawwan OsynapamempuiecKozo ceMeli-
cmea nosepxrocmel

Py 2,0 0)=0 a<a<<bh c<P<d,
ecan 9% -+ 95 - ¢z #0, 3adaemes ypasnenusmuu
$=0, ¢,=0 ¢=0.

B nanpHelinieM u3AOKEHHR 3ITa TeoOpeMa HaMH HE HC-
NnoAbL3yeTCd, IMO3TOMY Mhi HE 6yneu NpuBOANTE €€ NOKasa-
TCAbCTBA.

§ 5. OrnGaioman cemeficTea NAOCKOCTed, 3aBHCAMMX
OT OXHOro mapamerpa

BusacuuM cTpoenue nosepxHocTn F, apasiowmefica orn6aio-

meRl OEHOmapaMeTPHYECKOro cemelicTBa niaockocrest
YpaBHenne naockocTedl ceMelcTBa 8anulleM B BEKTODHOH

dopme
ro@ - a@=0
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YTO COOTBETCTBYET CKa/sipPHOH 3amucu

by (8) -+ yba (8) - 263 (1) 4 2 () = 0.

He orpanuymsasi OOWIHOCTH, MOXHO CYUMTaTh BEKTOp b enu-
HMYHBIM, TaK KaK YpaBHEHHE BCEra MOXHO pa3fe/JHTh Ha
|&@) |(b(@)#0). OtHocurensuo Bextop-pynkunu b (@) u
‘cKkanapHo# (QyHKUMM a () Mbl OymeM NpeamnoJaraTh ABYKpaT-
Hyl0 gudpdepeHuupyeMocTs H, Kpome Toro, Oysem cuurtaTs,
yto &' (@) u b”(2) OTIMYHBL OT HyJIs.

Orunbaiomas F ynOBJETBOPSET YPaBHEHHAM

rb+a=0, rb | a=0. (#)

Ilpn QuKCHUpPOBaHHOM O STH YpPaBHEHHs ONpPENEJSIOT
npsaMyo g, Takum o6pasoM, mnosepxHocTh F ONuCHBAETCA
npsaMot g,.

PaccMoTpuM TpH MAOCKOCTH:

rb+a=0, rb'+4a' =0, rb"4a"=0, (»%)

M3 Koux TmepBeie gBe onpeaensioT orubawoumyo. OrtHocH-
TEJIbHO 3THX ‘TPEeX NAOCKOCTeH MOXHO chaenaTh TP OCHOB-
HBIX NPEANOJIONKEeHUs:

1. Tpn naockocTH (%) He HMEIOT OOWMX TOYEK HU NPH
KaKoM «.

2. Tpy nmocKOCTH (##) MEpPEeceKkalnTcs B E€XUHCTBEHHOR
TOuKe S, ogHOH ¥ TOM Xe AAA BCEX O.

3. Tpu naockocru (+#) mepecekaiorcs B Touke S(a), mo-
JIOXKeHNe KOTOPOH CYLIECTBEHHO 3aBHCHT OT & B TOM CMbiCJe,
4To ecam r(a)— BekTop Toukn S(a), 10 £ () #£ 0.

Paccmotpum nepsmift cayuaih. Ilycts n (@) — eARHUYHbBIH
BeKTOp npamoit g,. Mmeem:

bn=0, &n=0, b'n=0.
Juddepenuripys nepssie ABa PaBeHCTBA, NMOAY4HM!
bn+bn'=0, b'n-+|bn=0.

Orciopa bn' =0, b'n’ =0. Tak xak, kpome TOro, n'n—=>0,
to #'=0 u, cregoBareJbHO, B He 3aBUCAT OT a. Mrak,
B 3TOM CJyuyae BCE NpsMble g, Napaaie/bHbl U MOBEPXHOCTD F,
Oyayun o0pasoBaHa NPAMBIME g,, ABJSETCA LUAUHOPU4ECKOL
(puc. 33, a).
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Bo Bropom cayuae npsimbie g, MPOXOIAT yepes (pukcy-
poBaHHYyI0 TOUKYy npocrpaHctBa (S) M, CJIeIOBaTeIbHO, TO-
BepxHoctb F — Konuueckasn (puc. 33, 0).

PaccmoTpum, HakoHeu, Tperu#t cayuafl. ITokaxewm, uto
8 amox cayiae npamee g, obpadywuwtie nosepxrocms F,
Kacaiomes nexomopoli kpusoii (puc. 33, 8).

IIycts r (%) — BEKTOpP TOUKH MEpeceueHns IMOCKOCTER (k).
Hmeem

rb4+a=0, rb'4a =0, rb"-+a"=0.

InddepeHunpys nepsoe paBeHCTBO © BHUMTas M3 HETO
BTOPOE, noayuiM /6 =—=0. AHAJOrA4HO U3 BTOPOro H TPETh-
ero mnoayuaerca #b'==0. Otciozna
FIeXE).

Tak kak ‘mpsaMas g, NPOXOAUT
yepe3 Touky S(z) M nepneHanky-
JAspHa BektopaM & u b, TO OHa
napananensHa Bektopy b X b'|r
N sBJfETCs, TakuM 00GpasoM, KacCa-
TeJbHON K KpuBoOH

r=r (a')’

onucwBaeMoit rtouko#t S(@). Ara
KpHBas HashIBAaeTCa peOpom B03-
8pama NOBEPXHOCTH.

Pesyabrarsl Hacrosulero napa-
rpada MOXHO DESIOMHDOBATh CJe-
ILytomel Teopemoi:

Teopewma. Qaubarwwas o00-
Honapamempuiecxoz2o cemelicmsa
naocKocmeil 8 OCHOBHOLX CAYLAAX
npedcmasasem coboll o6aacme

Puc. 33. Au00 Ha yusuropuweckoll nogepx-

rocmu aubo Ha Koru4eckol no-

sepxHocmu, Au60 Ha nosepxHocmu, o00pa3o8aHHOU Kaca-
MenbHBLMUI NPOCMPAKCMBEHHON KpuBod.

Jlerko yOemuTbCa HEMOCPEACTBEHHO, 4YTO H, 0OOpaTHO,
B KaXIOM W3 3THX CJyyaeB KacaTeJbHble MAOCKOCTH 06pa-
8yloT onHomapaMerpuueckoe ceme#icto. Ilpennaraerca npo-
BEPUTh 3TO B KayeCTBE YTIPAXKHEHUs.
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YNPAXXHEHHUSI K TJIABE V

1. CocTaBuTb YpaBHeHHe KacaTelbHOH NMIOCKOCTH K 3ATHICOMLY
xﬁ y2 22
#tpta=]
B TOuke (X', ¥', 2').
xx' | yy 2
Omsem. —a—2+72—+-;:?= 1.
2. CoctaBuTh ypaBHeHHE KacaTeabHOH MIOCKOCTH K cdepe
X == acosvsinu, y=acosycosu, z==asinv
B Touke (a, 0, 0).
Omeem. x —a=0,

3. TloxkasaTb, YTO BCce KacaTeJbHbBI€ IJOCKOCTH NOBEPXHOCTH,
3ajlaHHOl YpaBHEHUEM
y
2 = X! =
¢ <x s

MPOXOAAT Yyepe3 Hayaao KOOPIHHAT.
4. Toka3aTb, YTO MOBEPXHOCTH
Xy td=ay O4yti=p, O4yti=n
NnepeceKalnTcs NOX NPAMBIM YIJIOM.
5. INokasatb, YTO HOPMAaAH NOBEPXHOCTH:
X = ¢(u) cosv, y=cp(u)sinv, z={y(u)
nepecekanT ocb 2.

6. Hatitn noBepxHoCTb, 06Pa30BaHHYI0 HOPMAAAMH K NOBepXx-
HOCTH
: y=ux1tgz
BIOAb NpAMOH

T
y=x, 2= Tc

Omesem. Tunep6onvyeckuit napa6onou.

7. CocTaBHTb YpaBHeHHe conpHkacaiouerocs mapa6onsonna x 9.1-
auncouny, 3ajaHHomMy B ynpawuenuu 1 B Touke (0, 0, ¢).

1 [x®  y?
Omgem. z=c¢ (1 -5 (72+F)> .
8. WccrenoBaTh XapakTep ToYeK (9MIMNTHYECKHE, FHNep6oaH-,

yeckue, napaGoanyeckne, TOYKH YNIIOLLEHHs]) Ha TOBEPXHOCTAX BTO-
poro nopsaxa.
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9. Halith noaoxeHUe LEHTPA. ¥ pagHyc CONMPHK3caLmenca
chepsl BUHTOBOM JHHUH

=acost, y=asint, z="0ut
B TOouke (a, 0, 0).

b2 b2
Omeem. Lentp (—7, 0, 0); pamuyc a+-;.

10. Haittu oru6aomyio cemeicTBa IIapoB

(x—apP+4y422=1
Omesem. Unannnp y*+ 22 =1.

11. Hafitn orubamouiyo cemeitcTBa NIOCKOCTEH, OTCEKAIOUMX OT
KOOPJAMHATHOrO yriaa X, ¥, 2> 0 TeTpasnp mMocTOAHHOro o6beMa.

Omeem. xyz = const.

3AJJAYN U TEOPEMBI K I'/IABE V

1. Joxa3arb, YTo ecad riafkas noBepxHoc¥b ® u nunockocrts
HMEIOT TOAbKO ONHY 06I(YI0 TOYKy P, TO NJI0CKOCTb ABIAETCH
KacaTenbHOH MIOCKOCTBIO NMOBEPXHOCTH B TOYKe P.

2. JokasaTb, YTO KacaTelbHble INIOCKOCTH NMOBEPXHOCTH Tepe-

HOCa
r=U @)+ V(o)

BIOMb KaWJOH KpPHBO# mepeHoca (JHHAM u = const U v = const)
NapanneabHbBl HEKOTOPOH MPAMOM.

3. Hloka3ath, YTO ceMelcTBa COQOKYCHBIX IMIAMICOHIOB, OXHO-
MOAbLIX M ABYNOABIX rHNep0oJOHAO0B, 3alaBaeMble yPABHEHHAMU

X2 32 2
a’-—)\—l—bg-——)\_l_c”—-l =1,

AepeceKanTCa MoK NPAMHM YLIOM.

4, JlokasaTb, YTO €CJM NOBEPXHOCTb KacaeTcs MIOCKOCTH BROb
HeKOTODPQH JHHHH, TO KAX[A3A TOYKA STOH JIMHUM ABAAETCA AHGO
napaboadyeckoil TOYkoM, AM6O TQUKOH YNIOIIEHHS.

5. Ilyctb @® —noBepxHOCTb, P —TOYKa Ha Heii H & — Kaca-
TelbHasd MIOCKOCTb B Toyke P. Jlokasath ciepymoiiee:

1) ecnn Touka P smaunTHyecKas, TO Bce TOYKH noBepxHocTd P,
I0CTaTOYHO Giu3kHe K P, pacnonoxeHh C OXHOH CTOPOHHI IIOCKO-
cTH a;

2) .ecad Toyka P rumep6onuyeckas, TO HAUAYTCA CKOJb YLOAHO
6au3kMe K P TOYKHM NMOBEPXHOCTH, PACMOJNOXKEHHbIE C PasHHX (TQ-
POH IIOCKOCTH o

3) ecan Toyka P mapaboanueckas paM TOYKA YNAOLIEHHA, 10
MOTYT MPeNCTaBUTbCA 06e BO3MOXKHOCTH (NMPHBECTH NPHUMEpHI).

6. Iloxkasath, YTO NPH NPOEKTKBHQM, B YacTHOCTH, A HUHHOM,
npeo6pasoBaHUM CBOKCTBO TOYKY OHITh MIMOTHYECKOH, rumepfo-
MHYECKOH MIM TOYKOH YNIOLIEHHA cOXpaHAeTcHd.




3ALAYH M TEOPEMR 107

7. Jlexka3aTb, YTO €CIM BCe TOYKH KPHBOH | Ha NOBEPXHOCTH
ABAAIOTCA TOYKAMM YNIOWIEHHA, TO KPHBas IJI0OCKas.

8. Byaem Ha3nBaTb KpPHBYIO ceputeciodi, €CAH BCE €€ TOWHH
NpUHaLeXaT HEKOTOpoll cepe.

Myct

r=r(t)

HEeKOTOpad XpuBas U P (f,) — Npou3BOAbHaA TOYKA Ha He#. Jlas Toro
yro6n 9Ta KpHMBas Ohina chepuyeckoh, Heo6XOAUMO M IOCTAaTOYHO,
yro6bl KpHBasl, 3aJlaHHasA YPaBHEHNEM

e _rO)—r)
[r@)—r@) >
6nina naockoi. Jlokasarts.

9. TlycTh | — NPOH3BONbHAA KPMBasA Ha TMOBEPXHOCTH P, npoxo-
nauas yeped Ttouky P. Iloxa3arb, uTO KacaTelbHas K KPHBOH | B
Toyke P JeXMT B KacaTeabHON NMAOCKOCTH K MOBEPXHOCTH B 3TOH
TOYKe.

10. Nyers U— conpukacaomufica napaGoaouy mopepxHocru @
B Touke P. Jlokasateh, yro m06as kpuBas Ha DOBEPXHOCTH, IPOXO-
Asmas yepe3 Touky P, mmeer B 9ToA TOYKe C napa6ojaouIoM conpH-
KOCHOBEHH€ BTOPOr0 MOpAAKA.

11. Jloxa3atb, yTo npu m06OM AHAANTHYECKOM NpecOpazopasuy
DPOCTPaHCTBA

X=¢, (%92, yY=¢x¥2 Z=q¢(x 5 2),

THC 95, 9, 93— AHANUTHYeCKHEe QYHKUMH C AKOGHAHOM, OTIHYHHIM
OT HYas, CBOACTBO KPHBOH 1 HOBEPXHOCTH HaXOAMTHCA B CONPAKOC-
HOBEHUM JAHHOTO HOPARKA COXpaHsAeTCA.

12. HokasaTb, YTO €CAH Kpai MOBEPXHOCTH NPHUHAIIEKHT HEKO-
TOpOH NAOCKOCTH, TO IHOO 3Ta NOBEPXHOCTb ABIAETCA 06IACTbIO
Ha 9Toft NAOCKOCTH, AM60 Ha NOBEPXHOCTH €CTb SIMNTHYECKHE
TOYKM.

Jloka3aTb, YTO Ha 3aMKHYTOH NMOBEPXHOCTH €CTb SIIHNTRYECKUE
TOYKH.

13. Jloxa3aTh, YTO €CIM NpAMasgs HMMeeT C NMOBEPXHOCTbIO BTO-
poro mopsafKa CONPHKOCHOBEHHE BTOPOTO NOPAAKA, TO 9Ta MpAMan
BCS JE€XUT HAa NOBEPXHOCTH.

14, Hoxasarb, Y10 CeMeHCTBO NOBEPIHOCTIEH, 3aRAHALIX YPaBHe-
HUAMH

¢(x, 3, 2) =3¢,

rne ¢— peryaspHas QYHKUNA NepeMEHHHX X, ¥, 2, He HMeeT oT#-
6aouleit.

15. Ecam Bce HOpMamzu HOBEPXHOCTH REPECEKANT HEKOTO-
pyio npaMyio, 70 NOBEPIHOCTh ABIALTCE HOBEPXHOCILIO BPaMiEHHA.
Joka3ars.

16. Hoxasatb, YTO €CIM HOPManu HOBEPXHOCTH RNPOXONAT yepes
6BHY B TY Xe TOYKY, TO 9Ta HOBEPXHOCTb €CTh cdepa Mau oGracTy
Ha chepe.
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FTABA VI

NEPBASl KBAAPATUYHASl $OPMA INOBEPXHOCTHU
W CBSI3AHHBIE C HEil BONPOCHI TEOPUHU
MOBEPXHOCTE#

IMycte @ — peryaspHas noBepxHOCTs, r=r (1, v)—
Kakas-HuOynp ee peryJspHas [apameTpusauus .M n — eau-
HUYHBIH BEKTOD HOpPMaj¥ K MOBEPXHOCTH B TOYKE (I, V).

B Teopun nosepxHOCTEH BaXXHYI0 POJb MIPAOT TPH KBal-
paTtuuHbie (OpMBI, CBAI3aHHBIE C MOBEPXHOCTHIO:

dr®, —drdn, dn’

Mepsas kBampatuyHas ¢opma [=dr? aBiserca nonoKu-
TEJbHO OQNpefdeNeHHON; TaK KaKk OHa NMPUHNMAeT TOJBKO He-
OTpAUATE/bHBIE 3HAYeHHs U 06paimaeTca B HyJb TOJIbKO NpPH
du=dv=0. B camom neine, ecin dr*=0, 10 dr =r,du -
+r,dv=0. A rak kak (r, X 7r,)7# 0, TO 3TO BO3MONKHO
TOJABKO mpd yciosuu du=—dv=0.

Ina koadduuueHToB NepsoR KBaApaTHUHOH GOPMHI MO-
BepxHoctd Mbl GymeM ynortpebaste o6osHauenns: ry —F,
(r,rs)=F, ry =G@. Takum o6pasom,

I=dr*=(r,du-t}r, dv) =r} dui* 4 2(r,ry)dudv-}
~+ r% dv* = E du? 4 2F du dv -+ G dv*,

B HacTOsie# riaBe MBI pacCMOTPUM HEKOTODHIE BOMNPOCHI
TEOpUM INOBEPXHOCTEH, CBsS3aHHBIE C MNEPBOM KBadpaTUUHOH
dopmotl.

§ 1. Jauna KpuBOH HA MOBEPXHOCTH

ITycrs @ — npocTast MOBEPXHOCTb M T — JeXamwas Ha Hek
KpuBas, Py— Touka, oOmas Aj1 KPMBOH H NOBEPXHOCTH,
r=r(u, v) — Kakas-uuOynp NapaMerpusaLud MOBEPXHOCTH B
OKPECTHOCTH TOUKH P,, a r = r(tf) — kakas-Hnbynp mnapamer-
pusaius KpUBO# B OKpecTHocTH 3TO#H TOukH. IlycTs uy vy m
) — 3HaueHnq NMapamMeTPOB, COOTBETCTBYIOILAE TOYKE P,

IMpu gocratouHo ManaoM & Kaxknmas Touka P (f) xpusoy,
|t—t,| <3, npuHamNeNHT NapaMETPU3OBAHHON OKPECTHOCTH
Touku P, nosepxHocrd. CaemosarenasHo, Kaxao#h touxke P (f)
OJIHO3HAYHO COOTBETCTBYIOT 3Hauenus u(f) u v(f) Tak, uTO
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r(ty=r (), v(t). PasencrBa u=u(t), v=1v(t) Mo Oynem
Ha3bIBaTh YPAaBHEHHAMH KDHBOH Ha NMOBEPXHOCTH.

Uycts @ — peryasgpHas NOBEPXHOCTb U | — PEryJspHas
kpusast Ha He#h. Ilycrs r=r (1, v) u r=r(f)— ux peryasp-
Hbl€ TNIapaMEeTPU3aUUN B OKPECTHOCTH TOUKU Py, YZOBJIETBO-
psiomne OOBIUHBIM YCIOBUAM F, X Iy 7 0, r®(f) £ 0. Torna
B YDaBHEHMAX KDHUBOH HA NMOBEPXHOCTH

u=u(t), v=uo(f)

¢bynxkuun u(f) m v(f) cyTb perynapHele QyHKOnH, npuyeM
w? () 4 () # 0.

Ins mokasaTesbCTBA 3TOTO YTBEPKAEHUS JOCTATOUHO npu-
MEHHTb TEOPEMY O HeSBHBIX (DYHKIHAX K CHCTEMEe ypaBHEHHH

x(O)=xwv), yl)=y@mv), z(t)=z(,v),

OTHOCHTEJFHO KOTOPHIX 3apaHee W3BECTHO, UTO (yHkumum u (f),
v(f) UM YZOBJETBOPSAIOT.

Iycts rtenepp @ — o6mas noBepxHOCTb M 7| — OOwas
xpuas. Flo omnpenenennio nosepxiocts ® sBasercs ob6pasom

HeKoTOpo# npocro#t nosepxnHoctn @ npu HEKOTOPOM MOKANLHO
TONOJMIOTHYECKOM OTOOpaXXe€HHH ¢ B MPOCTPaHCTBO. Mel Oynem
roBOpUTb, YTO KpHMBas | JEXHT Ha nosepxHoctH P, ecan Ha

nosepxHoctn @ cymecrsyer Kpusas 7, 00pazom KoTopo# npu
oroOpaxeHnu ¢ ABJSETCS KpuBas .

Orciona Creayer, uto ecau r=r (4, v) — NapamMeTpusauns
noeepxHocTH @ B OKPECTHOCTH TOUKH <p(P) nr=r() —
napaMeTpu3alus KpUBOM B OKPECTHOCTHW 3TOH TOUKH, TO Haid-
nyres ¢yskunn u=u (f), v=2v({), yAOBJETBOPAOWHUE PABEH-
ctBy r(t)=r (u(f), v(¢)). Taxum 00Opasom, kpugy Ha nosepx-
Hocmu 8ce20a MONHCHO 3a0amb 8 OKPECMHOCHMU KAMCOOl
moukxu pagencmeamu u=u(t), v=1uv(t), npuses, ecau no-
sepxHocmb u Kpusas pe2yaspusl, mo u(t) u v(t) — peayasp-
Hole @ynryuu.

Paccmorpum IauHy KpuBo# Ha moBepxHocTd. ITycte ® —
pery/aspHas NMOBEpXHOCTb H r==r (I, v)— €e peryJspHas na-
pamerpusauus. IlycTb Y — peryaspHas Kpusas Ha NMOBEPXHO-
CTH, 3ajaHHas ypasHeHuamn u=u(f), v=1"v(f). Haiizem BbI-
paxeHue NJHHB AYrH OTPE3Ka KPHBOM C KOHIAMH B TOYKax
Py(fo) u P ().
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Hmeem
¢ ¢

st )=\ | PO dt=\ |r @@, v(@t)|dt=

ty ty

= § lar@yl= § VI,

1(Po, P) ¥ (Po, P)

rae ] — nepsas KBaapaTuyHas (opma NOBEPXHOCTH.

Mbt BUZEM, 4TO /IS USMEPEHHS IJIMH KPWBBIX HAa MOBEpX-
HOCTH JOCTaTOYHO 3HaTh NEPBYIO KBaApaTHYHyl0 GopMy Io-
BEPXHOCTH. B CBsi3W ¢ 3TUM roBOpAT, YTO MepBas KBafgpaTHu-
Hast ¢opMa 3amaeT Mempury TOBEPXHOCTH, U YACTO HAZHIBAIOT
€e AUHeliHbLM INeMEHMOM NOBEPXHOCTIL.

ITepBass KBaapaTHyHas (OPMAa HE OMpENEJSAET MOBEPXHOCTH
01HO3HAYHO. JIErKO NpPHUBECTH NpPHUMEPH Pa3IUYHBIX [10BEPX-
HOCTEH, KOTOpHe IIpU COOTBETCTBYIOLIEH NapaMeTpusauuy
OyayT HMeTb OJMHAaKOBBIE KBaapaTHuHbie (opme.. Ho mirs
IBYX NpPOW3BOJEHO B3ATHIX NOBEpPXHOCTeH, BOOOWIE roBops, He
CyuieCTByeT napameTpusaluuti, IJs KOTOPHIX IepBblEe KBaapa-
THuHble opMB noBépxHOCTeH coBmagaan Ou. Mul ewe Bep-
HEMCH K STOMY BOIIPOCY.

§ 2. Yroa mexny KpuBHIMH Ha NOBEPXHOCTH

Bsenem nowstne Hanpasienus Ha mosepxHocTH. Hanpas-
senuex (du:dv) nHa nosepxHocts D, 3amauHOM ypasHeHuem
r=r(u, v), Mma OyieM Has3wBaTh HampaBJeHUe BeKTopa dr ==
=r,du-}-r,dv. 310 HanpaBienne Mb OyaeM Ha3bBaTh
morzia npocro (d).

Yeaonm mexcdy wnanpasaenusmu (du:dv) n (Qu:dv) mp
OyaemM HashiBaThb YroJi MEXIY BEKTOpaMu

dr=r,dutr,dv n dr=r,%u-}r,d.
. Hafinem Bwipaxenne 1ia yria MexAay HanpasB/eHHAMH
@) u ().
Hmeem
dr-3r=/\dr||3r| cos ,

dr* = E di* + 2F du dv -+ G dv* = (d),
I =E i+ 2F dudv -+ G¥3* =),
dr 3 = Edu du 4-F (du 30 4 dv 3u) 4 G dodv=1(d, 5.
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Orciona Bas cos & nmoayyaem chedyiomiee BHpPaMeHHE:
1(d, d)
| ZICKION

Mmu Gyaem roBOpHTb, YTO KDHBa# Y Ha MOBEPXHOCTH,
8ajaHHON ypaBHeHneM r==r(u, V), B TOYKe (&, U) HMeeT Ha-
npasnenne (du:dv), ecmm Bektop dr=r,du-r,dv ss-
ASeTCA KacaTeAbHBIM BEKTOPOM KPHMBOH B 3TOH TOuke.

KpuBas Ha noBepXHOCTH, 3aflaHHas ypaBHEeHusMU u==u ({),
v="12(t), B Touke (u(f), v(f)) nmeer Hanpasaenue (& (f): v (f).

Eciu nse xpuseie Y M 7 Ha nosepxuocru @ nmeror 06-
Lyl TOYKY (&, V), TO y240M MEXAY HUMH B TOuKe (4, V)
OyneM HasbiBaTh Yrod MEXAY HX HampaBJcHHSAMH B 3TOMH
Touke, Takum o0O0pas3oM, yronm MexAy KPuUBBHIMH Ha IIOBEpX-
HOCTH — 9TO YroJ MexIy KacaTeAbHBHIMA K KDHUBBIM M, CJe-
JIOBAaTE/bHO, OH HE S8AaBHCHT HH OT NapaMeTpuUsaluM MOBEpX-
HOCTH, HA OT HapaMeTpusaluu KpuBOH.

