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1 IIpama B adiHHOMY TPHMBUMIPHOMY IIPOCTOPI

Harasgaemo, mo B adbiHHOMY mpocTOpi cucremMa KOOPAHHAT MOzKe OyTu Oyb-sKOI (KOCOYTOJIHHOIO)
Ta CKaJsgpHuii J0OyTOK He BUKOPUCTOBYETHCs. [Ipsima y mpocTopi BU3HAYAETHCS TaK €camMo, sK i
npsgMa Ha IIonuHl. BBazkaeMo, mo anrad 3uaiiomuii 3 remoro "l[Ipgava Ha maommuni", SKImo K Hi, TO
PEKOMEHIYEMO O3HAHOMUTHC.

1.1 BekTopHe Ta napaMeTpuYHe PiBHAHHSA NPaMOl B apiHHOMY ITPOCTOPI

Bekropne piBHsHHS MpsiMoi B apiHHOMY MPOCTOPI HE 3aJ€KUTHh BiJl BUMIPHOCTI TTPOCTOPY, TOOTO
BEKTOPHE PIBHAHHS MPAMOI B TPUBUMIPHOMY IIPOCTOPI Take came, gK i Ha adiHHIl ILTOIIIHI.

Teepmxkenns 1.1 Hezati ¢ moura O (mouka eidaixy), npama l i mourku A, B na uid npamit A #
B. Iosnavumo
i — - —
OA =Ty, AB = d,
. -3 - .. . .
Touxa C 3 padiycom-eexmopom v = OC' aescumsv wa npamit | modi i@ miavku modi ko

F=ry+a-t, a#0. (1)
l AdiB C
770 7":7704‘515

@)

Busnagenns 1.1 Pisnanns (1) nasusaemocsa 6eKmopHum pi6HAHKAM NPAMOT, & 6EKMOP A 6 HHOMY
HA3UBAEMBCA HANPAMHUM BEKMOPOM NPAMOI.

BanuneMo BeKTOpHE PIBHSIHHS IHOKOOPIMHATHO

T Zo aq
) - Yo + as 'ta {a17a27a3} 7£ 07
z 20 as

OTpumMaeMo HACTYIIHE TBEP/IZKEHHSI.
Tsepmxkenusd 1.2 Koowcra npama y npocmopi mostce 6ymu 3a0aHa pr8HAHHAM 6U2AA0Y

Tr = .1'0+G1't,
y= yo+ay-t, aj+az+az#0 (2
z = Zo—|—CL3't.

~—

i KootcHe pisHAnHA eu2aady (2) 3adae npamy 6 mpusuMipHomy Oiichomy aPinnomy npocmopi.

Busnauenns 1.2 Pisnanns (2) Ha3ueaemvca napamMempuiuium pieHAHHAM NPAMOTL Y MPUSUMIPHOMY
npocmops.

ITpuknagm.
1. dkio npsima npoxoauTh depe3 Touky A(2,5,0) i mae manpamuuii Bektop @ = {—1,0,3}. Toxi
7o = {2,5,0} i BeKTOpHUM DiBHSIHHSM Ti€l TpsMOT Byie

T 2 —1
z 0 3



Te xx came piBHSIHHS MOXKHA IIOJIATU B IIOKOOPINHATHOMY 3aIUCi, TOOTO Y BUIJIA/II TapaMeTPUIHOTO
PiBHSHHSI.

r= 2—1t,
y= 5
z= 3t.

2. {knio npsma 3ajilaHa HapaMeTPpUUYHUM PIBHSIHHAM

|
o

TO TIEPEMUCYEMO HOTO 13 IBHOIO BKa3iBKOIO BCIX CKJIAT0BUX

r= 0—-1-1¢,
y= 3+4+0-1¢,
z= 040-t.

1 TOJII TTepenmnuCcyeEMO y BUTVISIII BEKTOPHOTO PIBHIHHS:

T 0 -1
y |=13 1]+ 0 t
z 0 0

1.2 KaHoHiuHe piBHIHHS MPSAMOI

Buaxongun t 3 ycix piBHSHb HAPAMETPUYHOrO DPIBHAHHS (2) i NPUPIBHIOYU IX, MH OJIEPKYEMO
PIBHAHHS Ti€l K MPAMOl Yy BUTJISIL

T—To Y—Yo <2~ %0 (3)

a1 a2 a3

Busnauenns 1.3 Pisnanna (3) Ha3uBaG0MBCA KAHOHIMHUM PIBHAHHAM NPAMOL, UL NPOTOOUMY
uepes mouky (o, Yo, 20) 6 Hanpamky eexmopa {ay, as, az} y MPueUMIPHOMY NPOCOPI.

B KaHOHIYHOMY DIBHSIHHI HEMAE HIYOTO HE3BUYHOTO, KOJU BEKTOP {ai,ds,as} HE Mae HYJTbOBUX
KOOpP/IMHAT. ZIKIMO K HYJIHOBI KOOPJWHATH €, TO Ii PiBHAHHA CTAalOTh YMOBHHUMH — Jpio 3 0y
3HAMEHHUKY KOPEKTHHUI, KOJIM 1 YMCeJIbHUK JOPIBHIOE HYJIIO.

Hagesemo upuknaan. Hexait € touka A = (2,5,0). [Ipsama, mo npoxoaurs uepe3 Touky A B
HANPAMKY BekTopa @ = {2,3,1} Mae 3Buuaiine KaHOHIYHE DIBHSHHS:

r—2 y—5 z-0
2 3 17

JKImo X HANpPAMHHEI BEKTOp @ Mae HyaboBi Koopauuatu @ = {0,2,3}, To KaHOHIUHE DIBHSIHHS
HPUNMAE BULJIAL

2 3

A k1o HANPAMHMI BEKTODP @ Ma€ JBl HyJIb0BI KoopanHaTu, Hanpukaai, @ = {0, 1,0}, To piBusuus

r—2 y—5 z-0

N 1 N



3a JIOMOBJIEHICTIO PO3YMIETHCSI K CUCTEMa

B manomy BHIAJIKY 3MIHHA Y MOKe IpHiMaTh OyIb-gke 3HadeHHd. To6To me mpsama, gKa NPOXOJUTh
gepe3 To4Ky (2,5,0) napasenbuo oci Oy.

1.3 PiBugaHHg npgamoil ‘“depe3 JaB1 TOUYKHN

Posrjisinemo Buiia IOk, KoJiM HOTPIOHO HAlKMCATH PIBHAHHS HPSAMOI, IO HPOXOJUTH Yepes3 JiBl pi3Hi

sagani Toukn A(z1,y1, 21), B(x2, Y2, 22). B IbOMY BN IKY ME MOKEMO BBAZKATH, IO TPSIMa TPOXOUTh
uepe3 Touky Ay mHanpsamky sekropa AB = {xy — x1, Y2 — Y1, 22 — 21}, 1 nepenucaru pisasauns (3)

y BUTJISL

r—th _Yy—H%h 2T A (4)
T2 — X1 Y2 — R — %1

Busnauenns 1.4 Pisnanni (4) nazueaomovcs pishannamu npamoi “wepes dei mowku

ITpuksan. 3anucatu piBHSHHS CTOpiH (IPAMHUX, HA SKAX JIeXKaTh CTOPOHHW) TPUKYTHHUKA i3
seprmuavu A(2,—2,1), B(3,3,0), C(—1,7,2).
Ckopucraemocst opmysnavu (4) mist croporn AB:
r—2 y+2 z-1 =-2 y+2 =z-1
3-2 3+2 o0-1 1 5  —1'

s cropouun AC:
r—2 y+2 z—-1 -2 y+2 z—-1

-1-2 742 2—-1 =3 9 1

s cropouun BC:
r—3 y—-3 z—-0 -3 y—-3 =z

-1-3 7-3 2-0 —4 4 2
3ayBakuMo, 110 1 KAHOHIYHE PiBHsIHHS IPsIMOT 1 piBHsiHHS 1PsiMOT "aepe3 Bl TOUku'" B TpUBUMIpHOMY
MPOCTOPiI — IIe HACHpaB/ll cUCTeMa 3 JIBOX PiBHsHL. [IpsgMy B mpocTopi HE MOXKJIMBO 3aJaTU OJJHUM
PIBHSIHHSIM B KOOPJWHATAaX. BeKTOpHE PIBHSIHHS — € CHCTEMa 3 TPHOX MAaPAMETPUIHUX PIBHSHb.

2 Ilpommua B acdimHoMy mpocTopi

Harasaemo, mo B adbiHHOMY MPOCTOPI CHCTEMa KOOPAMHAT MOXKe OyTH GyIb-gaKOK (KOCOYTOJIBHOIO)
Ta CKaJsgpHuUii JI0OOyTOK HE BUKOPUCTOBYETHCS.

2.1 Bwu3HayeHHs Ta BEKTOPHE PiBHAHHS

[Tromuaa € mepBicHUM, HEO3HATYBAHUM €JIEMEHTOM B eJleMeHTapHiii reomerpii. € akciomu, sKuM
MiAKOpseThbs miomuHa. LI akcioMu A03BOJISIOTH BBECTU BEKTOPH Ha ILJIOMIMHI, & TaKOXK CHCTEMH
KOOp/IMHAT, 1 Jasi OJep:KaTh PIBHAHHS, dKi 3a/Jal0Th ILIOMWHY. ByaeMo KOpucTyBaTucs THUM, IO
Jepe3 TPU TOYKH, IO HE JeXKaTh Ha OJHIM MpaMiil, MOXKHA TPOBECTH ILIOMIUHY 1 IO TOTO XK €INHY,
TOOTO TPU TOYKHM BU3HAYAKOTH IonuHy. Koau € tpu toukn A, B,C' B mwiomuHi 7, siKi He JiexkKarhb
Ha OJIHI TPsIMiil, TO MOYXKHa BBECTH CHCTEMY KOODJMHAT, B3SBINH 33 MOYATOK KOOPJUHAT OJHY 3
To490K (Hexail Hero Oyiae A) i Ga3sUCHUMEH BEKTOpDAMU MOYKHA B3ATH BEKTODH 4 = /@, b = A_C>Y

—
Jani 3 ko010 Toukoto M mionmau 7 3B’ si3yemo 11 pajiyc-Bekrop AM, skuii MOXKHA PO3KIACTH 3
—_— —
oazucom AB, AC :
— — —
AM =u-AB +wv- AC u,v € R. (5)



glkmo obpaHo 3a movyarok BimTiKy Touky O, sika He 000B’SI3KOBO JIEKHTH Y BHOpaHiii IJIOMKHI, TO
— —_— —
It KOKHOI Toukn M € m maemo pagiyc-BekTop ¥ = OM = OA + AM i MmoxkeM0 3anucaTu

—_— — — —
OM =0OA+u-AB+v-AC (6)
ob M
Ne
b = a . -
> T =To tuad+v
AT ne

- —

Busnauenns 2.1 Hexat ¢ mpu eexmopu: Ty, a, b, ceped axux sexmopu a, b ne xoarineapri. Todi
r=ry+u-d+v-b, u,veR, (7)

HA3UBAIOMH BEKMOPHUM PIBHAHHAM NAOUWUHY, AKG NPOTOOUMD Yepes Mouky 3 padiycom-6eKmopom
To napasesvro sexmopam d, b. Bexmopu d, b nazusaromv HanpAMHUMUY GEKMOPAMU NAOULUHU.

