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I'smaBa 1

I'eomeTpust NpsaMBIX U ILJIOCKOCTEIl

1.1 BekTopsl U onepanuu HAJ HUMU

1.1.1 HanpasJjsennsbie orpe3ku. I'eomeTpnieckne BEKTOPHI

[locTpoenne Kypca aHAJUTUYECKON €OMETPHUU MbI HAYHEM C IIPOCTBIX I'€OMETPUYECKHUX
Ha6JIIO,ZI;eHI/II7I n KOHCprKL{I/Iﬁ7 MOTHUBUDPOBAHHbBIX BO MHOI'OM HalllUM 4YyBCTBCHHBIM BOCIIDU-
ATHEM OKPYZKAIOIIEro MUPa, eCTeCTBEHHbIX reomerpuueckux dopm. Kak m Bo Bpemena
EBknnna, Kk HEONpEaEIIEMbIM, AITPUOPH FCHBIM T€OMETPUUECKUM OOBEKTAM MBI OTHOCHM
MOYKY, NPAMDBLE U NAOCKOCMU, KOTOPBIE PACTIOTIOXKEHBI B OKPYXKAIOTIEM HAC NPOCMPAHCMEE.
Touxku H6ymem 0603HAYATH 3aTVIABHBIMU OYKBaMU JIATHHCKOTO ajiasuTta. 13 akcmomaruku
EBknni0B0ii reoMeTpun ma0CKOCTH W MPOCTPAHCTBA ( HANPHUMED, AKCHOM 3JIEMEHTAPHOMN
reomerpun A.B.Iloropesiosa) HaM W3BECTHO, UTO BCSKHE [BE HECOBIAIAIONIHE TOUYKH A u
B Ha mI0CKOCTH WK B TPOCTPAHCTBE OMPEeISOT eINHCTBEHHYIO MPSIMYIO, COAEPHKATILY O
9TH TOYKH, WU, BEIPAKAICH TEOMETPUIECKUM SI3BIKOM, npozodausyto depe3 Toukn A n B.
Yacre npamoit, 3akaouenras Mexay Todkamu A m B HaspBaeTcs ompeskom npaMoit ¢
KOHIeBbIME ToukaMu A u B. B onpejenennn oTpeska He 6asceHn MOPSAIOK, B KOTOPOM MbI
nepeduncsideM KOHIEBbIE TOYKHN OTPE3Ka. I/IHTyI/ITI/IBHO ACHO, OAHAKO, 9TO IIOPAJOK IIepe-
YUCJIEHUA TOYEK OTpPE3Ka MOXKET MMETh 3Ha4dYeHue. STO UHTYUTUBHOEC TIPpEACTABJIECHNE 6&-
BUPYeTCsi, HECOMHEHHO, Ha HAIEM OIbITEe TeUeHUs BpeMmeHu. s HAC 1O KU3HU BaXKHO,
KaKxoe u3 06Yxr cobLimMUl NPou3OULA0 parvwe. B TeoMeTpun Takoe UYBCTBEHHOE OTITYIIIe-
HUE OTPaXKAeTCs B MOHATUHN HAMPABIEHHOTO OTPE3KA U sIBJISETCsI OCHOBOM JJIs OJHOTO M3
byHIAMEHTATBHBIX TOHATHI B T€OMETPUN — TMTOHATH OPUEHIMAUUU.

Hanpaeaennvim ompeskom Ha IIOCKOCTH WM B MPOCTPAHCTBE HA3BIBAETCS YIIOPSIIO-
yennaga napa touek (A, B). Touka A Ha3biBaerTcs HAYaJbLHON TOYKON, WM HAYAAOM, Ha-
MPABJEHHOIO OTPE3Ka, & TOYKa B - ero KOHIEBOH TOYKON, WM KOHI[OM HAIIPABJIECHHOIO
orpe3ka. Hanpasienublit orpe3zok obo3HaqaoT AB.

JlBa HAITPaBJIEHHBIX OTPE3KA HA3BIBAIOTCH KOAAUHEGPHBIMY, €CJIT PACIIONIOXKEHBI HA O]-
HO# WJik Ha IapaJijleJIbHbIX MIPAMBIX.

ITycts | — mpsvast, O € [. Touka O pazbuBaer | Ha JBE MOAYTIpsIMBIe. 3adpUKCHPYEM
Touky A Ha mpsMoil, oinuHy o1 Touku O.

Jyvwem ¢ magagom B Touke O HazbBaeTCs 0ObeMHEHNE BCEX OTPE3KOB, KOTOPBIE CO/Ep-
AT TOUKY A u nMeror obmnmit Kowuer; B Touke (. QueBnIHO, ITO HanpaBﬂeHHbm OTPE30K
OA O/THOZHAYHO OMPETETAET JIyd, KOTOPBIH MbI 0003HAYMM depes ray(OA)
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[Iycrn AB ,C'—lﬁ KOJIIMHCAPHBIC HAMPAB/ICHHBIC OTE3KH, ACHCAUUC HA 0(3HO_’[2_> nPAMOT
npsMoii [. DTH OTPE3KU HA3BIBAIOTCH conanpasaerhvmy (obosuavenue AB 11 CD), ecim
ray(zﬁ) D ray(C_D)), i #Hao6opotr. B mporuBHOM Ciydae, HalpaB/IeHHbIe OTPE3KH AB u
CD masemaiorcsa NPOMUBONOAOHCHO HANPABACHHLMU (14—B> T C'—l>?)

N3 akcuoM mjaHUMETPUU W3BECTHO, 9TO TpAMasi pa3bUBaeT IJIOCKOCThH Ha JIBE TOJIY-
TOCKOCTH. .

Myctes AB,C'D konnuHeapHBbIE HANPABICHHBIE OTPE3KH, HE ACHCAUWUE WG 00nOT Nps-
Moti. OHI HA3LIBAIOTCA COHANPASAEHHbIMU, €CIu TOUYKH B n D jexar B 00not TOJIYILIOC-
KOCTH OTHOCUTEHHO mpamoit AC m npPOTHBOIOJIOKHO HAIPABJICHHBIMHU, €CJM TOYKU B u
D jnexar B pasauMHoLL MOy TLIOCKOCTH OTHOCHTE/TBHO TPSIMOIL AC

Jlaunol manpasaeHroro orpeska AB HasbIBAETCA JUIMHA COOTBETCTBYIOIMIErO OTPE3KA
[A, B]. InuHa HAIPABJIEHHOTO OTPE3Ka AB obosmaaercs yepes |AB].

JlBa HaTpaBJIEHHBIX OTPE3KA, HA3BIBAIOTCS PAGHLIMU, €CJIM OHU COHATTPABIEHBI U UMEIOT
OJTMHAKOBYIO JIJTMHY.

Teomempuseckum GeKMOPOM HA3BIBAEMCA COBOKYNHOCTNG BCET PABHUIT MeHCIY co60l
HanpasaeHHor ompeskos. KaxXapiit m3 TakKUX HAPABIECHHBIX OTPE3KOB HA3BIBAECTCS TIPE/I-
CTaBUTE/IEM BEKTOpa. BEKTOPHI, B OTJINYNE OT HATTPABJIEHHBIX OTPE3KOB, DyAeM 0003HAUATE
CTPOYHBIMHU OYKBAMU JIATHHCKOTO asihaBnuTa co crpenkoit. Hampumep, a, b,C,....

Kaxk b1t HampaBaeHHBIN OTPE30K OJHO3HATHO OMPEIeNIsIeT BEKTOP M KaXKIbI BEKTOD
AMEET CBOETO TIPEJICTABUTE ¢ HAYAIOM B JTIO00N TOUKE TIOCKOCTH WM TMPOCTPAHCTBA.
Bripaxkenue:" 3adame npedcmasumennv eexmopa 6 dannoti moyuke' " SKBUBAJIEHTHO BhIparke-
vuto " Omaoorcumo sexmop om darnnot mouru". UTobbl He yTAKEIATH TEPMUHOJIOTHIO, B
JIAJIHENIIIEM BEKTOD M HAIIPABJIEHHBIN OTPE30K Pa3jindarh He DyjeM B TOM CMBIC/IE, 9TO
TOBOPS O BEKTOPE KaXKbili pa3 OyaeM BbIOUPATH €ro MpeCcTaBUuTe b, OTJI0XKEeH-
HBI OT HY>XHOU TOYKWH.

1.1.2 Omnepanun Haa reoMeTPUIECKNMU BEKTOPaMM

Cio>keHue BEKTOPOB

—

Omnpepenenne 1.1.1 ITycmo d,b sadannme sexmopwv.. Cymmoti @ + b eexmopos d u b
HAZBIBAEMCA BEKMOP, HAMAAO KOMOPO2O COBNANAEM ¢ HAMAAOM BEKMOPA 4, 4 KOHEYy — C
KoHyom eexmopa b, npu ycaosuu, wmo eexmop b omaoocen om Konuya eexmopa a.

OueBUAHBIMEU CBONCTBAMU CJIOKEHUST BEKTOPOB, BBITEKAIOIUMU W3 OIPEICTEHUS WX
CYMMBI, ABJIAIOTCA

—

e KommyraruBrOCTh @+ b = b+

ST

e Accommarmsrocts (@ +b) +E=ad+ (b+ C).

JlomoiHuM MHOXKECTBO PAaCCMATPUBAEMbIX HAMU HAINPABJIEHHBIX 0TPe3KOB "orpe3kom",
HAYAJI0 U KOHEI[ KOTOPOTO coBMagaoT. Padymeercd, minHa Takoro orpeska pasua 0, a Ha-
npassienue He omnpejeseno. Qupejenum Hysesol sekmop, Kak "Bekrop", npejacTaBieHHbIN
B KayKJIOH TOUKE HYJEBBLIM HAIPABJICHHBIM oTpe3koM. Obo3HavaTh HYJIEBOH BEKTOp OymeM

0.

- —
—

BexTop b Ha3bIBaeTCI NPOomMueonososcHuiM BEKTOPY d, ecan d + b = 0. Takoit BekTop
6yznem obosnavars —a. fcho, uro | — d| = |adl.
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IIpousBenenmne umncsa HA BEKTOP

IMycts @ — BEeKTOP, A — BEIECTBEHHOE 9UCJI0. [IpON3BEIeHNEM YUCTa A HA BEKTOD @ HAZHI-
BaeTCs BeKTOp b, onpeessieMblii CIeAYIOIMUMI CBORCTBAMHU:

bl = |Allal;
ETT a, ecmu\ > 0;

S

11 d, ecam\ < O0;

6, ecim A = 0.

Jl1s nponsBeaeHnd BEKTOPA Ha, 9UCI0 yooTpebiagerca ofo3sHadenne A d. JIerko Bugers, 9To
ecm @ = 0, To Ad = 0 gna ymoboro .

Bamernm, 9TO ONpeseneHne MPON3BEeIeHIs TUCIa Ha BEKTOP COIIACOBAHO C OIpPeIesIe-
HUEM CyMMBI BEKTOPOB B TOM CMBICJIE, UTO

—

ni=a+---+d, anxa moboro Harypasbaoro n € N
—_——

n

OrMeTnM CJeAyIONre CBOMCTBA YMHOKEHUS UUC/Ia Ha, BEKTOP.
Ecmu @ — BekTOp, A, 10 € R, TO

1.2 JluHeitHOe BEKTOPHOE INPOCTPAHCTBO.

MmuozkecTBo L 3/1€MEHTOB TTPON3BOJILHOMN TTPUPOIbI HABBIBAETCS 8CULECTEEHHBIM AUHETHBIM
8EXMOPHBIM NPOCMPAHCINBOM, €CJIN:

— —

1. KaxxapiMm aByM sneMmenTaM @, b € L mocTaBjieH B COOTBETCTBHE JI€MEHT @ + b, Ha3bl-
BaeMbIH CyMMO# 971eMeHTOB d 1 b.

2. 17 KaxKIoro @ € L v Aj1s1 KasKI0ro BEIIeCTBEHHOTO A COIOCTABJIEH 3JIeMeHT A\ d € L,
Ha3bIBAEMBIil [IPOU3BEJICHUEM YUCIa A HA IJEMEHT d.

9TI/I orrepanuu JOJJ2KHBI YAOBJACTBOPATH CJACAYIOIMUM aKCUOMaM:

1. G+b=b+d (KOMMyTATHBHOCTB);
2. (@+b)+¢=d+ (b+7 (acCOUHATHBHOCTB);
3. cymecrsyer 0 € L Takoil, 9T0 /15 KazKA0ro @ € L BBIIOIHEHO paBeHcTBo @ + 0 = @

4. pns kaxgoro @ € L cymecrByer —a € L rakoii, uro  a+ (—a) = 0;
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JUIS JIIOOBIX BEIIECTBEHHBIX A, (¥ JIIOOLIX d,b € L.
DJieMEeHTbI JUHEHHOT0 BEKTOPHOIO IIPOCTPAHCTBA HPUHATO HA3BIBATH BEKTO-
pamMu.

IIpumeps! MUHEHHBIX BEKTOPHBIX MPOCTPAHCTB.

1. MuoxecTBO TeOMETPUYICCKHUX BEKTOPOB C OIPEAC/JIEHHBIMHN BBIIIE OICPpalludMMW CJIO-
KEHHA 1 YMHOXKEHUA Ha YHCJIO.

2. COBOKYIHOCTb BCEX MHOTOWIEHOB CTEIIEHN, He IIpeBbimaromeit n € N, ¢ 0ObIIHBIMI
OorepanudaMm CJI0KEHUA U YMHOXKEHUA Ha 9IUCJIO.

anx™ 4 ap_12" M+ -+ arx + ag =0, ar € R.

BaMeTuM, 9T0 MHOKECTBO MHOTOUJIEHOB € BEIIECTBEHHBIMEI KO(DMDUITHEHTAME CTere-
HU PAaBHOIW N HEe 06pa3yeTr JUHEHHOTO POCTPAHCTBA (JTOKAKNTE).

3. X — mpou3BosbHOE MHOXKECTBO, L — MHOXKeCTBO BCex (hYHKIU, ONMpPeSeeHHbIX HA
X. OmpenennM omepanyn CIOKEHAT ¥ YMHOXKEHHA Ha YHCA0 Ha MHOXKecTBe L cire-
IYIOTUMU €CTECTBEHHBIMU TPABU/TAMUT:

(f +9)(@) = f(z) + g(x),
(kf)(x) = kf(x)

B Kaxkgoit Touke x € X.

4. BekTop-cTpoKn.
[Iyers L = {(a1,a2,...,an)|a; € R} — MHOXKeCTBO HAGOPOB U3 N BEIIECTBEHHBIX
quCes. DJTEMEHTOM 3TOrO MHOXKECTBA ABJSIIOTCA CTPOKM, BUAa d = (a1, a2, ..., ay).

Omnpenenmum Ha L onepanun CJI0KEHNS U YMHOXKEHUS Ha TUCJIO0 CJIELYIONM 00pa30oM:
(a) Ecom @ = (a1, a2,...,a0,), b= (b1,b2,...,by), TO
a+0b= (a1 + b1 a2 +bay ..., an + by);
(b) Ecim @ = (a1,a2,...,an), A € R, ro Ad = (Ad1, Ada, ..., A\dy)..

[Mycre L — quneiinoe npoctpanctBo, (a1, ..., d,) € L. Junelinold xombunayuet; BEKTO-
pOB @1, ..., 0, HA3BIBAETCI BLIPAXKEHIE

Ad1 + Aods + -+ - + Apdn.
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Jlumetinas KoMOMHAIMS BEKTOPOB, OUYEBHUIHO, ABISIETCI BEKTOPOM.

Jluneitnas KOMOMHAIIMS HA3BIBAETCS HEMPUBUAALHOTU, €CJid XOTst Obl 0JuH 13 K0hdu-
ITUECHTOB ITOM KOM6I/IH3J_[I/II/I HE paBEH HYJIIO.

COBOKYTHOCTE BEKTOPOB A1, . . . , Ay, ( WK, B IPYTOl TEPMUHOJIOTUH, CUCTNEMA ) HA3BIBA-
eTCst AUHETHO He3a8UCUMOT, €CITH HE CYIECTBYeT HEeTPUBUAIBHON JIMHEHHON KOMOWHAIINN
3TUX BEKTOPOB, PaBHOI 0.B MTPOTUBHOM CJIyYae, 3Ta CUCTEMA HA3LIBAETCH AUHETUHO 3G6U-
cuMOoT.

PaccmorprM HECKOBKO TPOCTRIX YTBEPKIEHUH O TUHENHON 3aBUCUMOCTH CUCTEM BeK-
TOPOB.

IIpeanoxkenune 1.2.1 Ecau cucmema eexmopos {di,...,d,} codeporcum myaesoti eek-
mop, MO CUCTEMA AUHEUHO 3A6UCUMA.

JokazaTesbecTBo. He mapyrmmas obmHOCTH MOXKHO CUMTATH, UTO MEPBBIA BEKTOP — HY-
sieoit. CocTaBUM JIMHEHHYI0 KOMOUHAIINIO, BUAA

M@y + 0ds + -+ 0dp, A1 # 0.

HAcuo, uro vra AuHelinag KOMOUHAINS 1aeT HYJIeBO BEKTOD, HO HE ABJIAETCA TPUBUAIHHOM.
Cnenosarensto, {dy,...,d,} — TUHEHHO 3aBUCAMAsT CHCTEMA.
0

IIpennoxenune 1.2.2 Cucmema sexmopos {di, . .., Gy} aunetino sasucuma mozoa u moav-
K0 mozoa, K020a 00UN U3 6EKMOPO6 CUCTNEMbL AUHETHO 6BIPAICAEMCA HePE3 OCTNANLHDLE.

HoxkaszareabctBo. Ilycts cucrema {dy, ..., d,} JUHEHHO 3aBUCMa. DTO 0O3HATAET, TTO
A1y + Aadz + -+ + Apdp = 0,

mpudeM XoTst Obl o7uH 13 K03 huiinenToB oT/IndeH oT Hy/1s. IleperymepoBas, eciu HYKHO,
BEKTOPBI, MBI MOKEM CYUTATh, 9TO A1 # 0. YMHOXKWM 00€ 9acTh MOCIEHEro PaBeHCTRA,
ua 1/A;. Tomyaum

a CJIEIOBATEJILHO
ap = p2a2 + -+ + [nGn,

)\2 )\n
THE g = ——y .oy fbyp = ——.
AT A1
O6paTHo, MyCTh HEKOTOPBIN BEKTOP CUCTEMBI {d1, . . . , 4y } JTUHEHHO BBIPAYKAETCH 9epes

ocraaburie. IleperyMepoBas, ecii HY:KHO, BEKTOPLI, MOKHO CIUTATDL, UTO 3TO BEKTOP d1:
C_il = M?C_i2 +o 4+ Mnan-
Ho rorna jimmeitnas koMOuHaIms
@ — pody — -+ — pndy =0

HE TPpUBHaJIbHadAd, YTO O3HaAYaeT HHHeﬁHYIO 3aBUCHMOCTDL BCEll CHCTEMEL.
]
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1.2.1 bBa3swuc amHeitHOTO mMPOCTPAHCTBA

Ompegenenue 1.2.1 IIycmv L aunetinoe npocmpancmeo. Cucmema 6exmopos
{C_L‘l,...,c_in} eL
nasvieaemcs 6a3uMCOM JTUHEHHOrO IpoCTPancTea L, ecau:
o Cucmema {d1,...,d,} aunetino nezasucuma;
e Oas Kaocdozo b € L cucmema sexmopos {dy, ..., dy, l;} AUHETHO 3Q6UCUMA.

Koauuecmeso saemenmos bazuca Ha3b6aemcs Pa3mMePHOCMbIO AuHeliHo20 npoc-
mpancmea u obosnavaemes wepes dim L.

3ameuanne. 3 Broporo yciosust cieayer, uro jiroboit b € L MoxkeT OBITH IIPeJCTABIEH B
BUJIE JIMHEHHOI KOMOUHAIINN BEKTOPOB {@1, . . ., dp }, TO €CTh

b= Ad1+ -+ Aniin.

PaccymoTprum HEKOTOPBIE TPUMEDHI.

IIpensoxkenue 1.2.3 MHoocecmso KOANUHEAPHHIL 6EKMOPOS 06pasyem aAuHetHoe npo-
cmpancmeo L, paszmeprocms womopozo dim L = 1 o 6asuc 6 L cocmasasem 4106070 Heny-
nesoti eexmop us L.

JokazarenbcrBo. Ilycts @ mpomsBosbHBIN HeHymeBOH BekTOp. CHCTEMa BEKTOPOB
{@}, cocrosmas U3 0HOTO BEKTOPA, TUHEHHO He3aBucuMa. JIefCTBUTEIbHO, TIyCTh Ad = 0.
Torma |N||@| = 0. Ho @ # 0, smaunr  |@| # 0, u caeposarensio A = 0. Takum o6pasom,
HE CYIIECTBYET HETPUBUAILHON JTMHEINHON KOMOMHAIINY TaHHOM CHCTEMbI, PABHON HYJIEBOMY
BEKTOPY, Y4TO O3HadaeT JUHEHHYI0 He3aBUCUMOCTL CUCTEMBI.

ITycrs b MPON3BOIBHBIN BEKTOD, KOJTMHEAPHBIN G. PaccMOTpUM /IBa, CJIydas:

a) Bekropbl @ u b coHampaBieHbI.

Iycrs |b| = b, |@| = a. Paccmorpuu & = gd. Torga ¢ Tqu wTak kak @ ] b,

o & 1] b. Hockombky | = §|(i’| =b , 10 € = b Kak BEKTODBI, UMEIOIIHE

OJIMHAKOBYIO JJINHY ¥ Hampasjenue. Takum obpazom, b = gd, TO eCTh BEKTOp b

JINHEWHO BBIPAYKAETCS Yepe3 BEKTOP d.

6) BekTopbl d u b nPOTUBOIIOIOKHO HAIIPABJIEHBI.

AwnayormdHo 1. a), JIerko mokasarh, 410 b = —2 a.

Takum obpazom, 6as3uc TPOCTPAHCTBA KOJIMHEAPHBIX BEKTOPOB COCTABJIAET TPON3BOJIb-
ublit BekTop {a@} # 0 u pasmepuocts dim L = 1.
n
BexTopsor di, . . . , @, Ha3LIBAIOTCI KOMNAGHADHbMLU, ECTH IPEICTABISIONINE UX HAIIPaB-
JICHHBIC OTPE3KU PACIIOJIOXKEHBI B O,ZLHOI‘/JI MJIA A PaJIJICJIBHBIX ITJIOCKOCTAX.
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IIpennoxkenue 1.2.4 Mnoocecmso KOMNAGHAPHBIL 6EKMOPOS 0bpasyem AuHetiHoe npo-
cmpancmeo L, pazmeprnocmov xomopozo dim L = 2, a 6asuc ¢ L cocmasasem arobas napa
HEKONAUHEAPHDIT 6EKMOPOG.

JokazareabcTBo. JleiicTBUTe/bHO, IIyCTh BEKTOPHI 4 U b xommtanapubl. OTI0KAM HX OT
o6mero magasa O. Ilycrn OA u O—é HAIPAB/ICHHEIC OTPE3KH, MPE/ICTAB/ISIONTHE BEKTOPEI
@ u b. Hanpasitennble 0Tpesku OA u OB OMPEJIEIIAIOT HIOCKOCTD. ITo mpaBmny croxe-
HUS HATTPABJIEHHBIX OTPE3KOB, JUHEHHAT KOMOUHATIAA NOA + nOB aBasgerca quaroHaIbio
TMapajneorpaMMa, JeKAIIero, O9eBUIHO, B 3TOH ke mnockoctr. CaeloBaTelbHO, BEKTOD
AG@ + pub xoMmIaHApen BeKTopaM @ m b W, TAKMM 0GPA30M, MHOMKECTBO KOMILTAHADPHBIX
BEKTOPOB 00pa3yeT JUHeHHOe TPOCTPAHCTRO.

ITycro @y u , @2 HEKOJLIMHEAPHBIE BEKTOPBI, TOTAa cucteMa {d1, da} JTUHEHHO HE3aBUCH-
Ma. HelicTBUTETBLHO, TyCTh

A1d1 + Aody = 6

Ecnn xomOunarnusa merpuemanbHa, ckaxkem Ap #= 0 To, a1 = /\1 @2, a CIE0BATEHHO,
BEKTOPBI (] U Gz KOATHHEeapHbI. [IpotuBopedne.

Ilycrb b POMBBOJILHBIN BEKTOP, KOMILIAHAPHBIA @1 1 2. OT/0KUM BEKTOPBI 41, do 1 b

—_—— —

ot obmero Hagasga O u nycth OA1, OAs u OB cooTBeTCTBYIONIHE HAIPABIECHHLIE OTPE3KH.
Yepes touky B mposemem mpsimbie, napasmrenbabie orpeskam OA; m OAs. Tlycrs B n
By TOUYKH mepecevenns 3TUX NPAMLBIX ¢ OpsaMbIMEi 0Tpe3koB O A1 u O As. Torna, odepumno,

OB = OB14+0Bs = AOA1+ 11 O Ay st mekoTophix A u pi. Ilepexonst K COOTBETCTBYIOIIAM
BEKTOpaM, OJIydaeM
b = Mid1 + Aado.
Takum o6paszom, cucrema {di,ds} obOpasyer 6a3uc pacCMaTPUBAEMOTO JMHEHHOTO ITPO-
crpancrBa u dim L = 2.
n

AHAJOTHIHBIM 06pPA30M HETPY/IHO MTPOBEPHUTH CITPABEIINBOCTD CIEIYIONIET0 YTBEPK Te-

HUdg.

IIpenmoxkenne 1.2.5 Muosicecmeo sexmopos 8 npocmpancmee obpazyem Aunetnoe npo-
cmpancmeo L, pasmeprocmv xkomopoeo dim L = 3, a 6asuc 6 L cocmasasiom aobvie mpu
HEKOMNAGHAPHHY BEKMOPA.

Baxknnivn CJICICTBUAMU JOKa3aHHBIX yTBep}K,D;eHI/IfI ABJIAIOTCA CJAEOYIOINEe KPpUTEPpHUU
JUHENHON 3aBUCUMOCTH, JOKa3aTC/JIbCTBAa KOTOPBIX OCTAaBJAACM YMUTATECIIIO.

IIpensoxkenue 1.2.6 /lsa 2comempurneckus 6EKMOPa KOANUHEAPHDL MO20G U MOALKO TOo-
20a, Ko02da OHU 3A6UCUMDL.

IIpennoxkenue 1.2.7 Tpu eexmopa KomMnaanapHs, mozda . Moabko mozda, k0200 OHU
AUHETHO 3a6UCUMDL.

Bosee dpopmaibHbIe paccMOTpeHUST HEOOXOIUMBI TIPU PACCMOTPEHUN HUKECIETYIOTIEro
VTBEPXKIeHUS.

Yupaxuenne 1.2.1 Ilycmo L aunetnoe npocmpancmeo cmpok daunoe n. Joxazamo,
ymo pasmeprocmoy dim L = n, a 6asuc ¢ L cocmasaatom eexmopni

={1,0,...,0}, & ={0,1,...,0}, ..., & = {0,0,...,1}.
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1.2.2 KoopauHaTbl BEKTOpPAa

Ilyctos L simneiinoe mpOCTPaHCTBO, @1, ... ,dy Oasuc B HeM. Ilycrs b € L mponm3BOJILHBLH
BekTop. Torma

b=0b'd) + b2y + - + by,

e b €R (i=1,...,n).

Ha6op wucern {b', ... b"} HazpBaeTcsa woopduramamu 6exmopa b OTHOCHTETLHO Gasmca
A1y .., 0p.
Vopaxknenue 1.2.2 Jloxasicume, wmo coomsememsue b — {b1, ... b"} asasemca 63a-

UMHO 00HOSHAYHDIM.

Viopsizouennstii nabop umces {b',...,b"} B BBIIEIPUBEICHHOM PA3I0KEHHE OyIeM
Ha3bIBATH KOOPAUHATHBIM [IPEJICTABICHUEM BEKTOPA b ( B 3aaHHOM Ga3MCe ) U 3AMUCHIBATH
b={bl,...,b"}. _

Sadukcupyem baszuc dy, ..., dy,. [lycrs b n ¢ asa npoussonbubix Bekropa B L. Toraa
OTHOCHUTENIHHO BHIOPAHHOTO 6a3mca BEKTOPHI @ W b MOTYT OBITH TIPEJICTABIEHBI CBOUMH KO-
OpIMHATAMMU:

b={b',....0"}, c={c',....c"}

JIerko mpoBepUTD, UTO:

S

a)
6) Ab={AbL,... Ab"}.

+e={b' +ct, ... 0" + )

JleficTBUTEIbHO, 3AIMIIIEM [10CJIE/I0BATEIHHO

S

=blad; + -+ b"d,,

ctay 4 -+ "y,

o
Il

(bt +cHay + -+ + (B" + )y,

a 3HAUUT, b+¢— {bt +ct .. b + ¢}, ro ecrb b+c= {bt +ct .o b+ )
Amnanornano nposepsiercs u 1. 6).

MMpennoxenne 1.2.8 Jlsa éexmopa b u € xKoaruneaprov, mozda u moavko mozda, x020a
UL KOOPAUHAMBL NPONOPUUOHAALHDL.

JokazareabcTBo. JleilcTBUTETLHO, TYCTD
b={b',....b"}, c={c...."}

KOOpAuHaTHBIC IIPEeACTAB/JICHNA BEKTOPOB bucu IIyCTb 9THU BEKTOPbI KOJIJIMHEAPHDI. Tor;ga
OHU JIMHEWHO 3aBUCUMBI , T.€.

b= \é
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[lepexons K KOOPAWHATHBIM IPEICTABICHUIM, TMEEM:
(" =M = b = A

W mockoabKy KOOPAUHATH BEKTOPA OTHOCUTEIBHO JAHHOTO 6a31ca OMpeeeHbl € iH-
CTBEHHBIM 00pa30M, TO

bt =X, . b = A
|

Ipennoxkenne 1.2.9 Tpu sexmopa b, €, P xomnaianapHs, moz2da u MoAbKO mozda, K02da
KOOPOUHAMBL 00H020 U3 HUL AUHETHO GUPANCAIOMCA YEPE3 KOOPOUHAMBE OCTNAAOHBIL.

—

JokazarenabcTBo. JIeHCTBUTENBHO, MYCTh BEKTOPLI b, €, P KoMImaHapuol. Torma oHn

—

JIMHENHO SaBI/ICI/IMbI, d 3HAYUT JJId OJHOTO U3 HUX, CKazKeM b, MOXKHO 3aII1UCaTh
b= A+ up.
[Tepexons K KOOpAWHATAM, TTOJIY UM
(b, 0" = {Xet + ppt, . N+ up™).

/il IIOCKOJIBKY KOOpANHATHI BEKTOPpa OTHOCUTE/JILHO JaHHOI'O bas3uca OIIpeae/IeHbl €JUHCTBCH-

HBIM 00Pa30M, TO
bt = At + ppt,

b = A" 4 up™.

1.3 Addunnoe nnpocTpaHCTBO

[IycTte A MHOXKECTBO IPOM3BOALHOM Npupoasl. L auHeiinoe mpocrpancTso, dim L = n.

Oupegenenne 1.3.1 Ilapa A = (A, L) nasvieaemca aPdunnvim npocmpancmeom, eca
cywecmeyem (3adano) omobpasicernue ¢ : AX A — L, cmasausee 6 COOMEEMCmMeue moukam

- =
My, My € A eduncmeennniti sexmop 6 L, obosnanvaemviti xax My Ms, npudem

1. Jas awbot mouwxu My € A u ar0b020 sexmopa d € L cywecmsyem eduncmeeHHas
—_—
moukxa My € A maxan, wmo My Ms = d,

2. ona mobwx My, My, M3 € A umeem mecmo pasencmeo:

MMy + Mo Mg = MqMs.

