Yec KocHéBCkH
HAYAJIBHBIN KYPC AJITEBPAMYECKOM TOITIOJIOTVH;
BBomubii  Kypc anreOpandeckod — TOMOJOTWHM, HAMWCAHHBIA  aHTIHH-EKUM
MareMaTtukoM. M3moxkeHue compoBOXKAAeTCs OOJIBIIUM KOJIMYECTBOM IPUMEPOB U
PUCYHKOB, TaHO OK0JI0 350 ympaKHEeHU 711 CAaMOCTOSTEILHOM MPOPabOTKH.
Jlns MareMaTuKOB pa3IMYHBIX CHEHUATBbHOCTEH, acCMUpPaHTOB M CTYJECHTOB,
JKEJaIoUX MO3HAKOMUTBCS C OCHOBHBIMU MOHSATUAMH aJIreOpanyecKor TOMOJIOTHH.

OI'JTABJIEHUE

[IpenucnoBue penakropa nepesoaa 5

[IpenucnoBue 6

I'maBa 0. MHOecTBa U TpyMIIbI 8

I'naBa 1. McToKM; METpUYECKHE IPOCTPAHCTBA 14
['naBa 2. Tononoruyeckue NpocTpaHCTBa 20
I'maBa 3. HenpepsiBHBIE GYyHKINU 26
I'naBa 4. UnayuupoBaHHas TOMOJIOTHS 31

['naBa 5. ®akropromnonorus (U rpymnibl, ASUCTBYIOIINE HA MPOCTPAHCTBAX ) 38

['naBa 6. [IpousBeneHus NpoCTPaHCTB 52
I'maBa 7. KoMIakTHbIE POCTPAHCTBA 57
I'maBa 8. XaycnopdoBsl mpOCTpaHCTBA 64
I'nmaBa 9. CBsi3HbIE IPpOCTpPaHCTBA 73

I'naa 10. 3agauu o GnuHax 79
I'maBa 11. MHOro0o0Opasus ¥ MOBEPXHOCTH 84
I'naa 12. ITyTu u TMHENHO CBA3HBIE IPOCTPAHCTBA 112
[Ipunoxenue k rnase 12. Teopema XKopnana 120
I'nmaBa 13. 'omoTonust HENPEPHIBHBIX OTOOPAKEHUIM 132
I'naBa 14. YMHOXeHME yTen 140
I'naa 15. ®ynnamenTanbHas rpynna 147
I'naBa 16. dynnamenTanbHas rpynmna OKpy>KHOCTH 157
I'nmaBa 17. HakpbiBaroiue npocTpaHCTBa 166
I'naBa 18. dynnaMeHTanbHas rpynmna HaKphIBarOIIETO POCTPaHCTBA 175
I'maBa 19. ®yngamenTanbHas Tpymmna NpocTpaHCTBa OpOUT 178
I'naBa 20. Teopema bopcyka—Yiama 1 Teopema 0 COHABUYE C BETUUHOU 181
I'nmaBa 21. Eiie 0 HaKpbIBaIOIKX NPOCTPAHCTBAX: TEOPEMBI O IIOJHATUU 186
['maBa 22. Eite 0 HaKpbIBAIOUIUX MPOCTPAHCTBAX: —TEOPEMBI CYIIIECTBOBAHUS 195
I'maBa 23. Teopema 3eiipepra—nsan Kammena. [.O6pa3zyromue. 202
I'maBa 24. Teopema 3eiipepra—nsan Kammena. II. CootHomeHus 214
I'maBa 25. Teopema 3eiipepra—nsan Kammena. II1. Beraucnenus 221
I'naBa 26. dynnameHTanbHas rpynmna noBEpXHOCTH 231
I'naBa 27. V3nsl. 1. [lpeaBapurenbHble CBEACHNUS U TOPUUECKHUE Y3IIbI 239
I'naBa 28. V3ab1. II. Pyunbie y3mbt 253
[Tpunoxenue k 1. 28. Tabnuma y310B 266

I'naBa 29. CuHrynsipHbie TOMOJIOTUH: BBEJICHUE 272



I'nmaBa 30. Pexomengarnu il JaJILHEHIIIETO YTEHUA 294

Pexomennyemas nureparypa
VYkazarenb

295
297

YKA3ATEJIb

AbeneBa (komMmmyTaTHBHas) rpynna 12

AKCHOMBI oTAETUMOCTH 64—65

Anrebpanueckas Tronoiorus 150

Andasur 203

AHTHAHUCKpETHAas Tornojorus 21

AHTUnOAanbHbIE TOUKH 80

AccOLMaTUBHOCTH TPYIIIOBOM
onepauuu 10

babymkun y3en 260, 261

basa nakpeiTus 166

buextuBHas QyHkms 9

bunapnas onepauust Ha MHOkecTBe 10

bnoxa u rpebenka 115

bopcyk K. 181

bapcyka — YV nama teopema 181

Bbpayspa Teopema 0 HEMOABUKHOMN

Touke 164, 289

Ban Kamnen 3. 202

BemecTBeHHOE ITPOEKTUBHOE
IPOCTPAHCTBO 38

B3aumHo omHO3HaYHas GyHKIHS 9

BHyTtpenHoCTh MHOXKECTBA 22

Bocemepka 218, 222

Beimyknoe MuoxxectBo 113

T'etine — Bopens teopema 62

['omeomopdusm 29

["'omeomopdHBIE TOMOIOTHYECKHUE

pocTpaHcTea 29

['omomopdusm rpynm 11 —
HAJICTPOUKH 292

I'omotonuyeckas rpynna 155

— SKBHUBAJIEHTHOCTH 136

I'omotonuyeckuii Tun 136

['omotonus 132

— OTHOCUTEJIBHO MOJAMHOXeCTBa 133

['omoTomnHbIe oToOpaskeHus 132

I'panuna 274

I'pannunsblil oneparop 274

I'padux Gpynkum 53

I'pynma 10

— romosoruu 276

— CKOJIb)KEHUH HakpbITHs 192

— cnoB 203

— y3na 244

JBoiiHas Touka y3na 243, 253

[eiicTBue rpynmnsl Ha MHOXeCTBe 47, 48

JexapToBo (IpsiMoe) IpOU3BEACHUE
MHOKECTB 8

Hedopmarmonnsiii perpakr 137

— — CuJIbHBIHN 137

— — cnabsrit 139

Juxnii y3en 253

Huck 84

Huckpernas merpuka 15

— tonojorus 21

EBknunoBa (oObruHas ) meTpuka 15

EnuHuunbli 3neMeHT rpynmns! 10

Emama K. 121

Kopnan K. 122

Kopoana teopema 122

Kopnanosa kpusas 122

’KopaanoB MHOroyrojgpHuk 122

3agaun o Oaunax 80, 82

3aMKHYTO€ MHOXECTBO B
TOTIOJIOTUYECKOM MPOCTPAHCTBE
23

— oToOpakenue 28

3aMKHYTBIN yTh 147

3aMbIKaHUE MHOECTBA 24

3eiidepr X. 202

3euighepma — ean Kamnena teopeMa
202, 208, 209, 214, 218, 221, 222,
287

N3omopdusm rpymm 11

WNunyuupoBanHas Tomonorus 31

WNunyurpoBanubiii romomopdusm 150



— — rpynn romosioruu 278

Wnrepsaner 13, 77

WubektuBHas pyHkuus 9

Knaccugukanmonnas reopema st
noBepxHocTel 99

Knacc skBuBanentoctu 10

Knaccsl sxBHBaneHTHOCTH 0B 204

Knetina 6yteinka 42—44, 99, 107,
172—173

KommyranT 12

KommyratusHas (abeneBa) rpymma 12

Kommyratop 12

KomnakTHoe MHOXeCTBO 58

KoMnakTHO-OTKpbITass TomoJorus 63

Komnozunus ¢pysknuit 9

Komnonenra 120

Koneunoe nokpertue 57

Koneuno nopoxxaennas rpynna 12

Konyc otobpaxenus 291

Konpencrasnenue rpynmnst 202, 204

Kpathnas touka y3na 243, 253

Kpengens 91, 99

Kpusas 112

Kpussble, 3anoyHsromme npocTpaHCTBO
120

Jlebeza uncio nokpeitus 63

Jlemma o ckneiike 113

JIuneitno cBsa3HOE npocTpaHcTBO 113

JIunzoBoe npoctpancTso 168

JlokaJlbHO KOMIIAKTHOE MTPOCTPAHCTBO
63

— JIMHEWHO CBS3HOE IIPOCTPAHCTBO
119, 186

Manepa — Bvemopuca
I0CJIEI0BATEIBHOCTD 287

Mébuyca nuct (nenra) 39, 100

Merpuszyemoe TONOJOTHYECKOE
npocTpaHcTBo 21

Mertpuka 14

MeTtpuueckas (oObranasi) Tonosorus 20

Metpuueckoe npoctpancTso 14

MHuoronuctHoe HakpbiTHe 173

Mmuoroo6pasue 84

— c kpaem 111

Hancrpoiika 291

HaxkpriBaromiee oroopaxenue 166

— npocTpaHcTBo 166

Haxkpreitue 166

Hezayznennsiit y3en 239

Heopuentupyemasi nosepxuocts 101

HenpepoiBaas ¢pynkuus 14

— — Ha METPUYECKOM MPOCTPAHCTBE
16

— — Ha TOIOJIOTMYECKOM
IIPOCTpaHCTBE 26

HenpepsIBHOE NeHCTBHE IPYIIIBI HA
TOMNOJIOTMYECKOM IIPOCTPAHCTBE
49—50

HepaseHnctBo TpeyronpHuka 14

HecoOcTBeHHas aBolHas TOUKa y3i1a
243,253

Hopmanbnas noarpynna 11

O6pa3 8

O6pa3yrouue rpynnst 12, 205

Obparnas ¢pynkuus 9

OOpaTtHblii 2neMeHT B rpyne 10

OObluyHas (eBKJIMIOBA) METpUKa 15

— (metpuueckast) TonoJsiorus 20

Orpannuenue pyHkuuu 9

OrpanrueHHOe MHOXECTBO B R? 62

OOHOCBA3HOE  TOMOJIOTMYECKOE

npocTpaHcTBo 153

OpHoTodeuyHast KoMmakTuGUKanus 63

Ozepa Bansr 121

OxkpecTHOCTB 25

Omneparop npusmel 279

OpOwura 48

Opuentupyemas nosepxtHocts 100

— —cxkpaem 111

OcHoBHas Teopema anredpst 163

OTKpBITOE MHOXKECTBO B METPHUECKOM
npocTpaHcTee 16

— — B TOMNOJIOTrMYECKOM IIPOCTPAHCTBE
20



— oToOpakenue 27

— MOKphITHE 58

OtHocurenbHas Tonosorus 31

OtHoenue Ha MHOXkecTBe 10

— 9KBHUBaJIEHTHOCTH 10

OTtoOpakeHne BbluuCIeHUs 63

— MHOXECTB 8

ITeano /Ix. 120

I[TepBast Teopema 06 nzomopdusme 11

IToBepxHoctu 97

[ToBepxHOCTh B Kpaem 111

— — — HaTsgHyTas Ha y3en 263—264

[Toarpynmna 10

— MOPOXKJIeHHAs! 3JieMeHToM 11

Ilomuarue 157

— otoOpakenus 169

[Toanokpsitre 57

[ToampocTpaHCTBO TOMOIOTUYECKOTO
npoctpancTsa 31

IToxperTne 57

ITomynokanbHO OAHOCBSI3HOE
pocTpaHcTBo 196

[Tonbckast okpyxHOCTh 190

[TocTosiHHAs YHKITUS HA
TOTIOJIOTUYECKOM MPOCTPAHCTBE
26

[TpaBHIIBHO HAKPBITOE MHOXKECTBO 166

[TpuBenenHas Teopus romosoruu 290,
292

— — — 00001IeHHas B
kodpunmentamu 293

ITpuBenenHsbIi koHyC 291

[TpuknenBanue mucta Mébuyca 100

— pyuku 99

— murHapa 99

ITpoussenenue nyreit 140

ITpokoMMyTHpoBaHHass Tpymnmna 235

[Ipoo6pa3 9

ITpocras 3amknyTast kpusas 107, 120,
173

—uemns 119

[Ipocroii y3en 262

[TpocTpancTBO OopOHT 49

[Tpsimast cymma rpynn 11

[Tpstmoe npoussenenue rpymim 11

— — MHOXECTB 8

ITycroe cioso 203

[Tyts 112

PaBHOMEpPHO HenpepbIBHOE
0TOOpaX€HNE METPUUECKUX
npocTpaHcTs 124

Perynsipnoe Hakpoitue 177

Penynuposannoe cinoso 203

Perpaxt 137

— cnaOsrit 138

PednexcuBHOCTH OTHOMIEHUS 10

Pon nosepxuoctu 101

— y31na 265

Pyunoii y3en 253

CBoboxnas abeneBa rpynmna panra n 12

— TpyIna, MOPOXKACHHAS MHOXXECTBOM
cumMBoJIOB 203

— — ¢ n obpazyromumu 203

Coboanoe neiictBue rpynmsl 88, 168

CBOICTBO YHUBEPCAIBHOCTU
0TOOpaXkeHUs Mpou3BeacHUN 54

— — — (akTopnpocTpancTs 39

CBs3Has cyMMa noBepxHocteit 97

— — y3II0B 262

CBsI3HOE TONOJIOTUYECKOE
IIPOCTPAHCTBO 73

Cesi3bIBaroLrie roMoMophu3msl 287

CunbHbIH 1eOpMaIMOHHBIN PETPAKT
137

CumMMeTpU4HOCTh OTHOIIEeHUs 10

CuHrynspHas n-mepHas 1ens 272—273

CHHTYISIpHBIN II-MEPHBIA CUMILIEKC
272

Cxksep-y3en 260, 261

CxonpxeHue HakpbITus 174

CnaOsrii 1eopMauOHHBIA PETPAKT
139

— petpakt 138

CnenctBue (COOTHOLIEHUH IPYIIIBI)



205

Cnoga 203

CwmexHble kiaccsl B rpymnme 10

CoOCTBEHHO pa3phIBHOE JICHCTBUE
rpynmnsl 167

CootHomenus 205

CoxpaHsomuil OpueHTaINIO
romeomophuzm 242

Crabummzarop 48

CranpapTHas HEOpUEHTHpyeMasi
noBepxHocTh poaa m 101

— OpHEHTHpYeMasi IOBEPXHOCTh POJa 1
101

CraHapTHBIN I-MEpHBIN CUMILIEKC 272

Crenenb nytu 161

Crepeorpaduueckas mpoekmust 85

Crunpona H. 290

Cmunpooa — Dilnenbepea akCUOMBI

291—293
Ctporo SKBUBAJIECHTHBIE Y3Jbl 242—
243

CrpykTypHas TeopemMa Jiisi KOHEYHO
MOPOXKICHHBIX a0EJIEBBIX TPYIII
12

CraruBaemoe npoctpancTBo 136

CropbexTuBHas GyHKIUSA 9

TsepOepr X. 122

Teopema o Bosocarom mape 290

— 0 TOMOTOIHMYECKOH HHBAPUAHTHOCTH
279

— 0 MoHOIpomMuu 162

— 0 HaKPBIBAIOIEH TOMOTOIIHUHU IS
nyrei 171

— 0 HakpbIBaroleM nyta 159

— 0 HEMOJBMXHOU TOuke 79

— 0 IPOMEXXYTOYHOM 3HAYEHUH 79

— 0 C3HJBHYA a BeTunHOH 184

Tumye npeobpazoBanus 207

ToxnecTBeHHast GyHKIUS Ha
TOTIOJIOTUYECKOM MPOCTPAHCTBE
26

ToxaecTBeHHOE 0TOOpakeHHE

MHO’KECTBa 8

Tononoruueckas rpymnma 154

— WHBApUAHTHOCTh pazmepHocTH 290

Tomnonoruueckoe oroxaecTBieHue 41

— MPOU3BEJCHUE TOMOJOTUYECKUX
IIPOCTPAHCTB 52

— npoctpancTso 20

Tononorus 20

— KOHEYHBIX J10II0JIHEHUH 21

Top 42

Topuueckuil yzen 247

TouHas nocaeno0BaTeNbHOCTD 287

TpanzutuBHOE eHcTBHE TPyIIIBI 176

TpanszutuBHOCTH OTHOIIEHUS 10

TpuBuanpHas rpymnmna 10

Tpunuctauk 242, 260

Yaiimxeoa teopema 156

V3en 239

Vam Q. 180

YHuBepcaipHOe HaKpbITHE 195

@axkroprpynmna 11

®axkropronoiorus 38

®yHaameHTanpHas rpymnmna 147

— — Oyrbuiku Kneitna 180, 223

— — BochMepku 219

— — JIUH30BOTO TmpocTpaHcTBa 180,
213

— — nucta Méb6uyca 180

— — O/IHOTOYEYHOI'0 IPOCTPAHCTBA
222

— — okpyxHocTH 157, 222

— — noBepxHocTH 231

— — [POEKTUBHOM IIOCKOCTH 223—
227,231

— — — — B BBIOPOIIEHHON TOYKOU
220

— — [POEKTUBHOTO NpocTpaHcTBa 213

— — npocTtpaHcTBa opOT 178— 180

— —Topa 163, 220—223, 231

— — — G BBIOpOIICHHON TOUuKOH 220

®ynkrop 150, 279

OyHkuug 8



XaycnophoBo nmpocTpancTBo 64

Xond X. 155

Xopnaa 129

enTp rpynmns! 149

LlenmHO-TOMOTOITHBIE TOMOMOP(HU3MBI
279

Huxn 274

[Muknuyeckas rpynna 12

Llengnuca Teopema 241

[petiep O. 251

Oitnendepr C. 290
OKBUBaJEHTHbIE HAKPBITUSA 191

— nytu 140

— y31bl 242

OKBUBapHaHTHOE 0ToOpaxkeHue 49
SAnpo romomopduzma 11
G-npoctpancTtBo 50
H-npoctpanctso 155
Tk-npocTpaHcTBO 65



NPEAUCIHICBUE PEAAKTOPA NMEPEBOAA

IlpennaraemMas BHHMAHHIO YHTaTeasl KHHFA OCBellaeT
B OCHOBHOM Te pasfeJbl TOMOJOIHH, KOTOPble HENOCPEeACT-
BEHHO NPHUMBIKAIOT K MNOHATHIO GyHAaMeHTabHOH [ PYNILL.
BMecTe ¢ TeM OHa JaeT W JIOBOJbHO NOJHOE NpejcTasJe-
Hue O HauGoJjee THNHYHBIX HAeAX U MeTojax ajrebpau-
ueCKOH TOMOJIOTHH.

MaTtepuan KHUTH B OOJIBLIHHCTBE CBOeM YxKe HailleJs
OTpa)eHHe B JHTepaType NO TONOJOTHH Ha pPYcCKOM
asplke. OJHAKO 3/eCh OH H3/0xKeH 6oJee 3JeMeHTapHO,
MeHee ¢opMaJbHO, H B TO e BpemMa JOCTaTOYHO JAKO-
HHYHO U nosaHo. HOBBIM NMOHATHAM U onpee/ieH UM OGbIYHO
NpelllecTBYIOT HaBOAALLHE COOOpaXKeHHs!, KOTOpble pac-
KDPBIBAIOT HX CYWIHOCTb. B psle MecT, B TOM 4HC/e H IIPH
H3JI0XKEHHH OCHOB OOILLeHd TONOJOTrMH, OIIYLIAaeTCsl OPHIH-
HAJbHEI CTHJb aBTOpA.

CrpemsieHue K HarJsAHOCTH H NMPOCTOTe INpOABJAETCA
B HaJWYHH OOJbHIONO YUCJIA PHCYHKOB—aBTOpP HHOTAA
ONyCKaeT .aHaJHTHUYeCKHe GOopMYJIbl, OMUCHIBAIOIIHE Te HJH
HHbIE NOCTPOEHHs, NpPEAIIOYuHTas ane/JHPOBaTh K reOMeT-
puuecxoMy BooOpaxeHuio. Tam, rze 3To n0Je3Ho (Ha-
npuMep, NPH OMHCAHHH HEKOTOPBIX OCHOBHBIX [OMEOMOp-
(hu3MOB B TEOpPHH MOBepXHOCTEH HJIH METOAOB BBIUHC/IEHHS
thynaamMeHTa bHOH [PYMNNEI), OOLIYHO NPHBOLHTCSA HECKOJb-
KO THIHYHBIX CNOCOGOB paccyxieHHl. OTJUYUTENBHOM
yepTof KHUIH fBJsETCH M HaJHuHe GOJbLIONO KOJHUeCTBa
ynpaxueHu#i (Bcero X okoso 350), B OCHOBHOM He Bblille
cpeanefl TpyaHocTH. HX HasHaueHue He TOJBKO B TOM,
4To6b KOHTPOJHPOBATh YMTaTeNlsa: B (opMe ynparkHeHuh
B KHHre COO6lLIaeTcss TaKxXkKe MHOro JONOJHHTENbHOH HH-
dopmaunu.

Kuura azpecoBaHa HauMHaIOWEMy YHTaTelio U OyAeT
CJYXKHTb XODOIIMM HCTOYHHKOM JAJI M3Y4eHHs OCHOB
anre6panyeckoii (a Taxkxke ofuel) TonosoruH. Ona dyaer
noJjie3sna MaTeMaTHKaM pasHblX CHelHaJbHOCTEH, HHTepe-
CYIOLLHMCA TOMOJOrHeH.

E. I'. Cxaapenro



MPEAUCTIOBME

Dra KHUCa COAEPKUT MaTepHaj HECKONbKUX OTAeNb-
HEIX BBOJHBIX KYpPCOB aJre6payueckoil TONOJIOTHH AJiA
CTYAEHTOB €O cpefHelt noaroTokoi. Ona Hanucana B reo-
METPHUECKOM AyXe H OGUAbHO UAAOCHIPUPOGAHA (B KOHIE
KOHILOB, TONOJOrHS—3TO BeTBb reomerpun). Hacxombko
3TO BO3MOXHO, Mbl M30eranu abcTpakuui K BOOGLLE NPH
BBE/CHUH HOBHLIX NOHATHA TMPEANOYHTANH HEIPHTA3ATE/b-
ueit noaxoa. [lpenBaputespnpie TpeDOBaHusi CBEAEHD
K MHHHMYMy, He OpeANOJAaraeTcss HHKAaKHX 3SHAHHH U3
oflefi TOMOJOr UK, 4TO JleJaeT 3Ty KHUTY OCOGEHHO NOf-
XOAsieHl AJisi MepBOHAYaJBbHOTO Kypca TONOJOTHU C yno-
poM Ha aJsreGpandeckywo Ttomosorxio. Ha ocnobe 3Tof
KHHUTH OpenojaBaTep CMOXET AOCTAaTOYHO CBOBOAHO TO-
CTPOUTH CBOH Kype [/ HaYHHAOUIKX.

Kuura wu3ofuiayer MHOTMMH YynpaxHEHHSIMH pasHoi
CJAOXKHOCTH, KOTOPbIC NOMOTYT YHTATEMO YCBOUTD MaTEpPHAl
¥ npoBeputh cebs. Pexomenjyercd, KOHEUHO, BBITOJIHATh
5THX YNpaxKHeHHH Kak MOxHO OoJblle, OJAHAKO Mbl He
cyuTaeM 3T0 off3aTenpHbiM. Mbl pelxo npeanoJsaraes,
YTO YHTATEJb NPOAENAJ YHpPaXkHEHHA, a eCAM pelleHHe
HCIIOJIb3YETCH B TEKCTE, OHO OOBIYHO NMPHBOAHTCA.

Kuura copepxuT snemeHTsl ofuiell ¥ ajre6panueckoi
TONOJIOTHH, OTOOpaHHbIE N0 NPUHOHUINY HX AOCTYNHOCTH.
BosMoxno, 310 U Haubosee H3ALHbIC pa3jiesasl NpeiMeTa.
B mocsennel rsase janbl OOIIMpPHbIC peKOMeHJalUnH A7
JaJibHEHILIero 4TECHHUS.

[lpumepHO yeTBepTb KHHIH OTBEACHA 06lell TONONOTHA
W Tpu 4YeTBepTH aJgrebpanueckofl. OfuieTonosoruyeckasn
yacTb HE COAEpPXKHUT OObIYHBIX mnaTtosoruil. Manaraercs
JMIUb MaTepuaJ, AOCTATOYHBLIA Ass Toro, 4To0bl YHTATENb
Mor OnICTPO mepedTH K «HHTEPEeCHOH» 4acTH TONOJIOTHH.



NPEJAHUGJIOBHE 7

B yacTr, noceAlleHHOH anre6panyeckoi TONOJOrHH, OGHOB-
HOE BHHMaHHE YyJAeseHO (YHAAMEHTA/JbHOA rpynme Opo-
ctpancTBa. CTyAeHTH OCBLIYHO JIEKO GXBATHIBAIOT OHATHE
dyHJaMeHTaNbHOA [PYyNMEl, H 5TO MO3BOJAET UM OGBICTPO
HOHATb, YeM SaHHUMaeTcl aJgre0OpaHuyecKas TOMOJOrH.
Tlonpo6HO H3/10KEHBl TeOpHsA HakKpLIBAWLLUX IPOCTPAHCTB
u teopema 3efiepra—pan KamneHa, a Takxe HX NpH-
MEHEHHe AJA BblYMcJeHHA ¢yHAaMeHTaJbHbIX rpynn. U3
JApYrux TeM yNOMsHeM MHOrooGpasHs H MOBePXHOGTH, TEO-
pemy >Kopnana (B kauecTBe npH/IOMeHHs K ra. 12), Teo-
pHIO Y¥3/I0B # HavaJbHble CBeAeHHSA O CHHIYJAPHBIX FO-
MOJIOTHAX.

Tak kak 3Ta KHHra NOCBALLEHA TONOJOIHH, 8 He HGTO-
pUH TOTOJOTHH, HMEHAa U JaThl YIOMHHAIOTCA HE BCeria.

OTy KHUr'y He 00a3aTe bHO yuTaTh NoApsan. Caeaywouias
cXema MOKas3bBaeT NPHMEPHYO 3aBHCHMOCTD riae, Hanpu-
Mep, YTOGB! MOJIHOGTHIO MOHATH FJ. 18, HYXKHO mpouectb
raase 09, 12—16 u 17.
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MHOMECTBA U TPYMMb!

B 370 rnaBe Mpl NPHBOAMM HEKOTOPHIE OCHOBHbIE
OnpeAesIeHust ¥ Pe3yJ/LbTaThl TEOPHH MHOMECTB H TEODHH
FpyNIN, HCHOJb3yemble B KHure. I1pu jgajbHefilliem 4TeHHH
Jiyunle BCEro BO3BpallaThCa K 3TOH rJjaBe no Mepe Heob-
XOZLHMOCTH.

Jasn mHoxects X, Y 3anuce Y < X osnauaer, urto
Y —noamuoxectso X. Ecan Y < X, Mbl oGosnadaem uepes
X\Y mHoxecTBO s;emeHTOB K3 X, He NpuHagIexamux Y.
IlycToe mHoXecTBO 0603HAYAETCH CHUMBOJOM (.

Hlexapmoso, unu npamoe, npor3BeAcHUE ABYX MHO-
KeCTB X H Y —3T0 MHOMKECTBO YNOpsJOYEHHbIX Hap BHAa
(x, ), rie x€X u yevY, 1. e.

XXY={x y) x€X, yeV¥}

AnaslornyHO MOXKHO OIpele/HTh XeKAPTGBO [1POH3BEJeHHe
KOHEYHOH COBOKYNHOCTH MHO)ecTB {X;: i=1, 2, ..., nk

XixXXoX oo o XX ={(xy, %, oo, 201 %, € X, 1 <<i K0l

Dynryua, uau omobpadxcenue, f: X — Y ojHOro mHO-
¥ecTpa B JAPYroe—3TO COOTBETCTBHE, CONOCTABJISIOLLES
KaxXJAOMy 3jleMeHTY X M3 X €JHHCTBEHHBIH 3J1eMeHT f(x)
u3 Y. ToocOecrnsennoe omobpasenue MHOKecTBa X —3TO
¢yuknus 1: X — X, Takas, 4to | (x)==x aJs Bcex x € X.
O6pasz ¢ynkuun f; X — Y onpelensercs kak

Im()=f(X)={y€Y: y=[(x) ana mexoroporo x¢ X}.
3ametum, yto ecan W, W'—pBa nogmHoxecTBa X, T0

FWuwH)=fWwyufw’), HWnawW)cfW)ynfw’).

Boofute, ecay ectb ceMeHCTBO MoAMHOXKeCTB X, CKaxKeM
{W,: jeJ}, rae J—HEKOTOPOe uHOeKcupyowjee MHOXe-
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CTBO, TO
NG AL i AL g Vi), 01

Mpl yacto cokpawaem fi X — Y npocto go f, ecau He
MOKeT BO3HHKHYTb HeJopasymeHuil. ®OyHruusa fi X —Y
onmpenesser ¢yHKuHio, oTobpaxkaiomyio X Ha f(X), ko-
Topasl Takxke oO6Go3Hauaetcs depes f. Ecau A-—noamHo-
xkecTBO X, TO oepanuuenue yHKuMH f Ha A ofo3Hayaetcs
flA; dyukuus f|A: A-—Y onpeleneHa paBeHCTBOM
(FlA)(@=F(a) npn a€ A.

Ecmu Z —noamHoxkectBo Y u fi X — Y —Hekoropas
byHRuMA, To npoobpasom Z mpy [ Ha3bIBaeTCs MHOKECTBO

[~ (Z)={xe X: f(x) €Z}.

3ametuM, uTO AJaA cemefictBa {Z; j€J} moamHOXecTB
Z;u3Y
-1 — -1(7
f (fLJJ Z/> i!sJJf @),
=1 == -1(7.
f (jQJ Z/> iDJf ( ]))
[THYNZ)=X\["*(Z)).

Oyuruua fi X — Y e83aumno 00HO3HAUHA, WIH UHDBEK-
MUHA, €ClIn U3 Xi, X, € X, X, 5= X, caepyer f (xy) 5= f (x,).
Oynruusa fi X — Y spaserca orob6paxkennem X ma Y,
uiu cropevekmusna, ecan f(X)=Y. Oyukuua f X —Y,
KOTOpas MHBLEKTHBHA W CIOPBLEKTUBHA, HaspBaeTcss Ouex-
musnol. B aTOM Ccayyae cywlecTByeT ofpamHas QyHKyus
f~% Y — X, onpefesieHHasi COOTHOLIEHHEM

x=["ty e y=/[(x).
Ecin fi X—Y u g Y — Z—Hnekoropule ¢yuruyy,
Hx Komnosuyus gft X - Z onpenensietcs paBeHCTBOM

ghx)=g(Fx), xeX.

Ecan fi X — Y —6uektusHas Qynxuus, 10 ff~4 Y —Y
u f~ifi X — X —roxpaectseHHble oto6paxenus. O6paTHo,
ecan gfi X — X u fg Y — Y —TOoxnecTBentte orobpa-
XKeHuss, TO [ M g-—OueKTHBHBlE (QYHKUHH, Kaxxaas H3
KOTOpLIX Of6patHa K Jgpyroil. M3 toro uto gfi X — X —
TOXKAeCTBeHHaA OYHKIHS, CJaepyeT, 4TO [ HHbEKTHBHA
H g CIOpPBEeKTHBHA. :



10 TJIABA 0

Omrowernue na mMHOKeCTBe X —3TO NOAMHONKECTBO ~
B XxXX. O6biyso mmmyt x~y, ecan (x, y) € ~. Otno-
mieHue ~ Ha X Ha3blBAeTCA OMHOULEHUEM SKBUBAACHIMHOCMU,
€CJIH OHO YAOBJICTBOPSIET CJCAYIOUHM TPEM YCJOBHAM:
(i) PednekcuBHOGTb! X~ x a4 Bcex x € X.
(i1) CuMMeTpHYHOCTB! €C/U X ~ Y, TO Yy~ X.
(iii) TpaH3SHTUBHOCTb: €CJM X~y H y~2z2, TO X~2,
Kaace sxeusarenmrnocmy 37eMeHTa X—3TO MHOMKECTBO

[x]={y€ X1 x~y}

Ecim ~ —oTHOWeHNe 3KBHBAJEHTHOCTH Ha X, TO KaxIbll
a/eMeHT u3 X NPHHAJJICKUT B TOYHOCTH OJHOMY KAacCy
9KBHBAJICHTH OCTH.

bunapnas onepayua na MHOXecTBe X —35T0 (yHKIHA
fi XXX — X. Mo cokpamaem f(x, y) X0 xy (MyabTH-
MJIMKaTUBHOE 0003HaYeHKe) WX HHOTA3 10 X -y (anmn-
TUBHOE 00O03HaueHHe).