Tsepaxkenns 2.1 (IIpo KOpeKTHICTh O3HAYEHHS BEKTOPHOrO PiBHsHHYA mjommHn) Koowcha
NAOULUHG MOJHCE DYMU 3a04HA BEKTNOPHUM DIBHAHHAM NAOUUHY, 0 KOHCHE BEKMOPHE PIHAHHA NA0-
wWunYy AICHO 300GE NAOWUHY.

[Is1 TeopeMa € BiAIIPABHOIO TOYKOIO IIPY BUBYEHHI IJIOMIMHY B aHAJITUYHINA reoMeTpii — Ha MexKi
MizK €JIEMEHTapHOIO TeOMeTPI€Io 1 BUINOI0. PeTe/ibHO TOBOJUTH TEOpeMy PO KOPEKTHICTH O3HAYEHH I
BEKTODHOTO DIBHSHHS IJIONUHU He OyJaeMo 3 TpbhoX mpuumH. llepmra mossrae B Tomy, IO MOYKHA
VABUTH MKITbHUN KypCc MaTeMaTHKH 1, 30KpeMa, reoMeTpii, /e BoHa BxKe JoBeeHa. JIpyra mpuamHa
MOJISATAE€ B TOMY, IO JIOBEIeHHA I'PYHTYETHCSA HA aKCIOMATHUIN TPUBUMIPHOTO JTiiCHOTO TPOCTOPY, SIKa
B $IBHOMY BHIVISJIl B IPOIIOHOBAHOMY Kypci He copmysiboBana. | Tpers npuunna — o3HadeHHs Oyjie
BUKOPUCTOBYBATUCS B OLJIbIIT 3araJbHOMY BUIAJKY, Jie IJIOIIMHOI HA3WUBAETHCH T€, 10 MOXKe OyTu
3aJlaHe TAaKUM BEKTOPHUM PIBHSIHHSAM, 1, TAKUM YUHOM, JIOBOJUTH HIYOTO.

ITpukgan. 3anucaTrd BeKTOpHE PIBHSHHS ILIOIIMHE, KA IPOXOAUTEL depe3 Touku A, B, C' 3 Koop-
munaramu A(1,5,7), B(—=3,2,1), C(1,2,2).

Touxkoro BiITIKY 3a HASBHOCTI CHCTEMH KOOPJIUHAT 3aBK/I1 6€PEThCs MOYATOK IET CHCTeMHI KOOP-
munar. Toxi

T 1 —4 0
— - 't N — — —_
r = Y ,T0:OA: 5 7(1,:AB: -3 ’b:AC: -3
1 BEKTOPHUM PIBHAHHSM ILJIOLIIUHY, 10 NPOXOAUThH depe3 Touku A, B, C, Oyue
x 1 —4 0
y |=15]+ul -3 |+v| =3 — 00 < u,v < Q.
z 7 —6 -5

dxkmo B piBugHHi (7) 3MiHHI u, v TPOGIralTH He BCI MOXKJ/IWBI 3HAYEHHs, a JIAIE Y TEeBHUX
BKazaHuX Mexkax: Uy < u < up, v < v < vy, 70 piBHsHHS (7) HEPETBOPUTHCS B DIBHIHHS YaCTHHU
ILJIONIUHH, 10 oOMexKeHa, mapaJsensorpamom. 3okpema, akmo 0 < u < 1, 0 < v < 1, To piBHIHHSA
(7) nepeTBOPUTBHCS B PIBHANNA NAPANEAOZDAMA

F:FO+U'6+U'E, OSU,USl, (8)

IO MAa€ OIHY BEPIIWHY B TOUI 3 PaIlyCOM-BEKTOPOM 7y 1 MOOYIOBAHOTO HA BEKTOpax d, b.



2.2 Ilapamerpu4dHe piBHAHHSA ILJIOIITTHN

Jlayi BBazKaemMo, 10 y HpocTopi € cucrema KoopauHat. OCKIIbKH MH HE KOPUCTYEMOCS CKAJISIPHUAM
JIOOYTKOM, TO BBazKaTu CHCTEMY KOOPJMHAT MPSIMOKYTHOI HEMA€ Ii/iCTaB, CHCTeMa KOOPJHWHAT B
3arajJibHOMY BHTIAJIKy KOCOKYTHA, KOOPAWHATH TOYKH i KOOPJAWHATH PaIiyca-BeKTOPa TOYKN 30iral0ThC.

Bubupaemo Ha ILIOMWHI TPU TOYKH

A(xb Y1, Zl); B(Iz, Y2, 2’2), C(I:a, Ys, 2’3)7

BUIMHACYEMO KOOD/IMHATH BEKTOPIB

To — T1 xr3 — T1 €1 T
— — — —
AB = Y2 — U1 ) AC = Ys — U1 5 OA = A ) OM = ) )
22—z 23— 21 21 z

i nasti mepenucyemMo BeKTOPHE DiBHsSIHHS TLTOMuHA (6) v BUTISA

x T To — X1 Tr3 — X1
y =1y |tu-| Y2—y | +tu-| ¥y3—Whn
z 21 29 — 21 zZ3 — 21

Ocranne piBHSIHHST PO3IJISAIAEMO K MAaTPUYHE, STKEe O3HAYAE PIBHICTH BiNOBIIHUX €JI€MEHTIB, TOOTO

=1z +ulry —x) +v(x3 — 27),
y=y1+uly2 —y1) +v(ys — 1),
z=2z14u(z —z1) +v(z3 — 21)

Mu moBesu, IO IJIONMIUHY MOXKHA 3aJaTU CHUCTEMOIO TPHOX pPiBHSHL. OGOpMHMO Iie y BHIJILAI
BH3HAYECHHSI.

Buznauyennsa 2.2 Tpitika 4wucio6us piéHAHb

r = x9+ au + byv,
Y = Yo + agu + byv, (9)
Z =20 +a3u+b31},

de sexmopu

a1 . by
a= a9 s b= b2 (1 0)
as b3

HE KONHEAPHT, HA3UBAEMBCA NAPAMEMPUNHUM PIBHAHHAM NAOUWUHU, W0 NPOTOJUMb YePe3 MOUKY 3
koopduramu (g, Yo, 20) NAPAAEALHO GeKMOPaM T, b.

Tsepakensd 2.2 (IIpo KOPEKTHICTh O3HAYEHHSI MAPAMETPUYHOrO PiBHAHHS IJIOIIWHY )
Kooicna naowguna mooce bymu 3adana napamempuynum pieuarnnam (9) i koocrne napamempuure
pisnanna (9) sadae naouwsuny.

TBepazKeHHS TpaBUIbHE TOMY, IO KOKHA ILJIONIAHA MOKe OYTH 3aJaHa BEKTOPHUM PIBHSIHHIM
i KOKHE BEKTODHE DIBHSIHHS IIOIMHU 3ajae mionuny (aums. Teop. 2.1), a 3a HasIBHOCTI cHCTEMH
KOOPJMHAT BiJl BEKTOPHOI'O PIBHAHHY JI0 MapaMETPUIHOIO MU MePelIin piBHOCUJIBHUMHE TEPETBO-
PEHHSIMH.



YMOBU KOJIIHEAPHOCTI i HEKOJIIHEapHOCTI BEKTOPiB. Y BEKTOPHOMY 1 y HapaMeTPpUUIHOMY
PIBHAHHI TJIONMWHN BUKOPUCTOBYIOTHCS HeKOTiHeapHi BekTopu. Haramaemo, o 1Ba BEKTOPHU € KOJIi-
HEeapHUuMHU, KOJIM OJUH 13 HUX OACPZKYETHCA 13 ,ZLPYFOFO MHO}KGHHHM Ha 4YuCJI0.

Hexait y nac € npa Bekropu (10). fkuo @ = 0, T0d=0- bi BEKTOPHU KoJsliHeapHi. ZKio a, b £ 0,

. - 1 . . .
id=\-bnana geskoro A € R, to A # 0, b= @, TOOTO KOXKEH i3 BEKTOPIB OJIEPXKYETHCS i3 APYTroro
MHOZKE€HHSM Ha HeHyJIboBe 4ncjo. PiBHiCTL @ = A - b o3Hadae a; = Aby, as = Aby, a3 = Ab3. abo

a1 a2 as
= 2 =2 ) 11
by by b3 (1)

TakuM 9uHOM, AKIO BEKTOPHU @, b HEHYIHOBI, TO yMOBa

a1 a2 as

B . 12
by by b3 (12)
€ yMOBoOIO 1X KosineapHocTi. [Tepenumiemo ymoBy (12) y Bursi
ay a2 a1 as as as
b1 b2 bl b3 bQ b3 ( )

Tak 3anmucany yMOBY KOJIIHEPHOCTI MOYKHA MTPUCTOCYBATH 0 BUNAIKY, KOJIH BEKTOPH MalOTh HYTbOBI
KOOPJMHATH, - JIJIS [[HOT'O MOYKHA, JIOMOBUTHCS, 1[0 PIBHICTH

€ TPABUIBHOO JIJIsT OYIb-IKHX YHUCET @, b.
[Mle oxmu miaxin 10 BuKopucTanHs piBHOcTedi (13) mossirae B 3acTOCYBaHHI PIBHOCHIBHOCTE

aq (05} a; am
— = = S aby =biay & = 0; 14
by 172 @102 102 ’ by by ) ( )
aq a3 a; das
— == &S ajb; =bazs & = 0; 15
by bg a103 143 by by ) ( )
(05} as o as
= = 2 & aghy = byag < =0. 16
b b3 4203 243 | by b3 (16)

Ckaszane /103BOJIsI€ BBaYKATH JOBEJIEHOI0 HACTYIHY TEOpeMy.

Teepaxkenns 2.3 (IIpo ymoBy KoJiHEeapHOCTI ABOX BEKTOPIB) /Jlsa sexmopu 3 K0opounamamu
{a1, as,as}, {b1, b2, b3} Koainepani modi i miavku modi, Koru 6c¢i mpu demepminarmu

aiy as ay as Gz as

by by |’ by bz |’ by b3

dopieHiotoms Hyat0. Hxuio orc 00un 13 Hux He JOPIGHIOE HYAN, MO BEKMOPU HE KONHEAPHT.

2 4 6
Brigao 3 mamuMu ymoamu, Bektopu {2,4,6} ta {1,2,3} konineapni, Tomy 1o 1=5=7%
2 4 0
Bekropu {2,4,0} Ta {1,2,0} € KoniHeapHUMHI OCKIIbKH 1=5=§ Bekropu {2,0,6} Ta {1,2,0} ue

koJiineapi, Tomy 1o 0 -0 # 2 - 6 i, BiguoBiaHO, 5 #+ ik



Ilpukmaam. Ilepexim Big BEKTOPHOTO pIBHAHHS 0 MapaMeTPUIHOTO 1 BiJl MapaMeTpUIHOTO 0
BEKTOPHOTO.
1. BisbMeMO IJIONIMHY i3 BEKTOPHUM PIBHSAHHSIM

T 1 —4 0
y |=15]4+ul -3 | +v| -3 — 00 < U, v < Q.
z 7 —6 -5

Bix maTpudHOl PIBHOCTI IEepexoJIuMo 10 IOKOMIOHEHTHUX PiBHOCTEMH

r= 1-—4u,
y= 5—3u— 3v,
z= T7—6u—>5v.