IMpumep. KoopauparHele JAuHAM Ha TOBEPXHOCTA (/M-
Hud 1 == const ¥ Junun v== const) umeioT Hanpasiaenns (0 : dv),
(Bu: 0). TTostoMy Jnas yraa MexAy KOOPAHHATHHIMHA JIMHHSMA
[IOJIyYyaeM BHIpaXeHue

cos &=

Fdovdu _ F
YVGde*VEwW®* VEG

Otciona chaeayer, YTo KoopouHamuas cems Ha nosepx-
Hocmil opmo20HaAbHa (KOOPOUHAmHKbLE AUHUL NEPECEKAl nCs
100 NpAMbLM Y2A0M) Mo20a U moAssKo moz0a, Ke2da F=0.

IlycTh B OKPECTHOCTH TOUKH (lg, Ug) PETyASPHOH nNOBEPX-
pocrr @ samano ceMefiCTBO KPMBHX Ha MOBEPXHOCTA ypaBHe-
nusMi ¢ (4, v)==const, nprueM B TOuKe (Up Vy) 9%+ 93 # O.
ITocTpouM BTOPOE CEMEHCTBO KPHBHX, OPTOrOHAJILHOE IEPBOMY.
Ilas 3TOro, nNpeanoJaras, YTO BTOPOE CEMEHCTBO CYLIECTBYET,
COCTaBEM Ju(epennnalbHOE ypaBHEHHE IS AWHUE BTOPOro
cemelicTsa.

Hanpaenesne JamnmM nepporo cemeiicTea B Touke (%, v)
6yzer (¢o:— ¢,) Ecim o6osHaynTb HanpasjeHne ARHAH BTO-
pore ceMefictBa B aTo# Touke (du:dv), yCAOBHE OPTOrOHaAb-
HOCTHM 3TuX HampasJieHnti Gyzer

By, du -} F (¢, dv— ¢, du)— G¢,dv=0
(E¢y — Fe¢,) du - (Fgy — G¢,)dv=0. (*)

cos =

nm
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10 M ecth AUQPEpPEHLNaNbHOE YPaBHEHHE JMHUH BTOPOro
cemeiicTaa.

Teopema. B owmpecmnocmu rancood mo4ku nosepx-
HOCMU MOJCHO 88eCMIl pe2YASpHYI0 OPMO20HAALHYI0 napa-
Mempu3ayiio, npuiem 00HO cemelicimso KOOPOUHAMHBLX All-
Hull Modcem Obimy 837MO NPOU3BOAEHO.

JleticTBuTeNbHO, MyCTh ¢ (11, ) == const — CeMEHCTBO Kpu-
BHIX Ha IOBEPXHOCTH, FAe ¢(u, ¥)— perynaapuas QyHxuud,
yAoBJIeTBOpSONIAs yca0BUIO ¢f 4¢3 % 0. Paccmorpum nBa
augdepennransHbx ypaBHeHus:

@, du— 9, do=0,
(E9, — Fo,)du +(Fo, — Gg,)dv=0.

MuTerpanbHple KpUBBIe MEPBOrO yPaBHEHHS CyTb KDHBHIE 3a-
IAHHOTO CeMeliCTBa, a MHTErpalbHble KPHBHIE BTOPOro cemefi-
CTBAa — UX OPTOrOHAJIbHBIE TPAEKTOPHH.

Cornacto § 3 ra. IV noBepxHOCTH MOXHO NapaMeTrprso-
BaTh TaK, YTO YKasaHHbe ceMeHcTBa OyAyT KOOPAMHATHHIMU
JIUHWSAMH, TaK KakK

E¢,—F¢, Fo,— Qe
Pu Pv

B CUJIy ONMpENEeJEHHOCTH nepBodl KBaApaTU4YHOH (OPMbI.
Teopema nokasaHa.

*|=E9s — 2Fp,90 + Qo # 0

§ 3. Mlnomaxs mosepxHOCTH

Mycts F— raankas nosepxHocts, G — 006/acTe Ha Hef,
OrpaHUyEHHas KOHEUHBIM YMC/IOM KYCOUHO-IVIAAKHX KPHBHIX.
Pazoboem o6sacte G Ha Majeie 006JaCTH KYCOUYHO-TIafiKUMH
kpussimu. [IycTh g— onna us Takux oOaacteit. Bosomem 8
o6nactd g NPOM3BOJBHYIO TOUKY P u CHPOEKTHpyeM 3Ty
06acTh Ha KacaTesabHyI0 MJIOCKOCTh B Toyke P. Ecan o6aacts
g IOCTaTOYHO MaJa, TO 3TO NPOEKTHPOBAHHE OJHO-ONHO3HAY-
HOE, ¥ B KacaTe/IbHOH MJIOCKOCTH MOJYy4YHTCs 004acTh g Orpa-
HAYEHHAs TaKXke KyCOuHO-raakumu KpubiMH. OO603HauuMm
o(g) nrowans obaactn g (puc. 34).

Tlon naowadsro ob6aactw G nosepxHoctd F Mbl Oyaem

NOHHUMATH _
lim )0 (g)



§31 TJIoUAlb MOBEPXHOCTH 113

rie CyMMHPOBaHHE PacnpPOCTPaHAeTCs Ha BCe 06JaacTi g pasbue-
nust G, a npenenpHuifl Nepexox OCYIIECTBAAETCA NPH YCIOBHH,
uyto oOaactu g pasbuenus G He-
OrpaHnyeHHO YOBIBAIOT MO CBOHUM
pasMepam.

IlanHoe omnpenejeHne IJOMAAH
NOBEPXHOCTH BIIOJIHE COOTBETCTBYET
HarJasgaHoOMy NpeAcTaBieHuio o6 u3-
MepeHuH MJIOIAAN, KOTOpoe oO0by-
HO CBfA3HIBAOT ¢ pasbueHunem rno-
BEPXHOCTH U <CNpAMJEHHEM» OT-
ZeMbHBIX KYCKOB. Mal mokaxem, 4To
IIOWaAb TOBEPXHOCTH B CMBICTE
JIGHHOTO omnpejeleHns HeHcTBUTENpHO 00/afa€T XapPaKTEPHBIM
AM9 Hee CBOMCTBOM aZAMTUBHOCTH, a TaKxke Haliaem ¢opmy-
Jy AJs BHUNC/EHHS IJIOIAaAW B CJyyae NpOM3BOJbHOH ma-
paMeTpHu3alHé NOBEPXHOCTHU.

ITpennosioxkumM AJs NPOCTOTH BHBOA3, YTO HA MOBEPXHOCTH
MoxeT ObTb BBENEHa eNMHas rJafaKas napameTpusanus

r=r{u, v).

O6.actu G Ha MOBEPXHOCTH COOTBETCTBYET HEKOTOpas 06JacTh

G nJI0CKOCTH uv, OrpaHMYeHHas KYCOUHO-TIAJKHME KDUBHIMH,
a pasOuennto o6sactu (G KYCOUHO-T/IaJKMMH KDUBBIMH Ha

o6sactu g cooTBercTBYeT pa3buenne obaacty G KyCOYHO-
rMaAKuMP KDUBHIMH Ha oOaacta g.

Onpenenum naomansb o(g) obaacta g Jlas aToro BBeaeM
NpSAMOYTOJbHbIE [JEKapTOBH KOODAWHATH X, ), 2, NpHUHSB
TOUKY P TNOBEPXHOCTH 3a HayaJO KOOPAHMHAT, KacaTelbHYIO
NJIOCKOCTh B P 3a NMJIOCKOCTb XY, a HOPMaJb K He#t — 32 oChb 2.

Kycok g nosepxHocté F B JEeKapTOBHX KOOPIMHATax 3a-
IaeTcs ypaBHEHUSIMH

x=x@v) y=ywv), z=zwv) WU)Cg.
Pasencrsamu

r=x(wv) y=y@mv), WUCg

YCTaHaB/IMBAETCA B3ANMHO OLHO3HayHOe OTOBpaweHue oOaacTu
g ua g Yucna u, v MOXHO pacCMaTPMBATh KaK KPUBOJIUHEH-
Hple KOOpAWHATH B 001acTh g.
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Iaowany 064acTd B KPHUBOJMHEHHBIX KOODAHHATAX, KaK
NSBECTHO, BHYHCIIETCS NO (opMmyae

- Xy Xo
@= ||
) J 1yuys
g

Bextop 1, X r, HanpaBJeH NO HODMaaW K TNOBEPXHOCTH, a
TaK Kak B TouKe P HopMa/b COBHafaeT C OCbO 2, TO B 3TOH
TOuKe abCOMIOTHAs BeJWuYnMHa BekTopa r, X 7, paBHa aGco-
JIOTHOW BEJMYHHE €r0 KOMIOHEHTHl MO OCH 2, T. €.

dudwv.

X, Xy
y Ily v
Orciona, MO HENPEPHBHOCTH, CJACAYET, YTO AAS MOOHX u, v
U g

lru><ral=“

u=rr.,><m+=g<u, o)

rue Eg CKOJb YroaHO MaJo, €CAA Madbl pasMephl o6sacTn &
Ias cymmp naomazgeil a(g) umeem

No@=2{{(1r.Xr, |+ e v)dudo=

£
={{Ir.Xr,|dudvt Y ( (e, dudo
e £
Ecm pas6buenue o6nactn G Ha o6aacTH g JOCTAaTOYHO Me-
KOe, BEJWYMHB €, B CATY DaBHOMEDHOH HEMPEepLIBHOCTHA
ry, X r, B G menbie npoussoapHo Manoro & > 0. Ilosromy

|2 §§ egdundo|<e Fo @=ca(d)

rae o(G)— nromans obmacta Q.
Otcioga CJaenyer, 4ro MpH HEOrpaHnyeHHOM YOnBaHum
obnactelt g pasGuenns obaacru G

No@—>§ir, Xr,|dudu.
é
TeM caMbIM BOKa3aHO CyLICCTBOB@NNE AJCIaAn R HakaeHo
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BbIpaXXEHUE M4’ Hee
s(@={{|r, Xr,|dudu

AnanTUBHOCTE NJIOLIALM TIOBEPXHOCTH CJAEAYET U3 addd-
THBHOCTH wuHTerpaJta. [e#icreutensHo, nyctb o6iacts G pas-
GuBaeTcss KyCOYHO-r/IaaKoH Kpuso#t Ha jnse ob6aactu — Gy

u Gy nycts Gy u (G, — coorseTcTByloume 00/1aCTH MJIOCKOCTH
uv. Vimeem

§§1re X roldudo=S {r, X rojdudo+{{|r, X r,|dudv.

a

~.

1 Gq

A 3TO 3HauuT:

0 (G)=0(Gy) -5 (Gy),

YTO U BBIpaxaeT Co0oft CBOHCTBO aAAMTHBHOCTH MJIOLIAAM TMO-
BEPXHOCTH.

Teneps, koraa alIMTUBHOCTh TJIOLAAM [IOKa3aHa, NpHU
(PaKTHUYECKOM BBIUMC/EHHH IVIOILAAH IMOBEPXHOETH MBI MOXEM
pas3buTh TNOBEPXHOCTh HA 4acTH U B Kaxao# M3 3THX yacTei
N0/1b30BaTbCSl CBOEH MapaMeTpusalueH.

B 3ak/oyeHne NOKaxeM, 4TO IUIOmaAb MOBEPXHOCTH Ofipe-
neaseTcs TOJbKO €e NepBoit KBaapaTuuHo#t opmoh. [e#cTBu=
TeJbHO,

lr, Xy P =rirs — (r,ro)=EG—F.
OT1crona
°=SSVEG—F"dud'v.

B 4acTHOCTH, €C/HM TNOBEPXHOCTh 3ajaHa YPaBHEHHEM 2 ==
=2(% y)
o= S SVI +p* 4 q*dx dy.

§ 4. Kondopmuoe oroGpa erue

[Mycte ®; n @y — peryasipubie noBepxHOCTH. Tomo/or-
yeckoe oroOpaxeHue nosepxHoctd @, Ha mnoBepxHOCTL Dy
Ha3bIBACTCS KOHHOPMHbLM, €CIH OHO COXDAHHeT Yribl MexIy
KPUBBIMH B TOM CMBIC/IE, UYTO COOTBETCTBYIOIUME KPHUBBIE Ha
3THX TIOBEPXHOCTAX: NIEPECRIAUATC TION OXHHAKOBBHIMUAYDIAMH.,
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Teopema. Ecau pezyaspuse nogepxrnocmu @ u O,
napamempu3o8ans. max, 4mo xKodgguyuenme. ux nepesx
K8adpamuiHu X HOpM NPONOPYNOHAAbHEL, MO OMOOPAHCEHue
00HOIl nosepxHocmu Ha 0py2y10, Npu KOMOPOM CONOCMAs-
ASOMCE  MOYKU ¢ OOUHAKOBLLMU KOOPOUHAMAMU, KOH-
gopsHo.

O6pamno, ecau nogepxrwocmu @, u Dy napamempuso-
samb maxK, 4mo coomsemcmeue mo4ex ¢ OOUHAKOBHLMI
KOOpOUHAMAaMu KOHPOPMHO, mO nepsve K8adpamuuirole
gopmb. nosepxrHocmell nNPonopYLOHAAbHY.

HDokasareasctBo. Ilycts

Iy, =E du*+-2F dudv -} G dv®,
Iy =\ (E du®+ 2F du dv -} Gdv?)

nepBee KBaapaTthuHbie GopMbl noBepxHocTe#t @ u Dy, Ecan
oroOpaxenne @, Ha @, 3aKi04aeTCss B COMOCTABIEHHH TOYEK
C OIMHAKOBBIMM KOOPIMHATaMH, TO COOTBETCTBYIOULHE KPHUBBIE
UMEIT OAWHAKOBBIE BHYTPEHHHE YypaBHeHus u=—=u(f), v=—
=v(f) ¥, CJeNOBAaTEJBHO, I yraa MeXLy COOTBETCTBYIO-
IUMHE KPUBBIMH TOJIy4aeTcs OJHO M TO e BHIPaXeHue, T. €.
oroOpaxenne KoHdopmHo. IlepBas yacTh Teopembl HOKa3aHa.

JlokaxeM BTODYIO 4acTh TEOPEMBL

Ilycts  (u, v)— npowsBoJbHAA TNapaMeTpH3auus NOBEPX-
noctn @,. Ilapamerpusyem nosepxuocts @, comocrasass
NPON3BOJILHON €€ TOouKe B KaueCTBE KOOPAWHAT KOOPAMHATHI
coorBercTBylolielt Toukn @, npm KoHpopmHOM OTOOpa)eHuH.
MNycTs ’

11=El dii® —|’—2F1 du d'U+ Gl d'Ug,

ly= Ey dii® -} 2Fy du dv + G, dv?

nepsbie KpaapaTHuHele (OPMBI NMOBEPXHOCTEH, COOTBETCTRBYiO-
mpe 3TMM napamerpmsanusM. ITokaxeM, 4TO KO3(uiueHTH
E,, Fy, Gy nponopunonansisl Ey, Fy, G

B cuny KoudopmHOCTH OTOOpaxeHus OPTOrOHaNBHOCTD
nanpasiennft (d) u (8) oTHocuteapHO (OPMBI [; Bieyer 3a
co6olf OpTOTOHANBHOCTE WX OTHOCHTeAbHO Gopmer [y, Ilo-
5TOMY H3

Eydudu + Fy (dudv - dv du) 4 Gy dvdv=0

caenyer
E, dudu - Fy(dudv - dvdu) -} Gy dvdv=0.



§4 KOHGOPMHOE OTOBPA)XEHUE 117

Orciona, uckmouas du, v, moayuaem:

Edu+- Fidv ___ Fidu-+ Gdv
Eydu -+ Fydv™ Fedu -+ Gydv®

Beuny npouspoaa du u dv npn duv=0, noayyaem

El__ Fl

TR
a npu du=0

Fi__ Gy

F, ™ Gy

Teopema n0Ka3aHa HOJNHOCTHIO.

KongopmHoe oTOOpaxceHue, MOMHMO TOrO, 4YTO OHO CO-
XpaHaeT yrae, 00JagaeT eIe OJHHM 3aMEYaTeNbHbIM CBOH~
creoM. VmeHHo, Oocmamourno mansie coomBemcmsyiousue
Quzypsl HAQ NOBEPXHOCMAX NPl KOHPOPMHOM 0mobpadce-
Huu 8 nepgom npubaunceruu nodol6Hsl. [lefcTBUTEIBHO, NYCTH
F; —manas ¢urypa Ha nosepxHoctn @;. Paccrosnue mexny
ee Toukamu (v, v) B (u- Avyv-}Av) B nepsom npuGan-
XEHUH PaBHO

EAu* |- 2F AuAv -+ G A%

PaccrosiHue MeXAy COOTBETCTBYIOWUMA TOUKaMH (urypsi Fy
Ha nosepxHocTh @y B nepsoM npubiumKeHHH DaBHO

A (E Au* - 2F Au Av - G Av?).

Takum o00pasoM, Ko3((UIHEHT uCKaxeHHs paBeH A u, Cae-
JOBaTE/NBbHO, MOUTH NOCTOSAHEH, eciu Qurypa F; mOCTaTouHO
MaJja.

Teopema. [Tycme ®; u @y — peayasproie nosepxro-
cmu u Py, Py — npou3soasnbie mMouKu HQ 3mMUX nosepx-
HoCMAX.

Toz0a cywecm8yem KOHEGOpmHOe 0moOpaerue Hexo-
mopoli oxpectnrocmu moixu Py nosepxrnocmu D Ha
Hexomopyw oxpecmrocmes mouku Py nogepxrocmu ®,.

Jloka3aTenbCTBO 9TOH TEOPEMBI OCHOBAHO HAa BO3MOXHOCTH
napaMeTpu30BaTh pPEry/fpHYI0 NOBEPXHOCTb B OKPECTHOCTH
HpPOM3BOJBHOH TOYKH TaK, YTO €€ nepBas KBagpaTHYHas
¢opma npu 3TOR napameTpH3alM¥ HMeeT BHI

I=\(u, v)(du®+ dvd).
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Mbi He GyneM NPUBOAWTH AOKA3aTE€AbCTBA 3TOr0 yTBEP-
KIEHHSl, YKaXeM TOJbLKO, 4TO ecau mnopepxHocty @y n @y
napaMeTPU30BaTh TakUM O6PasoM B OKPECTHOCTAX TOYeK P
u Py COOTBETCTBEHHO, TO KOH-
¢opmHOe OTOOpaxEHHE OKpe-
CTHOCTH TOYKHM P; NnoBepxHo-
<tn @; Ha OKPECTHOCTb TOUKH
Py nosepxnoctu @, nosyuaer-
Cfl NPH COMOCTABJIEHHH TOYEK
C ONMHAKOBBIMH KOOpIMHA-
TaMH.

B sakmouenme npusesem
NpUMEP KOH(OPMHOrO OTO-
GpaxeHns cdepn Ha mnao-
CKOCTb.

ITyctb w — cdepa panny-

Puc. 35. ca R ¢ ueHTpoM B Touke

(0, 0, R). PaccmorpumM o106pa-

swenne cheps ® Ha MJAOCKOCTb Xy, KOTOPOE 3aK/IOYAETCs B

npoekTHpoBaHun ee us nomoca S(0,0, 2R). 1o ortobpanenue
Ha3KBaeTCa cmepeozpagusecrkoli npoexyued (puc. 35).

BeemeM B KauecTBeé KPHMBOMMHEHHBIX KOODIHMHAT yriul
u W v, NOKasaHHHe Ha puc. 35. Ilpu sTOM ypaBHeHus nio-
CKOCTH

x=2Rtgucos v, y=2Rtgu sin v,
a cpeps —
x=2R sin u cos u cos v, y = 2R sin u cos u sinwv,

2=2R sin?u.

JlnHeHHbK 3J€MEHT MJIOCKOCTH

AR e 1 sindu cos? u ded
o pdu - sin’u cos® u d’),

dst =

a chepnt —
ds® = 4R*(du® | sin®u cos® u do*)

O1cioaa saK/oyaes, yro orobpaxkenne XOHGOpPMHO.
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§ 5. 3omeTpuyHbie NOBEPXHOCTH.
HarubGanue nosepxHocTeil.

Tosepxuoctd @y n Py HA3LIBAIOTCA UBOMEMPULHBLMY, ECITH
CYUIECTBYET OJHO-OJHO3HAUHOE OTOOpaxenue nosepxHoctd @,
pa noBepxHOCTh g, NP KOTOPOM COOTBETCIBYIOLIME KDHUBbIE
Ha 3THX [OBEPXHOCTAX HMEIT ONMHAKOBHIE JJIMHHL

Teopema. Ecau pezyasprote nosepxuocmu Oy u @
MOJICHO NApamMempu3osams max, 4mo ux nepepe Keaopa-
muursie opms. OyOyn: OOUHAKOBbL, MO HOBEPXHOLMU 1130-
Mempuitsl. H3omempuueckoe omobpajcenue axanyaemcs
8 CONOCMABACHUN MOYeK ¢ ODUHAKOBBLMU KOOPOUHAmMAML,

O6pamHo, ecau nogepxrocmu @y u Oy usomempuynes,
mo oHu MO2Ym Oblmb NAPAMEMpPU3OBAHH. MAK, 4MO UX
nepssie Kgadpamiinoie dopmuv. O6y0ym o0UHAKOBHL.

Hokasartenbcrso. [leppag yacTe TEOpeMb OYEBHIHA.
JLoGTaTOYHO 3aMeTUTh, YTO €CJH KpuBas 7; Ha moBepxHoctH Py
3aagerTcs ypasHeHusmu w=u(f), v=v(f), TO COOTBETCTBYIO-
was e Kpusas Ha novepxHoctH @y 3amaercs Temm We
ypasHenusmu r=u(t), v=wv(f), m BOCNOAL3OBATHCA. OP-
MyJOH A IJIMHBL AYTH KpUBOH.

JloKaxeM BTOPYIO YacTb TEOPEMBHL.

Ilycte Py— npon3posbHas Touka mnosepxHoctn B,
r=ry(u, v)— mobasi peryasapHas MapaMeTpusauns NOBEPX-
HOCTH B OKPECTHOCTH 3TOH TOUKH.

ITycts Py(u, v)— 1ouka nosepxHoctn @y, cooTBercIByIo-
was no usomerpuu Py (u, v), ¥ ry(u, v) — BEKTOp 3TOH TQUKH.
Ypasuenue

r=ry(u v

3aJa€T HEKOTOPYI0 NapameTpusauuio mnosepxHocTd Dy B OK-
pecTHOCTH TOukM P, PerymapHocts 310l napamerpusauuu
MOKAa He MOXET OHThb YCTaHOBJEH3, STO MOXET OHTh CHBIAHO
B ri. 1X. Ho ponyctum, uro mnapamerpusauus r=r,(u, v)
nosepxHoctn @y peryaapsa. Ilokaxewm, uTO nepsas Kpaapa-
TuyHas opMa nosepxHocts @y Npu TAKOK napaMeTpusaUUHU
cosnagaer C nepsoif kBagpaTuyHolt ¢opmMOoR  noBepxHO-
ctu Oy,

Ilycts 7y — mpou3BOABHAS KpuBad. Ha nopepxHoctu @,
u=u(t) v==v(f)—ee ypasHenns. CoortBercrByiomas e#
I0” M3OMETPUA KPHBas Ha HoBepxHocTH Py 3amaercd TemM xe
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ypasuenusmu. ITostomy

t t
{ VEW" - 2Flv 4 Gt =V Ey® 4 2Fy + Gy dt.
to 1)

Tak Kak 3TO paBEHCTBO BepHO npu JmoOom £, TO MOABIHTE-
rpa’aeHbie (QYHKHME paBHbl. KpHBas 7y COBepLIEHHO npous-
BOJIbHA, T0O3TOMY NOABHTEr pasibHble QPYHKUMA PaBHH 1/ MOGhIX
3naueHut ' u v, a 3TO BO3MOXHO TOJbKO npu E;=—F,,
Fy=F,, G;=0,. Teopema noxasaHa.

PaBHne mnoBepxHOCTH, OYeBUAHO, H3oMeTpuyHn. OG6par-
Hoe, BooOwe rosops, . HeBepHO. HerpynHo™ ykasate nmpuMephl
M30METPHYHBIX KW B TO e BpeMs He paBHHX IpYr Ipyry
nosepxHocreft. Ilpusenem npumep.

IpamoyroasHas o6macts 0 < x < %, 0 <y <1 Hamaoc-

KOCTH Xy M3oMerpuuHa o6aactn Ha umamuape x4 yi=—1,
onpeneasiemot  ycaosuamn: 0< z2< 1, x>0, y >0. Hocra-
TOYHO 3aMETUTh, YTO YKasaHHas 00JacTb Ha UMJIHHADE [O-
MyCKaeT mnapameTpusauuio: x==cosu, y==siny, z=u1,

0<lu<L % » 0<<v<{I. JluHeHHbI BNEMEHT WHWIMHIPA, CO-

oTBETCTBYlOmUH TakoH napamerpusaund, du®-}-dvd. Ortciona
BUAHO, YTO OTOOpaXE€HHE, 3aJaBAEMOE pPABEHCTBAMU X =—1u,
Y =1, N30METPHUECKOE.

Tak Kak yrasl Mexay KpHBBIMA Ha NMOBEPXHOCTH M MJO-
manb MOBEPXHOCTH ONPENEsIOTCS NepBOH KBaapaTuyHOH op-
MOH NOBEPXHOCTH, a W3OMETPHUHBIE MOBEPXHOCTH NpU COOI-
BETCTBYIOWEA NapaMeTpu3aluny HMEIOT OAMHAKOBBIE INEpBHIE
KBaApaTHuHeie (DOPMBI, TO npu u3oMempuieckom omolbpa-
JICEHUU COXPAHSIOMCS  Y2Abl MENHCOY KpUBbLMU U NAOWQ0N,
T. €. COOTBETCTBYIOIHE€ KDHBHIE W3OMETPHUUHBLIX MOBEPXHOCTEH
00pa3yloT OAMHAKOBHIE YIJH, a COOTBETCTByMOImMe 006Jacru
HMEIT OJMHAKOBHE MJIOIAAN.