ITpumepmnr.

1. Iaockocms xax addunnoe npocmpancmeo. Iycrs A mmockocts, L — MHOXKECTBO BEK-
TOPOB Ha ILIOCKOCTH. 3aJanuM oTobpaskenue ¢ : AxX A — L, conocrapiiss mape ToUeK
-
(M, M3) nanpaerennsiit orpesok MMy . Torma mapa

A= (A L)

obpasyer addUHHOE TTPOCTPAHCTBO, HA3BIBAEMOE aPPUHHOU NAOCKOCTILIO.
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2. R" xax apdunnoe npocmpancmeo. Paccmorpum touednoe MHOKeCTBO A = R0 =
(x1,...,%n) n suneitnoe npocrpancrso L = REepem = {21, ..., Tn}. Bamaaum orob-
paxkernne @ : R0 X R0y — R" AelicTBylolliee IO IPaBUILY

o(Mq, My) = {x?) - xgl), ) — gDy
rae My = (x; ,...,a;,(ll)), My = (xgz), e 71,7(12))' Torna nmapa
Z¢ = (Rmows Reexm)
saBagercs adPUHHBIM TPOCTPAHCTBOM.

1.3.1 Addurnaa cucrema KOOpamHAT

IMycts A" = (A, L) addwunnoe npocrpanctso. Sadukcupyem touky O € A u npousBosb-

P —

Holit 6asuc €1,...,€, € L. Ilycro M € A — mpomsBoabnast touka. Torma Bekrop OM
—

HasbiBaeTca pajuyc-sekTopoMm Touka M. Pazmoxuv OM oTHOCHTETBEHO BBIOPAHHOTO Ha-

3uca:
1> n>
OM =z"¢€1+---+a"é,.
Habop uucen (x!,...,2") massBaerca apdumnvmu woopounamamu touxu M (orHOCH-
TeJIbHO 0asuca €1, . .., €y ), a HOCTPOCHHAsT CHCTeMa KOOD/UHAT Ha3bIBaeTCa addunnol cu-

cmemoti Koopduram.

Mpenmoxenne 1.3.1 ITycms M7, Ms dee npoussosvhme mouru A™. ITyeme (x%l), el :1:’(11))

— apunnve Koopdunamuv, mouxu M, (xé), e »95?2)) — aPunnsie KOOPAUHAMBL MOUKY

—
Ms. Tozda eexmop My Ms umeem xoopdunaimoi
1 1 n n
{x(Q) —T(y), s Ty — x(l)}.
Joka3zaTesabcTBO. Ijig IPOCTOTH, pacCMOTpUM caydait n = 2. lMeewm,

— _ 1 = 2 = — o 1 = 2 =
My = Z€l + T(1)€2;, TMy = T(y)€1 + T(g)€2-

™y

QU S S T 2
MMy = T, = Thr = )€1 + Ty
2
(

1 = 2 —

= (x]&) — x%l))é} + (l’é) —x 1))62,

9T0 U TpebOBaJIOCh JTOKA3aTh.

1.3.2 ®Popmyna gejieHNd OTPE3KOB B JJAHHOM OTHONIEHUN

Iycrs A (reomerpuueckoe) addumnoe mpocrpamcrso, My, Ms € A. Bymem rosoputs,
aro Touka M deaum orpesok [Mi, Ms] B oTHOMmIEHUN :\\—;, ecau

_— A —
MM = TMMQ.
2
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[Monoxum k = i—; U IIepelulineM II0C/e/IHee YCJI0BUe B BUJIE

MM = kMM,, k € [0;400).

Haiinem xoopaumatsr Touku M, eciv m3BecTHB KOopauuaThl Todek My n Ms. Tlycts
O €623 — abdunnag cucrema koopaunart. Ilycrs Mi(x1,y1,21), Ma(x2,y2, 22). Torma

—

N

MM =7 —11, MMy =15 — 7,
L A /=

r—r =55 (R —7),

o A A = o

1+ 5L) = 2 + 77,

7= AT+ Aom
R

Nrax, pammyc-BeKTOP MCKOMOH TOYKM 3AITUCHLIBAETCA B BUJIE:
A7 4 Aor
AL+ Ag

BELMQTI/IM7 9TO IMOJIYICHHOE BhIDAZKCHUE ABJIIE€TCA BEKTOPHBIM 1 HE 3aBUCUT OT PA3MEPHOCTHU
acdpurHOrO MpoOCTpaHCTRA.

=

Yro6b! BhIIUCATH PE3YJIbTAT B KOOPAUHATHON (popMe, MOCTYIIUM CAEIYIONIAM 00Pa3oM.
[Monoxum 7= {z,y, 2} — paguyc-Bektop Touku M. Torma

A1 A2
T,Y,2p = v\ T2, Y2, %20 T %1, Y1, 21
{77} )\1+)\2{ Y Y } )\1+>\2{ Y Y }
OTKyma HEMEJIEHHO HAXOIUM:
r = Azatlom
A1+Ae 0
_ Ayatdoy
by="X+ >
5 = Mz2tdoz
A1+

VYupaxknenue 1.3.1 (O6obmennas 3ama4a u genenune orpeska) Bydem 2o0s6opums, umo
mouxa M deaum ompesox [My, M| 6 omnowenuu k 6 o6o6wernnom cmuicae, ecau vnon-
nuaemces pasencmeo MaM = kMoM | 2de k € R. Craosicem, wmo mouxa M deaum ompesox
[M1, M3 enympennum obpasom, ecau k € [0,400), u snewnum, ecau k < 0.

Hoxasamo, wmo ecau

1. —oc0 < k < =1, mo mouxa M nazodumcs sa mouxot Ms.

2. —1 <k <0, mo mouxa M naxodumcs sa mouxot M.

3. 0 <k < 400, mo mouka M naxodumcs ewympu [My, Ms]
Hoxasamo, wmo das moboeo k

L kra+nm

v = kil kER(k#*l).
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1.3.3 VYpaBuenune npamoii B adp(puHHOM IIPOCTPAHCTBE
IHapameTrpuyeckoe BEKTOPHOE yPaBHEHUE MPSMO

Paccmorpum reomerpudeckyio adhpurHYIO 110CKOCTE. BBemem addunmyio cucremy Koop-
qgunat. Ilyers | — mpamas n Mg — Touka Ha nipsimotii L. [IycTs 3a71am BeKTOp @, Tapasiie bHbIiH
upsimoii [. [Tyctes M — npousBosbHas Touka Ha l. [lycts ro u r pagnyc-BekTopsl Touex My
u M coorercrsenno. Torma

BuaunT, aus kax 1o Toukn M € | cymectByer mapamerp t Takoii, yro ¥ —7y = t d. Orkyma

—

=17y + ta.

IlonyuenHOE ypaBHEHNE HAZBIBACTCS GEKMOPHBIM NAPAMEMPUBECKUM YPABHEHUECM NPAMOT]
Ha addrrHON TIOCKOCTH.

Tot dakT, 9T0 paccyKIeHNSI BEJIUCH OTHOCUTE/IHHO T€OMETPHIECKIX BEKTOPOB Ha, ILI0C-
KOCTH OYeBHUJIHO HE CYIIeCTBeHeH. ADOCOIIOTHO aHAJOTMIHO MBI MODJIH PACCYKIaTh O Mpsi-
MOIl B IpocTpaHcTBe. EcrecTBeHHO 00600MINTL PACCMOTPEHNsT M HA3LIBATh 3TO ypaBHEHHE
BEKMOPHBIM NAPAMEMPUNECKUM YPasHeHUuem npamot B obimem addraHOM TpOCTPaHCTBE.
Bekroproe ypaBHeHune mpamMoil He 3aBUCHT OT Pa3MEpPHOCTH.

Ilapamerpuyeckoe KOOPAUHATHOE ypaBHEHUE IIPSIMOI

[Iycts O€1éy — adbdunnaa cucrema koopmauuat,  Mo(zo,yp) —HAUATBHAS TOYKA TDS-
moit, M(z,y) € A? —IPOU3BOJIbHAS TOYKA TPAMO, @ — HAMPABJSIIONIUN BEKTOD TPSAMOil
¢ KoOpAMHAaTaMu: @ = {ag,ay}. Torma {x,y} = {zo,y0} + t{as,ay}. OTryna monygaem
mapaMeTpuIecKoe KOOPAMHATHOE YDABHEHME TIPSIMOl Ha MJI0OCKOCTH:

{ T=x0+ ayt
Y =1Yo+ ayt.

Hapamempuueckoe K0opIuHAMHOE YPasHEHUE NPAMOT 6 NPOCMPAHCINEE BHIITICHIBACTCS
AHAJIOI'MYHO!
T = x0 + ayt,
Y = Yo + ayt,
z = z0 + a,t.

dcno, aro B abdUHHOM N— MEPHOM MPOCTPAHCTBE MAPAMETPUIECKOE KOOPIUHATHOE
yDaBHEHHe MPSIMOi, TTPOXOJIdTIell Yepes TOuKy (T, ..., 7)) B HAIPABICHHN BEKTOpA @ =
{al, ..., a"}, 6yzer mversb BUT:

ot =af +alt,
z? = yg + a’t,

" = zy +a"t,
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Ilapamerpuyeckoe ypaBHeHUE IIPSIMOi, ITPOXOadIiei
4yepe3 JBe 33JaHHbIE TOYKU

Kak u3BecTHo, Uepes IBe 3aJaHHBIC TOUKH IPOXOAUT eINHCTBeHHAd MpsaMasd. Hammmem ee
ypasuennst. [lycres Mo(zo, Yo, 20) w Mi(x1,y1,21) 38JaHHBIE TOYKHU, T'g U T] COOTBETCTBY-
IOIIFe PaJnyC-BeKTOPHL. B KadecTBe HAIPAB/ISIONIEr0 BEKTOPA MCKOMOH IPIMOl MOXKHO
B34Th BeKTOp @ = MoM) = 7 — 7 ¢ koopaunaramu d = {x1 — T, Y1 — Yo, 21 — 20 }. Lorga
BEKTOPHOE MaPAMETPUIECKOE YPABHEHHUE IPUMET B/

—

7 =7+ (1 — 7o)t = (1 — )7y + 7.

B KoopauHATHOM BhIpasKeHUHN (11a mpamoii B A3) momyam:

x =z + (21 — x0)t, x=ux0(l —1t)+ 211,
y=vo+ (w1 —yo)t, wm § y=yo(l—1)+ut,
z=2zp+ (21 — 20)t. z=zp(1 —t)+ 21t.

Kanouuveckoe ypaBHeHUe TpamMoii

Vpagrernne npamoit 8 A" M0xxHO BhImUCaTh B (POPME, HE COAEPIKAIIEH TapaMeTp B ABHOM
Buje. Paccmorpum B Hagasie n = 2. 3amnuiiieM apaMeTpudeckoe ypaBHEHUE

{ x—xozalt
y—yo =a’t

¥ UCKIIOUNM TapameTp t. B peayabrare MOMyINM Kanowuweckoe ypasHenue TPAMON Ha
TJIOCKOCTH:

T 1330 _Y 2yo (=1)
a a
[Ipu sTom Gymem paccMaTpuBaTh ApobM KaK OTHOMIEHHA MU MOJbL30BATHLCS COIVIAIICHHEM:
ecmm a' =0, Torqa . — 20 =0, aecmm a® =0, mal #0, T0 y — yo = 0.
IIpu n = 3 KamoHMYECKOe ypaBHEHNE IMIPIMOIl BLINUCHIBACTCA aHAJIOTHYIHO:

x—xozy—yo_

Z—20
al a? ad

Ob61ee ypaBHeHue npsmoii Ha adduaHOM mirockoctu A2

3amuieM KaHOHUYIECKOe ypaBHEHUE NpsiMoii Ha adOUHHON MIJI0CKOCTH

T—To Y—UYo
al a?

U pacKpoeM IPOIOPINIO B BHIE:
9 1
a“(z —x0) —a (y —yo) = 0.
[onoxum A = a?, B = —a'. Tornma ypaBHeHne IpsAMOil Ha IUIOCKOCTH 3aIIMIIETCH B BUJIE

A(x —x0) + B(y —y) =0
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i
Az + By +C =0,

rne C = —(Azg + Byp). Iocaennee ypaBHeHUE HA3BIBACTCS 00UUM YPAGHEHUEM NPAMOT
Ha addUHHON IJIOCKOCTH.

Kosdpdpunuenram A u B B KAHOHMYECKOM yPABHEHUU MOXKHO IPUJIATH ONPEIEJCHHBIN
2eomempuueckuti cmuica. s 9TOTO BBEIEM TOHATHE BEPXHEH WM HUKHEH TTOIYILI0CKOCTH
OTHOCHATENLHO JAHHOI IpsaMoil. A NMEHHO, pacCMOTPHUM (DYHKITHIO

F(z,y) = Az + By + C.

Torga ToUKH IpsAMOil ya0BAeTBOPsIOT ypasrenuo F(x,y) = 0. Beprrel noaynaockocmoio
OTHOCHUTENBHO 33J]QHHON TIPSIMOI HA3BIBAETCHA MOIMHOXKECTBO

m = {(z,y) € A%| F(z,y) > 0},

a HudicHel noAYNAOCKOCT B0 TIOOMHO2KECTBO

7= {(z.y) € A| F(z,y) < O},
Beesem B pacemorpenue eexmop addunnot nopmasu N = {A, B}.

Ipenmoxenune 1.3.2 Bexmop adpurnoti HOpMasU N = {A, B} nanpasaen 6 eeprnioro
NOAYNAOCKOCTND OMHOCUMEALHO npamoli Ax + By + C = 0.

HokazareabcTBo. eiicteuresnbuo, nycrs Touka Mo(xo, yo) JEKUT HA JAHHONW MPIMOIL.
Ornoxum or Toukn My BEKTOD N. O6o3Haunm gepe3s Mi(x1,y1) €ro KOHIEBYIO TOUKY.
Torna

r1=z0+A, y1=yo+ B.

Borancanm F(x1,y1):
A(xzg+ A)+ B(yg + B) + C = Azg+ Byg + C +A% + B? > 0,
—_———
=0

YTO M 3aBEPIIACT J0KA3aTECJIBCTBO.

B3anMHOe pacrioJiokeHne JBYX TpsMbIX Ha A2

ITpsimast HA TIOCKOCTH BCETa MOXKET OBITH 3a/1aHa CBOMM OOIIUM ypaBHEHHEM (DABHO KaK
1 KAaHOHUYIECKUM WJIU MTapaMeTpUIecKuM). B cBsa3u ¢ 9TuM, 3a/1a1y 0 B3aUMHOM PACIIOJIO-
JKEHUU JIBYX HPAMBIX Ha IJIOCKOCTH MOYKHO PEIATH C UCIOJIb30BaHNEM Hanbosiee yI00HbIX
ypaBHeHu#. s MaHHON 33291 HCIOAb3yeM NMEHHO 00Iue ypaBHEHMs.

Teopema 1.3.1 Ilycmo l1,l2 dee npamvie Ha NAOCKOCU 36400HHbBIE YDAGHEHUAMU.

11:A1x+Bly—l—C'1:0,
lo : Aox + Boy + Co = 0.

Hpamwie 11 uly
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a) me umerom nu 00not obusel Mouky, ecan A% = BB1 # .

6) umerom odny obwWYI0 MOYKY, eCAl Ail #* B%;

A _ B _ C
8) cosnadarom, ecau T=8 =c-

JokazareabctBo. [lpavble mapaieqbHbl WM COBMATAIOT TOTAA W TOJBKO TOTJA,
KOT/Ia, KOOP/MHATE! HAIIPAB/ISIONNX BEKTOPOB IIPONopiuuonabisl. Betu Ny = {A1,B1} n
N, = {43, B2} BekTOpbl addUHHBIX HOpMaJIEl TaHHBIX MPAMBIX, TO UX HAIPABJIAIONINE
BEKTOPBI JIETKO Haxomarca: d; = { B, —A;1}, d2 = { B2, —As}. KonuaeaprocTs Hanpasisi-
TOTIAX BEKTOPOB, TAKAM 00pa30oM, SKBUBAJTECHTHA KOJLTHHEAPHOCTH a(hPUHHBIX HOpMAaJIeii:

A DBy
Ay By’
otryna Ay = pAz, Bi = pbBs.
O06mas Touka ABYX JAHHBIX TMTPAMBIX MOMXKET OBITh HAWIEHA KaK PEIIEHNE CHCTEMBI

Ajx + Biy+ C1 =0,
AQ.CU—{—BQy—l-CQ: .

Ecmu IpAMbIC TTAPAJIJICJIbHBI, TO IOy YUM

Az + uBoyy + C1 =0,
Asxg + Boyo + Co = 0.

VYMHOXKUM BTOPYIO CTPOKY Ha [ W BBIUTEM OIHY CTPOKY m3 apyroi#i. Torna mMeem , 9T0

pCo — C1 = 0. CnenoBaresibHO eciin % = g—; = % = [4, TO TIPSIMBIE COBIAIAIOT. A ec/u

A _ By Gy
A = By =+ Ty » TO IIPAMbIE HE HMEIOT OOIIIX TOYEK (HapaﬂﬂeﬂbeI U HE COBHa;LaIOT).

Ay B .
Ecsn npsimble He napaJlie/ibHbl, TO €CTh % 7 B, TO CUCTeMa ypaBHeHHit

Ajx + Biy+ C1 =0,
Aox + Boy +Cy =0

VMeeT €IMHCTBEHHOEe peIleHne, HalTh KOTOPOe MOYKHO TaK. ¥ MHOXKUM TIEPBOE YPaBHEHUE
na A, a Bropoe Ha A1, W BBIYTEM OAHO M3 npyToro. [lomyanm

(A2B1 — AlBg)y + (AQC1 — Ang) =0,

OTKY/la HaXOIUM,

_ (A - AGy)
AsB1 — A1 By '

Anajormano,
__(BoCi = Bi(h)
ByA — Ay By '

Yupaxkuenue 1.3.2 [lycmo npamoie l1 u la 3a0anvt 6eKMopHbLMU NAPAMEMPUHECKUML
YPAGHEHUAMU:

— =,

lh:r=r+4at, l:p=

—

7 + bt.

Jloxasams, wmo
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a) 11 N ly = {eduncmeennas mowsa} mozda u moavko moeda, xozda @} b
6) 11 || ly moeda u moavko mozda, kozda @ || b | (FL — 72);

6) 11 = ly mozda u moavko mozda, xozda @ || b || (7L — 7).

VYapaxkaeune 1.3.3 I[ITycmv npamvie 11 u ly 3adanbl 6EEMOPHBMU NAPAMEMPULECKUMU
YPasHEHUAMU:
lh:7=719+dt, ls:Ax+ By+C =0,

ede ro = {xo,yo} u @ = {ay,ay}. Hoxasamo, wmo
a) li Nly = {eduncmesennan moura} mozda u moavko mozda, xozda Aay + Bay # 0;
6) Ui || l2 moeda u moavko mozda, Koeda Aay + Bay =0 u Axg+ Byy+ C # 0;

8) l1 = la moeda u moavko mozda, koeda Aay + Bay =0 u Axg+ Byo+ C = 0.

1.3.4 VYpasHenue miockoctu B A3

IIycts B mpocTpamncTse maHa Touka My W JBa HEKOJIMHEAPHBIX BEKTOpA, d, b. O6o3HAMIM
uepes 7y pagmyc-Bektop Toukn My. Touka M NPHHAIUICAKHUT TIOCKOCTH, TPOXOIATIIEN Yepes
Touky My Torna n Toabko Torja, Koraa sekropbl MoM , d u b KOMILJIQHAPHBI. A Tak Kak d
ub HE KOJIIMHCAPHBI, & 3HATAT 06pazytoT 6a3uC B MPOCTPAHCTBE KOMTLTAHAPHBIX BEKTOPOB,
10 MoM = ud@+ vb. Ecmn 0603na4mTh uepes 7 paguyc-BekTop Touku M, ro MgM = 7 — 1
M MBI [IOJIy9aeM BEKTOPHOE PAaBEHCTBO ©° — 79 = ud + vb. YpaBuenue

=70+ ud + vb

Ha3bIBACTCA 6EKMOPHBIM NAPAMEMPUHECKUM YPABHEHUEM NAOCKOCTU B AS. Touka M() Ha-
3BIBAETCI HA%AADHOU Moukol IIJIOCKOCTH, & BEKTOPDI 6, gHaBbIB&IOTCH HANPABAATOULUMU
sexmopamu IIJIOCKOCTH.

Ecim HAIIPaBJIAIOINIE BEKTOPBI 1 HaYaJbHad TOYKa 3aJaHbl KOODAWMHATAMA

a= {axvay7az}7 g: {bxabyybz}v FO = {x07y0720}7

TO KOOPJMHATHI IIPOU3BOJILHOIN TOUKH IJIOCKOCTH, OTBEYA0IEeH paanycy-sektopy ©¥ = {x,y, 2},
MOYKHO JIETKO HANTH, PacTChIBas TO-KOOPANHATHO BEKTOPHOE YpaBHEHNE. A UMEHHO,

{z,y, 2} = {z0,90, 20} + u{az, ay,az} +v{bs, by, 0.}
OTcroma Imoay4aeM NapaMeTPHIeCKAe KoOpOUHAMHbLE YPABHEHIS ILIOCKOCTH:

T = x9 + uay + vb,,
y = yO +uay +/Uby’
z = 20 +ua, + vb,.

Mampuueti pazmepa 2 X 2 Ha3biBaeTcd TabJuIa, COCTOSINAS UX JIBYX CTPOK U JABYX CTOJI0-

noB. Hanpuwmep,
2 1
u-(2 1),
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Matpuiia Ha3bIBaeTCSd YUCIOBOM, €CIU €e JIEMEHTAMU ABJsA0TCH dncia. Onpedesumenem

a

qUCTOBOM MaTpuIilkl M = < ) HazbBaercs yuciao ad — cb. Oupenenure/b MaTPHILHI

d

oboznadaercs det(M) wim "npampivu ckobramu" Buga |M|. Hanpuwmep,
a b
det =

IIpennoxkenune 1.3.3 Onpedesumens mMampuyb < “

a b
e d ‘—ad—cb.

d > paser () mozda u MoALKO Mo-

20a, Ko20a ee cMPoKy (CMOABYBL) NPONOPUUOHAALHBL, O ecmb a = A¢, b= Ad.

. a b
Jokazarenbcrso. elicreurenbro, ecin det ( d ) =0, To ad — ¢b =0, To ecTb
c
a b \
c d ’

rae A — Ko3(PUIUEHT HTPONOPIUOHAILHOCTH.
[

Bosppamasichk K ypaBHEHUIO TJIOCKOCTH, BBEJIEM B PACCMOTPEHNE TPHU ONPeIeTUTe s

ay Q

b, b.

Gy Gy

by b

Qg Gy

’ Ay:

COCTABJIEHHBIX W3 KOOPJMHAT BEKTOPOB @ 1 b.

IIpengioxkenne 1.3.4 [sa sexmopa @ = {az,ay,a.} u b= {bz, by, b.} KONAUNEapHLL MO-
2da u moavko moeda, kozda Ay = Ay = A, =0.

o a
Jokazatennctpo. /lefictsurensno, pasenctso A, = 0 BiedeT mpomoprmio = = 3%,
z y

a
a pasercTBo A, = 0 BJEYeT IPOIOPIUIO = Z—Z, a 3HAYUT BCE KOOPJAMHATHI BEKTOPOB
y z

- -

a u b mponopruoHaabHLl. 1o mpusHaky KoJIMHEapHOCTH, BEKTOPLI @ U b KOJIHHEApHD.
ObparHoe 04eBHIHO.
[

IIpengoxkenune 1.3.5 Ypasnenue naockocmu, nporodswed 4epes mouky ¢ paduycom-gexmopom
ro = {0, Y0, 20}, 6 nanpassenuy 6exkmopos d = {ay, ay,a.} ub = {by, by, b.} (@} b) moorc-
HO 3anucamb 6 6ude

Az — 20) + B(y — yo0) + C(z — 20) = 0,
ede A=A, B=-A,, C=A,.

Joxkazarenncrso. Tax xak @ ff b, To A2 + Ag + A2 £ 0. Honoxum, aro A, # 0.
PaccMmoTrpuM mmapaMeTprudeckoe ypaBHEHHE MJIOCKOCTH

T = xg + uay + vby,
Yy = Yo + uay + vby,
z = 20 + ua, + vb,.
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U pa3pelluM IepBble 1Ba ypaBHEHUd OTHOCUTEJILHO IIapaMeTpoB U U U B BUJE

_ L
-5

_ L
-5

T —x0 by
Y—1Y0 by

Gy T —Xp
ay Y —Yo

U , U

TTomcraBum 310 perenne B Tperbe ypasHernue. [Tomyunm

. " 1 | z—x9 by ) 1 |a, z—x0
— 20 =ay— —
ZAZ Y—Y by ZAZ Ay Y —Yo
Ilepenmuiiem mosrydertoe ypaBHeHne B BUIE
_ b _
Az(z - ZO) = Gy v * + bz o L0
Yy—2%Y by ay Y —Yo

u jaJiee
AL(z—20) = a, (by(x —20) — ba(y — yo)) +b. (ax(y — o) — ay(z — 960))-
B mpagoit wactu cobepem Koo punmeHTs Ipr £ — Xg U Y — Yo. Llomyanm
Az - = zb - bz - - sz - bz z - .
(2 = 20) = (azby — bzay)(z — x0) — (@ - az)(y — yo)
_Aa: Y

Yo u TpeboBaAIOCH JTOKA3ATD.
O6paTHO, PACCMOTPUM MHOXKECTBO TOUYEK MPOCTPAHCTBA, KOOPAWHATHI KOTPBIX YAOBJIE-
TBOPSIIOT YPABHEHUIO

Alx —z0) + By —yo) + C(z — 2) =0 (A2 + B2+ C?#0).

ITokazkem, 4TO 3TO €CTh IJIOCKOCTD, MPOXOdiiast yepe3 Touky M (xo, Yo, 29). Cama Touka
OYEBHIHO TPUHAJIEKHAT 3TOMY MHOXKECTBY. [lostoxxuMm, He Hapymas obmroctr, ato C £ 0.
Torma Bce penteHust JAHHOTO YPABHEHHsT MMEIOT B/

A B
2220—6@—930)—6(9—?/0),

npudeM T 1 Y IpousBosbHbL. llonokuMm o — xg = u, Yy — Yo = v U 0003HATUM —% =Dp,
—g = ¢q. Toryja MHOXKECTBO peIeHnl TePETNIIeTCS B BUIE

Tr=2x9+u,
Y=Y+, )
z=2z0+pu-+qu

9TO TPEACTABIAET U3 cebs MIOCKOCTh ¢ Hampas/asomummyu Bektopamu @ = {1,0,p} n b =

{0,1,¢}.
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Ob1iee ypaBHeHnue njiockoctu B adpdpUHHOM IIPOCTPAHCTBE

Bamerum, uro ypasaenue miockocru B Buje A(z —x9) + B(y —yo) + C(z — 20) = 0 moxHO
npenucarh Kak Ax + by + Cz + D = 0, monoxxus D = —(Axg + Byg + Czp).
Ob6ugum ypasrenuem naockocmu B A3 HasbiBaeTcs ypasHenue Buia

Ax+ By+Cz+ D =0.

Bektop N = {A, B,C} naswiBaerca sektopoM adbdUHHON HOpMaIn JAHHON LIOCKOCTH.
Ero reomerpuyeckoe CBOMCTBO aHAJOTUYHO MEOMETPUUECKOMY CBOHCTBY adPUHHON HOP-
MaJIl PIMO# Ha IIOCKOCTH. A MMEHHO, BBEJIEM B PACCMOTPEHUE (DYHKITUIO

F(z,y,2) = Az + By + Cz+ D.

Torza ToukaM IUIOCKOCTH OTBEYAOT pemienus ypasuenus F(x,y,z) = 0. Bepzrnum (coor-
BETCTBEHHO, HUMNCHUM) TIOJTyIIPOCTPAHCTBOM OTHOCHTEIBHO 3a/IaHHOM ILIOCKOCTH HA3bIBA-
eTCsl MHOZKECTBO TOUeK B A%, KOOPIMHATB KOTOPBIX YIOBJIETBOPSIOT HEPABEHCTBY

F(z,y,z) >0 ( coorBercrBenno F(x,y,z) < 0)

Vuparkuenue 1.3.4 Iycmo 7 : Ax + By + Cz + D = 0 naockocmo 6 A3. Iloxascume,
Y1mo

o Touxu My(x1,y1,21) u Ma(x2,y2,22) npunadaescam 00HOMY MOAYNPOCTPAHCTEY
mozda u moavko moeda, koeda F(x1,y1,21) u F(x2,y2,22) umerom odun u mom oice
3HAK.

o sexmop N = {A, B,C} nanpasaen 6 eeprnee nosynpocmpaHcmeo OmHOCUMeAbHO
NAOCKOCTNU T.

B3aumHoe pacnoJiozkeHue IpsiMOil U 11J1I0CKOCTU B apPUHHOM IIPOCTPAHCTBE

Paccmorpum B npocrpascrse A3 npsvyto [ 1 m0ckocTs 7. 3a1a/11M IPSIMYO TapaMerp-
9eCKH, & IJIOCKOCTh — 00IuM ypaBHeHneM. B3anMuoe pacriosioxKenne IpaMoil U II0CKOCTH
OTUCBIBAETCS CIEAYIOTINM YTBEPXK ICHUEM.

IIpennoxkenue 1.3.6 Ilycmo npamaa | u naockocmos T 3a0anvl YpasHeHUAML

r=x9+a;t
Yo +ayt , m: Az + By+Cz+ D = 0.
=20+ a,t

o~
<
|

w
|

Tozda
a) INT = {eduncmeennas mouka} mozda u moavko mozda, xozda Aa,+ Bay+Ca, # 0;
6) 1| m mozda u moavko moeda, xozda Aag+Bay+Ca, =0 u Axg+Byo+Cyo+D # 0;

8) I C m mozda u moavko mozda, koeda Aay+Bay+Ca, =0 u Axo+Byo+Czo+D = 0.
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JokazaresbcTBo. ByjeMm nckarb MHOXKECTBO ODIIMUX TOUEK HpAMOii U mockocTu. Keam
OHM UMEIT ODIIYI0 TOUYKY, TO Jid TOYEK HPAMON HAWIETCsl TAKOE 3HAYEHUE IIapaMerpa
t = tg, aro Touka (g + ayto, zo + ayto, 2o + a,ty) Oymer nexarh Ha MJIOCKOCTH, & 3HAYUT
VIOBJIETBOPSTH ee ypaBuenuto. CrenaeM MOACTAHOBKY

A(l‘o + aztg) + B(yo + ayt()) + C(Zo + azto) +D=0
U IpPHUBEIEM TOZOOHBIE OTHOCHTEIBHO tg
(Aaz + Bay + Ca )ty + Axg + By + Cz + D = 0.

Ecmu Aa, + Bay + Ca, # 0, To Hy:KHOe 3HaYCHHE IapaMeTpa CyIIecTByeT, IpUYeM eJInH-
CTBEHHOE, YTO U JoKa3biBaer a). Ecim Aay+Bay+Ca, = 0, no Azg+Byo+Cz+D # 0 10
HYKHOT'O 3HAUYEHUE MMapaMeTpa He CYIeCTBYer, a 3HAYUT OOIIeil TOYKU Y MPAMON U ILIOC-
KOCTH HeT, 4To goKasbiBaeT 6). Ecim Aa, + Bay + Ca, = 0u Azg+ Byy+ Cz+ D =0
TO TTpn JITIO00M 3HAYEHUE TTAPAMETPA TOYKA, IPAMOH YIO0BJIETBOPAET yPABHEHWIO TLIIOCKOCTH,
9TO JIOKA3BIBAET B).