I'pynna—sto mHOMecTBO G BMecTe ¢ GHHAPHOH ome-
pauuel, yAOBJETBODSIOWEH TPeM yCJIOBHAM:

(1) Cymectsyer 3nement 1€ G, HasbIBaeMblll eduri-
HoiM daemermom, TakoH, 4To gl = lg=g naqa Becex
gea.

(2) dna moboro g€ G mafizetcs saement g-'€G,
obpamueiil K g, Takofl, uto gg l=g7lg=1.

(3) Hna Bcex gy, g g€ G uMEeT MeCTO accoyuamus-
Hocmib, T. €. (£18s) §s = gy (8:85)-

B agauTHBHBIX rpynnmoBblX 0603HAUCHHAX eAHHHYHHBIN
3/J1eMeHT ofosnayaerca cumsoJoM 0, a ofpaTubiii K g —
cumMBosiom —g. ['pynna, eIMHCTBEHHBIM 3JEMEHTOM KOTO-
poil sBJISieTC eMMHHYHBIN, — 3T0 mpusuarsnan epynna {1}
nau {0}

[Moamnomectso H rpynnel G HaswiBaeTcs nodepynhod,
ecau [ —rpynna OTHOCHTe/IBHO GUHApHOH onepanuy Ha G.
Ecau H—noarpynna G u g € G, 10 neaviti cauescrbiti Kiace
epynnet G no H, onpenensieMblil 3JeMeHTOM g,— 3TO 10OJ-
MHOXeCTBO

gH={gh: he H}.

Il pasvie cmescole Kaaccel ONpelesIOTCs AHAMOTHYHO. [IBa
JIeBBIX CMEeXHBIX Kaacca gf, g'H wo noarpynne H an6o
He [epecekaroTes, Jubo coBnajaior.
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[pamoe npousgedenue GxH rpynn G u H-—3T0 MHO-
skeetBo GXH ¢ GuHapHOI omepaumef, onpele/eHHOH pa-
BeHCTBOM (g, 4)(g’, h')=(gg*, hh'). B apautuBHOM CJy-
yae Mbl TOBOPHM O Apamoi cymme u 06o3HauaeM ee GEDH.

TFomomoppusm fi G— H rpynnel G B rpynny H—3t0
¢yHKOHsA, 19 KOTOpoH mpu Beex g, &' €G

feg"=r@rg)

Ecau romomopdusm fi G — H GuekTuBeH, TO Mbl Ha3bHI-
BaeM [ usomoppusmom, a rpynnsl G u H ugomopgroinu
u muwem G=H wm ft G=H. S0po romomopdusma fi
G ~» H —3T0 MHOXKECTBO

kerf={g€G1 [(g)=lu},

rae |, —epuHnyneifl saeMeHT B f1. Slapo n3omopdH3ama
COCTOHT TOJIBKO H3 €IMHHYHOro 3jemeHta rpynnsl G.

[Moarpynna K rpynnbsl G HasbiBaeTCs HOPMAALHOL,
ecan gkg™'€K pns Beex g€G, ke€K. Sapo moGoro
romomopdusma fi G — H-—HopmanbHas noarpynna B G.
I'omomopdusm fi G — H uHBEKTHBEH TOrAa H TOJBKO
toraa, korga kerf={l}.

Ecan K —nopmaabHas noarpynna G, TO JeBbIH CMEXK-
bl KJace gK coBnajaer ¢ NpaBbiM CMeXHbIM K/accom Kg,
u mHOKecTBO G/K BCex JEBBIX CMEXHbIX KJjaccoB mo K
IBJISIETCA [PYMNIOA OTHOCHTE/IBHO ONepariy

(eK) (g'K)=(gg") K.

Mu HaswBaem G/K ¢axmopepynnoit G no K.

[epsas meopema 06 u30MOpu3Me yTBEPKIAAET, YTO
ecay f: G —H —ciopbeKTHBHBIA TOMOMOP(H3M H3 rpynnsl G
na rpynny H ¢ sgpom K, 10 H wnsomopdua Qaxrop-
rpynne G/K.

Ecan g€G, 1O nodepynna, nopoxOeHHAs 3SAeMER-
mom g,— 3T0 TOAMHOKecTBO G, cocTosllee M3 BCeX Le-
JIBIX cTeneHed gi

Kg>={g™ n€Z},

n —_n
D N

p——
rae g"=gg...gnpan=0ung'=g7 g ...g7 npun <0,
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B aggMTHBHBIX 0GO3HAYeHUSX HMeEeM
Kg>={ng: n€Z},

n
P S

rie ng=g+4+g+...+g mpp n=0 u ng=1—g) +

+(—g)+ ...+ (—g) npu n<0. Ecam G=<g> nis He-
KOTOPOro g, TO Mbl FOBOPHM, 4TO U —yuKauveckas epynna
¢ ofpasyiomuM sgaemeHToM g. BooGwe, mroscecmeo o6pa-
syrouux rpynnel G—>3T10 moamHoOxecTBO S B G, Taxoe,
YTO KaxKIbIH 37eMeHT U3 G sIBJeTCsl NPOU3BeJeHHeM 3Jie-
MeHTOB H3 S. Ecin S KOHEYHO, TO MBI TOBOPHM, QTO
G KOHeuHO noposicdena.

pynna G HaswiBaeTcs abenegod WK KOMMYMAMUGHOL,
ecan gg'=g'g nna Beex g, g’ € G. Haupumep, MHOXKecTBO
HeJblX uyHcesJ Z-—abedeBa rpynna (oGo3HadyeHHsi ajjiu-
THBHBIE), GOJiee TOr o, OHa fIBJAETCH LUKJ/JIHYECKOH Ipynno
¢ obpasyromed 41 umn —I1.

Ceobo0nan abenesa epynna pareca n—>3TO TPyNmna,
usomopdras ZEHZ@...DZ (n sksemnaspos).

Cmpysmypuas meopema 04 KOHEHHO nOPOHOCHHbIX
abeaeevlx epynn yTBepxaaeT: ecaH G —KOHEYHO MOPOXK-
JenHasi aGesiepa rpynna, to G usomopdHa rpynne

HOHD...BH,,

rae H,—cBoGoanas aGenesa rpynna u H; i=1, 2,
«.., M,— IHKJHYECKHe TPYMNINEBl, MOPAIKH KOTOPHIX sB-
JIIOTCSl CTEMEHSMH NPOCTBIX 4YHceJ. PaHr rpynne H, u no-
PsAKH LMKJnYeckHx noarpynn fH, H,, ..., H,, onpesesensl
OJIHO3HAYHO.

Kommymamop B rpynne G —5T0 371eMeHT Bujaa ghg ~h~L
Kommymanm rpynnsl G —3T0 noAMHo)ecTBO G, CocTosLlee
H3 BCeX KOHEUHBIX NpOU3BeJeHHH KOMMyTaTopoB B G (OHO
ABJasercss noArpynnol). Kommyrant K -—HopMaJbHas nof-
rpynna G u B IeHCTBUTeIBHOCTH HauMeHbluas noarpynna G,
Lasi koropolt G/K abeseBa.

Mer ucnossdyem Gykeu R, C, Z, N, Q aaa o6o3Ha-
YEHHMSl MHOXKECTB BeLIeCTBEHHBLIX, KOMIJEKCHBHIX, LeJHX,
HaTypa/bHHIX (W/H LEJBIX [OJIOKHTEJNbHBIX) H PalOHA/b-
HBIX UHCe/J COOTBeTCTBeHHO. UYacTo Mbl HasblBaem R
BelleCTBeHHOH TpsAMol, a C KOMIOJEKCHON MJIOCKOCTBIO.
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MHoxecTBO R”—3TO 1€eKapTOBO MPOH3BEACHHE N 3K3EMIl-
aapo R, Mp ucmosdbsyeM cjaeaywouive ofo3HauyeHHs A
HEKOTOPHIX MOAMHOXKeCTB R (Ha3blBaeMbIX uUHMepsaramu):

(@ by={xeR a<x < b},
[a, b]={x€R a<<x<<b},
[a, )={xeR a<<x < b},
(@, b]={x€Ri a < x<b}.

CMBICJT TOIMHOKECTB (— 00, b], (— oo, b), [a, ) H (a, o)
oueBHAeH. 3aMeTuM, 4TO (— 0o, oo)=R.

Otmetum, uto (@, b) MOxeT 03HauaTb Napy 3J/eMeHTOB,
Hanpumep Touky B R32, a Takwxke uutepsaa B R. Uro
HMEETCA B BHAY B KaXKJOM YaCTHOM caydae, HOMKHO ObITh
SICHO M3 KOHTEKcTa.



[naea 1

MCTOKU: METPUHECKME MPOCTPAHCTBA

B Tomosoruu M3yualoTcsl MHOMKECTBA G ONpeje/ieHHOH
*CTPYKTYpOH», KOTOpasl N03BOJISIET NPUIATb CMBICJ BONPOCYH
HenpepblBHA MM HeT ¢yHKuMa fi X — Y? B 3r0ii riase
Mbl BBIICHHM, 4TO 3TO 34 «CTPYKTYpa», Ha NpHMEpe eBKJH-
JOBbIX U METPHYECKHX [POCTPAHCTB.

HanomauM, yto ¢yHkuua f: R — R HasbiBaercs wenpe-
PolBHOL 8 mo4ke x, ecld Aaa Joboro e, > 0 cyllecTsyer
takoe 8, >0, uto |f(y) —f(x)| <e,, Kak TobKO |y— x| <P,
DyHKUUA Ha3bIBAGTCH HenpepuleHol, eC/id OHA HelpephbiBHA
BO Bcex Toukax x€R. 3ITo omnpejesieHne HenpepbIBHOCTH
MOXKHO pacliHpuTh Ha ¢yHkuun f: R* — R” npocroii 3a-
MeHOH 3HaKa MOJAYJs Ha eBKJHUAOBO paccrosinue. Boollie,
€C/M y Hac eCTb MHOXKECTBA ¢ «(pYyHKLUHAMH pacCTOSHHSY,
TO MOXKHO OMNpeJe/iTh HeNpPepLIBHOCTb [PH MOMOLIH 3THX
byHKLHA. «PYHKIHA PACCTOSAHHS», WM METPHKA, JOKHA
yJOBJIETBOPSATb HEKOTOPLIM OYEBHAHLIM YCJOBHSIM; OHH
NPHBOIAT K eJellylolmeMy OnpejeJie HUlo.

1.1. Onpepenenne. IlycTe A —HeKOTOpoe MHOMKECTBO.
dyukuua di AXA — R, ylnoBJeTBopsiolias yCJIOBHAM

(i) d(a, b)=0 Torna u TOJILKO TOrAa, KOTAa a=="b,

(ii) d(a, b)+d(a, ¢)=d(, ¢) na Bcex a, b, c€EA,
HasblBaeTca mempuxod Ha A. MuoxkecTBO A ¢ onpejeseH-
HOH Ha HeM METPHKOH HA3bIBAETCA Mempuseckum npocmpan-
cmeom u obosnadaercs (A, d) nanm npocto M.

BTopoe cBOMCTBO H3BECTHO KaK HepaseHCHeo mpeyeoss-
Huxa.

1.2. Ynpaxnenune, [lokaxute, aro ecam d — meTpuka Ha A, 1O
d(a, b)=0 8 d(a, b)=d (b, a) p1a Bcex a, bEA.

Ecan B3ate A=R u d(x, y)=|x—y]|, T0 HerpyaHo
BHJETb, 4TO d —MeTpuKa. Boobue, BosbMem A=R"” u onpe-
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IJe/uM d paBeHCTBOM
n 1/2
st 0=(§ crma)" =ie—nt

rne x=(%; X «.., X,) U Y=g, Ys, --., Y,). CHOBA
HeTPYJHO MOKa3aTh, 4TO d —MeTpHKa Ha R". ra MeTpuka
Ha3bIBaeTCsl e8KAU0060 WMH 00bi4HOLI METPHKOM.

JBa apyrux npuMepa MmeTpuk Ha A=R" 3anawTcs
paBeHCTBaMH

dx, )= 2 |%;—y|, d(x, y)= max | x;—y;|-
i=1 I<ign

[TpoBepky TOTro, 4TO 35TO AeHCTBUTENBHO METPHKH, ME
OCTaBJ/IIEM YHUTATENIO B KAuecTBe YIpaxKHEHHs.

Hakonen, ecnn A-—mofioe MEOKECTBO, HA HEM MOXKHO
onpesiesuTh MeTpUKY no npasuay: d(x, y)=0 npu x=y
u dx, yy=1 npu xs=y. [lonyuennas merpuka Hasbl-
BaeTcs Juckpemnoti mempukod Ha A.

1.3, Ynpaxuenus. (a) [loxaxurte, uto Kaxjaas H3 clelyOWHX QyHK-
uuit ABAseTcs MeTpHKoi#l Ha R7:

n 1/2 Onmpn x=y,
_— o — [2 = - ; d ? =
d(x, o) (tgl xi — i) ) lx—yl . 9 { lopn x #y:

n

dte =3 la—yl d Y= max [x—yl

=1

R(b) [Mokaxute, uto d(x, ¥)=(x—y)® He onpeis/sieT MeTPUKY
Ha R.

(c) Moxaxure, uro d(x, yy= min |x;—y;| He omperenser

<ign

MeTpuky Ha R~

(d) Mycrb d -~ METPHKA H 7 — NOJOXKHTEIBbHOE UHCA0. [ToKaxHuTe,
ut0 yHRUMA d,, onpeflefenHan pabeHCTBOM d, (¥, y)=rd (x, y),
TakkKe SBJSETCS MeTPHKOH.

(e) Mycts d—nerpuxka. [Tokaxute, uto d’ (x, y)=d (x, )/(1F+d (x, 1))
TaKXKe fBJsSETC MeTPHKOMH.,

(f) Onpepennm d (x, 4) B R? Kak naumenswee ueoe 4uc/io, 6L
Ilee HJIH paBHOe OGLIYHOMY DPACCTOSIHHIO MEXIY X H Y. Seaserca au d
MeTpuKoil na R2?

Tenepn sierko onpepeants HeNpPepLIBHOCTS oToGpaxe-
HHA MeTpHYeCKHX MPOCTPAHCTB.
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1.4. Onpepeaenne. Ilycte (A, d,), (B, dg)—MeTpHueckue
npoctpaHcTBa. DyHkuus [t A — B HasbiBaeTcs Henpepois-
HOU 8 mouke x € A, ecnn pna mo6oro g, > 0 cywecTByer
takoe 0,>0, uto dz(f(x), [(y) <e,, Kak TOMBKO
da(x, y) <98, OyHKUUS HA3BIBAETCSA HenpepuiBHOL, €CJIH
OHa HeNpepbiBHA BO BCeX TOYKax x € A.

1.5. ¥Ynpaxnenus. (a) Ilyctb A — MeTpHUECKOE IPOCTPAHCTBO C METpH-
kot d. [lyers y€ A. Tlokaxure, uto dyskuus f: A — R, onpege-
Jennas paBeHCTBOM [ (x)=d (x, y), HenpepniBHa, eciH R crabxeno
OOLIYHOH METPHKOH.

(b) Myctb M — merpHyeckoe npoctpanctBo (R, d), rae d — o6blu-
Hasg eBKJHIOBa MerpHKa. [lycTe M;—MeTpHuecKOe NpOCTPaHCTBO
(R, dy), rae dy— gucKpeTHass MeTpHKa, T. €.

0 nmpu x=y,
d =
0 (x: y) { 1 npH x # 4.

[Mokaxure, uto Bee ¢ynkuun f: My — M wmenpepsiBuH. [lokaxure,
YTO HE CYIUECTBYET HHBEKTHBHOH HempeprBHOH pyHKuHH 3 M B M,

Yacto okasbiBaeTcs,, 4TO NPH H3MEHEHHH METPHKH
Ha A unu B MHOXeCTBO BCeX HeNpephBHBEIX QYHKIH,
otobpaxatomux A B B, He MeHsietcs. [IpuMepH Takoro
pola NpUBOAATCA B CJEAYIOWHX YNpaXKHEHHsX.

1.6. ¥Ynpaxnenns. (a) [lycte A, B — MeTpHueCKHe IPOCTPAHCTRA C MeT-
pukamu d u dg cootsercTBeHHO. IlycTb d, —merpHka Ha A, BBejcH-
Haa B ynp. 1.3 (d) (1. e. d, (x, y)=rd (x, y)). [lycts f— dynxuus,
orobpaxatomas A B B. [lokaxute, uto [ TOraa H TOJLKO TOrAa
HENpepbiBHA OTHOCHTEJIbHO MeIpHKH d Ha A, KOrza OHA HenpephiBHA
OTHOCHTeJIbHO MeTpuku d, Ha A

(b) Hokaxute 10 Xe, 4to n B (a), ¢ 3amcHON d, Ha MeTpuky d’
u3 ynp. 1.3 (e).

HMrak, MeTprKa He ABJIseTCS ONpeleIsoHM KPUTEp HeM
toro, Gyner su GyHKIHA HenpeprlBHOH. [J1aBHEIM 3nech
OKa3blBaeTCst NMOHATHE OTKPHITOTO MHOXKECTBa.

1.7. Onpeneaenue. [loamaoxectso U MeTpHueckoro mpo-
cTpancTea (A, d) Ha3blBaeTCs OMKpLUNLIM, €CIH AJS JIO-
6oro x€U cymecTByer Takoe e, >0, uT0 u3 yE€ A
H d(y, x)<e, creayer yeU.

Jpyrumu cnosamu, U OTKpHEITO, eca A4s Jio6oro x € U
cywiecTByeT Takoe g, > 0, uto Be, (x)={y € A: d(y, x) <
<e U,
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[IpumepoM oTKpEITOro MHOXecTBa B R ABAseTcs HHTEp-
Baa (0, 1)={x€R: 0 < x < 1}. B R? OTKPEITEIMH BIRIOTCS
CJelylolle MHOXeCTBa:

{r, ERM A2 <1}, {(x, Y ER% 2442 > 1},
{x, PERH 0<x <], 0<y< 1}

1.8. ¥Yunpamuenus, (a) [Toxkaxunre, uTo B {X) —OTKpHITOE MHONKECTBO
L1s BceX ¥ H Bcex € > 0,

(b) Kakue ua cuefyomux noamuoxects R? (¢ o6banoli Merpu-
KOH) OTKpBITHI:
{(x, v): +y5< JULL, O}, {(x, ): #+y2<1},
{(x, »): 1x1 <1}, {&x, 9): x+y <0},
{x, 9): x+y=0}, {x, 9): x+y=0p

(c) Mokaxure, 4T0 ecu § — COBOKYIHOCTh BCEX OTKPHITHIX MOJ-
MHOMECTB MeTpPHYeCKOro MpPOCTPaHCTBa, TO (i) ITYCTOe MHOXKECTBO
M BCe [POCTPaHCTBO NpHHAANEXHT & ; (ii) mepecedenne nBYX a/eMeH-
TOB & npuHaanexut §F; (iii) o6bequnenne 406020 9uca s/1eMeH10B §F
npUHaNJAeXHT §F .

(d) TMpuBennte npHMep GECKOHEYHOrO ceMeHCTBa OTKPBLITBIX MHO-
xectB B R (c o6buHOH METpHKOM), IepeceyeHHe KOTOPLIX He OTKPHITO,

Wcnonbsysn nouAaTHe OTKPBITOrO MHOXKECTBA, Ml TOJY-
yaeM CJEAYIOUIHH KJIIOYEBOH pe3yJbTar.

1.9. Teopema. Pynuxyus fi M;— M, us odnoeo mempu-
HecK020 NpocmpaHcmea 8 dpyeoe moada u Mmoavko mozda
HenpepoisHa, Kozda 0aa a06020 omxpsumozo muoxcecmea U
8 M, muoxcecmeo [~ (U) omrpbimo 6 M;.

OTOT pesysabTaT YTBep:KAaeT, 4TO f HermpepblBHA B TOM
H TOJNBKO B TOM CJyudae, KOrja npoo6passi OTKPBITBIX
MHOXeCTB OTKpuIThl. OH He ymeepmdaem, uTO 0Gpasbl
OTKPHITHIX MHOXKECTB OTKPLITH!.

Hoxasamenvcmeo. Ilycts dy u d,—wmeTpukn Ha M;
#u M, coorserctBenHo. [Ipeanonoxum, uto f HenpepolBHa,
1 nyctb U —oTKpoiTOE NoAMHOKecTBO M,. [Tyetb x € -2 (U),
tak 4to [ (x) € U. [Tockoneky U oTKkpbITO, Halifercs Takoe
e>0, uro B, (f(x))=U. HenpepoiBHocTb [ rapantupyer
cyuiectBoBanHe takoro 8 > 0, urto

di(x, ») <=4, (F (x), [() <,

HJH, APYTHMH caoBaMmH, 4To [ (B, (x))= B, (f (x))cU. 1o
osHayaer, uTo B; (x)cf~*(U). Tak kKak 3to BepHc Aas
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Bcex x € f~ (U), To f~* (U)— oTKpbiTOE NOAMHOMKECTBO M.

O6paTHo, nycTs x € M;; Toraa ajs moéoro e > 0 MHo-
xecTBo B, (f(x)) ecTb OTKpHITOE NOAMHOMKECTBO M,, Tak
uto f~1(B, (f (x))) —otkppiToe noamuoxkectso M;. [lo-
CKOMBKY x € [~ (B, (f (x))), nafinerca 6 > 0, ana KoToporo
By (x)=f~* (Be (f (1)), T e [(Bs (x))= B, (f (x)). Apyrumu
cloBaMH, Hafigzerca Ttakoe 0 > 0, urto d, (f (%), (@) <e,
Kak Tosbko d,; (¥, 4) <90, a 3T0 oO3HavaeT Henpepulp-
HocTh f. [

dta TeopemMa TOBOPHT HaM, B YAaCTHOCTH, UTO eC/H
JiBe METPHKH Ha MHOXeCTBe MOPOXKAAIOT OAHY H Ty XKe
COBOKYIHOCTb OTKPBEITHIX MHOXECTB, TO Ji00as (pyHKIHs,
HenpepeiBHAA OTHOCHTEJNbHO OJAHOH METPHKH, aBTOMaTH-
UeCKH HelpepbiBHA W OTHOCHTE/BHO Apyrofl. Takum obpa-
soM, ynp. 1.6 MoxHO nepedpasupoBaTh TaK: MOKAXKHTE,
uto MeTpukd d, d, W d' NOpOXKAAOT ONHY H Ty Xe
COBOKYITHOCTb OTKPBITHIX MHOKECTB.

1.10. Ynpaxuenne. Kakas u3 merpux 4 (x, y)zz [xi—yi ], dx, 9) =
= max | x; —y;| Ba R” nopoxnaer To ke ceMelCTBO OTKPhITHIX MHO-
WecTn, 4TO M obnluHas merpuka R7P
M3 cxasanHoro BHIIe Mbl BHAHMM, YTO AJI H3ydYeHHA
HenpepbiBHOCTH (yHKIHH Ha METPHUECKHX MPOCTpaHCTBaX
BaXKHAa HMEHHO COBOKYMHOCTb OTKPBITBHIX MHOMKECTB B KaXK-
JIOM H3 HHX, a He cama MeTpHKa. DTO NPHBOJHT K CJie-
Aytomed uiee; Ha 3alaHHOM MHOKecTBe X BhiGepeM He-
KOTOPYIO COBOKYNHOCTE & €ro NOAMHOMKECTB H Ha30BeM
HX OTKPBITHIMH. 3JTO jacT Ham HekHH oOwBeKT (X, &),
COCTOSIHHA H3 MHOXecTBa X BMECTE ¢ COBOKYMHOCTBIO o
ero noAMHOXKecTB. HenpepniBHOCTb OTOOpaXKeHHH TaKHX
o6wekToB (X, &), (Y, & ') MOXHO onpelenuTb, Ha3BaB
dyukunio f: X — Y HenpepniBHOH, ecmu [~ (V) € F, Kak
tonbko U €F'. Koneuno, ecqn Gbl Mbl AOMYCTH/IH TPO-
H3BOJIbHBIE COBOKYMHOCTH, TO HE€ MOJYYHJIH Obl HHKAKOH
uHTepecHOil MaTeMaTHKH. [losTomy Mbl motpeGyem, uTOGHI
COBOKYMHOCTL ¢ OTKDHITBIX MHOXECTB NOJYHHANACh He-
CKOJILKHM NPOCTBIM NPaBH/IAM, TEM CaMbIM, KOTOPLIM MOA-
YHHSAETCS COBOKYMHOCTb OTKPBITHIX MHOXECTB B MeTpH-
yeckoMm npoctpaHcTie (ynp. 1.8 (c)). DTH npaBusa TaKOBHI:
(i) (ana yno6eTBa) NyCcTOE MHOXKECTBO (J W BCE MHO-
JKECTBO NPHHALJICKAT & ;



VUCTOKW! METPHUECKHE NMPOCTPAHCTBA 19

(ii) nepeceueHue NByX 3/1eMEHTOB & NPHHAMJIEKHT & ;
(iii) o6vennneHne a/6020 uucia saeMeHTOB & npH-
HaLJIeXHUT & .
[Toa «cTpykTypOils, CBA3aHHOH ¢ MHOXKeCTBOM X, O KOTO-
poii roBOpHJIOCH B HayaJe 3TOH IJIaBhl, IOHHMAETCS IPOCTO
COBOKYNHOCTb & moAMHOXecTB X, yJAOBJ/IETBOPSIOLLAs
STUM TpPEM YCJOBHAM., DTO H €CTb HCXOAHBIA MyHKT TOMO-
JIOTHH.



Cnapa 2

TONONOTMYECKHE MPOCTPAHCTBA

TonoJorudyeckoe nNpocTpaHCTBO — 3TO  MHOXKECTBO
BMECTE€ C HEKOTOpOH COBOKYNHOCTBIO €ro MOAMHOXKeCTB
(KOTOpble HA3bIBAIOTCS OTKPBHITHIMH), YZIOBJIETBOPSIOLLEl
TpEM YCJOBHAM.

2.1. Onpepenenue. [lycts X —mHoxecTBO u U —coBo-
KY[OHOCTb €ro IOJMHOXECTB, yIOBJIETBOPSIOLLas yCAOBHAM
(i) g €U, XeU,
(ii) mepeceyeHue AByX MHOXKeCTB U3 U npunasexut U,
(iii) o6benuHeHHe oGO COBOKYTHOCTH MHOXKECTB H3 U
npuHaAneKHT U.

Takaa coBokynHoCTb U moaMHOMXecTB X HasblBaercs
monoaoeueii Ha X. MuoxectBo X BmecTte ¢ U HaspiBaeTcs
monoaoeudeckum npocmpancmeom U obosnadaerca (X, U),
yTo yacTo cokpamaercs o T Han npocto X. MHoXecTBa
U € 9 Ha3blBAIOTCS OMKPOIMbLMI MHOXNCECMEA MU TOMOJOT H-
YecKOro MpocTpaHcTBa T'. DJIEMEHTH MHOXKecTBa X HA3bl-
BatoTca moukamu npoctpanctsa T.

3ameTuM, 4YTO H3 ycJaosua (ii) caeayer, uTo nepece-
yeHHe JIOGOT0 KOHEUHOrO YHCJI2 MHOXxeCTB U3 U npuHaj-
gexut U. Ecaum 0603HAaYyuUTL MHOXKECTBO BCeX MOAMHO-
wectB X uepes & (X), To Tomosorus Ha X —3TO BHIGOP
cookynuocTd Y= (X), yAoBAETBOPSIOLIEH NPHBEACHHBIM
poire  yeaosusm (i), (if) w (ifi). Pasanunbie BpiGopsr U
JaloT pasjdyHble Tonosorun Ha X.

BaxHO HMeTb MHOTO OPHMEPOB TOMOJIOTHYECKHX MNpO-
ctpanctB. Y3 pesysbratoB npeabiaywiell raaBbl HeMel-
JEHHO [M0JiyyaeM, 4To Jio0oe METPHYECKOe MpOCTPAHCTBO
ompelessieT TOMOJOTHYECKOE NPOCTPAHCTBO, O KOTOPOM
FOBOPAT, UTO OHO HMEET Mem pudeckyro W obsliHyto mono-
aoeuro. O6paTHOE HEBEPHO, T. €, CYUIeCTBYIOT TONOJOIH-



TOTIOJIOTMYECKHE NMPOCTPAHCTBA 21

YecKHe MpPOCTPAHCTBA, KOTOPble HE BO3HHKAKT HH U3
KaKoro MeTpHYeCKoro MpocTpaHcTea (cm. ymp. 2.2 (c)).
Tononoruueckne npocTPaHCTBA, BO3HHKAIOUME H3 METpH-
YECKHX, HAa3LIBAIOTCA MeMpusyembimil. 3aMeTuM, 4TO ABa
METPHUECKHX MNPOCTPAHCTBA MOTYT ONpeAessaThb OAHO H TO
XK€ TONOJIOTHYECKOe MPOCTPaHCTBO.

Caenyoumye 12 IpuMepa TOMOJOr HIECKUX IPOCTPAHCTB
MBl TOJIYUHM, DAacCMOTPEB KpaAHHE CJydyaH BO3MOXKHBIX
COBOKYITHOCTEH NOAMHOXKeCTB X, yAOBJICTBOPAOLINX aKCHO-
MaM Tomosiorud. [lepBBIl M3 HHX IIOJydaercd, KOrja
U={w, X} Orto cemeiicTBO ompejesieT TONOJNOTHIO Ha
JMo6oM MHOKecTBe X, Ha3bIBAEMYIO aHMUOUCKpemHOL TOTIO-
qgoruefl. Jpyrod kpafiHHH caydall—koria U cosnajgaer
¢ MHOXKecTBOM ¢ (X) BCex NOAMHOXKeCTB X; 3TOT cayuain
JlaeT TOMOJIOTHIO Ha X, Has3blBaeMylo Ouckpemrod.

2.2, Ynpaxuenusn. (a) I[Tokaxurte, 4To ecaH X HMeeT AHCKPETHYIO
TOTOJIOTHIO, TO OHO MeTpu3yemo. (¥ Ka3aHHe: PacCMOTpPHTE JHCKPETHYIO
METpPHKY.)

(b) IlycTb X —MeTpuayemoe TONOAOTHEECKOE [ pocTpanCcTBO. Jloka-
JKUTe, 470 AJA oGOl naphl @, b pasnuuselXx ToYek H3 X HaligyTes
OTKpbiTHie MHOXKecTBa U, H Up, colepxalne a H b COOTBETCTBEHHO
H takue, uto U,NUp=¢J.

(c) Bocrnoabsyfitech (b) 14 R0Ka3aTeNbCTBA TOTO, YTO €C/AH MPO-
cTpaHcTBO X COAepKMT He MeHee ABYX TOYEK H HMEET aHTHAHCKpET-
HYI0 TOTOJIOTHIO, TO OHO HeMeTpH3yeMo.