MBl noKasaMW Ha NMpUMEPE, YTO PasTMUHHE MOBEPXHOCTH
MOTYT HMETb INpH COOTBEICTBYIOLIEH mNapaMeTpu3auuu oau-
HaKOBHE NepBhie KBalpaTuuHbie Qopmb. Bosuukaer Bompoc:
B KaKol CTenmeHH oOnpenessieTcst NMOBEPXHOCTb NMEpBO# KBaapa-
THYHOH (popMOH M CymecTBYeT Ju NOBEPXHOCTh, HMeEouias
NPOM3BOJILHO 3aJaHHYIO KBaAPaTHYHYIO (GOpMy cBOeH nepsoi
KBaZpaTHuHOH GopMOR?
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OkashiBaercs, MOBEPXHOCTb «B MajJOM» JHaJEKO He Ornpe-
neasercs cBoel mepsol KBampaTtmuHo#t ¢opmoi. M3ssectHa,
HanpuMmep, caeaywmas teopeMa. Jasg wascdoli 0ocmamouro
Maaoll oxpecmHocmu ® mo4xku P anaaumuueckol nosepx-
HOCMU CYU,eCmByiom NOBEPXHOCIU, U30MEMpULHble © U
He pagHuie edl.

HexoTopsie MOBEPXHOCTH <«B 1ENOM» MEPBOH KBaaparhy-
Ho#t ¢opmoit onpenensiorca oaHosHauHo. Tak, Hanpumep,
A106a8 pe2yASPHAS 3AMKHYMAs 8uinyKaas nosepxrocms O
nepsoil Ksadpamu4rnol ghopmol onpedeasiemcs 0OHO3HA4HO,
B TOM CMBICAE, YTO MmoOas peryiaspHas mosepxHocth @', w3o-
merpuyHas @, pasHa @. MokHO Ha3BaTh JOCTaTOYHO IHUPOKHI
KJacC OECKOHEUYHHX MOBEPXHOCTEH, OXHO3HAYHO ONpPEAEISTEMbIX
nepso#t KBaapaTuuHO# ¢opmof. B xauecTBe npumepa moBepx-
HOCTM 3TOr0 KJacca MOXHO YyKa3aTh JIOOOH 3//IANTHYECKNH
napa6oJonz.

H32ubanuem NOBEpXHOCTH HA3hIBAETCH TaKas HENpephiBHaAdA
ee nmedpopmaums, NMpH KOTOPOH MIJMHH KPHUBHX Ha MOBEPX-
HOCTH He wusmeHsiorcd. HarasnHoe npencrasienne 06 u3ru-
Ganuy TMOBEPXHOCTH MOXET pgaTh usrubanue Jucta Gymarm.

Taxk kak npu n3ruGaHUM NMOBEPXHOCTH IJUHBI KPUBBHIX He
M3MEHSAIOTCS W, CJIedOoBaTeNbHO, MOBEPXHOCTb B /MOOOH MOMEHT
n3rubanus H3OMETpHUYHA UCXOOHOMH NNOBEPXHOCTH, TO npu co-
omseemcmsyiouell napamempusayuy nepeas KeadpamuyHas
dopma npu u32w6aHUL NOBEPXHOCHMU HE U3MEHSEMCA.

OxasbiBaeTCs, MOBEPXHOCTH «B MaJOM», KaK MpPaBHIO, M3-
rub6aemn. Tak, Hanpumep, HMeeT MeCTO TeopeMa: y Kaxcdod
mMOYKU QHAAIMUYECKOR NOoBEepXHOCMU, He S8ALI0welcs
MOUKOL YNAOWEHIS, CYyuecmeyem OKpecmrocms, 00Ny cKamo-
was HenpepoiBrbie U32UOAHUS.

Cpedu nosepxrocmetl <8 BEAOM> CYU,eCMEyi0Om nosepx-
Hocmu, He donyckaiouue Henpepvl8Hblx usaubanui. Tarxosw,
Hanpumep, 6ce 3AMKHYmbie BbiNYKAbLE NOBEPXHOCIU.

YTIPAXXHEHUA K TJIABE VI
1. Hatity nepByio xBanpatnyHyio GopMy noBepXHOCTH BpalleHHA
x=¢(u)cosv, y=q(u)sinv, z2=1{y (a)
Omeem. 1= (3% + {'?) du? + ¢*dv2,

2. Tokasatb, 4TO NOBEPXHOCTH BPALIEHHA MOXHO MapaMeTpH3o-
BaTbh TaK, YTO ee NepBasd KBafpaTHyHas ¢opMa GyneT HMeTb BUA

I=du® + G (u) dv*.
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3. Ha#ttu mauny 1yru KpHBOH, 3alaHHOi ypaBHeHHEM U ='v,
Ha MOBEPXHOCTH C NEPBOH KBaApaTHYHOH QOpMOH

I=du®+ sh®u dvi.
Omgem. s =|sh ug—shu,|
4. Haittu yron, mox KOTOpHIM NepeceKalnTcs KOOPAMHATHBIE MH-
HUN X = X,, ¥ ==y, Ha NOBEPXHOCTH Z = axy.
a*xoyy

Vit e Vitan

5. [loka3aTb, YTO Ha reiauKoune

Omegem. cos§ =

X=aucosv, y=ausinv, z2=bv
KOODIMHATHAA CeTb U, U OPTOrOHAIbHa,

6. Ha#ity ceMeficTBO KPHBBIX, NePECEKAIOLINX NOX NPAMBIM YLIOM
npsmMoavHeitHsle o6pa3ylomue x = const nmapa6oaonia z=axy.

Omegem. (1 + ag,\cg)‘y2 = const.

7. Haiitn xpuBbie Ha cdepe, nepecekaouiue ee MepHIUaHL MOX
NIOCTOSAHHBIM YIJIOM (TaKHe KPUBbIE HA3bIBAITCA JOKCOLPOMBI).

8. Haitty naomaxp yeTHIPEXyroJbHUKA Ha TeNUKOHAE (ynpaxHe-
JHUe D), OrPaHHYECHHOTO KPHBRIMHM:

b
u=020, U= v=0, v=1.

2 — -

Omsem, c=%(]/2 +10 (1 +V2)).

9. Moxasatb, Y7o Maomanu o6aacTeit Ha mapaoxommax
2=% (** 49", z=axy,

NPOEKTHPYIOLHEC Ha ORHY M TY e 0064acTb MIOCKOCTH XYy, PaBHSL
0. Tloka3aTh, 4TO ecau NOBEPXHOCTb MROMYCKaeT TAKYyI0 mapa-
METPH3aUHIO, NP KOTOPOH KO3PPUUMEHTH Mepsoft KBaXPaTHYHOM
QOpMBI HE 33BHCAT OT & H U, TO 3Ta NMOBEPXHOCTb JOKAAbHO H30-
METPUYHA TMIOCKOCTH.

3AIAYM N TEOPEMbl K TJIABE VI

1. Hokasatb, uto ecan U(x, y) n V (X, y) — BellecTBeHHAA U
COOTBETCTBEHHO MHMMas YacTb q)ym(uvm KOMIUIEKCHOTO MepeMeHHOro
x iy, 10 nAOmWaAHM ofjacTeli MoOBepXHOCTEH

2=U(x, y), z=V(x, ),
APOCKTHPYOILINXCA HA ONHY H TY Xe 061acTb IJIOCKOCTH Xy, PABHBL

2. Jlokasatb, 4to cyuecrByer KoHhoOpMHOe oroépameune noBepx-
HOCTH BpalleHHa (ynpaxHeHde 1) Ha NAOCKOCTb, MPH KOTOPOM Me-
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pAMaHH T[OBEPXHOCTH (AMHMB © == consl) nepexonaTr B HOpsaMble,
NPOXOJAIIME Yepe3 Haualo KOOPIMHAT, a Mapanaenu (JMHWH u =
= const) — B KPYIH C LEHTPOM B Hayale KOOpIMHAT.

PaccMoTpeTb YacTHeil cayyait, KOTHa

¢ (#)=cosu, ¢ (u)=sinu (chepa).

3. JlokasaTb, yTO cymecTByer .KOHQOpPMHOe oTOGpaxeHue mo-
PEPXHOCTH BPAIIEHUs Ha NAOCKOCTb, MDA KOTOPOM MEDHIHAHH H
napaliieiy NOBEPXBOCTH IePEXONAT B HpAMHE X == const, y = const.
PaccMOTpeTb YaCTHbIH cayyai, Koria noBepXHOCTb — C(epa.

4. Jloka3aTh, 410 cdepy Haxe AOKAaAbHO HeNb3A H3OMETPHYECKU
0T106pa3nTh Ha MIOCKOCTh.

5. Ecmn U(x, y)+ iV (x, y) — anaauTHYecKaa (QyHKUUA KOMI-
AEKCHON MepeMeHHOH x - iy, NpHYeM B TOYKe (Xg, Vo)

Ur Vi
#0,
UJ' V)‘

To oTo6pameHne NIOCKOCTH Ha ce6sl, NPH KOTOPOM TOUKE C INeKapTo-
BHIMM KOOPIMHATaMH X, ¥ CONOCTaBAAETCA TOYKA C NEKapTOBHIMH
xoopauHataMu U(x, y), V(x, y), xondopmno. fokasars.

6. Iycrs

ds? = E du?® -+ 2F dudv + G dv®

InHeHHHH SleMEHT aHaAUTHYECKOH noBepxHOCTH. PaccmoTpum
IuddeperunanrbHoe ypaBHeHHE

Edu*+42Fdudo+4 GdvP=0

B KOMIIEKCHOR obzactu. Flyers g (u, @)= const— pemenue 9T0r0
ypasHenuns, U(x, y) 'm V(x, y)— BemecTBeHHas H MHMMas HacTu
¢ ynkunu ¢ (x, y). Torna, ecan

#0,

170 oToGpaxeHHe NMOBEPXHOCTH Ha MIOCKOCTb, NpPH KOTGPOM TOuke
(u, v) NOBEPXHOCTH COMOCTABAAETCH TOYKA MJOCKOCTH C HeKapTo-
BHiMH keopmuHatamMp U u V, sasaserca xongopmuuM. (Ha srem
MoxeT GhTb OCHOBaHO HOKa3aTeabCTBO TeopeMbl § 4 ra. 6 mas cay-
Yyag aHaJNTHYECKHX NOBepXHOCTel.)

7. Oto6paxeRne OIHOfi NOBePXHOCTH Ha APYFY® Ha3blBaercs
JKBUAPEANbHbIM, €CIH COOTBETCTBYIOLME IIPH 3TOM OTOGpaxeHUH
061acTH HMMEIOT OJMHAKOBLIE NIOIalH.

Hoxa3sarp, yTO ecau oTobpaxenne OXHON! NOBEPXHOCTH Ha APYrYI0
XOHQOPMHO ¥ 3KBHAPealbHO, TO OHO M3OMETPHYECKOE.

8. Jloka3saTts, yt0 moGoefuzomerprueckoe otobpadenne RIOCHO-
CTH Ha ce6a ecTb auG0 IBHBEeHHe aHOO NBHKEHME C 3ePKaibHbIM
otoGpakenneM.

®, u P, —H30METPHYHLHIE TIOBEPXHOCTH, r=r, (u, v),
r =rs (u, v)—ux napamerpudanun. Maomerpuyeckoe oToGpakenue
3aKMOYaeTcA B COMOCTAaBACHUH APYr JAPYry TeYeK C OJWHAKOBLIMH
KOGPRHHATAMH,

Us Vy
Uy Vo
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Hyers @), , — MOBEPXHOCTb, 3alaBaeMas ypaBHEHHEM 1 =
=\r, (4, v) 4 pre (4, v). Lokasats, yro nosepxHoctd Py, , u P,
H30METPHYHBL

10. IToka3aTh, YTO CyieCTBYeT H30MeTpHUecKoe OTOoOpaxeHue
reJjuKouna

X=1ucosv, y=usinv, z=mv
Ha KaTeHOH]

a
x=uacosB, y=asinB, z=marchﬁ,

npu KOTOPOM TNPAMOJMHEHHHIM 00pa3ylomyM FeiNKOMAa COOTBeT-
CTBYIOT MepHIMaHbl KaTeHOMAA.

11. Jokasarb, yTo moGad BHMHTOBas NOBEPXHOCTb JIOMyCKaeT
H30MeTpHYecKoe 0To6paxeHHe Ha HEKOTOPYIO NMOBEPXHOCTb Bpalle-
HHsl, NP KOTOPOM BHHTOBBIM JHMHHAM COOTBETCTBYIOT Napaniend
(treopema Bypa).

12. CeTb KpHBBIX Ha MOBEPXHOCTH Ha3biBaeTca ceTbio UeGhiesa,
ecay y moGoro YeThipexyroabHHMKa, 06pa3yeMOro JIHHHAMH ceTH,
NPOTHBONOJOXHBIE CTOPOHbI PaBHHI.

Jus Toro uTOGH KOOpDAMHAaTHasw ceTb HAa NOBePXHOCTH Gbina
yeGbIIEBCKOA, HEO6XOAMMO M NOCTAaTOYHO, 4TOGH E,=G,=0.
Jlokasarb.

13. Joka3atb, YT0 eCiM KOOPAMHATHAas CeTb YeOblIIEBCKas, TO
KOODIMHATH ¥, U MOXHO BBIGDaTb TaKMM 06Pa3soM, YTO JHMHeHHbIH
91eMEHT NMOBEPXHOCTH NPHUMET BUI

ds? = du® + 2 cos o du dv + dv?,
rae o — yror, o6pasyeMblfi KOOPIHHATHHIMH AHHHAMH.

14. [lokasatb, YT0 Ha NMOBEPXHOCTH MepeHOCa

r=U(u)+V(v)

KOODAMHHAaTHble JHHHH 06pa3yloT yeOLIUEBCKYIO CeTb.

FTTABA VI

BTOPASI KBAIPATHYHASI $OPMA INOBEPXHOCTH
U CBSIBAHHBIE C HE{l BOINPOCBHI TEOPUHU
NOBEPXHOCTE#

Mycts @ — peryaspHas NoBepxHOCT, r=r(u, v)-—
Kakasa-HuOynp ee pery/ispHas NapameTpusauns, n(u, v)—
CAVHUYHBIH BEKTOpD HOpMaJ¥ MOBEPXHOCTH B TOuke P (i, v).

Bropo#t kBampatuuHO# (OpMOH NOBEPXHOCTH Ha3bBAETCA
KBajgpaTuyHas popma

—drdn=(—r,n)d* 4+ (—r,n, —r,n,)dudo-|
+ (—ron,) dvt



§11 KPUBM3HA KPHUBOM 125

Jaa xoddduuuenToB 3To#t (opMm Mu Oymem ynorpeGasTb
caeayiomue 000sHaveHus:

—rn,=L, —rp,—rn,=2M, —r,n,=N.
Tak xak dr-n=—0 u, clen0BaTejLHO,
d(dr-n)=(d% -n)-} (dr-dn)=0,
10 =2 - n=(r,,n) di + 2 (r,,n) dudv - (r,,n) do’
Orcroaa
L=r,n M=r,n N=r,n.

rag Xr e
Tak KaK n——-l—rzx—r”,, a |r,Xr,|=VEG—F, 10
?
Xuu Yuu 2uy
Xy Yu Zu
L__("Burur'v) _ Xy Yo 24

T lraXry| T VEG—F"'

Xuo Yuv 2uv

Xy Yu 24

M=(ru~urar'u) — Ko Yy %

lruXry| — YVEG—F®

X9v Yoo 200

Xy Yu 24

N=(r1~mrur'v) — 1 Xo Yy %y

lru Xryl™ VEG—F °

B uacTHOCTH, €CAH NOBEPXHOCTh 3aJaHA YPaBHEHMEM 2z ==

=2z(x, ¥} 10

-

L= 22t M=y
Vifei+2) Vita+2’
Zyy

N= ey ————
VIi+E+75
§ 1. KpuBuana KpuBOii, Jexxameii Ha NOBEPXHOCTH
Iycts ® — peryaspHas noBepxHOCTh, F = r (&, V) — KaKas-

HuOyap ee peryJiapHas mapaMeTpusanus, 7-— peryaspHas
KpHUBas Ha NOBEPXHOCTH, NpOXoAsuias yepes TOuky P (u, v)
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u uMelomas B 3TOH Touke Hanpasiaenume (du:dv). Ilycis
r —r(S) — ecrecTBeHHas NapaMeTpusallms KpHBOH {.

Paccmotpum ckanspHoe mnpousseseHne (¢r’m). Bexrop r”
HampasJieH MO TJaBHOR HOPMany KPMBOH, a MO BEJMYHHE PaBeH
kpuBuaHe Kpuso#h. OTciona cieayer, YTo

(r'ny=*F cos ¥,
rag k— KpuBu3Ha KpuBOH, a ¥ — yroa, obpasyembifi riaB:

HOM HOpMaibi0 KpUBOH M HOpMaJbio K noBepxHoCcTH (puc.,36).
Ho

r'n=(r,W*+2r, v 4-r, 2 tru +ro)n=
=(ryut) 0?2 () W'V - (ry,n) V"2

Ldu®*4-2Mdudv+ Ndv® __ I
Edu? 4+ 2Fdudv+ Gdv:™ [*

MosTomy
kcosd=

[IpaBas uacTb 3TOrO pAaBEHCTBA 3aBHCHT TOJBKO OT HANpas-
Jenust kpuBo# B Touke P (u, v). Taxum o6pasom,

kcosd = ky=const

B Touke P(u, v) 19 BCeX KpHBHIX Y, MNPOXOAAWIMX YEpes
3Ty TOYKY M UMENWX B HeH omfio n
o1 TO e HanpasjeHue (T. €. ONHY Hu Ty Xe
: KacaTeJbHYI0),
Pagencmso

kcos® == kg == const

cocmagasiem  codepicanue  meopems
Mense.

Bennunna ko Ha3BIBAETCA HOPMAAbHOY
Kpusu3Hoti TOBEPXHOCTH B [aHHOM Ha-
npasiaenun (du:dv), C TOYHOCTBIO NO BHaKa OHa paBHa KpH-
BU3HE KpWBOH#, KOTOpas MOJYyyaeTcd B CEYEHHH TIOBEPXHOCTH
€ MUIOCKOCTbIO, NMEPNEHAUKYIAPHOR KacaTeNbHOH NAOCKOCTH: ¥
cozepkauieii HanpasaeHne (du:dv).

Hopmansnas rpusudna nogepxrocmit 8 0AHHOM HANPag-
AeHuu cosngdaem ¢ HOPMAAbHOU KPUBU3HOW conpuracawuie-
2ocs napaboasouda 8 MmMom dice HanpasieHuu.

HeficTBUTENBHO, €CM TOBEPXHOCTh M CONpHKacaloimudca
napaGo/ionJ ee B TOuKe P OTHECTH K NPAMOYFOJbHBIM JeKap-
TOBHM KOODAWHATaM, NPHHAB KacareJdbHYI0 MJOCKOCTb B 3TOMH

Puc. 36.
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TOUKE 38 HJAOCKOCTh Xy, 2 HOpMaiab K He#l 32 ocb 2, TO NO-
BEPXHOCTb H napaﬁonopm 8aJal0TCAd ypaBHCHUAMH

z2=2(% J)
Z-’-‘—“li' (zxx1 px® + 2ny | j 23 + Zyy | Pyg)'

Orciona BUIHO, YTO NEpPBasd W BTOpad KBagpathyHne $opmu
NOBEPXHOCTH # mapabosoua B TOuKe P OAMHAKOBH, a Cle-
AOBaTEJbHO, PaBHBI HOPMAaJbHBHIE KDHUBH3HHI.

IMpnBeneHHoe coobpaxeHue MNO3BOJAET HaWTH ypaBHeHue
conpuKacalomerocs napabosionsia B CACTEME KOODIMHAT,
€CTECTBEHHO CB#3aHHOH ¢ npousBoJbHOH napameTpusaiuel
(1, V) MOBEPXHOCTH, NMPHHSAB KACATENbHYIO IVIOCKOCTb B TOYKE
P(up 7v,) 83 MIOCKOCTb XYy, HOPMamb K He#i—3a OCb 2 M
ry Ty, n—3a 0asucHHE BEKTOPHI.

Ypapuenue napabonouna, OYEBHAHO, MOXHO B3anuCcaTh B
Buae

=@—u)r,+@—o)r,+
1
+ 5 {A@— )+ 2B (@ — ug) (v — v)+ C(v — v’} n.
HopmaabHas kpuBnsHa napabosouna B Hanpasienudn (du :dv)
6ynet -

Adu® 4 2B du do 4 C dv®
ridu® -+ 2 (ryr,) du dv - r2do*°

CpaBHuBas BTO BHPaKeHHE C HOPMAAbHOM KPWBUSHOM NOBEPX-
HOCTH B TOM JX€ HanpaB/eHWH ¥ NPHHHMass BO BHHMaHUE, 4TO
du u dv BpOW3BOAbHE, BaKJIOYaeM:

A=, B=M, C=AN\.
IosTomy ypasHeHue napaGoszionsa B napamerpuuecxofi gopme

X=u—1up y=01—"70p

z=o {L@—f +2Mu—n)@—1)+N@— 1),

YTO 3KBHBAJACHTHO

=@+ 28y + Ny
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OTn0%uM U3 NPOU3BOJbHONH TOUKH P (4, ¥) MOBEPXHOCTH
1

112
B KawiaoM HanpasJeHun (du:dv) OTPe3OK, paBHbIH ,73-‘ , rme

k — HOpMaJibHasi KPUBU3HA MOBEPXHOCTH B 3TOM HalpaBJIEHHH.
eomeTpryeckoe MeCTO KOHLOB
3THX OTPE3KOB HA3HIBAETCH UH-
duxampucoll Kpusu3Hns MNOBEPX-~
Hocti B Touke P (puc. 37).
Yacro Ha3biBalOT ee TaKxe
unduxampucoll [Hionena.
BruisicHaM, 4TO npeicTaBASeT
co6OH WHAUKATpHCA KPUBUBHHL
Ilas storo BBEneM B KacaTesb-
HOH  MJIOCKOCTM  TNOBEPXHOCTH
IEKapTOBH KOOPAMHATHL, MNpH-
HAB TOUKy KacaHus 32 HauaJo
KOOPAMHAT, NPAMBIE, COAEPKAIUUE BEKTOPH r, W F,-— 33 OCH
KOOp/AMHAT, a CaMH BEKTOPH 7, U r, — 32 0asUCHBIE BEKTOPHL
IMycte X B y — KOOPAMHATHL TOUKM HHANKATPHUCH KPHUBH3HBI,
COOTBETCTBYIONIEH HampasieHuo (du:dv). Vimeem

Puc. 37.

1

| 12 redu+rydv
xr“—*_-yr”—"?' [r du 4 rqdv]*

Bossons 310 paBeHcTBO B KBaapaT M 3aMmeyas, 4TO X:y==
=du : dv, noayyaem:

g Edu*42Fdudv+ Gdv®
Ex*+-2Fxy + G = g oM du do ¥ N aot | =
__ Ex*42Fxy 4 Gy*
T [Lx* 4 2Mxy 4 Ny*|*
Orcroaa

|Lx*+2M xy + Ny*|=1.

D10 M ecTb ypaBHEHHe WHIMKATPUCH KDHBH3HH.

Takum o6pasom, urdurxampuca Kpusu3Hs. npedcmasisem
coboli anmunc — 8 adasunmuueckoll mouke nogepxLocmu
(LN —M*>0), napy conpagcennox 2unepbos— 8 2aunep-
oosuneckoii mouxe (LN— M*<0), napy napansessnoix
npamsx — 8 napabosudeckoli mouxe (LN — M*=0).

OueBHIHO, noBepXHOCMS Ul ee CONpuUKacanuuiics napa-
Ooaoud umeiom OOHYy W my gce UHOUKAMPUCY KPUBUIHBL.
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Muaukatpuca KpuBH3HB MOXET ObiTh BBEJEHa U IPYruM,
6osee reomeTpuyeckum, crnocobom. Ilycts P — npousBoasHas
TOYKAa TOBEPXHOCTH U O — KacaTedAbHasd IJIOCKOCTb B 3TQH
touke. O6o3HauuM M, reoMeTpuyeckoe MECTO TOYeK MOBEPX-~
HOCTH, PaCCTOfiHUE KOTOPHIX OT & paBHO h. ITomseprHem ero
npeo6pasoBaHmIo nonoﬁvm OTHOCHTEJIBHO LeHTpa P ¢ koadpdn-

HAEHTOM noxobusi —= V_. ITonmyyenHoe MHOXeCTBO Touek 000-
1
8HAUMM ]T}{M"'

YpaBHeHne MNOBEPXHOCTH, €C/JM KacaTeJbHYI0 MJIOCKOCTh
B P npuHaTh 33 IVIOCKOCTh XJ, a HOpManb 3a OCb 2, Gymer

— 1 (1 2559 - 199 - (2 D e (5 9

rae e(x,¥)—>0 npu x, y - 0. Otciopa Touku M, ymos.ie-
TBOPAIOT YPaBHEHHIO

1
5 1 (ro? 4 2sxy 4 ty?) + (2* -3 e (%, y)l.
Tak kKak KOOpDAWHATHI TOYKH W3 V*Mh OT/INYAIOTCA OT

KOOPAMHAT COOTBETCTBYIomEeH Toukn M, muoxutenem V h,
TO OHHM YIOBJIETBODPAIOT YPaBHEHHIO

1 =\17(rx’+ 2sxy +t9%) (¥ +- e (x Vi, y Vi) \

1
Orctona BHIHO, YTO VF—M" CXOOMTCA K HIIUKATpUCe Kpu-

BU3HB 1pu h — 0.