]

Yupakuaeune 1.3.5 Ilycrs npsmast u MIOCKOCT 33aHbI TAPAMETPUIECKH B Buje [ @ 77 =
o+ pt mwmw: ¥ =71+ du+ bv. Joxkazars, 910
a) | N m = {eauHcTBeHHAas TOUKA} TOTJA W TOJBKO TOTJA, KOTJA BEKTODPLI P,d,b He
KOMIIJTAHAPHBI;

6) I« TOr/JIa ¥ TOJIBKO TOIJA, KOI/JA BEKTOPbI P, d, b KOMTLIaHAPHBI, HO BEKTOPHI 7] —
70, d, b He KOMILIaHAPHELI;

B T T TOrIa M TOJBKO TOT KOT BEKT D U ] — Tp KOMILTAHAPHBI
lcwl orma 0JTBKO TOT/Ia, KOrJa 00a BEKTOpa T 7o KO ama
BeKTOpaMm d u b.

Bzaumuoe pacniosioxkenue AByX miockocreii B adppmraHOM mpocTpaHcTBe. Ob11iee
ypaBuenue npsamoii B A3,

Paccmorpum B3anMmOE PACIONOKEHNE IBYX ILJIOCKOCTEH & TPEeXMEPHOM MPOCTPAHCTBE, 3a-
JAHHBIX CBOMMHY OOIINMHU yPABHEHUSIMA.

IMpennoxkenne 1.3.7 I[lycmo naockocmu T U Ty 3a0aHbL YPLEHEHUAMU
m :A1x+Bly+Clz+D1 =0
o : Agx—‘ngy—i-CQZ—i-DQ =0.

PGCCMomPUM GERMPLI ]\71 = {A17B1’01}7 ]\72 = {AZaBQ,02}7 Ql = {AlvBlacl)Dl}7
Q2 = {Aa, B2,Cy, Dy}. Toeda

a) T Ny = {npamaa} mozda u moavko moeda, xozda N1 Jf No;
6) m || ma mozda u moavko moeda, Koz20a M | Na, no Q1 } Qs

8) T = T2 mozda u Moavko mozda, K020a @1 I QQ.
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JokazareabcTBo. DbByaem mckarb MHOMXKECTBO OOIIMX TOUEK 3aJaHHBIX ILIOCKOCTE.
OHO ouuchBaeTCsd CUCTEMOMN

A1$—|-B1y+012—|—D1 =0
Asx + Boy + Coz + Dy = 0.
Oboznaunm

By i
By (9

A Oy
As Co

Ay B

A‘”:’ Ay By

A=

2.~ |

PaccMorpuM BHauase ciyuait, Korma A2 + Az + A2 # 0. IlycTe a1 ompejieeHHoCTH
A, # 0. Tlepenumem cucremy B Buje

Ayx + Biy = —Ciz — Dy
Aox + Boy = —Coz — Do

1 pa3pemnuM €€ OTHOCUTEJIbHO T | Y. Pemenne nmeer B

x——i Ciz+ D1 B 11 A G+ Dy
A, | Cez+ Dy By v= A, | Ay Crz+ Do
PackpbIBast ONpeIeuTENHN, MOy TiM
o D, B 1 A D
o= g Camt| PR e D

YTO JaeT ypaBHEHHe NPSAMOH, ecian monoxute z = t. Hakonen, samermm, 9To yciosme
A2+ A2 + A2 £ () 5KBHBAIEHTHO yC10BUIO0 N H No.

HyCTb reneps A2 + Ag + A2 = 0. Torga Ny || Na u, cliesoBaresbHO, HMEIOT MECTO
paBeHCTBa

Ay = )\Al, By = )\Bl, Cy = \C.

n CuCTeMa IIpUMET BU/T

Ax+Biy+Ciz+ D1 =0
Mz + AByy + \Ciz + Dy = 0.

YMHOXKUM TIepBOe ypaBHeHUe Ha A U BbraTeM BTOpoe. [lomyanm
ADy — Dy = 0.

Eciu 970 paBeHCTBO MPOTHBOPEYMBO, TO CHCTEMa HE COBMECTHA U IUIOCKOCTH HE HMEIOT
obmmx Touek. B srom ciayuae, oueBnnno, Q1 f Q2. Ecam ke paBeHCTBO BBIMOJHEHO, TO
YpaBHEHUA IIJIOCKOCTEN OTJIMYAI0TCA HEKOTOPHIM MHOXKUTEJIEM, & 3HAYUT OHU COBIIAJAIOT.
B stom cayuae, Q1 || Qo.
0
Obwgum ypasrenuesm nNpamotc 6 MpPeTmeprom aPPunmom npocmparcmee Ha3bIBACTCS
YpaBHEHUEC BUId

Az + Biy+ Ciz+ D1 =0,
Aox + Boy + Coz+ Dy =0

C ycjioBueM ]\71 = {Al,Bl,Cl} ,H ]\72 = {A2,BQ,02}.
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1.4 EBKJIMI0BO HPOCTPAHCTBO

1.4.1 CkaagpHoe IpPOU3BEIEeHNE T€OMETPUIECKNX BEKTOPOB

Ilycts mambl gBa HEHYAEBBIX BeKTOPa d 1 b. OTiioxkuM ux oT onHoH Touku O U MpeICcTaBuM

—_— =

ux HanpasaeHHbIMU oTpe3kavu OM u ON, a umeHHoO,
L - =
a=0M, b=ON.

Hpa mydga my(O—J\j ) u my(O—])V ) OIpeIeNsIOT JBa yrya, MEHbIINA W3 KOTOPBIX HA30BEM
Y2A0M MENCAY BeKMOpaAMU A 1 b. OBO3HAMIM 9TOT yTOJI KakK @ Ag)

Cranaproim npouseedentes BeKTOPOB @ i b Ha3BIBAETCS IPOU3BE/EHIe JUIAH 3TUX BEK-
TOPOB Ha KOCHHYC yrjia Mexk,y Humu. CKaJsgapHOe NPOM3BEJEHNE BEKTOPA @ HA BEKTOD b
Oymem 0003HAYATH CUMBOJIOM YTJIOBBIMU CKOOKaMuU <-, > To ectb 10 ompe e/ IeHNIO,

(@, I;> = |d@||b| cos p, THe =a b
BhiBeieM 0CHOBHBIE CBOHCTBA CKATAPHOTO YMHOKEHUS.
1. Honooicumenvran 0ONpedeseHnocb: <(_1', 6> = |@> > 0, upuuem <c‘i, c‘i> =0< a=0.
2. CumMMempu4Hocms: <6,5> = <g, CT>.
3. Jlunetinocmo: <)\d’, 5> = /\<c_i,5>.
4. JucmpubymueHocms o CAONCEHUIO: <(i', b+ 5> = <c_i, g> + <c_i, 5>.

JlokazaTeabCcTBO.
JlokazaTeabCTBO MEPBHIX IBYX CBOUCTB TpUBHAJILHO. [leficTBUTEBHO,

- yroJI MeXK Iy BeKTopaMu d 1 d paser ), a 3HAUUT <d, (_z’> = |@|? > 0. Ipuuem paBeHCTBO

UMeeT MeCTO TONLKO aas a = 0.

- II0 OLpeJe/IeHUI0, Yol MeK/ly BEeKTOpaMU U UX JIMHbI He 3aBHUCAT OT 1IOpdJiKa, B
KOTOPOM MbI O6yeM OpaTh BEKTOPHI JIJisT CKAJISIPHOTO YMHOXKEHUS.

[Iposepum aunetinocms. Eciu A = 0, To mposepka oueBuana. [Iycts A # 0. Obosznadnm

()" = { o A0,

@ =a b. Torna

T—p, A<O0.
Ecau A > 0 To nmeem:
(A@,b) = |AG||b] cos p = || |@] [b] cos o = A (@, D).
Ecim A <0 To
(A&, by = |G| |b] cos (m — ) = —A|@] |b|(— cos p) = A (@, b).

st mposepku ducmpubymusHocmu, BBEIEM TIOHSITHE NPoekyul BeKTopa Ha och. Obo-
SHAYNUM YEPe3 €, eNNHUYHDBIA BEKTOP, COHAIPABIECHHLIA ¢ d, Ha3LIBAEMBIH 0pmom BEKTOPa
a. OQueBuno,
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Bekrop €, ompezensger ock (T.e. IpsMyI0 ¢ BBIOpAHHBIM Ha Heil HampasieHueM). Bygem
obozHagaTh 0Ch BEKTOPa @ depes lg.

-

Opmozonaavrot npoexyuet sexmopa b na oce lz Ha3pIBaeTCS BEKTOP

— o - -

T, b = |b cos(@™b) & = (b, ¢é,) €.

MIPOM3BOJIBHBIE BEKTOPHI HA TJIOCKOCTH WM B MpPOCTpaHCTBe. lTorma Bek-
l~ C KOJUTHHEAPHB! U PABEHCTBO

a a

= - = , = -
I, b+ II,, c= 11y, (b+0)
CTaHOBUTCA OYCBUAHBIM, €CJIN BOCIIOJIB30BATHLCA MIPABUJIIOM CJIO?KCHHWA HAIIPABJICHHBIX OT-
PE3KOB.
Hamee nmeem:

— o - —
I, b= (b, €a> € I, = (C €,) €,
a 3HAYUT
= ' = — P - = —
I, b+ 11, = ((b, €q) + (C, ea))ea.

C zmpyroit ¢CTOPOHHI,
— - o
Iy, (b+¢) = (b+ ¢, €q) €q.

Bocrop30BaBIIHCH: BEKTOPHBIM PABEHCTBOM JIJTsl TIPOEKITUIT, TMEEM:
((B.0) + (8,20) ) = (b + 2.0}
OTkyna ciaenyer paBeHCTBO
(B 2h (et = (Fra ).
a @ g

Ilo CBOﬁCTBy .HI/IHeI‘/JIHOCTI/I7 MHOXKHUTEJIb ﬁ N3 KazKJ0T0 CJIaracMoro MOXKHO BBIHECTH 1

COKPATUThL Ha Hero. B pe3ysnbpraTe, TPUXOIUM K PaBEHCTBY

(b,@) + (¢.@) = (b+ ¢ a).

1.4.2 CkangpHoe npousBeqaenune B A”

Pacemorpernnbie B pepiayIneM maparpade cBOMCTBA CKATSIPHOTO YMHOKEHUST MOKHO aK-
CUOMATU3UPOBATH U BBECTHU TIOHATHE CKAJIAPHOTIO YMHOXKEHNA B IIPOU3BOJILHOM aCbeI/IHHOM
npocrpancrse A", Ilycrs L — numeiinoe mpocrpancrso, acconuuposannoe ¢ A", Ckaaap-
HuM npoussedenuem B L HazbiBaeTrcs 0TODparKeHue <, > : L x L — R, obnagaroiee
CJAEeYIOIUMY CBOACTBAMU:

o (@,d)=|d?* >0, upuuem (@,d) =0 < @ =0.

—

o (@,b) = (b,d).
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o (\a@,b) = \@,b).
o (@,b+72) =(ab)+(ac).

Jluneitoe TPOCTPAHCTBO, HA KOTOPOM 33JaH0 CKAIIPHOE TPON3BEICHNE, HA3LIBACTCS
esraudosvim. CooTBETCTBEHHO, ADPUHHOE TPOCTPAHCTBO, ACCOITUUPOBAHHOE TIPOCTPAHCTBO
KOTOPOT'O 4dBJIACTCA €BKJIUJOBBIM, Ha3bIBaCTCA aCbeI/IHHbIM EBKJINJOBBIM MIPOCTPAHCTBOM
WJIX TTPOCTO eBKJANJA0BBIM. OB03HAYATH €BKIUIOBO N- MEPHOE MPOCTPAHCTBO OyIeM uepes
E™.

Jaunot (modysem) sexmopa 8 E™ nazpiBaerca seauduna |a| = <(i', d’>.

Ilycte d, b € E™ nBa BekTopa B E™. Kocunycom yaaa MexKIy BEKTOpaMHu @ 1 b Ha3LI-

o~ 675
cos(@”b) = ﬁiw_j.

BaeTCd CIEAYIOIIAd BEJINYIMHA!:

Yupaxkuaeune 1.4.1 [Iposepumnv KoppexmHuocms onpedeserus, & UMERHO, MO

(@, 5)]

|al[o]

1.4.3 Merpuueckasa ¢popMa €BKJINI0BA MPOCTPAHCTBA

Paccmorpnm, Bragane, cayuaii n = 2. O6o3Haunm 4epes €] u €3 BEeKTOPHI HA3MCa TI0CKO-
cru. [lycrs @ u b mpom3BosibHBIE Ba BEKTOpA IIOCKOCTH. Pazmoxkum nx mo H6asucy

= a1€1 + (1252,
= blgl + b2€2.

Torga, UCIOIB3YS CBOHCTBA CKAJISIPHOIO YMHOMKEHUSI, MOXKHO 3aliCATh:
<Ei, 5> = <e_i, e‘i>a1b1 + <e_i, e}>(a1b2 + azbl) + <e§, e§>a2b2.
Beegem 0b603mauenns:
g =(ei,e), gi2={€1,€), ga2=(6,¢€3).
Tora BhIpaykKeHnue J1Jis CKaJIsSpHOTO IIPOU3Be/eHNUs IIePeNuIeTcs B BUe
<E£, 5> = gllalbl + 912(a1b2 + a2b1) + 922a2b2.

IIpaBast acTh TOJYIEHHOTO BBIPAYXKEHUS HA3BIBACTCA Mempuueckol Bopmoti eBKINI0BON

_ [ 911 912
g = .
gi12 g22
Matpuria g HaszbIBaeTCsa MAMPuuelt mempuueckoti opmuv, eBKINIOBOM mmockocTu. Ob6pat-
HO, MATPHUIA METPUYIECKON (DOPMBI OIpeiesiseT CKaJsipHOe TPOU3BE/IEHNE BEKTOPOB. 3a/1a-

i=(51)

mrockocTu. O6pazyeM MaTpHUITy

JUM, HaIIpHUMep,
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Ilycrs @ = {a*, a2} u b = {b*,b?}. Torna
(@,b) = 3a'd! + 2(a'b? + a®b') + 5a?b?.
Ecyu 3a7aTh BEKTOPBI KOHKPETHO, CKaxkeM, @ = {1, —2}, b= {3,1}, To

(@b)=3-1-3+2(1-14(-2)-3)+5-(-2)-1=—11,
@l = /(@ @) =3 1" +2(1-(~2) +(-2) - 1) +5- (-2)* = V15,

=,

6] = /(b,0) =3-32+2-(3-14+1-3)+5-12 = V4.

C reomMeTpuveckoil TOUYKM 3pEeHUs, B PACCMOTPEHHOM [PUMEDE MBI BhIOpaJM HA ILIOC-
KoCcTH 6a3mc TaKoH , 9T0

el =3, |&l=v5 (a,é)=2

3aMernM, 94TO METPUUIECKYIO (DOPMY TLIOCKOCTH MOXKHO 3alUCaTh B OECKOODINHATHOM
BUJIE, UCIO/IB3Yd MAaTpUIHBIe omepanuu. JIas 3Toro, chopMupyemM 3 KOOPAUHAT BEKTOPOB

() - (2)

[ToussejieHne MaTpuilbl HA BEKTOD ONpeiesiercs 1o npasuiy "crpoka Ha crojben', 1o

<911 912 ) _ < a' ) _ < gi1-a' + gia - a® >
921 922 a? g21 - a' + go2 - a®

OnpenennM mpancnonuposarnsiti cmoabey, al Kak CTPOKY , BUIA

CTOJIOIBI

eCTh

at = [al, aﬂ

U OIIpPEJIESIUM TIPOU3BE/IEHNE CTPOKY Ha CTOJIDEI ITPaBUJIOM

1
at b= [al,a2]~<l;2 > =a' bt +a* V7

Torna s merpuyeckoit (hopMbl Oy1eM UMeThb

<676>:at'g'b7
rae () ozmawaer TpamcnoEMpOBaHTe.
B ofmem caygae nMeer Mecro nosiHas anagorust. [Iyers {€1, ..., €, } 6asuc B E". Pa3-

JIOZKUM TIPOW3BOJILHBIE BEKTOPBI @ W b 110 BRIOpaHHOMY Das3mcy

1=

Gd=a'é + - +a"e, b=bée + -+,

Obpasyem cuMMeTpuaHyo MaTpuily G ¢ KOMIIOHEHTAMY (i, = <€i, €k>. Torna

n
<Ei, 5> = Z gira'b* =at-g-b,
ik=1
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al bt
rmea= | - |, b=
a” b
Basuc epkimaopa mpocrpancTia ™ Ha3LIBAETCS 0OPMOHOPMUPOSAHHBIM, €CTIH

&l =1, (&,e)=0 (i#k, ik=1n).

Marpuna merpudeckoit dopmbl B OTHOCHTEIBHO OPTOHOPMHPOBAHHOIO 0a3mca MMEET

BUI:
10 0 ... 0

01 0 ... 0

g=1 : : :

0 0 1o

00 0 1

B wactaocTu, mpu n = 2 nMeeMm

~(32)

Torga m1s BEKTOPOB, 33JaHHBIX CBOMMHN KOODPAMHATAMMN
a={a',a®}, b={b', b},
OTHOCUTETHFHO OPTOHOPMHUPOBAHHOTO 0a3mca, nMeeM
(@,b) = a'd! +a??, |d] = /(a1)? + (a2)

Huoice mor noxasicem, 4mo ma naockocmu usl 68 NPoCcmMpPaHCMGEe 6Ceedd MONCHO 6bi-
bpams opmonopmuposarkbill 6a3uc. B panapHeieM, ecm He OrOBOPEHO WHoe, Oy-
€M CUYUTATh, UYTO PACCMATPUBAEMBIA 6a3uc OpTOHOPMUPOBAHHBLINA. Ecin cucrema
KOOPJMUHAT UCIOJIb3yeT BRIOPAH OPTOHOPMUPOBAHHLIN OA3WC, TO TaKas CUCTEeMa KOOPIUHAT
HA3BIBAETCA JEKAPMOBOUT NPAMOY20ALHOU.

1.4.4 IlpsiMble U IIJIOCKOCTH B €BKJIMJOBOM ITPOCTPAHCTBE

Hagnuame B eBKIMIOBOM TTPOCTPAHCTBE CKAISTPHOTO TTPOU3BEIEHUsT TIO3BOJISIET U3BJIETh JI0-
TOTHUTETBbHYI0 WH(MOPMAIWIO U3 YPABHEHUS TPAMON U TLIOCKOCTH.
[Mycts | — npsiMast Ha IOCKOCTH. 3AIUINEM €€ MTapaMeTpPUYecKoe ypaBHeHre

r=7y+td

Bekrop N, mepueHAuKyIsSpHBI TpsaMoil [, HazbiBaeTca ee 8eKmopom wopmany. 1lycts
N;, Ny — KoopnuHaTbl BeKTopa N OTHOCHTEJBLHO OPTOHOPMHUPOBaHHOrO Oasnca. Tak xKak

d JIEXKAT Ha, IPAMOii, TO <N, 5> =0, a 3Ha4uT JJid Beex t
<N, r— 7’0> =0.

DT0 ypaBHEHNE HA3LIBAETCS BEKTOPHBIM OOIIUM yPaBHEHWEM TTPAMO Ha, eBKJINI0BOM MJI0C-
kocTu. Ilepexona Kk KoopaMHATAM, TMEEM

Ny(z —x0) + Ny(y — yo) =0
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nJjin

Nyz + Nyy — (Ngxo + Nyyo) = 0.
O6oznaunm A = N, B = Ny, —D = N,xo+ Nyyo. Torsa ypasrenue npsamoit IpuMeT BUJ

Arx+By+ D =0

CremoBaTenbHO, €CIN CHCTEMa KOODAWHAT JI€KAPTOBA IIPAMOYTOJIbHAS, TO K0ahduyuecHimo
A u B obwezo ypasrenus npamoti a8AA0MCH KOOPOUHGIMAM GEKMOPA HOPMAAU NPAMOL.
AnajoruuHo CBOWCTBY ahPUHHON HOPMAJIN, BEKTOP N HAIPABJIEH B BEPXHIOI TOJIY-
IIOCKOCTD OTHOCUTEJIBHO TIPAMOIi [.
Ilycts m — mmockocTs B E3. Bamuimem ee mapaMeTpuaecKoe ypaBHEHUE

7 = 79 + ud + vb.

Ecsu BekTop N meprieHIUKY/ISPEH IOCKOCTH , TO ([N meprneHauKyasspes Jroboil mpamoii,
nexarreit B mnockoctu. Craenosarenbho, N L (7 — 7)) asst Beex u, v. YpaBHeHue

(N,7—7)=0

Ha3BIBETCA BEKTOPHBIM O6H_U/IM YpaBHEHUEM ILJIOCKOCTU B €BKJIMJTOBOM TIPOCTPAHCTBE. ECJTI/I
B JIEKapTOBOil IpsAMOyTobHOM cucreMe koopauHat N = {N,, Ny, N.}, 7—7y = {x —x0,y—
Yo, 2 — ZO}, TO ypaBHEHUE IIJIOCKOCTU B KOOPDAMHATAX 3allUIIETCA B BUAEC

Ny(z —x0) + Ny(y — yo) + N.(2 — 20) =0

NJIn

Ax+ By+Cz+ D =0.

CrenoBaTeIbHO, €CJIN CUCTEMa, KOOPIMHAT JEKaPTOBA MPSIMOYTOJIbHAS, TO Kosd@uuyueHmo
A, B, C obweezo ypasheHus npamots A8AAOMCA KOOPOUHATNAM BEKMOPA HOPMAAY NAOCKO-
cmu.

Awnajioruuno croiicTBy adpuHHON HOpMau, BeKTOp N HAIPABJEH B BEpXHEE MTOIYTIPO-
CTPAHCTBO OTHOCUTEJBHO TLIOCKOCTH 7.

Ilycts Teneps m — runepmmockoctu B E™. Ee mapamerpudeckoe ypaBHEHUE WMEET BUT

7=7T0+dit1 + -+ Ap_1tn_1.

—

BexTopom HOpMaJid IHIEPIIOCKOCTH Ha3biBaeTcs BeKTOP N, Takoii , 4To N L a;, 1 =
1...n—1, To ecTb <N,d’i> =0(t=1...n—1). Torga mas ToOUYEK rUMEPIIOCKOCTH B E™
nMeeM ypaBHEHUE .
(F—79,N) =0,
KOTOPOE HA3BIBAETCA BEKTOPHBIM OOIIMM YPABHEHUEM THUIIEPILIOCKOCTH B K.
Ilycrs zb, ..., 2" — gexapToBa IPAMOYTOJIbHAS cCHCTeMa KoopauHaT B E". Eciu N =
{A1,..., A}, TO B KOOpIMHATAX yPABHEHNE THIIEPIIOCKOCTH TIEPENUIIETCS B BUJIE

Azt + -+ A"+ D = 0.

CrenoBare/bHO, €CJIU CHCTEMa KOOPAWHAT JeKapTOBa MPAMOYTOJIbHAS, TO K0PPhuLu-
enmut A1, ..., A, obuezo ypasrenua npamoti AGAAOMCA KOOPIUHATNAM GEKMOPA HOPMAAU
2UNEPNAOCKOCTN.
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Anajorndmo coiicTBy adGUHHON HOpMaJIH, BEKTOP N HaIlpaBJIeH B BEpXHee IIOJIYIIPO-
CIPAHCTBO OTHOCUTENbHO MUIIEPILIOCKOCTH 7.

B eBKIMIOBOM IPOCTPAHCTBEM MOXKHO NMPUIATH SICHBIM TeOMETPUYECKHi CMBICI U CBO-
00HOMY 9JI€HY B yPABHEHWM THIEPILIOCKOCTHU. JI€TKO BUAETH, uT0 [ = —<Fo, N > Eciu
BBECTU B PACCMOTPEHUE eOUHUYHbI BEKTOP HOPMAJIM FUIEPILIOCKOCTH 71 = N / |N |, To Be-
mamuanna hg = —<7_"0, fi> YHCAEHHO OYIeT paBHA PACCTOSHHIIO OT HAYAIA KOOPANHAT IO THIEP-
10CKOCTH. T10/I0KHUTENBHOCTE (OTPUIIATEIBHOCT) h( O3HAYAET, 9TO HAYAIO KOODMHAT
HAXOJWUTCHA B HUKHEM (BEPXHEM) TOJYTPOCTPAHCTBE OTHOCHTEIHHO JTAHHOM THITEPILIIOCKO-
cru. Benwuuna hg HazbIBaeTcs omKAOHEHUEM HAYAIA KOOPAMHAT OT I'MIIEPILIOCKOCTH U,
TakuM o6pasom, D = ho|N|.

1.4.5 HekoTopsble 3ama4uu, peltaeMble C IOMOMNIbI0 CKAJIAPHOTO IIPOU3Be-
JEeHUs

Paccrosinue ot To4ku /10 runepmiiockoctu B E"

Pacemorpum cary4aii, korna n = 2. Torma runepriockoctsio B8 2 sisiercst mpsivasi. Pac-
CMOTPHUM IPIMYIO (:

Mycts M — npom3BoibHAS TOUKA Ha IIOCKOCTH 2,
v = {Tm, Ym}-
Ilycrs 7 — epuunanbl BeKTOP HOpMaJs npsimoii. Tora
= — — —
ps (Fv — 7o) = hi,

re h — K03 PUIUeHT NPOMOPIUOHAJIBHOCTH. Bejimanta h Ha3bIBAETCS 0OMKAOHEHUEM TOY-
xa M om npamoti [.

Paccmoanuem om mouxa M do npamoti | nasveaemca 0isuna nepnenoukyaapa, ony-
wennoeo u3 mouku M na npamyro. OUeBUIHO, PACCTOAHNE OT TOUKHU IO TPIMOIl PABHO
abcouoTHoi Besimunne orkjonenus d = |h|. Jlerko BujeTs, 9T0

g — — — - o\ =
Ipg (v — 7o) = (Fyr — 7o, 7).

CrenoBarenbHo,
h= <FM — 7o, 11).

3aMerumM, uTO ypaBHEHUE NIPAMOii [ mMeeT B <F — 70, ﬁ> = 0. 3uaunT, oTKIOHEHHE h
— Pe3yabTAT TOJCTAHOBKH PAJINyC-BEKTOpa TOoUka M B JIEBYIO YacTh YPaABHEHUS TPSIMOii,
opu yCJIOBUU €IUHUTHOCTU BEKTOPAa HOPMAJIN.

VYpaBuenue mpaMoil, UMeIOIeil e IMHNIHBIN BEKTOD HOPMAJIN, HA3BIBAETCI HOPMUPOGHH-
HOLM YpasHeruem npamot (M ypaBHEHHEM TPSIMON B HOPMaJIbHOH dopme ).

Brerancamm otkaonerue b B KoopauaaTax. Ecan mpsMast [ 3a1aeTcst 06IHM ypaBHEHHEM
Ax + By + C =0, T0 HOpMUPOBAHHOE YPABHEHUE MMEET BU/L:

As+By+C _
VATt B?
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Torna orkjoHeHue
_ Axpr + Byy + C

VA1 B

Ecmu h > 0, To Touka M mHaxommTcd B BEPXHEH IMOJIYILIOCKOCTH OTHOCHTEILHO IPAMOLL (.

h

Eciiu h < 0, T0 B HUXKHETA.
Jns paccrostaus ot Touka M o npstmoii [ mosyuaem popMysry

|Azp + By + C|
VA2 B2

PaccmorpuM ciaygait n = 3. ['mneprutockocts B E3 9T0 IIOCKOCTD B OGBITHOM CMBICE.
VpaBHeHNe MIOCKOCTH UMEET BHU/I: <f’ — 719, N > = 0. IMTonoxum 1 = % dcwmo, uto 7 enn-

HUYHBI BEKTOD HOPMaJu TI0CKOCTH. Ilycts M — mpow3Bo/IbHAS TOYKA B MPOCTPAHCTBE

d=|h| =

E3, paguyc-BexTop KoTopoit iy = {xr, yur, zar b Torma I_I—I;ﬁ (Far — 70) = hii. Besimawna
h maswpIBaeTCs OTKJIOHeHHeM TOYkH M OT 3agaHHOi IIocKoCcTU. Paccmosnuem om mou-
xa M do naockocmu Ha3vleaemcesa OAUNG NEPREHOUKYAAP, ONYwennozo us mouku M wna
naockocms. QOHEBUIHO, PACCTOAHHE OT TOYKH J0 IPAMOM paBHO abCOIOTHON BeJMYUHE
orksonenusi d = |h|. TTockobKy

h = (Fy — 70, 7),
TO B BEKTOPHO# (hopme popMysia pacCTOAHUI OT TOUYKH 0 ILIOCKOCTH Oy/IeT MMeTh BU/I
d=|h|= \<7"M — Fo,ﬁ>.|

VpaBHeHue mI0CKOCTH, UMEIOIel eMHIYHBI BEKTOP HOPMAaJIH, Ha3bIBACTCH HOPMUPO-

BAHHBLM YPaGHEHUEM NAOCKOCTAU. EcIn miockocTs m 3amana obmum ypasaerneMm Az+ By+
Az+By+Cz+D

Cz+ D = 0, To HOpMUPOBAHHOE yPaBHEHUE TLIOCKOCTH MMEET BT % = 0. To-

/12 OTKJIOHEHHE TOYKa M OT IJIOCKOCTH T ABJISETCH PE3YIbTATOM MOACTAHOBKH KOOD/UHAT

Touka N B JIEBYH) 4aCTh HOPMUPOBAHHOIO YpaBHEHUS ILIOCKOCTH. Takum 06pazom,

_ Axpy + Byy +Czy + D
VA? + B2+ C?

st paccTosing oT Todka M 10 IIOCKOCTH T MOJIy9aeM

h

- ‘A.TM + Byy + Czy + D‘
VAZ 1 B2 1 (C? '

B obmem cayuae ypasreHne rumepruiockoctd 71 B E™ mveer Bu

d

av L <77—770,]\7> =0.

EuHu4nbIil BeKTOP HOpMAaIn 71 = % Hycrs 7y = {2}, ...,27%,} — paguyc-BekTop mpo-
u3BosIbHOI Touka M B E". OrkionenmeM Touka M OT THIEPILIOCKOCTH 7" 1 apigeTcs

PE3yABTAT TOACTAHOBKY KOOPAWHAT TOouKa M B HOPMUPOBAHHOE yPABHEHUE TUITEPILIOCKO-
CTH:

h = (7ag — T, ).
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1

Paccrognue ot Touka M 1o runeprtockoctu 71 onpenennm kak d = |h|. Takum o6pazo,

d= |<TM - ro,n>|.
3a/1a/iMM MJI0CKOCTh B JEKAPTOBBIX KOOPIMHATAX

a7 At + o+ A"+ D =0.