[le i € napamerpuyHe piBHAHHS HANIOL ILJIONIUHU.
2. Hexait maemo napaMerpuyne piBHSIHHS

= bv

= 1-—3u,
= T74+u—vo.

SISO

3HaiieMo BeKTOpHe PiBHSHHS ITi€l ILIOMIMH.
[IepenucyemMo 1e piBHSIHHS Tak, IO V KOKHOMY OKPEMOMY pPiBHSHHI Oysium oOuMaBI 3MiHHI U,V 3
BinoBiiHUMEI KoedimieHTaMu
r= 0+0-u+5-v,
y= 1-3-u+0-v,
z= T4+1-u—1-v.

Temep Mu MoxKeMO IepeifiTu 10 BEKTOPHOIO PIBHAHHS

x 0 0 5
y |l=111]14+ul|l =3 | +v 0 — 00 < U, v < Q.
z 7 1 -1

2.3 PiBHAHHA IUIOMIMHU ‘“depe3 TOYKY IapaJiejIbHO JIBOM HEKOJIIHEaApHUM
BeKTOpaM*, piBHIHHH ILJIOIIUHY ‘“9epe3 Tpu TOYKH, 3arajibHe PIBHAHHS

TIJIOIITHNI

Posrisinemo mapamerpudHe piBHAHH MI0MHHE (9) 3 YMOBOIO HEKOJIIHEAPHOCT] HATIPSIMHUX BEKTODIB.
OCKLTbKH HAIpsSMHI BEKTOPH HEKOJIHEAPHi, TO OJHE 13 Yuce

a; as a; das as as
a162 — b1a2 = &1[) — bla = a b2 —-b a9 =
b by | TN [y | TRy,
He JOpiBHIOE HY/T0. Hexait
ap Qg £0
bi by '

Posp’sizkemo neprii gBa piBHstHHS cucremu (9), B3sIBIIM 3a HEBiIOMI U, v.

T — To = au + b,
Y — Yo = agu + byv,
z — 29 = asu + bav,



3a dopmyramu Kpamepa

T — X bl ay T — Xo
Yy—to by az Y — Yo
UW=—"7"7", V=
aq bl ay bl
(05} bQ a2 b2

[TiscraBumo 3HaiijleHi 3HAUEHHS U,V B Tpere€ piBHAHHS cucremu (9) i m036yaeMOcsa 3HAMEHHUKA.
O repxumo

a; T — Xy
az Y —Yo

B mpasiit wacTuHi MOTO PIBHAHHS O0YUCJINMO BU3HAUYHUKU :

ap b

ay by = az((z — x0)ba — b1(y — wo)) + bs(a1(y — yo) — (z — z0)az),

(z — 20)

3TPYIYEMO JOJAHKH MOTPIOHUM YHHOM

ap b

a by | T (x — o) (agby — bzaz) + (y — yo)(bsar — asby),
2 0o

(z — 20)

nepeHeceMo J0/IAaHKHN B JIIBY YaCTUHY

b
r — xg)(b3az — azbz) — (Y — Yo)(b3a1 — D1a3 Z— 2 @t
(= a0) (s — asbs) — (g = yo) (s — buas) + (2 = 20)| &1 ]
i 3ammmeMo Uepe3 BU3HATHUKH
Gz ag ay ag a; Gz |
(x - 370) bg b3 - (y - yO) bl b3 + (Z - ZO) bl bg =0 (17)

Ha ocranne piBusunst (17) moguBuMocs 3 JBOX PI3HHX TOYOK 30pY. 3 OJHIET TOYKH 30Dy DiBHSIHHSI
(17) MoxKHA 3amUCATH Y BULISIL

T—Zo Y—Y =2—%0
aq Q9 as =0.

by by b3

(18)

Busnauenus 2.3 Pisnanns (18) nasusaemuoca pisHanHAM NAOUWUHY “4epes 3a0aHY MOUKY NaAPAAEABHO
060M HEKONTHEAPHUM BEKMOPAM",

[TpurycTMO, MO IIOMTHA BU3HAYAETHCS TphoMa Toukamu My (x1, y1, 21), Ma(xe, y2, 29), M3(x3, ys, 23).
Toni y piBusnui (18) Mu MOKeMO B3siTH

To=T1,Yo = Y1,%0 = 21, Q1 = Ta—T1,02 = Yo—Y1,03 = 22—21, b1 = T3—x1,by =ys—y1,b3 = 23—2;

i omepzKaTu PiBHIHHSI

r—r1 Y—Wh@ <Z—x
To — X1 Y — Y1 22— 21 = 0. (19)
T3 —T1 Ys— Y1 =3 — 21
OckinbpKu
r y z 1 r—x1 yYy—1y1 22—z 0
1 1 r—T Y-y <2— %
I Y1 o~ . T W 21 .
1 1= 0l= Tog—T1 Yo—Y1 22— 21 |,
T2 Y2 22 To—T1 Y2—Y1 22— 21
T3 —T1 Ys— Y1 23— <1
Ta UYa 22 1 Ta—T1 Ya—UY1 2z2a—21 0



to piBHgAHHA (19) MOKHA HepemucaTu y BUIJISTL

z y z 1
T Yy oz 1

=0. 20
Ty Y2 2z 1 ( )
r3 Yz 23 1

Busnauenus 2.4 Pisnanns (19) ma (20) na3usaiomuvcs pieHANHAMY NAOULURY “4epesd mpu mouKu .

Bin mapamerpwdHOro piBHSHHSA 70 PIBHAHHS “‘depe3 TOUYKY IapaJsiebHO JIBOM HEKOJiHeapHUM
BeKTOpaM" 1 10 pIBHAHHS “depe3 TPU TOUYKH MU IePEHIILIN 38 JOIOMOI00 PiBHOCHILHUX IePEeTBOPEHb.
Tomy MoKHa BBazKaTh J0BEIEHOIO HACTYITHY TEOPEMY

TBepmxkenns 2.4 Koochy naouwjury MoHcHa 3a0amu DISHAHHAM “4epe3 moukKy Napaseivho d6om
HEKONHEAPHUM BEKMOPAM™ T KOHCHE PIBHAHHA “Uepe3 MoKy NapasesbHO 060M HEKONHEAPHUM 6eMOopam”
3adae naowuny. TakoxHc KOHCHY NAOWUHY MOAHCHA 3a0aMU PIBHAHHAM “wepes mpu mouku i KosrcHe
PIBHANHA “Uepe3 mpu mouku” 3a0ae NAOULUHY.

3a apyroro mijgxojy Mu mepenucyeMo pisasuus (17) y Bursi

Az + By+Cz+ D =0, (21)
e
_ | G2 as _ | a1 as _| & a2 _ a2 as ap as | ap az
i N e I S N E e I N R Y ) IV e IS

[Ipuaomy 3 orisg1y Ha HEKOJIIHeApHICTh HAIPSMHIX BEKTOPIB IIONIUHA OIKH i3 Koedimientis A, B, C
He JIOPIBHIOE HYJIIO.

Busnauenns 2.5 Pisnanna (21), de odun i3 xoediyienmie A, B, C' ne dopisnioe nyato, Ha3usaemves
az a3 a; as a; G2 o
b bo | b by | b b PP
{A, B, C} nasusaemuvca sexmopom adinnol HOPMAAT NAOULUH.

3a2ANDHUM PIBHAHHAM NAOWuHY. Bexmop 3 koopdunamamu {

Teepaxkenns 2.5 (IIpo KOpEeKTHICTh O3HAYEHHS 3arajibHOTO PiBHAHHS MJIOIMHN) Kooichy
NAOWUHY MOHCHA, 3G0AMU 3020ADHUM DIBHAHHAM, | KOIHCE 342GADHE PIBHAHML NAOWUNHY JITcHo 3adae
NAOULUHY.

JoBenennsi. Mu oO6rpyHTyBasN, M0 MIOMUHY, KA 33/JaHA BEKTOPHUM YU TTAPDAMETPUIHUM DIBHIHHSIM,
MOKHA 33/IaTU 3araJbHUM DIBHSIHHSIM.

[Tokazkemo remep, 1o piBustHHs (21), 1e oaun i3 Koedinienris A, B, C' He J10PIBHIOE HYJIIO,3aBXK 1
3a/1a€ TLIOMINHY, TOOTO BiJI I[HOTO PIBHSAHHS MOXKHA TepeiiTh 10 mapaMeTpPUIHOro i, BiIMOBIIHO, JI0
BEKTOPHOTO.

Ockinbku cepen koedimientis A, B, C' € HeHy/JILOBHil, TO PIBHIHHS MOYXKHA PO3ILINTH Ha Iei
koedimient. OTke MU MOKEMO BBAYKaTH i3 CaMOro MOYaTKy, M0 O/uH i3 KoedinienTis jopiBaoe 1 —
Hexail Hum Oyjie A. OTke MU MaeMO piBHSIHHSI

rx+By+Cz+D =0.
A 1e piBHSIHHSI TEPETBOPIOETHCS B TTAPAMETPUYIHE HACTYTHUM THHOM:

—D — Bu — Cw,
u)
0.

ISIINSIS
I



Mu 3akiHIMIN IepeBipKy TOTo, MO OY/Ib-sdKa ILJIONMHA MOXKe OYTH 3a/1aHa 3araJJbHUM PIBHSIHHIM
1 3arajbHe PIBHAHHS 3a/1a€ TIOTIHHY.

ITpuknagm.
1. Hexait 3arajibue piBHsiHHS TIomuHN T + 22 = 7. [lepeTBopuTn fioro B mapamerpuyvHe, a moTim
y BEKTODHe.

Hexait y =u, 2z =wv, Tomi ¢ = —2v+ 7, i

r= 7—2v r= 740-u—2- v

Y= u , y= 0+1-u+0-v ,

Zz= 0 z= 0+0-u+1-v
Zo 7 ay 0 bl -2
v | =101, a | =111, by | = 0 1,
20 0 as 0 b3 1

T 7 0 —2

y |=10)|+u-| 1]+ 0

z 0 0 1

2. BanucaTyn piBHAHHA IIOIMHY, 110 TPOXoauTh epe3 Touku: (1,0,5), (2,-7,3), (—1,1,2).
Banucyemo piBasiaas (20) “gepe3 Tpu Toukn nmorpibroi maonHu. OnepKyemMo

r y z 1
1 051 _ 0.
2 -7 31

-1 1 21

Busnaunuk 4-ro mopgaKy oOUHCIIOBATH CKJIA/IHIIIE, Hi2K 3-TO MOPSAKY, TOMY Ha IPAKTHIN 3pyUHIIIe
kopucrysarucst popmyaoro (19):

r—1 y—0 z—-5 r—1 y—0 z—-5
2—-1 -7-0 3-5|=0 = 1 -7 -2 | =0.
—-1-1 1-0 2-5 —2 1 -3

Po3K/1a126MO BU3HAYHUK 32 €JIEMEHTAMHU HEPIIOTO PSAJIKa,
(x—1)21+2)—y(-3—4)+ (2 —5)(1 —14) = 0.
OsepzKyemMo 3arajibHe PiBHSIHHS IJIOIIMHHY.