§ 2. AcumnToTHYeCKMe HanpaBJeHHs. ACHMNTOTHYECKHe
auHuy. ConpsweHHbie Hanpasaenus. ConpsixenHbie
CeTH Ha MOBEPXHOCTH

Hanpasnenwe (du:dv) Ha perynspHo#t nosepxHoctu @
B TOuke P (u, v) Ha3HIBACTCH ACUMNMOMULECKUM, €CJAU HOP-
Ma/bHas KPHUBA3HA MOBEPXHOCTH B STOM HANpPABJEHUH PABHA
nymo. Takum oOpasom, Hampasienue (du:dv) Oymer acummTo-
THYECKHM TOrJA M TOJBKO TOTJA, KOTAA BHINOJHAETC YC/IOBUE

Ldi +2M dudv -+ N dv*=0.
5 A B TIoropenos
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OT1clo0a CAGAYET, YTO 8 SAAUNMHHECKOL moKe nogepx-
HOCMU He cywecmsyem QACUMRMIOMULECKUX Hanpasaenuil,
8 2unepbosuiecKoll moxKe cyuecmsyem 08a acumnmo-
MmusecKux Hanpasienus, 8 napadoiutecKoi mouxe — 00HO
acuMBMOMULECKOE HANPABACHUE, HAKOHEY, 8 mo4kKe ynio-
uwerus A1060€e HANpasAeHue SBASEMCS GCUMRIIOMULECKUM.

Kpusag nHa noBepxXHOCTH Ha3HBAETCs acumnmomuteckoi
AuHuefi, €CNM €€ HampasJEHHe B KauIo# TOuke fB/seTCA
aCuMNTOTHUYECKUM.

Orciona caenyer, uto

Ldi+ 2Mdudv-+ NdvP=0

ecTb audpepeHunasbioe ypaBHEHNE aCHMNTOTHUYECKHX JMHUH,

Ecau Ha nogepxrocmu pacnonodiceHa Npsmas, mo oua,
ouesudHo, 6ydem acumnmomudecKold auruei.

OTMeTHM OAHO NPOCTOE CBOHCTBO  aCHMOTOTHYECKUX.
Kacameasras niockocms nogepxrHocmu 8 Kaxcdoll mouxe
QCUMRIMOMULECKOH  AUHIIL  ABASCINCA  CONPUKACAIOUElics
naockocmero. JelcTBUTENBHO, €CaM B TOYKE P aCHMNTOTU-
YyecKO# JIMHHM 7 KPUBH3HA paBHAa HYJMIO, TO Kacarte/bHas
IJIOCKOCTh TNOBEPXHOCTH B TOUKE P sBJSETCS COnpuKacaiwo-
IeHcs yxe MOTOMY, YTO OHa MPOXOAMT Yepe3 KacaTeabHYIo
kpuBo#l. Ecan ke KpuBH3HAa Y B TOUKE P OTJMYHA OT HyJs,
TO KacaTelbHas IUIOCKOCTb COJAEPKHMT BEKTODH dr u d°r
(nepBHii nOTOMY, YTO IJIOCKOCTb KacaTeJbHas, a BTOPOH

. NOTOMY, 4YTO KpuBag 7T aCUMIOTOTHYECKAd H, CJACAOBATEJbHO,
ynosaersopsier yciaosuio d¥r-n=0). Orcioga cremyert, 4ro
¥ B TOM CJydae KacaTe/lbHas IVIOCKOCTb SIBASETCA CONpuU-
Kacaowehcs NJOCKOCTbI0 aCHMITOTHYECKOMN.

BbiiCHUM, NpM KaKOM YCJAOBHH KOOPAMHATHRIE /IBHMH Ha
NnoBepXHOCTH u = const 1 v==const OyAyT aCHMIITOTHYECKNMH.
IToacTasaas nocaenoBatelbHo u == const u v==const B ypasue-
HHE aCUMNTOTHYECKHX, 3aKJIOY3EM, UTO KOOPOUHAMHAA cemb
0y0em acumnmormuiecKol moz20a u moaAsko moz0a, Ko20Q
rxoagpgpuyuenmes L u N smopoii rseadpamuuroii opmn
DABHb HYAI0.

Teopewma B oxpecmrocmu 2unepbosuteckol nowxu no-
sepxnocmu ce2da moocem Ovims g8edeHa napaempusayus,
npu Komopod KOOpOuUHamHbMu AUHUAMUE OYOYMm aAcUMRMO-
museckue.
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d10 crenyer us obwe#t Teopemn § 3 ra IV, Tak kak
ACUMNTOTHYECKHE JMHUM YIOBJIETBODAIOT YPaBHEHUIO

Ldu®+4-2Mdudv -4 Ndv*=0,

AAs  KOTOPOrO YC/AOBHS YNOMSIHYTOH TEOPEMH BBIIOJHEHbI
(LN — M2 0).

[Tycts P — npousBo/bHas Toyka nosepxHoctu @, (du:dv),
(3u:%v)— ABa HanpaeJeHusi B TOUKe P Ha IOBEPXHOCTH.
Hanpasienus (d) u (D) HasblBAIOTCS CONPAJNCEHHBIMU, €CU CO-
AepWallge HX TpAMBE g; W gy SBJIAIOTCH  CONMPAKEHHBIMY
auaMeTpaMd MHAukartpucel Jlonesa B Touke P.

Takum oOpasom, aas Toro uToGn HamnpasiaeHus (d) u (3)
OhJIN  CONPSXKEHHHIMH, HEOOXOAUMO W IOCTATOUHO BBINOJIHE-
HUSL YCIOBHUS

L dudu -+ M (dudv + dv du) + N dvdv=0.

Henocpencreenno#t npoeepko#t MoxHo yOemuTbcs, uYTO
ycaoBME  COMPAMEHHOCTH HanpasjaeHu#t d u O jgonyckaer
KOMITaKI'HYIO 3aMNuCh:

dr-d3n=0
nian
or dn=0.

Acumnmomuueckue  HanpasAeHuss  ABAROMCA  CAMO-
CONPSLYCEHHBIMIL

[TycTs Ha noBepxHOCTM HMeeM [aBa ceMelcTBa JnHUH —
T« ¥ 7§,— oOpasyiomue CE€Th B TOM CMHICAE, YTO uyepes
KaXAyl0 TOUKY MNOBEDPXHOCTH NPOXOANT MO ONHON JnHUH
Kaxgoro ceme#crsa. Torma ceTo JuHuit, 06pasoBanHas cemei-
CTBaMU 7Y, H 7§, HA3BIBAETCS coMpsdicennoll cemsio, ecan
JUHUM CETH pPa3JHyHBIX CEMEUCTB B KaXIOH TOYKe HUMEIOT
COMPSXEHHBIE HaNpaBJCHAd.

Ecian KoopanHaTHas CeTh ABJASETCS CONPSHKEHHOM CeTblo,
T0 Ko3(duuueHt M BTOpo# KBampaTuyHO# (DOpMBI MOBEpX-
HOCTH paBeH Hymo. YUroOw yGeguThCs B 3TOM, HOCTATOUHO
3anucaTh YCJOBHE CONPSKEHHOCTH /9 HampasiaeHni (du:0)
u (0:3v).

B oxpecmnocmu rascdoid mourxu nogepxrocmil, He
AsAsOWelicst mouKoll ynaowenus, mooxem Gbolmo 88edeHa
napamempusayus max, 4mo KoopduxamHeie Auruu 6ydym

5‘
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o6pa3ossisams CONpaAxcenny0 cems. I[lpu smonm o00Ho ce-
Meiicmeo KOOpOUHAMHKbLX AMIKUL MOJNCHO 835 mb NPOU3BONLHO,
Auwd Obl AUHUU 3MO20 Cemelicmea He uMein Gcumnmomus-
YecKux HanpasAeHui.

§ 3. 'naBHBle HanpaBJeHHsT HAa NOBEPXHOCTH.
JINHUM KPUBH3HBI

Hanpapneune (du:dv) Ha MOBEPXHOCTH HA3BIBAETCS 24Q6-
HblM HanpasAeHueM, €Cli HOPMaJibHas KPUBHSHA MOBEDPXHO-
CTY B 9TOM HANpaBJEeHHH NOCTUTaeT SKCTPEMAaJbHOrO 3HAYEHHS.
Taxum 00pasoM, 3mo He 4mo UHoe, KAK HANPasAeHlsl, CO6Na-
damuwlle ¢ HANPasACHUAMU ocell UHOUKAMPUCH KPUBU3HObL.

Orcioma caedyer, YTo B KaxXJao# TOUKE MOBEPXHOCTH B
obweM caydae MMEETCs 1Ba r/IaBHBIX HanpasJjeHus.. CoBnamas
C HampaBJeHWMH OCeH HHAMKATPUCH KDUBUSHBL, 2.2Q8HbLE
Hanpasiexust opmo20HAAbHbL U CONPANCERSL, 2 CIIENOBATENLHO,
YIOBJIETBOPSIOT YCJIOBHAM

1(d, )= E dudu -} F (dudv -} dvdu) + Gdodv=0
(OPTOrOHANBHOCTD),
1(d,d)=Ldudu-}+ M(dudv-} dezz)-—}—Ndev:O
(conpsiXeHHOCTh).
WUckmouas w3 3tux ypasHeHuH du u dv, moayumm:
Edu+4-Fdv Fdu-+Gdo|
Ldu4Mdv Mdu-+4 Ndv
D10 4 ecTh HeOOXOAMMOE M NOCTATOYHOE YCJOBHE IJIA TOFO,

uro6nl HanmpasieHue (du:dv) OblIO TIaBHBIM  HalpaBJEHUEM.
Ero MoxHO 8anucatb # B JApyroft, OoJee cuMMeTpuyHON
popme:

dv® —dudv du®

E F G |=0. (*)

L M N

FaasHble HampaBJeHns He ONpeneseHsl B JBYX CJayyasix:
B cJyyae TOYKM YNJIOMIEHHS, TaK Kak B He#f moGoe Hanpas-
JAenue aBiserTcd raaBHEM (HOPMaJbHas KpuBH3HA B JmoOom
HanpaBJIEHWH DaBHAa HYJMIO), W B CHEMAJIbHOM CJayyae 3JIHI-
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TUYECKOR TOUKH, KOTJa MHIHKAaTpuca KPUBHU3HBI — KDPYT;
Takass TOYKa HaselBaeTcsa waposoid. B 1wapoBo#t Touke, Tak
e KaK M B TOYKE Yniomenus, mo0oe Hanpas/ieHHe SBJISETCA
raaBHeIM. DTO OOCTOSTENBCTBO OTPAXEHO B YCJIOBHH (*),
onpenensioueM riaBHue HampasiaeHus. OHO yHOBJETBOpSETCS
TOX/IECTBEHHO TOJBKO B ABYX cayyasx: L=M=N=0
(rouKa YMUIOWEHWs) ¥ B CJay4ae MPOMOPUHOHANLHOCTH KO3(-
(nuueHToB NepBoit KBaapaTHuHOH (opMH  Ko3(hduuneHTam
Bropo#i KBampaTuuHoil (opmbl (WIapOBasg TOYKa).

HopManbHbie KPHUBHIHBI 110BEPXHOCTH, COOTBETCTBYIOLLIHE
F1aBHBIM HAMPAaBJICHUSIM, HAa3BIBAIOTCA 2AQBHLIMU KPUBUSHAMU.

Teopema Poxnpura. Ecau nanpagaenue (d) asasemcs
2/1QBHBLM HANPABAEHIIEM, MO

dn=— kdr,

20e k— HopmassHas KpUBUSHA NOBEPXHOCMU 8 IMOM Ha-
npasaenuu. Obpamno, ecau 8 nanpasseruu (d)

mo (d) s6asemcs 2108Hb6LM HANPABACHUEM.

IlokasareasbcrtBo. Ilycts (8) — apyroe riaBHOe Hamnpas-
JeHue, NMepneHanKyaspHoe nepsoMmy. Bektop dm, Oyayuu mnep-
NEHANKYJISIPEeH M, NOMYyCKaeT NMpeACTaBJeHue

dn=NX\dr -} pdr.

YMHOxas STO PaBEHCTBO Ha O 1 8ameyas, yto dndr=")
B cuny conpsokeHHoctn HampasaeHutt (d) m (3) m dr-dr =0
B CWJAYy OPTOrOHa/JbHOCTM 3THX HaNpaBJeHuH, NMOayunM:

par*=0.

Orciona p=0. HUrak, dn=DXAdr. YmHOXad STO paBeHCTBO
Ha dr, moayunm:
(dr dn)=X\dr*.

Orciona caenyer, uto A=—k. [lpsaMoe yrBepxneHue no-
KasaHo.
IoxaxeM oOparHoe yTtBepxaeHue. Ilycte HampasieHue
(d) TakoBo, uTO
dn=\X\dr.

TMoxkaxeM, uT0o OHO sfBAseTCA raaBHeM. Ilyctes (8) —
HanpasjeHue, mnepnengukyaspHoe (d). Torma,  ymHoxas
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paseuctBo dn=>X\dr na 3r, nonyunm dndr=0. Ho 310 3ua-
yut, yro HanpasaeHuas (d) @ (3) compsxenuwe. Tak Kaxk oHu,
KpOME TOTO, OPTOrOHA/MbHE, TO OHH [JaBHEIE.

JInHUS HA TIOBEDXHOCTH HA3HIBACTCHA AlHUel KpuBU3HbL,
eC/i €€ HAnpaBJeHue B KawAOH TOUKe ABJAETCS TIJaBHHIM
HANp aBJCHHEM.

OTtciona cl1enyert, 4ro

dv® —dudv du?

E F G |=0
L M N

apaseTca AuGQepeHunansHpiM  YDaBHEHUEM JAUHUA KPHBH3HBL

Ecau roopounammnsie sunuu na nogepxrocmi A8ASI0MCS
MHUAMU KpuBu3He, mo Kosgunuenms. F u M nepgoii u
COOMBEMCMBEHHO 6mOPOll  KB8AOPAMUUHbLX (HOPM PpaABHbL
HYA10. \

F=0 B cuIy OpTOrOHaJLHOCTA KOODAUHATHOH ceTu, a
M=0 B cuiy CONpSKEHHOCTH.

Teopema B okpecmuocrmu Kasxcdod mourku P no-
8epXHOCMU, He S8ASI0Uedcs waposol moukol Ul mourxol
YNAOUEHUS, NOBEPXHOCHES MOJCHO NAPAMemMPU30BAMS MAK,
4mo KoopouHammublie AURUU OYOYM MIHUSAMU KPUSU3HBL.

He#ictButenbHO, AndepeHInamHOe ypaBHEHNE JIMHHH
KPUBU3HBI HMEET BHJ

Adu® 4 2B dudv -+ Cdv*=0. (%)

Tak kak B Kax10H TOuxe, Oiusko# K P, ecTb ABa M TOJBKO
[BAa TJIaBHBIX HAnpaBJIEHWS, TO TPEXUJIEH

A+ 2Bi 4 C&

uMeeT mBa BemecTBeHHnX KopHs. Ilostomy AC— B*<0.
ITo teopeme § 3 ra. IV orcioma crexyer, uTO CywWecTBYeT
napameTpusaius, Npd KOTOPO# KOOPAMHATHHIE JHHAK OyayT
WHTETPAJbHBIMH KPUBBIMH ypaBHEHHs (#%), T. €. JIHHUAMH
KPUBH3HHL.

B 3akmoueHue HOKaXeM OHY TeOpeMmy, KOTopas B He-
KOTOPHX CJyyasX MO3BOJSET MNPOCTO HAXOAWTb JAUHHA KpH-
BH3HHl MOBEPXHOCTH.

Teopema Ecau 08e nosepxrnocmu nepecexanincs
80046 Heromopol Kpugo | nod NOCMOAHHHM YeAoM U
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ecal 3ma KpuBas A8ASLEHICS AuHUel Kpusu3us. Ha o0HON u3
nosepxrocmel, mo oHa Oylem aunueii KpuwSU3HbB. U HQ
opyzod.
Hokasareasbcrtso. Ilpn auddepenunposannn BAOIL
KpuBO# 7 Ha NEpPBOH NMOBEPXHOCTH HUMEEM:
dnl p=——y )\1 df»
Inst BTOpO# NOBEPXHOCTH

dnyg=>Xxydr 4 pn, -} vn,.
VMHOXKHM 3TO PAaBEHCTBO CKaJspHO Ha ”; U M, Torma mo-
Jy4unM

nydny=p (n))+v(mns)  nydny =y (nny) 4 v (n3).

Ho nydn, =0, n,dny—=d (n,n3) — nydny = — nydn, =
— — nyh dr =0. Takum oO6pasom,

e 4y (mn) =0,  p(myng)+-vn;=0. ()
Ec/y MOBEPXHOCTH He KacaloTCi BIOJAb KPuBOH Y, T0 nini —
— (mny)* =\ ny X ny |? £ 0 u, clienoBarenbHO, PaBEHCTBA (##+)
BO3MOXKHB TOJbKO, ecmm p=v=0. Ho Ttoraa mas sropoii
NOBEPXHOCTH dng==)\gdr, a 3HAuuT, Y SIBJAETCS JMHUEH KpH-
BH3HBl AJI1 BTOPOW NOBEPXHOCTH.

‘Ecm noBepXHOCTH  KacaloTcs BAOJAb KpUBOH 7, TO
YTBEPKAEHUE TEOPEMB OUEBHIHO, TaK Kak B CHJIY TEOPEMBI
Ponpura, ecam Hampas/ieHWe JIMHWM | SIBJSETCS TJaBHBIM Ha
OJHOH MOBEPXHOCTH, TO OHO OyINeT TJIaBHHIM M Ha IPYroil.

Cnencteune Ecau cghepa (uiu naockocms) nepece-
Kaem KakKyi-Aubo NOBepXHOCmME MO0 NOCMOSAHHbLM Y2A0M,
mo AUHUS Nepecedenusi A8Asemcs AuHueld Kpusu3HsL.

JT10 CIEAyeT M3 TOro, uTo Ha cgepe (uan Ha NAOCKO-
cmu) a0bas Kpusas SA6AAEMCS AUHUEH KPUBU3HHL.

§ 4. CBs3p MeNy TJaBHBIMM KPUBH3HAMH NOBEPXHOCTH
¥ HOpPMaJibHON KPHBHU3HON B NMPON3BOJLHOM HanNpaBJeHHH.
CpenHnas 4 rayccoea KpMBH3HA MOBEPXHOCTH

BbipasuM HODMa/JbHYI0 KPHBU3HY [OBEPXHOCTH B IpO-
M3BOJIbHOM HAanpaBJEHHUH UEpe3 T[JaBHblE HOPMAJIbHBIE KpH-
BU3HbL. [L1 3TOro BBEIEM MPAMOYroJabHLE NEKapPTOBBI KOOP-
IOWHArBl X, Y, 2, TNPUHSB Kacareapblyio MJIOCKOCTb MOBEPX-
HOCTH B Npou3BoJbHOH Touke O 3a IJIOCKOCTh XY, a
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HOpMaZb TIOBEPXHOCTH —3a OCb 2. Bmbepem HanpasieHus
oceft x, y Tak, yToObl OHU COBMAJAIM C TJIaBHHMU HanpasJe-
Husimp B Touke O.

Ilycts z=2(x, y)— ypaBHeHHe NOBEPXHOCTH B OKpECT-
Hoctd Toukun O npm rtakoM Bui6ope KoopauHaT. B Touke O
2,=0, 2,==0. ITosTomy B TOUKE O

I=dx® | dy’,
I=rdx®*-}2sdxdy -} tdy’

Tak xax uampasnenns (0:dy) m (3x:0) B Touxe O, kak
TJIaBHBIE HampasJeHus, compsokeHsl, T0 s=0 n, crerosa-
TENBHO,

H=rdx*tdy»

Otciona HOpMaabHast KpPUBU3Ha B INPOMU3BOJBLHOM HamnpasJe-
nuu (dx:dy)
_rdx*4-tdy’
k= m . (%)

Beps wanpasienns (0:dy) u (dx:0), Bugum, uto r u t
SIBJAAIOTCA TNABHBIMA KPHBU3HAMY.

[Mycte & — yroa, o6pasyeMblf NIPOW3BOJBHEIM HarnpasJe-
nuem (dx:dy) ¢ raaBHeM HanpasiaenueM (dx:0), ky— nop-
MaJ/ibHasi KPMBH3HA B 3TOM HamnpasJeHun, By U Ry — riaBHbIE
KPUBU3HB, COOTBETCTByloue HanpasjeHuam (dx:0) u (0:3y)
cooTBeTCTBEHHO. Toraa H3 BHIPAXEHHS HOPMAJBHON KPHMBUBHEI
(¥) nonyuaerca ghopauyra Jiisepa 045 HOPMAALHOU KPUBUIHBL
8 NPOU3BONLHOM HANPABACHUU

k{)xkl COSQI(}—l—kQ sin?9.

W3 topmyasr Diinepa caemyer, uTo A NOJyYEHHS
HOPMaJbHOH  KDHUBUSHBI  IOBEPXHOCTH B  HPOHU3BOJBHOM
HanpaBJeHud JOCTATOYHO 8HATHL [JIABHblE KPWBH3HH IO-
BEPXHOCTH.

Hatinem Boipaxcenwe 119 TJAaBHBIX KDHUBMSH B  Clyuae
mo00ro napaMeTpuyeckoro 3alaHus [IOBEPXHOCTH.

IIycts ky n kg— rnaBHHIE KPUBH3HH NOBEPXHOCTH W
NyCcTh I/l ONPENEJEHHOCTH Ry ==k, B TakoMm ciyuae, Kak
Mbl 3HaeM, k&, SBJSETCA MAaKCHMyMOM, a Ry — MUHUMYyMOM
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OTHOLUEHHA KBaJPaTHYHHIX (OPM

Il L84 2Mén + Ny?
I = EFFoFm+ar -

Mycrs § N — sHaueHns nepeMeHHBX &, 7, M1 KOTOPHIX
5TO OTHOLIEHWE NOCTMraeT MaKcuMyma (CYWECTBOBaHHE Ta-
KHX §& ¥ 7 Ham yxe usBeCtHo). Torma mas Bcex & 7

II— iy <0,

npuuem pas §===£& u n==m nocruraercs paseHcTBo. OTCONa
cllefyer, YTo /I STHX 3HAuCHuH

(1 — Ry =0,

LE - My — ky (EE -+ Fn) =0,
ME - Ny — ky (FE 4 Gm) =0.

Wckaouas W3 STUX DABEHCTB & W 7, NMOJyYdM YpaBHEHHE
oag ky
L—kE M—FKF

M—RrF N—FkG
IIpoBoasi aHaJOTHyHblE PACCYXACHHS I KRy, MNOJIyuyaem

TO ke ypasHenue. Taxum oOpasom, aaasHsie Kpususus ky u
ky cymb KOpHU K8A0paAmMHO20 YpasHeHus

L—kE M—FkF
M—kF N—kG

=V,

1. €
B (EG — F*)— k(LG — 2MF -+ NE) + (LN — M*) =0.

Onpenenum Tenepp MOHsSTHE CpelAHeH M rayccoBOH KpH-
pu3Hbl nosepxHocTi. Ilonycymma riaBHHIX KPHBH3H MOBEpPX-
HOCTH

He= o (k1 ha)

11a35IBAETCSl cpedHell Kpusii3noid NOBEPXHOCTH.
Hasganne «CpeaHas KPuUBM3HA» ONPABABIBAETCH CJAENYIO-
ILMMHA €€ CBOUCTBAMH.
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Ecmu ky n k8+,t-—nopmanbnme KPHBH3HBI [IOBEPXHOCTH
2
B [IBYX B3aHMHO NEPNEHAMKYNIPHBIX HaNpPaBJAEHUAX, TO UX
[0JyCyMMa paBHa cpendeil KPHBH3HE IOBEPXHOCTH.
Cpenuee 3HaUEHUE HODMaJbHLIX KDUBHM3H MOBEP XHOCTH
B JiHHUH FO4KEe MOBEPXHOCTH

paBHO cpeaHell kpuBu3He mnoBepxHoctd. O0a 3tu  cBoOHCTBA
6e3 Tpyna noJayuaioTtcs u3 ¢opmyJsl  disepa.

[Tpoussedenre riaBHBIX KPUBH3H MOBEDXHOCTH HA3biBaeTcs
2ayccosol, Wi nOAHON Kpusu3Hoy TNOBEPXHOCTH

K= k1k9.

Hatinem BhipameHnne s cpelHe# W rayccoBofi KPHBH3HH
MOBEPXHOCTH uepe3 Ko3pdHUMeHTH NepBoil U BTOpOH KBai-
paTUYHHIX (OpM.

[TockoabKy riraBHbIE KPHUBU3HBI Ry, k3 MOBEPXHOCTH YAOB-
JIETBOPAOT YPaBHEHHUIO

k*(EG — F?) — k(LG — 2MF ~+ NE)+ (LN — M?) =0,

TO N0 CBOWCTBY KOpDHEH KBaAPaTHOTO YpaBHEHHs MOJYydyaeMm
1 1 LG—2MF 4 NE
H=gUtk)=5—Ff_fm
LN — M?

K=k ="gg—ps

B uyacrHoCcTH, €CIM  TIOBEDXHOCTb 3aJaHa  ypaBHEHHeM
z2=2z(x, y)
HelL1 (1+qg)r——2pqs+(l+p¢>t’
2 (I+p + g
rt — s?
K= mrrm+er
rne p, ¢ r, S, t — oObluHble 00O03HAaYeHUa A9 NPOU3BOMHHIX
¢dyukuun 2 (X, y).
3ameTnM, 4YTO -3HaK raycCoBOH KDHBH3HH ONpENE/seTcs
Bupaxennem LN — M2 Hostomy 2ayccosa wpususna noso-
HCUMENbHA 8 NAUNMUMECKUX MOYKAX, OMPUYamesbHa 8 2ii-




§ 41 CPEAHAS W TAYCCOBA KPUBHU3HA 139

nepOOAMECKUX U PABHA HYAO 8 Napaloau4ecKux moiKax
U mouKax YnAoujeHis.

[Iycts M — mo6Goe MHOXECTBO TOYEK Ha MOBEPXHOCTH.
OT/N0KNUM U3 NPOH3BOJIBHOH TOuKH O eAMHUUHHE BEKTOPH
HOpMaJiell TIOBEPXHOCTH B TOUKax MHoxecTBa M. KoHum sTtux
HopMane#l oOpasyloT HEKOTOpoe MHOXeCTBO M’ Ha eauHuy-
HOH cdepe. DTO MHOXKECTBO HA3HIBACTCH cghepuyecKus uso-
Opaogicenuem MuHoxectsa M (puc. 38).