HHTepecHblll IpuMep TOMOJOIHH Ha MHOXkecTBe X H3-
BECTEH 110/l HA3BAHHEM HION0A02UU KOHeuHbX GonoaHeHud.
3xecy AU cocrout H3 &, X M Tex noaAMHOKeCTB X, N0MOJ-
HEHHs] KOTOPHLIX KoHeuHnl. Ecau X caMo KOHEUHO, TO 3TO
B TOYHOCTH JAHCKpeTHas TonoJorus Ha X. Ecan X Gec-
KOHEYHO, TO HYXKHO TIPOBEPUTH, YTO COBOKYMHOCTb 4l
YJOBJETBOPSIET TpeM akKcHoMaMm TonoJoruu. Ilepeas us
HHX BBINOJIHACTCA TPUBHAJBHO. 118 NpOBepKH BTOPOH Ipei-
nosoxuM, uto U, U, €U, tak uto X\ U, 1 X\ U, ko-
neunbt. Torza (X\\U,;)U(X\U,) Toxe KoHEUHO, HO OHO
pasBHo X\ (U, NU,), 4, Takum obpasom, U, NU,€U. Anna
OPOBEPKH TpeThell aKCHOMBI BOCHOOJb3YyeMCsl TeM, 4TO
XN(U U)= 0 (X\U,).

jedJ jedJ

Ecmu X cocrour M3 jByx Touek {a, b}, To HMeercs
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BCero 4eTbipe pasJUYHBIE TONOJOTHMH Ha X, 4 UMCHHO

AT P - A )

To, uto U, u U,—TONOJOTHH, Yy2Ke AOKA3aHO; NPOBEPKY
toro, 410 U, w U,—TOxKe TONOJOTHH, MBI OCTABJAEM
yutatemo. 3ametuym, uto (X, U,) u (X, U,) HEMETPH3YEMBI.

Jlpyrue npuMepel TOMOJIOTHYECKHX NPOCTPAHCTB AaHbl
B CJEAYIOUHUX YNpa:KHeHHsIX.

2.3. Ynpaxuenus. B xaxnom u3 cayuaen (a), (b), (c) nokaxmure, 410
9/ —tonosorua Ha X,

(@ X=R, U={T}U{R}U{(— =, x): x&R}.

(b) X =N =no/0KHTe/IbHEIE UebIe = HaTypalpHble 4Hcaa, U =
= (Z}U{O0n n=1}, tne Oy={n, n+1,n+2, ...}

(¢) X=R, U€4U 8 toM u TOALKO B TOM cayuyae, et U —nog-
muoxecteo R u aas mo6oro s € U Halizeres takoe { > s, ur0 [8, ) < U,
rae [s’ t):{xelR st x < f}.

(d) Haitaute 4ucj0 pasjMuHBIX TOMOJOrHHA Ha MHOKECTBE H3 Tpex

5JIeMEHTOB.
(e) TMokamuTte, W10 HM OAHE H3 CJELYIOLHMX COBOKYNHOCTEH MOA-

MHOKECTB R ne saBuasercs TOMOJIOIHEH:
U ={@IU{R}U{(— =, x]: xER};
Uy ={DIU{R}U{(a, ): a, bER, a < b}

Jlns moGoro MoAMHOMKecTBa Y TOMOJIOTHYECKOTO Mpo-
ctpanctBa X MOXHO PaccMOTpeTh HauGoJbluee coaepka-
meecsi B Y OTKPLITOE MHOXKECTBO, OHO 0Go3Havaetcsi YV
H HasbiBaeTcs eHympenHocmoeto Y. JIpyrumH  cJIOBaMH,
Y = _EJ U, rtae {U, j€J}—cemeHcTBO BCeX OTKPLITHIX

i
MHOMKeCTB, Jexamux B Y. OueBuaHo, 4to x €Y B TOM
H TOJIbKO B TOM CJyuae, ec/u HalHAeTcssi OTKPLITOE MHO-
skeereo UcY, takoe, uto x € U.

[lyctb, Hanpumep, ["-—cJejyioliee NOAMHOKECTBO R™

1"={x=(xl'r Xoy voey x")EIR"E ngigl' [= 1’ 2' ...,ﬂ,}.

Ecnmu R” cnaGxeHo oOb4HOH TOmoJsioruedl (T. €. MeTpH-
yecKOl TOMOJIOrUeH, onpelesseMol eBKJHA0BOH METPHKOMH

n 1/2
d(x, y)=<[§1 (x,-—y,.)z) ), TO BHYTpeHHOCTL I ecTb

]°n={x: 0y <], i=1, 2, ..., nk
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Utobel yOefHTbCA B 3TOM, BO3BMEM X € i", i NycTh &=
=min{l—x; x; i=1, 2, . ., n}. OtkpoiThiii map B, (x),
(r. e. {y€R™ d(y, x) <e}) paiuyca & c UECHTPOM B TOU-
KE& X COJEpIKHUTCA B /", u motomy I orkpuito. C apyro
CTOpOHBI, eca x;=1 unn O 4719 HEKOTOPOTO i, TO /OO0
wap B,(x) paauyca r c LEHTPOM B X COJEPKHT TOUKH,
He Jexampe B /7, Xak Gbl HH Oplio mano r. CnenoBa-
TeJbHO, TaKHe TOUKH He COJlepKaTcs BO BHYTpeHHOCTH [”.

JIOHOJIHEHHH OTKDBITBIX MHOZKECTB HMEIOT CNI€HaJ/IbHOe
Ha3BaHHE.

2.4. Onpepenenre. [ToamHOXKecTBO C TONOJOTHYECKOTO:
npoctpaHcTBa X HaswlBaeTca damiuymoim, ecau X\ C oT-
KPBITO.

Cneayolee yTBepKAEHHE JIETKO CJE1YeT 3 TEOPeTHKO-
MHOXECTBEHHBIX Pe3yJ/bTaTOB O JIOTIOJHEHHsX Nepeceyed i
H o0beJlHHe HHA.

2.5. Teopema. (i) &, X samxHymet,
(il) o6wvedunenue a10661x 08YX SAMKHYMbIX MHONCECME,

3aMKHYMO;
(iil) nepecewerue 1100606 COBOKYN HOCMILL BAMKHYMbIX MHO-
HCECIE BAMKHYMO.

[Touatue 3aMKHYTOT O MHOXKECTBA MOXKHO HCNOJIb30BAaTh
JJ1s1 OlpeJesieHHs1 TONOJIOrHYECKHX MNPOCTPAHCTB.

2.6. Ynpaxnennn, (a) [Tycte X — HeroTopoe MHOXeCTBO W P2 —co-
BOKYTIHOCTb €r0 MOIMHOMKECTB, YAOBJETBOPAIOMAN YCAOBHAM (i) (f,
X €9, (i) ofveadnenne MIOGLX ABYX MHOXECTB U3 %2 NpHHALe-
HuT P2, (iii) nepeceuenue J060H COBOKYNHOCTH MHOXeCTB H3 P72
npuuaaiexut §2. [oraknte, uto U={X\V: V&P?}—tononorus
Ha X.

(b) MokaxuTe, 4TO B AHCKPETHOM TOMOJOTHYECKOM [POCTPAHCTBE
BCAKOE MOIAMHOMKETTBO OJHOBPEMEHHO OTKPLITO H 33MKHYTO.

(c) TlokaxHTe, 4TO €C/IM TOMOJOTHYECKOE MPOCTPAHCTBO COCTOHT
H3 KOHEUHOIO YHCNA TOYeK, Kamjasd U3 KOTOPHX 3aMKHYTa, TO OHO
HMeeT JHCKPETHYIO TOMOJOTHIO.

(d) [oxaxure, uTo B Tomoaormueckom npoctpanctee (R, U), rxe
9 onpenencHo B ymp. 2.3 (C), Kaxaoe H3 MHOXKECTB [s, f) OTKpLITO
H 3aMKHYTO.

s mo6oro NOAMHOMKECTBA Y TOMNOJOTHYECKOro Mpo-
cTpaHcTBa X MOMHO PAacCMOTpPETh HaMMEHblee cOjepKa-
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mee Y 3aMKHYTOE MHOXECTBO; OHO ofo3Hadaercs ¥ o

HasbIBaeTcs sambikanuesn Y. Jipyrumu caosami, Y= N F;,
ied

rae {F;: j€J}—cemelicTBO BCeXx 3aMKHYTHIX MHOXECTB,

cogepxamux Y. Crenyromufi pesyJabTaT JdaeT Apyroe

onucauue Y.

2.7. Jlemma. x€Y moeda u moasko mo2da, k020a 01s
06020 omkpoimozo  mHoocecmsea U, codepacaweeo  x,
unY #g.

Hoxasameascmso. [lycTb xe€Y, u NpEeANOJNONKHM, YTO
HaHJeTcs COJepallee X OTKpbIToe MHOxecTBO U, 179
kotoporo UNY=. MnaoxectBo X\ U 3aMKHyTO H
Y X\U, ta uto Y X\ U (ynp. 2.9 (a)). Ho toraa
npeanosoxenne x €Y NpoTHBOpedHT TOMYy, uTO X € U.

O6patno, fonyctum, uto x¢Y, T.e. x€X\Y. Ho
X\Y otkpuito u (X\Y)NY =g, otkysa (X\Y)nY =g,
TaK 4TO yKasaHHoe B jemme yciaoBue UNY== He Bo-
noaueno a8 U=X\Y. O

B npoctpaHctBe R ¢ oOpI4HOA TOMOJOTrHEH 3aMblKa-
HHeM MHOXecTB (a, D), [a, ), (a, b] u [a, b] 6yner [a, b).

2.8. Ynpaxnennus. (a) [Tycts X ects R ¢ obbynofi Tomosioruedt, Hait-
IUTE 3aMBIKAHHS CJIEAYIOWHX MOAMHOMKECTB X:
A={l,2,3,...}, B={x: x panuoHa/bHo},
C={x: x uppalHOHa/BHO}.

(b) IMycts X — muoxectso R ¢ tonmosoruedt ymp. 2.3 (¢). Haiizure
3aMBIKaHHA CACAYIOUNHUX NOJAMHOMKECTB X:

(a: b)7 [a’ b)r (ay b]7 [a: b]'

JlanbHedine cBOHCTBA 3aMBIKaHUS MHOMKECTBA JAlOTCH
B KauecTBe ynpakKHeHHH.

2.9, Ynpaxnenus. [lokaxure c/IefyioOlHe YTBEPKACHHS.
(a) Ecsu Y — noAMHOXKECTBO TONOJOTHYECKOIO [1pOCTpaHCTBa X,

npuveM YCFcX u F samknyTo, TO YcF. _
(b) Y samgmyTO TOrza U TOJbKO TOrja, korja ¥ =Y.
() Y=Y.

(d) AUB=4UB, 4ANBcANB.

© X\Y =@X\Y).
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() Y=Y aY, rae dY =Y N(X\Y) (3Y uasuipaercs epanuyesd Y).

(¢) Y Torma ¥ ToIbKO TOTJa 3aMKHyTO, Korjga dY Y,

(h) 0Y =¥ toraa u TobKO TOTAA, KOTAA Y OTKPLITO H 3aMKHYTO
0/IHOBPEMEHHO.

() O({(rER: a< x < B =0 ({xER: a<r<< b)) ={q, b}.

(j) Joxaxure, yTo Y TOrAa M TONbKO TOTZa fIBJAfAeTCH 3aMblKa-
HHEM HEeKOTOpOTo OTKPBITOTO MHOXKECTBA, KOrjla Y coBmajaeT ¢ 3aMbl-
KaHHeM CBOeH BHYTPEHHOCTH.

B nanbuHefilieM Ham NPUHCOAHTCA CJAESAYIONIEE BaXKHOE
HOHATHE.

2.10. Onpenenenne. [lycts X-—rtonosoruyeckoe npoct-
paHctso. IloamHoXkecTBO N < X, coaepixaliee TouKy x € X,
HA3bIBACTCS €€ OKPeCrHOCMbIO, €CaM HafileTcd OTK pLIToe
MHoxkecTBo U, Takoe, uto xEUcN.

B uwactHOCTH, BCAKOE OTKPBITOE MHOXKECTBO SIBJISIETCS
OKpecTHOCTbi0 MMoGOH cBoefl ToukH. Booble, BCAKOE MHO-

kectBo A, 1as kotoporo A =4 J, sBAsSeTCA OKPECTHOCTBLIO

kaxaofi Toukd u3 A. Hexoropsle npoctele cBoficTBa OK-
PEeCTHOCTEH COJAep:KATCA B CJAEAyIolleM yNpaxKHeHHH (era
pe3yJabTaThl MOKHO HCIOJL30BaTh [JJd ODpeleseHus TO-
noJsioru#).

2.11. Ynpaxsenue. [Tycts X —TonmoJjoruyeckoe mpoctpancrso. Loka-
XuTe caenyomue yTeepiienus. (i) Ins moboli toukn x€ X cyuecT-
ByeT XOTA Obl OZHa ee okpecTHocTb. (ii) Ecom N — okpecTHoCTh ¥ H
NeM, to M—1oxe okpectHoCTh x. (iii) Ecau M u N—okpect-
HocTH X, To M N—Toxe oxpectHocTs x. (iv) Haa moGodt Touxu
x€X H moboli ee oxpectHocTH N Hafilercs Takas okpecTHocTs U
Touku x, 410 UCN n U —oxpecTHocTh KaMmoH U3 CBOHX TO4EK.
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HEMPEPBIBHLIE DYHKLIHUN

3.1. Onpepenenne. Pyuxuns fi X —VY, rne X n Y —
TOWOJOIHYECKHE POCTPAHCTBA, HA3LIBARTCS HeErpepbisHol,
ecan AJAs Ji06oro OTKpeiToro mMuoxectsa U <Y ero mpo-
o6pas f~1(U) otkpur B X.

CaMple MpOCTbe NpHUMEpPb HENpPepblBHEIX (yHKIHA —
sT0 ToXAecTReHHas ¢yHxnua 1y X — X ¢ nocrtosHHas
dynguus X — Y, nepesojsmas Jo6yi0 Touky u3 X B He-
KOTOPYHO (MKCHPOBaHHYIO TOYKY M3 Y.

Ecad 83Tb 1pocTpaHcTBO X ¢ AHCKPETHOH TONoJO-
rueil, To moGas ydxuua f: X —Y, orobpaxaiomas X
B [POH3BOJILHOE TONOJOTHYECKOE MPOGTPaHCTBO Y, He-
npeprisHa. JTO OY4EBHAHO, OCKOJbKY Mpoobpas moboro
noamuoxectsa Y oTkpeit B X. C Apyrofl CTOPOHHI, €CJH
B3fTb Y ¢ aHTUAHCKDPETHOH TONOJOTHeH, T0 Besikas PyHK-
uut f: X — Y, otofpaxaiuias NpoU3BOJILHOE TONOJOTH-
yeckoe npoctpaHctBo X B Y, Takxe HenpepoiBHa. Ha
caMoM jJeJie clpaBeAJdHBbl H ofpaTHhle YTBep:KACHHS, HO-
MElLIEHHBIE Jajiee B yOpPaxKHEHHUSX.

Tenepb npusefem npumep (QYHKUHH, HE SBJAOMEHCS
nenpepuBaofl. [lycts X=(R, U), rae U={Z}U{R}U
U{(—oco, x): x€R}, n nyers f: X — X onpenenena pa-
BEHCTBOM [ (x)==x2. PyHKuHuA [ He HenpepriBHA, NOTOMY
uto f~1((—o00, y?)=(—y, y) He npunagnexat U. Onuca-
HHe BCeX HenpepbiBHBIX QyHKUHH, oToGpaxaomux X B X,
jaetcs B ynp. 3.2 (d).

3.2. ¥Ynpaxnenua. (a) [Tyetb X —npousBosibHOoe MHOXeCTBO H U,
U’ ~rononorud Ha X. JloKaxuTe, 4TO TOXKACATBEHHOE OTOOPAKEHHE
%&:‘l&) — (X, U') HenpepLIBHO B TOM H TOJNLKO B TOM &Aydae, ec/u

(b) Mycts X — rononoruyeckoe npocTpaHcTso, 06JaNAIOMIEE TeM

€BOHCTBOM, 9TO AAf /IOGOre TONOJOTHYECKOIo NpoeTpancTsa Y BCA-
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kass ¢yuxkuus f: X — Y nHenpepoiBHa. Jlokaxurte, 4TO TONOJOTHS
npoctpaHcTea X AMCKpeTHA. (Y Kaszanue: BO3bMHTE B xadecTBe Y MHO-
KecTBO X C JIHCKPeTHO!l TOmoJsorueit.)

(c) Ilyets Y —Tonosiornueckoe MPOCTPAHCTBO C TeM CBOHCTBOM,
4TO /A JO6Oro TOMOJOTHYECKOro NMpOCTpaHCTBa X BeAKad (GyHKuuS
f: X~ Y nenpepuiBua. [lokamure, uTo ¥ HMeeT aHTHACKPeTHYIO
TOIOJIOTHIO. (YKa3aHHe: BO3bLMHTe B KauecTBe X MHOMeCTBO Y ¢ aHTH-
IMCKDeTHOH TomoJsoryeit.)

(d) Tlyere X — MHOMXKECTBO BelIECTBEHHBIX 4YHCE/J C TOMOJOTHel
{GYU{R}U{(—c0, x): x€R}. Iokaxure, uro dynguus f: X — X
B TOM H TOJLKO B TOM CJydyae HeENpepelBHa, ec/iH OoHa He y6hiBaeT
(T.e. H3 x > x" crenyeT [ (x) = (x')) u HempepelBHA ClpaBa B KJjac-
CHYECKOM CMeIcjIe {T. €. A1 Kamjoro x €X u Jwoboro & > 0 nafigercs
Tagoe 0 > 0, uTo M3 x<Cx' < x+ 8 cnenyer | f (x)—F (x')] < &).

MoxHo oxapakTepHu30BaTh HeNpPepEIBHLIE OTOGPAKEH U
H B TepMHHaX 3aMKHYTBIX MHOXECTB.

3.3. Teopema. Pynxyus f: X — Y moeda u moasko moe-
da Henpepeigra, koeda [~ (C) samkHymo Oaa w6020 3aM-
KHYymoeo nodmHoxcecmea CY.

Horasameascmeo. Ilpeanosoxum, yto [ HempepriBHa,
Ecuu C 3amknyto, 10 Y\ C oTKpHITO, H notoMy [~ (Y\ O)
otkpuito. Ho [~ (YN C)=X\/"1(C), creroBatensHo,
f~*(C) samrnyTo. O6patHo, nonycTHM, 410 U OTKPLITOB Y,
Tak 410 Y\ U 3aMKHYTO H, cTajo Obth, [~ (Y\U) =
= X\ f~*(U) savkuyro; HO 3TO oO3Hauaer, 4to f~!(U)
OTKDBITO, H IOTOMY f HempepblBHA. []

Oro6pakeHue, nepeBoAsillee OTKPLITHIE MHOXKECTBA
B OTKDBITbIE, HasblBaeTcsl omxpoimois. OTKPHITBIE O0TOGpa-
KeHHs He 0634TeNIbHO HenpephiBHLL. B kauecTBe npumepa
BO3bMEM Y, cocTosillee H3 JABYX Touek {a, b} ¢ AuCKkper-
HOH TOROJOruedl, H NycTb X -——MHOXKECTBO BELIECTBEHHEIX
ynces ¢ obprynofi Tonosornell. OtoGpaxkenue f: X — Y,
Onpeje/JeHHOe pPaBEeHCTBOM

a npu x>0,
f<x={ =

b wmpn x<0,
OTKDLITO, HO HE AIBJAAETCS HENpPepLIBHEIM, [OTOMY YTO
[~ ({a}) He otkprTo B X. Besikoe oTOGpameHue NpoH3-
BOJIBHOT O TOMOJIOY HYECKOTO MPOCTPAHCTBA B JHCKPETHOE
TPOCTPAHCTBO OTKPLITQ,
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Hasosem otoGpaxenne f: X — Y samknymoim, ecan
06pas Ji0GOrG 3aMKHYTOTO MHOXECTBA 3aMKHYT. 3aMKHY-
Thie 0TOGPaKeH HA He 00A3aTeNbHO HeN pepbiBHEL; ONHCAHHO0E
BBHILUE OTK PLITOE Pa3phiBHOE OTOGpakeHHE ABJAETCH TaKXKe
¥ 3aMKHYTbIM. BooGile, HenpeppIBHOE OTOOPAXKEHUE MOKET
6bITh (i) HEOTKPLITHIM ¥ HE3aMKHYTBIM, (Ii) OTKpPBLITBIM, HO
HE3aMKHYTbIM, (iii) 3aMKHYTBIM, HO HEOTKPBITHIM, {iv) B
3aMKHYTHIM, U OTKDHITHIM. IIpumeprt Takoswl: (i) X —MHO-
)ecTBO A ¢ RUCKperHofi TonoJsorued, Y —wmHoxKecTBO A
C aHTHIMCKPETHOH TonoJornefl M [— TOXKJECTBEHHOE OTO-
Gpaxenne; (ii) X=1{a, b} ¢ AMCKpeTHO! TOMOJOTHeH H

={a, b} ¢ tononornei {&F, {a}, {a, b}}; Toraa mocto-
sHHOe oToGpa)keHue, nepesofsmee X B a €Y, OTKPHITO
H HENPEpPLIBHO, HO He 3aMKHYTO; (ili) X={a, b} ¢ nu-
ckpeTHOll TomoJorvefi W Y =R ¢ 0ObuHOH TOMOJIOTHEl;
torga oroGpamxenune f: X — Y, sajmaHHoe paBeHCTBaMmH
f(a)=0, f(by=1, HenpeprlBHO H 3aMKHYTO, HO HE& OT-
KpuiTo; (iv) X =Y —moboe Tonosorndeckoe npocTpaHCTBO
u [—rToxpaectBenHoe oTo6paxkeHue., Koueuno, ecnu Ha f
HANOXKUTh JafbHellllHe OrpaHHuYeHHs, TO HEKOTOpble H3
YeThIPeX CJYyYaeB CTaHYT HEBO3MOXKHBIMH.

3.4. V¥Ynpaxueane. Ilycts f: X — YV — nenpepniBHOoe oTOGpazkenue
TonoJoruuecknx npocrpancts. Ecan ono: (a) mHBEKTHBHO, (b) cioph-
€KTHBHO, (C) 6HeKTHBHO, Kakie U3 Ha3BaHHBLIX YETHIPEX CJAYyYdeB MOryT
HA CaMOM JleJe BO3HHKHYTb?

Caenyoiinfi pe3ysAbTaT NOKasblBAeT, YTO KOMIIO3UIHSA
JBYX HelpepblBHBIX (yHKUWR HenpepnisHa. Jlokasaresb-
CTBO 3aMeyaTeNbHO CBOef NpoCcTOTOMH.

3.5. Teopema. [lyems X, Y w Z—monosrocuveckue
npocmpancmea. Ecau f: X —Y u g1 Y — Z—Henpepuis-
nole ynkyuu, mo ux komnosuyus h=gf: X — Z maxae
Her pepolera.

Jlokasameascmeo. Ecnu U otkpeito B Z, 10 g~*(U)
OTKpHITO B Y H, TaKHM 06pasom, f~* (g~* (U/)) otkpsiTo B X.
Ho (gh=* ()= (g~ (U)).

Caenyiouiee onpefiesleHHe yKasblBaeT, NIPH KaKHX yc-
JIOBHAX [Ba TOMOJOTHYECKHX MPOCTPAHCTBA CUHTAIOTCA
5KBHBAJIEHTHBIMH; IS BRIPAXKEHHS 3K BUBAJIEHTHOCTH B JaH-
HOM CJyyae HCIIOMb3YeTCsl CJIOBO «rOMEOMOp(H3MY.
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3.6. Onpepenenne. [lycts X u Y —Tonosornueckne npo-
ctpaHcTBa. losopar, uto X u Y comeomopgrel, ecnu
CYILLECTBYIOT B3aHMHO OGpATHBIE HeMpephiBHbE OTOGpaxe-
it f: X =Y, g Y - X (1. e fg=1y, gf=Ilg). Mu
niweM X =Y u HasuiBaeMm f H g eomeomopdusmany npo-
cTpaHets X u Y.

OKBHBAJEHTHOE ONpejieieHHe MOJYYHTCS, €CIH NOTpe-
6oBath, 4yToOH oTOOpaxenne f: X — Y 6nijao (i) GHeKTHB-
HbiM, (ii) menpepwiBHBIM B (iii) o6paTHoe K Hemy oToGpa-
®eHHe ™! Takxke ObLIO HenpepbBHEM. Tak, romeomop-
¢u3m Mexay npoctpaHcTBamMH X d Y —5T0 GHeKLus Mex 1y
TOYKAMH H OTKPBITHIMH MHOXECTBAMH 3THX MPOCTPAHCTB.

Hekoropbie npuMepsl romeoMop@u3MOB JIerKo NMoJyyHTh
H3 ra. 1. Hanpuwmep, eciu X — Tonosordueckoe npoctpan-
CTBO, BO3HHUKAlOIee H3 METPHYECKOro mpoctpaHcTea M
C MeTPHKOH d, u ecsm Y Bo3HMKaeT u3 M ¢ merpukofi d’,
3ajaHHoil pasenctsoM d’ (x, y)=d(x, y)/(1 +d(x, y)), To
X u 'Y romeomopdubl. [Ipyrofi npumep mnoJyuuTcs, ecJ
nonoxute X paBHLIM R” ¢ O6bIYHONH MeTpHueckofi Tomo-
Jgoruefi, a Y -—pasebiM R” ¢ meTpuueckoll TOnOJOrHed,
NOJIyYeHHON H3 MeTpUKH d (X, y)=max |x;—y;|. CHoBa
X u Y romeomopdubl. C apyroif croponsl, ecau X =R"
¢ o6plyHOH TOMOJIOTHEl, a Y =R” ¢ auckpetHoll TomoJo-
ruefi, 10 X u Y He romeoMop¢ubl.

3.7. Ynpaxknenus. (a) [Ipusegute npumepnl npoctpancts X, ¥ u mHe-
npepbiBHOH Oueknun f: X — Y, Tako#, uto f~1 paspriBHo '),

(b) IMyctb X u Y — tononornuecke npoctpadctea. Jlokamure,
uto X u Y B TOM H TOBLKO B TOM c/ayuae rOMEOMODPGHL, €CIH Cy-
mecTByeT Takoe otoGpaxenue f: X — ¥, uro (i) f 6uextusno u (i)
noamHomectso UC X Torma u ToabKo Torja OTKpHTO, Korda f (U)
OTKPBITO.

(c) Mycts Melpuku dy H dy Ha MHOMecTBE Y TakoBH, 4TO [Js
HEKOTOPHIX MOJIOXKHTEbHBIX m U M

md (@, ¥)<dz (v, ¥) << Mdy (y, ¥)

npu seex y, y' €Y. IMokaXure, 410 [Ba TONONOIHYECKHX MPOCTPaH-
CTBa, oONpeje/aseMble 3THMH METPHKAMH, roMeoMop(uel. (YKasauue:
paccMOTpHTE TOXKJECTBEHHOE OTOGparkKeHHE MHOMXKecTBa Y,)

(d) Ilyctb X — romosornueckoe npoctpanctso u G (X)— MHOMKe-

1) Cm. npumepn k teopeme 8.8,— [pum. ped.
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cTBo Bcex romeomopdusmos fi X — X. Hokaxure, uto G (X)—
rpynna. Oas x€X onpepemim G (X)={/€G (X): f (x)=x}. Hoka-
xute, uto G, (X)—noarpymna G (X).

FomeomopdHOCTD fBJAETCS OTHOWIGHHEM SKBUBAJEHT-
HOCTH, H TONOJIOTHA €CTb H3Yy4YCHUE KJaCcCOoB 3TOH 5KBH-
BaJIeHTHOCTH. B CJCAVIOIINX Tpex rJasax ONHCBIBAIOTCH
cnocobul NOCTPOEHUsT HOBBIX TONOJOrHYECKHX MPOCTPAHCTB
H3 yXe HU3BEeCTHhIX.



lnaea 4

MHAYUUPOBAHHAS TOMONOrnA

IlycTs S— noAMHOMKECTBO TOMOJIOrHYECKOro MpOCTpaH-
ctea X. Tonosorua npoctpanctBa X onpejefser HeKo-
TOpPYIO TOMNOJOTHIO Ha S.

4.1. Onpegenenne. TonoJoruett "Ha S, wHOyyuposanHol
TonoJsoruell mpoctpaHcTBa X, HasblBaeTCs COBOKYMHOCTb
mHoxecTB BHAa U NS, rae U —oTKpbiTOe MHOXKECTBO B X.

Hpyrumu ciaobamu, ecin U-—COBOKYNHOCTH BCEX OT-
KPBITbIX MHOKecTB B X, To Ug={UNS: U €U} —coBo-
KYNHOCTb BCEX OTKPBITEIX MHOecTB B S, Yr10OBI A0OKa-
3aTh, 4To Ug ABAsETCH TOMOJOTHel Ha S, MBl AOJIKHEL
IpOBEpPUTL TPH aKCHOMBI TomoJsorud. Tak Kak &= @ NS
# S=XNS, to nepsas akcHoma BeIMoJMHeHa., [as npo-
BepKH BTOpOil paccMoTpum MHOxectBa U,NS u U,NS
u3 Ug. Hx nepecevenne (U, NN, NS=WU,NUHNS
Takxe npuHagexut Ug. Hakonen, ecan {U,NS: j€J}—
NPOH3BOJILHOE CeMEACTBO MHOXKECTB U3 Ug, TO‘UJ (U, nS)=

/€

=( { U/)nS npuHafaexutr Usg.
jel

UrayuypoBagHyo TONOMOTHIO HHOMAA Ha3LBaloT Om-
Hocumeaoror Ttonosnorued. IloamuoskectBo S X, cHa6-
JKEHHOe HH/JYUHUPOBAHHOH TONOJOrHel, HasbiBaercs nod-
npocmparcmeom X.

Hanpumep, eciu B3aTh TNOAMHOXecTBO [a, b] BeurecT-
BenHOHA npamoii R (¢ ofbiuHOH Tomosorueil) u sagaTh Ha
HeM HHIyUHpOBaHHYIO TOMOJIOTHIO, TO MHOMKeCTBa

[a, ¢), a<c<?,

d, b], a<d<b,
d,¢)y, a<<d<c<y,
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6yAyT OTKpHITHIMH B [a, b]. 3ameTuM, 4TO OTKpHITOE MOA-
MHOKECTBO MNOANMpoOCTpaHcTBa [a, b] He o6A3aTenbHO OT-
KpriTo B R.

B KkauecTBe Apyroro npuMepa MOMKHO B3SITb ¢AMHHY-
HyI0 OKpYXHOCTb &' B R? ¢ Tonosoruei, uHAylHHPOBAHHOM
o6uiunoil Tonojoruedt B R®. Torjia oTKpHITHIE MHOXKECTBa
B S'—3710 OOBEAMHEHHS OTKpPBLITBIX Ayr, T.e. Ayr 6e3
KOHLEBBIX ToueK. Boofluie, onpenenuM Ha CTaHAapTHOH
n-MepHOH cdepe

n
S":{xEIR"“: > xﬁ:l}

(=1
TONOJIOT HIO, HHAYIIH POBaHH Y10 OGB4 HOM Tononorueit B R#*1,
PaccMOTPHM NOAMHOXECTBO S mpocTpaHcTBa R+,
3ajlaHHOe ypaBHeHHeM X,.,=0. Ecsu Hagenuts S nuny-
[IHPOBAHHOH TONOJOTHeR (HCNOJb3ys OOLIYHYIO TONOJIOT HIO
B R**Y), 1o S Gyner romeomopdro R”. Uurtaresp moxer

J10Ka3aTb 3TO CaMOCTOSITe/IbHO HJIM 3alJsHYTb B IJ. 6.

Y, ¥

y4 ya

Puc.4.1

HHTepecHo paccMOTpeTh HeKOTOpBle MOANPOCTPAHCTBA
R® u naliTd cpeau HUX romeoMop®Hbie Mexkay cobod. Ha-
npumep, romeomopdHel otpesku [a, b] u [c, d] B RcR?
OnuH u3 romeomMopdH3MOB 3alaeTCA PaBEHCTBOM

f(X)=c+ (d—c) (x—a)/(b—a).

HetpyaHo noctpouts obpaTHoe oTofipaxeHue [~' u noka-
3aTh, 4To f u f~! HempepbiBHBI (CM. Takxke ynp. 4.5 (g)).
M, Tak ckasaTb, pacTArHBaeM HJHM CXXKHMaeM OJHH OT-
pesoK B JpYro#.

B kauecTse Apyroro npuMepa paccMOTPHM OKDYXKHOCTDb
H 3aMKHYTYK) JIOMaHylo, OFpaHHYHMBAIOLYI0 KBajpar
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“-'.'-V ™ q ..