Bignosias: 23x + 7y — 13z + 42 = 0.

2.4 3araJjbHe PiBHAHHS IIPAMOI y IIPOCTOPI
Ao asi wiomuan A1z + B1y+Ciz+ Dy = 01 Asx+ Boy+Coz+ Dy = 0 y ipocTopi He napaJiesibHi,

TOOTO MEePEeTUHAIOTHCS 110 MPSIMIiil, TO 15 MpsiMa MOzKe OYTH 3a/laHa CUCTEMOIO PIBHSHD:

{ A1m+Bly+C’12+D1 =0 (22)

A2$+Bgy+CQZ+D2 =0
Busnauenns 2.6 Pisnannsa (22) nasusaemvca 3a2aioHuM PiSHAHHAM NPAMOL Y NPOCMOPI.

B nacrynmnomy naparpadi 3’cyemo, 3a Kol ymMOBU Ha KOe(IIIEHTH, MJIOIIMHU MEPETUHAIOTHCS I10
IpsMiil, Ta gKi KOOpJIUHATH Ma€ HAIIPIMHHUN BEKTOD INET IIPSIMOI.



3 DBzaemHe po3TalllyBaHHY HPAMUX Ta MIJIOMIAH

3.1 /IBi miomuHM 3araJibHOTO PO3TAIIlyBaHHS

Tsepmxenns 3.1 (IIpo neperun aBox muomuu) Hezal ¢ 061 NA0OUWUHY 13 342AADHUMU PIGHAN-
namu A1z + Biy + Ciz + Dy = 0 1 Asx + Boy + Caz + Dy = 0 maxi, wo eexmopu {Aq, By, C1} i
{As, By, Cs} ne xonineapni. Todi ui naowunu nepemunaromues, ix nepemunom € npama, HanpamHum
BEKMOPOM ULEL NPAMOL € 8EKMOP

B, G| | A Gy A B (23)
BQ Cz ’ Az Cz ’ AQ B2 '
Hosenenns. Hekonineapuicts BekTopis { A1, By, C1} 1 {As, B, Co} 03ua4ae, M0 0JUH i3 BU3HAYHUKIB
B, Ci A G A B
B2 CQ ’ A2 02 ’ A2 BQ
He JopiBHIOE HY/TI0. Hexait
Al Bl
‘ R

Tozi 6epemo BiIbHOW 3MiHHOIO z ( 2 TpuiiMae Oyib-sKi 3HAYeHHs1) i 3HAXOAMMO 3MiHHI Z, Y i3 cucTeMn
pPiBHSHD

Asr + Boy = — Dy — Caz,

0 3a/af0Th mIonuun, 3a dopmyaamu Kpamepa. OpepKyemo

{ Ayx+ By = —D; — Chz,

—D1 - C’lz B1 D1 B1 01 Bl
o —DQ - CQZ B2 o DQ BQ CQ Bz
e A B T4 B | 4 B
AQ BQ AQ BZ AQ BZ
Al —D1 — ClZ Al D1 Al Cl
o A2 —DQ - CQZ - Ag D2 AQ 02
v= A B T A B | A B
AZ BZ AQ BQ A2 B2
[Toznauugin
Dl Bl Al Dl
D2 B2 A2 D2 z
Xo=—"7T——7= 75 Yo—= — , 20=0, t=
Al Bl Al Bl Al Bl
AQ BQ A2 B2 A2 BQ

OJIEPKYEMO PIBHAHHSA M€OMETPUIHOTO MICIS CHIMBHUX IS TBOX ILIOMIHH TOYOK.

( B, C
xr = To+ B; C; . t,
o A Gy
Y="Yo— A2 CZ ' t, (24)
Al Bl
= 2o+ -t
[ 7 |4 B

PiBustast (24) € mapaMeTpuIHAM PIBHSHHSAM IPSIMOI, 10 TPOXOIUTH Yepe3 TOUKY (o, Yo, 0) B HATPSAMKY
BekTopa (23). Teopema moBenena



Ipukaazn. OO6uuCIIMO HAIPSMHII BeKTOP d = {a1, a2, 3} IPAMOT, [0 SAKiil epeTHHAIOTHCS IIOITHHH
y—224+1=0,2z -2y —2—-9=0.
Dopmyiia (23) gae nam qucia

1 =2
-2 -1

0 1
2 =2

0 -2

‘:—5, CLQ:—‘2 1

-t ey

-

AKio noTpibHO 3HANTH PIBHAHHS II€] UPAMOI, TO HA NPAKTHUI 3Py4Hillle HE BUKOPUCTOBYBATHU
dopmysn, a MpPoCcTo BUPA3UTHU JBI 3MiHHI Yepe3 TpeTrio. [lokarkeMo Ha MbOMY TPHUKJIAJI.

y—2z4+1=0, y=2z—1, y=2z—1,
{ é{ y—z—9=0

20 -2y —2—-9=0 20 —2(22 — 1 20 =52 —-T7=0
7
2 2 z2=2

3miHHa 2 — BUIBHA, JII TOTO, MO0 M030aBUTHCH APO0IB, MU B3siin 2 = 2t. OTKe HANPSIMHUN BEKTOD
npamoi @ = {5, 4,2} . Hanpamunii BeKTOp IPAMOI BU3HAYAETHCA 3 TOYHICTIO JI0 KOJIHEAPHOCTI, TOOTO
KOOD/IMHATH HAMPSIMHOIO BEKTOPA MOXKYTh BIIPI3HATHCS MHOXKEHHSIM Ha T€ caMe YUCJI0 (B HAIIOMY

BunaKy e (—1)).

3.2 IlapaJjiejbHICTh JABOX IJIOIIUH

Teepmxkenus 3.2 (YMoBa napajieIbHOCTI ABOX IJIOLINH) /]61 NAOWUHY, U0 MAOMY PIGHAHHA
Az + Biy+ Dy = 0, Asx + Boy + Csz + Dy = 0, napaseavri modi i minvku modi, KoAU 6EKMOpU
1y = {Ay, B1,C1} 7iy = {Ag, Ba, Cs} koaineapni.

JoBenenHs. ¢IKImo BeKTOpH 711, fio HEe KOJiHEAPHI, TO 3a TBEPIAKEHHAM 3.1 IJIOMMWHE MalOTh €IUHY
CHLJIBHY NPsAMY 1 He 36irafoThCs, 0TKe, He apaJie/ibhi. Jlummuiocs qoBectu, Mo y BUNAJIKY KOJIIHEAPHOCTI
X BEKTOPIB IJIOMWHU TapaJesbHi.

Hexaii BekTOpH 711, 112 KOJTiHEpaHi, TOOTO /JId JESIKOTO YHCJIa A BUKOHYETHCSA PiBHICTH

ﬁzz)\ﬁl = A2:>\A1, BQZ)\Bl, 02:)\0]_.

Toxi BuHEKaOTH jaBa Bunajgku: Koau Dy = ADq i komu Dy # ADq. fkmo Dy = ADq, T0 piBHSAHHS
ILJIONIUH PiBHOCUIbHI, MHOKHHU PO3BS3KIB Yy HUX 30iraloThbCsl, OTKe BOHHU 33Jal0Th OJHY 1 Ty K
wromuny. A konmu Dy # A\Dq, Toai cucrema piBHSIHD

A+ By + Ciy + Dy =0,
)\Alx -+ /\Bly + )\012 -+ D2 =0

HeCyMicHa, PO3B’S3KIB HEMAE, 1 IJIONUHU HE TIePEeTUHAIOTHCS, OTXKe, MapaJjiesbHi.
Kinemns mosemenns.

3.3 IlapaJjieqibHICTH IJIOIIWHY 1 BEKTOPA, NaPaJIEJbHICTD IJIOIIUHY 1 ITPAMO]

Tsepmxkennd 3.3 (IIpo mapasenbHicTs BekTOpa i muommuan) Bexmop d = {a1, az, a3} napa-
AEALHUT naowuns T, wo 3adana pisuannam Ax + By + Cz + D = 0 modi i miavku modi, xkoiu
BUKOHYEMBCA PIBHICTND

Aay + Bag + Caz = 0. (25)



HoBenenus. OCKiIbKY BITbHII BEKTOP ¢ MOXKHA, BiIKIa1aTH Bi OY/Ib-IKOI TOUKH, TO BiIKJIaIEMO
itoro Bix Touku M (z1,y1, 21), KA JIEXKUTH Y IIOIIAHL T, TOOTO

A%l + Byl + CZl + D =0. (26)

BekTop d 6y/ie mapajieJibHUM ILIONIHHL 7T TO/I 1 TiibKu Toi, Kou Kiuerb N (xg, Y2, 29) BIIKIAIEHOTO

—
BekTopa MN = {x9 — T1,Y2 — Y1, 20 — 21} = {a1, az, az} nexurh y mwiomuni 7, TO6TO KOJIU
AQ?Q + Byg + CZQ + D = 0, (27)

Axo+ Bys +Cz+ D = Ax1+ By + Cz + D,
A(]?Q — 371) + B(y2 — yl) + C(ZQ — 21) = 0,
Aa1 + B(lg + CCL3 = 0.

n
Hapenemo mpukaan. ZKimmo miaomuHa 7 33/aHa PiBHAHHAM 22 — 3y + 5z + 15 = 0, TO BekTOp
a = {7,—2,—4} napasenbuuii mionuui 7 , oMy mo 2-7+3-2—5-4 = 0, a BeKTOp b= {1,2,1} ne
napaseTbHAN mwiommai 7w, Tomy mo 1 -2 —3-24+5-1=1%#0.
[IpsiMmuM HACIIKOM TBED/KEHHS PO MMaPaJIe/IbHICTh BEKTOPA 1 IJIONUHU € TBEPKEHHS PO
napaJsebHICTh MPAMOI, SKa 3aJaHa BEeKTOPHUM DPIBHSHHSM, i IJIONUHU, SKA 33/aHa 3arajbHUM
PIBHSHHSIM.

Teepaxkenns 3.4 (IIpo napanenbHicTs npsamMol i miomuan) Iliowuna, wo 3a0ana PisHARHAM
Ax+ By+ Cz+ D =0, i npama, wo 3a0aHa DIGHAHHAM

T Zo aq
y =1 % | +t| a
z 20 as

napasesvri modi i miavky modi, Koau SUKOHYEMbCA pishicmo (25).

3.4 B3aemHe po3TanryBaHHA MPAMOI Ta IJIOMINHU B adiHHOMY IIPOCTOPi

Posriisinemo B ipoctopi npsmy [ 3ajany napaMeTpUYHO 1 IJIOMMHY T 33/IaHy 3araJbHUM PiBHSIHHSIM.
Bzaemue posrairyBanHsi HPSMOI i IJIONUHUA OMTUCYETHCS TAKUM TBEP/IZKEHHSIM.