CyulecTByeT 3aMeyatenbHas CBA3b MEWAY MNJIOMAABIO
TIOBEPXHOCTH, MJoWazsio ee chepuyeckoro uzoOpaxenus
¥ TayccoBod KpHBHU3HOM IOBEpPXHO-
cTh. DTa CBS3b BHIPAXAETCH CJENyIO- M,
el teopemoit n

Teopema Taycca Omnowe-

Hue naousadu cghepuiecko20 usobpa-

JCeHUs 06AaCmU HA ROBepXHOCMU K

naow,adu amoili o6racmit cmpemumcs n
K aGCOoAIMHOMY 3HAYEHUID 2aycco-

eoii KpususHsl 8 danHol moure O no-

eepxrocmu, Ko20a obaacme cmmsau-

saemcs K 3moil moiKe.

M1 npuBeseM 10Ka3aTeNLCTBO 3TOH
TEOpEMB B NPEANOJOKEHNH, YTO rayc-
coBa KpuBu3Ha B Touke O OTJHYHA Puc. 38.
oT Hyas, a obxacte G, craruBaonias-
¢t K Touke O, OrpaHuyeHa KOHEYHHIM UHCJIOM KYCOYHO-TJ/Iaf-
Knx KpuBbx. [lesqo B TOM, 4TO Cdepuueckoe H300paxeHue
obaactu G, ecm B Touke O rayccoBa KpHBH3HA PaBHA HYJIO,
moxer He OnTh oOnactbio. ITosTomy mas paccmorpenus 06-
IEero cayyas chaenoBano O ONPENEJUTh TOHSTHE MJOMAnH
s moBoro MHOXECTBa.

Wrak, nycts O — s/suntyueckas wam runep6oJnyeckas
Toyka nosepxHoctd n (G — o6nacTb, PacNoOJONEHHass B J0-
CTaTOYHO MaJoi oKpecTHOCTH Touk# O, OrpaHHyeHHas Ko-
HEUHBIM UHCJIOM KYCOYHO-TJIafIKMX KPUBHIX.

[TapameTpusyem NOBEPXHOCTh B OKPECTHOCTH TOuKH O Tak,
yToOBl KOOpAWHATHBIE JAHUY, TpPOXoxaume uepe3 Touky O,
UMeJH B 3TOH TOYKe TIJIaBHBIE HAaNpaB/EHHs.

Ypasuenue

r=n( v),
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rae n(u, ) — €IMHMYHHA BEKTOD HODMaau K TNOBEPXHOCTH,
NpeacTaBaseT CcoOOH napaMeTpusaunio eAMHHYHOH cdepul B
oxpectHoctd Toukn (O, coorBercrByiouefi Touke O nosepx-
nHocru. Jle#cTBurensHo, B Touke (O ycaosue n, X n, % 0
OueBHIHEIM 00pa3oM BHINOJHAETCH, TaK Kak m,=— kyr,,
ne— — kyr,, a2 1O HENPEPHIBHOCTH OHO BBINOJHAETCS W B
Hexkoropo#t okpectHoctu 3ToH TOoukm. Cdepuueckoe uzobpa-
xenue @ obaacru G, ecam obaacte G pacnosoxeHna B no-
CTaTOYHO Maso# oxpectHocTd Toukd O, mpencraBiaser cO6GOH
00/1aCTh, OrPAaHMYEHHYIO KOHEUHBIM UHUCJIOM KYCOYHO-I'aIKHX
kpushix. Ee nuomane
¢(@)=({1n, X n,|dudo.
a

Tak kak nmowans oGaactu G
s (@=/{Ir, X r,|dudv,

a
TO

(@) ny Xyl
0 T T xrdo | ikl

Teopema nokasana.

§ 6. JluneityaTbie MOBEPXHOCTH

IMosepxHocTs @ HasbiBaeTcss asemenmaproli auneiinamod
nogepxHocmsi0, €CIu uepe3 Kaxayilo TOuKy P oToH mosepx-
HOCTH TNPOXOAAT NpsMas, KOTOPas HMEET C MOBEPXHOCTbIO
o6mutt 0TPE3OK, COAEPHKAUH TOUKY P, NpHUEM KOHIK 3TOro
OTpesKa He NMPHUHALIENKAT NMOBEPXHOCTH.

Mpumep. Iycts a(u) n b(u)— aBe BeKTOP-PyHKUUH,
Onpele/eHHbe B OKPECTHOCTM TOUKH U ==1, YIOBJIETBOPSIO-
mpe B 3TOH TOuKe ycaosuio: b () # 0, b (ug) X @' (u,) %~ O.
Torma BEeKTOpHOE ypaBHeHue

r=a@4ub@) lu—g|<leo loj<le ()

npu JOCTATOYHO MajJOM & OmpelenseT SJEeMEHTapHYIO JnHeli-
4aryio MOBEPXHOCT.

He#crurensto, r, X r, # 0 npu HOCTaTOYHO MajoM &,
TaK Kak npu u=u, v=0, r, X r,=a’'(u) X b(uy) #0.
Otcioga caenyeT, 4TO NpH AOCTATOYHO MAJOM & YPaBHEHHe
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(#) ReHCTBUTENLHO ONpENesNseT NOBEPXHOCTb. To, 4TO 3Ta
NOBEPXHOCTb €CTb 3JIeMEHTapHas JuHeHuaTas HOBEPXHOCTb,
caeAyeT M3 TOTO, UTO yepe3 MNPOM3BOJALHYIO TOuKy (4, )
5TOH MOBEPXHOCTH NPOXOAUT npsmas r=a ')} tb (). Ee
otpesok |f|< e MeXHMT Ha MOBEPXHOCTH, @ KOHLH HE IpH-
naaaexar ef.

[Mosepxnocts @ naswiBaercs o0well Auneiivamoii nosepx-
HOCMbIO, €CIN KaxJas €€ TOUKA UMEET OKPECTHOCTH, SIBJIIO-
1Ly10Cst 3JIEMEHTapHOH JMHEHYaTOH NOBEPXHOCTHIO.

[TpsaMoMnHeHHBIEe OTPE3KH Ha JMHEHuaTol MNOBEPXHOCTH
Ha3bIBAIOTCA NPSIMOAUHETHOMI 00PA3Y 10 UsLLMIL.

Tak Kak uepe3 KamAyld TOUKY JMHEeHuaToH 110BEPXHOCTH
NPOXOANT nNpsiMoJHeHHas oO6pasyiomas, To B KaxAOH Touke
JHEHYaTOR NMOBEPXHOCTH €CTh HAaNpaBJEHHE, B KOTOPOM HOp-
Ma/lbHas KPUBH3HA MNOBEPXHOCTH paBHa Hymo. OTcoopa cie-
IyeT, YTO Ha JAuHeivamoll nosepxnocmu He modxcem Coimy
aaaunmudeckix mouex. layccosa Kpususna auxeiwamoi
NOBEPXHOCIMU OMPUUAMEAbHA UAL PABHA HYAIO.

[Ipamoruneiinse o0pasywulie L6ARI0MCA acUMnIMOmMuYe-
cKUMU AUHUSMU.

Hainem snokanbHOE MapaMeTpHuecKoe NMpPEACTaBJEHHE Npo-
W3BOJILHON JHHEHYaTON NOBEPXHOCTH, T. €. NapamMeTrpuyeckoe
NpencTaBjeHne B JOCTATOYHO MaJsioft OKPECTHOCTH NPOW3BOJb-
Ho#i TOukM P.

Bynem pasmuuath CACAYIOLHE CJyuan:

1. Touka P runep6oamueckas.

2. Bce TOuKM [OCTaTOYHO MaJOH OKpecTHOCTH TOukM P
napaboJmnyeckue.

3. Bce TOuKH B OKPECTHOCTH TOYKM P — TOUKH YymJolue-
Hu4.

B nepsoM cayyae no kpafinel Mepe oOnHO cemeHCTBO
aCUMNTOTHYECKHMX JMHUH B OKPECTHOCTH TOUKM P — npsMele,

IleficreuTenbHO, ANO0 BCE aCMMNTOTHYECKUE JAHHHH B OK-
pecTHoCTH TOukH P mnpsamble, au0o HalAyTCcs CKOJb YroaHo
6snskne K P acUMUTOTMYETKHE Y, HE ABJSIOLINECS NPAMBIMH,
Ho Torna Bce acumnToTHUECKHE NEPECEKAIOMHUE T CYTh NPSMBIE,

Ecau r = a (u) — ypasHenne acumntotuyeckolt v, a b (u)—
€INHUYHBIH BEKTOP BTOPOTrO aCHMNTOTHUECKOrO Hampas/eHus,
TO MOBEPXHOCTb B OKPECTHOCTH TOUKH P MOxer OuTh 3a-

JaHa YpaBHEHHEM
r=au)-+ vb (1)
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Paccmorpum BTOpO#t cayuah. B srom cayuae npsamosu-
Heilnpie oOpasyiouue SABJASIOTCH JMHEAME KpuBu3HHL. Yepes
Kaxaylo Touky Q, Onuskyio K P, NPOXOIMT TOJBKO OnHa
npsMosuHeliHas oOpasylowas. IIposenem uepes Touky P Kpu-
By1©0 Y r=a (1) Ha NOBEPXHOCTH TaK, YTOOH HanpaBjeHue ee
B TOuKke P He coBmagalo ¢ HanpaeJeHueM oOpasymouwett.
Ennnnunsifi Bektop b (1) obpasyomeft sBiasercs peryaspHoi
dynkuueit oT u. B OKpecTHOCTM TOYKKH P MOBEPXHOCTb MO-
WeT ObiTh 3alaHa ypaBHEHHEM

r=a(u)-}+ vb ()

Teneps paccmorpum Tperufl cayuaf. Tak kak Bce Toukm,
Gauskue K P, CyTh TOYKH YIUIOWEHHs, @ B TOUKE YIVIOUIEHUS
moboe HanpasJeHue ABJISEeTCqd TIJaBHBIM U HOPMaJbHas Kp4-
BU3HA B JOGOM HaNpaB/JeHHH paBHA HYJIO, TO MO Teopeme
Poapura dn=0 B oxpectHocTu Toukn P. CremosartesnbHo,
n=ny,=const. Tak kak ndr=0, 10 ny(r —ry)=0. Ta-
KuM 00pa3oM, B TPETbEM CJyuae JOCTaTOYHO MaJias OKpecT-
HOCTb TOUKHM P ecth oOaacth miockoctu. Ilycts @y u by —
mo0bie HE3aBUCHMblE MOCTOSHHBIE BEKTOPHL, NPUHALJENKAILKE
5To# maockoctd. TOraa MOBEPXHOCTb B OKPECTHOCTH TOYKH P
MoOxeT ObiTh 3a/laHa ypaBHEHHEM

r = au - byv.

Wtak, BO BCEX pacCMOTPEHHBIX HAMH CAyvasX JAuHeliwa-
mas nosepxHocmes 8 00CMAMOUHO MAAOE OKpecmHocmu
Kaocdoll mouxu 0onycKaem napamempu3ayuio suda

r=a(u) -} vb ().

Tenepb MBI PacCMOTPHUM BaXHHH KJacc JuHeHYyaTHX MO-
BEPXHOCTEH, TaK HA3HIBAEMbIX PAa3BEPTHIBAIOUINXCH [OBEPXHO~
cTei.

IMosepxuocts @ HasviBaeTCs paszsepmoisaioueiics nogepx-
HOCMB10, €CJIH OHA JIOKAJbHO H30METPHYHA TJIOCKOCTH, T. €.
€CAR Y KawJOoH TOUKH TaKOH NOBEPXHOCTH €CTb OKPECTHOCTH,
usoMeTpuyHas 00JacTd Ha MIOCKOCTH.

OkassiBaeTc, 0451 mo20 4molbl nosepxXHocms Gbiaa pas-
sepmoiBaioueiicss, Keo0xXo0uMo it 00CMAMOUHO, 4molsl Y Hee
2ayccosa Kpususna 6cidy Owaa pagna wyaw (ra. VI § 2,
ri. 1X § 6). Takum oOpasoM, pa3BepTHIBAOIINECA NOBEPXHO-
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CTH MOXHO ONpPENEJHTb KaK NOBEPXHOCTH C HyJAeBOH raye-
COBOH KPHBH3HOM.

[ToBepxHOCTb, sBAAIOMmMAsCA orubawome#t ogHomapameTpu-
yecKOro ceMelcTBa MJIOCKOCTEH, AIBJSETCA pasBepTHBaloOmencs
noBePXHOCTbIO. JleficTBHTENRHO, B cniay Teopemm Poxpura
HarnpasJieHue BAOJb INpsAMoJMHeHHO# o6pasyiowel sBiseTcs
raasHuM HanpasjeHneM. WM Tak Kak HoOpMasbHas KpHBHM3HA
B STOM HaMpaB/JeHUM PpaBHA HY/I0, TO PaBHAa HYJ/HO W rayc-
coBa KpHBH3HA.

Msyunm cTpoeHne pasBepTHIBAOIIEHCA NOBEPXHOCTA B
OKDPECTHOCTH 11pOM3BOJbLHOM TOuKM P. Byaem pa3auuath IBa
cayuas:

1. B oxpectHoctd Touku P cpennsis KpususHa H=0.

2. B okpecrHoctn Toukm P cpenuss KpususHa f £ 0.

B nepBom cuayuae raaBHbie KPHBU3HBL TMOBEPXHOCTH B Kaw-
noii Touke, OsnusKoi K Touke P, paBHe Hymo. CienoBarensHo,
Kaxaas Touka, 06/uskas K P, fB/ifeTcd TOUYKOH YIJIOILEHHS.
Ho toraa, kak OblJIO NMOKa3aHO BHILIE, Y TOYKU P ecTh OKpecr-
HOCTb, SIBJISIOLLAsACS OO0JaCThIO MIOCKOCTH.

PaccmoTpum BTOpO# cayuall. BsegeM Ha NOBEPXHOCTH
KOODAMHATHYIO ceTb W3 JuHu# KpususHel. Ilycts auHNK u
(1. e. v=const) OyayT Te JUHHH KPUBW3HB, BIOJb KOTOPBIX
HOpManbHas KDHBH3HA NMOBEDXHOCTW PaBHa HYJIO.

[To teopeme Poapura n,=0, Tak Kak HOpMmaJpHas KpH-
BU3HA B HanpaeJeHuWW JUHUH 1 pasHa Hymo. OTciona cae-
IYeT, YTO HOPMaJu K INOBEDPXHOCTH BHOJb JHMHWUHM U Napat-
JIeJIbHBL.

[MokaxceM, uTo JuHUM i — npamsle auHun. Wimeem r n =0,
Orciona BAOAb JuHuK u noayuaem (r — ro)n==0. Takum o0-
pasoM, JnHus u niaockas. [lanee, Bekrop n, 7= 0 Hanpasiex
no HoOpManu JuHMM uw. A TaK Kak (1), =(n,), =0, T0 HOD-
Mand JuHuE © napaanesbHel. Ho ato moxer OBTh TO/MBKO
10043, KOTJa JIMHAS o npsaMas.

Mrak, B 06oux cayuasx passepmbwarowaﬂc;z nosepxrocms
fA8Aslemcs  AHeiuamoli, 80046 NPAMOAUHEAHHX 00pas3yio-
wux KacameavHas niockocmb He Mensemcs. Takum o6pa-
30M, BO BTOPDOM H3 DAacCMOTPEHHBIX C/yua€B KacaTeJbHasi
TUVIOCKOCTh 3aBHCUT TOJbKO OT ONHOro mnapamerpa (v) u,
C/IeJIOBATENLHO, Pa36epMblBAIOUASCT NOBEPXHOCME  S6AS-
emcs oz2ubaiuell 00HONapamempuecKozo cemeiicmsa nao-
cKocmet.
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§ 6. NloBepxnocTu BpameHus

TMoBepxHocTs F HA3HIBAaETCA MNOBBPXHOCMBIO BPAULEHUR,
ecmu OHa o6pasyeTcs NpM BpAaLICHUHM HEKOTOpoH Kpuso#
oko0 ocd. JIuHMM nepeceyeHus Mno-
BEPXHOCTH C IIIOCKOCTSMH, NPOXOAS-
IIMMH Yepes OCb BpallleHNs, Ha3bBaIOT-
Cs Mepuouanamu, a JAHAA NepeceyeHns
C TUIOCKOCTSMH, TMEepNeHInKYIapHbiMA
ocd, Ha3LIBAIOTCH napasteasmu (puc.
39).

CocraBuM ypasHeHue MOBEPXHOCTH
BpailleHus, KOTopas oO6pasyercs npu
BpallEHAN KDPUBOH T:

Puc. 39. x=¢@ z=9(@)

PACTON0KEHHOH B MJIOCKOCTH XZ OKO-
a0 ocun 2. Touka (p(u) O, ¢ (w) Kpuso# Y npu nosopore
KPUBO# Ha yroJ v nepexoiauT B TOUKY

(p(u)cos v, ¢ (u) sin v, P (u)
Otciopa ypaBHeHHe MOBEPXHOCTH BpaILEHUs:

x=9¢()cosv, y=o()sinv, z=4¢(u)

Jlunny v = const CyTb MEpPHAHAHH [I0BEPXHOCTH, @ 1 = const—
Hapanienu.
ITepsas kBagpaTtnyHas ¢opmMa HOBEPXHOCTH —

I=(¢"+ ¢ du? 4 o* dv?
Mbl BHAUM, UTO MepuluaKb. U NAPAANCAU NOBEPXHOCIN
spaweruss obpasyrom opmozonassryw cems (F==0). Bnpo-

ueM, FeOMETPHYECKH 3TO OYEBHHO.
Bropas kBagpatHyHas (opMa MOBEPXHOCTH —

L Ve—ve o Ve
= du L ——dv’,
vere " Varre

Mgl BuAMM, 4TO mapa/jies s W Mepuiuansl o0pasyioT co-
npsxennyo cets (M=0). Tak kak, kpoMe TOro, 3Ta CETH
OPTOroHa/MbLHA, TO NAPAAACAU U MEPUOUAKb. ABASTIOMCA  Al-
HUAMU Kpugu3Hsl. DTO SCHO M TeoMeTpuueckd, n6o MI0CKo-
CTW, MPOXOLsILHE Yepe3 OCb U NEPNEHANKY/IAPHbHE OCH, ne-
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PECeKaoT MOBEPXHOCTb BpauICHUs MOJ NMOCTOSHHBIMHU YrJIamd,
CornacHo creacrsuo Teopemsl § 3 ra. VII smHuu nepeceve-
Hes (T. € MepuauaHH ¥ Napajieln) NOMKHB ObTh JIHHUSIMH
KPUBH3HHI.

OrtHocuTe/BHO NEpBOH ¥ BTOPOH KBaAPaTHYHHX (OpM
MOBEPXHOCTH BPAIIEHHUs CYIIECTBEHHO 3aMETHUTb, 4TO KO-
¢uuuenTsr 3THX (OPM 3aBUCAT TOJABKO OT .

Ha#tmeM rsaBHBle KDUBHM3HH TNOBEPXHOCTH BpaIUEHHS.
Ilycts k) — KpUBU3HA MepuUAMaHa, By — KPUBU3HA Mapaiieny,
§ — yroJ, obpasyemnit KacaTeJbHOH MepuAnaHa C OCbIO MO~
pepxHOCTH. Tak Kak MJIOCKOCTh MEpHAMaHa TEPEeceKaeT Mmno-
BEPXHOCTh NON TNpPSMBM YTIJIOM, TO HODMQAGHAS KPUBUIHA
NOBEPXHOCMU 8 HANPABAEHUW MepuduaHa pasHa Kpusu3He
sepuduana, 1. e. ky. Ins KpUBU3HH NOBEPXHOCTH B HANpaB-
JeHnn mnapajsiens no teopeme MeHbe mnosyuaem 3HaueHue
kycos d. BeanmumHa kg cos & nmeer npocro#i reomeTpHuecKui
cmeict. WiMenHo, ecau oGosnawums d 0iuny ompe3xa Hop-
Maau nosepxrocmit 00 mouxu nepeceverus ¢ ocvl (puc. 39)
mo

kgtost = _I__

B sax/oyeHue 3TOr0 maparpada nocmpous npumep no-
8EPXHOCIMUI BPAULEHUS NOCMOSHHOL OmpuyamensHol 2aycco-
80l KPUBL3HYL,

[Tycts ocChi0 BpalleHus SBJsSETC OChb 2. YpaBHEHHe Me-
pnavada MOBEPXHOCTH B MJOCKOCTH X2

x=x(2)

Hopmanbnas KpuBusHa NOBEPXHOCTH B HAnpaBJeHHH Mepu-
nuaHa

"

BTN

HOpMaJIbHaﬁ KpHUBU3HA TNOBEPXHOCTH B HampasJIEHUW mnapaJ-
Jesn

ky

1
x(l4xn'e’

Orciona rayccoBa KpuBH3Ha NOBEPXHOCTH

—x"
K=z
6 A B. Moropesos

kg=——
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Y'MHOXas 9TO YPaBHEHHE Ha XX, MOJYUUM:

- xlxl'
Kex' =y
Nurerpupys, nojayuum:
1
2 —_
Kx + = 'l—_l—?,

rI€ ¢— NpOu3BOJbHAS MocTosHHAs., lJas BO3SMOXHOCTH HaJib-
Hefllllero WHTErpUpOBaHNs B 3JJEMEHTAPHHX (YHKUHSX M0JO-
wnuM ¢=—1, Torua

9 —Xx?
K¥'=—F0+ T
Monoxum x'=tg 9. Umeem
9 1
Kx*=— sin?}, x=——=-sin¥d.
V=K
Haee,
dz 1 cos® 3
=ﬁ($ — sinB) ds.
Orcrona
2= VL_K (cos 4 1In tg%)—]—c.

TocTosiHHAas ¢ He CYweCTBEHH3, OHa COOTBETCTBYET CIBHIY
MepuinaHa NapajenbHO OCH.
YpaBHeHue Mepuanana:

1 9§
sin¥, =z V=R <cos +Intg 2>

DT1a KpuBaa HasmBaerci mpaxmpucoi. OTIMUATENBHBIM
cBOCTBOM €€ #BJSETCS TO, YTO OTPe30K KacaTelpHOH oT
TOUKM KacaHug 10 ocu 2z nocrosHeH. Takum o6pasom,
HalllleHHas HaMP NOBEPXHOCTb MNOJMYYaeTcs BpallleHWeM TpaK-
TPUCH. DTa NMOBEPXHOCTb HA3HBaeTCA ncegdocghepoi.
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Ee ypasnenus:

1
X=———sin & cos ¢,
V=R ¢

1
= —— sin ¥ sin ,
’TV=x ?

é:T/i:K<cos8+lntg%>.

IMpencrasaenne o ¢dopme ncesiocdepst gaer puc. 40.

YINPAYXHEHWA K TI'JIABE VII

1. Bolugcantb BTOPYIO KBanpaTHuHY0 GOPMY miA BUHTOBOH mno-
BEPXHOCTH
X=ucosv, y=usiny, z2=0.

— 2du dv
Va1’

2. HafiTn HopManbHYI0 KpHBH3HY mapa6ononna z == % (ax®*4-by?)

Omgem.

B touke (0, 0) B HanmpaBieHnu (dx :dy).
adx®-bdy?
dx? - dy? °

3. Tloka3satb, yT0 NMpH MOGOW mapameTpu3auUu MIOCKOCTH BTO-
pas KBagpaTHyHasd QopMa TOXIECTBEHHO DaBHa HYINIO; NPH MOGOH
napaMeTpH3auuy ceps BTOpaf KBaApaTHyHasd (opMa NPONOPUHO-
HalbHa NepPBOii.

4, Haiitu acuMOTOTHYECKHE THHUH NOBEPXHOCTH
X
2= — + :‘L .
y X

1 1
;?—37
5. OnpenenuTh acHMMNTOTHYECKME JMHHU KaTeHOMIA

Omgem. k=

Omsem. x=¢,y, = C,.

x=chucosv, y=chusino, z=u.

Omsem. u - v=const, u— v= const.

6. nOK&SaTb, 4TO Ha TeJMHKOUAe OZHO CeMelCTBO acCUMNTOTHYE-
CKMX COCTOMT M3 NpAMBIX, a APYroe H3 BHHTOBLIX JNHHUH.

7. Ha noBepxHocTn
ax®4-by*+ 22 =1
HaUTH CEMEHCTBO JNHHMMH, conmpsasmeHHOoe ceMeHCTBY y = const.
Omeem, 1—by®=kx?% rae A — 0poU3BOIbHOE MOCTOAHHOE.
6.
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8. MNoxka3saTb, YTO KpuBbIE mepeHoca (u = const, © = consl) Ha
NOBEPXHOCTH TepeHoca

r=Uu)+V(v)

06pa3yloT CONPAXEHHYIO CeTb,
9. Onpexeautb TaaBHble KPHBHU3HH mapaGonouna

z=ua(x®*+4y* B TOouke (0, 0, 0).
Omsem. 2a, 2a.
10. Onpeneautb AWHUH KPHBH3HBI Ha TeJIHKOUIE

X=ucosv, y=usinv, 2z=cv.
Omeem.

In (z 4V uf F %) — v = consl,
In(u+4VutFc*)+ v=const
11. HailTu auHMn KpHBH3HB napaGoaonia
z=axy.
Omeem.
In(ay + V' 1Fa%?) = In (ax + V1T a®x?) = const.
12. Haittu cpexnioo ¥ rayccoBy KpHBH3HY NapaGoniouia z = axy
B Touke x =y =020,
Omeem. K=—a? H=0.
13. TMokasarth, YTO cpelHAA KPHUBH3HA TeJMKOHMIA pPaBHA HYIO,
14. TlokasaTth, YTO CpefHAS KPHBH3Ha KaTeHOMIa

VETy
a

z=a Arch m———=—

paBHa HYMO.

15. l'loxasarb, 4YTO €CIM CpenHAA KPHBH3HA NOBEPXHOCTH paBHA
HYJ10, TO aCUMNTOTHYECKaA CeTb — OPTOroHalbHasd.