A

(a3 (6)

(¢) (d)
Puc.4.3

(puc. 4.1). Oto6paskenke, KOTOPOE NEPEBOAHT AYTH X;X; 41
OKPYKHOCTH B CTOPOHBl Y;Y;,, JOMaHOH, IBJAETCS TOMEO-
MophH3MOM OKPY:KHOCTH W JomaHo#. Ecau {(x, y): x? +
+y? =} —okpyxuocte # {(x, y): x=4I1, —I<<y<1
umn —1 <x <1, y=+1}—nomanas, 1o romeomopdu3Mel
MMEIOT BHJ

Opr}KHOCTb -— JJOMaH asd JoMaHag — Opr}KHOCTb
(*x, v) —>(x/m, yim) (x, y) > (x/r, y/r)

rae m=max (x|, |y|) u r=V ¥+ 4% Mo Kak Ob H3-
rufaeM OKpYXKHOCTb B JoMaHywo. Boofuie, ABa MOANpo-
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crpanctea B R* wam R* romeomopduet, ecqau, 00pasHo
roBopsi, UX MOXKHO MOJYYHTbL OJAHO M3 JAPYroro npH no-
MOLLH CKPYyYHUBaHUA, H3rHOAaHUS, C2KATHA HJH PACTAXKEHHSH,
no 6e3 CKJeHBaHUS TOUEK M paszpesannd. Tak, Hanmpumep,
6y6auK roveoMopdeH uyaiiHoil yaluke ¢ pydxoil (puc. 4.2).

Jpyroii npumep roMeomMopdHBIX NPOCTPAHCTB JaH Ha
puc. 4.3 (a) n (d) ¢ mpoMeKyTOUHBIMH TOMEOMOP(hHBIMH
NpPOCTpPaHCTBAMM, H300paKeHHbIMH Ha puc. 4.3 (b) B (¢).

Ecau h: X 2 Y —romeoMopdH3M, T A7 o000l TOUKH
x € X roneomopguer npoctpancta X\ {x} n Y\ { (x)}. D10
CBOHCTBO HKHOTJAA [O03BOJSIET J0Ka3aTb, 4TO HEKOTOPbIE
npocTpancTea HeromeoMmopdHbl TlpHBenem npumep Takoro
paccyKAeHUS (10Ka 4HCTO MHTYHTHBHOrO). IToanpoctpan-
crea [0, 1] u (0, 1) npocTpanctea R ne romeomopoHs,
noroMy d4to ecjn BeiGpocHTh Touky O m3 [0, 1], To no-
ayuntcst npomexyTok (0, 1], KoTOpblfi (HHTYHTHBHO) CO-
CTOHT H3 OJHOIO KYyCKa, TOr4a Kak MpH OTOpachiBAaHHH
JgoBofi  Touky u3 (0, 1) moaydutcss (MHTYUTHBHO) ABa
KyCcKa, HJH, ToYHee, JH3BIOHKTHOE OObeAHHeHnHe IBYX
HemyCThIX OTKPHITBIX MHOMxKecTB. Ho oaum Kycok (umHTyH-
THBHO) He MCOXKeT ObTb romeomopdel AByM, TaK Kdk CO-
OTBETCTRYIOL €€ 0TOGpaKCHHE COAEp:kaJo Obl paspesaHne
H He Obljio Gbl HenpephBUBIM. TakHM 06pasom, OTPE3OK
[0, 1] ue roveomopden uutepsaday (0, 1). (Tloustus «opusn
KyCOK» I «/1Ba KycKa» GyAyT CTPOrO OnpeaeseHsl B ri. 9.)
DTy Hie0 MOXKHO 0000 HTE, yaaass ABe HJIH 60Jee TOYeK.
Yurareno npeasaaraercs HCCAeA0BATbL AaljibHefllIHe BO3-
MOXHOCTH, KOTOPBlE OTKpPLIBAET 3TOT METOA, NPH BLINOJ-
HEHHH CJCAYIOULEro YIpaxKHeHHs.

4.2, WUntynTHBHOS ynpamueHne Ha romeomoptuambl. PaccoptupyfiTe
noxnpoctpanctsa R3 (0 R?), usobpaxennbie Ha puc. 4.4, mo npun-
UHOy HX TOMEOMOPQHOCTH.

PacecMOTpUM OKPYXKHOCTD H «3ay3JIEHHYIO OKPYXHOCTDY
B RY (puc. 4.5); Mexiy HHMH JIETKO MNOCTPOUTH [OMEO-
Mop¢u3m. Hy:KHO pasjienHTh Kax10€ H3 3THX NPOCTPAHCTB,
CKaXKeM, Ha JeBdaTb u4acTeH M OTOOpa3HTh HYry OKpyK-
HOCTH X;X;,., HA AYTY y;Y; 4, «3aY3JEHHON OKPYKHOCTH.
Ecad cpenath paccMaTpuBacMbple [OANPOCTPAHCTBA H3
TOHKOH BEpEBKH, TO JIerKO OBH&PYMKHTb, 4TO MPH MOMOLLH
uaruGanus W CKpyuupaHus 6e3 paspesaHuil W CKJEHBa-
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HHA HEBO3MOXKHO MpEeBpaTHTb OJHO U3 HHX B ApYTOe.
Onnako ecJy pa3pes3atb yseJ, pa3BsA3aTh €ro H CKJICHTDb
KOHIIbI, TO Y€ MOXKHO TOJYYHUTL OKPYKHOCTB. DTO HABO-
AUT Ha MBICAb BMJAOH3MEHHMTb Halle WHTYHMTHBHOE npei-
cTaBJeHHe o roMeoMopdu3amax noianpoctpancts R®, gomny-
CTUB BpeMeHHble paspesaHus. Miea coctouT B TOM, 4TO

ABCDEFGHIUKLMNOPORS
TUVWXYZ 1234567890

0 Kood 6 ©
OAD M —C
Z & 100~ F

Puc.4.4
X5
x, Y
2 4 Yy Us 7
Xy
et} Ya . Y !]2
xz Jg 6
x
8 o y5 yl
Xy
Puc.4.5

MOYKHO BPEMEHHO C/leslaTh paspes, BLINOJAHHTL HEKOTOpbIE
roMeoMopu3aMbl (H3rHGaHue, CKPYIUBaHHE U T. 1.), @ 3aTeM
3TOT paspes 3axkJeuTb. HavanpHoe H KOHeUHOE MpoCTpaH-
crBa OyAyT Torja TroMeOMOP(HBIMH. DTOH HjAee MO3J1Hee
OGyAeT MpHjaHa CTPOrOCTb MPH NOMOIIM MNOHATHS (PAKTOD-
npocTpaHcTBa (CM. M. 5 M, B 4acTHOCTH, Teopemy 5.5).

4.3, ¥Ynpaxnenne, [lokaxure, uto nopnpocrpancisa R3, naoBpaxen-
uuie Ha puc. 4.6, romeomopdubl. [lepBoe MOAMpPOCTPAHCTBO MOJyqeHO
NpHKJEHBAHHEM TPeX CKPYUYEHHBIX NOJOCOK OyMarys K ABYM OyMamHbIM
Kpy:xOuKaM. BTopoe nonyyeHO CK/AEHBAaHHEM ABYX IJHHHBIX I10J0C
GyMaru. (YxasaHpe: pa3pexkble NI€pBO€ U3 STUX NPOCTPAHCTB B ABYX
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MecTaX, a HMEHHO NepepexbTe /ABe CKPYYEHHELIE NOJOCKH, 83aTeM pas-
BEepHHTE H CKJefiTe NOJOCKH 3aHOBO.)

Mbi yxxe OTMETH/H, Y4TO €CJIH S —IMOANPOCTPaHCTBO X,
TO OTKpHITHIE MHOXKECTBa B S He 06A3aTeNbHO OTKPBHITHI

Puc.4.6

B X. Ho ecan S otkpeto B X, TO OTKpHITEHE MOAMHOXeE-
c¢TBa S OTKpPHITH Takxke H B X.

4.4. Jlemma. (i) Ecau S omkpoumo 6 X, mo nodmuoscecm-
sa S, omkpoimeie 8 UHOYUUPOBAKKOL MONOAOZUL, OMKpbi-
mot ¢ X.

(iy Ecau S samxnymo ¢ X, mo nodmnoxecmsa S,
BAMKHYMbLE 8 UHOYUU POBAKHOL monoaoeuu, samkHyme 6 X,

Hoxkasameascmeo. Tak Kak (i) u (i) nokasuBarores
fosee I MeHee OJMHAKOBO, HOKaxem Tosbko (i). Ilpen-
noJsoxnM, 970 S oTKpeTo B X, # nycth U —OTKphITOE
nos.iHoxecTBO S. [lo onpenenenuo, U=VnS, rae V
otkpuito B X. Ho tak kak S orkpnito B X, To U=VnS
TaKKe OTKpHTO B X.

4,5. ¥Ynpaxsenns. (a) [lokaxure, 910 ecau Y — noanpocrpancteo X,
a Z-—-nojnpoctpaHctso Y, 10 Z— noampocTpatcTeo X.

(b) [lokaxuTe, 4TO MOAMPOCTPAHCTBO METPH3YEMOro MPOCTPAHCTBA
METPH3yeMo.

(e¢) Mpeanonoxum, uto S —noanpoctpaucteo X. [lokaxkute, urto
oTobpa:KeHHe BK/IOYeHHs1 S —> X HenpepriBHO. BoJiee Toro, moKaKure,
yTo TomoJorass S fABAseTcA HaHMeHblued (HMEIOWeH MeHbIUe BCero
OTKDHITHIX ~ MHOMECTB) CPefM TOMNOJIOTHH, OTHOCHTEJbHO KOTOPLIX
BKJIIOUeHHe S — X HenpepriBHO.

(d) Myers X —TonoJ0rH4eCKOE NpOCTPAHCTBO, S -—€ro MOAMHO-
xkectBo u {: 8§ — X —BRJyouenne. [lpeanosoxum, 9to Ha S 3ajaua
TaKas TOMNOJIOTHS, 4T0 JJs M06010 NpOCTPaHCTRA Y u 0106paieHus f:
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Y — S 510 oTO6pa)eHHe TOrAa B TOJBKO TOTAA HENpepbiBHO, KOrAa
HerpephiBHa Komnoauuust if: Y — X, JlokaxuTe, YTO 9Ta TOMOJOTHSA
Ha S coBmajaer ¢ TOMOMOrHell, HHAYNHPOBAaHHOH TomoJoruell Ha X.

{e) Tlycts Y —noanpoctpancieo B X u A —noaMHOxecTBO B Y.
O6osnauum uepes Cly (A) sambikanne A B X, a uepes Cly (4) 3a-
moikanue A B Y. Joxaxute, uto Cly (A) < Clx (4), Ho, BoOGIE
rosopsi, Cly (4) # Clx (4).

(f) TloxaxuTte, uTo noamHoxectso (a, b) B R c unaynuposasHoi
tonosorueli romeomopdHo R. (YkKasaHde: Hcrmoab3yiTe GyHKOHIO THOA
x> tg [7(cx4-d)] npu moaxoasmHx ¢ W d.)

(g) Mycts X, Y —Tonosoruueckyue mpocTpaHcTBa H S — MoAnpocT-
pancteo B X. Jloxaxute, 4To ecan f: X — Y Henpepuisuo, T0 H [|S:
S — f (S) HenpepsiBHO.

(h) [Togaxute, uto mognpocrpanctsa (1, ) u (0, 1) B R ¢ o6brunoi
Tonosorueit romeomopdHul. (Ykasanue: xp> 1/x.)

(i) Iokamute, wto SN {0, 0, ..., 0, 1)} romeomop¢pHo Rr
@ ofuLynofi TomoJorued. (Ykasanue: onpepeaute ¢ S7N\ {(0, 0, ...,
ver, 0, D} = R” dopuynioft

Xy X3 Xn
(P(XL Kap wees Xnad) | —xp41q ’ ]—xn+1' Tt 1—xn+1),
a P Rr 582\ {(©, 0, ..., 0, 1)} dopuynoit
1 .

‘P(xl; Xy seey xn)=.l_-i——_ﬂ_x_“_2(QXb 2x2, LY me “x”Z—I)-)

(i) Oycts R2+ {0} u S® cHaGxenbl TomoJorue, HHLYyUKPO-
BaHHOH oGnuHofl Tomosoruell mpoctpanctsa Rz+1, J[OKaXuTte, 4TO
otoGpaxenne f: R2+1 {0} — S, onpenencHnoe paBeHCTBOM f(x)=
= x/| x|, HempepuIBHO,




MnaBa 5

MAKTOPTOMOJIONNA
(1 TPYMMNbI, AEACTBYIOLWME HA MPOCTPAHCTBAX)

B npexpiaymefi rnaBe Mbl paccMaTpuBaJu, MO Cylle-
CTBY, MHOXKeCTBO S, TOMOJOTHYECKOe NpPOCTpaHcTBO X
U WHBEKTHBHOE oToGpaxkenue S B X. IT10 oTOOpaeHHe
omnpelessso Ha S MHAYLUHMPOBaHHYK TOmoJordio. B atoil
rJaBe Mbl PaCCMOTPHM TOIOJIOTHYECKOE NPOCTPAHCTBO X,
MHOXKECTBO Y U CIODBLEKTHBHOe oToOpaxeHue X Ha Y.
DTO 0TOGpaXKEHHE ONPENeNUT HEKOTOPYIO TOMOJNOTHIO Ha Y,
a UMEHHO Tax HasplBaeMyw ($HakTOPTOMOJOTHIO.

5.1. Onpenenenre. Ilycte fi X — Y — cropbekTHBHOE
0TOGpaxKeHHe TOMOJOTHYECKOro MPOCTpaHCTBA X Ha MHO-
kectBo Y. dakmopmonoaoeued Ha Y OTHOCHTENBHO f
Ha3blBA€TCsl COBOKYIMHOCTb MHOXKECTB

U, ={U: [~ (U) otxpmiTo B X}.

Jlerko npoBepHThb, 4TO U, YNOBJETBOPSAET aKCHOMAaM
TONOJIOTHH: OYEBUIHO, 4YTO @e%, 7} Ye%,, a 0CTaJjb-
Hble YCJIOBHS JIETKO CJIGAYIOT M3 TOro, uTo [~* (U, NU,) =
=[P UINF (W) 0 U U)= U (U,). Saverny,

! I

uTo ecad Y cHaGxkeHO dakTopTOnoOJoruell, To orobpa-
*KeHue fi X —Y HempepblBHO.

XopolHM npuMepoM SABJACTCA MHOxKecTBO RP? =
= {{x, —x}: ¥ €8"} HeynopsLOYEHHBIX nap TO4YeK u3 S”
HmeeTcss OueBHAHOE CIOPBEKTHBHOE OTOOpakeHHe I
87 — RP”, npu kotopom x > {x, —x}. Muoxectso RP”
¢ daxkTopTOnONOrHell OTHOCHTEJbHO OTOOparkeHuss 7 Ha-
BBIBACTCS BELYECINBIHHDIM N POCKIIUBHBIM N-MEPHbIM 1 pOCc-
PAHCIMBOM.

B kauecTBe JApyroro npuMepa paccMOTPHM CHayasa
NpPOCTPAHCTBO

C={x, y, )R X+ y*=1, |2|< 1}
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6 HHAYUMPOBaHHOH Tonojoruedl (uuauuap). [lyers M —
MHOXKECTBO HeynopsifodeHHBIx nap Toyek u3 C BuAa

{p, —p} T e
M={{p, —ph p€C}

Tak KaK dMeeTcs ecTecTBEHHOE CIOPBEKTHBHOE oTobpa-
eHue upocTpancTBa C Ha ‘I, TO MOXHO cHabauTb M
¢dakTopTonosoruefl. [lonydeHHOe OPOGTPAHCTBO HA3bIBA-
etesd aucmom (nau aesmod) Mébuyca.

Pacemo1pum otobpa:kenne fi M — R® Buia

{p, —p} e (x2—y®) (24 x2), 2xy(2+x2), y2),

rie p=(x, y, 2)€CcR’. Herpyauo nposeputp, uto f
unbekTuBHO. O6pas [ (M) npoetpaHersa M npu orobpa-
xKeHun [ usoGpaxkeH na pue. 5.1, B peficTBHTe/BHOCTH

Puc.5.1

M romeomopdHo f(M)cR? ¢ uHAyUHPOBAHHOH TOMOJO-
rueil; HeMpepslBHOGTL [ c/eyeT U3 HenpeprBHOCTH OTOGpa-
kenun F1 R? — R3, onmpejeneHHOro paBeHCTBOM

F(x, y, 2)=((x*—y? (2 + x2), 2xy (24 x2), y2),

1 cBoficTBa YyHHBEPCAJbHOGTH OTOOpaxKeHHs (PakKTopnpo-
cTpaHcTB (cM. HHxe Teopemy 5.2). [lokasatenbeTBo He-
NpepLIBHOCTH [~* MPeJOCTaBAAETCSl YATATENIO; OHO JIETKO
CJIellyeT H3 pesynbTaTOB, AOKa3bBaeMblx B rJ. 8,

ChopMy/upyeM U JOKa:KeM C60UCme0 YyHUsepearoomu
omobparenus (Haxmopnpocmpancms.

5.2. Teopema. [Iycme [i X — Y —nexomopoe omobpasie-
Hue, u npednoroxcum, 4mo Y CHaOXCEHO (paKkmopmonoao-
euell omrnocumensno f. Omobpaxcenue gv Y ~—Z npocm-
pancmaa Y 8 npoussonbHoe monoa08u4eckoe N pocmpancm-
60 Z moeda u moabko moada HenpepulsHo, Ko3da Henpe:
puisna komnosuyua gfy X = Z.



40 TNABAS

Hokasamenscrneo. OtoGpaxkenue fi X — Y Henpepois-
HO, U €CJH g HemnpepelBHO, TO KOMNo3uuus gf Takxe
nenpepbiBia. OGpaTHO, npeAnosoxuMm, uro gf Henpe-
puiBHO. Ecau V otkpwuto B Z, 10 {gf)™* (V) oTKpBHITO B X,
T. e. [~ (g~ (V) orkpuito B X. Ilo onpenenennio ak-
TOpTONMOJMIOTHH Ha Y, MHOxecTBO g~ * (V) oTkpuito B Y, a
MOTOMY g HEMNpephEBHO.

5.3. Ynpaxnenuns. (a) Ilycts Ha ¥V 3anana (dakTopTomosorus OTHO-
cuteabHo otobpaxenus fi X — V. Jlokaxure, 4T0 3T0 HauboJbluas
TonoJorus Ha Y, OTHOCHTENBHO KOFopo#l [ HempephiBHO 1),

(b) IMyctb Ha Y 3ajana $aKTOPTONOJIOTHST OTHOCHTEJbHO OTOGpa-
xenus f: X —» Y. Ilokaxure, 4T0 NOAMHOXKeCTBO A 3aMKHYTO B Y
TOrja M TOJbKO Toraa, xorga f—!(A) samkHyto B X.

(c) Mycerb /i R — S (S* < R?) onpeneneno paseHcTBoM f (f) ==
= (cos 2n¢, sin2n/)€R?. Jlokaxure, uto daxtopronosorus U Ha S
OTHOCHTE/IbHO OTOOpaenus [ coBmajaer ¢ Tonosoruefi 4, uBAyuW-
poBannofi u3 R2 (1. e. mokaxute, uto (S, Uj) = (S*, U)).

(d) Nyems X, Y, Z—1on0j0ruueckne npocTpanctsa (B fi X —
~Y, g1 Y - Z—ciopbeKkTHBHHE OTOOpaxeHHs. JlOKaKuTe, UTO ecJH
tonoJiorud Ha ¥ H Z aBasiorcsi (HakTOPTOMOJOrHAMH OTHOCHTEALHO
oToGpaxeHuil f B g COOTBETCTBEHHO, TO TONOJOTHA Ha Z ecTb hakTop-
TOMOJIOTHS OTHOCHTEJNLHO Kommo3uuuu gf: X — Z.

(e) Hokaxmure, uto RP! u S! romeoMopdusi.

() ITokaxure, uto otoGpaxenne f: RP? — R* pupa {x, —x} >
> (%3 —x3, Xxa, X(X3, X;X3) HENPEPLIBHO H HHBEKTHBHO.

(g) Tyctb X —rtonosornueckoe npoctpancteo ¥ fi X =V —
ClopbeKTHBHOE oTOGpaxenne. [lyers U, — daktopronoaorus na Y,
Ipeanonoxum, uto U —TonONMOrKA Ha ¥, OTHOCHTENbHO KOTGPOH f:
X — Y nenpepriBHo. JloKaXKuTe, YTo ec/H f—3aMKHYTOE HJH OTKDEI-
T0e oTo6paxenne, 1o (V, U) romeomopduo (¥, Uy). Ipusenure npu-
Mep HEeOTKDHITOIO M HEe3aMKHYTOro OTOGpaiKeHHs [, AJAs KOTOPOro

(h) TIpeanoJsioxumM, uto fi X — ¥ —ciopbeKTHBHOE OTOOpaxeHHe
TONoJIoryeckoro npoctpancTea X Ha MHoxecTBo Y. Ilyers Y nage-
JeH0 (haKTOPTONOJIOTHeH OTHOCHTENLHO f, M MyCTh A —NOoAmpocTpan-
creo X. O6osnauum uepes Uy Tonojoruio Ha B=f(A) Y, unpyny-
poBaHHYW0 u3 Y, a uepe3 Uy;— HaKTOPTONOAOrHIO OTHOCHTEILHO OTOG-
pawenus f|A: A— B. [lokamute, uto U, < U,. [pusenute npu-
Mep, NOKasblBaloliMH, uTo, Booble rosops, Uy # U, (Ykasanue;
paccMoTpuTe oToGpaxente f: R — S!, sagamHoe paseHcTEOM | (f) =
== exp (2nit).) Ilokaxure Taxxke, yto ecqy au6o A samruyto B X n
f—s3aMKHyTOe oTOGpamenue, /60 A OTKPEITO B X M f--OTKphiTOE
oToGpaxeHnue, To U, =U,.

[TpuMep CIOPBEKTHBHOrO OTOOPaXKEHH MOKHO MOJy-
YHTh, PACCMOTPEB KJACChl SKBHBAJEHTHOCTH JJA HEeKOTO-

3) Cp. ¢ ynp. 4.5 (¢). — Tl pum. ped.
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poro OTHOLIeHHs 3KBuBaleHTHocTH. Ecsam X —tononoru-
yeckoe MPOCTPAHCTBO U ~ €CTb OTHOLICHHE 35KBHUBANEHT-
HocTH Ha X, 0603HauuM uyepe3 X/~ MHOXKESTBO KJIACCOB
9KBUBAJICHTHOCTH W onpefeauM fi X — X/~ paBeHCTBOM
f(x)=[x], rae [x]—conepxamuii x Kjacc 3KBUBAJEHT-
Hoctu, O mpoctpaHeTee X/~ ¢ (aKTOPTONMOJOrHed roBo-
PSIT, 4TO OHO MOJydyeHO W3 X NpH MOMOUIY MONOAOSUHEC-
K020 omoncOecmsierus. Hanpumep, ecad ~ €cTb OTHO-
[IEHHE 3KBUBAJIGHTHOCTH HA S”, 1/ KOTOPOro X~y B
TOM M TOJBKO B TOM CJyyae, €c/H x= -y, T0 S*/~ —
3T0, KoHeuHo, RP*. To e camoe OTHOILIEHHe SKBHBa-
JEHTHOCTH Ha udauuape C JaeT B KayecTBe (HaKTOpHpo-
ctpanciBa C/~ juct MéGuyca.

Ecan B3ate exunnuHbifl kBagpatr X={(x, y) 0< x,
y<<1} B R? @ unAyunpoBaHHOH TOmoOJOTHE# W ompeje-
JIMTb OTHOIIEHHE 3KBHBAJIEHTHOCTH Ha HeM yCJIOBHEM

x5, H) ~(', Y)W =" y) nm {x, x'}={0, 1}

uy=y’,
To X/~ & ¢akTopTonosoruefi romMeoMopPHO LHIHHAPY.
CryyHOe J0Ka3aTelbCTBO 3TOTO (pakTa MOXKHO OblIO Obl
LaTh cefiuac, HO ropasjo MpOLLe OHO NMOJYYHTCA B I, 8,
caMm ke (PakT HHTYHTHBHO siceH. Mu Oyngem u3o0paxaTb
X BMeCTe ¢ 3aJaHHHIM Ha HeM OTHOIUEHHEM 3KBHUBAJCHT-
HOCTH TaK, Kak 3T0 cAejJaHo Ha puc. 5.2 (a). Crpenku
MOKa3hIBAOT, KaKHe TOYKH H B KAKOM MOpsilKe OTOXK-
JIeCTBJISIOTCA,

Takum e cnocofOM MOKHO MOCTPOUTH JHCT MéGuyca.
CooTseTcTByIOWAs KapTHHKA H3o6paxeHa Ha puc. 5.2 (b
OTHOIIEHHE SKBHBAJICHTHOCTH Ha KBajgpare X onpejes-
eTcs Kak

%, o)~ (', §)S (x, )=, §) nan {x, x'}={0, 1}
ny=1l—y’.

HBa gpyrux npuvepa, NOJYYEHHBIX H3 €IHHHYHOIO
KBajpara [pu [OMOUIH TOMOJIOFHYECKOTO OTOXKAECTB/Ie-
Husg, AaHL Ha puc. 5.3.

HerpuBnanbHeie 3KBHBaJeHTHOCTH Ha puc. 5.3 (a)
nmerot Bug (0, ) ~(1, y), (x, 0) ~(x, 1), a Ha pHa.
5.3 (b) 0, y) ~(, y), (x, 0) ~(1—x, ). B nanbuei-
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meM OyneT OYEBHAHO (a3 YUTaTeJb MOXET [ONbITAThCA
JloKkasaTtb 3TO yxe cefiyac), 9To Top (NPOCTPAHCTBO Ha

puc. 5.3 (a)) romeomopteH caelyiomemMy NoANPOCTPAHCTBY
B R%

{x, y, DERS (VX +yp2—2)2422=1}.

[omeomopdnam sagaercs, HanpHMep, COOTBETCTBHEM
(%, y) = ((2 +cos 2nx)cos 2ny, (24 cos 2nx) sin 2my,

sin 2mx).

OTO NPHBOAMT K TPAAMIHOHHOMY H300paXKEHHIO TOpA B
BHIe nosepxHocTH 6y6auka (puc. 5.4).

7 \3 N ¥\ Y
(9 (b)
Puc.5.2. (a) Unaungp. (b) Jluer MéGuyca
>> =
A A A A
> . <<
@ (6)

Puc.5.3. (a) Top. (b) Dythaka Kieiina

Ecan B3ATb KBaApaT W3 rUOKOro MaTepHana H CKJe-
HWTb €r0 FpaHu4YHEE TOUKH B COOTBETCTBHH C pHC. 5.3 (a),
TO Mbl CHOBA MpPiAEM K 3TOMY H3o06pakeHHio (prc. 5.5).

Apanoruunbii mpouece Aaa GyThKH Kiefina 1pya-
Hee, MOTOMY YTO MBI BBIHYMXKJACHBI 1POBOJHTb OTOMKIECTBJE-
Hua B R* [lepBoe oroxaectBjaeune (puc. 5.6 (b)) Beinon-
HUTb npocTo. Ilaa cuenyiomero (puc. 5.6 (c)) HaM HyKHO
ueTeipe u3MepeHus. [paduuecky Mbl H306paxkaeM €ro, KaK
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-~

Puc.5.4

&

Puc.5.5

(a) (6)
Fuc.5.6

<g-

(6)

(e)

()
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Ha pHC. 5.6 (d). OkpyKHOCTb caMomnepeceueHHss Ha caMoM
Jesle OTCYTCTBYeT; OHA BO3HHKJIA HAa pHCYHKE TOJBKO
[OTOMY, UTO MBI )KHBEM B TpeXMepHOM MHpe.

Paccekas MJ0OCKOCTbIO MPOCTPAHCTBO Ha puc. 5.6 (d),
MBI BHAHM (puc. 5.7 (a), (b)), uro 6yTniika Kieiina npex-
crap/sier co6ofi nBa Jucra MéGuyca, ckJeeHHBX no 00-

(b)

L

(c) (d)

1
i

Puc.5.7

me# rpaunnue. [lo-ApyroMy HJJMIOCTPHPYIOT 5TOT (akT
puc. 5.7 (c), (d).

Jlna obJieryeHust JanbHeHIIHX HArJIsAHBIX NpejcTraBJe-
HUH HanoMHHM, UYTO BelleCTBeHHAas MPOSKTHBHAsI MJIOC-
KocTh RP? omnpeneneHa Kak S* ~, rje

x~x & x=4x'.

B stom cayuae ceBepHoe MOJyLIapHe OTOXKIECTBJISETCS
C I0XKHBIM, H MOXKHO OTp aHHYHTLCS CEBEPHBLIM IOJYIIAaDHEM,
KoTOpoe romeoMopdHo muckKy D= {(x, y) €R®: x*4 > <<
< 1} mnocpencTBoM mpoekuHu (x, y, 2) b (X, y) Aja
(x, y, 2)€8? ¢ 2= 0. Takum o6paszoM, RP? MOXKHO n1pes-
cTaBHTh Kak D2 ~, riae

x~x'@x=x" wm x, x¥€ScD* n x=—x".

Aro usobGpaxeHo Ha puc. 5.8 (b) HJIH Ha 3KBHBAJEHTHOM
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puc. 5.8 (c). Kowneuno, 3To HeJab3a cuuTaTbh CTPOTHM AO-
Ka3aTeJbCTBOM.

Econ eeibpocuth n3 RP? MajeHbKMi JHCK, MBI MOJy-
uyum JHctT MéE6uyca (puc. 5.9). Taxkum ofpasom, BeliecT-
BeHHyI0 MNPOEKTHBHYIO MJIOCKOCTb MOXHO MpPeACTaBJATb
cefe Kak JucT Mé6Hyca ¢ NMpuUKJIECHHLIM AHUCKOM.

(@) (b)

(c)
Puc.5.8
' (:a) (&) (c) (@)
Puc.5.9
o~ F 3
(a) (b)
Puc.5.10

Cepy Toke MOXKHO NpeicTaBuTb B Buie (akTop-
npocTpaHCTBa, KaK mokasaHo Ha puc. 5.10 (a) wm (D).
WHTYWTHBHO VOXKHO MpeACTaBaATL cefe Kpyr M KBaipat
KaK KOLIEJbKH C MOJHHAMH. 3acTErHyB MOJHHIO, Mb
nonyuum cdepy.

B npeabyiymwux npiaMepax Halll PacCyzKACHHs HOCHJU
MHTYMTUBHBIH XapakTep. MoxHO Obl10 OB AaTh CTpOrHe
JloKasaTe/bcTBa, HO Jydllle OCTaBMThL HX AO TOFO Bpeme-
HM, Korjga y Hac 6yieT HemHOro QoJiee pa3BuTas TEOPH,
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Uniarenio PEKOMEHAYETCA BEPHYTbCA K 5TOH rJaBe nocJe
rJa. 8 1 BOCDOJIHHTD JAeTaJii NPHBEACHHBIX BHIIC HarJasa-
HBIX cOOOparkeHufl.

OnHoMmepHble aHAJIOTH AMCKA H C(Epbl—3TO OTPE30K
N OKPYHKHOCTD. Ecau oToxkaecTBUTh KOHUBI €IUHHYHOTO
OTpe3Ka, Mbl I0JYyYHM OKPYKHOCTh. MIHTYHTHBHO 3TO ACHO.
Yurarteao CJEAYyeT NOINBITATLCH A4aTb cTporoe JokKasa-
TEJLCTBO 3TOr0O (akTa.
5.4. Yupaxnennn, (a) [loxaxure, uro ecan /=[0, I]cR n ~—
OTHOLIEHHE SKBHBAJCHTHOCTH, NpH KOTOPOM X~ X' TOrAa M TOALKO
Torfia, koraa {x, x'}=={0, 1} um x=2x', 10 //~ romeomoppuo S.