Tsepmxkeuusa 3.5 Hexati npama | i naowuna © 3adani préHAsHHAMU

T = 29+ ait
l: y=yo+ast, w: Ar+By+Cz+ D =0.
z=2zy+ ast

Tooi
a) LN = {eduna moura} modi i miavku modi, koau Aa; + Bas + Caz # 0;
6) || m modi i miavku modi, koau Aay + Bas + Caz =0 i Axo+ Byo+ Cyo + D # 0;

6) | C m modi i miavku modi, koau Aay + Bag + Caz =0 i Axg+ Byo+ Cz+ D = 0.



Hoseneunns. /g Toro, mob 3HANTH TOYKH IMePETUHY IPAMOI 1 IJIOMMHI, MU ITACTABUMO L, Y, 2
3 TapaMeTPUYIHOIO PiBHSHHS IPsSMOI B 3arajibHe piBHAHHA MIOMUHA. OTpUMAEMO

A(.To + alt) + B(yo -+ agt) -+ C(ZO + agt) +D=0
1 HaBeIIeMO TOMIOHI IIOIO ¢
(Aay + Bay + Cag)t + Azg + Byo + Czy+ D = 0.

dAxmo Aa; + Bas 4+ Cas # 0, To niHiiiHe piBHAHHSA Ma€ eIUHUI PO3B’SI30K

_Axo + Byo + CZ() + D
Aa1 + BCLQ —|— C(Ig '

to =

3 reomerpuunoi Touku 30py ymoBa Aa; + Bas + Caz # 0 o3nauvae, mo mnpsiMa Ta TUIONIMHA HE
mapaJesbHi 1 iCHye €nHa To4YKa iX nmeperuny. Ha mpsamiii miit Todmi BiIIOBI/Tac 3HAUYEHHS TapaMeTpy
t = ty, KOOpAUHATH TOUKH Hepetuny: (xrg + aito, ro + asto, 2o + asty). [IyHKT a) q0BeIEHO.

Axmo Aay + Bas + Caz = 0, ane Azg+ Byy+ Czg+ D # 0, 1o JiiniiiHe piBHsHHS HE Ma€ pillleHb,
T06TO mpsiMa 1 MJIONIMHA He MAIOTh CHUIBHUX TOYOK, BOHM napaJesbHi. [lyHKT 6) 10BeeHO.

Axmo Aay + Bas+Casz = 01 Azg+ Byg+ Czy+ D = 0, To MHOXKHWHA PillleHb JIHIHHOrO PiBHSIHHS
Vt € R, 10610 11pu OyIb-aKOMY 3HAUYEHHI IapaMeTpa KOOpP/MHATH TOYKHU Ha MpIMiil 38 0BOJTbHAIOTD
PIBHSIHHIO TLJIOIIAHU, IO JOBOIUTD B).

YmoBa Aa; + Bas + Caz = 0 o3navae, 1110 HAIPAMHUNA BEKTOD HPSAMOI HapaJjie/IbHUil [LJIOIIUHI.
MozkuBi jBa Butaiku: abo npsiMa rnapaJiesibHa IJIOIIHI, ab0 NnpsiMa HaJIeKuTh 1oiuHi. [le moxxHa
HepeBIPUTH HACTYIHUM YHMHOM: IMiJCTABUTU KOOPJAMHATH OY/b-AKOT TOUKHU (T, Yo, 2p) HA NPAMIl B
3araJibHe piBHAHHSA ILIOMUHA, 9Km0 Axg + By + Czo + D # 0, T0O Mu Mae€M0O TOUKY Ha HpsAMiii, g9Ka
He HAJEeXKWUTh ILIONMHI — IpsMa 1 IJIOIMMHA HapaJseabHi; akmo Axg + Byg + Czy + D = 0, To i3
YMOBH TapaieTbHOCTI BUILIUBAE, IO 1 BC1 1HIT TOYKHW TPSIMOI HAJIEKATH TLTOTITAHI.

n

3.5 DB’a3ka Ta >(KMYTOK IIJIOIIUH

Buznauenns 3.1 XKmymkom naowur HA3UBAEMBCA CYKYNHICMD YCIT NAOUUH, U0 NPOTOOAMbL
wepes 3a0aHY NPAMY,

Tsepmxkenns 3.6 (IIpo »kmyTok miomuH) [Ipunycmumo, wo npama Yy mpusuMipHoMmy npocmopi
3adama AK nepemur 060X HENAPAAEALHUL NAOULUH T1, To 13 3G2AAHUMU PIBHAHHAMU, 610N0610HO,

Aix+ By +Ciz+D; =0 (28)

Asx + Boy + Csz + Dy = 0. (29)

Todi naowura T3 13 362aN40HUM DIEHAHHAM
Agl’ -+ Bgy —+ 032,' -+ D3 =0. (30)

HAACHCUMD HCMYMEKY NAOULUH, WO NPOTOOAMb YEPE3 6UOPAHY NPAMY, 6 MOMY & MINLKU TOMY
sunadky, xoau oaq deaxux A, € R, N2 4 p? # 0 suxonyromoca pierocmi

A3 = /\Al + ,MAQ, Bg = )\Bl + /LBQ, Cg = )\Cl + /1/02, D3 = )\Dl + MDQ.



Hosenenns. BuGepemo Tpu miomuau gk B yMoBi Teopemu. Ockinbku piBasaHs (28), (29)
3aJa10Th psiMy (OTKe, IIOIUHA He MAPAJIETbHI), TO OJUH i3 TPHOX BU3HAYHUKIB

By Cy A Gy Ay By
BQ Cg AQ OQ A2 Bg
He HYJIbOBWIil, — JIIst BU3HAUEHOCTI Oyaemo BBaxkaru, mo di; # 0. Toxai cucrema piBHSIHB

AA; + pAy = As,
)\Bl + /LBQ = Bg

d1:

) dQZ‘

) d3:‘

3 HEBIJIOMHMH A, [t MA€ PO3B'A30K A = Ao, [t = [l 1 IO TOTO K €IuHuii. [3 TOTO, 10 BCi TPH ILJIOIUHA
1, T2, T3 MPOXOJATH Yepe3 OJHY MpPsIMY, BHILIMBAE, 10 MHOKHHA PO3B’s3KiB cucremu (28), (29), (32)
HeckinuenHa. Bignimemo Big pisusinns (32) piBasinas (28), momMHOXkKeHe Ha Ao i BiJlHIMEMO DiBHSIHHS
(29), nomuoKkene Ha (o . OnepKUMO PIBHSIHHS

(Cg — )\001 — /L()CQ)Z + (D3 — )\Dl — [LDQ) = 0. (31)
VY sunajky, koan (Cs — \gCy — poCs) # 0, pisansg (31) Mae eauHuii po3BA30K 2 = zo , CHCTEMA

Ayr + By = —Chz — Dy,
AQI + Bgy = —CQZO - D2

TAKOXK Ma€ €JIMHUI PO3BSA30K, 110 CYNEPEUYUTh HPUITYIIEHHIO PO iICHYBaHHS CHJIbHOI Tpsimoi. Takum
quHoM (C3 — \gCp — ppC2) =0,  Cs5 = A\oC + poCs 113 (31) Buniusae

(Dg - )\Dl - ILLDQ) = 0, D3 = )\Dl + ILLDQ

Ocxinpku xou omme i3 uncen As, Bs, C3 ne mymanose, To A2 + p? # 0. Teopema moBesenHa.
[
ITpuksiaa. 3HaiiT WIOMKHY, 0 TPOXOIUTH Yepe3 Touky (—1,1,3) i mpsamy

(32)

20 4+3y—2+7=0,
—r4+22z—11=0

[Tumemo piBusiHHS TOTPIOHOT HAM ILIONIMHE 3 HEBIIOMUME A, [, TOOTO PIBHSHHS *KMYTKY ILJIOIIUH,
K1 BU3HAYAIOTHCS JQHOIO MTPSIMOIO:

AN2x 43y —2+7)+ p(—x+22—-11) = 0. (33)
OcKiJIbKY HalIa IJIOMMHA TOBMHHA PoXoauTH epe3 touky (—1,1,3), To
M—24+3-3+7)+pu(l+6-11)=0, 5\ —4p = 0.

Bubupaemo omun, Oy/ab-skuii HEHYJIbOBUIT POB3BA30K, HAUPUKAL: A = 4, = 5. PiBHsgHIM nrykaHoi
IJIOMUHU Oy/1e
422 +3y — 2+ 7) +5(—x + 22— 11) =0,

3r+ 12y + 62 — 27 = 0.

Busznauenns 3.2 Cim’a naoujun, wo nporodams uepes 3a0any moywKy, HA3UBAEMBCA 8 A3KON0 NAOULUH.

Teepmxkenus 3.7 (npo B 43Ky miIommH) [1iowuna o i3 3a2aA0HUM DIBHAHHAM
Ar+By+Cz+ D=0 (34)
nporodums wepes mouky (To, Yo, 20) Modi i MiALKU MO, KOAU i1 MOACHA 300AMU DIBHAHHAM

A(x — x0) + B(y — o) + C(2 — z) = 0.



Hosenenns. [lnomuna 7 i3 3aranbauM piBHsgHHAM (34) TpOXoauTh Yepe3 TOUKY (Zg, Yo, 20) TOM i
TITBKHU TOMI1, KOJII

A$0+By0+CZo+D:0,

abo
Ar+ By+Cz+ D = Axg+ Byy+ Cz =0,

TOOTO
A(x —x0) + By — yo) + C(z — z9) = 0.

]
ITpuksan. PiBasguus BCIX WIONIMH, O TPOXOAATH Yepe3 Touky (3, —2,5) mators Burasy A(r —
3)+B(y+2)+C(2—5) =0.

4 IlnomumHA B €BKJIJOBOMY TPUBHMIPHOMY IIPOCTOPI

B npoMy po3iiii Mu BBazKaeMo, 110 3a/iaHa MPsIMOKYTHA JeKapTOBa CUCTEMa, KOOP/IMHAT B €BKJIJJOBOMY
TPUBUMIpHOMY TpocTopi. Binmosigno, € cka/isipauii, BeKTOpHUII 1 3Mmimanuii JJ00YTKN BEKTOPIB, MU
MOKeMO OOYHCJIIOBATH KYTH MiK BEKTOPAMH, BiJICTAHI MiK TOUKAMH.

4.1 HopwmaJib, BEKTOp HOPMaJii, BEKTOPHE PiIBHAHHS ILJIOIIIMHA

Busnauenns 4.1 [lpamy, wo nepnenoukysspHa niousui, Ha3usaromsv HOPMAAI0 00 NAOULUHY, G
HEHYABOBUT BEKIMOP, WO NAPAAEAOHUT HOPMAAL, OMIHCE NEPNEHOUKYAAPHUT NAOULUHT, HA3UBAIOMD
8EKMOPOM HOPMANL.

TBepmxkenad 4.1 Pisnans
(,7) =a (35)

de 1 — 3adanuli nenyavosutll exmop, a — 3adane dilicHe Yucro, T — padiyc-6eKmop 3MIHHOT MoUKU,

3a0a€ NAOWUNY, ONA AKOTTL € 6EKMOPOM HOPMAAL, | OYIb-AKA NAOUSUHA MOdICE OYMU 300aHA PIEHAHNAM
suzaady (35).