8AJJAUN U TEOPEMBI K T'JIABE VII

1. Hycts r=r (4, v) — NPOU3BONbHAA NOBEPXHOCTD, (Up, Up) —
NoCne10BaTeAbHOCTb TOYEK, CXONAMAACA K ToYke (#,, U,), H
(a:b)—nanpasnesne B TOuke (4), ¥,), B KOTODOM HOpManbHad
KPHBM3HA MOBEPXHOCTH OTAWYHA OT HYJ.

Ioxasars, yt0 ecam npu kR —>co

up,—u a
23 0 2
UVp— Uy b

TO HanmpaBJeHHe NpPAMOH NepeceueHHs KacaTelbHbIX NIOCKOCTeH no-

BEPXHOCTH B TOYKax (u,, U,) U (8, V) CXOAHTCA K HaNPaBICHHIO,

conpaxeHHoMYy (a:b).
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2. Jloka3ath, YTO MPH NPOEKTHBHOM, B YAaCTHOCTH, adduHHOM,
npeo6pa3oBaHHH NMOBEPXHOCTH CONPSKEHHAs CeTb NEPEXOLUT B CO-
NPAKEHHYIO, aCUMITOTUYECKAsA CeTb MEPEXONUT B aCUMNITOTHYECKYIO,

3. Ceuennus nOBePXHOCTH MyYKOM MNJAOCKOCTEH, NPOXONSHIUX
Yyepes MPOU3BONbHYIO NPAMYIO g, M JHHMM KacaHHs 9TOH NOBepx-
HOCTH C ONHCAHHBIMH OKOJO Hee KOHYCaMH, UMEIOL{UMH BepIIHHbI
Ha MpAMOM g, O06pa3yIOT CcONpMKEHHYI0 ceTb (meopema Kenuzca).
Hoxa3arb.

4. loxasaTh, YTO KpHBbIE MEPEHOCA HA IMOBEPXHOCTH MepeHoca

r=U@u)+V(v)

(1. e. KpuBble # = const, v = const) 06pPa3yl0T CONpPSKEHHYIO CETb.
5. Jlokasatb, yT0 Ha nosepxHocTAx I[lerepcona

L U@ +V(v)
T U+ V)’

rne U u V—sextopusie, a U u V — ckanspusie GYHKUMH YKa3aH-
HBIX apryMeHToB, ceMmeiictBa # = const 1 v = const o6pa3syioT con-
PAXEHHYIO CeTb.

6. Ectu kaxmas TOYKA NOBEPXHOCTH ABASAETCA WIAPOBOH, TO
NOBEPXHOCTb eCTh cepa Uau obGnactb -Ha cdepe. [loka3ars.

1. Haittm wapoBsie TOYKM Ha dMauncoume

xS y2 zE
Ftpta=L_

8. Jlokasatb, YTO eCIM aCHMNTOTHYECKHE JHHHM Pa3idUUHBIX ce-
MefCTB MMEIOT B MX OOuled TOuKe OTIAMYHbIE OT HYJAA KPHBHU3HBHI,
TO OHM HMEIOT DaBHBlE NO BeIHYMHE, HO MNPOTHBOMOJIOXHbIE MO
3HaKy KpYyYeHHs.

AGconioTHAas BeAMYHHAa KpYYeHHs paBHa aOCONIOTHOMY 3Haue-
H{I0 TayCCOBOH KPHBH3HBI OBEDXHOCTH B NAHHOH TOYKe (meopema
Beasmpamu — IxHenepa).

9. Mycre r (4, v, W) —— BeKTOp-QYHKUHA apryMeHTOB U, U, W
Joka3aTh, 4TO eciau

Fyly=Tyly =Tyl =0,
10
Fuolw = Fywly = Fyyl»=0.
10. Tlyctp uMeem Tpu ceMelCTBA MOBEPXHOCTE:
9 (X, ¥, 2y =const, ¢ (x, y, 2)=const, (X, y, 2)=const,
npuyeM AKOGHaH
Q_(‘?'___W¢0
D(x, 3, 2)

ToBopsAT, uTO yKa3aHHBIE ceMeficTBa 06pa3sylOT mpPUOPMO20HALD-
HY10 CHCTEMY MOBEPXHOCTEH, ecan MoGhe B MOBEPXHOCTH pa3iauy-
HbIX CeMei{CTB MepeceKaloTCs MO MNPSMBIM YrIOM.

Hoka3aTb, YTO MOBEPXHOCTH pa3TMYHBIX CeMeHCTB TPHOPTOro-
HaJIbHOM CHMCTeMBl NMEPECEKAnTCA MO IUHUAM KPUBHU3HBL
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11. Ha#lTn IMHHH KDPHMBM3HBHI Ha NOBEPXHOCTH BTOPOro MOpsAIKa
wrt 4y 12 =1,
BKIIOYHB €€ B TPUOPTOTOHANBHYIO CHCTEMY CODOKYCHHIX MOBEDPXHO-
cTeit BTOPOTO MOPANKa.

12. TlosepxHocTb  Ha3blBaeTCA napassesbHoli NoBepxHOCTH F,
eciM OHa ABIACTCA TeOMETPHYECKHM MeCTOM KOHLOB OTPE3KOB
TIOCTOAHHOH IUIHHBI, OTIOXEHHBIX Ha HOPMaifAX MNOBepXHOCTH F.
Bynem cuuraTh COOTBETCTBYIOIMMHM TOYKaMH noBepxHocreit F u @
KOHLLBl OTPe3KOB, O KOTOPHIX MIeT peyb B ONpeneneHHH.

Ioka3satb, 4TO:

1) xacareiabHble NJIOCKOCTH B COOTBETCTBYIOLIMX TOYKAX MO-
pepxHocteit F u ® mapaanenbHsl;

2) CBOHCTBO NapamnenbHOCTH B3aHMHO (T. e. ecin @ mapaa-
aeabHa F, To F napaanenbna @),

3) AMHHAM KDMBH3HbI MOBEPXHOCTH F COOTBETCTBYIOT JHHHMH
KPHBHU3HBI NMOBEPXHOCTH P,

13. Ecau Touka P nosepxHocTH F He sBIAeTCA HU LIapPOBOIf
TOYKOH, HH TOYKOH YNJIOLICHHA, TO B OKPECTHOCTH TOYKH P no-
BEPXHOCTH NapaiienbHbie -F ¥ pa3BepThIBalOLIHECA IOBEPXHOCTH,
006pa30oBaHHble HOPMAJIAMM MOBEPXHOCTH F BIOAb JMHUA KPHUBH3HBI,
06pa3yloT TPHOPTOTOHANBHYIO CHCTeMy MOBepxHocTed. Jlokasarb.

14. lokasaTb, YTO NPH HHBEPCHH JIMHHHM KPUBHU3HbI aHHOU MOBEPX~-
HOCTH TNEPeXoAAT B JHHMH KPUBH3HBI NPe0OPa30BaHHON! MOBEPXHOCTH.

15. Joka3atb, YyTo MpH KOHDOPMHOM OTOOGPaXKEHHH NPOCTPaH-
cTBa Ha ce6a cdepa nepexoaut B chepy Ham naockoctb. Onupasch
Ha 3TO, N0Ka3aTb B CBOI0 OYepelb, YTO J11060e KOHPOPMHOE mpe-
o6pa3oBaHHe MOJyyaercsAs NpHMeHeHHeM mpeo6pa3oBaHHit momobus,
JIBUXKEHHA, 3¢PKaJbHOr0 OTOOPaXEHHS W HHBEDPCHH.

16. BoipasuTh cpengHIOI0 M TayCCOBY KPHBHM3HY NapalieilbHOH
NOBEPXHOCTH uYepe3 CPEINHIOI0 M TayCcCOBY KPHBHM3HY NaHHOH mMo-
BEPXHOCTH M PacCTOAHME MEXIy MOBEPXHOCTAMH.

17. Myctb nosepxnocth F

r=f(u, )

nojxBepraeTca uecpopMauun TaK, Y10 K MOMEHTY [ OHa nepexomut

B NnOBepXHOCTb Fy
r=f(u, v)+t\(u, v)n

JlokasaTb, YTO NPH MalkbX ¢ H3MEHEHHE MJIOLIaH MOBEPXHOCTH, 06yc-
Z0BJeHHOE NedopMalkieil C TOYHOCTBIO X0 YJAEHOB NMODANKA f, PaBHO

Qt;)\H ds,

roe H—cpenHas xkpuBH3Ha nmoBepxHOoCcTH F, a do— 3meMeHT mio-
1manyd 3TOH MOBEPXHOCTH,

18. TloBepxHOCTb F Ha3bIBACTCSA MUHUMAAbHOU, €CIH Y Kax-
J0#f TOYKM P 3TO{ NOBEPXHOCTH €CTh OKPECTHOCTb », OrpPaHHYeH-
HaA NpocToft KPUBOH v, Takad, YTO MoGas NOBEPXHOCTb C KpaeM y
¥MeeT MJoLafb He MEHbIIYIO, YeM OKDeCTHOCTb @ MOBepXHOCTH F.
HokasaTh, YTO MHHMMaibHasd NOBEPXHOCTb HMeeT PaBHYIO HYIO
CPEIHIOI0 KPUBH3HY.
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19. Jlokasath, uto chepuyeckoe oTOOpaXeHHe MHUHHMaIbHOH
MOBEPXHOCTH B OKPECTHOCTH KaXIOH TOYKH, HE ABIAIOMIEHCA TOUKOH
yroueHus, KOHQOPMHO.

20. TMokasaTb, yTo nmuaoumags o6nacty G orpaHHYeHHOH KPUBOH Y
Ha MHUHMMalbHOM NOBEPXHOCTY paBHa

c=—12— S (r, dr, n)
1

(dopmyra Llsapya).

21. loka3aTh, YTO ecIM MHHHUMalbHasd TNOBEPXHOCTb JHHeliua-
Tas, TO OHa AMG0 IJIOCKOCTb, MHGO reIHKOWI.

22. loxa3aTh, YTO e€caiM MHHHMaibHas TNOBEPXHOCTb ABAAETCA
NOBEPXHOCTHIO BpaleHUs, TO OHAa AHGO MIOCKOCTb, MH60 KAaTEHOMI.

3. Haiity B KBagpaTypax Bce NOBEDPXHOCTH BpallleHHA C NO-
CTOSAHHOH TrayCCOBOH KPWUBH3HOM.

'TABA VI
OCHOBHBIE YPABHEHMSI TEOPUU TOBEPXHOCTE

B mByx npemsaympx riaBaXx Mbl PacCMOTPead psl BO-
NPOCOB TEOPUH MOBEPXHOCTEH, A/ PELIEHHs KOTOPHIX AOCTa-
TOYHO 3HATh TOJBKO NEPBYIO U BTOPYIO KBaApaTHuHble (OPMBI
NOBEPXHOCTH.

EcrecTBEHHO BO3HMKAaeT BONpPOC: B KaKO# CTemeHu nep-
Bas M BTOpast KBaApaTHuHbie (OPMbl NMOBEPXHOCTH ONPENEAIOT
MOBEPXHOCTb M KaKMM YCJIOBMAM JOJDKHH  YAOBJETBOPATH
KBaJpaTuuHsie (POpPMbl

Edu®4-2Fdudv+ Gdv®, Ldu*+2Mdudvo-+ Ndo?

LI TOrO, YTOOB CYIIECTBOBaJa MOBEPXHOCTb, IJA KOTODPOH
5TH KBaIpaTHuHbie (OpMB OB NEpBO# M COOTBETCTBEHHO
BTOpOH KBaZpaTHUHHIMH (opMaMu?

OrseT Ha 3TOT Bompoc OyAeT JaH B NMOC/AEIHEM INapa-
rpade Hacrosmeh raasw Teopemoi boume.

§ 1. JdepuBanuoHunie (HopMmyJibi

IepupaluoHHbie (OPMYJBl AJs TIOBEPXHOCTH SBJSIOTCH
anajsorom ¢opmyn Ppene ans kpusbiXx. OHHM HAOT BHpaxe-
HUg 1S NPOUSBOLHBIX BEKTOPOB F,, I, I Y€pe3 3TH BEK-
TOPH ¥ Ko3(duineHTsl nepBo#l 1 BTOPOH KBagpaTHYHBIX POpPM
nosepxHoctu. [Toayunm atu opmyib
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Tak Kak BEKTOPH r,, r,, # HE Jexar B OAHOR mIOCKO-
cTH, TO JOGOH BEKTOP HOMYCKAaeT NPEACTABJIEHHE B BHAE
JAuHeHHON KOMOMHAUUH BEKTOPOB r,, I, M. B uactHocTH,

— T 2
T =Tur, +Tirs + M,
J— 2
1w =T1r, -+ Tsrs 1 Mg,
Ty = Pée"u + T'rs + )‘22"':
nu et a“ru + U.mrv —‘i—- U.wn,
Ny == ayT, —} Ggoly - gt
Iokaxem, uto KospduineHTs I‘g., )\i]., o,; NEHCTBUTENbHO
BHIDAXAIOTCH Yepe3 Ko>3(pHuUUEeHTH NEPBOH U BTOPOH KBai-
paTUYHBIX (POPM MOBEPXHOCTH.

Bo-nepBhX, 3aMETUM, YTO KO3(OUIMEHTH Oy U 0y PAaBHH
nymo. Jlas S5TOro [NOCTaTOYHO YMHOXHTb NOCJTENHHE [Ba
paBencTBa CKanapHO Ha n. Ilpm atom moayymm:

n,n=—0ay, nRyN=—=0ay.
Ho

1 1
nn=-= n"),=0, n,pn= 5 (n%,=0.

YToObl NOJNYuNTh BBHIPAXKEHAS IJI Oy M Ogg, YMHOXHM
PaBEHCTBO

My, == 0y, = W9l
CKaJApHO Ha r, U Fy Ilodyunm:
— L=0yE +0s5F,
— M= U-“F + algG.
Orciona
— LG+ MF LF—ME
M="Fg_f2 > “n=m-
AHaNOrHYHO TOJNYYAIOTCH Og U Ogg!
NF—MG __ —NE+4+MF
= Fg_p W= TEg_f *
Has noayueHns Ko3(pOHUHEHTOB Ay, Ay, Ay YMHONHM
nepsoie Tpu opmyant Ha n. Ilomyunm:
M=L, Mg=M, lg=N.
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Yrobbl NONYYHTH BHIpaMKeHHs NS KOI(DdULHEHTOB Ffp

YMHOXHM nepBhle TPH DPaBEHCTBA HAa ry H ry. [IpH 3TOM
NOJYYHM LIECThb COOTHOLIEHHHA JJi Ko3phHIHEHTOB Ff’,i
1
PhE + P%IF =3 E,,
T4F +T%4G = F, — 5 Es,
1
I'LE + ILF = + E,,
1
2
1 2 1
TpE +ToF = Fy — 9 Ga,

TF 4 ThG = + Gy

ThF - T%G = 3 Gy

N3 3Tux 1ecTH ypaBHeHHH MOXHO HalTH BblpaXKeHHe
IS LIeCTH Ko3(pdHLHEeHTOB Fﬁ-‘i- Mol He GyneM BBHINHCHIBAaTh

3HaueHHst Kodpduunentos I';, 3aMeTHM JIHIIb, YTO OHH B OT-
JIMYHe OT JAPYTHX KO(PGhHIHEHTOB 6bIPANCAIOMCA MOALKO
uepe3 Koaguyuenmor nepeoti Keadpamuunoli opmer u ux
npoussooHsie.

Takum o6pa3oM, MbI NOKa3aJjlH, 4TO NPOH3BOAHBIE BEKTO-
poB ry, ry, # IeACTBHTENLHO BHIPAXKAIOTCA Yepe3 BEKTOPHI
Fu, s 1 12 C KO(DpHIMEHTaMH, 3aBUCALIHMH TOJIbKO OT KO3(-
GHIIHEHTOB NepBOH M BTOPOH KBaApaTHYHHIX (OpPM MOBepx-
HOCTH.

. k
B sakmouenne Hafinem kKosddunuents [';; nas cayvas,
KOrja nepsasi KBapaTHuHas ¢opMa NOBEPXHOCTH HMeeT BH]
I = du® + Gdv®.

TMoncrasnsia E =1, F = (0 B ypaBHeHus nJs I‘f,, no-
JYUHM:

F}l"—‘O’ P%1=0,
1 G
I‘}z—_—O, F32='§‘T;Ii1
1 1 G
P;2=—§Guy 1-\32___?70.
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§ 2. ®opmyan I'aycca — Ilerepcona — Kopanuu

TlepBas uw BTOpas KBaJApaTHYHbHIE (POPMBI MOBEPXHOCTH
He HesasucuMmbl, Cea3b Mexnay Koagduunenramu 3TUX (opm
MoXeT OBTh MOJNyYeHa cJeaylomuM o6pasoM.

Umeem oueBumHble PaBEHCTBA:

i)y — i) =0, o)y — (F1a)o=0, (n,),—(n,),=0.

Ecin B 3TUX paBeHCTBaX BhIpaXeHuss B CKoOkax 3ame-
HUTh COrJIACHO NEPHUB2LMOHHBIM QopmyJaM u nociae audde-
DPEHUUPOBaHMA eHle pa3 BOCHOJB30BAThCA TaKOH 3ameHofl,
TO MBI MOJYYHM TPH BEKTODHBHIX PaBEHCTBA BHIA

A,r,, +Blr1,+ C1n=0,
A2ru + B?r'u + an = O:
Aaru—l—Bar.u—l— C3n=0,
rne A;, Ag +ov, C;— M3BECTHHIM 00pasoM HOCTPOEHHBIE
BHpaXeHns U3 Ko3d¢uuueHtos nepsod u BTOPOH KBampa-
THYHBIX (OPM MOBEPXHOCTH W HX NPOM3BOAHHIX. M3 3THX
TpeX BEKTOPHBIX COOTHOLIEHMH CJaeayeT AEBATh CKAMAPHBIX:
Ay=0, B;=0, C;=0,
Ag=0, Bg:O, Cg=0,
A;=0, B;=0, C;=0.
Hatinem ns1s npumepa cootHowenne B;=—0. B, npex-
craBaseT CoOoi  Ko3dduuMeHT npu r, B  BBIPAXKEHUH
©=(r,,)o — (), TOCIE COOTBETCTByIOUIEH! 3aMEHBH NpPOU3-

BOJIHLIX BEKTOPOB M, I, M I, COTJIACHO AEPUBALMOHHBIM dop-
myaam. Mmeem

o=TYr, + T, 4 Ln), — Chr, + Tier, + Mn), =
= {(Fil)"urv + Filruv + Pllrmr "'l_ anl} -
— ATy + el yu + Dol o -+ M} - {1, 0},
rae {r,, m} COZEPKAT TOJLKO BEKTOPH r, H n. 3ameHss

BEKTODH I, Fyy Ty M, W M, COTJACHO JEPUBALMOHHHEIM
dopmynaM, noayunm:

0={(T}), - Th Th - Tt T — (o), — Tha Th — T T —
LN — M?
E EG F3} r'D + {ru’ n}
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Takum o6pasoM, cooTHouwenne By=—=0 uMeeT BUJ

LN —M? 1 2 1 72 2 T2
EG—FE—E {(I‘ll)v + T4 +...—Th Pm} .
W3 2TOro COOTHOLIEHWS MOJYYAOTCH BAXHBIE CJEHCTBUS:

1. Tayccosa Kpususna noepxHoCmU  B6iPAdNCACINCA
moasKo uepe3 Koagguyuenms.  nepgoil  KeadpamuyHol
dopmb. u ux npousgodnsie (meopema I'aycca).

2. Tak Kak wu30METPUUHBIE IOBEPXHOCTH MNpPU COOTBET-
CTByOIIE! mapameTpusaiud HMEIOT OIMHAKOBHIE MEPBHE
KBafipaTHUHbIE (DOPMBI, TO 8 COOMBEMCMEYIOUUX MOYLKAX
U30MEMPULHbE NOBEPXHOCMU UMEIOM O00UHAKOBbLE 2AYCCOBYL
Kpusu3tbt.

3. Tak Kak pasBEPTHIBAOIIMECS MOBEPXHOCTH JIOKAJIBHO
W30METPHYHBI MJIOCKOCTH, TO 2aycco8a Kpusu3Ha y pa3sep-
MblBAIOUUXCS NOBEPXHOCMEN PABHA HYAID.

OkaseiBaeTcs, cpenu neBitH cooTHomwenu#t A, =0, ...,
Cy=0 pasanyHeix TOJBbKO Tpu. OHHO U3 HHUX, BHIBEAEHHOE
Hamu, BrepBeie mnoayyeHo [ayccom. J[IBa ApYyrux nosyueHs!
K. M. Ilerepconom, mosxe Matinapau u Komauuu.

ITHUM TPEM COOTHOLIEHUSIM MOXHO NPHAATH CAELYIOLLYIO

dopmy:

LN — M? 1 EE,E,
EG—F —  4(EG—FY? FF,Fy|—
Ga,G,

1 Ey— Fuy " — G,
 2VEG—F! {(VEG—Fﬁ)v_ (VZT———FL}
(popmysra Taycca),
(EG—2FF+-GE)(L,— M,)—

EE,L
— (EN— 2FM -+ GL) (E, — F,) -+ |FF, M| =0,
GG, N
(EG— 2FF -+ GE)(M, — N,) —
EE,L
— (EN— 2FM -+ GL)(F,— G,) -+ |FF, M| =0
GG, N

(gpopuyavt [lemepcorna — Kodayyu).
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§ 3. CymecTBOBaHHE H €IHHCTBEHHOCTb MOBEPXHOCTH
C 3aJaHHBIMH NepBOd M BTOPOH
KBaJApaTHYHbIMH opMamu

Mmeer mecro caenymoumas
Teopema Boune ITycme

E du® ++ 2F dudv | Gdv,
L du®+ 2M dudv -+ N dv?

08e awl0be KBadpamuuHsie @OOpMbL, U3 KOux nepéas 8-
ASEMCST NOAOHCUMEAsHO onpedeseknol. [lycms 0as K03H-
duyuenmos amux gopm swnosnsgiomcs ycaogus I'aycca —
[Temepcona — Kooayyu.

Toz0a cywecmsyem u npumom eOUHCMBEHHAS C MOY-
HOCMBI0 00 NOAOJCEHUS 8 NPOCMPAHCMBE NOBEPXHOCHLY, 045
rKomopoii 3mu hopmbl ABARIOMCA NEpsol u coomseem-
Ccm8eHHO 8mopoill KeadpamuiKsMu: hopmamu.

IoxkasateancTBo. PaccmoTpum caenyiouyio cucremy
auddepeHnnanbHEX ypaBHeHa#t 1a1a BeKTop-pynkuuit &, n, &:

§,=ThE 4+ Tim + L&,
§,=T18 + I'ian -+ ME,
N, =T'18 - Tign -+ MG,
Mo =58 +I5n -+ NG,
Sy =018 + %M,
8o =221 -+ 0gm,

k
rae Ko3((UUBEHTH I‘ij W 0, U3BECTHBIM 00pa3oM BbIpaKEHH

uepe3 Ko3(@HUUMEHTH 3aJaHHBIX KBaJpPaTHUHBIX (hopM.

W3 Tteopuu guddepeHunasbHeXx  ypaBHEHUH U3BECTHO,
YTO 3Ta CHUCTEMa HMMEET M MNPUTOM EAUHCTBEHHOE pelleHHe
NpU 3a4aHHBIX HavyaJbHBIX 3HaYeHWAX (3Havenusax &, 1, §
B Kako#-HuOynb Touke (4, Tp)), €CIAM BHINOJHEHH YCJIOBHS
HHTErPUPYEMOCTH, T. €. €CAM DaBEHCTBA

THE 4+ Tim - LE), — (g +- Tlem -+ ME), =0,
(T'1e8 + T + ML), — (F'3eE - T'dem -+ N), =0,
@& + meM)p — (21§ 4 22am), =0
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BRINIOJHAIOTCA TOXACCTBEHHO B CHJIY YDaBHEHHH CHCTEMBL
Taxkum 00pa3oM, yC/AOBHS HHTErPUPYEMOCTH CBOJATCA K yCJIO-
susam [aycca — Ilerepcona — Konaunm.

Tak Kak AJ18 3aaHHBIX HaM KBaAPAaTHYHHX (OpM yCJIO-
usi T'aycca — Iletepcona — Komaiiu  BHINOJHEHH, TO JJ4
paccmaTpuBaemMol  CHCTeMbl  Iu(PEpEHUMANbHHX —ypaBHEHHH
BBHIMOJIHEHH YCJO3UsSl UHTEr PHPYEMOCTH.

IMycte &, 1o, &Go— Tpu BekTOpa, YIOBJETBODPAIOLIHE
yCI0BUAM

i=E @, v)y ZoMo=F (o, vo)y M5==C(uy, Vo)
Bigo=0, ME=0, LG=1.

Nycte & M, §— pemenne Hame# cucremsl, YIOBJETBO-
psiioulee HadaabHOMY ycaoBuio: § (uy, v)=8&p My Vo)==
=y, &, v)) =5

Tak xak §,=1", TO CymWecTByeT BeKTOp-QyHKuUHus r (i, V),
s kotopo#t r,=—§, r,=1. IlokaxeM, 4To MNOBEPXHOCTS,
3ajaBaeMas BEKTODHBIM YypaBHEHUEM r=—r (i, U), B OKpeECT-
HOCTH TOYKM (1), TVy) HMEEeT nepBo#t KBaapaTuuHo#t c¢opmott

E du® 4 2F du dv -+ Gdv,

a BTOpOH KBaapaTHuHOH ¢opmoii
L du 4 2Mdudv-+ Ndo

BripasuM npoussoaHbie Mo ¥ W U Iuect BeanmuuH EY mE
&% &, nG CE uepes aTm Xe BeJMUMHB, WCNOJAb3Ys YpaBHe-
Hus Hawe# cuctempl. Torza NOJyuMM OBEHAAUATh PAaBEHCTB:

(gg)a=Rl (§2’ ,qg, ...),
E)o=R: G, W ...),
e e e e s e e e e (*)

(C8), =R E% % ...),

roe Ry, Ry ..., Rijg— nuHeliHbie OXHOPOAHBIE BBIPAXEHHUS
orHocutensHo EY, n% ..., CE.