Torma
h:A1$}Vj++Anx§\L4
A4+ A2
g | Az, + -+ Anaty|
AP 4.+ A2

Haxoxkgeane TOUYKH, CHMMETPUYIHOI JAHHON OTHOCUTEJHLHO THIIEPIJIOCKOCTH B
ETL

Pacemorpum Bravasie cayyait n = 2. 3agauM TpSMYO

I: (Far — 70, N) = 0,

B

HaiijgeM eIUHUYIHBIA BEKTOP HOpMaJHd 7l = u 3ajaauM TouKy 77 = {xar, yar}. Torma

=2y

|
= — — —
Hpﬁ(T]V[ — 7“0) = hn
1, CJIE€A0BATENBHO, AJsI CAMMETPUYHON TOYKN HaliteMm
FN[/ = 7y — 2hii.
Y06l 3anucaTh pe3yIbTaT B KOOPIUHATAX, 330a UM
l:Ax—i—By—i—C:O, F]V[:{xM,yM}.
PackpriBast BekTOpHOE paBeHCTBO

Azpyr + by + C
A? + B?

{zrrsymy ={om, ym} —2 {A, B},

TTOJTYy M
Axpyr +byyr + C

A2 + B2 ’
Axpy +byy +C

A? 4+ B?

Paccymorpenne ciydaeB n > 3 OPUHIMIHAJILHO HE OTIHYIACTCA OT PACCMOTPEHHI Ha
IJIOCKOCTH, TaK KaK ypaBHEHHE THIEPIIOCKOCTH CHOBA 3aaeTCs KaK 7 : <f’ — 70, N > =0mn
pe3ysbTaT B BEKTOPHOM hopme OymeT mMerh TOT XKe BUJ:

i :a:M—QA

ymr = ym — 2B

P = Fag — 20,

VYupaskaeune 1.4.2 3anuwume evsedertyro Gopmyay 6 Jexkapmosvix kK00pOUHGMAL.
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Haxoxnenue yryia Mmexk/y AByMs npsimbiMu B E™

Hagrewm pacemorpenue ¢ n = 2. YVeaom meocdy npamumuy U1 v lo Ha IIOCKOCTH HAZBIBAETCST
MEHBIINN 13 00pa30BaHHLIX UMH YIJIOB. [ljIg mapaJule/bHbIX WM COBIALAONINX IPSAMBIX
yroj npuHumMaercs paBubiM (.

Fcan npambie 3amanb mapaMeTpuaeckn

l1:7=71+dit, lo: T =175+ doT,,

TO, O9€BUIHO,

cos(ly ") = |cos(dy " da)| = =5+

B caywae n = 3 nBe npstmbie I3 w ly u60 mepecekaroTest, b0 TapasIeabHabl (CoBIama-
10T), JTUOO SIBJISIFOTCSI CKPEIUBAIOIIUMUCS. [lepecekaronuecss Wi napaJjuie/ibHble MPIMbIe
BCer/a PACTIOIATAIOTCS B OTHOMN TLIOCKOCTH M YTOJI MEXK Ty HUME TIPEIEIAeTCA KaK JIst TPsi-
MBIX Ha IJI0CKOCTH. EC/ii Ke NpsiMble CKPEIUBAIOTCSI, TO YIJIOM Mexty [ u [y Ha3bIBaeTcst
yros mexky I u mpamoit 5y Takoit, aro Iy N1I5 # O w1} || lo. Pacemorpum 3ToT coryqaii.

IIycTe
l1: ¥= 1 + dit,
lo: 7' =175 + doT, .

PaccmoTpuM maocKoCTDb

T T =71+ diu + dav.
Torna 7Dl unw DIl | le. Jeficreurensro, nonaras u = t,v = 0, noyunM ypaBHeHne
npamoii Iy, a mosarag u = 0,v = 7, noyauM npamMyio lh: 7 = 7| 4+ a7 ,, KOTpast JEKUT B
TIPCKOCTH 7 U MapasiIesbHa mpsiMoii ly. CrenosaTenbHo,

cos(ly 1) = cos(ly 1) = | cos(a@ " dr)| = M
|av||a@:|
B obmem ciygae st ABYX TPSIMBIX
ly: 7'=71 + dit,
ly: ¥'=7Th + AT,
paceMmoTpuM iockocTb m C E™, 3aaHHYI0 ypaBHEHUEM
r = _’1 +&’1u+a2v
Kak u B caytae n = 3,
TI'Dll, FDZQHZQ
", CJe0BATEBHO,
~ L (@1, d2)|
cos(l1 " lg) = |cos(d1 ™ do)| = ————
(17 12) = eosin )] = 12

Ynpaxkuenue 1.4.3 3anucams 6 K00poUHAMAT 8bPadCeHue Az COS Q.
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HaxoxkaeHue yrya mMexk/y NpsiMoOil U rulieprjiockocrbio B E"

IIpu n = 3 pemenne 3373491 0UEBUAHO. Y TJIOM MEYKIY TPAMOH U IJIOCKOCTHIO HABBIBAETCS
YTOJI MEXKJIY TOH MPSIMOii U ee OPTOroJIajbHOM TPOEKIInell Ha TI0CKOCTh. 3aJIa UM IPIMYI0
napaMeTpUIeCcKn

—

l:7 =17y +td,

a MJI0CKOCTH CBOUM OOIUM YpaBHEHUEM

—

[ <77—771,N> =0.
Torma sin(l”~w) = |cos(N ~@)| u, cregosarensuo,

- N,i
sin(l”"m) = M.
[Vl|al

[Ipm n > 3 onpedeaum cuHyc yriia MeXKIY NPSIMOM W THIEPIIOCKOCTBIO TOJILKO UTO
1oJIy4eHHo# hopmMysIoi.

Haxoxkaenue yryia mexkjay AByMSd rurepiuiockocravu B B

B caygae n = 3, yrimom MexXIy IJIOCKOCTSIME HA3LIBAETCA MEHBINNI M3 ABYX IBYTDAH-
HBIX YIVIOB, 0OPA30BAHHBIX ITUMU ILJIOCKOCTAMU. Mepoil ABYrpaHHOTO yIIa CAYKHUT YTOJI
MEXKy MPSIMBIMH, IEPIEHANKYIIpHBIME peOpy AByrpaHHoro yria. HeTpymHo BuaeTh, 9ToO
9TOT yFOJ'[ paBCcH yriy Memgy IPAMBbIMU, HepHeH,ZLI/IKy.HHpHI)IMI/I 3adaHHBIM IIJIOCKOCTAM.
SamaauM Be ILJIOCKOCTH ODIMUMY YpaBHEHUSIMU

—

T (F =71, q1> =0,
7T2:<77—’l72, 2>:0
Tak kax Nl 1l mu ]\72 1 9, TO
Ny, N:
cos(m " m) = M
| N1 || V2|

B koopamaaTax:

cos(m ) — A1z + BiBs + 16|
VA2 B+ C?\ /A3 + B +CF

[Iycr 8 E™ 3aaHbl JiBé THIEPILIOCKOCTH
n—-1. /=2 = a7\ _
us .<7”7’I“1,N1>—0,
n—1 . — — X _
Ty <7”7’I“2,N2> = 0.
Tora B KaveCcTBE KOCHHYCA yIJIa MEXKJIYy HUMU HPUHUMAETCH

_ (N1, Ny

1~ n—l) — )
| N1||N2|

cos(my ™" T my
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1.5 Opuenrainusa B JUHEHHOM ITPOCTPAHCTBE

1.5.1 IIpeobpa3oBanue 6a3uCOB 1 KOOPIUHAT

PaccMoTpnM 06BITHYIO TIOCKOCTE. IlycTs €1, € Gazuc B E2. Tlycrs f1, fo — ABa MpOM3BOIIh-
HBIX BekTopa B B2, Pazmoxum BeKTOpHI f1, fo 110 Gazucy €1, €s.

fl :C%€1+C%527 (1 1)
fg = C%gl + C%gg. ’

Cdhopmupyem u3 KO3(MDOUIIMEHTOB PA3JIOKEHUST MATPHUILY

C:(Ci Cé) (1.2)

€1 Gy

Mpenioxxenue 1.5.1 Bexmopui f1, f2 06pasytom noewii 6asuc naockocmu mozda u moas-
Ko moezda, xozda det C # 0.

HoxkazareabcrBo. Cronbrpl MaTpuirsl (1.2) cocTaBieHbl W3 KOOPAWHAT BEKTOPOB fi, f;

" TIO3TOMY JInHeliHad 3aBUCUMOCTD MW HE3aBUCHUMOCTD BEKTOPOB ﬁ, f_; 9KBUBAJIEHTHA JIU-

HEWHOI 3aBUCUMOCTH WM HE3aBUCHMOCTH cTos01moB Marpuisl (1.2). Ilocrennee ycmosue

9KBUBAJIEHTHO BBIPOKIEHHOCTH WJIN HEBBIPOXKIEHHOCTH MaTpuisl (1.2) COOTBETCTBEHHO.
L]

@opwmyner (1.1) maswiBarorcs dopmynamu npeobpasosarua bazucos wma dopmymaMn
nepexoza (ot 6asuca {1, @} k 6asucy {f1, f2}), a HeBBIpoKAeHHAs Marpuua (1.2) Hasbl-
BaeTcd mampuuyets npeobpa3osanus 6a3ucos.

Ilonyuennbie (popMysbl MOTYT ObITH 3alMCaHbl B OECKOODANHATHON, MHBAPUAHTHON OT-
HOCUTEBHO pasmepuocTu, popme. s aroro chopmupyem jiBe MaTPUIbI-CTPOKH, DJI€MEH-
TaMUW KOTOPBIX ABJIAIOTCA BEKTOPBI 6aBI/ICOB, a UMEHHO

Torna,
f=eC
JleficTBUTEIBHO,
Por > > C% C% 1> 15 1 2
(fi,fo) = (€n,@) | 2 2 ) = (cr€l+cafa, o€t + 2e2),
1 &
TO €CTh

7 1 2 7 1 25
fi=ciée1+ciéa, fa=c3€1+ ciés.
Haiinem 3aBrcuMocTh MexX Iy KOOpAMHATAMHI BEKTOpa B ABYX Oasncax e u f. Samumem

Pa3/I0KEHWsT TPOU3BOJIBHOIO BeKTOpa, X OTHOCUTEIBHO ABYX 0a3ucoB. COOTBETCTBYIOIIHE
KoopauHaTE OymeMm nmomedarsh Oyksamu € u f. [lomyamm

. L o o | 7 g =
X =61 +a.6y X =uapf1+2tfo
[loTpebyeM BBLIIIOIHEHNE eCTECTBEHHOTO PABEHCTBA

1o 25 17 27
T + T € = T f1 + 1% f2.
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[Moae3ysace dopmymavu (1.1), mpogomKum

rley + 226y = x}fi + x?cf_é = x}(c%é’l +c2éy) + xfc(céé’l + cdéy) =
(cle + cza:f)el + (cém} + c%x%)é'g.

OTcroga 3akIovaeM
1_
e = cle + czxf,
) (1.3)
T, = cle + czxf
[Momygentnie hOPMYIHI HAZBIBAIOTCS (POPMYIAMHU NPeobpasosanus KoopouHam BEKTOPOB
npu npeobpasoparuu 6asucos (1.1). D1u GopMysbl TaK Ke MOTYT OBITH BBHIIUCAHBI B WH-
BapuanTHOM 0T paszMepuoctu dhopme. Jlas sroro chopmupyem n3 KOOpAuHAT BeKTOpa X B

bazucax e u f MaTpunLl CTOJOILI

1
Ly
2
Ly

Xy =

Torga dopmysbt (1.3) nepenuniyTcs B BUje MATPUIHOTO PABEHCTBA
X, =0CXy

Marpuunbiit Bus dhopMyst 1mpeobpa3zoBaHis KOODAUHAT MOYKET ObITh JIEI'KO M3BJICYEH U3
MaTPUYHOI'O BUjAa Ipeodpa3oBanus 6A3UCOB €C/IM 3aMETUTh, YTO PA3JI0KEHNE

v _ .l 2
X =x,€1 +z.€
SKBHUBAJICHTHO MATpUIHOMY paBeHCTBY X = eX,. [leficTBuTeIBbHO,

1o 2 - x
T€1 + w562 = (€1, E2)

aN 0O

x

Torma nmeem,
eX. =fX; = (eC)X; =e(CXy)

1, CTaJI0 OBITD,

X, = CX;

OueBuHo, B MaTpuuHoit dopme dopmysibl 1peobpazoBanus 6a3MCOB U KOOIP/IUHAT He
BABUCHUT OT PAa3MEPHOCTH W IMPUMEHUMBbI B POCPAHCTBAX JFOO0H pa3MEPHOCTH N.

1.5.2 Opuenranus

Haszosem 6asuchl e f OpUeHTHPOBAHHBIMY OJUHAKOBO, €CJIU MATPHUIA TEPEX0Oa € <, f
UMeeT MOJIOKUTeNBHBIH onpenenurest det C > 0. OTHomeHne OUHAKOBOW OpUEHTHPO-
BaHHOCTH SIBJIsieTCA OMHAPDHBIM OTHOIEHHEM Ha MHOXKHCTBE Beex 6a3ucos. HamomunMm, 9o
OMHAPHOE OTHOIEHWE ~ HA 33 ITaHHOM MHOXKHCTBE HABBIBACTCA OMHOWEHUEM IKEUBGNEHIT -
HOCAU €CJU ~ YJOBJIETBOPSET CJIEAYIONINM aKCHOMaM:

1. a ~ a ans kaxgoro a € X (ped1eKCUBHOCTS );
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2. Eciim a ~ b, 10 b ~ a (cuMMeTPHYHOCTB);
3. Ecoma ~b mw b~ ¢, 10a ~ ¢ (TpaH3UTHBHOCTD).

3ajlaHre Ha MHOXKECTBE OTHOINEHUS SKBUBAJEHTHOCTH OIIPejessder pa3bueHue 3Toro
MHOKECTBA HA HEITyCThIE HEMEPECEKAOIMECS TTIOIMHOKECTBA, (KIACCHI ) SKBUBAJIEHTHBIX MEK-
Jty coBOI0 3JIEMEHTOB.

TIIpennoxxkernue 1.5.2 Omuowerue 00unakKo80l OPUEHMUPOSAGHHOCTNY ABAAEMCA OMHO-
WEHUEM FKGUBAAECHMHOCTNU HA MHONCECMEE GCEX HA3UCO8 AUHETH020 NPOCMPAHCTEA.

Jloka3aTeJsbCTBO.

1 i <t
. € ~ e. [leficrBurenpio, e — f, e

1 0 0
o 0 1 0
0 O 1

2. Ecome ~frof ~ e.

. C
Heitcteurensno, nycth € — f. Tak kak det C > 0, To cymiecrByeT obparHas MaT-
puna C~ L. CremoBaTensHo, uMeeM

f=eC = fCl=(E0)C'=e(CCH=e = e=fC"!

c—t _
Buaunr f —— e, opuaem det O~ ! = ﬁ > 0, uro o3nauaer f ~ e.

3. Ecme ~fuf ~g me ~ g.

JleficTBUTEIBHO, TIYCTH € RN (detC; > 0) u f ~ g (det Cy > 0). Torma

f =eC,
g = fCQ = (601)02 = 6(0102).

Taxkum obpaszom, € G g u tak kak det (C1Cy) = detCydetCy >0, 0 € ~ g.

L]

Taxkum ob6pasom, Bce HA3MCHI JUHEHHOTO TTPOCTPAHCTBA Pa3OMBAIOTCS Ha, JBA KJIACCA
SKBUBAJIEHTHBIX 0a3ucoB. BHyTpH Kaxk 1010 Kiaacca rnepexos or 6azuca K 6a3ucy ocyIiecTs-
JIAKTCA ManHHeﬁ C TIOJIOZKUTEJIBHBIM OIIDpEACIUTEJICM. BaSI/ICbI n3 Pa3HbIX KJIACCOB CBA-
3aHbl MEXKJY CODOil MaTpuiiell ¢ OTPHUIATEJBHBIM OIIPEJIeJIUTEEM. 33/IaTh OPUEHTAIIIIO -
BHAYUT BRIOPATHL HA3MCHI U3 OMPEIETEHHOTO Kaacca. Jlunetinoe npocmpancmeo na3vieaem-
CA OPUEHTUPOBAHHDIM, ECAU 68 HEM BbIOPUHA OPUEHTNAYUSA. DTa BbIOpAHHAS OPUEHTAIUS
HA3BIBACTCS NOAONHCUMEABHOU, A TPOTUBOIIONIOKHAT - OMPULUAMEALHOT.

Hampumep, npu n = 1, nycts € u f JIBa HEHYJEBBIX BeKTOpa Ha mpamoii. Torma, ote-
BUJTHO, f = A¢, rie A # 0. B sTom caydae mMaTpuria mpeobpazoBaHust 6a3ucoOB COCTOUT U3
opmoro smementa C' = (\). Knace opuenTanyum BeKTOpa € COCTABIAIOT BEKTOPHI, COHAITPAB-
JIEHHBIE C €, & JIPYroiil KJIacC OPUEHTAIUN COCTABJISIOT BEKTOPHI, MPOTHBOHAIIPABJIEHHEIE C
e.
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OTHOIIEHNE ONUHAKOBOW OPUEHTUPYEMOCTH H6A3UCOB (C/Ie/I0BATETHHO, U IOHATHE OPUEH-
TAMK) MOXKHO OKUCATH Cieayomum obpasom. [lycrs € u £ — npa 6asuca. Basuc e nasbiBa-
ercst depopmupyemvim B 6asuc f, ecm cymectsyer cemeiicTBo BEKTOPOB @1 (t), da(t), . . ., dp(t)
TaKuX, 9TO dy(t) — menpepoisuble hyukiun mapaverpa t € [0,1] u

o @(0) =@, al(l)=fi
e d(t),...,d,(t) mureiino mesasucumbl s kaxgoro t € [0, 1].

Cupasemso

IIpenmoxenne 1.5.3 Jlsa 6asuca e u f opuenmuposanvs odunaxoso mozda u moavko
moeda, xoeda e u f depopmupyemu dpye 6 dpyea.

1.5.3 HekoTopbie NpuMeHEHNI OPUEHTAIINN

OpueHTupoBaHHasa JJNHA BEKTOpPa HA MPSMOii

TTycTs € — emANYHBIA BEKTOP IPAMOT, 33JA0ITHH OPUEHTAITUIO, 4 — TPOU3BOJIBHBIN BEKTOP
pa upamoit. Torma @ = A€, Benmumma A\ HasLIBAeTCST 0PUEHMUPOSAHHOT OAUHOT BEKTOPA

a. Ogesugno,
A = +|d|.

OpuenTupoBaHHas IJI0INA/b HapaJiesiorpaMmmMma. BuBekTopbl

PaccmoTpuM mapasuiesorpamMm, NDOCTPOEHHBIH Ha BekTopax d u b. Ecim ¢ — yror mexay
STUMHI BEKTOPaMU, TO ILJIOMIA/Ib IOCTPOCHHOTO HapaJLieJorpaMMa BIYHCIAeTCS 110 U3BeCT-
woii dbopmyse S = |d||b| sin ¢.

Sl

—

a S = |a@||b| sin g

[Toxaxkem, uro hopMyJIe [Jisi BBIYUC/ICHUS ILIOMIAIN 1aPAJLIEIOrPAMMA M2KHO HPUIATH
BhIPaKeHne, MHBAPHUAHTHOE OTHOCUTENHHO PAa3MEPHOCTH TTPOCTPAHCTBA, 8 UMEHHO,

S? = |aP|b)> — (@,b)>.
HettcTBUTeILHO,
§? = |a]?[p* sin p = |GJ*[b]*(1 — cos® p) = |@|*|b]* — |a]?|b|? cos? ¢ =
@2 [b)? — (@,5)”.

3ameuanue. [Toaygennoit hopmysie MOXKHO MPUAATH BUT

QL

g2 | ¢

S

N QY

~ ~——

S QY

—

Marpuria mos onpeaenuTeseM HasbiBeTcs mampuyed I'pama mapsl BeKTPOB @ u b.
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SachKCpreM Ha IUIOCKOCTH OPTOHOPMUPOBAHHLIH 6asuc €, . Torma @ = a'é) +
a’éy, b= ble) + b%éy n

j@? = (a')? + (a?)?, B = (b')? + (b7)?
<EL’, 5>2 = (a'd' + a?h?)? = (a'b')? + 2a'a?b'0? + (a?b?)?
CrenoBaresbHO,
S2 _ (ale o a2b1)2

C ApyToit CTOPOHBI, BEKTOPHI @ U b 06pa3yIoT (HEBLIPOK IEHHBII ) TTAPAJLIETOrPAMM, TIO3TO-
MY SABJISIOTCS JIMHEWHO HE3ABUCUMBIMEU U 00pa3yoT npyroii 6a3uc miockocTu. Marpuiia

al bt
o= ()

SIBJISIETCST MATpHUIell mepexoia oT H6asuca €1, €y K 6asucy a,b. O4eBUaHO Temeph, ITo
S = |detC]|.

OnpemennM opuermuposatuyto niowads mapajnensorpamma (opmymoit Sy, = det C.
W3 onpeneneHnd CIEoyeT, 9To

g _ S, ecmm Gasuc @,b opuenTuposan monoxurensHo (det C > 0),
o —S, ecmm 6asuc d,b opuerruposan orpunarensuo (det C' < 0)

C opueHTHpOBAHHON MIOMAIBIO0 TAPAJIEIOTPAMMA, CBI3aHO MTOHATH 6ugexmopa, 0600-
AOITEe TTOHSITHE BEKTOpa. HATOMHUM, YTO MBI HA3BIBEM BEKTOPOM COBOKYITHOCTH PABHBIX
Mex Ty coDOoil HampaBIeHHBIX OTPE3KOB. /[Ba HANPABIEHHBIX OTPE3KA PABHBI, €CJIN:

® UMEOT PaBHbIE JJINHBI;
® DACTIOIOKEHBI Ha MapasLIeJbHBIX TTPIMBIX
® OJIMHAKOBO OPUEHTUPOBAHBI (COHATIPABJIEHBI);

Bekrop - 310, 06pasno rosops, ceoboxHo "maaparomuiiB mpocTpaHCTBE KAACC IKBU-

BAJIEHTHOCTH PABHLIX HANPABJIEHHBLIX OTPE3KOB. DUBEKTOP - 9TO KJACC IKBHBAJEHTHOCTH
KYCOYKOB ILJIOCKOCTH, UMEIOIINX OJMHAKOBYIO ILIOIIA/h U OJMHAKOBYIO OpueHTanmi. Takue
KyCOYKHU Dy/ieM IIPeICTaBJIsATh B BUJE IAapaJIeIOrPaMMOB, IIOCTOPOEHHBIX HA yIOpSI0Ue-
HBIX ITapax BEKTOPOB. ByjeM cunTars /iBe yHOPsiI0YE€HHBIX IaPbl BEKTOPOB PABHBIME, €C/IU
IIOCTPOEHHBIE Ha HUX I1apaJlieorPaMMbl

® TMEIOT OIMHAKOBYIO TIIOIIA/Th;
® JIeKAT B MAPAJJIETBHBIX MIJIOCKOCTSIX;
® OJMHAKOBO OPHUEHTHUPOBAHBI.

BI/IBeKTOpOM HA3BIBACTCA - KJIACC 9KBUBAJICHTHBIX IIap BEKTOPOB.
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OpueHnTupoBaHHbIl yroJ Me>k/y HPSIMbIMU HA ILJIOCKOCTU

Ilycrs 1 u lo aBE psiMble HA OPUEHTUPOBAHHON TIOCKOCTU. TOra MOYXKHO ONpENIEnTh He
MPOCTO YTOJ MEXY MPSMbIMU [ 1 lo, HO ¥ yTOJI OT IpPIMOit [ K mpsiMoii la.

Ounpexnestenne 1.5.1 Yeaom om npamoti 1y x npamoti la (opuenmuposanivim y2aom merc-
oY NPAMBLMU) HAZBBALTNCA Y204 MENCOY NOAOAHCUMEALHO OPUEHMUPOSAHHOT NAPOT Ha-
NPABAANOUWUL BEXMOPOS npamox 11 u la.

[Mycts ¢ yron mexpay [y u l2, a por — OPHEHTHPOBAHHBIN yro Mexxay Humu. Torma

COSs = 7<61762>
7o = ||

MPU YCJIIOBUH, UTO NAPE HANPABAMOULUL GEKMOPOS O1, 0y IMUL NPAMBL OPUEHTMUDOEAHG
noaoscumenvro. JIerko 3aMeTHUTh, 9YTO €CIU ¢ — YIoJI MEKIy BEKTOPAMU a1 U do2, TO

| ¢ ecnu nmapa @i, dy OpueHTHPOBAHA OJIOKUTEIBHO,
Por T — ¢, ecan mapa dj,de OPHEHTHPOBaHA OTPUIIATETHHO.

1.6 BekTopHoe mpou3sBeaeHNE

1.6.1 OmpeneneHne n CBOCTBA BEKTOPHOIO HPOU3BEIECHUS

Oupenenenne 1.6.1 IIyemv @, b — dea eexmopa 6 E>. Bexmop € naswsaemca sexmop-
nbM npoussedenuem a ub, ecau

1) éLla, cLlb;

2)  Jauna eexmopa € wUCAENHO PAGHA NAOWAOU NAPAAAEAOZDAMMG, 00PA306AHHO20

-,

sexmopamu @ u b, mo ecmw |@ = |@l|b| sin (@7 b);

-

3)  mpotixa 6exmopos @, b, C NoAHCUMENLHO OPUEHMUPOBAHA.

3ameuanue. B onpegenenny npejmnonaraercs, 9o BEKTOPbI @ u b He Kossmaeapubl. Huxe
Oy/eT TOKa3aHO, 9TO JJIsT KOJJIUHEAPHBIX BEKTOPOB ECTECTBEHHO mojarath ¢ = (.

IMpenmoxenne 1.6.1 [Tycmo sexmopor @ = {az,ay,a.} u b = {by,by,b.} 3adanw. ceo-
UMU KOOPOUHATMAMU 6 HEKOMOPOM (NPoussoavHom) opmonopmuposannom baszuce. Tozda

eexmop
o= { } .

ABAACTNCA 6EKTNOPHBIM NPou36ederuem 6eKmopos d u b.
HoxkazarenbcrBo. Ilycrs € = {c¢;, ¢y, c;}. Toraa u3 nepsoro csoitcrsa ciaeayer:

ay a

b, b.

Ay Az

by b

Qg Ay
s T ’
by by

CrUy + Cyay + Ccza, =0
Czby + cyby + b, =0
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Obo3nauum

az Gy

[MockonbKy @ J b, TO XOTs1 GBI OJIMH W3 BBIMCAHHBIX OTIPEIEUTEEl HEe PaBeH Hy 0. [1ycTh,
mampumep, A, # 0.
PaccMOoTpuM cucTeMy ypaBHEHU

CzQy + CyQy = —Cr0y
Ceby + cyby = —c;b,

JList periennst CUCTeMbl YPABHEHUI BOCIIOIb3yeMcyd npasuiom Kpamepa:

—QzCy; Ay Ay —QAzCy
_bzcz by Ax bm _bzcz _Ax
Cp = ————— = Cx—~—, Cy = = Cy .
A, A, A, A,

= = A. Torma MBI MOXKeM 3aIECcaTh
z

[Tomoxkum
Ce = ANy, ¢y = =AAy, ¢ = AA,
Nnaue rogops, ycaosuio ¢ L a, b VIIOBJIETBOPSIET BEKTOP
c=MAL, —Ay, ALY

BameTwm, 4TO I7IMHA W HATIPABJIEHME HAHJIEHHOTO BEKTOPA HE OTPEIETeHbI OJHOZHATHO.

Ncnons3yeM BTOpoe CBOMCTBO M3 ONPeeTeHnsT BEKTOPHOTO MPOU3BEICHNS W TOKAXKEM,
uyro |[A| = 1. s sroro 3amernM, 4r0 ecan d = {0z, Ay, 0z} U b = {bz,by,b:}, TO M2
wIoma M 06pa30BAHHOTO UMU IAPAJJIeI0rPAMMA CLHPABEAIUBO BBIPAZKEHUE

S =/AZ+ A2+ A2

JeficTBATEIBLHO,
52 = |a@|?|b|2sin2 (@7b) = |@2|b|2(1 — cos? (@~ b)) =
@26 — |a]?[b]? cos? (@~ b) =
(B[ — (@,5)° =
(a3 + ag +a2) (b + by + b2) — (azby + ayby + azb.)* =
(aybs — azby)? + (azb, — azby)? + (azby — ayby)? =
AZ 4+ A2+ A2

Takum obpazom yciosue |¢] = S Bueger |A| = 1.
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[Tokaxkem, 9TO W3 TpeThbe CBOWCTBA ONPEEEHUS BEKTOPHOTO MPOM3BEIEHUS CIE/IyerT,
aro A = 1. JIjag 91010 paccMoTpuM OpueHTAnUIO TPOKu BeKTOPOB d,vech,c upu A =1 n
MOKAXKEM, UTO OHA, TOJOKHUTENbHA. JIeHCTRITENRHO,

gz Gy Qg Ay —Ay A,
2 2 2
by by by | =] ax ay ay |=A7+A;+A7>0.
Ay =Ny A, by by, b
VTBep:KIeHne T0KA3AHO.
n

3ameuanue. JIerko BUIETh, 9TO BEKTOPHl d W b KOJUIMHEAPHBI TOTLA W TOJBLKO TOrIA,
korga Ay = Ay = A, = 0. [Tosromy, ecnu @ || b, To nosmaraem € = 0.

BekTopHoe npousBeneHne BeKTopa d Ha BeKTop b Oymem 0Go3Ha4YaTh depes

@,b).

IIpennoxenne 1.6.2 Bexmopnoe npoussederue 064a0aem cAelyouumu c0tCmeami:

1. [@,b] = —[b,d) - anmurommymamuenocmy;
2. [@+b,d = [a,d + [l_;, 1 - ducmpubymusrocmv no caoscenuro;
3. [\, b] = A[@, b] — aunetinocme.

JlokazaTeabcTBo. IlepecTanoBKa COMHOXKHUTEIECH BEIET K IEPECTAHOBKE CTPOYCK OIMpe-
nemureneit Ay, Ay u A,, 9T0 IPHBOAUT K CMeHe UX 3HaKa. AHAJOTHYHO BBIBOTATCA 1
OCTaJIbHBIE CBOWCTBA.

1.6.2 HekoTopbie reoMeTpuYECKNEe MMPUJIOKEHNS BEKTOPHOTO
NpON3BEAEHUSA

ITpn3Hak KOJJIMHEAPHOCTU BEKTOPOB

JBa BexkTOpa KOJUIMHEAPHBI TOTJA W TOJBKO TOTJA, KOTJa MX BEKTOPHOEe MPOM3BE/IEHUe
PaBHO HYJIEBOMY BEKTOPY, TO €CTh

illb < [d@b=0.

[

9TO CBONWCTBO 0OTMEYaJIOCh BBIIIIE.

Paccrosinue oT TOYKHM 10 NPSAMOil B IIPOCTPAHCTBE

Ilycts I: ¥ = 7y + dt — npsamas B mpocrpancrse. Haiinem paccrogrme ot Touka M ¢
PaJNyC-BEKTOPOM 71 JI0 TIpsIMoit . PaceMoTpum mapasiieorpaMM, MOCTPOEHHBIN Ha BEKTO-
pax 7, — 7o u a. VlckoMoe paccTostHiue paBHO BhICOTE d 3TOro napaJuieaorpaMma. LLiomamgs
napastenorpamma S = |@| d. C apyroit croponsr, S = Hfﬁ — 70, d’]’. CirefioBaTeIbHO,

|[71 — 7o, d]|

al

d:
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Ob6umii neprneHMKYJIspP JABYX CKPEIIMBAIOMINXCS HPAMbIX

HOycre Iy : T=71+d1t mly: ¥ = T + doT , 1BE CKPENUBAIONINECH TPAMBIE B IPOCTPAHCTBE.
PaccmoTrpuM aBe mmockocT 7y 7 = 71 + d1u + dov,

To: T = 7y + diu + dav. OveBugno, uro 71 D Iy, mo Dl u mp || ma. Tlonoxum N = [y, da].
Torna N L m™Hu N L 9.