=
=y
|
S
3

S

ol

Puc. 1: [Tnomuua, mo 3aJaHa BEKTOPHUM PIBHAHHAM (71, T) = a.

Hosenennsd. [Ipunycrumo, 1o IIOMKHA 3a/aHa BEKTOPHUM PIBHSIHHAM T° = T + Ud + b i BEKTOD 71
HepleHnKy s pHuii it miommni, To6ro (7, @) = 0, (77, b) = 0. Toxi (71, 7) = (7, 7o) +u(i, @) +v(iF, b) =
<ﬁ, 770> = a.

HaBmakm, Hexaii MaeMO HEHYJILOBHUII BEKTOpP 7, MifiCHE YHCIO a i IKUil-HEOYIb BEKTOp T, /IS
akoro (1, 7) = a. Toxi ToOUKa 3 pPajiyCOM-BEKTOPOM T JIEXKUTh y IJIONIMHI, 10 NPOXOJUTH dYepe3

TOYKY 3 Pa/liyCOM-BEKTOPOM 7 MEPIEHIUKYISIPHO BEKTOPY 7 TOJI 1 TLIBKY TOJi, KOJIH
(f, 7 — 1) = 0, (ni, ™) = (1i, 7o) = a.

loBeenns 3aBeprieHe.



n
[Tepenumemo piBusaug (35) 3 BuKOopucTanHsaM Koopamuart. dAxmo 7 = {A, B,C}, 7 = {z,y, 2},
10 piBHsinHs (35) npuiime BULJIsT

Ar+ By+Cz+ D =0, (36)
jie D = —a. Mu obrpyHTyBa/iu HACTyIIHE

Tsepmxkenns 4.2 (ITpo BekTop HOpMadi) Skuo cucmema koopdunam npamokymmua dekapmosa,
mo 6 3az2asvromy piehanni naiouuny Ax+ By+Cz+ D = 0 eexmop {A, B,C} € sexmopom Hopmani.

4.2 PiBHIHHA IJIOIMWHU “depe3 TOYKY MEePHEeHINKYJIdPHO BEKTOpYy

BekTopHe piBHSHHS IJIONUHE, IO POXO/UTH Y€PE3 TOUKY 3 PaJIlyCOM-BEKTOPOM T( MEPIEH IUKY/ISTPHO
BEKTOPY 7:
(n, 7 —19) =0

[Tepenumenmo ne piBHgHHA B KoopauHarax. OTzKe, piBHSHHA IIONIMHA, 9Ka IPOXOJUTDL Y€pe3 TOUKY
7o = {0, Yo, 20} mepnenaukynsipuo Bexkropy 11 = {A, B, C}:

A(x —x0) + B(y — yo) + C(z — 29) =0, (37)

Busnagenus 4.2 Pisnanns (37) nasueaemoves pi6HAHNAM NAOUUNY “4epes3 MOUKY NepnendukyiipHo
sexmopy".

4.3 DBsaemHe po3TalllyBaHHS MPAMUX Ta IJIOIIUNH B €BKJIJOBOMY ITPOCTOPI.
Kyt mixk mrommaavu KyT mixk IpgMoI0 Ta MJIOHIMHOIO

Ha eBKJIiIOBifi [IONMHI B3a€MHE PO3TAIIYBAHHS MPIMHUX Ta IUIONMH (MPAMA Ta IJIOIAHA MePeTH-
HAaIOThCA B €IUHII TOYIl, MapaseabHi, abo IpsgMa HATeKHUTh ILTONUHI; IIOMIUHA TePeTHHAIOTHCS 0
upsiMiii, mapasesibai a60 CHIBIAIAIOTH) BUBHAYAETHCS THMHU 2K YMOBaMH, 110 i B abiHHOMY POCTODI.
AJte B eBKJIIOBOMY MPOCTOPI MU M€ MAa€MO 3MOTY BHPAXYBATH IMiJ IKUM KYTOM IePETHHAIOTHCS
ITOTWHY, IPIMi Ta MpAMa 3 IJIONTHHO.

Kyt mixk npsmumu. IIpsami [; ta [y abo mepeTnHAOTHCs, a60 mapaJebHi (CHiBIajaoTh), abo
€ MUMOOIXKHUMHU. SIKIIO TpsMi MepeTHHAIOThCSI, TO KYTOM MiK HHMH BBAayKa€TbCs HaWMeHIIHH 3
YTBOpEHUX HUMHM KyTiB. ZIKI10, npsmi napaJiesibii ado CHiBIAIAI0Th, TO KYT MiK HUMU HPUITMAETHCs
piaum 0. ki x upsMi MuMobGizKHI, TO KyTOM MiXK [ Ta [y BBa:Ka€ThCs KyT MixK [; Ta npsamMoro [
Takoto, mo Iy NIy # 0 ra ll || ls.

Otke, B Oy/Ib-IKOMY BHIIQJIKY KYT (0 MizK IIPAMUMHE — I1€ TOCTPHUil KYyT MiK HAIPIMHUMHI BEKTOPaMHU
IpAMUX, TOOTO

cosp = |cos(d, " dq)| =

Kyt mixk numommaamu. KyroMm Mixk mionuHaMu Ha3uBaEThCsl HATMEHITHIT 3 IBOX JIBOI'DAHHUX
KyTiB, gKi yTBOpeHi 1nuMu mjionmaamu. Mipoio JIBOrPaHHOrO KyTa € KyT MizK HPIMUMU, K1 IepIleH-
JUKYJISPHI peOpy aBorpanuoro kyrta. Lleit KyT H0piBHIOE KyTy MiK TPIMUMHU, SKi MEPIeHIUKY/IsPHI
3aJIAaHUM TLJIOMIIHAM, TOOTO MAIOTh HAIPSIMKH BEKTOPIB HOpMAaJIeil TLIOTIIH.

OTxKe, KyT ¢ MizK IJIOMUHAMEA — Te TOCTPUil KyT MizK BEeKTOPAMU HOpPMaJieil MIOMHUH, TOOTO

I ny, T
cos p = | cos(7y n2)|:%.



Kyt Mixk npgMoio Ta miommuHo. KyT ¢ MiXK IpsaMoi0 Ta IIOMHUHOIO — I TOCTPHUil KyT MikK
IpAMO0 Ta 11 OPTOrOHATBLHOIO MPOEKIEI0 Ha IJIOMIHUHY, TOOTO Tie TOCTPHil KYT, AKH JOMOBHIOE 0
MPSAMOTO KyTa KyT MiK HaIPSIMHUM BEKTOPOM IPAMOI Ta BEKTOPOM HOPMaJIl ILJIOIIUHU:

. o (@ 7))
sing = |cos(@™n)| = m,

Jie d — HAPSIMHUI BEKTOP MPSIMOI, 7 — BEKTOP HOPMaJIi IJIONHHH.

/]

oy

St

4.4 BiaxuaeHHd BiJ ToYKH a0 moniumau. HopMmaJjibHe piBHAHHS ILJIOMINHMN.

Koxkna mionmuna JiIHTh TPUBAMIPpHUHI JiICHEI ITPOCTIp Ha JBa HIBIPOCTOPH: Bi/IPI30K, AKHil 3'€THYE
TOYKHU OJTHOTO MIPOCTOPY, He TepeTUHAE IIONMINHY, a KO KIiHII Bipi3Ka JiekaTh B Pi3HUX MiBIPO-
cTopax, To el BIJIPI30K IepeTuHae MJIOMUHY.

Busuauenns 4.3 Hexati o — naowuna i Vi, Vo — dea nisnpocmopu, wo 6usHa4aomves naousuHo 0
a, d =d(M,a) — sidemans 6id mouxu M do naowuru . Qynryis

d(M,«),  akwo M € V],
(M) = 0, akuo M € a,
—d(M, ), axwo M € Vs,

HA3UBGEMDBCA BL0TULEHHAM Mmouku M 610 niouunu o.

s npuksany, skmo Touka M mae koopaunaru (g, Yo, 20), TO Yy Oyae Biaxunenns rouku M Bin
KoopauHaTHOI taomuan r02.
Metoto nogaJibioi podboTn € 3HAXOKeHHsT (DOPMYJIH JJIsd TMiAPAXyHKY BIJIXUJIEHHS TOYKU Bijl
ILIOIIUHMA i, BIAMOBITHO, 3HAXOMXKEHHS BiJICTaHl BiJ TOYKH J0 ILIOIIUHM.
Po3rigiHeMo BUNAIOK, KOTH B 3arajJbHOMY piBHsHHI (36) moBKuHa BekTopa HOMami 11 = {A, B, C'}
JIOPIBHIOE OJIMHUIIL]:
7> = A2+ B>+ C* = 1.

Busnauenns 4.4 3azaavre pisnanns naowuny (36) Ha3u6aEMbCas HOPMANOHUM, AKULO
A4+ B*+C*=1.
1106 3araibHe piBasiHHs (36) IIEPETBOPUTH B HOPMaJIbHe, MOTPIOHO po3aiiuTu fioro Ha v A? + B2 + C?

Busnauenns 4.5 [lepexid 6id 3a2aavhozo pishanns (36) do nopmasvrozo
A L B L C n D 0
x z =
VETBE 2 VR VELBRLCR  JERLiBiC

Ha3ueacmvcAa HOPMYBAHHAM 3020/4bHO20 piGHﬂHH.ﬂ.




ITpuknaa. 3araabHe piBHAHHSA
br—3y—2z24+1=0

He € HOpMaJIbHUM, OCKijibkH 52 + 3% + 22 = 38 # 1. 11106 iforo HopMyBaTH, 110TPiOHO PO3i/in HaA v/ 38.
PiBugnnga

5 3 2 1

T — — z+ =0
V3R BsY V3 /38

€ HOPpMaJIbHUM.

TBepmkenns 4.3 (upo BigxusienHnsi Touku Bix miomuan) Hezali sexmop i = {A, B, C'} mae
dosorcuny 1, |1i|> = A% + B* + C? = 1 i naowuna o mae 6eKmophe piHANHHA

(M, 7y =a

I HOPMAALHE DIBHAHHSA
Ar+ By+Cz+ D = 0.

Ilosnavumo 7y padiyc-eexmop dosiavroi mowku M (x,y, z) npocmopy. Todi dynruyis
(M) = (n,ry) —a (38)

ab0o
§(M)=Ax+By+Cz+ D (39)

e sidzunenram 6id mouxu M do 3adanoi naiowsuru.

Hosenenns. Bubepemo Touky N 3 pagiycom-BekTopom 7o = {Zg, Yo, 20} Ha maomuni «. Toxi
<ﬁ, F0> = a, AZL‘O + Byo + CZ() + D =0.