IlBeHamnate paBeHCTB (¥) MOXHO paccMaTpuBaTh Kak
cucteMy nuddepenunansunix ypasuenn#t mas &% nL ..., CE
drta cucrema ynosaersopurcs, eciu Bmecro B, mY ..., §E
noacrasute £, G, ..., 0 COOTBETCTBEHHO, B YEM MOXHO
y6enutbca HenocpeiacTseHHol mnpoBepkoi. OO6a 3Tn pelueHus
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MMEIOT OJWHAKOBBIE HAYyaJbHBIE 3HAUEHNs (3HAYEHHd B TOuKe
(1, vp)). OTclona B Cuay eZUHCTBEHHOCTH PpEIUEHus CJenyer,
4TO

gi-_:E, n9=(}, §7|—_=F, §§=O, §"I=0: §2=1.
Tak kak r,=§, r,—=1, 10
ri=§2=E: furw=§7]=F, r?,=1|2=G_

Takum o06pasoM, MOCTpPOEHHas HaMH MOBEPXHOCTh HMEET
nepBo#t KBaapaTuyHod (opmoii

E du® -+ 2F dudv 4 Gdo*

Hanee, Tak xak EE=n{=0 u §¥=1, 10 { aBasercs
€IUHAYHBIM BEKTOPOM HODMaJH NOCTPOEHHOH MOBEPXHOCTH,
M, CJeIOBAaTENbHO, KO3(h(dHUUMEHTH BTOPOH KBagpaTHYHOM
¢opMbl MOBEPXHOCTH 7 =7 (i, V) PaBHH

8.5 8.6 M6

IpunuMas BO BHUMAHHE BBIPAXEHWS MPOMSBOAHHIX §,,
g, u 1, uepes &, 1, § u coornomenns =0, =0, =1
? v L o ’ ) )
HAXOMM:

§"§=L, gvgzM; 7],,;=N.
Takum 00pa3oM, MOCTPOEHHAs MOBEPXHOCTh HMMEET
L du® 4 2M du dv+ N dv*

BTOpPO# KBaxpaTHuHOK (opmoil.

CyliecTBoBaHWe TOBEPXHOCTH C 33ZaHHBIMH NEPBOH U
BTOPO# KBaApaTHUYHBIMKH (PopMaMM [IOKas3aHo.

Jlokaxem Tenepb €NMHCTBEHHOCTh TaKOH MOBEPXHOCTH
¢ TOYHOCTBHIO O NOJIOKEHHS B MPOCTPAHCTBE.

Iycte ®; u ®y — 1Be NOBEPXHOCTH, Y KOTOPHIX COBIa-
JIaI0T NepBhle M BTOPHIEe KBaapaTuyHeie ¢opmsr. CosmecTum
nosepxHoctu @; u @y OBYMS COOTBETCTBYIOLIMMM TOYKaMU
(Toukampy, OTBEUAOUMH ONUHAKOBBIM 3HAYEHUSM I[apPaMeT-
poB, Hanpumep (ify, Up)), COOTBETCTBYIOIIAMH HA[PABJIEHUAMH
n  HopMmassimMu. Takoe COBMEIUEHHE BO3MOXHO OJsarogaps
COBNAJACHNIO NEePBHIX KBaapatuuHeiX ¢opm. Ilycts r=ry (&, v)
U r=ry(u, v)— ypaBHeHus MOBEPXHOCTe# ImOCIE TaKOro
COBMELIEHHS.
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Cuctema muddepenunaisHux ypasnennit mig & 1, &
OUEBHM/HO, YIOBJIETBODSETCS, €C/AM B3ATh

E=ri N=ry t=m
HJIn
g_—-r?u’ N="reyp E=n,
A rtak kak o0a 3TH pelIeHus COBNAJAOT B TOUKe (Uy g
TO OHHM COBIIaAdlOT TOXAECTBEHHO. ”THK,
ry, (@ )=ry, @ v), ri,@ Y)=ry,w v)
nan
dry(w, v)=dry(u, v)
OTKYyZa
ri v)y=ry(u v)+c.
Tak Kak npm u=uy v="=y, ri="ry 10 c=0 U, cirerosa-
TeJbHO, Iy (1, V)=ry(u, v).
Wrak, nosepxnocty ®; u D pasHsl C TOYHOCTBIO 10

IBVXEHUS W 3epPKaJbHOrO OTPAXKEHHUSL
Teopema moKasaHa NOJHOCTHIO.

3AJIAYM W TEOPEMBI K TJIABE VIII

1. TMokasarb, HTO ecay AHHEHHBI 371eMEHT MOBEPXHOCTH
ds® =\ (du? + do?),
TO rayccoBa KpUBHM3HAa NOBEPXHOCTH

K=— 21—)\ Aln},
rae A — omepartop Jlanaaca:
02 02
8= (55 + o)
2. TMokasaTb, YTO MOBEPXHOCTb C JUHEHHBIM 9JEMEHTOM
ds? du? 4 dv?

HUMeeT MOCTOAHHYIO FayCcCOBY KPUBH3HY.
3. Tokasatb, 4TO eCaH AMHEHHBIA 91eMEHT NOBEPXHOCTH HMEeT BHI

ds® =du® 42 cos e du dv 4 dv?,
TO rayCccoBa KPUBHM3HAa NMOBEPXHOCTH

— 0 Buy
= zv_

s o
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4. Mokasatp, YT0 mM06as yeObLIMEBCKAA CeTb HA MIOCKOCTH 3a-
laeTCcAd BEKTOPHBIM YPaBHeHHeM

r=qu)+ ¥ ().

Cetb 06pa3yioT KpHBbie # = const H v = const.
5. Haittn cumsoanl Kpucrodeas I‘,'.’j Ind cayyas, Koria auHeh-
HBI 9/IEMEHT NMOBEPXHOCTH HMeEeT BHI

ds? =\ (du® 4 dv?).

6. I'loua3a'rb, YTO €CJH KOOpPAMHATHAA CeTb HA [MOBEPXHOCTH
ACUMIOTOTHYECKAA, TO HMEIOT MECTO PaBEHCTBA:

5 (EG—F*) (in | K| )y — FEy + EG, =0,

5 (EG—FY) (10| K| )o— FGy + GE, =0,

rie K —rayccoBa KPMBH3HAa NMOBePXHOCTH.

7. oka3aTb, YTO acHMMNTOTHYECKHME IHHHM HA MOBEPXHOCTH
C NOCTOAHHOM OTpHLATeNbHO! KPUBU3HOH 06pPa3ylOT YeGhIIEBCKYiO
cetb. M 06paTHO, ecin acUMNTOTHYECKas CeTb HAa MOBEPXHOCTH yc-
GbléBCcKas, TO rayccoBa KPUBM3HA NMOBEPXHOCTH MOCTOSHHA.

8 Ecan koopAumHaTHasA ceTb HAa MOBEPXHOCTH COCTOMT U3 JNMHHII
KpUBH3HB, 10 QopMynn Ilerepcona — Konauuu npuHMMaioT Bui

L,=HE,,
Ny =HGy,

rie H — cpelnusas KpuBM3Ha moBepxHocTH. [Toka3ars.

9. Ecan Ha MMHHMManbHOH MOBEPXHOCTH 32 KOOPIMHATHHIE AMHUU
NPUHATH AWHUH KPHBU3HBI W COOTBETCTBYIOIMM 06pa3oM BHIGPaTh
napamMeTpsl 4 M v, TO nepBas ¥ BTOpPasA KBaApaTHyHbie (POPMBI NpH-
MYT BuI

[=) (du? + dv?),

Il = du® — dv?.
Hoka3zats.
10. Tlycte Ha MHHMManbHOH MOBEPXHOCTH BBENEHBI KOOPAMHATHI
u, v kak B 3amaye 9. [lokasaTb mocaen0BaTeNbHO CHeNYIOUIHE yTBep-
KIEHHA:
1) ecan r (4, v) — BeKTOpP TOYKH 1IOBEPXHOCTH, TO

Ar =0,

rie A—omnepatop Jlanaaca. Takum o6pasom, kKOOpIMHATH X (4, V),
y (#, v), z(u, v) BekTOpa r (&, v) CYTb rapMOHHYecKHe QYHKUHY;

2) ecnn f, (w), f:(w), fs(w) (w=u-}iv)— aHaTuTHYyeCKue
(GYHKUMH C BelecTBEHHOH vacTeio X (u, v), y (4, v), z2(4, v) coor-

BETCTBEHHO, TO
Fi+ritri=o
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1. Ecan f,(w), f3(w), f3 (@) —7Tpu moGble aHATMTHYCCKHE
(YyHKUHY NepeMeHHON @ = u - iv, yIOBJIETBOPSAIOIIHE YCIOBHIO
Fi+ritri=o0
u 9, (4, v), 93 (1,0), 95 (U, V) — BELUIECTBEHHBIE YACTH ITUX PyHKUHUIA,
TO NOBEPXHOCTb, 3aJaBacMas ypaBHEHUAMH
x=09(1 v), y=9:(1, v), z2=2¢;(4, v),

MuHnManbHadA. [loka3ars.
12. [lokasath, Y10 MOGas MHHMMaJbHasd NOBEPXHOCTb MOMKET
ObITb 3allaHa ypaBHEHUAMH

x=Re§ (¢* (@) +§* (W) dw, y=Rei(¢*(w)—¢§* (w)) do,
z=Re S 2ip (w) ¢ (w) dw,

re ¢ W ¢ — aHaauTHYecKHe QYHKUHM @ = U + iv, a Re oGo3nauaer
BEL(ECTBEHHYIO YaCTb.

r'i1rABA KX
BHYTPEHHSI. TEOMETPUSI IOBEPXHOCTE#M

IMox BHyTpeHHe#l reomeTpuelt NOBEPXHOCTH MOHHMAIOT
pasaesn reoMeTrpud, B KOTOPOM H3yyaloT CBOHCTBAa IOBEPXHO-
cTh u (uryp Ha Hel, 3aBUCALIME TOJBKO OT JJIMH KPUBHIX
Ha MOBEPXHOCTHU.

TMo oTHomIEHHIO K PpEryJspHbIM MOBEPXHOCTSM MOXHO
CKasaTb, 4YTO WX BHYTPEHHAA TEOMETPHS HU3yyaeT CBOKUCTBA
noBepXHOCTEH u (uryp Ha HuX, onpenesseMbie nepsoi Kpaj-
patuuHo#t ¢opmoii.

OO6beKkTamMu BHYTPEHHEH reoMeTpum SBJIAOTCSA HJIAHBI KPH-
BbIX Ha MOBEPXHOCTH, YIJbl MEXAY KPUBHIMH, Iomanun o6-
JacTe#t, rayccoBa KpuBu3Ha NOBEPXHOCTH.

B Hacrosuue#t riaBe OydyT pacCMOTPeHbl HOBbe NOHATHS
IJs TOBEPXHOCTEH, CBA3aHHBIE TOJBKO C €€ NEepBOod KBan-
patuyHo#l (opMoH, u, TakuM 00pa3oM, NPHHAIJIEKANINE BHYT-
PEHHER TEOMETPUM MOBEPXHOCTH.

§ 1. Teone3snueckass KpHBU3HA KPUBO HA MOBEPXHOCTH

IMycts ® — peryaspHast NMOBEPXHOCTb M § — KpuBas Ha
ne#. Ilposenem B mnpousBo/ibHON TOuKe P KpuBOH 7§ Kaca-
TEJbHYI0 TJIOCKOCTh O K TOBEPXHOCTA MW CIPOEKTHPyeM
Manyio OKPeCTHOCTb TOUYKH P KpuBO#H T Ha 3Ty MJIOCKOCT.
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Toraa nosy4uM HEKOTOPYIO KpPUBYIO T B IJIOCKOCTH o. Kpn-
BM3Ha 3TOH KpuBOH B TOuke P Ha3HBaeTCa 2e00e3uiecKoil
Kpusu3noli xpuso#t ¥ B Touke P. TIeomesuueckas KpuBH3HA
B TOYKe P CyuTaeTCsd MNOJOXKUTEABHON HJIM OTpHILATEJbHOM
B 33BHCHMOCTH OT TOro, o06-
pasyer JM BpaUieHMe Kaca-
TeJbHOH KpuBo# T mpu mpo-
XOXIEHHH TOuKH P ¢ Hampas-
JIEHNEM HODMaJH K MOBEPXHO-
CTH Npasbiff nian JEBLIH BUHT.
HaiineMm BbipaxeHue mis reo-
Je3NYECKOH KPUBU3HBI KPUBOH.

IMposenem uepes KpuByio
IMINHAPHYECKYIO TOBEPXHOCTD
¢ oOpasylomyMi NEPNeHANKYIIPHBIMUA MJIOCKOCTH a (puc. 41).
ITo reopeme MeHbe kpusnsHa £ xpuBod § B TOuKe P u Kpu-
Bu3Ha % KPUBOH 7 B TOH e TOYKE CB3aHB COOTHOLIEHUEM

Puc. 41.

kcosd=x,

rae % —yroa, oOpasyeMuii riaBHHIMU HODMAaJsIMH  STUX
KPUBBIX.

[ycts r=—~#(s)— ecTecTBeHHas TNapameTpu3aumus Kpu-
Boit §, T W ¥V -— elNHNUHBlE BEKTOPHl KacaTeNbHOH M IJaB-
HOW HOpMaiu KpHUBOR ¥, 7 — eInHUUHbIH -BEKTODP HOPMasu
k nosepxHoctd. Torma F"=4Fk¥, ¥ X n HanpasieH Nno Hop-
Majn KpuBoff | B Touke P M, C/IEN0BATENbHO, C TOUYHOCTbHIO
IO 3HaKa

r=*kcos¥=(@", r, n).

Ilepeitmem X nNpou3BOJILHOH mnapameTrpusaumm Kpuso#t 7§
Mmeem

1
Ak

i;/r ____Fn 1 +?’ 1 !
ss— Tt l?; 2 t ‘I?tr" S.

Fo=Fiti=i-

Moncrasnss HaleHHsle BHPaXeHus Fs u Fgs B dopmyay
Ias %, TOJYYnM:

1 N
X:—Irla(r", r’, n),

rae auddepeHnpoBaHie NPOH3BENEHO MO napamerpy 7.



§ 1] TEONE3UYECKASI KPUBU3HA KPUBOM 163

MMycts r=r (1, v) Kaxkas-HuOyOs peryaspHas napamerpu-
3auus MOBEPXHOCTH B OKPECTHOCTH Toukn P u u=u(t),
v =10 (f) — ypaBHeHHs KpPHBOH T B OKPECTHOCTH 3TOH TOUKH.
Torna

r)y=r@) v(@)

F=ru -}r,
F=r, =2, v 4r, *+ru +ro =
=W+ A)r,+ @+ B)yr,-+Cn,
A=T}a - 2T/ + Thyo?,
B=T5u"+ 2T},u'v' 4 T'jv",
C=Lu?+ 2Mu'v N
[Moacrasiss BepaxeHns ¥ u 77 B dopmyay ais x, nocuie
NMPOCTHIX BBIYKC/IEHUN MOJyyaeM:

VEG—F?
(Eu*4-2Fu'v'+Gu

rue

X = U (@"v — v'u’ ++ AY — Bu).

Taxk Kak BeJHUHHBI I‘fj BBIPAXAIOTCA TOJBKO yepes Ko3(-
(uiMeHTH NMepBOH KBaIpaTHYHOH (OPMBI MOBEPXHOCTH, - TO
2e00e3utecKas KpusU3HQ Kpusol Ha noBepxHocmil onpede-
ASIEMCST MOABKO MEMPUKOL noBepXHOCMU 1, CACO0BAMENLHO,
He u3MeHsemcs npu u32U0QHUL NOBEPXHOCIMIL.

Hattnem ¢opmyay s reonesuyecko#t KPUBHU3HBI KPUBOH
B cJyuae, ec/u nepsas KBaaparuyHas dopma

I=du®+4 Gdo’.
B stom cayuae, kak nokasano B § 1 ra. VIII,
Fii =0, Pil =0,
Ih =0, h=g g
P%—_‘;‘Gu’ 32:-%%2-
Orcrona
A= — ;— G,v*,

_ Gy 1 Gy
B—?}—Il'() +~§-—G'U .
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CaenoBateanHo,
x :..———ﬁ——a (u"u’ — o0 — % G® —
@™ + Gou?)?

1 Gy, Gy
—'7'511'0 ﬁu'g'v').

§ 2. Teoneanueckne JHHHM HA TMOBEPXHOCTH

KpuBast Ha nOBEpXHOCTH Ha3biBaeTCs 2eo00e3uueckol Ai-
Huell, €CiM y HEE B Ka¥JIOH TOUKe reole3nyeckas KpuBH3HA
paBHa HyJIO.

Teopewma. [ang mozo wmobs Kpusas | Obaa 2eo0de3u-
yeckoli, HeoObxo0umo u O0ocmamouro, 4mobv ee 2/Aa8HAS
HOpMaAss 8 KQJCOOH mouKe, 20€ KpUBUSHA OMAUYHA OM
HYAsl, €c08nadaia ¢ HOPMAAsI0 K NOGEPXHOCHIL

JokasaTtearcTBo. Kak nokasaHo B npexsiaymieMm
naparpade, reozesuyeckas KpuBH3Ha

1 ~,~
X=W (f r,n),

roe ¥ — BEKTOD TOuYKM KpuBo#, a auddepeHunpoBanHue — o
nyre. Tak kak 7" =4V, To x=0 Torma m TOJBKO TOrZa,
korga V|| m npn k% 0. Teopema mokasaua.

Canencrsue. Ecau 08e nosepxrocmu Kacawmcs
80046 Kpusoll, Komopas AsAsemMcs 2e00e3uteckoil Ha 0IHoi
u3 Hux, mo oxa 0ydem 2eode3uieckoll u Ha Opy20i.

Ias Toro yroOnl noayunts, AuddepeHnnaisHoe ypaBHe-
HHE Te0Je3NYECKNX, JOCTaTOYHO MNPHUPABHATH HYJIO BHIPAXe-
HHE I Teonesuuecko# KpuBusHeL. Takum oOpasom, andde-
peHLabHOe YPaBHEHHE Te0JE3UYCCKHX

u'v —v'u 4 Av — Bu' =0.

HekoTopas HeonpenejaeHHOCTh B 3TOM YpaBHEHHH (ypas-
HEHHE ONHO, a Heu3BeCTHHX (QyHKuu# mse —u(f) u v(f))
OGBACHAETCS TEM, UTO Ha KpMBOH MOryT OniTb BBEIEHH pas-
JRYHbIE NapaMeTpusanyy.

Teopema. Yepes kancdyw mouky Ha pe2yrspHoOi no-
sepxrocmu 8 A060M HANPABACHUU MONCHO Nposecmu u npu-
mom eQUHCMBEHHYI0 2e00e3utecKy .
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Hokasateabctso. Ilycte P (up vy) — NPOU3BOJBHAR
TOUKA NMOBEPXHOCTH W (i, T,) — NPOU3BOJALHOE HAMpAaBAEHUE
B 3TOH# TOuKe.

Paccmorpum cucremy audpepeHunaibHHX ypaBHeHUH

u+A=0 v+ B=0.

TMycre u=u(f) v v="v(f)— pemenne 3TOH CHCTEMH,
YAOBJIETBOPSIONLEE HAUAJBHEIM YCJIOBHAM

u(ty)=uy v(ty) =1y ' (t)=u, V(t)=10,
Torxa KpuBas Ha NOBEPXHOCTH, 3aJaHHAS YPABHEHHAMH
u=u(t)y v=ov({),
ABJISETCA reoJesnuecKoll, Tak Kak
u'v — v 4+ AY — Bi’ =0.

DTa reolesnuecKas NPOXOLMT 4Yepe3 TOUKY (Up TUy) H
¥MeeT B TOuKe (4y U,) Hanpasienue (u,:v,). ITokakewm, uTo
OHa EJMHCTBEHHAs.

[lycTh uepes TOuKy (#p T;) Ha MOBEPXHOCTH NMPOXOAAT
NBE [EONE3MYECKHE Ty U Ty HUMEIOIIME B STOH TOUYKE OAHO
M TO K€ HampasieHue (U,:v,). [IycTh Aast onpeneseHHOCTH
u, # 0. Torna B OKPECTHOCTM TOuKH (4 U,) oOe KpuBbie
MOryT OBITh 3aJaHBl YPaBHEHHIMH

v=u0, (1)) v="1y().

Ycnosne paBeHCTBA HYMIO T[EOZE3UYECKOH KPHUBMSHH KpH-
BBIX T1 Ta

""();+A01—B=O,

— vy 4+ Avy— B=0.

Takum 006pasoM, (yHKUME vy (2) U Ty(u) YEOBJETBODPSIOT
OMHOMY M TOMy Xe auddepeHunalbHOMY YDPaBHEHHIO MNPH
OOHMX 4 TeX Xe HayaJbHBIX YCJIOBHAX

. g
v () ="y 5 (W)= *L;o; ,

, Vs
Va(U)) =Ty Vg (lg) = u—z .

Orciona caenyer, 4To v (W)= vy(u), T. e. Kpusble T,
M Ty COBMANAIOT B OKPECTHOCTH TOUKH (U Up), a CJAEHOBa-
TEABbHO, COBMAAAOT BOOOUIE.
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Teopema moxasana.

Ilpumep. [eodesuueckue Aunui Ha cdhepe cyms 60Ab-
wue kpyau u moasKo OHil. JlefcTBuTENbHO, Kawapi#h 6oJb-
nio#t Kpyr SIBASETCA reoje3nyecko# mo mepso#t Teopeme. M3
Kaxao# Toukn B MoOOM Hampas/eHHH MOXHO NMpoBecTd 60Jb-
IO KPYr H, CJA€HOBAaTENbHO, MO BTOPOH TeopeMe GOJBILIMMU
KPYraMi HCUEPMHIBAIOTCI BCE FEO0AE3MYECKHE. :

§ 3. Noayreone3auyeckass mapamMeTpu3anUs NOBEPXHOCTH

ITapameTpu3auusi NOBEPXHOCTH HAa3bIBAETCH NOAYy2€00e3il-
Yyeckoll, ecin OHa OPTOrOHAaJbHA M ONHO CEMEHCTBO KOOpIH-
HAaTHBIX JIMHUH COCTOMT H3 re0Je3HYECKHX.

Teopewma. [Tycms 1 — Kpusas na nogepxwocmu u P —
mouxa Ha Hel. Toz0a 8 oxkpecmuocmu mouxu P smosicem
boumey B8edena noay2eodesuseckasn
napamempu3ayus Max, 4mo O0O0HO
cemeiicmso KOOPOUHAMHBLX MU
cocmoum u3 2eo0e3uiecKux nepnew-
OUKYASIPHOLX Y, @ 8mopoe — u3 ux
OpMO20HANLHOLX mpaexmopui.

JlokasarteapcTBO. IMycTts
(1, v)— kakas-uuOynp NapameTpusalLls
noeepxHoctd. Kpusas | B okpectHocts P Moxer OpiTh 3a-
naHa /mbo ypasHenneM v= f(u), mu60 ypasHeHuem u = f(v).
[lycTe D/ ONMpEneNeHHOCTH | 3alaeTcsi ypaBHeHueM v == f ().

PaccMoTpum cemeCTBO KpMBBIX B OKpecTHocT# P, 3a-
JaHHOE YyPaBHEHHAMH

v— f ()= const.

Puc. 42.

CoraacHo teopeme § 2 ru. VI noBepxHOCTb ZONMyCKaeT OpPTO-
TFOHaJbHYI0 TapaMeTpPUsaluio, NpH KOTOPOH OZHO cemekcrso
KOODAUHATHHIX JIMHUN COCTOMT U3 KpuBHx v— f(u)== const.

Orcioma caenyer, 4To, HE OrpaHAumBasi OOIIHOCTH, MOXHO
CuUMTaTh KPUBYIO | KOODAMHATHOH JIMHueR u=—u, (Uy U Ty—
KOODAMHATH TOYKH P).

ITpoBeseM uyepe3 mNpPOU3BOJBHYIO TOUKY (U f) KpuBO#H
reoJe3uyeckyio 7Y, nepnenmukyaspuyio 7 (puc. 42). Ilpn ¢,
6aM3KOM K Up 3Ta reojesuyeckas Moxer OHTh 3alaHa ypas-
HEHNEM

v=v(@® t),
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rae v(w, {)— QyHKIMG, YOOBJETBOPAIOWAS 110 U YPABHEHHIO
reoe3nyecKux
—v" -+ Av — B=0.

M3 Teopembnt 0 IuddepeHunpyeMocTrn pelleHutt audde-
PEHIMA/IBHEIX YPaBHEHHH# MO HAYAJIBHBLIM  JAHHBIM CJELYeT
peryaspHocTs Qynxumn v (w, ) no t.

Tak kaxk v(uy t)=1, T0 Npn ManoM |u— u,|

dv (u, t\)

—o— 70
D10 no3BoOJsET paspeluTh ypaBHeHne v=—"v(, f) B OKpecI-
HocTH P ortHocutessHo f. [Toayumm:

=q( )
HuddepeHunpyss paBeHcTBO v=="v (15, ) MO v, NOJy4nM:

1 =uv,(u, t)t,
Orcona
9y # 0.

YpaBuenusmu ¢ (1, v)===t==const sagaiorcs reonesuye-
ckne Y. Tak kak ¢z ¢3 %0, 10 Mo teopeme § 2 ra. VI
CYWECTBYET OPTOrOHajbHAas MapaMeTpu3allis MOBEPXHOCTH
B OKpecTHocTH P, mpm KOTOpoH oaHO ceMeficTBO KoOpIm-
HaTHBHIX JMHUM COCTOMT M3 KpUBHX ¢ (4, v)=const, T. e
reoiesuyeckux Y,

Teopema nokasaHa.

BoisicHnM, Kako# Bux uMeeT NepBas KBagpaTuyHas Qopma
NOBEPXHOCTH, €CTi MapaMeTpusauns NOoJyreofesnyecKas.