PaccMOTPHM IUIOCKOCTB 3: 7 = 7 + d1u + Nov. Toraa m3 D 1. JlefiCTBATEIBHO, TOJI0-
kuB u = t, v = 0 B ypaBHEHNUM TJIOCKOCTH 73, TMOJYYNM ypaBHeHwue mpsamoii 11. [Tpn s3Tom
mg L m, w3 L 71, Tak Kak w3 D l3: 7 =1 +J\7v, als Lm,ms.

ARaI0ornaHo, paccMOTPEB IJIOCKOCTD T4 T = T + dau + N v, TOJIyIuM T4 D lo, mg L
Ty, T4 L 9.

Tpsimas | = 73 N T4 UMeeT CJIEYIONHE CBOMCTBA:

1. Nl # 0, Tak kax [ C 73, I; = w3 N 7wy, w317
2. 1Ny # 0, rak kakl C w4, lg = m4 N 7o, T4 LTo;
3. 1L, 1 Ls.

CuretoBaTenbHo, IpMasd | M €CTh UCKOMBIN 0OIIWi TepIeH Ky asap. Bemmuimem ero ypasae-
Hue. 3aluiieM ypaBHEHHUE ILIOCKOCTER B BUJIE:

Torna ypasuenne mpsmoit [:

(
(

—

, rne N = [dy, da).

=

!

ag,

NV =0
NV =0

1

|
[

1
25

[R fE—

)
)

ag,

!
<

Paccrosinne Mmexk1y CKpenuBaoInMUCa OPAMbIMU

IIycre I3 uly — cxpemmparonmecd npaMmere. ly: 7 = 71 + dit, lo: ¥ = 7y + do7,. Touka
M7 ¢ pajuyc-BeKTOPOM 7] TPHHAJIEKUT M. SANUINEM YPABHEHHUE TJIOCKOCTH Ty B BUJIE:
Ty <1" — T, [al,a2]> = 0. Torma

diy 1y =

— —

Caeacrue 1.6.1 Ilycmo ly: 7= 71 +dit, lo: ¥ = To+deT,, @1 }ff do dse nenapasneavrvie
npamwie. Toeda
ll N l2 ?é @ <~ <771 — F2, [C_il,C_iQD =0.

HokazaTesbecTBO. JocTaTodumHo 3aMeTUTh, 9TO NPWBEIEHHOE YCIOBHE O03HAYAECT PABEH-

CTBO HYJIIO PACCTOAHHA MEXKAY CKPEIIUBAIOIMIMMHUCA IIPAMBIMH.
]
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1.6.3 /IBoiiHOe BEKTOPHOE IIPOU3BEIECHUE

Iycts @, b, € — TPH MPOM3BOIBHEIX BEKTOPa, B 3, 3a/[aHHbIE OTHOCHTEIHHO OPTOHOPMUAPO-
BauHoro 6asuca. Torma mpomssenenue [d’, [b, E’H HA3LIBAETCSI J6OTIHbIM BEKMODHbIM NPOUS-
gedeHuem.

Ipenoxenne 1.6.3 as 06wz mpex eexmopos ¢ E°
[a, [b, c]] = b<a,c> — c<a, b>.

JokazarenbcTBo. Brifepem crcremy xKoopamHaT caeayommM odpaszom: ock Oz Ha-

npaBuM BJIOJE C, 0ocb Oy BO3BMEM B IJIOCKOCTH BEKTOPOB b m €, och O HAmpaBuMm mep-

OEHIUKYJISPHO 3TOH IUIOCKOCTH. Toraa OTHOCHTEILHO BBIOOPAHHON CHCTEMBI KOOPIHHAT
a={a',a® a3}, b= {0,020}, €= {0,0,c3} u mbr Haxomum

- v v 0 v 0 v :
[b’c]:{ ‘ 0 ’_’0 S0 o }:{52037070}7
o 7 I CZQ a3 Cll CL3 (11 Cl2
@ [»,]] = 0 0|8 0|2 0|7

{O, a’b?c3, —a2b2c3}

C apyroit ¢CTOPOHBI,
b<c_i, E’> = {0,a%b?c3, a®b3c3},
&(@, by ={0,0,a?b*c® + a*b>c’},
a 3HAYUT
b{(@,c) — &a,by = {0,a’v*c®, —a’b*c*}.

CpaBHUBas BBIYUC/IEHHUS, TTOJy9aeM TPeOYEMbIN pe3yJibTar.

Yopaxkxuenue 1.6.1 /loxaorcume, wmo

1. [[@,b],d = b(a,é) — @b, é).
2 [[@8,d=[abd) e |Lrorte

1.6.4 CwMmemranHoOe IIPOU3BEIEHNE BEKTOPOB

Mycrts @, b, ¢ — Tpu BexTopa B £, Torna nponsseente <EL’, [b, 5]> HA3BIBAETCSI CMEUAHHBIM
NPOU3BEIEHUEM MPET BEKMOPOS.

IIpennoxenne 1.6.4 ITycmov sexmopui d = {az, ay,az}, b= {by,b,,b.} uc={cs,cy,c.}
3a0aMbl CEOUMU KOOPOUHATMAMU 6 HEKOTMOPOM 0PTMOHOpMUPosantom basuce. Tozda

. az Gy a
@ [5.d)=| b b, b

Cx Cy C
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Jdoka3zaTeabcTBOo. elicTBUTETBHO,

L by be | | b be| | be by
[b,c}—{ ey |’ ¢ || e oy }
" —
(@, [b,d) =
ay ay a;
Gy by b —ay ba bz‘—kaz ba by =| by by b,
cy Cs Cx Cs Cx Gy
Cx €y Cs
"

Paccranoeka ckoO60OK BHYTPH CKaJISpPHOTO IIPOM3BEIACHUs HE CyIIecTBeHHa. VMmeercd B
BUY CIEAYIOLIee CBOMCTBO:
(@ [b.]) = ([a.B].&).

B cBa3u ¢ atrM, i cMeranHoTro mpon3BeAeHust yrnoTpedigaerca yIpomenHoe 0003HadeHne:
(@ F.d) ~ @59,
Yunpaxkueunue 1.6.2 Joxascume, umo
1. (@ [5.8) = ([@.8].9);

2. Cmewannoe npoussedenue AUHETHO o KaxHcoomy u3 commocumenet. Hanpumep,
(al + ag, b; E) - (a17 b7 E) + (CLQ, bv E)v

3. Hpu nepecmanoske A00BL I8YLT 6EKMOPOE 6 CMEULGHHOM NPOUBEIEHUY SHAK TPO-
U36EJeHUA MEHACTNCA HA TPOTMUBOTOA0NCHBIT. Hanpumep,

-

(67 gv 6) = _(b7 a:v 6)

1.6.5 Hexkoropbie reoMeTpUIECKNE MPUJIOKEHUSA CMEITaHHOTO IIPOU3Be-
JEeHUs

IIpu3Hak KOMILIAHAPHOCTU BEKTOPOB

Tpu BekTOpPA @, b, C KOMILTAHAPHBI TOTIA W TOJBKO TOT/Ia, KOTIa

(@,b,¢) = 0.

YpaBHeHNe TJIOCKOCTU, TTPOXOASIIeil Yepe3 TPU 3aJaHHbIe TOYKHI

[TycTh B IPOCTPBHCTBE 33JaHBI TPH TOYKH € PaJNyCaMU-BEKTOpAaMu 7 = {T1,y1,21}, T2 =
{z2,y2, 22}, 73 = {x3,y3,23}. Touka ¢ nepemenubiM pajauycom-gekTopoM 7 = {z,y, 2}
IPUHAIJICKUT ILJIOCKOCTH, HpOXO,ZI;HH_IeIU/I qgepe3 3adaHHbIe TOYKK, TOrJa W TOJIBKO TOTJa,
KO8 KOMILTaHAPHBI BEKTOPEL ©° — 71, o — 7] U T3 — 7], TO €CThb
(7' — 71,7 — 71,73 —71) = 0.
B KOOpIMHATHOM BBIPAXKEHHH STO YCJIOBHE 03HATACT, 9TO
r—x1 T2 —T1 X3 — a1

y—y1 y2—y1 y3—y | =0.
Z—21 29 —21 23— 2

PackpriB onpegenmnTenb, MOMyInM YPAaBHEHUE UCKOMOH TLJIOCKOCTH.
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OpuenruposanHbliii 00beM I1apaJijiesenuiiesa.
TpuBeKTOpPHI

IIycrs BekTOpLI @, b, € He KomiLtanapusl, T.e. (d,b,¢) # 0. Torma |(d@,b, )| pasen obbemy
napasLTesienuesa, TOCTPOCHHOMY Ha COOTBETCTBYIOIUX HAMPABICHHBIX oTpeskax. [leif-
CTBHTENLHO, BeKTop N = [@, b] SIB/IseTCS BEKTOPOM HOPMAJIH K IJIOCKOCTH OCHOBAHHS

mapaJsiiesenunesa. Beqnanna h = \PT ]\7€| paBHa ero BeICOTe. Brrumenum ee:
(@N) _[elab)l _|@b.al

=Cl = = = = =
o V] |[a b]] Socn

Tax kax Socgh = V — 00beMy mapaJiiesenunesa, TO OUeBHAIHO
V= |(_'7 gﬂ 6)|
Opuenmuposarroim 06semom Vi, TPORKHI BEKTOPOB d, 5, C HA3bIBAETCH BeJMYUHA
‘/;r = (aa 57 8)

Jlerko BumeThb, 910

—

, € OPHEHTUPOBAHA TIOJIOKUTETHHO);

V., =

V, ecmm Tpoiika d,b, ¢
ada,b

b
a, b, C opHeHTHpPOBAHA OTPUIIATEIBHO.

—V, ecsu Tpoiik
Wcnonp3ysa moHaTHE OPUEHTHPOBAHHOIO 00beMa, Ha MHOXKECTBE BCEX TPOEK BEKTOPOB
MOKHO BBECTH OTHOIIEHNE S9KBUBAJIEHTHOCTH, 8 HIMEHHO, IB€ TPONKN HA30BEM SKBBUBAICHT-
HBIMU, €CJIN OHU UMEIOT PaBHbBIE OPUEHTUPDOBaHHBIE O6’beMbI. KHaCCbI 9KBUBAJIEHTHOCTU Ta-
KOTO POJia Ha3bIBaIloTCa mpusexkmopamu. C reoOMeTpUIecKOil TOUKN 3PEeHHusl, TPUBEKTOPDI
— 9TO KYCOLIKI/I IPOCTPaHCTBa C OAMHAKOBBIMHA O6’beMaMI/I n OJVMHAKOBO OPUCHTUPOBAaHHBIE.
dcmo, uro memouka: sexmopu. — GUBEKMOPbL — MPUBEKMOPHL MOKET OLITH €CTECTBEHHO
npomosKena o pasmeproct. CooTBeTCTBYIOMEe 0000IIEHNe HOCUT HA3BAHUE NOAUSEKINO-
P, ONHAKO 31eCh MBI He OyIeM KacaThCd 9TOro obobIeHms.

1.7 DaemMeHTHI MHOTOMEPHOI aHAJUTUYIECKOI TeoMeTpuun

1.7.1 VYpasuenue k— mepHOii miockoctu B A"

ITycts B A" 3acdukcuposana Touka My paguyc-BekTOp KOTOpOW 7o. U mycrs 3agansl k
JIMHEHO HEe3aBUCUMBIX BEKTOPOB {@1,...,dx}. Adpunnot k— meprot naockocmoro T B
adpdunnom npocrpancrse A" HazbiBaeTCst MHOXKECTBO Todek B A", pajumyc-BeKTOp KOTO-
peix (B 3a1amH0l adbdUHHON cncTeMe KOOPJMHAT) 33/1a€TCST PABEHCTBOM

F =7y + tldy + t2dy + - - - + t*a;.

k a smueiinoe upocrpancrso LF

Touka My HazbIBaeTCH HA%AALHOU MOYKOU NAOCKOCTIU T
¢ 6asucoM {ay,...,d,} HABBIBAEINCA HANPABAAIOULUM TPOCTAPAHCIIEOM TLITOCKOCTH T,
Ecmu k =1 mo 1-mepnas adpPuaHdS TIOCKOCTL HAZBIBACTC addunnoti npamot B A”.
Ecim k = n—1, To Takasa mIoOCKOCTL Ha3LIBEETCS 2unepnaockocmavio B A", Tak, mampumep,
w2 7 =iy + t'd; + t2d@y seaserca runepmiockocrsio B A3, a ! i 7 = 7y + t1d; aBiasgerca
runeprockocTsio B A2, Slcro, uto 7! sBasercs B To ke Bpemst i adybUHHOM TPSIMOTi.
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Ynpaxkneaune 1.7.1 Ioxascume, uwmo ypasHeHue 2umepnaockocmu 6 addunnom npo-
cmpancemee A" mooicem 6uimb 3anucano 6 sude

At 4+ Agx? + -+ Apa™ + D.

Bexmop N = {A1,..., A,} nasvseaemcsa sexmopom addunmoti HOPMAAL 2UnNepniockocmu
a1

Yupaxkuenue 1.7.2 [oxasrcume, wmo dasa npamoti 6 A" ¢ nauaavrot moukot (:L'(l), ce,xy)
U HANPABAAINOULUM GEEMOPOM 0 = {al, .. ,a”} MOJCHO EBINUCAMD €€ KAHOHUNECKOE YPa6-

Henue 6 sude:

vl -2} 2% — 2k " — xgy

al a? an
Yupaxkuenune 1.7.3 ITycmo
7771171 cAlzt + Alx? 4 4 ALz + DY,
ol Al + A3x? 4o+ A227 + D?

dee e2unepnaockocmu 6 A".
Hyems Ny = {A}, ... AL} u N2 = {A1> .. A2} ux agpunnne nopmasu. Obpasyem
sexmopw Q1 = {A}, .. A1 Dl} u @y ={Al, ..., AL D2\, Moxaocume, wmo

o TNt = 7772 ecau Ny Jf No;
o 7 || w2, ecau N, I No u Q) Héz;

o m = ecau Q1 || Qo.

1.7.2 IloampocTpaHCTBa B JUHEITHOM IIPOCTPAHCTBE

llycre L™ — BemecTBeHHOE JIMHEHHOE MPOCTPAHCTBO. 110MHOKECTBO LcL® Ha3bIBAETCA
(aunetnbm) nodnpocmpancmeom B L™, ecoiu AT + py € L I JIIO0BIX T, Y € L w ro6bix
BEIIECTBEHHBIX A, [i.

Bazxueitum Jijisi HAC NIPUMEPOM JIMHEHHOIO HOAIIPOCTPpancTBa B L™ sBjisiercs JinHEH-
Has 000/I0YKa CHCTEMBI BEKTODPOB.

Oupegesienne 1.7.1 Iyems {a@y, ..., d} — cucmema sexmopos 6 L™, Jlunetinoti 060404-
kot Lin(dy, ..., dx) dannol cucmemvt Ha3vieaemces nodmmodicecmso eexmopos 6 L euda

k
Zu’&i ‘ u' € R.
i=1

WNupivu ciioBamu, juHeRHAsT 060JI09Ka — 9T0 MHOXKECTBO BCEX JUHEHHBIX KOMOMHAIIMH 3a-
JAHHOHI CUCTEMbl BEKTPOB.

3ameuanme. Ciejyer XOpOIIO pa3ndaTh JTUHEHHYIO KOMOUHATIMIO U JTUHEHHYO 060~
JIOUKY JAHHON CHCTEMBI BEKTOPOB. JIuHeitnasa kombunanud J1.K.(d1, . . ., dg) 3TO BEKTOpP 17,

BUJA
k

m= § W' =utdy + -+ uPay,
=1
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rae u', ..., uF — purcuposans. Ouesumno, 1.x.(d1,...,dy) € Lin(dy,...,dy). Hanpumep,

PaCcCMOTPHM J1Ba BEKTODPA a1, d. Toraa
Lin(c‘il, C_iQ) = {ual + Uﬁg’ U, v € R}

Paccmorpum BexTop 1 = 3d; + bda. BekTop m = n.x.(d1, d2) ¢ xoadpdunuentamm 3 u 5.
fcwo, uro m € Lin(ay, az) mpn u = 3,v = 5.

IIpennoxenue 1.7.1 Lin(ay,...,dy) — aunetinoe nodnpocmpancmeo ¢ L™. Ez0 pasmep-
nocmo dim Lin(dy, ..., dg) < k.

IIpu smom dim Lin(dy, . .., dr) = k mozda u moavko moeda, Ko02da 6exmopus dy, . . ., g
AUHETIHO HE3A6UCUMDL, 4 3HAMUM T1, . . ., d) — 00un u3 6asucos LF = Lin(dy, ..., dy).
HoxkazareabcrBo. /[leiictBurensho, nycrs &,y € Lin(dy, ..., dy). Toraa

k k k
F=Y_a'd, §=Y '@, M+upj=Y (A’ +wyh)d € Lin(d,. .., a),
=1 i=1 =1

a s3naunt Lin(dy,...,dy) — muaeiinoe nopnpocrpancrso B L.
Pazioxkum BEKTPEI @7, - - ., d)) 110 HEKoTOpoMy Oasucy L™. Torma
a; = {a} al'}
1= 1o %1 s
= 1 n
ap ={a,...,a}}.
JluHelHEIM onepaluaM Hal BEKTOPAMH A1, - . - , G COOTBETCTBYIOT JUHEAHLIE OIepallii Hal
CTpoOKaMU k X T MaTpPHUIbL
1 n
aj ... af
A=
1 n
a, ... ay

PanroM MaTpuIbl HA3BIBAETCS MAKCHMAJIBLHOE YHUCIIO €€ JTUHEIHO He3aBUCHMbIX CTPOK (CTOJIO-
110B). PaHT MaTpUIbl PaBEH MAKCHUMATHLHOMY Pa3Mepy ee HeHy/eBOro MuHopa. Torga ode-
suzno, uto rg A < min(k,n) = k. Ecim xe rg A = k, T0 Bce cTpOKU MaTpullbl A, a BMecTe
¢ HEMH B BeKTOPLL A1, . . . , A}, JAHCHHO He3apucuMbl. Ho Torma dy, . . ., dy — oguH n3 6a31CcoB
LF = Lin(ay, ..., dy).

Cymma moanpoctpaucTs. Ilpavasa cymma

Onpenenenne 1.7.2 Mycmo LF o L' - dea nodnpocmparemea ¢ L™. Cymmoti LF + L
nodnpocmpancms LF u L nasweaemea mnoocecmeso eexmopos 6 L™ suda

z+y | zelF yell

Ipeamoskenne 1.7.2 LF + L' — aunetinoe nodnpocmparcmeo ¢ L™.
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JlokasarenbcrBo. llycts di,...,d, — 6asuc LF, 51, . .,51 — Gasuc L'. Torma LF =
Lin(d,...,dy), L' = Lin(gl, R El) Crenosarensno, L¥ + L = Lin(dy, . . ., dy; 51, .. ,gl).
n

Ouesnmno, uro dim(LF 4+ L') < k 4 1. Ecm dim(LF + L') = k + 1, To cymma Ha-
3BIBAETCS Npamol u obosnadaercs LF @ L', SIcno, a0 ecam cymma mpsiMasi, TO BEKTODBI
ai,...,dx; 51, ce ,gl obpasytor 6asuc B L* @ L.

Ecmn LF @ L! — npsivast cymma, To agist kaxgoro z € LF@ L paznoxenne z = z+y |z €
Lk, y € LF eduncmeenno (1o €CTb & U §J OJIHO3HATHO onpezeensl). [leficTBUTeNbHO, MyCTh

—

ai,...,d, — 6asuc L*, 51, ..., by — 6asuc L' TIycrs 7 € L* @ L. Torna

k l
= lec_ii—l-z.%']bj .
i=1 j=1

N—— N——
reLk yeL!

8y

Iist mannoro 2 KoopauHaThl ', Yy’ Oomnpese/eHbl OJHO3HAYHO B CHJIY €IMHCTBEHHOCTH pas-
JIOZKEHNs 110 GA3NCY, & 3HAYUT OJHOZHAYHO ONpejeIenbl 1 BekTophl & € LF u ij € L

VYupaxkuenne 1.7.4 /loxazams obpammuoe ymeepoicdenue, mo ecmov ecalu 6 CYyMme O
Kaoicdozo Z € LF + L' pasaoowcenue 7 =x +y |Z € L*, §j € L* eduncmsenno , mo cymma
LE+ L' — npamas.

IlepeceuyeHue OAIPOCTPAHCTB

Oupegestenne 1.7.3 ITyemo L* v L' — aunetinwie noonpocmpancmesa ¢ L™. Iepecewenu-
em LF N L' noonpocmpareme L* u L' nasweaemes muoorcecmeo

{felzZeclLr zell}).
Ipepnoxenne 1.7.3 LF N LY — nodnpocmparcmeo ¢ L™,

JokazareabcrBo. Ilycrs &5 € LF N L. Tak xak L* u L' — nognpocrpancrea, o
CTIPABEJTUBEI CIEYIONTIEe TMILTHKAIIAN:

€Lk = \Ne+ujeL”
el = \e+pje Lt

T,y I
L L.
Z g }é)\eruye N

Y

Dopmysna I'pacecmana

Ipennoxxenne 1.7.4 Iycmo L* uw L' — nodnpocmparcmsa ¢ L™. Tozda
dim(L* + L) = dim LF + dim L' — dim(L* N L)

Eciu nonoxuts m = dim(L* N LY), To dopmyna I'pacMana BeIHImeTCst 60/I€€ TAKOHITHO:
dim(LF + LY =k +1—m.

Hnsa nokazarenbcTBa popmyssl I'paccmana HaMm nmoTpedbyercs JieMMa, UCIOJIb3yeMasi 1
B HEKOTOPBIX JAJbHEHINNX YTBEPKICHUAX.
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Jlemma 1.7.1 IIycmo {(j’l, e (j’m} — AUHETIHO HE3ABUCUMAA CucTIema exmopos 6 LF (m <
k). Tozda ee mooicto donoanumv do 6Gasuca L¥, mo ecmv mnatidymea marue eexmopol
Amals - - -0, HMO CUCTNEME GEKIMOPOS

{@17~-->§m35m+1;---75k}
obpasyem Gazuc LF.

HoxkazareabctBo. Ilycrs @,..., Gy — JuHEHO He3aBucHMbl. Torma guHetiHas 060J109-
ka Lin{qi,...,qm} sBAsieTCs JUHEHHBLIM MOANPOCTPAHCTBOM B LF. O6osmaunm ero wde-
pes L™. Ecm L™ # L*, 1o cymecteyer # € LF rtakoit, uro & ¢ L™, 1o ects T ¢
Lin(qi, - - -, @m). CnemoBarensno, ¢i, - - -, ¢m, T — IAHEHHO He3aBUCAMBI. [10J102KUM @y y1 =
Z. Torma Lin(qy, . . ., Gm, Gmy1) = L™ C LF. Econ L™ # LF, mpogomxum nponece. B
pe3y/ILTaTe MOCTPOUM HCUEPILIBAIOIIYIO [IEII0YKY HOANIPOCTPAHCTE

L™ c ™ ... c Lk

Ha nocsegaem mare noxysny LF = Lin(qy, . .., Gn, Gmits - - - Ak)-
L]
JlokazareabcTso popmystbr I'pacemana. O6ozuauny L™ = LFNL!L TTyers @i, - . ., G
— 6asuc L™. JomosauM ero g0 6asucos B LF u L

k-‘ — — — —
L% q1,---,49m, Gm41, - - -, A,

Ll: 617"’7§m)bm+17"')bl'

-

IToKaxkKeM, ITO 1, - - - Gy Gmtds - - - s Qs Omst, - - -, by — 6asme LF + LE. s sroro ciaemyer
IIPOBEPUTH, ITO

a) J000# BEKTOD m3 LF + L' apnsiercs nuneiinoit kombunanmei BEKTOPOB
ql?' "7qm7am+17"'7a/k7bm+17' A 7bl;

—

6) BEKTODPBI 1, - -« s Gy Aty - « - 5 ks Oypt1,y - - -, by TMHEHHO HE 3aBUCHMBI.

Iycre Z € LF + L. Torna 7 =&+ ¢, tne £ € LF, i € L.

Tak KaK q1,-- -, Gm, Amt1, - - - , Gk 6a3uc B Ly, TO
T=nk(q1, s qm, Gmt1y---,0k)-
Amnajiornyno,
Yy = H-K-(QL <5 Qmy Am41, bm+l)~
CrenoBarenbHo,
Z=F4+G=nXK(@s - Gns Aty -« -5 Aloy b1y - - -5 7).

IIycTs cymiecTByeT HempusuaavoHas

- -

.H.K.((Tl, e 7(7m76m+17 e ,6k,bm+1, N .,bl) = 0.

Pazobnem ee Ha nBe dacTu:

—

TKAQy oy Gy At 1y -« -5 Ak) + K (b1, -, by) = 0.
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Bamerum, 910 J1.K.(bpt1, - - -, b)) HEMPUBUAALHA, TAK KAK €T OBl OHA ObLIA TPUBUATLHOIM,
TO LK A(GL, -« s Gy 1y - - -, k) ObLIA ObI HEMPUGUAALHOT 1 PaBHO# 0, YTO HEBO3MOKHO,
TaK KaK (1. - - s Gy g1, - - -, A — Gasue LF. TTomoxknm

w = H.K.(bm+1, PN ,bl).

Torma ¢ oymoil croponsl, W € L! xak nuHeiinas kombunamus BekTopos 6azuca L', C xpyroii
CTOPOHBI,

IK(QLy - oy Gy At 15 - - -5 Af) = — 0,

a sHasuT @ € L* xak nuneiinas xomGunanmst BeKTopoB 6asmca LF. Cienosaressro, W €

LFN L' Ho BexTopbI 1, . . . , G 06pasyior 6asuc LF N L. Cnenosarensho,
w:‘H'K ((Th 7‘,7771)7

IpUYIeM JIUHEHHAS KOMOMHAIIAA B IIPABOIA TacTH PABCHCTBA HETPUBUAJIbHAA, TaK Kak W # 0.
Takum 0bpazoM, UMeeM IBE HEMPUBUAAbHHIL TUHEHHBIX KOMOWHAIINN, BHIPAYKAIOIINE
BEKTOp W:

— —

W= K. (bmt1,---,01)
W=nKqs- -, Gm)
CrenoBarenbHO,
AKAQy oy Gm) = 1K (byg1, ..., 0p).
MbI noTyYman HETPUBUANBHYIO JLK.(q1,- - - Gmy Omt1s---,01) = 0, 9T0 HEBO3MOKHO, Tak
- R i ;
KAK G1y -« 5 Gmy Om+1, - - -, by — 6azuc L.

1.7.3 BsaumHoe pacmo/ioyKeHue ABYX Mmaockocreii B A”

[IycTs
k

=7+ E t'd;
=1

— k-mepuag mnockocth B A", Touka M ¢ paguycoM-BEeKTOPOM 71 Ha3bIBAETCI HAUGALHOT

moukoti wiockoctu mF°. Bextopst @1, ..., d; — JAUHEHHO HE3ABUCUMEL, a t1,...,t5 — LPO-
U3BOJILHDIE APAMETPHI. JTO O3HAYAET, UTO YPaBHEHHE ILIOCKOCTH 7F MOXKHO 3allCaTbh B
BHIE
.- - . -
¥ =71 + Lin(dy,. .., d)

WIN elne Kopo4de

rae LF = Lin(ay,. .., dy) HA3BIBAETCA HANPABAAOWUM TOONPOCTPAHCTNEOM TLTOCKOCTH 7"
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ITapastenpHoCTh ILTOCKOCTEH a A"

IIycrs

— ase ockoctu B A", npuaem k < 1. Tlnockoctn % u 7! maswiBarorcst napaisesbrvmu
(7% || ©), ecrim LF C LY.
Bzanmuoe pacrosioxkenne AByX MapajuiebHbIX MI0CKocTeil B A™ onmchiBaeTcst Ciejy-

FOIIUM YTBEPIKIEHUEM.

Teopema 1.7.1 . Ilycmo
E.»_ = k
e _fl L%, (k<1

dse napasneavrve naockocmu a A™. Hoaoocum 0 = 75 — 7. Tozda

7

o eccau W ¢ LY, morF Nl =10
l

o ccau W € Lt mo 7k C 7t
JlokazareabctBo. Ilycrs @, ...,d, — 6asuc LF. TTockoneky LF C L', nomomnum

ai,...,a no Gasmca B L': @y, ..., dy, byt1,-..,b. Torma
af: F =7 4 Lin(d, ..., dy),
1. = — . — - 7 "
7 ¥ =7y + Lin(dy,. .., dg, bpa1,---, 1)

M = T1+ 1K (61,...,@%)
Ty = T2 + LK (617---7akvbk+17"'7bl)'
Berunrast, naxommm:
0=—w+ H.K.(ﬁl, ey Oy b1, e ny bl),
10 ecth W = 1.K.(d1, . . ., Ak, bpy1, - .., b)) € Lt TIporusopeune.
Oycrs @ € L'. Dro ozmagaer, uro 7 — 71 = n1.K.(d1, ..., 0k, Ops1,- -, b;). Torma 7
™ + nx.(dy,...,dx) + 1K (bgs1, - - -, by). Cregosarensro,
k7= ’Fi—i—Lin(Eih ,&k),
l. »_ = — - .o - 7 T
T =7 +ax(d,...,dx) + Lin(dy, ..., dg, b1, ..., 0p).
* BptesmM Haiinennyto 1.K. (a1,

,d)). B ypasuenun 1

[Monoxum 7y = 71 +1.K.(d1, -
dr). Homyuum

u3 JimHeliHo# obostouku Lin(dy,
7 7 =7 4+ k. (dy, ..., dg) FLin(dy, . .., dy),
7o
l. »_ = - — . — - 7 T
w7 =7 +nk.(dy,...,dp) +Lin(dy, ..., Ak, g1, .-, b7).

St
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Takum obpazom,

: F: T'O + L’L?’L([il,- . '76:]9)7
7= To + Lin(d,...,dx) + Lin(bgi1, ..., br).

k l

Teneps odeBuno, uto m° C w!, Tak Kak TF MOXKHO mONYYHTH W3 ypaBHeHHs T, B3dAB

nynesyto Lin(bgiq,. ..,

b).
]

ITocunm JOKa3aTeJbCTBO T€OPEMbI IJd CJIyYdad HpHMOIL/'I " IIJIOCKOCTH.

7+ 23 + 3b 4 u@ + vb = 7 + 23 + ud + (v + 3)b
7+ 28 + ud + pb

Boigemny B ypasuenmn "miaockocrn" 7wl mmeiinyio komGuHammo 71 + 2d:

7=

—

[lonaras 7y = 71 + 2d,

mtadt+2—2)=r+2d+adlt—2) =7 +2d+ du.

noJiydaem

7t 7 =7y + du,

:F0+u6+ug.

S
|

7'['21

OueBuro, uto 7! C m2. JocTaTouno monoxuTh f = 0.

CkpemuBarorniuecs

njgockoctu B A"

JIge mrockoctn 7 n ! B A™ HA3BIBAIOTCS CKPEUUBAIOUUMUCA, €CITA OHI He TePeCeKaoTCs
W HE TapasiebHbl. B3anMHOE PACTIOIOKEHNE ABYX HETapaJIeThbHBIX TiockocTeii B A"

OIIUCBIBAECTCHA CJICAYIOINUM YTBEPZKICHHUEM.