(b) Jluct MéGnyca ofnajaeT MO CPaBHEHHIO C IHJMHIPOM HEKO-
TOPBHIMH MHTEPECHBIMH cBoficTBamu, Cjhestafite MoAeJM UHJIWHAPA H
Jucta Mé6uyca u3 noJocok Gymaru pasmepom oxoso 40x4 cm. [lpo-
BEJHTE KAPAHJAALIOM JHHHIO NOCEPeAHHE MEXKIY KpasMH LHJUHApA H
JAncTa Mébuyca. Teneps paspexbre BAOJAbL 5Tolt juHHH. Hro noxy-
YHTCA B KamJgoM cJayuyac? UTo noayuuTCs, ecad paspesaTbh BIOJb
JIMHUY, [POBEIEHHOH Ha pAacCTOAHHM OT Kpas, paBHoM 1/3 paccros-
HHS! MEXKAY KpasMHu?

Caepytoinii pesyJ/bTaT JaeT JOCTATOYHBIE YCJOBHS
TOro, urobhl (aKTOPIPOCTPAHCTBA TOMEOMOPQHBIX [IPOCT-
paHCTB ObLIH [OMEOMOPPHBIMH.

5.5. Teopema. [Tycme fi X — Y —omobpasicenue monoao-
euueckux npocmpancme, u npeonoaogcum, wmo #a X u'Y
3a0anbl OMHOWEHUS SKBUBAACHIMHOCIMU ~ U ~y COOM-
GEMCMGEHHO, AKUe, 4mo X ~ yx' @ MOM U HOALKO 8 MOM
caydae, ecau f(x) ~vf(x'). Ecau [—eomeomoppusm, mo
X~y u Y[~y eomeomopiror.

Horxazameascmeo. Onpefenum otobpaxenue Fi X/ ~y—
— Y/~, pasedctBom F [x]=[f (x)], rae kBaapaTHble
CKOOKH 0003Ha4aioT KJacChl 3KBHBAJEHTHOCTH. DTO Onpe-
JeJIeHHEe KOPPEKTHO, Tak Kak ecsn [x]=[x"], To x ~xx’,
a toraa f(x) ~f(x) u [f(x)]=[f(x")] IHoxaxkem, uto
F —romeomopduam. Hrolk MoKasaTb, 4TO F HHDBEKTUBHO,
npeanonoxuy, uto F [x]=F{x'], Tak uro [f (x)]={[ (+")],
1. e. [(x) ~,f(x"). Ho 1orpa x ~,x" ulx]=[x"]. Ciopp-
ekTHBHOCTL F ouesupna. YUroObl 1oKasaTb €ro Hemope-
PBIBHOCTb, PAaCCMOTPHM €CTECTBEHHBIE NPOEKUHMH Ty: X—
— X/~x u ny: Y —Y/~y, HenpepoiBHBIE MO Onpejene-
HUIO QakTopTonosoruu. SIcHo, uto Frmy = f, U Tak Kak
{ uenpepwiBHO, TO Frmy HenpepblBHO H, CJeA0BaTebLHO,
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F nempepeiBHO B CHJly CBOICTBA yHHBEpPCAJbHOCTH OTOG-
paxkenus dakrtopnpoctpancte. Tor dakt, uto F~! Henpe-
DBIBHO, aHAJOrHYHLIM 00pasoM CJ/EAyeT H3 paBeHCTBA
Fiqy=ngf~t. O

B kauecTBe npumepa paceMoTpuM R*=(0, oo) = R ¢
TaKUM OTHOLIEHHEM 3SKBHBAJEHTHOCTH: X ~ x' TOorga #
TOMBKO TOTJa, KOrja Hajilletcs 1les0e f, TAKOe, 4T0 x' =
= 3x. Pacemorpum Taksxe R ¢ OTHOLLEH:EM 5KBUBAJCHT-
HOCTH: X ~ x' B TOM H TOJBLKO B TOM cJjydae, ec/u Hail-
JeTcs mejoe n, Takoe, 4ro &’ ==n-+x. OyHgumst {1 R*—
— R, onpenenennas paseHCTBOM [ {(x)==log,x, sBxsieTCs
romeoMopdusMom, H ¥ ~ x' & f(x) ~[ (x'); caeiczarensuo,
npoctpanctBa R¥/~ u R/~ romeomopduel. Ha camom
Jene o0a OHM roMeoMOpdHBl OKPYIKHOCTH.

Teopema 5.5 yTOYHSET MHTYHTHBHOE OPEACTABJIEHHE O
romeomopusmax, Hcnoab3oaHHoe B ri1. 4. Haunem ¢
npoctpanctsa W. Cpenap paspesbl, noiyuuM X H OTHO-
IIeHHe ~x, KOTOpPOE TNOKa3blBaeT, KaK HyXKHO CKJeHTb
ToukH X, 4rtoOn noayuute W. Teneps npumenuM k mpo-
cTpanctBy X romeomopdusM f, 4YTOGHl 1OJYyYUTb [IPOCT-
pPaHCTBO Y C OTHOLIGHHEM 35KBHBAJEHTHOCTH ~y. EcTect-
BeHHO, Mbl Tpefyem, UYToSHbl!

x ~yxx' & f(x) ~yf (x).

CkiaenBas Y corjgacHo ~y, noayyum Z=Y/~y. Ilo
teopeme 5.5 npocTpaHcTBO Z romeoMmopdHo X.

B nasnbHeflinem nosesnsiM OyAeT NOHATHE JeficTBus
rpynnet G Ha mHoxectBe X. OHO NPHUBOJAHT K HOBBIM
npHuMepaM MpocTpancTB ¢ (HaxTOPTOMNONOTHEH.

5.6. Onpenenenne. Ilycts X —umoxecTso W G—rpynna.
Bynem roeoputs, uto G detdcmeyem na X u yto X sB-
asietcd G-MHOMCECngoM, el 3aJaH0 OTOGPAaXKEHHE MHO-
xectBa GX X B X, KoTopoe ofo3nauaercs (g, x) - g-x
H obsajaeT CJACAYIOMUMH CBOACTBAMHU:

(i) 1-x=x naa Bcex x € X, rae | —e uHHUHLIH 3.e-
meHt G,

(ii) g-(th-x)=(gh)-x nnst Bcex x€X n g, h€G.

B kauecTBe npHmepa paccMoTpHM rpynny G Beex
roMeoMopdu3MOB TOMoOJOTHYECKOro npoctpaicTsa X B
cebs (cM. ynp. 3.7 (d)) u mosoxum g-x=g(x) 11a g €Gq.
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DruMm 3anaetca jeficteue G Ha X, Tak Kak, OYEBHAHO,
Lx=1(x)=x u g-(h-x)=g-h(x) =gh(x) = (gh)x.
B kauecTBe cJenyiolero npumepa BospMeM (=2, =
= {4 1}—rpynny nopagka 2 u X=3S" Jlerko npose-
PHTb, YTO DaBEHCTBO = |-X= - x ompelesser [eACTBUE
Z, Hva S». Ecnu B3aTb B KauecTse G rpynny UesbiX
yucea Z, TO paBeHCTBO n-x=n-x, rile n€Z, x€R,
onpese/ser Hekoropoe jAeHcteue Z Ha X =R. Ito0T npu-
Mep MOXHO OGOOLHTL, ONPEIENHB JeACTBHE ZxZ naR?
dopmyaoit (m, n)-(x, y)y=(n+4x, n+y. B oboux camy-
yasix Mbl OCTaB/isieM YMTAaTeIIO MpPOBEPKY TOro, 4TO NO-
Jy4aercs B caMoM JeJqe JAeACTBHE TPYMNIbl B CMBIC/E OMpe-
nesennn 5.6, Ham nocnepnnii npumep — aefictsne Z Ha
GecKOHEUHOH mnoJoce

{(x, y) ERY —1/2<y << 1/2},

8a/laHHOE PaBEHCTBOM M- (X, y)==(m-x, (—1)™y).

Hamwe onpegenenue G-peficTBHA —3TO, CTPOro TOBOpA,
onpepenerne sesoeo G-pefictBun. CylllecTByeT TaKxke mo-
HatHe npagoeo G-neficTBHA, T. €. oToOpameHus XX G -—
— X, obos3HayaeMoro (x, g)+> x-g 1 Takoro, 4to x-l=
=x u (x-g)-h=x-(gh). Tlon G-pefictBuem ™Mbl Gynem
BCIONy MOHHMaTh JeBoe G-JeficTBHe.

5.7. Ynpaxuennn, (a) [1pennonoxuM, uto X —npasoe G-MHOKeCTBO.
Has x € X 6 g € G nojtoxuM g-x=x-(g=?). Ilokaxure, uro srtum
sajaercs J?IeBoe gefictBue G ua X. [loueMy He romHTCsl OmpejeneHHe
& (b) [lycts H —mnonrpynna rpynnu G. [Has h € H, g € G onpe-
.u.em&M h-g KaK hg. IlokaxuTe, 4TO 5TUM ompeje/sercs JeiicTeue H
Ha G.

(c) Mycrs G—rpynna B & (G) —MHOKECTBO BCEX €€ MOAMHO-
xkects. [Toxaxute, yro pasercteo g-U=gU={gh: h € U}, g € G,
U € & (G), onpeneaser jeficteue G Ha &F (G).

(d) [lycts G nefictyer Ha X. OmpeaenuM cmabuausamop TOUKH
x € X rak MHOXectso G,={g € G: g-x=1x}. okaxure, uto G, —
noarpymna B G.

(e) Mycts G peficiByer va X. QOnpenensm opbumy ToukH x € X
kak noamHoxectso G-x={g-x: g € G} wmHoxectBa X. [lokaxure,
yTo ase opbutnl G-x, G-y an60 He nepecexaiotcs, JHOO COBMAAIOT,
BuiBeauTte orciona, uto G-muoXectBo X pasnaraercs B o6beJUHEHHE
Hele peceK a0l Xcsl OpoHT.

Baxupivw caeicTBHeM onpejenenus G-MHOxecTBa X



SAKTOPTOTION, (M I'PYIMIDBI, OEACTB, HA MTPOCTPAH.) 49

aBagercs ToT (akTt, uto U fefictByer Ha X OpH MOMOLLH
GuexIui.

5.8. Teopema. [Tycmo X ecmb G-muooxecmeso. Jas ao6ozo
g€ G omobpanenue 0 X — X, nepesodsuee % 8 g-x,
OuexmusHo.

Hoxasameascmeo. 13 onpenenenus G-MHOXeCTBa BHAHO,
410 0,0, =0,, u 0, =1y Takum ofpasom, 0,0,-1=ly =
=0y-:0, u 0, OnektupHO. []

Eciu G pefictByer Ha X, MOXHO onpefejuth Ha X
OTHOIUEHHE JKBHBAJEHTHOCTH ~ yCJIOBHEM

X~ y& Halizetca anemenT g€ G, Takofl, 4rto g-x=y,

HJH, APYTHMH CJIOBaMH, X ~ § TOTA2 H TOJIbKO TOTJa, KOria
y€U-x, T. e. X W y npuUHaANexaT OHHOH oOpOHTE, CM.
ynp. 5.7 (e). O6GosHauuM Tenepb MHOMXKECTBO KJacCOB
SKBHUBaJeHTHOCTH uepe3 X/G; 3To— mHOxMCecméo opbum
neitctBug G Ha X. Mwmeercss oueBUAHOE CIOPBEKTHBHOE OTO-
6paxenve X — X/G. Ecau X —TonoJsiornyeckoe npoctTpaH-
cTBO C JefictBueM G, TO MOXHO onpejenuth Ha X/G ¢ax-
Toprononoruio. MHoxectso X/G ¢ (akTopTonosorue
HasplBaeTcs npocmparcmeom opbum neficteus G Ha X.

Ecunn, Hanpuvep, Z, fefictByeT Ha S” KaKk ~+ 1. x = -+ ¥,
T0 S%Z,—>510 B Tounoctd RP". Ecan Z pelictByer Ha
R capuramu n-x=n+x, 10 R/Z coBnagaer ¢ S

5.9, ¥Ynpaxuenus. (a) INycts X —Geckoneunas mosoca {(x, y) € R2:
—1/2<y<1/2) B R%, u nyers rpynma 7 JeficTByeT Ha Hed no
dopmyne m-(x, y)==(m-+x, (—1)7 y). Tlokaxkure, 4TO MPOCTPaHCTBO
op6ut X/Z romeomopdro aucty MéGuyca.

(b) Mycts X u Y —nBa G-mHoxecTBa. ByleM HaswBaThb oToGpa-
xenue f: X — Y G-sxsusapuanmuom, ecan f (g-x)=g f (x) a1a Bcex
x € X u g € G. Hokaxure, uto ecaH X M Y —TONOJIOrHYecKkHe npo-
crpancTBa, a { ecTb G-KBMBapHaHTHb romeomoppusm, 10 X/G H
Y /G romeomopduLl.

(c) Hoctpoiite npuMeph, NokaspiBaiollpe, 410 ecai X H Y —
TONOJIOTHYECKHE TPOCTPAHCTBA, Ha KOTOPHLIX JeHcTBYyeT rpymnna G, IpH-
yeM X/G = Y/G, 10 X u Y HeoGsi3aTe/ibHO romeoMOpdHHI,

(d) IMyets X ecTh G-MROxecTBO. [ast xamporo x € X crabunm-
satop G, feiicTByeT na G H OMNpeJeJeHO MHOXKECTBO OPOHT G/G,.
IMokaxute, uTo G/Gx — B TOUHOCTH MHOMXECTBO JIEBLIX CMEXHEIX KJac-
coB G no noarpynne G,. Nokaxure, uro cyuecTsyer G-5KBHBApHAHT-
Has Gueruus Mexay OpOHTOM G-x ToukM x u MuOMecTBOM G/G.
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B npuBeleHHLIX npHMepax AeACTBHE Fpynm Ha TONOJO-
FHYECKMX MPOCTPAHCTBAX 3TH TPYIMb! AeHCTBOBAJH Henpe-
pbiBHO. [/l pOCTPAHCTB C TaKMMH AeHCTBHAMH €CThb OCO-
foe Ha3BaHue.

5.10. Onpenenenue. [lyctb G—rpynna. Tonosoruyeckoe
npoctpancteo X uaseBaerca G-npocmpancmeon, ecin G
zefictByeT Ha X u oToGpaxeHne 0,, nepeojsllee x B g-X,
HepepbIBHO 1451 BeeX g € .

5.11, ¥Ynmpasxnenne. [lycts X ecTb (G-npoctpanctso. IoxakuTe, 410
otoGpamenne (,, ONpeleNeHHOE COOTBETCTBUEM X —> g-X, ABJAeTCH
roMeomoppuaMom X B ceba aasa seex g € G. Brpente oTCiofa, uTo
HenpepbiBloe fefictaue G Ha X 3ajaer romMomopdusM g»—)()g TpyneE
G B rpynny scex romeomopduamon X.

Beuay noc/epHero ynpakHeHHss O6yJAeM HHOTAA TOBO-
pUTb, 4T0 G—rpynna roMmeoMoppn3MoB G-npocTpaHcTsa X.
Ucnonpsya sToT daxT, AoKaxkeM clelyioiuidl pesyJbTar,

5.12. Teopema. [Tycms X ecmo G-npocmpancmso. Tozda
kanonuyeckas npoekyus mi X — X/ G s5645emCss OMKpbLMbLM
omobB pasicerue.

Hokasameascmeo. Ons otkpuiToro U< X paccMmoTpum
MHOXECTBO

Tt (U)={x€Xi n(x)en(U)}=
= {x€ Xi G-x=G-y Ans nekoroporo ye U} =
={x € Xi x=g- y ans vexotopwlx y €U, g € G}=
={x€X: x€g-U nna nexoroporo g€ G}=

JlelictBre Kaxxporo g n3 G—roMeoMoppbu3M, NO3TOMY
ecan U oTkpwITo, To m™! (m (U)) Takxke OTKpHITO, H (V)
oTkpeiTo B X/G 10 onpeieneruto GakTOPTONOJIONHH.

[lepBoe uz chaeaymioWux yrpa)KHeHHA yKasblBaeT CBOH-
(TBO OTOOpaxKeHHWH NpOCTPaHCTB OPOUT, aHaJOrMuHoe
CBOHICTBY yHHBEPCAJbHOCTH  OTOOpaKeHuss (axkTopnpo-
cTpaHcTB. Bropoe aHanornuHo teopeme 5.12 (B yacTHOM
cayuae).
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56.13. ¥Ynpaxuenus, (a) [lycts X ecte G-npoctpanctso uit: X — X/G—
KaHoHH4eckasl mpoekuuss. [lpeanonokum, 410 g — OTOGpaxenuHe mpo-
cTpancTBa op6uT X/G B HEKOTOpOE TOLOJOTMYECKOE [POCTPAHCTBO Z.
Hokaxure, 4TO g TOrAa W TO/ILKO TOLAA OTKPBITO, KOTHA git— OTK Pbi-
Toe OTOGpaxKeHHe.

(b) Tlycts X ects G-mpocTpanctso ¢ xoneunoll rpynnoéi G. [o-
KaXXHTe, 4TO eCTeCTBEHHas! mpoeKuud : X — X/G sapasetca 3aMKHY-
TbIM OTOOPaXKEeHHEM.

(¢) Mycte X ecTb G-npocTpancTeo H H — HOpMaibuas moarpynna
B G. Nokaxure, urto X/H spaserca (G/H)-upoctpanctsom n 4T0
(X/H)(G/H) = X/G.
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MPOU3BEAEHMA MPOCTPAHCTB

Ham nocaeguuii ofmuii MeToA MOCTPOEHHS HOBBIX TO-
TOJIOTHYECKHX NPOCTPAHCTB H3 y3Ke M3BECTHBIX — 3T0 ofpa-
30BaHHE MPAMOTO npousseienns. Hamomuum, uTo npsMoe
npoussenenue X XY aByx MHoxkecTB X, ¥ —3T0 MHOXe-
CTBO ymopsiAoueHHBX nap (x, y), rae x€ X u yeY. Ecm
X u Y-—Tonosorudeckue NpocTpaHcTea, TO NpH NOMOLLH
tononoruii Ha X 1 Y MoxHO BBecTd TomoJoruio Ha X XY.
ITepBoe, YTO NPHXOAMT Ha yM, —B35iTb B KA4eCTBE OTKPHI-
ThIX MHOXeCTB B X XY npou3BeleHHS MHOMKECTB, OTKPHI-
ToX B X H Y cootBercTBeHHO. Ho 3TO He coBCeM mpa-
BHJbHO (moAymafiTe, Kakasg akcyoMa TOHOJOTHH He BhI-
TIOJIHAETCA?).

6.1. Onpenenenne. [lyctb X m Y —Tononoruyeckue npo-
crpancTBa. Ux monosozuseckum npoussedenuen X XY
HasbiBaeTca MHOxecTBO X XY ¢ Tonosorued Uxxy, COCTOS-
mefl u3 BCEX MHOMECTB, ABIMOMMKCH 00beAHHEHUAMH TPO-
M3BeJEHHH OTKPHITHIX noamMHO)ecTB X u Y.

TunuuHoe MHOXKeCTBO U3 Uxxy HUMeeT BUL U U/XV/,
jed

rae J —HeKOoTopoe HHAGKCHpYWOIee MHOXKECTBO H INpH
KaxaoM j MHoxecTBa U, u V, OTKPHITEl COOTBETCTBEHHO
B X u Y. Herpyauo nposeputh, 4T0 Ux xy — TONONOFHS.
JHetfictButenbno, =g X 1 XxY=XXY, Tak uro
nepBasi axcHoma BunosHeHa. Ecou W, W' €Uxxy, TO

W=U U,xV,uW'= U UixVj; As HeKOTOPHIX HHJeK-
jed ke K
cupytomnx muoxects J, K, npuyem U, U, OTKpBLITH B

X uV, V. orkpuitet B Y. Tak kak
waW'= U (U,nUnx{V,nVa),

U, ke XK
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TO MBI BHJMM, YTO BHIIOJHEHA BTOpas aKCHOMA TOIOJO-
rud. TpeTbst akcHOMa BBINOJIHSIETCS TPHBHAJIbHO.

[TonstHe TOMONOTHYECKOrO NPOHU3BEAEHHS ABYX PO~
cTpaHcTB X H Y MOXKHO OUEBHAHBIM 06pasoM 0GOGILHTE
Ha cayyail npou3BefieHust MoGOro KOHEYHOrO 4MCJa TOMo-
JIOTHYECKUX NPOCTPAHCTB.

6.2. Ynpamnenus. (a) [lokawxure, uro ecst X; =X, u Vy=VY,, 10
X XY = X, XY,.

(b) Myers X, Y —MeTpusyeMsle NPOCTPAHCTBA ¢ METPHKAMH COOT-
BeTCTBEHHO dy, dy. Ilokaxute, uto ¢yHkuus d, onpefeeHnas ¢op-
MYJIOH

d((xly yl): (Xg, yz))=max {dX (xl’ x2)r dY (ylv .llz)},

apasgercs MeTpukol Ha X XY, onpejensiomeil Ha HeM TONOJOTHIO
NpOH2BeZieHHs. MpoCTpaHcTB. Bhisemute otciofa, 9T0 TOMOJOTHA Tpo-
uspesenna na RZ2XR# (rge R#, R” uMeloT O6BIUHYIO TOTOJIOLHIO)
coBnajact ¢ oOblUHOH TOmoJOrHed na R72+m—RruxRm™,

(¢) I'pagurom dyukuuu f: X — Y HasbiBaeTc MHOMKECTBO TOYEK
npouspefenns X XY suma (x, f (x)) npu x € X. Ilokaxure, 4To ecsiu
[ —HenpepeIBHOE OTOGpaXKeHHe TONOJOFHYECKHX MPOCTPAaHCTB, TO Ipa-
dux [ romeomopden X,

(d) Hoxaxure, uro R3\{0} romeomoppuo R xS!. (Ykasanwe:
paccmorpure R\ {0} kak C\ {0}.)

Bo3moxHO u apyroe omucanue TomoJiorud Ha X XY,

6.3. Teopema. [Tycrme X XY ——npoussederue monorozuue-
cxux npocmparcme. MHuoocecmso W = X XY moeda u monexo
moada omxpeimo, Koeda 0aa atobozo w €W nabidymes ma-
Kue mroocecmea U, V., umo U, omkpumo & X, V,, om-
kpouno 8 Y, U, XV, ,cW uw weU,xV,.

Hokasamenrscmeo. I[lyctb W otkpoito; Torga W =
= -U, U,;xV,, roe J—HekoTopoe WHIEKCHPYIOMEE MHO-
/1€
xectBO 1 U, V; OTKpHITH cooTBeTcTBenHO B X 1 Y, Urak,
ecsin we W, towe U, XV, pnsnekoroporo i € J. O6paTho,

mHoxectBo U U, XV, otkpeito B X XY u, oueBuano,
wewW

coBnajgaetr ¢ W. []

CylecTBYIOT eCcTeCTBEHHBIE MPOEKUHH Myl X XY — X
Hmyt XXY —Y Buna (x, yy—x u (v, y)—y. Tak kaxk
ax' (U)y=UXY u ny' (V)= XXV, T0 oueBUAHO, 4TO OTO-
GpakeHHs Ty M 7y HENPEPLIBHBL
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6.4. Teopema. [laa awboco y€Y  nodnpocmpancieo
Xx{yle XxY eomeomoppro X.

Hoxasameascmeo. PaccMorpum otoGpaxenne fi XX
x{y}— X Buaa (x, y)—>x. OueBHAHO, OHO OHEKTHBHO.
Moxuo 3anucaTh [ B BHAC KOMMO3HIMH BKJIOYEHHS
X x{y} — XxY u npoekuun ny: XXY — X, Korophe
AIBAAIOTCA  HeNpepblBHbIMUH  oTOGpamenusvu. [lostomy [
nenpepbisHo. Jlanee, nycte W — OTKpBITOE MNOAMHOMKECTBO
X x{y}, Tak 410 W=(leJJ U,xV,)nXx{y}, rae U, V;

OTKphHITBl cooTBeTcTBeHHO B X 1 Y. Moxino nepenicats
W B BHAE iEUJ,U,X{y}, rae J'={j€Ji y€V,}, nnotomy

f(W)= U U, otkpuito B X. Otciopa f—otkpriToe oTo-
jedr

GpaxeHue M, CJJOBATETbHO, TOMEOMOPGU3M. [

Ecan [: A— X n g A — Y —otobpaxeniis Tonoso-
THYECKHX UPOCTPAHCTB, TO MOXKHO ONpefesuTh 0TOBpare-
e hi A— X XY ¢opmynoll h(a)={/(a), g(a)). Scno,
4TO h—€IMHCTBEHHO0E 0TOOpaXKEeHHE, A51 KOTOPOTO Myh == f
H myh=g. COOTHOLIeHHe MeXAy HenpepuiBHOCTLIO f, g
H HENpepLIBHOCTHIO i HA3bIBACTCS CBOLICMEOM LHUBEPCALL=
Hocmu OMOOpaXCenits npousseoz L.

6.5. Teopema. [Tyemos A, X u Y —monoaoceuseckue npo-
cmpancmea. s atoboii nape: omobpaxcenul fi A — X,
gi A — Y omoGpasicerue hi A — X XY, onpedeaenroe op-
myaod h(a)=(f (a), g(a)), mozda u moavxo moeda Henpe-
puiéHo, K030a [ u g Henpepoistsl.

Hokasameascmeo. Ecau h HenpepblBHO, TO TaKOBhl Ke
figh=f n ah=g. OOparno, nyctb [ H g HENPEepLIBHBL
[Tycts U, V—OTKpbiThie NOAMHOMXECTBA COOTBETCTBEHHO
X u Y. Torga h=*(UxV)={a: f(@eU, gla)eV}=
=f"rU)yng-*(V), no rax kag [~ (U) u g~ (V) oTxpuitbl,
0o 1 A=Y (U X V) otkpuito. PaccMOTpiM Teneph OTKPLITOS
muoxectso W B XXY. Ecoim x€W, to xeUXVaW,
rae U, V omkpuitet B X, Y. Takum ofpasom, A~ (x)c
(W) ng tV)ch~t (W), u notomy A~ (W) otkprito. [J

6,6, Ynpamneuns, (a) [lokaxure, 4To TONONOrMA MpOH3BeAeHasd HA
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X XY fBAAETCA HauMeHbINEH TOMOJOTHell, OTHOCHTENBIO KOTOPOH My
U Ty HenpephiBHE 1),

(b) Myets X ects G-mpoctpancteo, a ¥V ecTh H-npocTpascTso.
ﬂoxa)}l{ime, uto nmpocrpancteo (X XV)/(G X H) romeomopduo (X/G) X
X(Y/H).

() Mus (n, m) € ZXZ u (x, y) € R* onpenesnu (n, m)-(x, y) =
= (n-}x, m-}-y). [loxaxure, 4To 3T0 onpejesense npespauaer R2
BIZXIZ-HDOCTpaHCTBO. Hoxkaxure, uto R2%/(7 x7) romeoMopdHo
S1x 81,

(d) Hokaxnte, uto Top (cM. puc. 5.3 (a) u 5.4) romcomopden
Six St

(&) Hna n€ 7, z€C\ {0} onpesesum n.z kak n.z==24z. [loka-
AHuTe, 410 370 onpejgetedne npespamwaer CN\{0} B Z-npoctpanctro.
Hokaxure, uto (C\{0})/Z romeomoppuo S1XS!. (Ykasanue: BoC-
nosbsyiitecs ynp. 6.2 (d), 6.6 (b) u Tem daxtom, urtO Z =7 x{1}.)

&
N

Puc.6.1

() To e, uto u B (), HO nmpu n-z=(20)"2z, Tie o=
= exp (2ni/3). UTto Syzer npoctpancrsom opbut (CN\{0})/7?

(g) Loxamure, uto npoctpanersa R2N{0} n S*—1xR romco-
MopduLl. (¥ kasaHme: paccmoTpute  oToGpawenne fr St—IxR —,
— R\ {0}, sanannoe dopmyinoii [ (x, f)=2tx.)

(h) Hokaxkute, uto noamuosectzo S, , < R” Buna

Sp, g ={foR”: xf—[-x?—}—...—kx%——x'f,ﬂ —...—x§+q=1},

rie p—q << n, romcomopdrio SP=1xR7=4. (Ykrazanue: paceMmoTpute
otofpamenne fi: SF~1XR7-0 — S, sazaunoe popmynofi

f(xly Ty xp: Y1y oo e, yn—p):(xlz: XoZy wany XpZ, Y1y Yoy oo, yn—p)»

me 2=V TH g P

(i) flycte G—rpynna romeoMopduamos suna {T4: (€ 7}, rae T:
RN{0) — R™\{0} onpenencno dopmysoit Tx=2x, [Tokaxkure, uto
(R {0})/G romeomoppno S7-1xS1,

(i) Hokaxute, yTo ciefytomue apa noamnoxectna R” ¢ o6erunoff
TOMOJIOTHell FOMeOMOP(HbI:

1n={x:(xf’ Xoy e,y xn)ERn: C<xl’<l’ l=l, 2’ e fl},
Dr={x€R™ [x]<1)}.

1 Cp. ¢ ynp. 4.5 (¢).— Hpun. ped.
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(Ykasanue: cnauana mokamxure, uto /" = ([—1, 1])*= X, satem omnpe-
Jemte @ X — D" g §: D" — X papenctBaMu

q>(x1} X2y ssey xn)=max {I 4 ,1 I”x‘:Ul’ = ,xnl} (xj, X3, 19, Xn),
¢ (0)=0,
. - [«
1P(x1, Xoy veey xn)_max {I xll’ lx2 lv ey ]xnl} (%1, %g, 104y x,,),
P (0) =0,

VIHTYHTHBHO: COXMHUTe KaXAbl NpsMoauHeRHHA oTpe3ok ot 0 Jo 6X
annefiHo, Tak 4TOCHE! €ro JMMHA ¢Taja paBHO# 1; pue. 6.1.)

(k) Hoxaxure, 10 D8 2« R®, (Ykasaune: Dm = Jn = (/1.

(l) Hafinute npoch,aHCTBo X, cozepxaiee Gosee OfHOH TOUKH
n Takoe, uto X =2 X X X. (¥Ykazanue: nonpobyiiTe B3ATb GecKOHEUHOE
MHOECTBO C UCKpeTHo# ronoJsoruefl. Caesap 370, NONMHTaliTech HafTH
[pHMEp TAaKOro MPOCTPAHCTBA € HEQHCKPETHOH TONQJOTHER.)
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KOMIMAKTHGIE MPOCTPAHCTBA

B 3Tofi M JByX cleAyOmIMX JIaBaXx MBI PacCMOTPHUM
CBOHCTBA NpPOCTPAHCTB, COXPAHAIOUIHECS IPH TOMEOMOp-
¢usmax. Takue cBofcTBA NO3BOJAIOT CYAHTL O FOMEOMOP(-
HOCTH paccMaTPHBAeMBIX MPOCTPAHCTB! €CJH OAHO M3 HHX
o0MajlaeT TAKHUM CBOWCTBOM, a JpYroe—HeT, TO 3TH npo-
CTpaHCTBa He MOTyT OHITb roMeoMopdumimu. [lepBoe us
3THX CBOHCTB—KOMNaKTHOCTb. B ocHOBe ero onpejee-
HHUA JIeXHT CJiejyrollee CBOHCTBO OTpe3ka: JmoGoe ceMefi-
ctBo {U; jE€J} OTKPHITHIX NOJAMHOMXECTB eAMHHYHOrO
otpeska [0, 1] (¢ HHAyuMpOBaHHOH TomoJsoruef), Takoe,
uto U U,=[0, 1], comepxHT KOHeuHOe NOJceMeiCcTBO,

ieJ

o0belHHEHHE KOTOPOro yxe fgaeT Bech oTtpe3ok (0, 1]
(cM. Teopemy 7.7).

7.1. Onpepeneune. [lokpounuem TOAMHONKECTBA S MHO-

xKecTBa X HasbiBaeTCs CeMeHCTBO noaAMHoxecT {U,: [€J}

MHOXecTBa X, Takoe, 4yto S< U U, Ecau BroGaBok
i€d

HHIEKCHpytoulee MHOXeCTBO J KoHeyHo, To {U; j€J}

HA3LIBAETCA KOHEUHHIM NOKDbIMUEM.

Hanpuwmep, cemefictBo {[1/n, 1—1/n]: n € N} sBaserca
nokpoiTHeM noamHozxecTsa (0, 1) npoctpancetsa R. Koneuno,
ecan S=X, 10 ceMeficTBO {Usije J}, obaanarouiee cBo#-

crBom U U,=X, sBasercs nokpuitem X. Hanpuwmep,
j€J

€
ecan bnz(n, n+3)cR, 10 {U, n € Z}—nokputue R.