—
s nosinbuoi Toukn M 3 pagiycom-sexropom 7 = {z,y, z} y npocropi 6yyemo Tpu Bekropu NM =
T—To, M, hTak, mo (aus. puc. 4.4) M napajejbHuUi MIOIKHI & (€ OPTOrOHABLHOIO TPOEKITIEI0 BEKTOPA
7' — 7o HA UIONUHY «¢), h MepueH uKyJISpHU IIOMHHI o i
s — — — T
NM =7—7y=m+ h.
B mux mo3HaveHHSIX YnCI0

(i, h) = |ii| - || cos p = 1-|h| cos o = £[h|, ¢ € {0,}

oyzae Biaxuaenusm Touku M Bix mionmuan «. KyT ¢ Tyt Moxke npuitmaru jaBa 3uadenns 01 7. ko
¢ = 0, To Touka M i KiHempb BeKTOpa HOpMaJIi 17, BiIK/JIaJeHOI'O Bij IJIONUHU (v JIE?KATh B OTHOMY
MIBIIPOCTOPI, & FIKIIO ¢ = T, TO B PI3HUX MIBIPOCTOPAX.
Ockinbku
(1, 7o) — a = (T, Ta) — (7, 70) = (i, "y — 7o) = (7, M + h) = (i, m) + (77, h) = (7, h),
TO c1oci6 (38) obunC/IeHHs BiIXUICHHS TOYKU BiJl TIONIUHE € KOPEKTHUM.

B koopjunarnomy 3armuci

(i, 7y) = Az + By + Cz, (i, 7o) = Azxg + Byo + Czo.

OckiibKY Ty — paJlilyc-BEKTOP TOYKHU IJIOMIUHU (¢, TO

Axg+ Byg+Cz+ D=0, D=—Axy— Byy— Cz



@)

Puc. 2: Tliomuua 3agana piBasguasM (77,7) — a = 0, 1 — BEKTOp HOPMAJi OJMHUYHOI JOBXKUHU,
Touka N JI€KUTH Yy ILIOMIMHI i 11 paaiyc-BeKTOp IOpiBHIOE Ty , M - MOBiIbHA TOYKa HTPOCTOPY 3
PaJlilyCOM-BEKTOPOM T, 7 — HPOEKI[is BEKTOPA Ty — T Ha IJIOIIMHY, BEKTOP h= (P — 7o) —m
HepHeHnKyIApHuil mionuni, (77, 7y) —a = 0(M) - Biaxuaenust Big roukn M 10 nyomunn, [0(M)| =
d — Bigcranb Big Toukn M 10 TJIONUHMA.

<ﬁ,FL>:(ﬁ,F—ﬁ)):A$—{—By—l—C’z—Aaso—By0—Cz0:Aa:~|—By—|—Cz+D

Orxke croci6 (39) obuucienHs BiIXuIeHHs TOYKH Bi/l IUIONMHE TAKOK € KOPEKTHIM.

]

BayBakeHHs. K0 piBHAHHS 1WIONMHU 3ajane y surisial (7,7 — 7o) = 0 (|7 = 1), 1o
BiaxmyierHsiM Touku M Bij mionmuau Oyie:

S(M) = {73, 7o — 7o) (40)

SIKIo st po3B’si3aHHSI KOHKPETHOI 3a/ladiM HaM He IMOTPIOHO 3HATH BiJACTaHb BiJ TOYKH 0
ILJIONIUHY, & IOTPIOHO JIUIIE BCTAHOBUTH B IKOMY HiBIIPOCTOPI BiTHOCHO ILJIONUHE 3HAXOIUTHCA TOYKA,
TOOTO HAC IIKABUTH TLIbKU 3HAK BiAXWJIEHHS, TO PIBHAHHS ILIONUHA MOYKHA HEe HOPMYBATH.

4.5 Biacrasb Big TOYKHU A0 HJIOMITHU

SIK1I0 nIoImMHA 3a1aHa HOPMAJILHUM PIBHAHHSIM, TO BiACTaHb Big Touky j10 miomman — ne d(M, o) =
|0(M)| (muBuch Bignosigui dbopmynu st 6(M)).

TBepakenns 4.4 (npo Bigcranb To4YkM Bixg miaomuuan) Heral niowuna o Mae pi6HAHHA
(ni,7) = a, abo (i, 7y — 7o) =0, abo Ax+ By+Cz+ D =0.

Todi sidcmans 6id mowku M(xq1,y1,21) ¢ padiycom-6exmopom Ty 00 NAOWUHY & 00HUCAOEMBCA
610061010 34 Popmyramu

m,Tv) — a
d(M,a) = % (41)
d(M,a) = |<”’”‘i_i_ 7o) (42)
A B D
d(M,O():’ r + y1+021+ ’ (43)

VELBEIC?



4.6 BiacraHp BiJl TOYKHT JI0 IIPAMOI y IIPOCTOPI

Hexaii npsma [ y npocropi 3ajana piBHgaHHAM 77 = 7 + dt. 3uaiijemo Bijcranb Bijg Touku M 3

y it 0 A A A
PaJlilycoM-BEKTOPOM 7 J10 Tipsimoi [. Posriisinemo napaJiesiorpam, 1moby/10BaHuii Ha BeKTOpax 7 — 7 1
a. Illykana BijcTanb JOPIBHIOE BUCOTI h IBOTO mapaJejorpama.

M
l
7 a
A
To
O
[Lnoma mapanenorpama S = |@| h. 3 inmoro 6oky, S | — 7o, @ ‘ Otzxe,
‘[Fl — T, ELH

h:

|dl
Banumniemo 110 popMysiy B iHImUX no3Havdennsax. Hexail na npsmiii [ Bigomi Koopaunaru Touku A Ta
HaIPSMHOTO BeKTopa d. Bigcranb h Big Touku M mo mpsvol [:

p = 1AM d] (44)

|_)|

a

4.7 CoutbHUN NEPIEHANKYJIAD JTBOX MUMODIXKHUX MPAMUX

Hexaii [, : 7= 7"1—|—a1t ily: 7= rTy+dot — - Bl MI/IMO61)KH1 npsMi B mpocTopi. CHiIbHU HepIepIuKyasp
Ma€ HAIPAMOK N = [dy, @), ockinbKu N1aiN L a.

Posrnanemo mromunn 7p: 7 = 71 + diu + Nv Ta To: T = Ty + dout + No. i mromunu He
napaJiesibHi, BOHH MEePEeTHHAIOTHCA MO MpaMiil [ = 7 N o, MO Ma€ HAIPSIMOK N.

[pami [ ta [; o6uaBi JekaTh y MJIOMMHI 71 1 He MapaseabHi (BOHU MepHeHUKYISIPHI), OTKe
npsma | nepeTuHae npsimy [y I IPSMAM KYTOM.

AHaoriaHo J0BOAMMO, IO MpsiMa | TepeTHHAE TPAMY o i1 MPSIMIM KYTOM.

Otxke, nmpsMa [ i € myKaHuil COUIBHUI MepneHanKyaap. Bunumemo iforo piBHAHHA. 3ammimeMo
PIBHAHHS TJIOTIUAH Y BUTJISIL:

m: (7= 7, [ay, N)) =0,
PR <F_ FZ? [627N]> = 0.
Toxi piBHsHHS TpsIMO] [:
<7;_C1’[Oj1’j\ﬂ>:0 5 ﬂeﬁ [y, o]
<7" — T, [a27N]> =0

4.8 Bijacraab Mi>K MUMOOI>KHUMU TIPAMUMM

Hexait [; Ta s — MuMobGLKHL npsami. [1: 7 = T + dit, la: 7 = T5 + dat. Po3riiganeMo miommnm 7y : 1 =
1 4+ diu + dov Ta To: T = Ty + diu + dov. lle aBi mapaJiesibHI IJIONIMHU, B IKHX JIeXKaTh HAIIi
MHUMODOIKHI npami. Bigctans Mixk [ Ta [ — 1e BiICTaHb MixK 7 Ta Ta.



Touka M, ¢ pajiyCcOM-BEKTOPOM 7| HAJEKUTL 7. 3alHUIIeMO PIBHAHHS NJIOIIMHU Ty Y BUTJIAL:
To: (F'— 75, [d1, dz]) = 0. Toxi Bigcranb Big My 10 T — 1€ BijCTaHb MiXK NapajeJbHUMHI ILIONIUHAMI
i, BIAIOBIAHO, BiJICTAHb MizK MHMOOIXKHUMHI HIPAMUMHE [ Ta [o:

(P — T2, a1, d@2))|
a1, dol '

dllJz - (45)

Tyt Mmu ckopucraiuchk dopmyrow (42), xe 7 = [dy, da).

[\

Hacainok 4.1 Hexaii ly: 7= 71 + dit, loy: 7= T + daot, d1 }f do dei nenapaseavhi npami. Li npami
nepeMuUHaOMbLEs modi i misvku modi, Koau (1 — 7, [dy, ds]) = 0.

JdoBenennsa. /locTaTHbo 3ayBazKUTH, IO HaBeJIeHA yMOBAa O3HAYAE€ PIBHICTH HY/IIO BiICTaHI MixK
MEMOOIKHUMHI TpaMuME (45).

5 Maanii nmuigxeTanii Habip 3aaa9 HA MJIOHIMHY

Samaua 1. 3’sgcyBaTu, 9n JeKATH 3a1aHa TOYKA MizK JBOMA 3aJaHUMU TapaJeTbHIMU MJIOMHHAMM.

Po3p’a3yBaunusg. l[lo3nadaemo 1Bi 3ajaHi napaJiesibHi IJIOMMHA Yepe3 (o, (o, a 3aJlaHy TOUKY
gepe3s M. Ha mwmommuax «oq i oo Bubumpaemo Bimmosigno Toukn A i B. Temep Ttouka M 1e:KuTh
MizK JIBOMA, IJIOHNMHAME TO/I 1 TIIBKU TOJI, KOJU BOHA JIEZKUTH 1O TY K CTOPOHY Bijl (g, mo i A, i
1O Ty K CTOPOHY Bix oy, mo i B. Iiapaxosyemo sigxunenns 01(M), do(M) Toukn M Bix niomun
aq, Qg, BiaxuaenHs 09(A) Touku A Bijg wionunu v i Bigxunennst 01(B) Touku B Big . Tenep mu
MOZKEMO CKa3aTH, 0 ToYKa M JIe:KUTh MizK IJIONIMHAME (1, (2 TOJI 1 TIIBKH TO1, Kosin 3HaK 01 (M)
36iraerhbes i3 3HakoM 01(B), a 3Hak do( M) 36iraeTbes i3 3HaKOM d2(A).

Bapaua 2. 3uaiitu OiceKTOPHI IJIOMUHA JIBOIPAHHOIO KyTa, YTBOPEHOTO JBOMA ILIONIMHAMH, 1110
MEePETUHAIOTHCSI.

Poss’a3yBanng. [lo3nadnmMo ogHy miomuny depes o, a apyry depes [3. [lo3naunmo BigxuieHHs
rouku M (z,y, z) Big wiomuan « depes d, a Biaxuienus M Big wiomunu [ gepe3 h. Toxi piBHSHHAM
o/1Hi€T OICEKTOPHOI ILIOMUHA OYIe

h =d,

a PIBHSAHHAM JIpYTol OiCeKTOPHOT IJIOMUHE OY/1e
h = —d.