Teopema 1.7.2 IIycmo

ko= 4 LF,

T
w7 =7 4 L (k<D

dee HENAPAAAEADHDIE NAOCKOCTNU 6 A" IToaoorcum

Tozda

W=r—m, L"=LnL', L*=LF+I.

o ccau W ¢ L®, mo naockocmu cKkpeuwueaomcs;

o eccau W € L%, mo 7F nxl = 7™ (m.e. naockocmu NEPecekavmea no naoCkoCmy

pasmeprocmu m).
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Jokazarenncrso. Ecau T e 7, mo cywecmeyiom naockocmu p§ w ps makue, 4mo
s k s l s s
1 om ,]92371',]71 HPQ'

JlefiCTBHTENBHO, IYCTD (1, - - -, G — 6a3uc L™. HomomuuM qi, . . ., G 00 6a3ucos B L*
u L N
LY @1,y @y Gmgls - - - 5 Qs
L oy -
L . QIv-‘-7Qm7bm+17---7bl'
Torma G1, - - -, Gm, Gma1s - - -5 Ay Omt1, - - -, b — 6asuc B L. PaccMorpumM JiBe MIOCKOCTH:
pi: =17 +Lin((j’1,...,(jm,6m+1,...,Ez’k,bm+1,...,bl) =7 + L7,
pg: F: 7?2 +Lin(_‘17"‘7q‘n’wé‘m+lv'” 7ak7bm+1)' . '7bl) = ’FQ +LS
Ouesnzmo, aro pi || p§ (mampasmsiomne mpocTpancTsa cosmagaot). Hpu arom pi O 7~
LeficTBUTETBLHO,
pi: T =71+ Lin(q1,- .., @m, Gmt1s-- -, 0k) + Lin(bm+1, ).
u 7% 3amaercs kax Lin(byi1,...,b0) = 0.
Awmasioruuno p§ O 7.
Hycrs @ ¢ L*. Torma pf || p§ u pi N p§ = 0. Creposarensno, 78 Nl = 0.
[yers W € L®. Torma
’le == _’2 - _'1 = J'I.K.(q_i, e ,Jm, 6m+1, ey ak, bm+1, ceey bl),
TO €CTh
o =71 + H.K.(am+1, e ,6k) + H.K.((ji, e Gy O, - - ,bl)
Teneps ypaBHEHUs ILJIOCKOCTEH MOXKHO BBIIHACATL C 00wWel HAYAALHOU MOouKOU
ro =171+ H.K.(6m+1, ce, c_ik)
A umenno
l. »_ = - — . — - '
w7 =7 + KTty -5 Ax) + Lin(@, - ooy Gy b1y -+ b1)s
k.o = . o o o Sy
T =7+ Lin(qi, ..., Gm, Gmt1s - - -, Ax) =
™+ H.K.(am+1, e 6k) + Lin(qh, - - -y @my Gmt1s - - -, Ak)-
W Bostee Toro, HapaBJIAONIAE IPOCTPAHCTEA 3TUX [JIOCKOCTEH PAaIlellISIOTCa B BHIE
1. = N - . 7 o
7w =7+ Lin(qi, ..., qm) + Lin(bymi1, ..., bp),
k.o - N - N -
P =70+ Lin(qy, - -, Gm) + Lin(@ms1, - - - dk).
Paccmorpum maockocts " = 7o + Lin(qy, . . ., Gm). dewo, aro 7% > 7™ uw 7t O 7™, 10

ecte TF Nl D 7™,
Mokaskem, uro 7F Nl C ™. Heiicreurensho, nycrs M € 7% N7t Torxa

v = 770 +H~K-(§17 . k
M :F()+H.K.((ﬁ7"'7§mabm+l)'"7bl) = _‘0+Q2+B’
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rjie 0003HAYEHO, COOTBETCTBEHHO,

Q1 =nx.(q,--,Gm), A =nx.(Amnt1,--.,0r) B TEPBOM BHIPAKEHUH T/,
Qg =nk.(q1,-sqm), B= J'[.K.(ngrl, e 51) BO BTOPOM BBLIPDAKCHUH 7).

Boranragd, moayanm

— —

OZQl —Q2+A—B: H.K.(Jl,...,im)+
TR A1y -+ A) — LK Dy, -0, bp).
N3 sinHeiHON HE3ABUCUMOCTH BEKTOPOB (1, - - - » Gy Gmgly - - - s Ak, Dmt1, - - - 5 D) CIEIYET, 9TO
Q1=Q2,A=B=0.
Crnenosarensho, iy = 7o + 1K.(ql, - . ., §m) € T, 9TO 3aBEPIIALT JOKAZATEIHCTBO.

YacruyuHas napauieJibHOCTh miockocreit B A™

k napasneavHa nopm)mz m IIJIOCKOCTH

7! (oGo3maunmm a10 gepes 1 ||, ), ecm mx mampassonre pocrpancrea LF w L wmveror
IepecevdeHre Pa3MepPHOCTH M.

Oycrs 7% u 7! — nse mwnockocru B A™. Tliockocts

Pasencreo m = min(k,l) cOOTBETCTBYeT CHTyalnu MapaslIebHOCTH ILIOCKOCTEH, B
TO BpeMmsa Kak M = () O3Ha9aeT OTCYTCTBHE MAPAJLICTLHBIX HAMPABICHUN W B TOM CJIy-
“ae MJIOCKOCTH eCTECTBEHHO HA3BIBATD BNOANE HENAPLAAGALHOLMY. Ecan mpu stom 7% u !

MMeroT 0611y TouKy, To ecth m° N7l # (), ro 7F u 7! wasweBaoTCH NEpecexarOUUMUCA

mparnceepcasvbHo.

Ipepnoxenue 1.7.5 Iycmo 7 u 71 — dse m—napasneavnme naockocmu. Tozda mF

codeporcum (k —m) napamempuueckoe cemeticmeo naockocmed, NaAPEALEALHHIT 7t 7k co-

depotcum (I — m) napamempuueckoe cemeticmeo naockocmeti, NapailLesbHbLL k.

—

JToKa3aTeabCTBO. JlefiCTBHTEILHO, IYCTD {1, - . . , n — 0asuc nepecedenns: L¥NL!. Torma

7Tl 41 7Tk MoryT OBITH 3aJaHbl COOTBETCTBCHHO!

k. = = VN N N -
{ 7 P =7+ Lin(q, ..., Gn) + Lin(@ms1, - - -, di),
l. »_ = . — — . ' '
' F =7y + Lin(q, ..., ¢n) + Lin(bpy1, ..., bp).
PaccMoTprM II0CKOCTh TF. 3abuKCHpyeM IpOu3BOIBHYIO JTHHEHHYI0 KOMOUHAIIALO Tynq 1, - - - , Gk,

kn

HATIPUMED, @11+ - +t]57mc_ik. Torma B T "BRIpE3aETCH " TIIOCKOCTE, 33/1aBaEMas ypas-

HEHUEM
r= Fl —+ t(l)c_]:m+1 4+ -+ tgimak; "’LG((jla LR an>

—

0

Ee nanpasisiomniee mpocrpancrso L™ jnexut B LY, a ciieoBaTesbHO, 9Ta IOCKOCTE Hapall-
seabna L' Ee navanbnas Touka 7 oupejensierca (k — m) HE3aBUCHMMbIMU HADAMETPAME
tl tkfm

0’ ooy 0 .



58 ITABA 1. TEOMETPUS ITPSIMBIX 1 IIJIOCKOCTEH

1.7.4 IlpakTudeckuii criocod BbIICHEHUS B3aMMHOI'O
pa3mertieHns 11ockocreit B A”

Teomerpuyeckass MHTepIIPETAINs CUCTEMbBI JIMTHEHHBIX YPaBHEHU

Paccmorpum cucremy SMHEHHBIX ypaBHEHUI B MATPpUIHON hopme

AZ =0,
! bt
roe A — MaTpuna pasMepom m X n, ¥ = : — cToJI0el] HEN3BECTHBIX, b = : -
" b

cToabell TTPaBhIX JacTeil.
Beemem B paccMoTpenne BeKTOPBI — CTOIOIA MaTpunbl A:

ay az ap,
ap = , A2 = s y A =
ar’ ay’ ap'

Torma cucrema ypapuenuii AT = b MOXKHO IEPEINCATh B BUIE:
xtd, + -+ 2"a@, = b.

Taxum obpa3om, perleHre CUCTEMBl JIMHENHBIX ypPaBHEHUIl J1aeT OTBET HA BOIPOC, NPU-

Hnadaedtcum Au 6eKmMOpP b AunettnHolt 060404Ke 3a0aGHHBLT BEKMOPOS A1, . .. ,dy)?
B gacrmocru, ecoim b = 0, TO COOTBETCTBYIOIIEE pEIIEHNe TAET OTBET Ha BOIPOC, ABASA-
0MCSA AU BEKMOPBL A1, . .., 0n) AUHETUHO 3ABUCUMBIMU ?

ITocTpoenue H6a3uca cyMMbI TTOAITPOCTPAHCTB
Ilycrs mommpocrpancTsa LF u L' 3apanel cBoumu Gasucamu:

Lk = Lin(ay, ..., dn),

L' = Lin(by, ..., by).
Bosbmewm {dy, ..., dy}. pemnoioxkum,aro Haiigercs I;jl ¢ Lin(dy,...,d,). Torna

Lin((il, c. ,an, gjl) - Lk + Ll.
Ecau Lin(dy, ..., an, 53'1) 4 LF + L', ro moumewm
ng ¢ Lin(dl, e ,C_I:n, gj )

n pacemorpum Lin(dy, . . .,67L,gj1,5j2) C L* + L' u t.n. Ilpormece, 04eBUIHO, KOHEUEH 1
BaKAHYMBACTCH HAXOXKIEHUEM 0a3nca CyMMBbI MPOCTPAHCTB. KOINYeCTBO BEKTOPOB OCTPO-

eHHOro 06a3uca JacT pPa3MepPHOCTb CyMMBL.
Onucannuil npouecc peasudyemces aszebpautecku caedyrouum obpazom. Ilycto

ol al al
ay = 3 C_11’2 - ) , Q= )
alt ay ay
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1

bl b b
s 52 = PR 'agl =
by b3 by

S
S
|

— BexTops! Gasnucos L* u L! coorsercreenno. CopMmupyem u3 mx KOOPAHHAT (kak wm3
CTJIOIOB) MATPHUIIBI

1 1 1 1

ay ag, b by
A=+ ¢+ o], B=| ¢ ],

n n T s

ap ay, by by

Hamomaw®M, 9T0 paHT MATPHITEI PABEH MAKCUMATLHOMY YUCTY JTUHEHHO HE3ABUCAMBIX CTOJIO-
IIOB MaTPHUIIBI, a 9TO UUCAO0 PABHO, B CBOK OUYEPEih, MAKCUMAJILHOMY pa3sMepy MUHOPA
MaTPHILI, OTINIHOMY 0T Hyasd. flcno, aro rg(A) = k. CocraBum Marpuimy

a% a,l€ b% bl1
(AlB) =

n

n n n
ay ay, by ... Y

IMocsrenorarensroe mobasaenne K crosdomam mMaTpuibl A cronbnos marpunel B, yseandn-

BAIONIAX Ha KAXKJOM Irare panr Marpullsl (A|B) naeT B KOHEYHOM UTOTE MAKCUMATILHYIO
JIMHEWHO HE3aBUCUMYIO CUCTEMY BEKTOPOB B CYMMe TTPOCTPAHCTB L'+ L' Takuwm obpazomM,

s = dim(L* + L') = rg(A|B),

a Gaszuc cymMMbl 00pazyT CTOJONBI, KOTOPBIE OTBEYAIOT OA3UCHOMY MHUHOPY MAaTPHIIBI

(AlB).

IlocTpoenne 6a3uca mepeceveHnss MOAITPOCTPAHCTB

[yers {@1, ..., dk; bjys- - -, bj,_, } 6asuc L¥ + L!. Tlepenymepyem BeKTOpEI Tax, aTo6B 6asuc
LF + L' npuwsn sug:
{61, e ,5k; bl, e ,bs,k}
Torma {1, ...,dx} — 6asuc LF, by, ... be_p,bs_ps1...,0} — 6asuc L!. Scmo, aro
bs—k+1a ...,b € Lin(al, e AR by, . ,bs_k).
Haiimem cooTBeTCTByMOMUE JMHEHHBIe KOMOMHAINN Kak pemenns | + k — s := m cucrem

JIMHEHHBIX ypaBHeHuil. Torma momyyum:

—

bs—kr1 = sk.(@1,...,0d5;01,...,0s5—k),

—

-

bl = ﬂ.K.(&l,...,6k;b1,...,bl,1).

Pazobbem mojrydyennble BbIpaXKeHUs TaK:

— — —

bs—pr1 — mk.(b1,...,bs—) = nx.(dy,...,d),

gl —JI.K.(51,...,51_1) = ax.(di,...,dx)
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¥ 3aMETHM, 9TO JIEBBIE YACTH PABEHCTB jekar B L' Kak juHefiHble KOMOHHAIINN BEKTOPOB
Gasuca L', a upassie yacru sexkar 8 LF no anasornanoii npuanne. IosroMy BeKTOpbI

@1 :=bs_pr1 — k. (b1,...,bs_k) = nx.(@,...,dx),
Gm = by —nx.(by,..., 1) = nx.(d,...,d;)
nexar B LF N LY. Tlokaxem, 910 i, . . ., @n — JuHeHO He3aBucuMmbl. JleficTBUTEIbHO,

Z )\Z(j; = Z Aigskari + H.K.(gl, ceey l_)’kfs) =0
=1

u ciaexoBareabHo A = 0, Tak Kak 51,...,51 — Gasuc L'. TakuM o6pasoM, qi,...,qn —
JIMHEHHO HE3aBUCHUMBI, Jie2KaT B IepeCCHCHUUN ITOAINPOCTPBHCTB M HUX KOJIMUYIECTBO PaBHO
pa3MepHOCTH mepecedennd. 1losToMy HalileHHbIE BEKTOPHI 00Pa3yioT UCKOMBIHM 6a3mc.

Onucannuil npouecce peaaudyemcs anzebpauvecku caedyrouum obpasom. Co-
CTAaBUM MATPUILY

1 1 1 1 1 1

aj ... ag by ... by, bs_kJr1 o b

(A|B) =
n n T ' T 7
al P ak bl “ee s—k bs—k+1 “e e bl

[epBbIE § CTOIDIOB KOTOPOH SBJIAIOTCH BeKTOpamu Oa3mca cymmbl. g Kaxkj0ro 1mo-

crejytoriero crosabia HalijieM pereHne CUCTEMBl YPaBHEHWH C 3THUM CTOJIOIOM B Kade-

cTBe CTOJOIAa TpaBhix vacreit. Kcan maisti cronbra ¢ HoMepoMm s — k + ¢ Habop umcen

)\1-1, ceey )\f ; le, . ,,uf*k eCTh PeIleHue, a MMEHHO,

bs—kr1 = Mar + -+ Ny, + pdby + -+ i by,

TO
L7 17 &
G = bs_pgi — pibr — - —p5 by,

WA, 9KBUBAIEHTHO,
" 1= k=
G = A\jay + -+ A ag.

BrisicHeHne B3aMMHOI0 pa3MelieHusl MJI0CKOCTe

IIycTe
k. =_ = L — — = Lk
7w ¥ =71 + Lin(ay,...,dy) =7 + L",
7l 7 =i + Lin(by,...,b) = 7 + L
Haiinem 6asucor LF + L' w LF N L', Ilyers 910 6yAyT BEKTOPLL @1, .. ., ak; b1y. .. bs—p 1
qis- s G- Bexrop @ := 7 — 7 npunagnexur LF + L torna u 1o/15K0 TOrAA, KOILA UMEET
PEIIeHnE CHCTEMA!
1 1 71 1
aj ap by by_j | w!
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[IycTb cucTemMa mMeeT pelleHue, TO eCTh
- 1= = 17 —k7
W= Nar+ -+ Ny + ploy 4+ by,

TOTIa O0IIAs TOUKA IJIOCKOCTEH HAXOTUTCSI KakK

—

. 1= k=
To =71+ Xdr+---+ Na
" ypaBHEHNE TIJIOCKOCTU TIepeCeHCHUA ITPUMET BUI
a7 = _'0—|—L’L'7”L((71,...,(7m) =7+ L™

Ecmm ke crerema perneHuit He MMEET, TO IJIOCKOCTH CKPEITUBAIOTCA C HAIPABICHUEM da-
cTUYHOM napasenbaocru L™

IIponmniocrpupyem BblmIen3ioXKeHHOe Ha mpuMepe. Ilycrh 3amaHbl a1Be IByMepHBIE
ILJIOCKOCTH
T : r = 771 + Lz‘n(d’l, 62),
9. ¥ = FQ + Lin(gl, 52),

re
1 2 1 1
N 20 U IR 2 | . 1
1= 1 s 12 — 9 ;a1 = 0 , A2 = 1 3
1 1 1 0
1 1
- 0 - 3
b= | | 2=
0 1
1
o -1
Haiinem BekTOp W = 7o — 7] = 1 u cocrasum Marpuny (A|Blw). 9To no3sonuTt Ham
0

O/IHOBPEMEHHO HAWTH 6a3UC CyMMBI, IIEpEeCEYEHIs HAPABJILAONIUX TOANPOCTPAHCTB, & TaK
JKE€ yCTAHOBUTD PACIIOJNOKEHNE BEKTOPA W.

111 1] 1 11 1 1] 1
2 1|10 3| -1 0 1| -2 1| -3
o1l1o| 1 |~ o 1 1 ol 1 |~
10|01 0 1| =1 0] —1
11 1 1 1 11 1 1] 1
0 —1| -2 1 | -3 0 1| -2 1| -3
0 0| -1 1| -=21"71o0 0ol -11] -2
0 0 1 —1] 2 0 0 0 0| 0

CnenosarenbHo, 6a3uC CyMMBI COCTABJISIIOT BEKTODBI 61,62,51 u BexTOp W € L2 + L3.
Takum obpazom, L% N L% # (). Haitnem 6asuc nepecedenud. I 9TOr0 HAXOAUM DPeIIeHUe
CHCTEMBI

MAAZ 4t =1,

A2 —2ut =1,

—pt=1.
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Hawm, ofmaKo, f0cTaToano Haitn aumb f! = —1, Tak Kax ¢y = by —plby = . Bextop

_ =W N

1 —HAIIPaBJIAIONIIH BeKTOp Hepecedenus L3 N L3.
Hajtnem obmyro TOUKy 33 aHHBIX IIOCKOCTEH. JIs 9TOro pemmM cucTeMy ypaBHEHNIH

-2 -2yl = -3,
—Ml =_9
Ee pemenne ' =2, A% = —1,\! = 0. CrefoBarenso,

—

o =71 + Ny + Ny =

_ o = O

Takum 06pa3oM, HAXOAUM YpaBHEHHE JIMHUE [EepeCcedeHus :
T NIy 7= Fo—l-tQ_i

NN B KOpAMHATAX

! =0+ 2t,
2 =1+ 3t,
3 =0+t
zt =1+t

1.7.5 V¥Yroa mexkay mjaockoctaMu B E"
HamomumM, 9TO €BKIWAOBBIM MTPOCTPAHCTBOM HazbiBaeTCs adOUHHOE TPOCTPaHCTBO CO

CKaJIAPHBIM IIPOU3BeICHNEeM B aCCOIMUPOBAHHOM JIMHEHHOM HTPOCTPAHCTBE.

Onpenesienue 1.7.4 Yeaom mescdy dsyma naockocmamu 6 E™

HABBIBEMCA Y200 MEHCOY UT HANPABAAIOULUMY nodnpocmpancmeamu LF u L.

g onpeeneHus yria MexK 1y TOAIPOCTPAHCTBAMU HAM TOTPEOYIOTCS JTOMOTHUTETh-
HBIE PACCMOTPEHUA, ABJJIAIOINECd eCTeCTBEHHBIMNT O606H_[eHI/I$[MI/I COOTBETCTBYIOIIINX KOH-
crpykunii nipu n = 2, 3. Yurareaio pekoMenyerca " aepxKaTh B yme' ' MasoMepHble KADTUH-
KH.
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Oproronasin3anus 6a3uca B E”

63

IIpennoxkenue 1.7.6 Ecau E" — esxaudoso npocmpancmeo, mo ¢ E" cywecmesyem op-

MOHOPMUPOBAHHIT, 6A3UC.

HokazaTesbcTBo. Haunewm ¢ reoMeTpuyieckn gCHOTO TIOCTOPOEHHUST OPTOHOPMUPOBAHHOTO

6asuca B 3. Ilycrs @, ds, d3 HekoTopslit 6aszuc B E3. Ilonoxum

L a
1= 73>
|1
Paccymorpum BekTOD
bo = Gy — <62, €1>é’1.

BekTop by # 0 Tak Kak BEKTPHI 4] W Gy JUHEHAHO HE 3aBUCHMBI M, KPOME TOTO,

by L &.
Iomoxum
- bo
2= = .
|02

PaccmoTrpum BeKTOD
by = d3 — (ds3,€1)e1 — (a3, E2)Es.
BexTop b3 # 0 Tak Kak BEKTpHI d1,dy W 03 JHHEHHO He 3aBUCUMBI M, KPOME TOTO,
bs L &5, by L é5.

THonoxum

—

3= =
b3

Torna €Y, €2, €3 COCTABIT UCKOMBIH OPTOHOPMUPOBAHHLIA Oa3ucC.

O06mmumit cryaail TOJTHOCTHIO AHAJOTHYEH PACCMOTPEHHOMY. [Ipeanosoxum, uTo dy, . . .

— Kakoi-unbyan 6asuc 8 E". Torma "zamycrum"mporiecc:

— 51
€1 = @)’
S L .
by = @y — (T, €1)€, €y = ﬁ,
- e e o .z
by = ds — (ds, €1 )€1 — (a3, €2)és, €3 = ﬁ,
e - n—1/> -S\= = g
by = dp — Zi:l <ana ei>ei €n = ﬁ
n

DTOT MPOIECC HABBIBAETCS NPOUeccom opmozonasusayuy I'pama-LImudma.
[
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Yrosa MexKJIy BEKTOPOM U MOIIPOCTPAHCTBOM

HBa nOANPOCTPaHCTBA LFuLls E” HA3BIBAKOTCST 63AUMHO OPTMOZOHANOHUMU, €CIIU TS
KaykI0T0 X e LF, anst xaxaoro Y € L! nveem <X Y> = 0. Yrobs! yka3zaTh HA OPTOTO-
HAJIBHOCTD TOAMPOCTPAHCTB MBI mmmem LF 1 L.

Oycrs E® = LF @ L% tne L% 1 LF. Torma L™ % maswisaercs opmozonavhvim
donoanenuem LF u o6osnauaerca xax (LF)L. IIns namHOro moampocTpaHCTBa €ro opToro-
HaJIFHOE JOMOJTHEHWE Beera cyiecTyeT. CrpaBesinBo

Ipennoxkenne 1.7.7 Ecau L*¥ — noonpocmpancmeo ¢ E™, mo cywecmeyem nodnpo-
empancemeo L™ F maxoe, wmo E™ = LF @ L™ npuvem LF L L"F.

JToka3aTeabcTBo. JleHCTBUTENbHO, IYCTD &1, . . ., d; — 6asuc B L*. Tomomnum i, . . . , dj
10 6azuca s E™: dy,...,dk, bgsls .- ., by OueBngmo, uro E® = LF@L"*. Brimonaum opro-
Lk Ln—k
ronasmsanmio 6asuca LF. TIycrs €], .. ., €, — opronopmuposanubii 6asuc LF. Pacemorpum
BEKTOP
= b1 — (brr1,@)E — - — (Dy1, € )ék.
Torna ¢y L é€y,...,6xm 1 ¢ LF. Cnenosarensuo, fi = ‘g i obaaeT CBORCTBAMMU:

ITpomoszkas nponece, noaydum 6asuc 8 E™: €1, ..., €k fi,. .., fa—k, npuuem Lin(f1,..., fn—k) =
kyL
(Z¥)
[
IMycts Y — npoOn3BOSBHBIN BEKTOP W MyCTH €7, . . ek, fl, ey fa—k — OpTOHOPMUpPO-
BaHHBIT 6asuc B £ Takoi, 4ro €1, ...,€E, — 6asuc L fl, eooy foek — 6azuc (L*)*. Torma

JUJId [IPOM3BOJILHOIO BEKTOPA,
Y=Y'& 4+ +Yre + Y i+ Y,
BEKTOP
?Lk = Y151 + -+ Ykgk

HA3BIBAETCS] OPIMO2onaAvHot npoexyuet Y ma L.

Onpegnesienue 1.7.5 Yeaom mencdy 6exmopom u noonpocmparcmeom Ha3v8aemecs y2oa
MeNHCAY BEXMOPOM U €20 0PMO20HANGHOT npoekyuel 1o nodnpocmparcmeso. Taxum ob6pa-
30M,

. Y,
cos(Y "LF) = | Lk‘.

B wacthocTH, yeaom mescdy npamol u naockocmovio 6 E™ HazbIBaeTCS Yyroa MeXAy
HAITPaBIAIOMINM BEKTOPOM TPAMON W HATIPABJISIONIAM TTOANTPOCTPAHCTBOM TIJIOCKOCTH.
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Yrou mexk/y TPaHCBEpCaJIbHbIMU IIOAIPOCTPaHCTBaMu B E"

Oycrs L' m L* — nsa nognpocrpancrea, npuuem LF N L = 0. B srom ciaydae Mbl Oymem
TOBOPUTE, uTo mojnpocrpascrsa LF u L' mpancsepcanvriv.

Ounpenenenue 1.7.6 Yeaom meorcdy MPAHCEEPCANDHDLMU nodnpocmpancmeamu L' u LF
HA3BIBAEMCA HAUMEHLWUL Y204 © MEHCIY BEKMOPOM YelLu YLk, Kozda Y npobezaem

sce npocmpancmeo L

_ [V |
COS(p = max —=—
verl |Y]

IIpennoxxkenue 1.7.8 Yzon meocdy deymsa mpaHceepcasbHomu noONOPCMPAHCMEAMU CY-
WECTNBYE.

JokazarenbctBo. eiicrsurensho, nycrs LF u L — TPAHCBEPCAJILHbL, TO €CTh LFnt =0

Mycrs €1, . . ., €y— opTOHOpMUpOBaHHLIi Gasuc LF f1, . ,fl — OPTOHOPMUPOBAHHBIH Oa3wmc

L ,HOHOJIHI/IM oaszuc €i,...,€ 10 basnca E"T&K, UTO €1,-+-,€kyGly- -+ Jn_k COCTABAT
OPTOHOPMHUPOBAHHBIH bazme K.

HOycte Y =Y +---+ Y *_I}[)OI/ISBOJH:HBIP’I sextop B L. Torma |Y|? = Zi (Y92,

C apyro#i CTOpOHBI, paznoxknm Y 1o 6asucy €1y s €y Gly- -y Gn_k- Torma Y = Yie +

+Yke, + YEg + - -+ Y "G, i u 9acTh pasioxkenus Y€ + - -- + Y&, onpenemur

g g p p
OPTOTOHAJBHYIO TTPOEKITATO Y na L. Haiinem KoopauHATHI 5TOM 9acTH PABTOKEHUI.

Yi=(Y,&)=(X\ Yifi,é) =i Yi(fi,é)
PE= () = (XL, Vi a) = S, YiLa).

Ecnmu BBecTH obo3nadeHus p;; = <fi,é'j> (i =1,...,01;5 = 1,...,k), To pe3yabrarTs
BbIYUCJAEHUNA 3aHI/IHlyTCH B B1AEC

l l
! :Zpilyl7 R Ykzzpzkyz
i=1 i=1

Temeps JIeTKO HAXOINM

k ! 2
|}7L’“|2 = Z(?]V = Z (ZPUYZ) )

j=1 j=1 \i=1

[ocsie packperusi CKOGOK 1 HPHUBEICHHs HOA00HbIX, BhIpazkenne mist |Yyx|? npumer Buj
KBaIPATUIHON (DOPMBI

’?Lk|2 = Z QjSYjYS.
s,7=1

Torna

k j k
1 QisYY® .
cos?(LF L") = max 23’521 4s : = max E qjsY'Y?
Y Zi:l(yz)2 YI=1\ ;=1
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) . A .
Kak m3BecTno, 1okasbHbie SKCTpemMyMbl KBaaparnanoi dpopme Q(Y,Y) =377 ;1 ¢;sYY?

npu ycaosun |Y| = 1 paBHBI COGCTBEHHBIM YUCIaM MATPHILI 9TOH (DOPMBI, TO €CTH KOPHSIM
XaPAKTEPUCTUIECKOTO YPABHEHU S

det(Q — AE) = 0.

CrenoBare/bHO,
cos(LF™ LY = /Amaxs

rae Amaz — MaKCUMAaJILHOE COOCTBEHHOE YUCJI0 MaTpuisl Q.
m
Bhraucnu, K TpuMepy, yros Mex ity miockoctbio L2 = Lin(éy, ;) u L3 = Lm(fl, fg)
rue

—

&1 =1{1,0,0,0}, fi=3{1,1,1,1},
& =1{0,1,0,0}, fo=3{1,-1,1,-1}.
Paccmorpum Y =Y'fi + Y2f2. Torma

—

Y1< 1,€1> +Y <ﬁ,61>]61 + [ 1<ﬁ,€2> +Y2<ﬁ,52>])52 =

1 1 1
|:Y1 2:|€1+|:Y12—Y22:|€2:

L 2 1 1 212
Sy la+ o[V -v7e

Hlei; = < ,€1>61 + <Y 62>52
[

Orcrona

M, T = (Y [V = Y2 = (0 + (7)),

FN

Taxkwnm obpazom,
L (Y12 4 (Y2)2 1
cos(L2 ™ L3) = V2 =—.
(Y1)2 4+ (V2)2 V2

CieroBaTe/IbHO, yro1 MEXK /Ly JAHHBIMU ILJIOCKOCTSIME paBeH /4.

VYTros MexXJIy HeTPaHCBEPCAJIBHBIMU TMOAIIPOCTPaHCTBaMu B £

Mycrs LF u L' — nsa nopnpocrpancrsa takue, uro LF N LM = L™,

Ipeamoskenne 1.7.9 ITycmoe L™ C L*. Tozda umeem mecmo pasaoocenue LF = L™ @

LF=™ 20e L™ 1 LF=™. [Toonpocmpancmeso LF~™ nasweaemea opmozonasvhoim donoare-
nuem L™ ¢ LF.

HokazareabcTBo. JleficTBUTEIHHO, TTYCTH 1, . . ., §m — 0a3uc L. Hauwmas ¢ BekTOpa
¢1 ¥ 700aBJISAS BEKTOPEL 3, - - - , ¢y, IOCTPOUM OPTOHOPMHUPOBAHHLIA Oaszuc L™ : P, ..., Dm.
Ha m + 1-m mare mportiecca OpTOrOHATM3AIIH MBI TOJIYIUM BEKTOD Pi+t1, OPTOTOHATBHBIN
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BCEM BEKTOPAM D1, . . . , P, & 3HAYUT U BceMy noanpocrpanctsy L. IIpomoszkas mporecc,
upugem K 6asucy B LF
{pla <o s Pms Pm+15 - - >pk}7

~-
Lm Lk—m

npuaem L™ L LF—™,
n

Cuaencrsue 1.7.1 ITycmo LF u L' — dsa nodnpocmpancmea 6 L™ u nycms L™ = LFNLL,
Tozda

Lk — Lm@Lk—m

Ll — Lm@Llfm

2de LF=™ y L'=™ — opmozonaavhme donoanenus L™ ¢ L¥ u L' coomeememeenno.