7.2. Onpepenenne. Ilycts {U; j€J} v {Vy kEK)—
nokpriTHst noamuoxectBa S X. Ecau pas smoboro j€J
Haifijetcn rtakoe k€K, uyto U,=V,, 710 rOBOPAT, uTO
{U,: j€J}—noanokpeitue noxpoitua {V,: k€K
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Hanpumep, {V, reR}, rae V,=(r, r+4+3)cR, a8-
asetcst moxpuitTueM R, 4 {U,t n € Z}, rne U, =(n, n 43),—
€ro MOANOKPHITHE.

7.3. Onpegeaenne. [lycts X —rTonoJsoruueckoe npocTpa-
cTBO 4 S-—ero noavuoxecTso. [loxpwtue (U j€J}
HasbIBAETCH OmMKpuimolm noKpoimues S, ecay  Kaxiaoe
U,, jeJ, otkpoito B X.

7.4. Oupegeaerne. [logmHoxectTso S TONOJOrHYECKOIO
NPOCTPaHCTBA X HA3LIBACTCS KOMNAKNMLHLLAL, €QJIH BCAKOS
OTKPEITOE NOKpLITHe S 0fsafiaeT KOHeYHbiM NOANOKPEITHEM,

B gacTtHOCTH, TomosiorHuecKoe npocrpaHcrso X Kom-
MaKTHO, €CJAM BCAKOE €ro OTKpLIToe MOKpPhITHE HMEeT
KoHeuHoe noanoxpeiTe. [lpoctpancreo R ¢ oObyHLH
TONONOTHel HEKOMOAKTHO, MOTOMY 4TO OTKPBITOE [OKDHI-
the {(n, n+42): n €Z} He BMeeT KOHEUHBIX NOANOKPEITHH,
IlpoctparcTBo X e AuckpeTHOf TONONOrHeH TOrAa H TOMbKO
TOrja KOMNAaKTHO, KOTAa oHO KoHe4Ho. Tak xak Kaxjas
TOYK2 AMCKPETHOFO NPOCTpaHCTBa X $iBJAETCA OTKPLITHIM
MHOXKECTBOM, TO A1 GeckoHeyHoro X OTKPHITOC NOKphl-
THE, COCTofAllee U3 BCEX OAHOTOYEYHBIX MHOMKECTB, He
HMeeT KOHeuHOoro noAnoKpeiTus. C Apyroll cTopoH.l, ecan X
KOHEYHO, TO OHO HMeeT TO/MLbKO KOHEYHOE YHEJO OTKpLI-
ThIX NOAMHOXecTB, CKOpO Mbl HOKa)XeM, 4TO €AHHHUHBLH
otpesok [0, 1] aABaAeTcs KOMIAKTHBLIM HOAMHOXecTBOM R,

7.5. Yuopaxnenun. (a) [lycTs #a X 3aflasa TOMOJOTHA KOHEUHBIX
pjonoanennit, [lokaxuie, ato X xommnakiuo, [lokamure, ure Ja06oe
€ro MOAMHOXECTBO KOMIAKTHO.
(b) HokaxuTe, 410 TIONOJIOIMYECKO® [POCI PAHCTBO KOMIUKTHO
B TOM H TGJbKO B 10M Caydae, ecnw MoGoe cemeliciso {C, jEJ}
BAMKHYTBIX MHOMECTB, A1 KOIOPOIO ﬂJ Cj=(J, collepasut Koed:
e

j
soe nogcemeficrso {Cp: k€KY, raxoe, yto [} Cp=.
keK

(¢) Nycrn & —rononorus na R, onpepeneunas ciaeaylomum obpa-
som: UEF torAa 4 1oatKO TOMMa, Koraa aas nioboro s U uadipercs
takoe ¢ > s, uaro [5, ) U. Ioxasmure, uro noamuoxeciso [0, 1]
npocrpatcrsa (R, &) HekOMIAaKkIHO.

[loamHoKecTBO S  TONOJOrHYECKOrOo (POCTPAHCTBA
MOXKHO CHaBiHTL HHAYLUHMPOBAHHOB TOMOJOrRed, u MII
noAy4uM AN S ABa NOHATHA KOMOAKTHOUTH! Kak 004
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MHOKECTBA X M Kak CaMOCTOSTeJbHOrO IPOCTPAaHCTBA.
ITH ABA MOHATUR COBMNAAAIOT.

7.6. Teopema. [lodmromcecmeo S npocmparcmea X Kom-
NAKMHO moada ¢ MOALKO to20a, Keeda OHO KOMIAKMHO
KQK 1pOCIPAHCME0 ¢ UHOYYUPOBAHHOL monoaoauel.

Hoxasamenscmeo, D10 OUEBHAHO, TAK KAK NOAMHOMKE-
cTBa S, OTKPHIThE B HHJYUHPOBAHHOH TONOJIOrHH, HMEIOT
Bul UNS, rae U—orkpbitoe noamuoxecteo X. Jetanu
pacCyKACHHS Mbl OCTaBJSeM YHTATEJIO.

Takum 006pasoM, MOXKHO ONPeNeNHTb KOMIAKTHOE N0A-
MHOXeCTBO S KaK NpOCTPAaHCTBO, KOMIIAKTHO® B HHYLHPO-
BaHHOH TOMNOJOTHH.

Crepywomiit pe3ynbTaT RaeT BaKHBI NpuAMep KOM-
NaKTHOTO MpOCTPaHCTBA.

7.7. Teopema. Edunuunsi ompesok [0, 1R komnarmen.

JHoxasameascmso. [lyctsb {U;t j € J} —OTKpbITOE NOKPHI-
tHe otpeska [0, 1], u NpeanonoKHUM, YTO OHO HE HUMeeT
KOHEUHOro MNOANOKPBITIA. 3TO 03HAUaeT, YTO XOTa Obl OJHH
us otpezkos [0, 1/2] n [1/2, 1] Henb3A NOKPHITL KoHed-
HBIM ToacemeiicTBoM 3 {U: jeJ} OBosnauum ero yepes

b,]. Hanee, mno xpafinel Mepe OJAHH U3 OTpPe3KOB
[al, (a, + b, /2] u [(a,+b)/2, b,]Heb3s NOKPLITL KOHeY-
HbIM TlojcemeiicTBOM u3 {U (EJ}‘ 0003HaUUM €TO yepes
[asy, b,]. TIpononmxan Takum ;Ke oﬁpaaoM NOJYYHM N10CHE0-

BAaTEJIbHOCTE OTPe3KoB [a;, b,], [a,, b ], v lag, ,,], e
TaKyo, 4TO HHKAKOE KOHeuHoe noAcemelic1Bou3{l i j € J}
He NOKpbIBaeT HH OAWH U3 HHX. J[laaee, b,—a,=2""

noa,<<a,,, <b,,<b, 119 BCex n. I/Iu3 HOCJIE]IHEI‘O
YCJOBHS CJEAyeT, uTO a, < b, Aaa JMoboH naphl Ledbix
yuces M W 1, TaK 9T0 b, OrpaHUWuYMBAET CBEpPXYy MHOXKe-

CTBO {@y, @y, ...}. IlycTh a-—BepXHAs rpaHb 3TOTO MHO-
®ecrBa. Tak Kak a<Cb, Ans Bcex 7, TO @ OrpAHHYHBAET
CHH3Y MHOXECTBO {b;, by, ...}. IlycTb b—HUXKHSsA rpanb

storo muoxectsa. [lo onpeftenennio umeema, < a <Cb<Ch,
Ans Bcex n. Ho tak kak b,—a,=27"" 10 b—a 27"
s Bcex #, OTKylla a=b.

Tak kax {U;: j€J} noxpupaer [0, IJua=>b¢[0, 1],
W agU, ans HeKOTOpOI‘O j€J. Tak xak U; OTKphHITO,
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AJsiHekotoporo ¢ > O nafinetcs untepsan (a—e, a+e)cU,.
Brifepem natypanbnHoe N Tak, utobn 27N < e u, caeno-
BaTeNIbHO, by—ay < e Ho a €{ay, by]n a—ay < 27N e,
b—by <27V e, Taxk uto0 [ay, byl c(a—e, ate)cl,,
a 3T0 TNPOTHBODPEUHT TOMY, 4TO [ay, bN} HeJIb3A [OKPHITh
KOHEUHBIM TOACEMEHCTBOM H3 {Uj: je€d}. O

Mo:xno 0606mHTs 3TH paccy:XAeHHs M N0KasaTh, YTO
eIMHHUHBIH n-MepHb Ky0 /"=IXIX...XIcR* rae
I=[0, 1]JcR, sBaseTcs KOMHOAKTHBLIM [POCTPAHCTBOM.
Omuako nNosxke Mbl OpUBeJeM Jpyroe J0KasaTe/bCTBO
atoro Qakra.

7.8. Teopema. [Tycmo [: X — Y —mnenpepoigroe omobpa-
acenue. Ecau S< X —komnakmuoe nodnpocmpancmso, nio
F(S) xomnaxmeo.

Hoxasamenscmeo. I1yets {U i j € J | —OTKPBITO® MOKpbI-
tie f(S); roraa {{~*(U,): j €J}—OTKpbITOR MOKPHITHE S,
Tak Kak S KOMNakTHO, HaHAETCs KOHEYHOE MOJIOKPBITHE

f~2(U,): k€ K}, K koreuro. Ho f (f~1 (U,)) c U,, 1 notomy
U, k€ K}—noxpeithe f(S), sBasioueecs KOHEYHHM MOJ-
noxkpuiTHeM NOKpuiTHA {U;: j&€J}.

7.9. Caeacrsue. (a) Beskud ompesok [a, b]jcR xomnak-
men.
(b) Mycms X u Y —zomeomoprsie monoroeuseckue
npocmparcmea. Tozda X KOMRAKMHKO 8 mMOM U IMOALKO
8 mom cayuae, ecau Y KOMNQAKMHO.

(¢) Ecau X womnakmuo u Y umeem gaxmopmaonono-
auto, UHOYYUPOBARKYI0 Hekomopelm omob panxceruem fi X — Y,
mo Y KOMNAKMHO.

(d) S* komnarxmno.

Hoxasamenscmso oueBHAHO. 3aMeTHM, 4TO, Kak Cle-
ayer u3 (b), HeKOMHAKTHOE NMPOCTPAHCTBC HE MOMKET GbITh
roMeOoMOpGHBEIM KOMIAKTHOMY,

He mo6Goe nmoAMHOXKECTBO KOMIAKTHOTO NPOCTPAHCTBA
KOMIAaKTHO; Hanpumep, nHtepsan (0, 1) aBaseTcs HekoM-
NaKTHHIM [OAMHOXKECTBOM KOMNAKTHOIO NPOCTPAHCTBA
10, 1]. B arom serxo yOeaHTbCa, PacCMOTPEB NOKPHITHE
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{(1/n, 1—1/n): n€N}. Ho s3samkHyTOE NOAMHOXKECTBO
KOMI2KTHOTO TIPOCTPAHCTBA BCErJA KOMMNAKTHO.

7.10. Teopema. 3amkHymoe nOOMHOINCECNEO KOMAAKMHOZ0
nPOCM PAHCMBA KOMAAKITHO.

Horasamerscmeo. Ilycte {U,;: j€J}—oTkpriTOE MO~

KpuiTHe moamHoxkecTBa ScX. Tak kak U U;>S, 10
jeJ

{U;: j€JIU{X\S} aABaseTcs OTKPHITHIM MOKpPEITHeM X,
a Tak Kak X KOMIDaKTHO, TO OHO UMeeT KOHeyHOe Moj-
TNIOKpbITHE. DTO KOHeYyHoe noANoKpuiTHe X HMeeT BHA
{Ug REK} uma {Uyg ke K}U{X\S}, rae K xoseuno.
CnenoBatenbHo, {U, &€ K}—KOHeuHOe NOANOKPHITHE
nokpbituss {U,! j€J} mnoxecrsa S. [J

Mbl uccrefoBany KOMMAKTHOCTb OTHOCHTENBHO HHAY-
LUHpPOBaHHOH TOMOJOTUH U aKTOpTOMOJOrHH., PaccMoTpHM
Terepb TOMNOJIOTHIO MPOU3BEEHHS.

7.11. Teopema. [Iycms X u Y —monosoauteckue npocm-
parcmsa. ORru 0ba komnakmmrel mozda u moasko mozda,
koe0a X XY xomnaxmro.

Hoxasameascmeo. I[lpepnonoxum, 910 X u Y KOom.
nakthel. [lycte {W,: j€J}—oTkpniToe nokpetue X XY,
Ilo onpenenennio kaxpoe W, umeer UL U (U, x XV, ),

ke K

rae Uy, otkpoito B X u V, , otkpurto B Y. Takum
obpasoM, {U,,xxV, o j€J, k€K}—0TKpHITOE MOKPbI-
e XXY. Jasa moboro x € X noanpocTpaHcTBO {x} XY
KOMIAKTHO (OHO romeoMopduo Y), u, Tak kak {U,, XV, 4
j€J, k€ K} nokpsiBaer Takke {x}xY, HaiineTcs KoHey-
Hoe mnoanokpmitHe {U,(x)XV,(x): i=1, 2, ..., n(x)}
npoctpaHcTBa {x}xY. O6o3nauum uepes U’ (x) mMHONe-

X
CTBO U‘(x)=t((]‘) U;(x). Cemeiicto {U’(x): x€ X} sB-
JFIeTCA OTKPBITBIM NOKPHITHEM X U NOTOMY HMEET KOHey-
Hoe noanokpeithe {U! (x;):i=1,2, ..., m}. OueBugHO, uTO
{U" ()X Vi, () i=1, 2, .o, my k=1, 2, ..., n(x)}
— KOHEYHOe OTKpHTOe noKpeiTHe X XY. [duaa moboro §
u k; naiigyrea Ttakue j€J nREK, uro U’ (x) XV, (x) <
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c U,y XV, e=W,. CrenosatesbHo, CyECTByeT KOHEUHOR

noanokpwiThe nokpertus {W,: j € J} mpoctpancrsa X XY,
O6patno, ecan X XY KomnakTHO, To X # Y KOM-

MaKTHBl, TaK K4K DPOEKIHH My H 7T, HENpPephiBHbl. []

Boobme, ecan X,, X, ..., X,—KOMIAKTHHE TONO-
JOTHUECKHe NPOCTPAHCTBA, TO HX MPOH3BeeHHe Xy X Xy X ...
... XX, Takxe KOMIDAkTHO. B 4acTHOCTH, KOMRNaKTeH
e IMHUHBIH f-MepHEi Ky6 /7. TloavHoxectso SCR” Hasbl-
BAETCH O2paHuuertsia, ecan HafigeTcs Takoe K >0, 4ro
s Jaio6oll ToukH x=(x,, Xg ..., X,) €S cnpaBeiHUBH
HepaBeHcTBa |X;| <K npn i=1, 2, ..., n Hpyrumu
caosamu, S COAepKHTCA B f-MepHOM KyGe c peGpom 2K.
Tak Kak on roMeoMopheH e HHHUHOMY #-MepHOMY KYOY, TO
MBI [0JY4aeM CJeAyOuLyio Teopemy.

7.12. Teopema ([eilne—DBopens). Beakoe 3amkrymoe
U O2PAHUUCHHOE MOOMHONCECMBO R™ KOMNAKMHO.

CripaBeliHBa TaKk:)Ke TeopeMa, o6paTHas K teopeme 7.12
(em. yup. 8.14 (n)). M3 npeapiayuinx pe3yJbTaToB MOXKHO
Terneph BBIBECTH KOMDAKTHOCTH KaxJIOro U3 CJelyHoHHX
npocTpaHCTB:

S* (3aMKHyTOe OrpaHHYeHHOE MOJAMHOKEeCTBO R7+1);
S8R . XST

RP7 (cropbekTuBHbI 0fpa3s S7);

anct Mé6uyca (3aMKHyTOe OrpaHHYeHHOe MOAMHO-
wecTBo R?).

7.13. Ynpakuesus. (3) Kakue U3 CJCAYIOWHX MTPOCTPAHCTB KOMIAKTHbI!

Dr={xERn: |x|<1}; Dr={x€Rm |x| <1}
{(s, HER™: Ogs=C |, 0t d);
{Gs, £, wyeR3: 2+ 2= 1N {(s, ¢, WyER3: £ 1),

(b) Jdokaxute, 4ro BCSKOC KOMNAKTHOE TOJMHOMKECTBO Rz orpa-
HHYEHO.

(c) Hoxaxure, uto rpaduk Gynkuuu /[ — R koMnakien Toraa
H TONBKO TOrAa, Korja / mempepsisna. Ilpuseaute mpumep pa3puiBHON
dbyukuan g: [ — R, rpadux xotopo#t 3aMKHYT, HO HE KOMIaKTeH.

(d) Mycte X, Y —Tonosoruueckue npoctpancisa, [lycis § (X, Y)y—
MHOKECTBO BCEX HempepbiBHbIX oro6paxennfi X 8 V. Ecan A
w BcY, 10 nyets £ (A, B) o6oanauaer MOAMHOKECTBO OTOGpaie-
uuit 13 & (X, ¥), xoropwie nepesoasr A B B

F(A, By={l€F (X, Y): [ (A) = B}
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Ilycts & — caeayiomee MBOXECTRO:
& ={F (A, B): A—xonnaktuoe nogMuoxecteo X, B oTKpHrO B Y}
Onpesennm coBokynHoets muoxects U rtak: U={U c F (X, Yy
ecin JEU, 10 HalinyTes takue snemedtH Fy, F,, ..., Fn€F, uto
fEFNFN...NF,c U}). Nokaxure, uTo U nBaseTcs ToNoJOrHed
na & (X, Y) (Ona HA3LIBACTCA KOMAAKMHO-OMKPLUNOL MONROAOZUEL).
{e) ITycrb X —koMNAaKTHOE METPH3YEMOE TOMOJIOIHYECKOE [1p0-
crpancrso. [Tpeanonoxum, 4io Y — MeTpHuecKoe NMPOCTPaHETBO c MeT-
pukoil d, u onpepenum d* na F (X, Y) Gopmynoii

d* (f, g)=sup d {f (x), g (x)).
reX

Mokaxure, uto d*—meTpuka na §F (X, Y) u onpenensiemad eio TOMO-
gorug Ha §F (X, Y) cosnanaer ¢ KOMIIaKTHO-OTK PLITOH TOMOJIOTHEH,

(f) IpoctpanctBo X Ha3LIBaeTCS 20KAAbHO KOMNAKMNbLM, €CIH
Ans 1060l ToukH x€ X BCAKAT e OKPECTHOCTb COACPHKHT KOMIAKT-
HYIO OKpecTHOCTp x. [lokamute, uTo eciiu X JI0KaNbHO KOMNZKTHO,
T0 omobpanenue sorucaenun e F (X, YYXX — Y, sagannoe ¢op-
myaoit e (f, x) =/ (x), HenpepbBHO.

{g) [lyctb X —KOMNOKTHOE TONOJOTHUECKOE MpOCTPAHCTBO, BO3-
HHKalOlllee ¥3 HEKOTOPOro METPHUCCKOro NPOCTPAHCTBA ¢ METPHKOH d.
Hoxaxure, urto ecan {U; jE€J}—oTkpuioe nokputie X, 10 nait-
Zetca Takoe 8 > 0 (masvinaemoe yucsiom JleGera sToro noK pTHS), 4TO
J06oe MOAMHOXKECTBO X JAHAMETPA MEHbLE & LEJHKOM COJepHKHTCA
B HEKOTOpOM Mmuoxectse U, j€J 1),

{h) Ilycts X —Tonosdruyeckoe NpocTpancTBo; onpegenum X*
kak X{J{o}, rae oo —mnekoropuiil saement, He npuHagIeKaWEl X.
Ecan 9l—rtonosorua na X, onpegenum U xak U Bmecte co Beemu
muoxecTsami Buaa V{J{e}, rie V<< X u X\V KOoMIakiHo H 3aMK-
nyto B X. Jlokaxute, 4to U™ —jononorus na X=. JlokamuTe Takxe,
uto X — noanpocTpanciBo X* n uto X™ KomMIaKkTHO (X* Ha3piBaetcs
odnomoueuroll komnaxmugurayued X 2)).

1) Cm. teopemy 23.4.— Mpum. ped.

%) O6LuHo pacmmpenne X ™ HA3LIBAIOT OAHOTOUCHHON KOMEHAKTHA
$uKanued X IpH ycJOBHM, UTO 1iPOCTPAHCTBO X JOKA/IbHO KOMIAKTHO
H xaycaoposo (cm. ra. 8). Jlerko mokasath, UTO KOMMaK1HOE Ipo-
CTpancTBO_X* ABAACTCA XaycJODPHOBBIM TOJLKO [1PH 3TOM YC/IOBHH.—
Hpum, peo,
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Hcexonupi nyHkT sroft raaesl—ynp. 2.2 (b), B koTO-
pom TpefoBasOCh J0Ka3aThb, YTO e€CJdH TONOJOrHYecKoe
npoctpaHctBo X MeTpu3yemo, To s MmoOO# napsl pas-
JHYHBIX ToueK X, y € X HafifyTCs OTKPLITBIE MHOXKECTBA
U, u U, colepxauye COOTBETCTBEHHO X H 4 W TaKue,
uro U,NU,= . [lokasatejbCTBO NPOBOHTCHA HENMOCPEX-
CTBEHHO: TaK Kak xz=y, TO d(x, y)=="2¢ 19 HEKOTOPOIO
e >0, roe d—npoussospHas MeTpuka Ha X, onpejensio-
mas JAaHdylo Tomosordo. MuoxkectBa B, (x)={z€ X:
d(x, 2)<e} u B.(4) yroBIeTBOPAIOT HYKHLIM YCJIOBUAM.

8.1. Onpegenenne. [lpoctpancteo X HasuBaeTcs xaycoop-
¢osoim, ecau As JIOGOH napel Pas/UYHbIX Touek X, § € X
CYIIECTBYIOT OTKDHITHIE MHOXecTBa U,, U,, cozepwkaiiue
COOTBETCTBEHHO X H y U Takue, yro U, NU,=(.

Taxum oGpasoM, Bce MeTpH3yeMmble NPOCTPAHCTBA Xayc-
nopdoBbl, B yacTHOCTH R” ¢ oObluHON TONOJOrHeH H moboe
JAHCKpeTHOe npocTpaHcTso. [IpocTpaHCTBO ¢ @HTHAHCKpET-
Hol TonoJiorHell He xaycaopdoBO, €CJH OHO COAEP¥KUT
He MeHee JABYX TOHeK.

8.2. Ynpaxuenun. (a) [lycte X — npoctpaneTBo ¢ TOnoJoruesi KoHey-
puix  gonoJnenuii. [okamute, uro X xaycnopdoBo Toraa W ToJbKO
TOrpa, KOraa OHO KOHEYHO.

(b) Mycrs & —rtononorns wa R, ana sortopoit UEFF Torna
M TOJbKO TOrja, Koria aas moboro s&U Haiinercs takoe f > s, 410
[s, {) < U. Hoxkaxure, yto (R, &) xaycaoptoso.

(c) Mycts X u Y — romeomopdHbie TONOAOrHYeCKHe APOCTPAHCTRA.
Hokaxure, uto X xaycpoptoBo TOrja K TONbKO TOrja, Korpa Y
xaycnopgoso.

Yenosue Xaycnopda — ofHH U3 NIPUMEPOB aKCHOM Omde-
aumocmu. PaccMOTpHM HEKOTOphIe JpYyrHe aKCHOMBI OTAe:
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JHMOCTH, XOTS, 34 HCKJIOYCHIEM HECKOJbKHX CJ/EAYIOUIHX
CTpaHHIl, MBI §yAeM IIHPOKO HCMOJB30BATh TOJIbKO aKCHOMY
Xaycaopoda.
8.3. Onpepesenune. [lycts k—oano u3 uncen 0, 1, 2, 3

uian 4. [poctpanctso X wmaswiBaetcsi T ,-npocmparcmeon,
eCJIH OHO YAOBJIETBOPSiET [PHBEACHHOMY HHXKE ycJ0BHI0 T,

T

T,

T ,-11pOCTPaHCTRO —9TO

JAAst oGOl napel pas3/HYHbIX TO-
qex Hafiflercs OTKPLHITOE MHOXKe-
CTBO, cOjJepxKallee OAHY U3 5THX
TOUEK H He COJepKaUlee APYT V0.
4Js1 modofl napnl x, y pasdiy-
HBIX TOUEK HAHAYT(SI OTKpPBITbE
MHO2KeCTBa, OAHO H3 KOTOPBIX
COJAGDIKHT ¥, HO HE COAEPKUT Y,
a pyroe COepXKMT y, HO He co-
JEPHKHUT X.

T s mobofi mapel X, Y pasJuy-

HBIX TOYEK HAHAyTCA JBa Here-
pPECeKAlOUNXCA OTKPBITBIX  MHO-
JKECTBA, OJHO M3 KOTOpBIX CO-
JEPXKHT X, a Apyroe y.

: X ynoeaersopsier Ty, H Aas JIo-

$0ro 3aMKHYTOT0 MOAMHOXECTBA
F u 1060fi TOuKH xéEF Ha#ayT-
¢ JBa  Henepecekawouxes o7-
KPHITBIX MHOMXKECTBA, OJHO H3
KOTOPBIX COJep:HT [, a apy-
roe x.

X vynosaersopsier T,, u A44
awdofl napwl F,, I, Henepece-
KAIOIWUXCSl 3aMKHYTBIX MHOXKECTB

i
oo
olz

)\

HaﬁﬂyTCﬂ ABa Henepecexaromxcsa OTKPBITBIX MHO-
KECTBa, OJHO U3 KOTOPBIX COLCPKHUT Fl, a Japy-

roe F,.

xayeaophoBo  IPOCTPAHCTRO,

T,-npocTpaHCTBO HHOTAA HAZBIBAIOT peryJiApHBIM.
Ouepsgno, uto T,=>T,=T,. llpuunna, no KOTOpO#
ycaoBue T, BK/odeno B yeaoBH T, u T,, NpOsicHATCS
B Teopeme 8.5, u3 KOTOpo# OymeT caeaoBath, uto T, =>
>5T=T,=2T,=T,
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8.4, Ynpaxuennn, (a) Ilycis X n Y —romeoMopiusic npocTpascTsa,
Hokamure, uyto X ecT: T-IpOCTPaHCTBO Torja H TOJbKO TOrZa,
korga Y ecte Tp-npoctpanctso (k=0, 1, 2, 3, 4).

(b) IMoctpoiiTe Tonosoruueckue npocrpancrea Xy, Xy, Xy 0 Xg,
TakHe, 4To Xy apaserca T ,-IpoCTpancTsoM, Ho e apiserca I ;-npo-
CTPaHCTBOM TIpHU j > k.

(¢) Jlokaxure, 4YTO KOMMNAaKTHOe XaycJopdoBO NPOCTPAHCTBO AB-
asiercst T ,-npocTpancTBOM. (YKasanHe: 3arNfiHHTE B J0Ka3aTelbCTBO
TeopeMbl 8.7, a B KpaflHeM cayuae—B J0Ka3aTeJbCTBO TeopeMbt 8.11.)

8.5. Teopema. [Ipocmpancmeo X moeda u moavko mozda
yOosremeopsiem akcuome T,, kozda kaxncOas mouka 6 Hem
samkHyma.

Hokasameascmeo. Ilycts X ects T ,-npocTPaHCTBO.
Iycts x€X u y€ X\ {x}. Toraa Hafiiercs oTKphITOE
muoxectBO U, coiepxauiee y u ne coiepxauee x. Cre-
JOBaTeJbLHO, U U,=X\{x} 1. e X\{x}—o06penu-

y e X\ {x}
HeHHEe OTKPBITHIX MHOXKECTB M NOTOMY OTKpPBITO. Takum

06pasoM, {x} 3aMKHYTO.

O6patno, ecau {x} u {y} 3aMKHYTBI, TO X\ {x} H
X\ {y} OTKpBHITH!, OJHO H3 HHX COAEPKHT X, HO He CO-
IEPKUT Yy, a JAPYroe COAEPKUT Y, HO HE COAEPHKHT X,
T. e, X ectb T -mpoctpaHcTBo. [

Orciofla BbITEKAET CJEAYIOIHH pesyJbTar.

8.6. Caeactsue. B xaycdopdososm npocmparcmee Kanoas
mMoYKa ABAACHICA BAMKHYMbOIM MHONMCECITIBOM,

Ha camom peqe umeeT MecTo HaMHOTO GoJsee ofliee
yTBEpKAECHHE.

8.7. Teopema. Komnaxmroe nodmuoxcecrnso A xaycoop-
¢osa npocmpancmea X samKHymo.

Hokasameascmso. MoxHO cuntath, 410 A=~ H
A = X, Tak Kak B [POTHBHOM CJIy4ae OHO yXKe 3a8MKHYTO
H J0Ka3piBaTh Heuero, BriGepem Touky x€ X\ A. s
moGoil ToukH a € A HaRAyTCs] HemepeCeKaloluecst OTKPhIThIe
mHoxectBa U, u V,, Takue, uto U, comepmutr x, a V,
conepxut a. CemefictBo {V ! a € A} nokpeiBaer 4, u, Tak
KaKk A KOMNAKTHO, CYILECTBYeT KOHeYHOe NOJNOKPLITHE,
ckaxeM {Voaqy, Vo o oos Vgt Muoxectso U=U ;4 N
NUgeN...NU,, OTKPLITO, COAEPKHT X W HE nepe-
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cekaetcst Hu ¢ oaHum V ;. CreroBatenpno, U X\ A.
Urak, xaxnas touka x€ X\ A comepxHTCs B HeEKO-
TOPOM OTKDBITOM MHOXKeCTBe, JexaueMm B X \ A, u no-
ToMmy X\ A oTkpniTOo, a A 3amMkHyTO. [

Teopema 8.7 NpHUBOAMT K BarKHOMY pe3y/bTarty.

8.8. Teopema. [Tycme fi X — Y — nenpepoisroe omobpa-
Herue Komnakmnozo npocmparcmea X 6 xaycdopgdoeo
npocmparcmeo Y. Toz0a [ seasemca eomeomopdpusmon
8 MOM U MOALKO 8 MOM CAYHAE, €CAll OHO OUeKMUBHO.

Llokasameascmso. OueBHAHO, 49TO ecau [ romeomop-
¢usmM, TO ono GuekTHBHO. HlHTepecHee obpaTHOe yTBep:K-
aenue. [lpexnosnoxum, 9To f GHEKTHBHO; TOrAa CyulecT-
ByeT ofbpaTHoe orofpakenue [~ OHO HenpepblBHO Toria
H ToabkKo Torpa, korpa (f~Y)~*(V)=f(V) 3amruyTto aAaa
Beskoro V, samkuyroro B X. Ecau V samknyto B X,
to V komnakTHo no 7.10, otkyna f (V) komnaktHo no 7.8
u [(V) samknyto no 8.7. Takum o6pasom, [~ Henpe-
peIBHO. []

B JlokasanHofi Teopeme cCymIeCTBeHHbI 06a YCJ0BHA:
M KOMNAKTHOCTH, M XaycpopdosocTH. Ecau, Hanpumep,
X —MHOKECTBO BELIECTBEHHBIX YHCEJ C JHCKPETHOH TOMO-
JIOTHEH (H, CJENO0BATENbHO, HEKOMOAKTHO), a Y —3T10 R
¢ oObI4HOIl TOMOJOTHeH (caegoBaTe/bHO, Xaycaopdogo),
TO TOXKACCTBEHHOE OTOOpaxKeHHe HeNpPepbiBHO H GHEKTHBHO,
HO He sABaAeTcss romeomopdusmom. C Jpyrofi CTOPOHBI,
ecn X={x, y} ¢ IUCKPETHOl TOMOJOr Hell (CAEL0BATELHO,
KOMNakTHO), a Y ={x, y} ¢ Tonosorueii {&, Y,{x}} (cae-
JIOBATe/NbHO, HE XaycjopdhoBO), TO TOXKAECTBEHHOE OTO-
6paskeHHe TaKKe HernpepwlBHO U GHEKTHBHO, HO HE ABJSA-
erca romeomopdusmom ).