Bamaua 3. 3uaiiTu BeKTOp 77 HOPMAJIi IJIONIMHM, IO 3a/laHa BEKTOPHUM PIBHSHHAM I = 70 + ud +
vb.
Bigmosins: 71 = [d, b].



Bagaua 4. 3HaliTH HAIPAMHHII BEKTOpP @ MPSIMOI, IO SKiii IepeTHHATHCS 3a/1aHi Bl ILIOIIINHHA,
AKIIO BiIOMI BEKTODH 711, Tlo HOpMAaJIeH IUX ILIOIIMH.

Binnosiae: d = [7iy, o]

Bamaua 5. 3uaiitu rouky M'(x1,y1, 21), ska cumerpuana rouni M (g, Yo, Z0) BLAHOCHO muIOmMHYA
a 3 piBasiabasam Az + By +Cz + D = 0.

Posp’asysanng. Touka M’ Oyne cumerpuana Touni M BigHoCHO « TOAI 1 TIILKHM TOJI, KOJIH
BekTop M M’ Gyne napasesbHIEM BEKTOPY HOPMaJIi 10 IJIOIUHY (v, a cepeanna Biapiska M M’ nexnrn
y momuni o. OTke a5 3HaxoazKenHs Touku M’ norpibno poss’asarn cucremy TPhOX PiBHSHB

T1—To Y1—Yo 22— 20 A$1+1’0 Y1+ Yo 21+ Zo

_ B Atz p_y.
A B c y B A0 —+D=0

6 IlIpukaaan

ITpuknax 1. 3uaiiaiTe piBHAHHSA OICEKTPUCH TYIOTO KyTa MixK mpamowo [ @ x —2y —5 =0, y —
4z 4+ 14 = 0 Ta i1 OpTOroHAJBHOIO MPOEKINE0 Ha IIomuHy « : « + y + 1 = 0. Cucrema KoopauHaT
HPSIMOKYTHA.

Po3w’azyBaunug. /[y Toro, mob 3uaiitu piBHsiHHS OiCEKTpPUCH, HAM MOTPIOHO 3HATU HANPIMHI
BEKTOPH MPSAMOI Ta 11 OpTOroHa/IbHOT poekIil. Hanpsmuuii BeKTOp NpsiMOl MU 3HA1EMO 1K BEKTOPHU T
JM06YTOK BEKTOPIB HOpMAaJIeil IJIOIIHH, TIEPeTHHOM SIKAX BOHA yTBOpeHa: 4 = [1i1, Tz, 1 = {1, —2,0}, 7y

{0,1, —4}.

1 €2 €3
a=|[i,m]=] 1 =2 0 :‘ L _4 |2 ‘0 4 62+‘0 1 é3 = {8,4,1}.
0 1 —4

Jlerko mepeBipuTH, MO TOYKa 3 KoomuHatamu (1, —2,3) HaleKuTh OpsiMiit [, 0OTKe mapamMeTpudHe
PIBHSIHHS HIPAMOI:

r = 1+8t
y = —244t
z = 3+t

BHaii1eM0 KOOPANHATH TOUKHA TIEPETUHY TPSIMOI [ Ta, TIOIIIWHY (v, JIJIST ITHOTO MiICTABUMO TapaMeTPUIHe
PIBHSHHS TPSAMOI B 3arajibHe PiBHAHHS IJIONTUHU:

1+8—24+4t+1=0, =12t =0, =t = 0.

Orxke, mepeTwH MPsIMOI 1 IJIOMUHA BiIOYBAETHCsI IpU 3HAYeHH] mapaMerpa t = 0, migcraB/isieMo #oro
y TapaMeTpuuHe PIBHSHHS HPAMOT [, Ta OTpUMAaEMO KoopauHaTu Toukn neperuny: A(1l, —2,3).

Yepes npamy [ mpoBeeMo WIONMHHY (3 MepHeHIuKyIsIpHy 10 Wionman «. Jlas nporo 6epemo
touky A(1l,—2,3) Ha npsawmiii [, Hanpamuuit Bekrop @ = {8, 4,1} npsamoi [, Ta BeKTOp HOpMAJ 7, =
{1,1,0} miomumun o

:cgl yl—Z 213_41
|10

8
1 1 0 L

8 4
R

(x—l)—| é‘(y+2)+‘

=—1lz—-1)+@Ww+2)+4(z—-3)=—ar+y+42—-9=0.

OTke, OPpTOTOHAJIBHA TTPOEKITist [ HA (v — T1e TTepeTHH MmIomuH « i . HanpsiMHRiT BEKTOP OPTOTOHAIBHOT
MPOEKIIIT MU 3HAH/IEMO aHAJTOTUIHO TIOIEPETHHOMY BHIIAJIKY, K BEKTOPHUI 100y TOK BEKTOPIB HOpMaJIeil
IUTONIIH, TIEPeTHHOM fKHX BOHA yTBOpeHa: N, = {1,1,0}, fg = {—1,1,4}.

1o
14

l

— —

10
-1 4

11

11 €3 = {47 _472} H {27 -2, 1} = 5

[ﬁm ﬁﬁ] =

= ==
— =
=~ O w

a-| ot _



—

[lepeBipumo, sKuit KyT yTBOPIOIOTH BEKTOPU @ i b, /s MBOro 3HANIEMO iX CKAJIApHUN T00YTOK:
(d, l;) =16 -8+ 1 =9 > 0. Ckangapunii 100yTOK AOJATHUII, TOOTO KOCHHYC KYyTa MiXK BEKTOpaMU
AojaTHuil, orxe KyT rocrpuil. BisbMemo B _SIKOCTI HAIPAMHOIO BEKTOPA OPTOrOHAJIBHOI HPOEKMIl
BEKTOP by = —b= {—2,2,—1}. Bexropnu @ i by YTBOPIOIOTH Tynuil KyT. 3Hai1eM0 IX JOBKUHHU.

@l =V6I+16+1= V81 =09, |by| =VI+4+1=V0=3

Bekropu @ i 3b; Marorh opHaKOBI goBKuHA (110 9), BOHK yTBOPIOIOTH poMb. Bimomo, mo giaronass
pomba € Gicektpucoro Kyta. Cyma BekTopiB @ i 3b; (3a mpaBHJIOM HapaJesorpaMa) € JiaroHasb i
OicekTpuca pomba. OTzKe, HAIIPAMHUN BEKTOpP OICEKTPHUCH TYIIOrO KyTa:

@+ 3b; = {8,4,1} + {—6,6, -3} = {2,10, -2} || {1,5, -1} = ¢
Hama 6icekTprca IpoxXoauTh 4epe3 TOUKY A 3 HalpsMHIM BEKTOPOM €, TOOTO MapaMeTpUIHe PIBHSIHHS:

r = 1+t
y = —245t
z = 33—t

r—1 y+2 =2-3

BignmoBinb: kanouiuHe piBHSHHS OiceKTpHUCH =" = 1

IMpuknan 2. 3uaiigite BiacTans Mixk napajgesbHuMu npsvMuvn ¢ =t + 1, y =2t —1, 2z =11
r=t+2, y=2t—1, z=t+1.

Poss’sizyBannsa. HanpsmMui Bekropu 060X mpsamux d; = dy = {1,2,1}, 10610 npsami aiiicuo
mapaJesbHi, ab0 CIiBIa1a0Th. BigcTanb MixK napajelbHIME IPSIMAMEI JOPIBHIOE BiICTAHI Bi/T JOBLILHOL
TOYKM OJIHIET mpsimMol 10 Jpyroi npsimoi. Ha mepimiit npsmiii Ham BijjoMa TOYKa 3 KOOp/IMHATAMHU
A;(1,—1,0) ma apyriit A2(2,—1,1). Cropucraemocn dbopmymnorw (44), ne M = Ay, A = Ay, d = ds,
TOOTO

|[A2A1, 5|

||

e
Buaxomumo Ay A; = {—1,0,—1} Ta o6uncaoemo BeKTOpHUI 100y TOK

& & & B L
Aodna)=| -1 0 —1|=]9 "Ha | 7L g o Ole = (2,0, -2},
A 0 0 2

2 243
|A2A1,a2’—2\/_ las] = VI+4+1=+/6, OT)Keh—\\//é_ T\/_

2V/3
BI,Z[I'IOBI,ILB BI,ZLCTaHI) MI}K HapaﬂeﬂbHI/IMI/I HpHMI/IMI/I ,HOplBHIO€ T

IMpuknan 3. 3uaiiaitTe KooOpAMHATH TEHTPY cdepu pajiyca r = 5, BIUCAHOTO B TOI TpUTpaHHUIT
KyT, yrBopenuii mwiomuuavu 3x — 4y + 8 = 0(1), 62 — 2y — 32+ 4 = 0(2), = + 2y + 22 — 20 = 0(3),
AKOMY HasiexkuTh Touka A(l, —1,—1).

Po3p’a3yBamug. Zkimno cdepa T0THKAETHCS IIOMIHHT, TO BiCTaHb BiJI IEHTPY chepn 10 MIOMIHHI
jopisaioe pajiycy chepu. Ockinbku cdepa JIeKuTh B TOMY TPUTPAHHOMY KyTi, SKOMY HAJIEXKHUTh
Touka A, To 3HaK BigxuyeHHs HEHTPY cdepu Bij IJIOIMKWH TPUTPAHHOTO KyTa CIIBIAIAE 31 3HAKOM
Biaxmienad Touku A Bij Bianosimaux miaomuH. O0YUCIMMO 3HAK BiAXMIEHHd TOYKH A Bij IIommH
(pIBHSIHHS TJIOIIMHU MOXKHA He HOPMYBATH):

3.1—4-(=1)+8=15 = §(A) >0,
6-1—2-(=1)=3-(=1)+4=13 = 8&(4) >0,
1492 (1) 42 (=1)—20= —23 = §.(A) <0.



Hexaii nentp cdepu 3uaxoqurbes B Touni O(a, b, c), pauaiyc chepu r = 5, Toxai ¢ ypaxyBaHHIM
3HAKY BiaXuieHHs 3rijHo dopmyaam (43) oTpuMaemo:

( 3a —4b+ 8

V9 + 16 o
6a — 2b — 3¢+ 4 da—4b = 17
= 5 ~ 6a—2b—3c = 31

V36 +4+9 a+20+2 = 5

at2+2e-20 _

\ V1i+4+4

Posp’sizkemo 10 crcreMy 3a MetogoM [ayca (i1t 3pyIHOCTI TOMIHSIIH MIiCISIMU DIBHSTHHS ):

1 2 2] 5 1 2 2| 5 12 2] 5
3 -4 0|17 |~]0=-10-6| 2]|]~[02 —1|-1]~
6 —2 —3| 31 0 6 —3| -3 00 —11| —3
49 57
fozo| 2 (o102
00 1| 2 00 1| =
11 11
57 4 3

Otxke, 1eHTp cdepu 3HAXOAUTHCA B Toumi O (ﬁ, -1 ﬁ), pajiyc 7 = 5 i piBagnug cdepu (r —
572 42 3\2 _
TP+ (y+ )+ (s - 5 =25,

Bigmosigb: nentp cdepu 3uaxonurhea B Touni O (“;’—I, —%, 13—1)
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