JIerko 1mOKa3aTh, 9TO B MOJYYEHHBIX PA3JIOKEHUSX MOAIpocTpancra LF—™ u LI-™
TpaHcBeHpcaabHbl. [losTony cienyroliee ompeesenne BLITISAIAT €CTECTBEHHO.

Onpenenenue 1.7.7 Yenom meorcdy 06ymsa HempanceepCarbHuMYy NOINPOCTNPAHCINGAMU
LF u L' nasweaemca yzon mesncoy opmozoHaAbHOLMY OONOAHERUAMY NOONPOCTPAHCTIEE
LFNL=L™ ¢ LF u L' coomeememeeno.

1.8 Breinykubsie maOKecTBa B A"

1.8.1 OmnpeneseHne 1 OCHOBHBIE CBOIICTBA BBIILYKJIBIX MHOXKECTB

MuoxkectBo M C A™ HaszbiBaeTCs BBIYKJIBIM, €CIH JiJisi JIOOBIX JBYX PA3/IMYHbIX TOYEK
Ay, Ay C M orpesok [Ay, As] C M.

BaMe“IaHI/Ie.O,ZLHOTO‘{e‘IHOQ U IIyCTO€ MHOXKECTBO CHYHTAIOTCA BBIIIYKJIBIMHU IIO OIIpEae-
JICHUIO.

ITycrs Ap, As — TOUYKM C pajinyc-BEKTOPAMU T1 U Ty COOTBETCTBEHHO. IlapaMerpuyieckoe
ypaBHEHHE IpAMOil, mpoxondmmeil yepes Touku Ay u A mveer Bu,

F=m+t(fy—71), —o0o<t<oo.

Bamerum, aro 7(0) = 71, 7(1) = 7. Crenosarennuo, Touku orpeska [Aj, As] 3amatorcs
KaK

—

0<t<I.

=3
I
—
+
~
—
=
no
|
<
—
S~—

[Tepenutem 310 B BHIE
F=1—-t)r +try, 0<t<1.

u BBesIeM obo3Havenmsi: A\ = 1 —t, Ay = t. Torma rouku orpeska [A1, As] npeacrapasirorcs
B BUIE 6biNYKA0T KOMOUHGUUY TN 6binyka0t 060404KYU CBOUX KOHIIEBBIX TOUYEK:

F=MT1+ Xara, A1 >0, A >0, A1+ Ay =1.

TMpeanoxkenne 1.8.1 Ecau My, My € A" —swinyravie Muoscecmsa, mo UL nepecedenue
My (" My —svinyxa0e mHoccecmso.
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HokazareabcrBo. [leiicrBurensno, npeamonoxum, aro Ay, As € My (| Ms. Torma Ay, A €
My u Ay, Ay € Ms. Ho torga us seinyknocru, [Ap, As] € My n [Aq, As] € Ms. Orkyna
[Al,AQ] S M1 ﬂMQ

n

Yupaxkueuue 1.8.1 Jloxaszamo, wmo nepecevenue 410000 COB0KYNHOCTU SOINYKABIL MHO-
JHCECTNG eCMb BVINYKAOE MHOIHCECTNGO.

OdgeBnano, 9To B 00IIIeM ciaydae obsedunerie BLIMYKJIBIX MHOXKECTB HE SABJISE€TCS BbI-
MYKJIBIM MHOYKECTBOM.

ITpennoxxkenue 1.8.2 Iloaynaockocms — 6uNYKAOE MHOHCECTEO.

JokazareabcTBo. PaccMoTpuM MOJTYILIOCKOCTD Ty = {(m,y) | Ax + By + C > 0}. ITo-
aoxum F(x,y) = Az + By + C. Torga ans touek w4 umeem F(z,y) > 0. Paccmorpum
[A1,A2] = 7 = Airp + Xdorg, tme A1 > 0, Ao > 0, A\ + A2 = 1. Jlna kaxoii Toukn
A € [A1, A2] BBINONHEHO CreMyTOITIEE:

TA = MNT1+ A2,  Ya = My1 + Aaya.
IMycts Ay, A2 € mq. Cnemosarensro F(x1,y1) > 0 u F(x2,y2) > 0. Torna

A(Mz1 + Aaz2) + B(Ay1 + Aoye) + C =

)q(Awl + Byl) + /\Q(A.’Ez + Byg) + C()\l + )\2) =
M(Azy 4+ By + C) + M(Azg + Bys + C) =
)\1F($1, yl) + )\QF(xg,yz) > 0.

Crenosarensro, s Beex A € [Ay, As] Bemmonneno F(x4,y4) > 0 u suaant [A1, Ag] C 74
n
AHaIOrMIHO JOKA3BIBAETCS U ODIIEe yTBEPIKIKEeHHE.

IIpenmoxxenne 1.8.3 Agdunmoe noasynpocmpancmeso A6AAEMCHA GHNYKADM MHONCECTNEOM.

Caencrsue 1.8.1 Botnykavmu MHOHCECMEAMU ABAAIOMCA:

o Veon, kax nepeceuenue 08Yx nosynsockocmet;
o Tenechvili Mpeyeosvhuk, KoK NepeceveHue mpexr nosyniockocmets;
® Bunyravili MHOZOY20AbHUK, KAK NEPECEUEHUE KOHEUHO20 YUCAG NOAYNAOCKOCTEU;

® Bbmynﬂuﬁ MHO202DAHHUK, KAK TiepeceverHue KOHEYHO20 HUCAA NOAYNPOCTNPAHCITE.

1.8.2 BeinykJjasa obosiouka

Buinykaoti 060a0wk0t mroosicecmea M HazbiBaeTcs epeceveHne BCeX BhITYKIIBIX MHOYKECTB,
comepxamux MuOX)KecTBO M. O60o3navenue: conv(M). Jlpyrumu C10BaMu, 9TO TAKOE BbI-
[yKJI0OE MHOXKECTBO, KOTOPOE JIEXKUT B JIFOOOM BBIIYKJIOM MHOXKeECTBe, cojiepxkariem M.
IMycrs M — BbirykjI0e MHOXKeCTBO A — npousBosibHast TOUKa. Konycom ¢ eepwunot 6
mouxa A u ocnosanuem M HazbiBaeTCst 0OObeIMHEHNE BCEX OTPE3KOB, COEINHSAIONNX TOYKA
A ¢ TouramMu MHOKecTBa, M.
Ca(M) = | J 4, B]
BeM
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IIpepnoxkenune 1.8.4 Ecau M — swnykaoe muosicecmeo u A — npouseosvias mouxa, mo
conv(M,A) = Ca(M).
HokazarenbcrBo. Ca(M) C conv(M, A), Tak Kak

M C conv(M, A)

A C conv(M, A) = U [A,B] = C4(M) C conv(M, A).

BeM

[okaxem, aro C4(M) D conv(M,A)). Husa sroro nokaxem, uro Ca(M) — Bwlmykiioe
MHOKecTBO . [lyers Ay, Ay € Cy(M). Torma cymectsytor Takue my, mg € M, 9ro

Ay € [A,my] € Ca(M),
AQ € [A,mg] C CA(M)

[MockonbKy M— BBIYKJIO€ MHOXKECTBO, TO [mi,ma] C M, a ciemgoBaTebHO TeIeCHBIH
AmiAmg C Cy(M), a Bmecre ¢ wum u [Aq, Al C Ca(M).
n
Boinmykas 060109Ka KOHEUHOTO 9HC/IA TOYEK JIETKO MOYKET OBITH 3a/aHa aHATHTHIC-
CKH.

Teopema 1.8.1 ITyemv M = {A1, Ag, ..., An} xonewnwdi nabop mouex. Toeda , conv(M)
— 20 MHONCECTNEO MOYeEK, PAOUYC-6EKMOP KOMOPHIT UMEE, 6UO:

F:zn:)\if;, Ai>0(i=1,...,n), Z)\izl-
i=1 '

JokazaresabcTBO. JloKa3aTesbCTBO MPOBEIEM € TTOMOINBI0 METOAa MaTEMATHIECKOH
naayknun. [Ipu n = 2 umeem:
M = {A;, Ay}, conv(M) = [Ay, Asg),
a [IJIg TOYEeK OTPE3Ka MBI YK€ UMEJH BhIPazKeHue BHIA

F= A7+ X2, A1 2>0,A2>0, A+Xl=1

[Ipeanonoxkum, uTo masg n — 1 Touek BepHO:
conv(Ay,...,Ap_1): T = Zﬁif}, vi=1, 7;>20(=1,...,n—1).

[Tokazkem, 9TO TaKOe MPEACTABIEHIE BEPHO W /15T MHOXKECTBa 13 N Todek. Brigennm M =
conv(Ax, ..., An—1) m nobasum k M touxy A,. Torga

conv(M, A,) = Cy, (M) = U [An, Al
AeM
Pagmyc-BexTop 1060 TOYKE KOHyCa 3aIIMIIETCHA B BHJIE
F= T+ pofa = p7n + po(h™ + - + Upo1Tn—1) =
ML+ A1 Tn—1 + AT
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e p1+pe =1, p1 >0, uo >0,  wwMbl nonoxkumm A\; = pev; (i=1,...,n—1), A\, = 1
Ocraaoch 3aMeTuTh, 4TO

n
)\ZZO(ZZI,,TL)I/I Z)\i:ug(ﬁl—l—--'—l—ﬁn,l)—l—ul:1.
i=1 ~
]

Brimykmas 060109Ka KOTETHOTO 9UCTa TOUEK TMEET OnpedeseHnvili METaHUuNeckuti CMBICI.
s ero bopMyIUpPOBKH, TOKaXKeM, BHaJAJe,

MMpengmoxenne 1.8.5 ITycms A1, ..., Ay, mouru ¢ R", 6 komopwz cocpedomouenvr macco
mi,...,mo. Hycmov moukxam A; coomsemcmeyiom paduyc-eexmopam T;. Toz0a paduyc-
BEKMOP Te UEHMPA MANCECTNU CUCTEMBL MOYEK UMEETN, MAKOT 6UJ:

~ _m1F1++mnFn
mp+---+my

JdokazaresqbcTBO. [IpoBesieM JTIOKa3aTeBLCTBO METOIOM MaTeMaTHIeckKod MHAyKIuU. B
ciydae, Korja . = 2 mMeeM CJIeIyIoIee:

C

Ar,my Ax,mo

AlC mao
= = . HO3TOMy
CA, mi

CoriacHo 3aKOHAM MEXaHWKH,

mi(7e — 71) = ma(ry — 7%)

OTKYda JIETKO HaXOJUM
7= m1F1 + mz’Fg
c— -
mi + ms

[Mpeanonoxkum, aTo oOpMyaa BEpHA JJIs CUCTEMbI U3 k TOYEK, TO eCTh

. _m1771+...+mk77k
mi+ ...+ mg

Tewy =

Paccmorpum cucreny u3 k+ 1 rouxu. ILycTsb 7 4) paguyc-BeKTOp IeHTPa Macc CUCTeMbl U3
k rouek. Torga nenrp mace cucrembl u3 k + 1 rouku umercs kak nenrp mace rouek C(k)
n Agy1, @ UIMEHHO,
M7y + mEp1mg11

M + mp4q

Te(k+1) =

ripe M =my + -+ + my. Ucnonbsyst dopmyny ais 7y, 0Ty IuM

mir + ...+ mgry + mk;_|_177k+1

Te =
(k+1) mi1+...+mg + Mgy
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Caeacrue 1.8.2 IIycmo {A;} nabop mouex, Komopvm coomsememeyom paduyc-6€Kmopbl
7 (i=1,...,n). Toeda

conv(Al,...7An):r:Z)\iri, Z)‘i =1, XN>0
=1 =1

ABAACNCA 2E0MEMPUNECKUM MECMOM UEHMPOE MACC M, . . . , My, HATOOAUWULCA 8 MOYKAT
Ai, ..., Ay, npu yeaosuu, wmo my + ...+ my, = 1.

Herpyauo BujeThb, 4TO B BBIPAXKEHUHU BBIYKJI0H 0DOJIOUKM KOHEYHOI'O YHUCJA TOYEK
HE BCC TOYKHU ABJAIOTCA CYIICCTBEHHBIMMNU. TaK, HAIIpUMKDP, AJid TpexX TOYeK, JIeKalllnuX
Ha OJIHOI TPAMON, WX BBINYKJIONH 000JI0YKOi OyjeT OTpPE30K, COeNMHSONINI JIBe KpaiiHue
TOYKH. STO " O3HA44€T, 4TO CpeJHsAd TOYKa HEe CyHIeCTBCHHA JAJId OIMUCAHUA UX BbIHYKJIOfI
obosiouku. Kakue ke Touku cymectBenubl? g orBeTa Ha 9TOT BOIpPOC HaM moTpedyercs
HECKOJIBKO JIOTIOJIHUTEIBHBIX TTOHATHIA.

Touka m HazbIBaeTCA ehympenned Aas MHOX)KecTBA M, ecsin Kpyr C IEHTPOM B TOYKE
m 1eauKoM Jiexkaruii B maoKecTBe M. Touka m HazbIBaeTCs epanuumotl i MHOXKECTBA
M, ecmm n1060it KPyr € IMEHTPOM B TOYKE M IMEPeCceKaeTcda Kak ¢ MHOKecTBOM M Tak m
¢ ero gonosgHerneM. MHOXKecTBO rpanndHbix Touek M HazwpiBakTcd rpanutieM u obozHa-
waerca OM. Muoxectso M HA3BIBAETCA OMKPBIMNDLM, ECJIA BCE €r0 TOYKW BHYTPEHHUE U
3amrEHymMbLM, ecin MHO2KecTBO M conepkuT cBoto rpanuily. CyIecTByOT He OTKPBITHIE U
HE 3daMKHYTbIC MHO2KECTBA.

Onpenenenne 1.8.1 Touka m € M naswvieaemcsa sxcmpemasvroti (y2ao60t) moukot 3a-
MEHYMO20 66nYyK.A020 MHodcecmea M, ecau mmoocecmeo M\ {m} maxowce swnyx.ao.

I‘IaHpI/IMep7 QKCTPEMAJIbHBIEC TOYKHW BBITTYKJIOTO MHOTOYTOJIbHUKA — 3TO €0 BEPIITUHDBI.
Cupasemmuba caegyomias reopema Kpeilina-Munbmana.

Teopema 1.8.2 Ecau M —samrnymoe, oeparusennoe u ewnyraoe muogcecmso ¢ A", mo
M = conv(ext(M)), 2de ext(M) —mHootcecmseo sKCMPEMAALHYT MOUEK.

CaeacrBue 1.8.3 Buinykavili MHO20Y20AbHUK (MHO202PAHHUK) COBNAJGEM € 6LNYKAOU
000404K0T CE0UL BEPULUH.

Tlosryaennoe ciaeacTBue STBJIAETCA KJIFOUEBBIM JIJIS CJIEAYIOIIETO YTBEPK ICHUSI.

Tpengmoxenne 1.8.6 ITycmo f —aunetinas dynxyua na A" u M — swnyrxavid mMHo20-
n N
yeoaorur 6 A" ¢ nabopom sepusun {Ai}izl' Tozda

max f|y = ‘7InaXNf(AZ-),

[RRRE}

min flyy = min f(4).

goeey

Jloka3zaTesbCTBO.
Heitcreurenbho, dyuknus f wa A" HaszbiBaeTCs JUHERHOMN, eciu

JOTL + pia) = Af(71) + pf(72),
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JUIS JIIOOBIX ABYX TOYEK C PaJUyCaMHu-BEeKTOPaMM 71, 7a.

[ycre M — 3aMKHYyTBIH, BBITYKJIBIIT MHOTOYTOABHUK. Torma g soboit Toukn m € M
N
umeeM T, = Y N5, A >0, >\ = 1. Pagmyc-BeKTOpH 7; COOTBETCTBYIOT BEPITUHAM
i=1 i=1
A;. Bocrmonb3yemes nmnetinoctsio gyurnun f. Torma

N N
F(Fn) = D Nif () < max f(77) Y Ai = max f(7%).
=1 =1

N N
() = D Nif () 2 min f(7%) Y A = min f (7).
i=1 =1

1.8.3 3agaua aunHeiiHii oITHMHU3AINNI

Bagadua IUHEHHON ONTUMU3AINYE COCTOUT B OTLICKAHNN MaKCUMKMU WM MUHUMyMa JTAHe-
HO (DyHKIMM HA BHITYKJIOM MHOTOYTOLHEKE (MHOTOrpannauke). [To cymecrse, ee pemenne
OBLIO IPEICTABIEHO B IPEIBIIVIIEM pasaeiie. 31eCh Mbl PACCMOTPHAM HEKOTOPYIO KOHKPET-
HYTO 33/1a49y, B KOTOPOil CpabaThiBeT pa3sBUTasd HAMW TEXHHKA.

3apaua Ha cMemIMBaHUE. B 0necHoM payuone numanud 0oAdCHbL NPUCYMCMEO6AMD
sumamunss muna A > 6 edunuy, muna B > 8 edunuy u muna C > 13 edunuty. B nasusvuu
umeemca 06a muna npodyKmos pasHozo KaAUECTE:

o [lepeniti mun npodyxma codeporcum: A — 2 edunuuyw, B — 2 edunuym, C — 4 edunuyoi;
e Bmopoil mun codepoicum: A — 8 edunuuyn, B — 2 edunuywm, C — 1 edunuya.

Iena nepsozo muna — 8 epususvl 3a 2pamm, 6mopozo — 2 epustst. CKoabko U KAKUT NPOYK-
moe caedyem ynompebums, umobv, 06eCnesumsd POUUOH U UMEMH HAUMEHLUWUE 3AMPATTYL.
Pemtenune.Popmannzyem 3amady. llycTe © — KommdaecTBO rpaMMOB TPOAYKTA TEPBO-
ro THUIA, Y — KOJUYECTBO IPAMMOB IPOAYKTA BTOPOTO THIA B paiuoHe. Takoi pamuon
comepxutT 2(2A+2B+4C)+y(3A+2B+C) = A(2x+3y) + B(2x +2y) + C(4x +y) equ-
HUIL COOTBETCTBYIOIUX BUTAMWHOB. ﬂﬂ?{ O6eCHequI/IH BUTaMWHAMU B HY?>KHOM KOJIMYIECTBE
HYYKHO TTOTPEBOBATDH yCJIOBUS:
2z 4 3y > 6;
20 + 2y > §;
4o +y > 13;
x> 0;
y > 0.
[Mopcuuraem 3arparsr: L(x,y) = 3z + 2y. Takum obpasom, He0OX0auMO HaiiTu Mu-

HUMYM aunelinoti dyaknun L(z,y) npu 3aJaHHBIX YCJIOBHAX THIIA HEPABEHCTBA, TO €CTh
Ha BBITIYKJIOM MHOXECTBE. 3aJa4a PeIraeTcs mepebopoM 3HaUeHUi (PyHKIUU B YIJIOBBIX

TOYKaAX:
L(0,13) = 26;
L(4,0) = 12;
L(3,1) = 11.

OnrumaneHbIil wian: © = 3,y = 1.
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1.9 JIBmxkenus. Knaccudukanma aABu>KeHUIA

1.9.1 OmpenejieHne u OCHOBHBIE CBOIICTBA JABU>KE€HUS

Onpeneaenne 1.9.1 Omobpasicenue F' . B — E™ esxaudosa npocmpancmea 6 cebs,
Hasvieaemces deusiceruem, ecau 0aa ecexr Ai, As € E™ gvinoaneno caedyrouee:

|F(A1)F(A2)| = |A1 A

Ilo onpenenenwnio, nBUKEHNE COXPAHAECT PACCTOSHUA MEXKJY COOTBETCTBYIOMIMMU TOY-
Kamu. B pomosmenne, CipaBeimBoO

IIpenmoxkenne 1.9.1 [Ipu deusicernus COTPAHAIOMCA Y2Abl MEHCAY COOMBEMCMEBYIOULUMU
OMPEIKAMU .

Hokaszareancrso. Ilycrs ZBAC = . Ilpu apuxxenun A nepexoqut B A', B nepexoaut
B B’, C nepexomur B C'. I3 onpenenenus IBUzKEeHHs CIEIYeT, 9TO

|AB| = |A'B'|, |AC|=|A'C|, |BC|=|B'C|.

Cnenmosarensno NABC = ANA'B'C' u /B'A'C' = Z/BAC = .
o

Ilpennoxkenune 1.9.2 Ilpu dsusicenu npamas nepexrodum 6 npamyo.

HokazarenbcrBo. Ilycrs l-npsmas. Pacemorpum orpesok [A, B] € 1.
ITycts C € [A, B], Torga 1o onpeneneHuto IBUKEHNS:

Torpa C' € [A', B']. Heiicreurensuo, nonycrum C' ¢ [A') B'|, Torma Toukn A', B, C" 06-
pazyitor Tpeyroapauk A’ B’'C’. [lo nepaBeHCTBY TPeyrobHUKa HMEeM:

|A'B'| < |A'C"| + |C"B).

U3 onpenenenus apuxkennst caenyer, aro |A'B'| = |AB|, Torna
|A'C'| + |C'"B'| = |AC| + |CB| = |AB|. TIporusopeuue, ciegosarensno C' € [A'B'].
u

IIpennoxxkenue 1.9.3 Ilpu deusicenun NapasitesbHbie NPAMBIE NEPELOOAM 8 NAPGALEAD-
Hble NPAMDLE,

JlokazaTeabcTBO. JIBU:KeHMe SIBASETCS B3aNMHO-OHOZHAUHBIM OTOOPAXKEHNEM, TaK KaK
HECOBIIAIAIOIINE TOYKH [IEPEXOIAT B HECOBIIAAIOIINE BEUIY COXPAHEHHUSI PACCTOSHUS MEXK-
Oy HUMHU.
[
Ilycrs F— nuxkenue. Torpa F' mopoxkgaer oToOparkeHne COOTBETCTBYIOMIETO BEKTOP-
Horo mpocrtpancrsa K" B cebs, AeficTByIOIEe IO IPABUILY

AB — F(A)F(B)
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— —

JIsL 1100010 Hampasennoro orpeska AB. Ilycrs d Bekrop u AB Kakoii-HUOYIb HalpaB/IeH-

HBII 0TPE30K ero npexacrasasomuii. [lonoxum F(@) paBHBIM BEKTODY, NPEJICTABIECHHOMY
oo

HanpasieHHbIM orpe3koMm F(A)F(B).
Ilpengioxkenune 1.9.4 /suocenuu corpanaem ckaraproe npoussedenue 8eKmopos, mo ecmo
(F(a), F(b)) = (a,b).

JlokazaTeabCTBO CASAYET U3 COXPAHEHWS JJINH OTPE3KOB W YIJIOB MEXK1y HUMHU.
[Iycre F1 u Fb apuxkenns. OnpemesnM nx KOMIIO3UIIHIO KaK

def
(F20 F1)(A) = Fy(F1(A)).
IMpeamioxkenue 1.9.5 OmuocumesbHo 83AMUA KOMNOSUUULY, MHONHCECTNEO 08UNHCEHUT 00-
pasyem 2pynny euHULet Komopoth CAYICUM MOoAHCIeCMEEHOE JBUNCEHUE.
1.9.2 AmnajaunTndeckoe 3aJaHN€ ABUKEHIS
OproroHajibHble MATPUILILI U OPTOHOPMUPOBAHHbIE Ba3uUCHI

Omnpegenenne 1.9.2 Mampuya C' naswsaemea opmozonasvroti, ecat

CC'=C'C =FE.
Omnpenenurens oprororanbroit Mmarpunst | det C| = 1. Ecim det C = 1, To marpuna mHa-
3BIBAETCA COOCNGEHHO 0pMo2onaavhoti, ecau ke det C' = —1 MaTpuIla Ha3BIBACTCA HECOD-

CMBEHHO 0PMO20HaAbHOYU. JIerKo NpOBEPUTH, YTO OTHOCUTEILHO MATPUYHOIO YMHOXKEHMU
OPTOrOHAJBHBLIE N X N MATPHILI 06pa3yror rpynny O(n), equHANEl KOTOPOit CIYKHUT e11-
auuHag marpuna F. CobcrBenHo oproronabable MaTpuisl 06pasytor noarpynmy SO(n) C
O(n).

Mex 1y OpTOrOHAJBHBIME MATPUIAMEU U OPTOHOPMUDOBaHHBIMEU Oaszucamu B B ume-
€TCsT TeCHAST CBSI3b.

IIpennoxenue 1.9.6 ITycms E™ — esxaudoso npocmparcmeo u nycmo € = (€1,...,6p)
opmonopmuposaruvili basuc 6 nem. Cucmema sexmopos £ = (f1,..., fn) obpasyem dpyeot
opmonopmuposartviti basuc 6 E™ moada u moavko mozda, xoeda mampuya C npeobpaso-
BaAHUA

f=eC

ABAAETNCA 0PMO20HAALHOT. COOCMBEHHO OPMOZOHANDHAA MAMPUYA COTPAHAE, OPUEHTNG-
Yu10, HeCOBCMBEHHO OPMO2OHAALHAA ee 0bpauLaem.

Jloka3zaTesbCTBO.

Paccvorpum, BHATaE, n = 2.

ITycte € = (&), €2) — opronopMupoBanublil Gasuc B E?, 1o ectb (€1,82) = 0, |&)| =
|€a] = 1. ! nycrs (f) = (ﬁ,fé) — TPOM3BOJBHBIN HAOOP BEKTOPOB. Pa3ioKwMm ero 1o
bazucy e.

fi = c%é’l + C%gg,

A = 2
f2 = 3¢ + C5€2.
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Cohopmupyem marpuity C', cTOAOIIBI KOTOPOH COCTABIEHDI 3 KOOPJAUHAT COOTBETCTBYIOIINX

11
C — G G
“\ & &2 )

1 €

Torna pazmoxenune cucrems! f Mo 6asucy e 3amuIneTcs THBAPUAHTHO:

BEKTOpOB cucrembl f:

f=eC.

Cwumcrema ekropos f obpasyer HopwI 6a3nc Tora 1 TOJLKO Torna, Korga det C' #£ 0. Dot
Hazuc OyIeT OPUEeHTUPOBAHHBIM TOJI0XKUTEbHO, ecau det C' > 0 w oTpunareabHo, ecan
det C' < 0. Dot Hazuc HymeT OPTOHOPMUPOBAHHBIM, €CIN

(Ff.fiy=1fiP= () +(3)? =1,
(for o) = |fal? = (e})? + (3)? = 1,
<f17f2> —0162+ %C% 0.

Dtu yciaosus sKBUBajeHTHE MaTpuuHoMy pasenctsy CCt = E. Jleiicrure/ibHo,

ct o o _ (c%)Q—i-(c%)2 cied + c3c3 _(1 oY
4 & ¢y G cer+ e (eh)? 4 (63)? 01

Jna paccMoTpenust o0IIero ciyvas JoCTaATOYHO 3aMETUTh, YTO B PA3JIOKEHHUH

—

f=eC.

cronbupbl Marpunbl C' cpopMUPOBaHbl U3 KOOPAUHAT BEKTOPOB cucreMbl f oTHOCHTEIEHO
6azuca e, a marpuna CC! cocTonT U3 MONApPHBIX IPOU3BE/eHMIT < fis fk>. CireioBaTesibHO,
OPTOT'OHAJIBHOCTH MaTPHUIbI C 1 OPTOHOPMHUPOBAHHOCTDb CUCTEMbI f 9KBUBAJICHTHBHI.

n
AnajmmTudeckoe 3aJlaHne ABUKEHUSI
Jlemma 1.9.1 Ilycmw F : E" — E™ — dsuoicenue u nycms (O, €1, . . ., €,) NpoussosvHas,
(purcuposannan) dexapmosa cucmema xoopdunam ¢ E™. Ecau (z',...,2") — xoopdumna-
mae npoussoavnott mouku M € E™, mo xoopdunamw (T',...,3") mouxu M = F(M)

OMHOCUMEADHO MOT HCE CUCMEMDL noopﬁumzm UMENOTT eud'
X =CX +0b,

2de X u X sexmop-cmoabuvt u3 coomeemcmeyouus xoopounam, C — opmozonasvras
mampuya, o b — eexmop-cmoabey, cocmasaennvili ud xKoopounam mouku O = F(O).

Hoxkazarenbcrso. Ilycrs F-asuxenne, (O, €1, ..., €,) — dukcupopamias JeKapTosa
cncrema xopammar. O6osmaanv O = F(O), fi = F(&). Torma (O, fi,..., fn) — HoBAs
ACKaPTOBa CUCTEMa KOOPDAWHAT, TaK KaK N3 COXPaHEHUA JJINH U YIJIOB CJIEIYEeT, YTO BEKTPBI
ﬁ o6pa3y}oT HOBbeI OPTOHOPMHUPOBAHHLIN bazuc £,

HyCTb OM =axlel +... + 2", - pamuyc-BeKTOp Mpom3BosIbHOH Toukn M. QueBuHO,
uto I <OM , é’l>.
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== -
Oycts OM =y fi +...+y

n

‘ ==

koopauuar. Torma y* = <OM, fi
CrenoBaTebHO,

f;l — pagmyc-BekTop Touxku M = F(M) B nosoit cucreme

>. Ho apmxenme coxpansieT CKaJsipHOE TPON3BEIEHHE.

y = (OM, i) = (P(OM), P(#)) = (OM, &) = a'.

—_—
Ilycts OM = 3'é) +- - -4 &"€, — paauyc BekTOp Toukn M B HCXOIHOMN CHCTeMe KOODIMHAT,
—

OO0 = b'é) + ...+ b"€,,. IMeeT MeCTO OUEBH/IHOE BEKTOPHOE PABEHCTBO:
= —= ==
OM =00+ OM.
[Tepemnuiem ero B MaTpuaHoii hopme. Last 9TOro BBEJEM B PACCMOTPEHUE BEKTOP-CTOIOIIBI

1 bl

X=1: . X=1: , b=
U CTPOKH

Torma MOXKHO 3aIllCaTh
— ~ 4 ==
OM =eX, 00O =eb, OM=fX
¥ BBIITUCAHHOE BLIIITE€ BEKTOPHOE PABEHCTBO MEPEIHUIINETCd B BHIE
eX —eb+fX.

Tax kak e u f— opronopmupoBanubie 6azucel, To f = eC', rme C — opTOTOHAIBHAST MATPHUILA.
IIpomomkas, nmeem

eX =eCX +eb=e(CX +b).

B cuny emmacTBenHOCTH pa3sioxkenus mo Hazwucy,

X =CX +b.

Onpeaenenne 1.9.3 Jlsuocenue 6 E™ naswvisaemces cobcmeennvim, eCat 6 €20 GHAAUMU-
vyeckom 3adanuu det C' = 41 u necobemeennmm, ecau det C' = —1.

1.9.3 Kuaaccudukanuga ABUKEHUIT HA IIJIOCKOCTH
CroenmajabHble BUOBI ABUXKEHUH Ha TIJIOCKOCTH

— o IlapassenpHusiii nepeHocC.
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Ounpegenenue 1.9.4 [lapasnresvroim nepenocom Ha NAOCKOCIUY HA3BBAEMCA 08UNCEHUE,
anaAumMuUYecroe 3a0aHue KOmopoz20 umceem sua

=x+bl,

g=y+0b

N

B marpuanoit hopme napasiiesbHBIN TEPEHOC 3AMUIIETCs KaK

()-G ) 0)-(8)

Marpura mpeobpa3oBaHusa UMeeT BUT

~(31)

Tax kax det C = 1, 10 napaJjiefbHbIIl TEPEHOC SIBAAETCST COOCTBEHHBIM ABHXKeHmeM. [la-
paJIIeIbHLIN TIEpEeHOC He NMeeT HEMOABUKHBIX TOUEK.