[lpn nomomu nocselHeld TeopeMBl JIETKO YCTAHOBHUTD
MHOTHE roMeoMOP(pH3MEL, O KOTOPBIX TOBOPHJIOCH B IJ. 5.
Hanpumep, o6pas f(X) komnaktHoro mnpoctpaHcta X

1) Jpyrue THMHYHLIE NPHMEPE!: HaJOMKEHHE TOJYHHTepBana JJH-
Hbl 271 Ha OKDY2KHOCTb pajuyca 1, HalomeHHe HHTepBaja Ha KOM-
NaKTHOE NPOCTPAHCTBO, HMelowee BHA UMD 8, 0TOGpaXKEeHHe OTK phi-
TOTO Kpyra ¢ €JAMHCTBEHHOH TOYKOH Ha €ro rpaHdue Ha cepy u
T. u.— lpum, ped,
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B XaycJophoBoy NpOCTPAHCTBE [IPH HENpepPhiBHOM HHDbEK-
THBHOM OTOGpaxeHun romeomopden X.

Hayuyum Tenepb, Kak akcuoma Xayciopda mnepero-
CHTCsl HA [OANPOCTPAHCTBA, NpsiMble NPOU3BEJEHHS U paK-
TOPHPOCTPaHCTBA.

8.9. Teopema. [lodnpocmparcmeo S xaycdopgosa npocn-
parncmea X xaycdopghoso.

Hoxasameascmeo. TlycTs x, y— B pasjHyHbBE TOYKH
u3 S. CymecTByIOT HenepecexalollHecss OTKpbIThie B X
MHoxecTBa U, u U, npuyem U, couepxknt x, a U,
comepxuT y. Muoxectsa U, NS u U, N S—nenepecekato-
IIMEeCs OTKpLITHIE MOAMHOXKECTBa S, npuyem x€U, NS u
y€U,NnS. Crenosateapro, S xaycuopgoso. O

B yactHocTH, Besikoe noamuoxectso R? ¢ ofpignoft
TonoJoruefi xaycrnopdoso.

8.10. Teopema. [Tycme X u Y —monoaoeuveckue tpocni-
pancmea. Tozda X u Y XxaycOoposor s nom u moasko
8 mom cayuae, ecau X XY xaycdopghoso.

Hokasameavcmeso. [lpeanoaoxum, uto X 1 Y xaycrop-
(oBbL, U MyeThb W, ==(x;, Y;) W Wy ==(X,, Y,)— ABC Pa3INy-
Hple ToukH H3 X XY. Ecnu x, £ x,, TO MOXHO HAHTH
JBa HelepeceKalomuxca OTKPBITHIX MuoxecTBa U,, U,
6 x,€U,, x, €U, Muoxecta U; XY u U, xY OTKpHITHI
U He nepecekaoTcs B X XY, npuiem w, € U, XY 1w, €
€U,xY. Ecan x,=x,, 710 y,=4y,, B AHAJOTHUHOE
paceyKJieHHe MOKasblBaeT, yTo B X XY HalldyTcs OTKPHI-
Thie Henepecekawouuecs MHoxecTBa XXV, 1 XxV,,
aas  KoTopoix w0, € XXV, 1 w, € XX V,.

O6patho, ecan X XY xaycaopdoBo, TO TaKOBB XKe
nopnpoctpanetBa X xX{y} u {x}xY, a caeropatenbHo,
XuVY. O

Taknm obpasoM, npoctpancTBa THma ST Stx ... xSt
Xaycaop¢oBEL.

XoTa MNoANPOCTPaHCTBA W npomusBelenus xaycaopdo-
BBIX [POCTPaHCTB XaycAropdoBhi, (axTOpHpOCTPAHCTBEO
xaycjopdoBa NpOCTpaHCTBa, BOOOLIE TOBOPS, HE Xaycaop-
¢doso. Hns npumepa paccMoTpuM xaycLopdoBo mpocTpaH-
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cTBO X M ero HEe3aMKHYTOe NOAMHOXKecTBO A (CKaxew,
X=R, A=(0, 1)), Iyetb Y =X/~, rie ~ -—oTHoOIlIe-
HUe 5KBHBAJIEHTHOCTH Ha X, NMpU KOTOPOM X ~ x" TOrja
M TOMbKO Torja, Korla x=x' uan {x, x'}cA (uuryu-
THBHO, ¥ —3T0 X €O CTAHYTBIM B TOYKY MOJAMHOXKECT-
BoM A; Mbl 6ynem o6o3Hauyath Y = X/~ uepe3 X/A). Ecau
cHaGAuTL Y (aKkTopTOMOJIOT Hell OTHOCHTENLHO eCTECTBEH-
Ho# mpoeknun gi X — Y, TO npoobpa3 ToukH [x,]€Y,
rae x, € A, ectb MHOXecTBO A, He 3amkHyToe B X. Cie-
NOBaTeJbHO, TOUKa [X,] He3amkHyTa B Y, u ¥ He xayc-
nopgogo.

Uro6bl ofecnequTh XaycaopdoBocTb (akTOpNpPOCTPaH-
ctBa Y xaycnopdoBa npocTpaHcTBa X, HYXKHO HANOXKHTh
Ha X JajbHefulne orpaHHueHHA. B KauecTBe mpumepa
NpUBEJEM CJEAYIOUWHHA pe3ysabTaT.

8.11, Teopema. [Tycmes Y — paxmopnpocmpancmeo mono-
A02U4ecK020 npocmpancmea X, onpedesenHoe npu noMOLUL
cropvekmugrozo omobpamenus fi X —Y. Ecau X xom-
nakmuo U xaycoopgoso, a f samxrymo, mo Y Komnaxmro
u xaycoopgoso.

Joxasameascmeo. Toukn mnpoctpaHcTBa Y ABJAIOTCA
o6pasamu ToueK M3 X, KOTOpble 3aMKHYTHl B X, H MOTOMY
To4KH u3 Y 3aMkHyTel. IlyeTh y, # yz——mae pa3nuqﬂbxe
toukn M3 Y. Hx npooGpase f~*(y,) u [f~*(y,) —Henepe-
cekaloluecsi 3aMKHYTble HO,ILMHO}KECTBa X. Hng mo6Goh
TOUKH X €[ 1(y,) u JmoGoi Touku a € f~!(y,) HaﬁﬂyTCﬂ
HemepeceKaiouHecs: OTKPbIThie MHoxectBa U, , u V. ,
Ansi Kotopeix x€U,, , na€V,, o TaK Kak f= 1(y2 3aAMK-~
HYTO, TO OHO KOMNAaKTHO, W HaHAeTc KOHEYHOe MOAMNO-
KpbiTHE NOKpHITHA {V ., 48 aef‘1 (Y:)} 3TOrO MHOXKECTBA,
ckaxenm {V, ;0 a€A}, rie A—KOHEUHO® MOAMHOKECTBO
[~* (y,). B uactHocTH, HalinyTes Henepecexakom,nec;{ oT-
KpPLITbIE MHOECTBA U u V,cxeU, u [Hy)cV,,
a umenHo U,= ﬂ Ux,a, V.= UAV" o JHanee, {U.:

ae
xef- 1(91)}——ompm‘oe NOKPBITHE KOMNAKTHOTO MHOMe-
ctBa f~!(y,), ¥ NoToMy HaljpeTCsl KOHEUHOE MOANOKPHITHE
{U . xEB}, rie B-—kxoneyHoe MOAMHOXKECTBO f~1(y,).

I/ITaK MHOXecTBa U = U U, V= NV, OTKpHTH, He
x€B

nepecekatotes U [~ (y,) CU ["* )V,
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Tak Kax Mo npeanoJoxenuo | 3aMmkuyro, 1o f (XN\U)
n f(X\V) samkuyts B Y, nostomy W, =Y \ [(X\ V)
u W,=Y \_/ (X \V)—O0TKpbITbIC MOAMHOKECTBA Y, NpH-
yem y, €W, u y, €W, Hakonewu, ocrajoch NPOBEPHTD,
yro W,nW,= . Tlostomy npeanosnoxum, uro y€ W,
NW,; toraa g€ [ (X N\ U)u y¢f(X\V). Crenosarenio,
Frn (XNU)=2 v [THmHn(X\V)=0, omyla
[Tty cunV=w, u notomy W, nW,=. O

3 3Toil Teopembl BhITEKaeT CJEAYICUIHH pesyJabTar.

8.12. Caegctsue. Ecau X —komnakmroe xaycdopgoeo
G-npocmpancmeo ¢ kowewrot epynnoi G, mo X|G—Kou-
nakmuoe xayc0opghoso #poctm paHCHLEo,

Hoxazameavcmeo, [lycts C—3amMKHyTOe NOAMHOXKE-
crBo X. Torpa a~*(n(C)= U g-C, rae m: X — X/G—
geG

ecTecTBeHHass mpoekuus. Tak Kak JAedcTBHe g€Gna X—
romeomMopdusM, TO MHOKecTBa g-C 3aMKHYTHI I BCeX
g € G. 3uauut, n~(n(C)) saMKHyTO, a CJeLOBaTeJbHO,
7 (C), 3aMKHYTO, T. €. J—3aMKHyToe oTo0paxeHue. [J

Tax, mampuvep, RP"—KOMNaKTHOe XayCAopHoBO Mpo-
CTpPaHCTBO.

Uro6Ll BLIBECTH JAPYroe caeAcTBHe TeopeMb 8.11, pac-
CMOTpHM MpOCTpancTBo X BMecTe ¢ noamuoxectsom A< X.
HanomuuM, uto X/A ofosnavaer X/~, rie ~ —OTHOLIE-
HHE 5KBUBaJeHTHOCTH Ha X, MPH KOTOPOM X ~ x' Toria
H TOJbKO TOTJa, Korja x=x' uwam x, x' € A.

8.13. Caexcreue. Ecau X — komnaxmroe xaycdopposo
npocmparcmeo A —e20 3aMKHYmMoe nO0MHONECMs0, Mo
X/ A — komnaxmnoe xaycoop@oeo npoctpancmeo.

Hoxaszameabcmao, [lycts C— 3aMKHYTOE MOAMHOKECTBO
X u p: X — XJA—ecrectBennaa npoekuus. Ecou CN
NA=¢g, 10 p(C)=C 3avkuyto. Ecau CNA=~ G, 10
p(C)=p(C\ A)Up(CnA) ToKe 3aMKHYTO, MOTOMY HYTO
ptpC\NAUpCNAY=C\ AHUuA=CUA. HUrax,
p— 3aMKHyTOE OoTofpaxkenue. [

Mpyrue orpaHudeHns Ha Xaycaop(oBo NPOCTPaHCTBO,
ofecneuyBaronine xaycaopdosocTs ¢dakTOPNPOCTPAHCTBA,
yCTaHAaBJHBAIOTCS] B CJEAYIOUHUX YIPaKHEHHAX, CPELH KOTO-
PBIX COJep:KHTCA M TeopeMa, obpartHas k 8.11,
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8.14, Ynpaxunennsa. (a) [lycts f: X ~—— Y —nenpephisroe ClOPLEKTHB-
Hoe orofpaxeHHe KOMMAKTHOTO IpocTpaHcTBa X Ha Xayciopdoso npo-
ctpancTso Y. Jlokaxute, uto nogMHoxkectso U C VY Torga u to/nKo
Toraa OTKphTO, Koraa f=1 (U) otkpuito B X. (YKasaHne: JOKaXHTe,
4ro noaMHoxectBo C Torda M TONLKO TOTAa 3aMKHYTO B ¥, Korja
f=1(C) samrnyto B X.) BuBegure 0TCIOfa, YTO TONOJOTHA Y coBmna-
JaeT ¢ GakTopTONnoJIoTHeH, onpeleseMoll oToGpakenueM f.

(b) okaxute, 4T0 NPOCTPaHCTBO Y Torja H TOJALKO TOrja Xayc-
Ropposo, korfa guarosans D=={(y;, y,) €Y XY: y;=y,} 3amxHyTa
B YXV.

¢) Ilycers f: X — Y —muenpepuisHoe  oT0Gpaxkenune. Jlokaxure,
yto  ecad Y xayclaopdoBo, TO ~ MHOMKECTBO —
{(x1,%5) € X XX [ (x3) == (x5)} samkayTo 8 X XX,

(d) Iyers fi X — Y — HenpepbiBHOE, CHOPb-
eKTHBHOE H OTKpbiToe oToOpaxeHHe. [lokaxure,

yTo Y TOTu@ M ToJbKO TOraa xaycjaopdoeo, korga 4 Y
MHOMECTBO {(%1, X9) € X XX: [ (x)) = (x)} 3amk-
Hyto B X XX.

(e) Tlyctb X —komnakTHoe  xaycuopdoso &
NPOCTPaHCTBO W Y — (akTopnpocTpancTBo, ONpe-
Jenennoe orofpaxeruem f: X — Y. Ilokamurte, Prc.8.1

yto Y TOrAa H TOJABKO TOrAa xayclopdoBo, Koria

f-—3amkHyToe orobpaxenne. Ilanee nokaxuTe, yro Y TOTAA M TOJb-
Ko Torpa xaycnopdoBo, Korna muoxecTso {(x;, x)E X XX: f{x)=
= [ (x)} 3amkHyTO B XX X.

(f) Tlycrb ~ —oOTHoleHHe 3KBHBaleHTHOCTH Ha S1X/, npu KoTo-
poM (x, ) ~(y, s} Torga H TOJLKO TOrAa, Korjla xi=ys (3Zech
umeerca B Buay, uto S!<cC u /=[0, 1] = R). Jlokaxure, uTo
(St )/~ romeomopdno epmuuunomy mucky D% {xER*: x| 1} =
= {x€C: |x|<<{ 1} ¢ HHAYIHPOBAHHOH TOIOJNOTHEH.

(¢) ITycTb ~ —OTHOLIEHHE 5KBHBAJIEHTHOCTH HA 3aMKHYTOM €JH-
HuuHOM KBaipare X={(x, y) ER% O0<x, y=<1}, npu KoTopoM
(x, y) ~(x', ¥') torma u TolbKO TOTAA, Korja (x, y)=(x", y'), niau
{x, X'}={1, O} n y=1 —¢  wm {y, 4’} ={1,0} n x=1—x" (pnc. 8.1).
[lokaxure, uto dakTopnpoctpaHcTBo X/~ romeomopduo RP2.

(h) Ilyers S —noamuoxectso S7 = R7+1, aananHoe kak Si=

= {x=(%1, X3, +.., Xn+1)€R”+lt fxi=1, x,,1=0}. Hoxaxure,
uto orto6paxenne [: Rr+1 — R7, ompeneneHHoe dopmyaoi [ (xg,
Xz, vevy Xp41) =(X1, X2, « .+, Xp), 3203€T roMeomopdusm S Ha 3aMK-

HyTBIll n-MepHblil guck Dt={xER": |x[<1}.

(i) Onpeneaum ~ Ha R ycjosueM: X ~ y TOTZa W TOJMbKO TOTAA,
Korja x-——y panuoHaibHo. [lokaxute, 4To ~ SIB/sIETCA OTHOLICHHEM
9KBUBAIEH 'HOCTH H 4TO NpOCTPaHcTBO R/~ ¢ daxropronosoruel ne-
xayciaopdoso.

(j) Tlycts X —xomnaktaoe xaycpopdoso mnpocrpasierso, U -—oT-
KpblToe MOAMHOMXECTBO X, He coBnagaiouiee ¢ X. [oxamute, 410l
U= o X/(X\_U). (Ykasanue: paccmorpute A1 U™ — X/(X U},
Takoe. uyTo h{(u)=p (u) npn u€U u h(w)=p(X\U), rue p:

1) Cum. yop. 7.13 (h).— llpum. ped.
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X — X/(X \ U)— ecrecTBeHHan npoekild.) BuiBeaute oTcioga, uto
ecii x€X (1 X —KOMOaKTHOe xayclopdoBO MpOCTpPaHCTBO), TO
(XN {r})* = X.

(k) Hokaxure, ur0 S% == (R#)* =~ Dr/Sn—1 ~ [7/3]%. (YRasa-
mue: SN\ {(0,0, .,.,0, N} e Re=Dn\ S#-1 [\ 0]".)

(1) (O6o6uienne teopembl 8.11.) Ilycrs Y — pakTOpnpocT pancTIBO
npoctpancTea - X, ONpefeieHHOE CIOPBEKTHBHLIM OTOGpaxenueM f:
X — Y. Ilpemnonoxum, uaro X —XaycaoppoBo 0pOCTpaHCTBO, f—
8aMKHYTOe oToOpaxenue u f=!(y) KommakTHO Las Beex yE€Y. loka-
Kkute, uT0 Y — XaycaopdoBo NpocTpaHcTBo.

(m) TyeTs X — KOMNAKTHOE XaycHOp(OBO 11POCTPAHCTBO H A —
€ro 3aMKHYTOe MOANPOCTPaHCTBO. [lpelmosoxum jajee, 4To A ecTb
G-npocTpancTBO ¢ Koneanoi rpynnofi G. Onpefesum OTHOLIEHHE ~ Ha
X ycaoBHeM, 9TO x ~ x’ TOI[a H TOJBKO TOTJAA, KOIrja x==x' HJIH 06e
TOYKH X, ¥’ npuHainexarl A U x=g-x' x1a Hekotoporo g€ G. Hoxa-
KHTe, UTO ~ — OTHOWIEHHE SKBHBAJEHTHOCTH Ha X H 9TO NpOCTpaH-
ctBo X/~ xaycpopdoso.

(n) Hokaxurte, yto nodmrodzcectnso RP moeda u morvko moeda
KOMNAKMHO, K020Q OHO BAMKHYMO U 02paruteHo. (Y KasaHHe: BOCMOMb-
ayiitecs Teopemoii 7.12, yup. 7.13(b) u Teopemoii 8.7.)
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CBA3HbIE MPOCTPAHCTBA

MHTYUTUBHO, OpO@TPaHGTBO X GBA3HO, €CJH OHO CO-
CTOMT H3 «OJHOrO Ky@Ka», HO KaK TOMOJIOTHYECKH HCTO.-
KOBaTb «KYGOK»? PaszymHO noTpe6oBaTh, YTOOBI OTKPEITHIE
¥ 3aMKHYThle [OAMHOXEGTBA «KyCKa» OblIH COOTBETCT-
BeHHO OTKDHITBIMH M 3aMKHYTHIMH BO BCEM MpPOCTpaHCTBE X.
Toraa no nemme 4.4 HyXHO OXHJATh, YTO «KYCOK» OTKPHIT
n saMkHyT B X. 2T0 NpuUBOAUT K CJelyiolleMy omnpele-
JEHHIO.

9.1. Onpepenenne. TomosOruuecKoe NpocTpaHcTso X Ha-
3bIBAETCA CBA3HHIM, €CJH €JUHCTBEHHBIMH IOAMHOXeCT-
BaMu X, OTKPBITHIMH U 3aMKHYTHIMH OJXHOBPEMEHHO, fBJIsi-
jorcs & u X. [NoAMHOXKeGTBO mpocTpaHcTBa X CBA3HO,
ecJqM OHO CBA3HO Kak (POCTPAHCTBO G HHAYLUHPOBAHHOH
TOMOJI0T HeH,

PaBHocu/bHOE Onpee/ieHHe CBA3HOCTH X COGTOHT B TOM,
yro X He aBJsieTcs of6beAHHEHHeM [BYX Helepecekalo-
LLMXCSl HEeMyGTBIX OTKPBHITHIX MHOXECTB. ITOT (akT cocTaB-
JAeT cojlepaHue clelyiomeil TeOopeMel.

9.2, Teopema. [Ipocmpancmeo X moeda u monreKko mozda
CBA3HO, K020a OHO He feasiemca 00veOureruem 0BYX ce0UX
HENEepPeceKaroyUXC  HENYCMbLX  OMKPbIMbLX  NOOMHONCECTIS.

Joxkasameavcmeo, [lyetb X CBA3HO, W OPeANOJIOXKUM,
gto X=X, U X,, rie X; n X,—Henepecekaiollsecs OTKphl-
toie moamHoxkecTBa X. Torza X\ X;=X,, Tak 410 X,
OTKPHITO H 3aMKHYTO OJHOBPEMEHHO, OTKyla X;= J uJH
X u coorsercTBeHHO X,==X uan . B oboux enydasx X
He siBJjsetcsl oObeiHHEHHeM [IBYX HerepeceKawllHxes He-
NYCTHIX OTKPLITHIX [MOAMHOMECTB.

O6patho, mycTb X He ecTb oOLeAulieHue AByx Helle
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PeceKarolXCsi HENMYCTBIX OTKPBITEIX OAMHOXKECTB, H IyCTh
UcX. Ecan U OTKPHTO H 3aMKHYTO OAHOBDEMEHHO, TO
XN\ U Takxke OTKpHTO M 3amkHyTo. Ho B 3TOM caydae
X sBnsetcs oObeAHHEHHEM HEMEpPeCeKAIUIUXCH OTKPBITHIX
MHOXecTB U u X\ U, NO3TOMy OAHO HU3 HHX JOJKHO
OblTh NyCcTeIM, T. €. U= wm U=X. [

Hanpumep, noamuoxectso S°={4-1} npoctparcrea R
HECB3HO, MOTOMY YTO {--1}-—0IHOBPEMEHHO H OTKPEITOR,
H 3aMKHYTOe MOAMHOMXKECTBO S°, HJH, 3KBHBAJCHTHO, SO
ecTb OOBeIHHEHHE CBOHX HerepeceKalolHXCsl OTKPHITHIX
noavnoxects {--1} u {—1}. IlpumepoM cBasHoro mox-
mHOXecTBa R aBuagercs [a, b], HO 3TO HYXKHO elle JOKa-
3aTb. [lepes Jokas3aTesbCTBOM PAacCMOTPHM ellle HECKOJBKO
npuMepoB. OHH MOKAa3BIBAIOT, YTO HE CJEAYeT CJHIIKOM
LOBEPATh HHTYHTHBHBIM TpPENCTABJIEHUAM,

[Tycts X —MHOXECTBO BEIIECTBEHHBIX YHCEJ C TOTO-
aoruefl { ) U{R}U{(—oo, x): x €R}; Torza moboe moj-
MHOXkecTBO X CBsi3HO. [l19 n0KasatesbCTBa PaccMOTPHM
npousBo/bHoe noamHoxecTBo ScX. Ilycte F—mnenyctoe
MOAMHOXKeCTBO S, OTKphiToe H 3amkuyroe B S. Toraa
MOXHO 3anucath F kak UNS=CNS, rae U otkpruito
B X, a C savkuyto B X, T. e. U=(—o0, b) 119 HeKo-
Toporo b, a C=]la, oo) aas Hekotoporo a. Tak Kak
F=UnNS=CnS, 1o an1a moBoro x €S BBINOJHEHBl He-
paBeHCTBa x < b H xZ>>a (ecau HafijeTcsl 3HaueHne x >= b,
o CNS==UNS; aHanoruuHo, ecau HaHAETCH 3HAUCHHUE
x<a, oUNS#CNS). Urak, Scfa, b) u F=S, oTkyza
cjenyer, 4to S CBA3HO.

Ilycte Tenepp X -—MHOXECTBO BellleCTBEHHBIX YHCE
¢ Ttonojorueft &, onpereseHHON CJEAYIOIUM 06pPa3oM:
S€&F rtorga m TONBKO TOrja, KOrja AJas Mo60ro sES
HaliieTcst Takoe { >s, wto [s, £)=S. B stoM cayuae
eJIHHCTBEHHEIE HEMyCThIE CBA3HBIE MOAMHOMKECTBY X —-
3TO TOUYKH. YTOGRI [0Ka3aTh 3TO, MPERNOJIONKHM, YTO
T —HenycToe CBA3HOE MOAMHOMXeCTBO X H X— Touka u3 7.
Iloamuoxectso [X, x--€) npoctpanctBa X OTKPHITO |
3aMKHYTO 1151 BeCeX €>> 0 (ynp. 2.6(d)). Takum o6pasom,
[, x+e)NT—o0TKpriToe W 3aMKHYTOe MNOAMHOMKeCTBO 7.
Tak xak T cBasuo u [x, x+e)NT 5= &, 1O [*, x4+ N
NT=T gna Bcex ¢>0. Ho 3To BO3MOXKHO TOJBKO TIpH
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T == {x}. OueBHJHO, 4TO OJHOTOYEYHbIC MHOXKECTBA CBA3-
Hbl, U [OTOMY OHH SIBJAAIOTCS €JMHCTBEHHBIMH CBSI3HBIMH
HENYCTHIMU NOJAMHOXKEecTBamH X.

[lepefizem Tenepb K J0Kas3aTeabCTBY TOro, 4TO f0A-
MHOXECTBO [a, b] npoctpanctBa R (¢ OOBIYHOI TOMOJO-
ruefl) ¢BA3HO.

9.3. Teopema. Ompesox [a, bjcR ceazen.

Jlokasameascmeo. [lpepnonoxnM, uto [a, b] sBasercs
o6BbeAHHEHHeM JBYX CBOHX HENEpeceKaloUHXCs OTKPbLIThIX
noavuoxects U u V. [yets a € U. 3avetum, urto U u 'V
3aMKHYTHl B [a, b] W, Tak Kak oTpe3ok [a, b] 3aMkHYT
B R, 3avknyTsl u B R. Tlyctb h-—BepXHssi FpaHb MHO-
KecTsa

{u€eUs u<v aus Beex veV}

(3TO MHOXECTBO HEMycTo, OO OHO COAEPAKHT TOUKY a).
Tak kak U savknyto, 10 h€U. Ho (h—e, h4-€)N
NV =4 @ aas scex &> 0 (uHaue i ne Obiio Obl BepxHeH
rpaibio), # no Jjemme 2.7 heV. Ho V samkHyTO, Tak
uyto h€V o motomy A€ UNV; Mbl NOJNy4H/Id DNPOTHBOPE-
yye, JAOKasblBaiollee, 4TO OTpesoK [a, b] cpasen. [J

9.4. Teopema. O0pas ¢8A3H020 NPOCMPAHCMBA NPpU Henpe-
POIBHOM OmObpasientil C8A3€EH.

Jlokasameascmeo. [lpeanonoxum, 4to X CBA3HO H fi
X — Y —uenpepbiBHOE CIOpbeKTHBHOE OTOOpaxeunue. Ecau
U oTKpuTO ¥ 3aMKHYTO B Y, T0 [ (U) OTKpPLITO H 3aMK-
HyTo B X; HO Torua [~ (U)=@ wi X n U=¢ um Y.
3uauur, Y cBasHo. [J

9.5. Caencrsue. Ecau X u Y —comeomopiproie monoio-
euueckue npocmpancmea, mo X Cef3HO moeda i moAbKo
moeda, kozda Y c¢8a3HO.

M3 teopembl 9.4 nmosyyaem, 4TO OKPYKHOCTb St ¢Basna,
TaK KaK HMeeTcA HeNpepblBHOE CIOPBEKTHBHOE 0TOOpalke-
uue fi [0, 1]— S*, sanannoe dopmyon f(¢) = (cos 2nt,
sin2ntt) € S*<R2.

UT06bLI 10Ka3aTb, uTO HHTepBaJbi B R Buaa [a, b), (a, b]
H (a, b) CBA3HbBI, BOCIOJb3YEMCs CJIeAy IOLHM Pe3y/IbTaTOM.



76 TJIABA 9

9.6. Teopema. [lycmo {Y ; jE€J}—cemeticmeo cea3Hbix

noomuoncecms npocmpancmea X. Ecau N Y; 5=, mo
jed

Y=y Y, cessno. l

ied

Hoxasamenscmeo. Ilyets U-—HenycToe OTKpHITOE H
samkHyTOoe noamuoxectso Y. Torma UnNY,s%= @ aaa
nekotoporo i&€J u UNY; OTKpPBITO H 3aMKHyTO B Y.
Ho Y, cBasno, tak uto UNY;=Y,; u, craepoBaTe/nbHO,
Y,—U. Mnoxectso Y, mnepeceraerca ¢ J0OGbIM APYrHM
Y, j€J, u moromy U Ttakxke nepecekaercs ¢ JOOHIM
Y;, j€J. IloBTopss npeaslayinee paccyJeHne, MOJTydHM,

410 Y,cU ans secex j€J n notomy U=Y. ]

CesisHOCTh HHTEpPBAJIOB [a, b), (a, b] u (a, b) B R cue-
ayer u3 teopemsl 9.3, caeactsus 9.5 u Toro ¢axrta, 4To

[a, b)=U [a, b—(b—a)/2"]
n>1

U T. 4. AHaJOryyHO mMOJy4YaeM, 4YTO CBA3HH camo R,
a TaKe HHTepBaJnl Buja [a, oo), (— oo, b], (— oo, b),
(a, oo).

ITocsienuit pe3ysbTaT, KOTOPHIH MBI JOKaxKeM 3J]ech,
OTHOCHTCA K MPOHU3BCACHHAM CBA3HBIX HPOCTPAHCTB.

9.7. Teopema. [Iycms X u Y —monoarozuueckue npocmpan-
cmea. X w Y moeda u moasko moeda cassHel, Kozda
X XY ceaswo.

Hoxazameascmeo, [lpennonoxuM, uto X u Y CBA3HEL
Tak kak X =Xx{y} n Y ={x}xY npas Bcex x€X,
yeY, to Xx{y} u {x} xY cBazupl. MHauee, (X x{yhn
N{x}xY)={(x, y)} = &, u, Tarum obpasom, (X x{yH) U
U({x} xY) ceasno no teopeme 9.6. Teneph MOXKHO 3anu-
cath XXY B BHJE

Xszxgx((Xx{y}) U{x}xY))

LA Hekotoporo ¢uxcuposansoro y&€Y. Tak xax
nX (X x{yhU(x}xY)) == &, o XxXY casuo.
XE

O6patuo, nycts XxY cBssno. Ceasmoetb X n YV
caefyer us teopemel 9.4 i Toro dakTa, 4T0 Ny: X XY —X u
ny: X XY — Y — HenpepriBHBIE CIOPBEKTHBHBIE OTOOpaKe-
Hud. [}
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I1s sty pesyabTaton cieiyer, aro R” csssvo. B yn-
paxcHeHMsX bl yBIAIM, 4TO cepa S”mpn nz>1 u npo-
exTHBHOE npocTpaHcTBO RP? Takxe CBA3HLL

9.8, Ynpaxuenusn. (a) JlokaxuTre, 470 MHOMXKECTBO pal(HOHAJBHBHIX
uncen Q < R necssiano. KaxoBel ero CBsf3HbE NMOJMHOMKECTBA?

(b) HMoxa)kure, dTO MOJAMHOXKECTBO R Ttorga W TOJILKG TOrja
¢BSISHO, KOPla OHO SIBJSeTCS HHTepBajoM nin ofuolt toukoft. (Iloa-
MuokecTBo A mpoctpancTBa R HasmiBaetcs unmepeasom, ecin A co-
JEepKHUT MO Kpafineli Mepe ABE paajHYHble TOYKH H L4 4, bEA,a<b,
3 a < x < b cenyer x€A.)

(¢) Mycts X — MHOMKECTBO, COCTOSILIEE HE MEHeEe uYeM H3 ABYX
snementoB. Jlokamute, uTo (i) B HMCKPETHOH TOMOJNOTMH €JHHCTBEH-
Hble CBf3HLIE NOIMHOMNKecTBa X — 5TO OQHOTOYEYHLIE MHOMecTBa; (ii)
B AHTIJIHCKPETHOH TOMO/IOINH Jio6oe NOAMHOXKECTBO X CBSA3HO.

(d) Kakue n3 crenyomnx nojmuoxects R? cpasumn
fe 2] < B fe x> 1) fe lxf & 1P
Kaxue n3 clefyiomux noamuoxects R cBasnn
< 2 3 2 2 2
{x: X1+ % —-x@=l}, {x: XXy -y =— 1}, {x: x; Z1)?

(e) HoxaxuTte, 4T0 TOMOJOTHYECKOE MPOCTPaHCTBO X TOrAa A
fOJLKO TOTJ4 CBSI3HO, KOrjga /ofoe HenpepniBHOe oToGpaxenue X
B IHCK[ETICE MPOCTPascTBO (COCTOAmEE HE MEHee 4eM H3 ABYX TOUeK)
ABJACTCH [OCTOSHHBIM,

(f) Iycre A—cenznoe nogmpoctpanctso X 1 ACY < A. [o-
KaxuTe, 470 Y €BA3HO.