Tak kak napamerpusaums OpTOroHaissHad, To F=0 g,
C/Ie0BATENBHO,

I=E du®+ Gdo’

OznHO ceMefiCTBO KOOpDIWHATHBIX JIMHUM, HanpuMep, AUHHUH
v=const, reongesnueckne. IloacraBaas v==const B ypasHe-
HHE TeONe3NYEeCKHX

u'v — vt -+ Av — Bu' =0,

noJyyaem
B=0,
OTKyZa
1 E
h=— 5 'Gl’ =0,

1. €. £ He 3aBucur or 7.
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HesaBucumocte E OT v N03BOJISIET YNPOCTHTb MEPBYIO
KBaJpaTHYHYIO (OPMY BBeleHHeM BMECTO 4 HOBOTO Napa-
MeTpa U, CBI3aHHOrO C 4 COOTHOLIEHHEM

du = V'E (u) du.
Ilpu 3TOM nepBas KBajpaTHuHast (opMa NPHHHMaeT BHX
I = du? 4- Gdv®. '

UTo6bl MOHSITH reOMEeTPHYECKHH CMBbICJ NapaMeTpa X,
JIOCTaTOYHO 3aMEeTHTh, YTO JJIMHA OTpe3Ka Jo0oH reomnesnue-
CKOH v = const, 3aKJIOYUEHHOTO MeXAy JHHHAMH U = cy,
U = Cy, He 3aBHCHT OT U M paBHa |¢; — Caf.

BBenenueM HOBoOro napamerpa U, CBSI3aHHOTO C U COOT-
HolleHHeM dU = ]/G (v, Uy) du, MOXHO NOGHTbCSA TOTO, UTO
nepBasi KBagpaTH4Has ¢opMa NOBepXHOCTH GYAET HMeTb BUJ,

I =d? + G (a, v)do?,

npuueM G = | BHOAb JIHHUH U = U,.
Ecau nuHus U = u, TOXe reofesuyeckasi, To M3 ypas-
HeHUsI reofie3nYecKuX cJelyeT, YTO BAOJIb 3TOH JuHuH G, = 0.

§ 4. Kparyaiiuine Ha nOBepPXHOCTH

KpuBasi ¥ Ha noBepXHOCTH, CoefuHsOLIas TOUKH P u Q,
Ha3blBaeTcs Kpamuatwed, ecnu Jq06as KpuUBas Ha NOBEpX-
HOCTH, coelMHsOmasa ToukH P u Q, UMeeT NIUHY He Mehb-
IIyIo, 4eM KpuBas Y.

Teopema. leodesuseckans Ha Oocmamo4Ho marom
ompeske sagasemcs Kpamuatiutei. Boaee mourno, ecau v —
eeodesuveckas u P — mouka Ha Heli, R u S — mouxku
2eo0esuyeckol, Oocmamouno Oauskue K P, mo ompe3sox
RS eeolesuueckoii seasemcs kpamuaiiwer.

JdokxasarteabctBo. [lpoBeneM uepe3 Touky P reo-
NIe31YeCKYIO T, NePNEHIHKYNSAPHYIO ¥, U TOCTPOUM I10Jyreoe-
3UYECKYIO KOOPAHHATHYIO CETh, IPUHSB 32 CeMeHCTBO THHHUI
u reofie3uueckue, nepneHauKyaspHsle 7. Boibepem napamer-
PBI & M U TaK, YTOGH TOUKe P COOTBETCTBOBAJIH 3HAUEHHS U =
=10 =0 M JHHelHbIA 3JIeMEHT NOBEPXHOCTH HMeJl BHI

y I = du® + Gdv.
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Honyctum, uto 0oTpesok RS reomesuyeckoit 7 He sBJsETCS
KpaTuaftiet u ¥ — KpuBas Ha NOBEPXHOCTH, COEAMHSIOMIAA
Touku R n § » umewomas IJHHY MeHb-
wyio, 4eM OTpe3ok RS reonesuyeckod 7.

Ecau toukn R u § mocratouno Gims-
Kn K P, kpuBasg { NPOXOAMT BHYTPU OK-
pectHoctn Up Toukn P, rie onpeneneHa
noJyreojesnueckas napameTpusauns u, v.
TTokaxem 3T0.

ITyctes paccrosnume TOUKM P 10 rpa-
Huub okpectHoctn Up Gosble & >0.
Bosbmem Toukm R u S Ha paccTosHuu Puc. 43.

€
MEHBIIEM - OT P (paccrosiHue MO KpH-

po#t ¥). Ilycte Ry u S;— nepBas M TOCJAENHAs TOYKH mepe-
ceuenns { ¢ rpannue# Up (puc. 43).

Hmeem
PR4-RR,>¢, PS+88,>e.
Orciona
PR+ PS + RRy + 88, > 2.
Ho
RRi+88,<PR+PS<e

¥ MH NPUXOXMM K npoTuBopeunio. Wrtak, kpuBas § mpoxo-
ouT BHYTpH oKpectHocTH Up.
Ilycts
u=—u() v=uv(f)

ypasHenus kpupo#t §. Ee IuHa

(S) S)
s@=1{ V't 0 dt= |a|dt=|ug— ug|.
(R) (R)

Ho |ugp— ug|— 910 nauna otpeska RS reomesnueckofl 1.
Mpl npuwM K NPOTHBODPEUHIO.

Teopema moxasaua.

Teneps, KOra yCTaHOBJEHO, YTO TEOJESUYECKUE ABJRIOTCA
KpardalllAMH Ha JOCTAaTOUHO MaJOM Y4aCTKe, HMX ypaBHe-
Hie MOXeT OHThb SanMCaHO KaK YypaBHeHue OJfiepa AJas
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(hyHKUHOHATa
1=V Ed* }2Fuv + Gv™ dt,
T. €
d x d .
d)u—Ed),,:O, QW—E(DD:O,
rie

® =V Eu'* - 2Fu'v + Gu't

§ 6. Teopema I'aycca — Boune

ITycts G— romeomopdnas kpyry ofbaacts Ha peryasp-
Ho#l nosepxHoctn @, orpannueHHas 3aMKHYTOH KYCOYHO-
peryaspHo#t kpuBo# 7¥. 3ajaguM Ha-

npaB/eHne Ha KPUBOH 7| TaK, uTOOHI

npu of6xole KpuBOH B 3TOM Hanpas-

@ JeHd C TOH CTOPOHB NOBEPXHOCTH,
- KyZa HarlpasjeHa HOpMalb 7, 06JacTb
‘ G ocraBanach crpasa.

O603HaunuM % reoNesuyYecKyo KpH-

Puc. 44. BHU3HY KDUBO# 7 B Npou3BOJBHOR TOU-
K& a 0y Oy ..., O, — yrJasl, o0O0pa-
3yeMble 3BEHbAMM Tp Y ... Jn KPHBOH T CO CTODOHH 06-

nactu G (puc. 44). Vimeer mecro ciuemywouias
Teopema IN'aycca—bBonne.

Z S xds-}—Z(w—ak):?n-—SGSKda,

kyk

20e K — 2ayccosa KpususHa nosepxHocmu, a UHmMe2pupo-
sanue 8 Npasoll 4acmu paABeHCIMBA BbLINOAHAEMCS NO NAO-
waou ooaracmu G.

B wacmruocmu, ecau Yy — pe2yaspras Kpusas, mo

Sxds:?n—SSKdo.

Y G

NokasareabcTBO. [ NPOCTOTH H3/I0KEHAS Mpen-
NOJIOXKHM, YTO KpuBas 7 peryaspHa u BO Bcel obnacth G
MOXeT ObTh BBElEHa MOJyreofesnueckas napaMeTpusalys
NOBEPXHOCTH.

Ipunumass BO BuuManue ¢GOpPMYJTy IS Teone3uyecKoi
KpUBH3HB  KDHBOH B  NOJyreozeswyecKux KOODJMHATAX,
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noayyeHHyio B § 1, Oyzem umers

. VG A | 1 Gy , 19
%ds—m(uv vu —2-Gu'0’3—-7-61'uv nd

— % u’iﬁo’> dt = —d Arctg VSU' — (VG),, dt,

Tak kak ¢ynxkums Arctg w MHOrosHayHas u ee 3HaueHwsd,
OTBEYAIOIINE OJHOMY U TOMY JK€ 3HAUEHHI0O aprymeHra w,

OTJIMUAIOTCA HAa KpaTHOE m, TO

j — d Arctg Vf,”':lm,
) .

rae k — HEKOTOpOe LeNoe YUCJIO.
Ilanee, no cdopmyae I'puna — OcTporpanckoro

S - (l/a)u dv= SOS (Va),,u dudv==
= J‘GJ‘ (L/%VG dudv= SGS — K do.

Takum o00pasom,

Suds:kw—}—SS———ch.

7 G

Ocraercst BHACHUTH, YEMY DaBHO LEJNOE YUCIO A

Hmeem .
krt = ‘f — d Arctg ng' .

T

Ecau 661 G=—1, 10 BeinyuHa kw Oblna Obl yriom, Ha KOTO-

pHi#i MOBOpAauMBAETCA KacaTelpHad KPuBOH ¥ Ha MIOCKOCTH 11U,

COOTBETCTBYIOIE# KpPMBOH 7Y Ha NOBEPXHOCTH, Nmpu obOxole

5TOH KpuBOH. BeauunHa TOro yria, Kak WsBECTHO, paBHa 2.
Tak Kak Be/luunHa MHTErpaa

S —dArcth Mu, v)>0)
) :

HENPEPHIBHO 3aBUCHT OT A(w, ) M pasHa 2w mpu A(w, v)==1,
TO OHa pasHa 2r AMs moGoi ¢yuxumn A(w, v) >0, B vacr-

nocrs, mpu A(w, v)=VG.
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Teopema mOKasaHa MOJHOCTBIO.

['omeomMopdHass Kpyry o6aacTb Ha NOBEPXHOCTH, OrpaHu-
YyeHHass TPEMsl TeOde3sHueCKHMHY, Ha3biBaeTcid 2eolde3utecKum
mpey20AbHUKOM.

Teopema TI'aycca — BoHHe B npuMeHeHMH K reojesuue-
CKOMY TpEYrOJbHHKY HaeT

a+{3+1=n—|—§§ch.

A

OTcrona clenyer, uTo Cymma Y2408 2200e3u4ecKo20 mpe-
Y20A6HUKQ HQ NOBEPXHOCHU € NOAOHCUMEAbHOU KpUBU3HOE
0onsute ™, HA NOBEPXHOCMU ¢ OMPUBAMENbHOL KPUBIU3HOL
MeHblte T, HQ NOBEPXHOCMU C HYACBOl Kpusu3Hoi pasha .

§ 6. TMoBepxHOCTH MOCTOAHHO# rayccoBOi#l KPUBH3HBI

ITycts @ — noBepXHOCTb MOCTOSHHOM rayccoBoi KD MBH3HBI
K u P—npousBosibHat TOYKa Ha 3ToH moBepxXHOCTH. Bie-
AeM Ha nosepxHocT# @ nosyreonesuyeckyr napamMeTpH3alUio
B OKDECTHOCTH TOYKH P, ucXoAs U3 MNPOU3BOJbLHOH reole-
3uueckol, mpoxonsime#t uepes touky P. IlepBas ksaaparuy-
Hasi ¢opMa NOBepXHOCTH OydeT UMETb BHA

' |=du® +-Gdv,

npuueM MOxHO cumTath, yt0 (G(0, v)=1 mn G, (0, v)=0.

Tak kak rayccoBa KpHBH3HA IOBEPXHOCTH MOCTOSIHHA Y
paBHa K, 10 koatpuunent G KOMKEH YAOBJIETBOPATL AUDGe-
PEHILUAJLHOMY YPaBHEHHIO

(B cayuae nmosyreonesuuecko#t napamerpHusaidd NOBEPXHOCTH

rayccosa kpususia K =— (V@) (V @).)
Byxem pasinuate TpH Caydas:

1. K>0.
2. K<O.
3. K=0.

B nepsom cayuae obmmt Bua /G, ynoBaeTBOpAIOIIEro
ypasHeHuio (), Oyner

Y G=A@w)cos VK u- B(v)sin YK u.
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Tak kak G(0, v)=1 u G, (0, v)=0, 10 A(v)=1 u B(v)=
=0. Takum o6pasom, B cayuae K >0 cymecrByer napa-
MeTpy3auus MOBEPXHOCTH, TNPH KOTOPOH mepsas KBaapaTuy-
Has ¢opMa uMeer BHI

I=du* - cos®y/ Ku dv*.

AHaJIOrduHO, BO BTOPOM Cjyyae NepBUs KBaAPaTHYHAs
dopma nosepxuocty Oyier:

I=du® 4} ch*y/ — Ku dv*.
Hakoseln, B TperheM cayuae
I=du®+ dv*

Teopema. Bce nosepxrocmu nocmoguroili, pasnoii K,
2ayccoBoll Kpusu3Hbl, AOKAA6HO uU30Mempuins. boaee mozo,
ecau ®; u Dy — nosepxrocmu nocmosnrol 2ayccosoi Kpu-
susno. K, Py u Py— npou3sossHeie mo4uku Ha 3mux no-
eepxrnocmax, Iy u ly— npoussossrsle HANPasaeHus 8 IMux
moukxax, mo cyuecmsyen U30MEMPULECKOE OmoOpasicerue
oxpecmHocmu mouxu Py nogepxrocmu ®, Ha oxpecmrocms
mouxu Py nosepxnocmu ®,, npu xomopom Hanpasienuio I
Ha nosepxrocmu ®, 8 mouxe Py coomsemcmsyem Hanpas-
aeHue ly na nosepxrocmu ®y 8 moure P

Ilna mokasaTtenbCTBa 3TOH TeOpeMb [JOCTaTOYHO B OKpe-
CTHOCTAX TOueK P; u P, Ha mosepxnoctax @, n @y sBecTn
NoJyreoie3nueckue NapaMeTpU3aunu HCXOAs H3 Treoje3nye-
cKkux Hanpasaenudt /; u /. Ilpu 3TOM nNepBble KBaApaTHUHBIE
¢opMm moBepxHocTe#t OyAyT oAMHAaKOBH, u Tpebyemoe H30-
METPUYECKOE OTOOpaXeHHe MOJYyyaeTcs NpH CONOCTaBJECHHA
TOYEK C OAWHAKOBHIMM KOODJMHAaTaMH.

3AJJAUYN U TEOPEMHI K T'JIABE IX

1. Moka3atb, yTO e€cAW reone3nyeckas AUHUA ABIAETCH ORHO-
BPEMEHHO aCHMIITOTHYECKOH, TO OHa mpaAMad.

[TokasaTh, YTO ecau reonesnyec<as ABIAETCA OJHOBPEMEHHO
AWHAEH KPHBHM3HH, TO OHa MJOCKas.

2. Ilyctb y—reone3nyeckas ¥ P — Touka Ha Hei. Jloka3aTnb,
yto ecad Toyka Q reoleauyeckofi focraToyHo Gauska Kk P, TOo oT-
pesok PQ reome3nyeckoit 6ymer kpartyaiime#t Mo CPaBHEHHIO €O
BCEMH CNPAMIAEMBIMH (2@ He TOJAbKO KYCOYHO-TIaIKHMH) KDHBBIMH,
COEAMHAOIMMY TOUKH P B Q Ha NOBEPXHOCTH.



174 BHYTPEHHSST TEOMETPHUSI TOBEPXHOCTEM [Ta. IX

Ioka3zatb, ut0 OTpe3ok PQ reojnesuuecko#t y ABIAETCA €lHH-
CTBEHHOM KpaTuafilledt, coexuHsiomed ToykH P M Q Ha moBepx-
HoCTH, ectd TOyka @ HoctatoyHo Gauska K P.

3. JloxasaTb, YTO Yy TOYKM P Ha perynsapHOi NMOBEPXHOCTH eCTb
OKPEeCTHOCTb, B KOTOPOIl MoxeT ObITh BBel€HA MOJAYreole3nyeckas
mapaMeTpu3auMa McxXolds M3 moG6oit reone3nyeckoi, NpoxomAileH
yepe3 Toyky P.

4. Vicnoap3ys 1Be mpenbiyLiHe TeopeMsl, I0Ka3aTh, YTO A06as
KpaTuailiasa Ha PeryiasapHOi MOBEPXHOCTH ABIAETCA reolesHyecKoil.

5. Jlokasatb, YTO kaKoBa Gbl HM Obl1a OKPECTHOCTb Q TOUKH P
Ha PerynspHoit MOBePXHOCTH, BCErda MOXHO B Hel yKa3aTb OKpecT-
HOCTb ® TaKyl0, YTO JMOGHE JBe TOYKH OKPECTHOCTH @ MOXHO coe-
IMHHTL KpaTyaiuieil BHYTpH Q.

6. JloxasaTb, YTO Ha TNOJHOH MOBEPXHOCTH XIOGble IBE TOUKH
MOYXHO COeIMHHTb KpaTyaiureit.

7. Tloka3ath, YTO YpaBHEHHE TeOAe3UYECKHX B Clyyae MoJay-
reonesuueckoit mapamerpusauun (ds?=du® -} Gdv®) MoxXer GHITb

3anucaHo B (¢opwme -
de 0 | 4¢;

dv— ou ’
rie o—yroi, MOX KOTOPbHIM reoje3nyeckas MepeceKaeT JMHUH
v = const.

8. Iloka3ath, YTO €ciIH KpHBAasg | Ha MOBEPXHOCTH, 3adaHHas
ypaBHeHuaAMHu U = u (¢), v =v (a), UCNBITbIBaeT nedopManuio, nepe-
X0l K MOMeHTY ¢ B KpUBYIO 2 =1u (a) + X (a) ¢, v =10 (a) + p (2)¢,
T0 06yCIOBIEHHOE 3THM M3MeHeHHe IYrd KpPHBOH 7

09 @ | 09,, 09 ,
as=e{ (St Tut v+ 55 w) det o,
1

rne ® =V FEu?+2Fuv' + Guv'?, a O (t%) o6o3nauena wuacrb As,
uMelomas NopaIoK He HHxe 2,

BblmonHssss HHTErpupoBaHWE [0 YacTAM W Npeanosaras, YTo
KOHUBl KpUBO# | mpu NedopMauUH OCTAOTCA HEMOIBHXHLIMH, MO-
Ka3aTb, 4TO

As=t S (g-?—-%(gg,))'lda—l—tg (g;—%(g—i))pda-{—O(ﬁ).
1

9. VMcxons u3 cBoiicTBa reofesHyeckux GblTh KpaTyalImMMHU Ha
NIOCTaTOYHO MAJOM YyacTKe, 1OKa3aTh, YTO yPaBHEHHU: reofe3UyeCKux
MoryT GbITb NMpeNCTaBleHb B (opme

0D _ d(9%\ _, 9% _ d (9%\_
a s w) = 50~ o) ="

rae ® =}V Eu® 4 2Fu'v’' + Gu'®. B yactHOCTH, €CIH
@ =yT1+Gov3,
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ypaBHeHHe reojge3nyeckux Gyner
1

v
2 °® d Gou -0
ViFGo? du\V1+ Go? )
10. Tlokasath, YTO reofesHyeckHe JHHHM Ha IOBEPXHOCTAX
BPALICHUA HAXONATCA B KBaIPaTypax.
12. Tloka3ath, YTO ypaBHeHHe reolde3HYeCKUX s MOBEPXHOCTEH
¢ nHHeHHBIM sneMeHToOM ds®= (U (u) -+ V (v)) (du? 4 dv?) (3t mo-
BEDXHOCTH Ha3blBAlOTCA nosepxHocmamu Jluysuaas) npUBOIATCA K

BHIY v
Udv® — Vdu?®
a ( du® 4 do? ) =0

Orciona CrelyeT, YTo reoJle3anyecKkue MMHUU Ha TaKHX NOBEPXHOCTAX
HaxomaTCA B KBanpaTypax Vimenno:

+ ¢;.

IVgu—c j'VV+c

13. Jokasarb, .YTO NMOBEPXHOCTH BTOPOro MOPANKA ABIAIOTCH
noBepxHocTaAMH JInyBunaa. KoopaunaTHas ceTb, OTHOCHTENBHO KO-
TOPOA JAWHEHHBIN 31eMeHT umeer Bul ds®= (U—I—- V) (du? 4 dv?),
COCTOUT M3 avHH# kpuBH3Hbl (cM. 3ajayy 11 ra. VII).

14. TokasaTh, 4TO B OKPECTHOCTH MPOM3BOJBHOIH TOUYKH P pe-
IYIAPHOK NOBEPXHOCTH MOXeT ObiTh BBENEHAa MOAYreole3uyecKas
napamMeTpH3auMa 4, v, OTIHYAIOI{aACA CAENYIOU[UM: JHHHU & — reo-
Jie3HyecKyue, NPOXOJsAlHe yepe3 TOuky P, IMHHMYM U — reojesHyeckue
oKpyxkHocTH ¢ ueHtpoM P. Ecam B kayectBe mapameTpoB B3fTb:
i —-reoJie3anyecKoe paccrosHue ot P, a v — yroa, o6pa3yeMblit reo-
ne3uyeckolt ¢ HEeKOTOPHIM (PHKCHPOBAHHLIM HampaBieHHEM B Touke P,
TO JUHeHHbIH 9J€MEeHT NOBEPXHOCTH NPUMET BUX

ds? = du® + G dv®.
Korta u—0, 10 G—0, (VY G),— |, (VG)”” —K(P), rae

K (P) —rayccoBa kpuBH3Ha B P.
15. Tlycerb I (r) — paMHa reone3yyecKo# OKPYXHOCTH C LEHT-
poM B TOuKe P MOBepXHOCTH M pammycoM r. Jloka3aTb, YTO

. 2mr—I(r) _m .
'!I_I’T:)——’,s_—-g—K(P):

rie K (P)—rayccoBa KpHBH3HAa B TOYKe P.
16. ITokasath, uTO0 reomeauyecKue JIWHHUM MOBEPXHOCTH C JIH-

HEHHBIM 9JEMEHTOM
dst = du? 4 dv® 4 (udv — vdu)?
(¢ + o)

cytb: ait 4 po + y=0 (a, B, 7 — nocronnubie).
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17. Toka3arb, YTO ypaBHEHMIO
—'U" +?_0‘l!v;3+2?u'ovrg+&lﬂvr=o
Pu Pu Pre

yIOBAETBOPACT U == ¢;p -} €3 (€, €3 — MOCTOSAHHBIE).
18. Tlokasatb, YTO eClH ypaBHeHHE reole3WYECKUX B MOAYreo-
Ne3nYecKUX KOOpPAMHATax

'U"+—;—G,,v"-—;—%l’ 0’8 —f——GGi‘v’:O

UMeeT HHTerpax Buaa v=_cC,¢ (4, v) €5, roe ¢, U €3 — MPOU3-
BOJbHbIE nocTosHHble, T0 G = U (u) V (v), u, ciexoBareiabHo, rayc-
COBa KPHBM3HAa MOBEPXHOCTH - BAOAb JMHMI ¥ MOCTOAHHA.

19. OtoGpaxeHue OOHOI1 MOBEPXHOCTH Ha APYryi0 Ha3biBaeTcs
reo/le3H4YeCKHM, €CIIH NPH ITOM 0TOOpaxkeHuu reone3nyeckue ORHOMH
MOBEPXHOCTH COOTBETCTBYIOT reoje3uyeckum apyroit. M3 samaum 16
ciaenyeT, YTO NOBEPXHOCTH TNOCTOAHHOH TrayCCOBOH KPUBH3HBI M0-
NYCKAIOT reojeanyeckoe 0ToOpaxeHHe Ha MIOCKOCTb.

Joka3atb, YTO TOJbKO I110BEPXHOCTH NOCTOAHHOM rayccoso#t
KPHUBH3HBI 06JajalOT 3THM CBoiicTBOM (meopema Besbmpamu).

20. Myctb Ha reofesnyeckodf Y, npoxofsmet B6au3n Toukn O
NOBEPXHOCTH, B3ATH [Be OGauskue Toyku A m B. ﬂgcrb § — yroa
reone3nyeckoro tTpeyroabnuka AOB npu Bepummne O, a @ — coot-
BETCTBYIOLIH# YroJ NJIOCKOr0 TPEYroJbHHKa C TeMH e CTOPOHaMIL.

—_—a
Ioka3atp, yT0

=5 K*, rile ¢ — niomalb eoNe3HyecKoro

TpeyronbHuka, a K* G6IM3KO K TaycCOBOU KPHUBHU3HE NMOBEPXHOCTH
B Toyke O, eCIH TPEYroJbHHK TOCTaTOYHO Mal.

21, ITyctb A —reone3uyecknit TpeyroibHUK, COMEpXKaliuit TOU-
Ky P nosepxuoctu. Ilycts &, 8, §; — yraet atoro TpeyroabHuka,
a a;, &y, a; — Yribl COOTBETCTBYIOUIEr0 ILIOCKOTO TPeyroabHUKa (CM.
npeasaymyio 3anauy). JokasaTb, YTO TPH OTHOLIEHMA

$ —a, 3 —ay ¥y —ay

[ ’ ] ]

cTpeMaATCA K o6ueMy npexery —;—K(P), KOrfia TpeyroabHuk A cra-

rusaerca K touke P (meopema [aycca).
22. MosepxHoctn F; u Fs Ha3blBAlOTCA NOBEPXHOCMAMU Yerm-
pos nosepxrocmu F, ecin OHM 06pa3yloTcA KOHUAMK OTPE3KOB

LAMHBL 2= H 2= (ky n kg —ranaBHble KpUBM3HB F), OTKIadbIBaEMbIX
1 2

Ha HopMaaax mosepxHoctd F. Mexny nosepxHoctamu Fy, Fy u F
€CTECTBEHHbIM 06Pa3oM YCTaHaBANBAETCA COOTBETCTBHE TOYeK. Mmen-
HO, COOTBETCTBYIOLIMMH ABJIAIOTCA TOYKM [OBEPXHOCTEH, aewauine
Ha OHOM W To# ke HopMmaay K F. Jlokasarb, YTO JHHHSAM KPUBH3HbI
noBepxHOCTH F COOTBETCIBYIOT reofe3MyeCKHe NHHHM MOBEPXHOCTEH
UEHTPOB.