— o IToBopoT.

Onpegnenenne 1.9.5 ITosopomom (epauseruem) Ha3v6aeMes J6UNCERUE HA NAOCKOCTNU,
UMeIoULee QUHCTNEEHHYI0 HENOJBUNCHYIO TNOUKY, HA3BIBAEMYIO UERTNPOM BPAULEHUA.

IIpennoxkenue 1.9.7 B cucmeme Koopdunam, omuecennoti £ HENOJSUNCHOT MouKe, aHa-
AumuNeckoe 3a0aHUE NOBOPOMA uMmeem 6ud

T\ [ cosp —sing x
g ) \ sinp cosyp y )’
Ilapamemp ¢ nasvieaemca y2aom nosopoma.

Hokazareabcro. Ilycrs F - mosopot. [Iyers O = F(O) — nenonsuxuag Touka (IeHTp
Bpaenus ). st ao6oit Toukn M wa miockocrn, |OM| = |OF(M). CnenosarenbHo, TOY-
ku M u F(M) naxopstcs Ha jyre oxHol okpyxkuocru. Kaxkaas Touka 3TOl OKpyKHO-
CTU TIEPexXoanT B TOYKY 3TOH XKe OKPY2KHOCTH C COXOPaHEHWEM PACCTOAHUA MEXKJy HUMMH.
CuretoBaTEIBLHO, PACCMATPUBAEMOE JIBUKEHHE €CTh TTOBOPOT Ha HEKOTOPBIH YToJT ¢ BCeX
OKpYy2KHOCTEHN ¢ TIerTpoM B Touke O.

[TomecTnm HauaI0 KoopauHar B Touky O, n mycThb (€7, €2) OpTOHOPMUPOBAHHBIN (Ga3uc
A€KapTOBOH CUCTEMBI KOOPMHAT C HAYAIOM B TOUKe O. Bumosgamm oBopot F' HA yroa .

[Tonoxum f1 = F(€1), fa = F(€2). Torma
f1 =cospel +sinpés,
fo = —sinpé] + cos p és.
CiietoBaTebHO, aHAJIUTUIECKOE 3aaHie [IOBOPOTa MMEeT BH/I
T\ [ cosp —sing x
g ) \sing cosyp y )’
]
Tak kak det C' = 1, To MOBOPOT SABJAETCSI COOCTBEHHBIM JIBUZKEHUEM.

— o OceBag cumMMmeTpus.
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Onpegesnenue 1.9.6 Hemoowcdecmesennoe dsusicenue, 0Cmasaaouwe Henodeuncnot np-
MY10, HA3VBAEMCH 0CEB0T CUMMEMPUET.

ITpennoxenue 1.9.8 B cucmeme xoopdunam, ocy Ox xomopoti cosnadaem ¢ nenodeusic-
1Ot NPAMOT, AHAAUMUNECKOE 3a0AHUE 0CEGOTE CUMMEMPUL UMEET U0

=N

:1"
=Y

)= ) ()

HokaszareabcTBo. llycrh (- memoapukuas npamas apmkennss F. Hanpasum oco Ox

<

UAU 8 MAMPUHHOT Popme

S &

BJIOJTB TIpsiMoii [, a ock Oy — meprneHankyaapro [. 3amuriem obIuil BU ABUKEHWS
i =clz+cly+bl,
§=clz+By+b?
u noTpedyeM, 9ToOBl OHO OCTABJISLIO HEMOJBUXKHONW TPAMY [, COBHAIAIOIIYI0 B HaIIen

cucreme Koopauuat ¢ ockio Oz. Torma touka ¢ koopamuaramu (x,0) mpu jasmxenun F
nepexoauT B TOUKy ¢ koopauaaramu (x,0). CiepoBaresibHO paBEHCTBA

r = clz + b,
0=clz + V>

JOJI?KHBI BBIBOJIHSITLCS TOXKIECTBEHHO 110 . OTCIOMa HAXOTUM

V=0"=0 c¢i=1, & =0.

(1 d
C‘(O%)'

Tax kax Marpuna C — OpTOroHATbHA, TO JOIKHO GBITH BBIIOIHEHO paBencTso les+0c3 = 0.
Buaunt ¢ = 0. Tak kax | det O] = 1, 10 |c3| = 1. Ecam ¢3 = 1, 1o npeobpazoBanue sBjiseTcs

Torma

ToxkecTBeHHBIM. Cre0BaTeIbHO c% = —1, 9T0 3aBepIIaeT JOKA3aTETHCTBO.
|
Tak xak det C' = —1, T0o oceBast CUMMETPUS ABJIACTCA HECODCTBEHHBIM JIBUKEHUEM.

— @ CKOJ’I]’:)3$[HJ,&$[ CuMMeTpu:.

Omnpenenenne 1.9.7 Ckoavzawet cummempueti HA3HIBGEMCA KOMNOIUYUUA 0CE80T CUM-
MEMPUY U NAPAAAEABHOZ0 NEPEHOCE 800AD OCU CUMMEMPUL.

IIpennoxenune 1.9.9 B cucmeme xoopdunam, ocy Ox xomopoti cosnadaem ¢ nenodeusic-

HOT NPAMOT, AHAAUTNUYECKOE 3a04HUE CROAD3AULET CUMMEMPUL UMEET, U0

T=x+b,

UAU 8 MAMPUHot popme

(

S
N—
Il
7 N\
O =
\

_= O
N——
N
< 8
N——
+
N
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N—
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—

HokazareabcTBo. Ob6osmaunM depes T mapaJuie/bHBI IIEPEHOC Ha BEKTOp b, a uepes
S; — oceBylo cuMmerpuio oTHOCUTENLHO npaMoit [. Torna ckonp3samas cumverpus F =
Ty 0 S;. Beibepem jiekapToBy CUCTEMY KOOPAWHAT, OTOBOPEHHYIO B ycjaoBuu. Ilycrs (z,y)
MTPOU3BOJIBHAS TOUKA TIocKocTu. Torma

(x,y) — 2, (x,—y) aszarem (x,—y) I (z + b, —y).

CrenoBarebHO,
(z,) 22 (@ + b, ).
]

flcHo, UTO CKOJIB34INAas CHMMETPHS €CTh JIBU2KeHne HecoberBenHoe. OceBasi CHUMMETPU S
— YACTHBIA CJIy4all CKOJIb3LIIeH.

Kunaccudukanmus aBu2keHnii HA MJIOCKOCTU

OnncangHbpIMA B IpeanplaAyIieM pas3gee ABU2KCHHUAMKU HCYHPIIBIBAIOTCA BCE ABHZKEHMA Ha
ILJIOCKOCTH.

Teopema 1.9.1 (IIlanaw) Jlw6oe cobemeentoe deuscerue Ha NAOCKOCTIU ABAAEMCA AUGO
NAPAALEALHUM NEPEHOCOM, AUOO nosopomom. J1oboe necobcmeennoe deudCeHUE ABAAECMCA
cxonvaawetd cummempued.

HokazareabctBo. Ilycts F' gpmxkenne u X = CX + b ero anajuTudyeckoe 3aiaHue.

1 1
_ [ & &
C‘<c% )
(c1)?+ () =1
(c3)* +(c3)> =1
2 =0.

Tak Kak

OPTOTOHAJBHAS MaTPUIa, TO

0102 + c1

BBeseM B pacCMOTpeHme TapaMeTphl ¢ W 1), Tojaras ¢f = COS (p,C% = sinp un C% =

cos ), c3 = sin 1. Torma marpumna C TpUMeT BH:

c— ( cosy cos P
~ \ sing siny /-
Ho tak kax cics + cicd = cosgpcomp +sinpsinty = 0, To cos(p — ) = 0. CnemoBarensuo

Jm6ow:<p+§,m/16o¢—tp+*
Ecmm ¢ = ¢ + 5, ro marpuna C' npunuMaer B

c— [ cose —sing
~ \sing cosp J°

1 oTBEYaeT CO6CTB6HHOMy JOBUZKECHUIO.

FEcan me?/):goJr%’r,To
O — cos @ sin
~\ sing —cosp
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U JIBUMKEHUE sIBJISETCs HECOOCTBEHHBIM.
— o Paccmorpum cay4ait cOBCTBEHHOTO NBUMKEHUEs, TO €CTh ABWKEHUS C AHAJTUTHYIE-

(:ﬁ) <cos<p —Siﬂgp)(ﬁt) <b1>
= . + 2 .
singp cosp Y b
(10 x n bt

S\ 01 Yy b )
1 OBUZKEHUE ABJIACTCA IIePEeHOCOM BHIaA

{ T =x+0b,

CKUM 3aJaHUEeM

<

Ecim ¢ =0, 10

S &

g=y+b.

Iycts @ # 0. TlokaskeM, 9TO TOTAA y ABUKEHUSA CYIIECTRYET €AMHCTREHHASA HEIO BUK-
Hasl TOYKA, a 3HAYUT JBUIKEHHUE dBJISETCA TOBOPOTOM.
Yenosue, aro Touka My(zg,yo) OCTaeTCa HA MECTE O3HAYAET, YTO

(a:0> <coscp —singo)(xo) (b1>
- . + 2 5
0 siny cosp Y0 b

o :coscpxo—sincpy0+b1,
Yo = sin g xg + cos Y yo + b2

njin

Ilocne npeobpazoBanust MOTYINM:

(1 — cos ) xg + sin oy = b,
—sinpzg + (1 —cosg) yo = b

Onpunenurens TOMTyIEHHON CUCTEMBI YPaBHEHUN

. 2 P . ©

1—cosp sin ¢ ‘_ 2s8in” & 2sin 5 cos 5
—sing 1—cosyp —sin £ cos § 2sin2%

P ©

sinf cos ¥

: 2 2 .
4 sin? L . — 4sin? hd £0,
2| —cos? sin¥ 2

2 2

rak Kak 0 < ¢ < 27. Ilosromy menmomBuzkHasa Touka My CyIeCTByeT U €IMHCTBEHHA.
— o Paccvorpum caydait, korga I — necobersennoe mBuzxkenue. Torma ero anaantude-

(i) (cosgp sin @ )(m) <bl>

)= +1{ 9 |-

7y sing —cosyp Y b

TITokazkeM, 4TO CyIMECTBYeT TaKoi mapateasusii neperoc T, Ha BekTop @, aro 1, 1o F =

Sy, rae S; —CcUMMeTpHs, 0Ch KOTOpOil mapaJjLieiabua sekTopy d. Torma, ouesunno, F' = T,0.5)
ecTh CKOB3sIAS cuMMerpust. Ilokaxkem, uto T, MOxHO momobpars Tak, arobsr T, ! o F

CKOe€ 3aJJaHHEe €CTb
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OCTaBJISJIO Ha MecTe HEKOTOpyIo mpamyto. Tak kak 1), 1 ecTp mapasienbHBIA MepeHoc Ha
BEKTOD —@, TO aHAJIMTUYECKU KOMIo3uims 1, Lo F samamercs B Buje

T cos sing x bt at
~ — . - + b2 — 2 .
g sin @ COS Yy a
[lonmem HemoNBHMKHBIE TOYKH 3TOr0 MPeoOpa3oBaHUs, TO €CTh NOTPebyeM BBLIMOJTHEHUS
: bl _ 41
x cosy sing T a
Y sin ¢ cos Yy a

z(1 — cosp) — ysinp = bt —al,
—xsinp + (1 + cos )y = b — a?,

paBeHCTB

WJIM, YIPOIIAS,

Omnpegenurens 1oii cucremsr A = 1— (cos¢)? — (sin p)? = 0. TTogbxpenm mapamerps: a', a?
TaK, 9TOOBI HEITOIBUZKHBIE TOUKH 00PA30BBIBAIN IPSIMYIO, APAIIETbHYO BeKTOPY d. s
9TOr0 HEOOXOMMO M JOCTATOYHO, YTOOBI BHIIOJIHIINCH PABEHCTBA

1—cosyp —singp bt —al
: = T oo 5 = (ycsioBue cyiecTBoBaHue pelieHus )
—sing —

(1 — cos p)a' —sinpa® =0 (ycaoBue mapasiienbHoCT).
Hosomum A = =552 Torma crcreMa TEPenumeTcs: B BIe
T T —sing - 7 P 2

nJan

a' — \a? = bl — \b?,
Xal +a? =0.

Onpenenurens yroit cucrembl A = 1+ A2, Crenosaresuo, st gannbix b' u b% pernenne
BCErJa CYLIECTBYET, UITO 3aBEPIIAeT IT0Ka3aTe]bCTBO.

1.9.4 Kuaaccudukanusa ABU>KEHU B IIPOCTPAHCTBE

Anammrunyeckoe 3aganne gerkenus F oomero Buga X = C'X + b MOXKHO pacCMaTpUBATDL
KaK KOMITO3UIINIO TapaJjuieabHoro napenoca Ty u asuxkenust Fy suga X = C' X, a umenno,
F =Ty o Fy. PaccmorpuM monpobHee cTpyKTypy ABm:keHust Fp.

Onucunue ABU>KeHUII 0e3 cMelneHuda

Ilpennoxkenue 1.9.10 Ilycmo Fy deuoicenue, anasumuneckoe 3adanue xomopozo X =
CX. Tozda cywecmsyem npamoyzoivtas 0exapmosa cucmeme KoopouHam omHoCumesbHo
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Komopotl deusicernue Fy sadaemcea mampuuet C euda:

cosp —sing 0
C=| sing cosp 0 | —0daa cobecmeennozo deusicernun (1.4)
0 0 1

cosp —siny 0
C=1| sing cosp 0 | — daa necobecmeennozo deusicernun (1.5)
0 0 -1

JoxkazaresnbcrBo. [lokakem, uro gsukenue F{y ocTaBjisgeT MHBAPUAHTHOM TPAMYIO, IPO-
XOJIAIIY 0 9epe3 HA9aI0 KOOPAUHAT (TOUKHM ITOH MPAMOil He0OA3aTeIbHO OCTAIOTCA HA Me-
cre).

[Mycrs Oxyz — ncxoaHas cucTeMa KOOPAWHAT. PaccMoTpuM mpsaMyto [, TPOXOISITYTo
qepe3 HAYAa0 KOOpAWHAT. Kean ToukM mpsamMoit | Ipu IBUXKEHUN TIEPEXOASAT B TOYKH HA
3TON 2Ke IPAMOM, TO

9TO B AHAJIATUYECKON 3aIlMCA 03HAYaeT

CX =X
2!
IS T00O0I TOUKY Ha TIpaMoil ¢ KoopauaaTamu X = | 2 |. IlepenuceBas 310 yciosue
xS
B BUJIE
(%) (C—AE)X =0,

MOJIy9aeM OJHOPOJHYIO CHCTEMY yPaBHEHHl, KOTOpasi NMeeT HEHYJIEBOE DeIleHre TOTIa 1
TOJILKO Torma, Korga det(C' — AE) = 0, To ecThb

-\ d i
cz 3 N A 3c§ =0.

Mmuorounen x(A) = det(C' — AE) Ha3LIBAETCA TapaKmMEPUCTNUNECKUM MHOZOUACHOM MATPH-
upt C. Henynesoit BekTop X, yI0BJAETBOPSIIONIMH yPABHEHHIO (%) HAZBIBACTCS COOCTMEEHHbIM
sexmopom matputibl C'. Koprr xapakTepucTHIeckoro MHOTOUIEHA HA3BIBAIOTC COOMEeH-
oMy wucsamu MaTpursl C.

B paccmarpusaemom caydae ypasuenue det(C' — AE) = 0 sBisiercsa ajreGpandecKuM
VPaBHEHWEM TPETHEro MOpaaka. Takoe ypaBHEHUE BCETIa MMEET BEIECTBEHHBIN KOPEeHb
Ao, a cucrema (C' — N E)X = 0 numeer menynepoe pemenne X(. 3HAYAT, IpAMasd TPOXOIs-
mas Yepe3 HAYaa0 KOOPAWHAT B HAPABICHUH COOCTBEHHOTO BEKTOPa X MO ITeHCTBHEM
npukenng Fy nepexoaur B cebs.

Tax xak Fy — gBmzKkenme, TO <C’X0,C’X0> = <X0,X0> = |Xo|?. C apyroit cropoms:
<CX07CX0> = </\0X0,/\0X0> = )\2<X0,X0> = M| Xo|?. Cnemosaremsio A2 = 1, otkyna
Ao = £1.
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Bribepem cucremy KoopamHAT Tak, 9T00BI 0ch Oz Oblaa HAIpaBJIE€HA BIOJbL WHBA-
DHAHTHON TIPAMO#i, a MI0CKOCTh (TY) 3a/a/ MM TIEPIeHMKYJIIPHO BeKTOpY €3. Tak Kak
053 = igg, TO

RS RN |
c; C3 C3 0 0
2k 3 0 | = 0
3 3 3
c] ¢y C3 1 *1

CaegoareabHO c%) =0, c% =0, cg = #+1. Torga

1o

cg ¢ 0

C= cz cé 0

¢ ¢y %1

Ho C oproronagbHas MaTpHIa, CIeIOBATEIBHO C; = c% = 0. Torga

|

cg ¢ 0

C=\|c & 0|,
0 0 =1

1 1

¢ c

u ( C% C% > — OpTOroHAJIbHAS 2 X 2 MaTpHIla, COOTBETCTBYIONIAS HEKOTOPOMY JIBHKEHIO
1 2

B BBIOparHOit Hamu miockacTu Oxy.
Bribopom cucTembl KOOpAWMHAT B 9TOM IJIOCKOCTH, MATPHUIA ABUXKEHUA TPUBOIATCA K
uzBecTHBIM yike dopMBM. Takum obpazom, Mbl ToJyuaeM 4 BO3MOXKHBIX BApPUAHTA:

cosp —sing 0 cosp —sing 0

(a) C=| sinp cose 0 |, (b))C=| sing cosp O
0 0 1 0 0 —1

cos sing 0 cos ¢ sing 0

(cC=| sing —cose 0 |, (d)C=| sinp —cose O
0 0 1 0 0 -1

Pacemompum cayuati (a). Torpa det C' = +1, apuzkenune cobcTBeHHOE M TIpU Tpeobpa-
30BaHUU

T cosp —singp 0 x
y | = sin cosp 0 Y
z 0 01 z

KazKJiasl TJI0CKOCTh 2 = 2zg TEePeXOuT B cebsi, B TO BpeMs KaK B CaMOl IJIOCKOCTH 2 = 2q
TOYKH UCIBITHIBAIOT IIOBOPOT Ha yroJ ¢ BoKpyr Toukn (0, 0, 20). 3HaunT, paccMaTpuBaemMoe
JIBIDKEHIE eCTh MOBOPOT BOKPYT HEMOJIBUXKHON OCH.

Paccmompum cayuaii (b). Baecs det C' = —1 u npmxenue Oyner necobcTsenusim. Ilpes-
crasuM Marpuity C' B BHjie

cosp —singp 0 1 0 O cosp —singp 0
sin cosp O | =01 O sin cosp 0
0 0 -1 0 0 -1 0 0 1

Teneps ouesugno, uro Fy = S o Ry, e S — cuMMeTpuss OTHOCUTENBHO TIJIOCKOCTH, Iep-
MEHINKYJISIPHOM HETIO/IBUKHON TTpsiMOit [, a R — TIOBOPOT Ha yroJi ¢ BOKPYT 3TOH MPAMOIL.
Takoe mBUKeHMe HA3BIBACTCI 3€PKAJBHBIM MTOBOPOTOM BOKPYT HEMOABUXKHOIM OCH.
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Paccmompum caywati (¢). Baecs det C = —1 m MBI CHOBa MMeEM JIEI0 ¢ HECOOCTBEH-
HBIM JIBUXKEHUEM. DTO JIBUYKEHUE CHOBA HEPEBOJUT KAXKIYH0 ILJIOCKOCTh 2z = 2z BCeDs, HO
Ha Ka)K,ZLOfI TaKOM TJIOCKOCTU ABJIAETCH HeCO6CTBeHHbIM ABUZKEeHneM, TO eCTh CKOJ’[])SHH_[eﬁ
cummerpueit. Ognako Touka (0,0,0) oueBuano siBisiercst Henoasukuo. CrenoBaTebHO
B KAXKIOW TIJIOCKOCTH 2 = Z( IBUZXKEHUE dBIIeTCA 0CeBOH cuMmMmerpueii. [lpumem ogmy w3
9THUX NPAMEBIX 3a 0ch Ox HOBOH cucreMbl KoopamHar. Torma B Takoil cucTeMe KOOPIUHAT
MaTPHTIA, 33,Ta01Tasd PACCMATPUBAEMOE JIBUKEHNE, TTPUMET BHJ,

1 00
0 -1 0
0 01

Ho 3710 B TouHOCTH 3epKaIbHBIN TOBOPOT Ha yToa ¢ = 0 Bokpyr HOBOI ocu Oy.

Pacemompum caywati (d). 3necs det C = +1, auxkenue cobersennoe. Pacemorpum
MI0CKOCTD 2 = (. DTy MIOCKOCTH JBWKEHWE TIEPEBOIUT B cebs 1 JeiiCcTByeT Ha, ITOM TI0C-
KOCTH KaK HeCOOCTBEHHOE JBUXKEHHE, TO €CTh KaK CKOJIb3dIas cuMmMmerpusi. OIHAKO TOUKA
(0,0,0) oueBunno sBasierca menomsuxkuoh. Crenosarenbuo B muockoctu z = 0 aBuxke-
HUe gBasercs ocepoil cuMmmMerpueil. Ilpumem a1y och B Kadecrse HoBoil ocu Ox. B Takoii
CUCTEME KOODJUHAT MATPUIIA, 33/af0IIasl JIBUKEHUE, TPUMET B

1 0 0
0 -1 0
0 0 -1

1 SIBJISETCS MaTpHIlel IOBOPOTa Ha YTOJ (¢ = T BOKpYT HOBoi ocu Ox.
n
Ornmucanme ABu>kKeHUii 00IIeTo BUIA

Paccmorpum Temeps obmmit ciyuait. Kak yxke ormeuasocs B Hauaje naparpada, obmree
JBUZKEHNE €CTh KOMIIO3UITUS ABMKeHuil Fy n mapasuiesHoro mepenoca. Beigemuny gacTHbie
CIIyYal TAKUX KOMITO3HUITII.

1. ITapanaenbHbIil TepeHOC.

T=x+b,
g=y+0,
Z=z+0b

D70 coGCTBEHOE MBUKEHNE ¢ MATPHUIIEH

1 00
X=10120
0 0 1
2. BuHTOBOE JIBUKEHUE — KOMNOZULUUA NOBOPOMG BOKDY2 HENOJBUNHCHOT OCU U NAPAA-

ACABHOZ0 NEPEHOCA 6 HANPABAEHUU amoti ocu. B cucreme KOOpAuHaT, C HeHO,Z];BH)KHOfI
HpHMOfI B kaunectse ocu Oz 910 ABUXKCHHE 3allMIICTCA B BUOEC

x cosp —singp 0 T 0
y | = sin cosp 0 y |+ 0
z 0 0 1 z b
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Bunrosoe npukenue gpisgercsd cCOBCTBEHHBIM. 3aMETUM, YTO HMAPAJIIETbHbBIN TEPEHOC
SIBJISIETC 9aCTHBIM CiydaeM (¢ = 0) BUHTOBOTO JIBUZKEHMUSI.

3. CKOJBL3AIIast CUMMETPUS — KOMNO3UUUA CUMMEMPUU OMHOCUMEADHO NAOCKOCTNU
U NAPAAAEABHOR0 NePeroca 800Ab niockocmu cummempuu. Ecin miockoers Oxy cu-
CTeMbl KOOPAMHAT PACIIOJIOXKUTE B [LJIOCKOCTH CUMMeTpuu, a ocb Oz HAIPaBUTh [1ep-
NEHAWKYJIAPHO K HEM, TO CKOJB34IIasd CUMMETPUA 3AIUIIETCA B BUJIE

T 10 0 T b
g|l=101 0 y |+ v*
z 00 -1 2 0

CKOJH)SHHI&H CUMMETPHA ABJIACTCA HecoOCTBEHHBIM JABUZKCHIICM.

4. 3epKajibHbII TOBOPOT — KOMNO3UYUA 8PLULLHUA GOKPY2 HENOISUNCHOT 0CU U CUM-
MEMPUL OMHOCUMEALHO NAOCKOCTU, NEPREHOURYAAPHOT oct epawenus. B crcreme
KOOpJIMHAT, B KOTOpo# och Oz HampaBJieHa TI0 OCH BPAIIEHHUsI, & MMIOCKOCTE Oxy sB-
JSETCS TMAOCKOCTHIO CUMMETPHUH, 3epKATBHBIN TOBOPOT 3aIUTIETCd B BUJIE

T cosp —sing 0 T
y | =1 sing cosp 0 Y
z 0 0 -1 z

3epKaJIbHBII OBOPOT AB/IAETCHA HECOOCTBEHHBIM JIBUKEHUEM.

OxasbiBaeTcs, 9T0 J000€ JBUKEHUE B TTPOCTPAHCTBE CBOJUTCS K OTHOMY U3 MEPEUNC-
JIGHHBIX THTIOB. B 710Ka3aTeIbCTBE 3TOTO yTBEPKICHUSA UCIIOIL3YETCH CASAYIOMAA TTPOCTas
JIeMMa.

JlemMma 1.9.2 Jhoboti napassesvuoili nepernoc T’ moocno npedcmasums 6 sude
T= Sl 0 S27

2de S1u Sy — cumMMemMpUU OMHOCUMEADHO HEKOMODHIT NAOCKOCMEU, NEPREHOUKYAADHL
HANPABACHUIO TIEPEHOCA.

HokazarenbcrBo. Ilyctsh @ — BekTOp ¢ JymHOM a = |d|, 3amai0muil mapasIebHbIi epe-
noc T'. PaccMOTpuM TIIOCKOCTD, TEPIEHANK YJIAPHYI0 BeKTopy d. Ilycrs Ozyz — nekaprosa
cucrema KoopauHar ¢ ocsio Oz||d.

Bosbmewm nponssosbHyto Touky M Ha ocu Oz n nycrs T'(M) = M. Scno, uro M rax
ke nexuT Ha ocu Oz. Pacemorpum Touky A ma ocu Oz, HaXOAAIIYIOCS Ha PACCTOAHUE §
or Toukn M, npuaem M nexur mMexay A n M. O603HauMM uepes S4 u Sy cummerpun
OTHOCUTEHHO TIIOCKOCTEH, MepIeHIuKYIIpHBIX oc Oz M TPOXOIAIINX depe3 TOUYKn A u
M coorsercrsenno. Torna , ouesnuno, M = (Sa0Sp) (M), aTo u TpebOBATOCH TOKA3ATH.

L]

Teopema 1.9.2 (IIlaas) /Toboe cobemeentoe dsuicenue 6 NPOCMPAHCMBEE ABAACTNCH 6UH-
moswim. J10boe necobecmeennoe deuscenue 8 NPOCMPAHCMEE ABAAECNCA AUOO CKOAL3AWET
cummempueti, subo 3ePKAALHOIM TOBOPOMOM.
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HoxkazareabctBo. Ilycre X = CX + b gpmkenne. Torga oTHOCHTEILHO HEKOTOPOIt
cucreMbl Koopaunar Marpuna C uMeer Bui:

cosp —singp 0 cosp —singp 0
(a) C=| sinp cosp 0 wm (b)) C=| sing cosp O
0 0 1 0 0 -1

Pacemompum cayuaii (a). Ecom o = 0 To paccmaTpuBaeMoe JBUKEHUE eCTh TapaJIIe bHBIH
IepeHoc n JoKasuiBaTh Hedero. Ilyern ¢ # 0. Torma marpuie C' COOTBETCTBYET IIOBOPOT
Ha yroJ ¢ Bokpyr ocu Oz. Oboznaunm ero () u mist ya06CTBA CCBLIOK TEPeobO3HAYNM 1
camy Marpuiy C' — €.

[Tpu nBuxkenuun X = QX ocy Oz sBasercs vuBapuanTaoit. [IpeacraBum BexkTOp CMme-
MIEHUS b BUIE b=a+ C, T/ie BEKTOP C MepHeHAuKy/Istper miockoctu xOy, a BEKTOP d
napasnenen ocu Oz. Torma @ = (a!,a?,0), ¢= (0,0,c¢*) u Ty = T. o T,.

Sanumem maie asrxkenue F B Buge X = QX + b. Torna
F=T,oQ0=T.0T,0Q="T.0¢.

ITokazkem, uto §2 — TOBOPOT OKOJIO HEKOTOPOM IIpsAMOii [, KOTopas IepHeHIuKyIsapHa
mirockoctu Oxy. eficTBuTeIbHO,

cosp —sing 0 T al xcosp —ysinp + at
QX =| sing cosp 0 y |+| a® |=| wsing+ycosp+ a?
0 0 1 z 0 z

Ciiefi0BaTeIbHO, Kaxkaas IIOCKOCTh 2 = 2o NepexoauT B cebst, a B Kaxk 0 Takoil mioc-
KOCTH eCTb HEIOJBHKHAsA TOYKA. TakK KakK ee KOOPIUHATHI He 3aBUCAT OT BBIOOpA zg, TO
BCE TaKWMe TOUKM JIEXKAT Ha HEKOTOPOI MpaAMOii [, KOTopas NepHeHInKyIsapHa, I0CKOCTH
xOy. Cnenoparennno, ) — nosopoT okoso npsamoii [. Ho Torma F = T, o Q' — sunrosoe
JIBUKEHHE.

Pacemompum cayuat (b). ycrs S — cummerpust oraocurenbro miockocru £0y. Ona
3aJlaeTCd MaTpulleil BUJa

10 0
S=101 0
0 0 -1

CremoBaTenbHO, BPACCMATPUBAEMOM CIyYae
cosp —sing 0
C=80=] sinp cosp 0
0 0 —1
1 Mbl MOXKEM aHAJUTUYICCKH 3a4aTh Hallle ABUXKCHHEC B BUAC
X =50X +b,

a CaMO ABH2KEHNE IIPEACTABUTL KaK KOMIIO3HUIIHUIO

F=T,0500Q.
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BekTop cmemenus b paznoxum B Buge: b = d+¢, rned L Oz, ¢ || Oz. Torna Ty, = T,0T. Ilo
gemme T, = S1085, rae S1 u So cuMMerpun OTHOUTENBLHO MLJIOCKOCTEH , IEPIEH MK YJIsIPHBIX
ocu Oz. CrenoBaTebHO,

F=T,0508,0S50.

fcHo, uro S1 05305 ecTh cUMMETPHST OTHOCUTEIBHO HEKOTOPOH TIJIOCKOCTH, TTEPIEHTUKY-
aspHoit ocn Oz (Kaxkaasi U3 CHMMETPHil siBjIsgeTcst Takoit). Obo3HaumM ee uepes S’. Tak
kak d 1 Oz, 10 nerko suzgerh, uro Ty, 0 S’ = 8" o T, 1 Mbl IPUXOAUM K BLIBOLY

F=80oT,00.

Ecmm ¢ = 0, To Q ecrb TOxkJecTBennoe apmxkenne u torga F = T, o S’ To ecrsb
CKOMB3SMIYI0 cumMerprio. Ecnm ke ¢ # 0, To Kak u B caydae (a) kommosunus T, o Q) =
eCTh TOBOPOT BOKPYT OCH, MEPTEHANKYIAPHOH tnockoctn Oxy, a caegosarensuo F =
S’ 0 Q) — zepKaBbHBIN TOBOPOT.