(g) Nycrs V. u (Y jEJ} —cBasHble MOAMHOKECTBA [POCTPAH=
ctea X. Jlokaxute, uro ecan Y (1Y, # & naa scex j€J/, 10
Y=Y,/ U Y\ cBasuo.

ielt

(h) Doxawure, aro R2+IN{0} cpasuwo mpn n=1. Buseante
orciona, uto S7 u RP7 ceasnu npu == 1. (YKasaune: paccMOTpHTE
otobpamenne /1 R+IN{0} — S7, sananuoe tdopmyaoit [ (x)=x/|x|.)

(i) Mycts A u B—moamuoxectsa R? Buna

A={x, y): xr=0, — 1<y},
B={(x, y): 0 < x< 1, y=cosm/x}.
Tokaxute, uto X = AJB cBasno. (Ykasanne. Jlokaxkute, uTo A H
B cpsizubl, 3atem pacemorpute X ={'(JV, rae U n V OTKpLITH H
3amMkayTHl B X, H MpEAHOJIOKHTE, 4TO IHekoTopas Touka u3 A npu-
nanaexur U.)
() Oyets A u B-——noamHoxecTsa R? Buia
A={(X, !/)' 1/2<X< 17 y=0}1
B={(x, y): 0<<x<<1, y=x/n, rae nEN}.
Ilogaxute, uto X =A[J B csasuo.

(k) Hepevie wazu ¢ arcebpaueckod monosoeut. Ilyete X —10-
nmoJiorgueckoe npoctpanctso, Onpepeany H (X) Kak MHOXKECTBO BCex
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lenpepbisHLIX otobpaxienull X B %, (TOIOJUriI4eCKOe NPOCTpPaNCIBO,
coctosiee 13 Asyx Touek {0, 1} ¢ nuckpernofi Tonosuorneit). Ecau
[, g€ H (X), onpepennm cymmy f--g qopmyaoii
F+g ) =fx)+gkx)(mod2) (x€X).

Jokaxute, uto [ - g HempepniBuo # H (X)—abeneBa rpymna OTHO-
CHTeJbHO 5ToH omepauuH. Hoxaute, 4To X TOr4a U TOJILKO TOrJa CBA3-
Ho, korja [ (X) usomopdua uugaudeckolt rpynne nopajka 2. IToctpoi-
Te TIpHMEphi TOMOMOCHYECKHX npocTpaHeTs Xp ¢ rpynnamn fH (Xy),
H30MOPOHBMHE (Z 9)%.
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3A4A4YN O BJIMHAX

B stoif r.aaBe MBI NPHBELEM HEKOTOpbIE JOBOJBHO
JIErKOMbBIC/ICHHBIE (IPHJIOKEHHS Pe3y/IbTAaTOB MPeNblayIUHX
rJaB K TAaK Ha3blBAGMbIM «3afauaM o GauHax». [py6o
roBopsi, mepBas 3ajada TakoBa: JONYCTHM, 4TO Ha Ta-
penke Jexar ABa GJuHA (IPOM3BONBHON (QOPMBI); HYKHO
[I0Ka3aTh, YTO MOXHO paspesath ofa 0OJHHA TOYHO MO~
moJsiaM OfHHM B3MaxoMm Hoxka. BTopas 3ajlaua —moOKasarhb,
uyTO MOMKHO pa3fequTb OJMH Ha YEeThpe PaBHLIE 4acTH
ABYMs NepleHAnKyIApHBIMH paspesavi. llokasaTenncTna
OCHOBAHBl HA HEKOTOpOH opMe meopesvl O 1poMeKHYymos-
HOM 3HQUeHUU.

10.1. Jlemma. Ecau [: I — R—Henpepoisrnas gynxuyus,
daa xomopoti npoussedenue [ (0) f(1) <O, mo naddemcs
maxas mouxa t€l, umo f(#)=0.

JTokasameascmso. Tlyets f(6) =0 nna seex (€1 u,
B uactroctd, f(0)f(1) < O0. Onpenennu pynxuuo g: [ —
— {4 1}=8" dopmynoit g(¢)=[(#)/[[(f)]|. Ouesnano,
YTO OHa HemnpepbiBHA M CIOPBEKTHBHA (MOTOMY  4TO
F(0)f(1) < 0). Ho oTpesok [ cBs3eH, a MHOXeCTBO So—
HeT. TO MPOTHBOPEYHT TOMY, UTO HerpepbiBHBIT 00pa3
CBA3HOTO MpPOCTpaHCTBa CBsizeH. []

Kak cJelICTBHE MOJNy4aeM meopemy 0 HenoOsudxiCcHoL
mouxe.

10.2. Caepcrsue. [Tycms [: [ — [—nenpeposras pynk-
yus;, moeda cyuecmayem maxas mouka € I, umo [ (f)=1.

Tokasameavcmso. Ecau f(0)=0 nm f(l)=1, noka-
spiBaTh Hedero. Ilostomy mnpexmosoxum, dto f(0) >0
u f(1) < 1, u paccMotpum Qynkummo g (£)=/f({)—1t. Ona
HermpepLiBHA M yJIOBJIETBOPSCT  yCJOBHIO g(0yg(l) <0.
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[lo nemme 10.1 umeem g (f)=0 ann sekoroporo f€&/ u,
cnefoBaTesbHo, f(f)=1¢ Aas Hekoroporo t€ . [

10.3. Cnencrsue. Bcakoe wenpepoisroe omobpancenue
OKPYAHCHOCMU 8 Npamyt0  nepesodum HeKOmopyr napy
OuAMempParbHO  NPOMUGONONONCHBIX MOYeK 8 00HY MOUKY.

Horkasameascmeo. Ilycts f(t) 5= f(— t) ansa eex ¢ € ST
onpeflennM ¢yukmmio h: S* — R dopmyaoi A (f) =/ (i) —
— f(—1). Tlyctbe: I — S 3anano popmyaoii e (¢)==exp nit.
OueBunno, 4to Qynkuua he HenpepuisHa. [aJee, he (0) =
=h()=f()—f(=1), he(h=h(=h=](=D](1)=
=-—he (0). Utak, noJevne 10. 1 nafinerca takan toukal € /,
uto he (t)=0, u noromy Hafizercsi Takas Touka x € S?,
uto A(x)=0, 1. e. f(x)=f(—x).

HmeeTcs ¢usuuyeckas uHTepuperauns caegetsua 10.3.

10.4. Caencteue. B dannedi momenm epemeru na darHoll
Goavuioll  OKpyscHOCMU  3eMHO20 wapa Haldemca napa
aAHMUNOOAAbHbIX MoUeK ¢ 00UHAKOBOL memnepamypol.

AntnnofanpHple TOYKH—3TO AHAMETPAABLHO MPOTHBO-
NOJMOKHbIE TOYKH. ITOT Pe3yabTaT MOKHO OGOSIIUTE,
cm. ra. 20.

[lepedinem teneph k TO4HON (OpMYyaHPOBKE MepBoH
sajlauu o 6JuHax.

10.5. Teopema. [lycme A u B—ozpanuuennbie mrHomxce-
cmea Ha esxaudosoll naockocmuly. Toe2da ¢ 3modi naocko-
cmu Raldemes npsamas, Komopas Oeatun Kaxcooe uz MHO-
aicecme Ha dse wacmu pasHol naoadu.

3aMeTHM, 4TO 5TH MHOMKECTBA MOLYT NEPeceKaThes,
T. € OJHHB MOryT HajaraTbCsl OAHH Ha JApyroil. Bosee
TOr0, MHOMKECTBA MOT'YT He OBIThb CBA3HLIMH, T. €. GJHHBI
MOTyT ObITb pasopBaHBl Ha HECKOJBKO KYCKOB.

Horkasameavemso. IlycTh S —OKpYKHOCTL ¢ UEHTPOM
(0, 0) €R?, xoropas copepxkut BHYTpH cebn A u B (oHa
cymecTByer, Tak kak A u B orpanuuenn). Hsmenss

Y lMpeanoaaraercsa, 4to muomecisa A # B umMei01 naomais, —
lipum nepes.
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MacuITad, MOXKHO CYHTaTh, 4TO AHametp S pased 1. Jaa
moboro x €S pacemoTpum Juametp D, oKpy:HOCTH S,
npoxoAsulHfi 4epes x, ¥ nycth L,—nepnenaukyJjsp K D,
npoxoAsmui depe3 TO4KY Ha D, DacCTOsAHHE KOTODOH
or x pasHo f({€ /), cm. puc. 10.1.

Pue.10.1

[lycts g, (f)—nunomans gacta A, nexamefl ¢ Tod xe
CTOpOHBl OT L, 49TOo H X, a g,({)-—naomalb Apyro#
yacTH. 3ameruMm, 4rto g; (0)=g, (1)=0. Ycuo, uto g, u
g,—HenpepuiBHble (QYHKIHH, oTobpaammue [ B R1Y).
Onpenenum f: I — R ¢opmynoh f(f)=g, ({)—g;(f). Dra
(byHRLHS HenpepblBHA U yIOBJeTBOpsieT ycaoBHiO f(0) =
=—Ff), 1.e. F(O)F(1)<<CO0. llo nemme 10.1 naiinercs
takas Touka [ €/, utro f(f)=0. 2ta TOUKAa MOXKeT He
Oute epnncteensofi. Taxk Kak g, W — g, —HeBO3pacTaio-
mue Gynxkoun (970 OYEBHAHO), TO f=g,—g, TOKe He
Bospactaer. Takum obOpasoM, [(f)=0 guGo Ha uesoM
oTpeske [a, b], mmbo B elHHCTBeHHOH TOuKe c. B mepBom
caydae onpefenaumh, (x) = (a +b)/2, a Bo BTopom £, (x)=c.
Opyrumu cioBamu, OephneHAUKyasp K D,, npoxoaamuit
uyepe3s Touky Ha D,, paccTosiHe KOTOpPOH OT X paBHO
h,(x), reant naowane A nononam, 3aMeTuM, 4to A, (—x)==
= 1—h,(x). SameTum Takwxke, urto h, S'— | —mHenpe-
priBHas ¢yuknus (o6bIYHBEIA OpHeM: cjerka NOABHHYTb X
H ITOCMOTpeTb, YTO MPOU3OHAET C fi4(X)).

—_—

. }) Hokasatenncteo oM. B ykasanuoit B ra. 30 xuure CTumpona
b Ypnna, c. 101, —Hpun. nepes.
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Onpenesum TakuM ke o6pasoM QyHKUHIO Ag: S* — [,
wcnonb3ys B Bmecto A. 3artem onpeneanm h: S'—R
dopmyJ10¥ A (x)=h, (x)—hg(x). Taxk kak h, u hp Henpe-
pbiBHB, TO W h uenpepuiBha. [asee, h(x)=-—h(—x)
aas Beex x €S Ho, cormacno caeacrsuio 10.3, cymect-
ByeT Takaa Touka y€S*, uto A(y)=h(—y). 3Hauur,
h{y) =0, hy(y)=hg(y), u nepnenauryasp k D, npo-
xofsuwuis uepes Touky Ha D, pacCTOsiHHE KOTOPOH 1o Y
paBno h,(y), Aeaut nonosam miomazd A u B. [J

Dra TeopeMa o0o0MaeTcss Ha BBICILHE DasMEPHOCTH,
T. . Ha # OrpaHMyeHHbXx MHOXecTB B R” Cayuail n=3
cm. B ra. 20.

[TpuBenem Tenepb TOUHylO (HOPMYJTHPOBKY BTODOi 3a-
Aadun o GJUHaX.

10.6. Teopema. Eciu A—oepanuuerroe MHOKeCmEo Ha
naocKoCmu, o cyyecmeyrom 0se nepneHOuKysapHbie nps-
Mole, pasdersiowiue A Ha uemvipe dacmi 00UHAKOBOU nAO-
wadu.

Iokasamesscmeo. Kak ¥ B J10Ka3aTeJbCTBE TEOPEMBbI
10.5, sakaiouum A BHYTPh OKDYKHOCTH S C LEHTPOM

Al(x)

S|
TN

>

A4 ()

Puc.10.2

B (0, 0)€R? eamnmuynoro auamerpa. [aa soboro x €S
nyctb L, —nepnenaukynap k D,, nepecekatouwit D, Ha
paccTositiny £, (x) oT x (B wacTHOCTH, L, Aenut nyouwans A
nonosam). [lycTh y—Touka Ha S, NOJyueHHAd U3 X MO-
BOPOTOM Ha npsMof yron MOPOTHB YacoOBOH CTPeJKH

(1. e. y=ix=x) —1). Iycte Tenepp M —nepnenau-
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KyJasp K Dy, nepecekaowuil D, Ha paccTOAHHH hy(y) ot
y(M, Toxe pemut naomais A nononam). OGosHaunM
yeThlpe 4acTH A B [OpaiKe OOXOAa MPOTHB HacOBOH
crpenkn yepes A, (x), A,(x), As(x), A,(x) (puc. 10.2).
3ameruM, 4TO ecjqu O003HauuTh nJjowanb A;(x) yepes
g;(x), To

gy (X) 4 82 (1) =85 (%) +&4 (£), &4 (*) 4 &1 (*)==gs (*)+ 85 (%),

OTKYAA g, (X)==g, (%) H g, (¥)=g, (x). Koneuno, kaxnasn
13 GOYHKUHA g1, g, g3 W &,, OTOOpaKAOLLHX S B R, He-
npepeiBHa. [lycte f—HenpepbiBHas (YHKLHA, ONpPElEsEH-
nas ¢opmyJoH
f(x)=g1 (x)—g: (X)=g5 (x)—g, (x).

3averum, uT0 [ (ix) =g, (ix)—g, (iX) =g, (¥) — & (¥) =
= g, (X) —&1 (x) = — [ (x). [lpumeHum Tenepn JeMMy 10.1
K (QYHKLHH fkfe '] —R, rae Ve: | —S" onpenenena
dopmyaoi V e (f)==exp (nit/2), v [OJYYUM HYKHBIA pe3yib-
TaT. [}

Pemenns 3ajay 0 0MHaX —3TO TeOpeMbl CYLLECTBOBA-
HUSl; OHHM YTBEPXKAAIOT, YTO CYLLECTBYIOT Pa3pesbl HYHKHOTO
BHIA, HO He yKasbiBAlOT, KaK UX CAenaTb. Boobuie rosops,
TOYHOE MOJIOXKEHHE paspesa HalTH TpyaHo. B ynpaxHeHuu
Mbl NPUBEAEM MpHMEp, KOrjia 5TO CAesaTb Jerko.

10.7. Ynpaxunenus, (a) [Jonycrum, 4TO Ha Tape/ke Jexar ABa 6auna.
Kak cgenatb OIHAM B3MaXOM HOXXa paspe3, feaduuid ofa GauHA
TOYHO MONOJIAM, €CJd OfHMH OaAuH umeeT (OPMY NpaBHIALHOTO 2f-
YroAbHHKA, @ APYOfl — NPaBHILHOIO 2/-yroJbHUKA?

(b) (dpyroe pokasateabcteo Teopembl 10.5.) Hcnosbsys obosna-
yenun Teopembl 10.5, mOKaxkuTe CcHauaja, yto Aas x€S! Halilercs
npsiMas L,, unepnespuxyaspuas Dy, Kotopas AejH1 A nononam.
dra npaman pasjeaut B Ha gee qacth, [lycth &y (x), kg (x)—nn0-
magyd COOTBETCTBEHHO OJMXailiell K TOYKe x H JaipHEd OT Hee da-
creit B. [oaoxum k (x) =k (x) —ky (x). [logaxkute, 410 &3 St—R
HenpepLiBHO, W BhiBeAuTe OTCiofa Teopemy 10.5.
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MHOI OOBPA3MA U MOBEPXHOCTH

B 3TOH r/ase M PAacCMOTPHM KJacc TONOJOTHYECKHX
NPOCTPAHCTB, JOKAJbHO YCTPOEHHBIX KaK €BKJHMLOBH Mpo-
CTpPaHCTBA.

11.1. Onpepenenne. [lycTb s -—HeoTpHAATENbHOE LEJOE
yygcJJo. XayciopoBO NOPOCTPAHCTBO, Kaxiaas TOUKA KO-
TOPOTO HMMeeT OTKPLITYI0 OKPEeCTHOCTb, TIOMEOMOP(hHYIO
OTKPHITOMY f-MepHOMY aucky D"={x €R™ [x| < I}, Ha-
3LIBACTCSA N-MEPHOIM MHO2000pa3uesm. 3aVeTHM, 4TOo Dra<Rrr,
TaK 4TO C PaBHBIM yCIEXOM MOXKHO nNOTpefioBaTh, 4106HI
KaxJas ToYyKa HmesJa OKpeCTHOCTb, roveomopdHyio R™

Tak kak R°—oaHa TouKa, TO JIOOOE NPOCTPAHCTBO
¢ JHCKPETHOH TONOJOTHEH ABAFETCS HYJILMEPHBIM MHOMO-
o6pasuem. (I1pocTpancTBO ¢ AMCKPETHOH TOMNOJOT Hell xayG-
gopdoBo, 0 Aas x € X B KauecTBe OTKPBITOrO MHOMKECTBRA,
cofepwallero x H romeomopdroro R, mMOKHO B3ATH {x}.)
Kpome HyJbMEPHBIX NPOCTEMLIBMH  (IPHVEPAMH f1-MEPHDIX
MHOT00Opasuil aBaATcA, noxanayf, R” wau camo Dr.
JlioBoe OTKpLITOE NOAMHOXKEeCTBO R” Tomxe sBJjgeTca n-
MepHbIM MHOroo6pasuem: ecan U oTkpeiTo B R* 0 ug U,
TO HalaeTcs TaKoe >0, uto u€ B, (W)cUc=R" n, ko-
Heuno, B (u) =z D"

OKpy:KHOCTb S!— 0fHOMEpHOE vHOTooOpasue. YUToObI
NpoBEpUTb 3TO, npeanojoxuM, 4to S'c<C sagana kax
{exp 2mit: t € 1}. Ecan x=exp2ai0 €S?, 1O
x € SIN{— x}=8"\({exp2ni (0—1/2)} =

={exp2nit: 06 —1/2 <t <O041/2} =
= O—1/2, 04 1/2) =(0, 1) =D,
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TaK 4TO Ka)KJas TOYKa HMeEeT OKPECTHOCTD, I‘OMeOMOpd")-

nyto D'. OueBugno, yto S* xaycnopdoBo H, caeloBaTe/bHO,
ABJsIeTCsl OJHOMepHBIM MHoroofpasueM. Boobme, n-mepHas
chepa S” siBasiercss n-MepHeIM MHorootpasuem. UToGwi
yCTAHOBHTL 3TO, BBEJeM MOHATHE cTepeorpaduuecKoil npo-
eKIlMH, KOTopas sBJIseTcs roMeoMophH3MOM IIPOCTPAHCTBA
S™{©, 0, ..., 0, 1)} na R*. Onpesesnm ee CIENYIOMHM
obpasoM: aaa x € S™NJ{(O, ..., O, 1)} nposezem B R+!?
npamyto yepes toukd (0, ..., 0, 1) »u x no nepecedyenus

¢ Re=={(xy, X3 ..., Xu41) ER*FU x,,, =0} O603n2unM
Toqu nepeceuenust dyepes ¢ (x) (puc. 11.1).

0,0,1)

Puc.11.1

Herpyano ycMorpeTb (MHTYMTHBHO 3TO IIOHATHO), YTO
() HempephiBHO M GHEKTHBHO. Jlerko onpeiejuts Pp=¢~!
H y0eluTbCs, U4TO OHO HenpepbiBHO. HeTpyamHo moayuuth
LJa ¢ TouHyio ¢opmyJy: HamucaTb ypaBHEHHS NpSIMOH
B R**, npoxomsmed uepes (0, ..., 0, 1) u x, u HafTH
Ha Hefi Touky, B Kotopofi x,,,=0. UYuraresp MoxeT
OBICTPO COCYHTATB, YTO

n+

_ X X Xy
Q(Xps Koy vv vy Xyry) = (l—xnn’ 1—-X1+1 v T —-xn+1> .
O6patHoe otofpamenue P: R* — S™N\{(O, ..., 0, 1)} 3a-
naetcst dopMyJIoH
Y(xy, Xoy oo, X,)= B (2x1, 2%9, oy 2%, [x|2—1).

- HXI
Mel ocTaBnsieM yuMTaTeNl0 NPOBEPKY TOTO, YTO ¢ H § He-
npepuiBHBL H @Y= 1, Ppp=1.

Orciona caenyer, uto moGass Ttouka x € S*\{(O, ...
-+, 0, 1)} umeer okpecTHOCTb, & HMEHHO CaMO MHOMKECTBO
S”\{(O, ..., 0, )}, romeomopduyio Dn. HaKoneu, TOUKa
O, ..., 0, 1) nmeer OKPECTHOCTb S"\{'(O, .o 0, =)},
romeomopduyio R” npu orobpaKeHHH ¢°, Ba}laHHOM ¢dop-
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MyJiofi

r _ A1 Ay Xn
P (Xus Xay ey X = ( Vb xpas ! Thxpe” 770 1+xn+1).
CnepoBatesnbHo, S* B caMoM jeJse eCcTb r-MepHOe MHOIO-
obpasne.

Jpyrofi cnocol yIOCTOBEPHTBCA, 4YTO S* ABJIAETCS
f.-MEepHBIM MHOroofpasueMm, COCTOMT B TOM, 4UTO CHauaJja
paccmatpusatotes todka (0, ..., 0, 1) €S® u ee okpect-
HoeTh U BHJA

U={(x1, X3, «ve, X3 ) €S™ x> O}

DTa OKpecTHOCTb romeoMopdHa D" upu OpTOrOHAJBHOM
npoekuuH, T. e. orobpaxedun U — D*c R* Buia
(X1, X35 + v vy Xy —>(Xg, Xg +.., X,). B obwem cayuae
oA x € S® BosbMeM B KayecTBe U, MHOXECTBO

U,={yeSm |x—y| <V'2},

KOTOPOE, OUEBHJHO, ABJAAETCR OTKPLITOH OKPECTHOCTBIO
touku x € S”. OproroHaJibHasi NpOEKIHS HA 7-MEPHOE [0A-
npoctpaicTso B R7+!, mpoxoasuiee yepes O opTOroHas bHO
npsaMoit, coexunsiomell O u x, AaeT roMeoMOppU3IM MeKIY
U, u D" u nokassiBaer, 4o S” €CTb n-MEPHOE MHOrO-
obpasue.

3ameTHM, 4TO [0 ONpEAeJEeHHI0 A-MepHOe MHOroobpa-
sue xaycaopdoBo. MokHO cnpocuTb! a He OyleT Ju
xaycZop(hoBEIM BCSKOE NPOCTpaHCTBO X, Kam/Jasd Touka
KOTOPOr0 HMeeT OKPeCTHOCTb, romeomopduyio R#? Kak
NOKas3LBaeT NPOCTOH Mpumep, oTBeT orpuuaresed. Ilycts

X={x€eR —1 <x<2}
¢ rtomoJsorueil U, aan woropoit U €U, ecain U=,
U=X uan U—npoussonbHoe OObeJHHEHHE MHOXECTB
BHJA
(a') [‘J’)» ""] <a<ﬁ<2v
3aMeTHM, YTO TOmoJorus X He COBNajaer G TOMOJIOrHeH,

MH/[YUHPOBaHHOR H3 R, NOTOMy 4TO MHOXECTBA BHAA
(B, 2] ne orgpoirel B X. [lpaBusbioe Harasianoe H3obpa-
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kenue X pano Ha puc. 11.2. Takoe uzoBpamenue 00b-
SICHSIETCA TeM, YTO TO4YKa {2} CKOJIb YroJAHO OJH3Ka
k Touke {0} (1. e. moGoe OTKPHITOE MHOMECTBO, COAep-
xamtee {2}, comepxut (o, 0) Ana nexortoporo a). Slcuo,
yto X HexayclopdoBo, Tak Kak Jwofast oTKpPBITas OKpecT-
HOCTb TOUKM {2} nepecekaercd ¢ KaxAOH OTKPHITOH

— )
Puc.11.2 2

okpectHocTelo Toukn {0}, C xpyrofi cropousl, moGas
Touka H3 X HMeeT OKPecTHOCTb, Tromeomopduyio R
Ecau x€X u x==2, 310 oveBuano. Ecau x=2, T0O
N=(—1/2, 0)U(3/2, 2] aBaseTcqd OKPeCTHOCTHIO TOYKH
{2}, romeoMopdHOI D' npu oro6paxennn f: N —
—(—1, 1)=D", rne

[Qy npu —1/2 <y <0,

f(y)—]~ 4-—2y npH 32 <y<L2.

UuTaTtenp JOAXKEH TPOBEPHTh HENPEPHIBHOCTh K GHEKTHB-

HOCTb [ H HENPEPBIBHOCTb OGPAaTHOrO  OTOGpAXKEH Hsl
g (—1, 1)— N, 3anau"oro ¢opmynofi
[ x/2 npu —1 < x <0,

g(x)=1 2—x/2 npu 0<C{x < 1.

Hrak, ycaoBue xaycaop@oBoCcTH B onpeaeneHud 11.1
OTHIOAb He fBJageTcs u3auwHuHM., OHO ycTpaHser mupo-
CTpaHCTBa Bpoje H300paKeHHOTO Ha pHc., 11.2, Koro-
phle Halla HHTYHIHA OTKa3blBaeTCH CUYHTATbH JIOKAJLHO
NOXOXKHMH Ha €BKJHAOBHI. Jlpyrass Bo3aMoxHas TpHUYHHA
BKJIIOYCHHUST 3TOrO YCJOBHA COCTOHT B TOM, UYTO HaM XO-
YeTcsl NPEeACTaBaATE cefe M-MepHble MHOrooGpasus Kak
MOAMNPOCTPANCTBA HEKOTOPOTO €BKJIJI0BA IIPOCTPAHCTBA
RY (c Gombuinm N), JOKAJbHO yCTpOEHHDIE Hanogobue R”,
B stom cayuae xaycnopdoBOCTb HACJeAyeTCsl H3 OFbeM-
Jomero npoctpanctea RY. W nefictBuTeNBHO, HMeeT
MeCTO TeopeMa, KOoTopas YTBepxkJAaeT, 4To ecau M -—ka-
KQe-HHOyAb «Xopoluee» n-MepHOoe MHOroofpasue (Hanpu-
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Mep, KOMIAKTHOeE), TO OHO TOMEOMOP(HO NOANPOCTPAHCTBY
HEKOTOpPOro eBKJHA0Ba npocTpaHcTBa RY. B cayuae
KOMMaKTHOro MHorooGpasua cm. ymp. 11.2 (f) u (g).

s monydeHuss AasbHeHIUHX [PHMEPOB MHOT000pasuil
3aMeTHM, 4TO ecau M ecTb m-MepHOoe MHoroobGpasue, a
N ectb n-mepHoe mMHoroo6pasue, To npoussefienne M XN
npejicTaB/seT CoGoH (m 4 n)-MepHOe MHOroo6pasue, m0o-
ToMy uTo D?X Dt R#XR" =~ Ro+n o Dm+n y npoH3Be-
JeHue xaycaopdoBhIX NpPOCTPAHCTB Xxayclopdoso. 3Ha-
yut, S'XS!'—paByMepHoe MHoroo6pasue, H BooOGLle
S1x81x...XS" ectb n-MepHOe MHoOroofpasue.

g
n

[TpoctpancTBo RP™ TakiKe fBJAETCH N-MEPHBIM MHOTO-
o6pasueM. Utobbl y6euTbCS B 3TOM, PacCMOTPHM OTOOpa-
xenue p: S"— RP?, mepeBofsilee x € S* B napy
{x, —x} €RP" Ilyctb U ,—OTKpbITask OKPECTHOCTb TOYKH
x € 8", romeomopdHas D», nuametp KOTOPO# MeHblle Vo.
B stom caydae p(U,)—OTKpHTas OKDECTHOGTb TOUKH
{x, — x} €RP", romeomopdras Dn. B cavom gene, p—
HenpepeBHOE OTKpbiToe OTOGpaxkeHHe (teopema 5.12), u
ecan U — nocTatouHo masas obaactb B 87, 1o p| Ut U—
— p(U) O6uektuBHO. Boofue, nycTe X-—HekoTopoe
G-npocTpaHCTBO ¢ KOHeuHofi rpymnofi G. [osopsar, 4TO
G nesictByer Ha X cgo600HO, ecnn g-X ==X JAJs BCEX
x€X u Bcex g€G, g==1. Ecnu G cBoGOAHO NeHGTBYeT
Ha X u X —KOMOaKTHOe n-MepHOe MHoroobpasue, TO
takoBo ke H X/G. O6parHo, eenn X/G ecTb n-MepHOE
MHOroo6pasde, 10 X —TaKmxe n-MepHoe MHOroofpasue.
Jeranu Joka3aTe/IbCTBA MBl OGTABJAEM UYHTATEJIO.

B kauecTBe CJe[yHOLEro npuMepa paccMOTpUM (dak-
TopnpocTpanctBo M, uzoGpakeHHoe Ha puc. 11.3, Koro-
poe 06pasoBaHO M3 BOCBMHYroJbHOH o6sacTH X npH
NOMOLIM YKa3aHHBIX OTOMKJAeCTBJeHUH cTopoH. Ilyets
pi X — M —ecTecTBeHHas NpPOEKLHA.

Ecnn x € M —takas Touka, 4TO p~'(X) JIEKHT BHYT-
pu X, TO OYEBHAHO, YTO X HMEET OKDECTHOGTh, TOMEO-
MoOpdHY1O D* Takofi okpecTHooThio 6yAer p(X). Eeum
x € M-—Taxkas Touka, 4To p~!(x) JEXKHT Ha eTOpOHE X,
HO He COAEPMKHT BEpWIHH, TO, Kak HEIPYyAHo BHACTD,
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X CHOBAa HMEeT OKPecTHOCTb, romeoMmopduyio D3 cm.
puc. 11.4.

Hakonen, ecnu p~!(x) colmepUT BepmuHH X, TO
okpecTHOCTh N, TOUKH x, TomMeomopdHasn D, 1300paena
Ha puc. 11.5 (p~*(N,) COCTOHUT U3 ToYeK X, HAXOAALULHXCSA

a;

aj a;
a4 aZ

asj A3

Pre.11.3 a,

Ha paccTOAHMM MeHblle & OT p~!(X) npu HEKOTOPOM mol-
xoasweM e > 0).

Huryntueno snosse scHo, uyto M xaycnopdoso, H uH-
TaTesb Ges Tpylda B stoM yOeautca. s «anre6paudeck uy»
MBIC/IALLETO YHTaTeNss Mbl JaJHM CJelYIliee J0Kas3aTeb-
ctBo. Ilycts A ofosnauaer «kpait» X. 3anuwem A B Bule

8
U A;UY, rne A,~—3aMKHyTEIC cTOpOHE X, a Y —wmHo-
i=1

xkecTBO BepiuuH X. [1ycTb C — 3aMKHYyTOe NOAMHOXKeCTBO X.
Toraa

P'lp(c)'—‘-p"P((C\A)U(CnY)U Q n A,.)>=
8
=(E\Aup~pCnYIU U p~lpCNA)=

=(C\AUEY U U (CNAJUB).

rie e¥ =Y, ecoiu CNY Henyero, u e¥ =, ecmu CNY
nycto. Yepes B; B mocsepHeM paBeHCTBe 00O3HAY€HBI
MHOXKeCTBa, OfpejenaeMble CJeaytoiluM obpasoM. Ecau
cTopoHa A; oTOXIeCTBJeHa NpPH 00pa30BaHuH GaKTOpPIpo-
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ﬁ ®
&x G —
Puc.l1.4

Puc.11.5

Puc.11.6 c p'p(C)

ctpanctBa M co cropomoit A, TO B;—3T0 MHOXKECTBO
BCEX TOYEK M3 A; € KOTOPBIMH OTOXIECTBJCHH TOUKH
MHoxecTBa C ) 4;."Ouesuano, uto B; romeomopdro C N A,
u p(B)=p(CNA;). 3avernm, uto p~Ip CNA)YNA; =
:BiU(eYnA,). Hrak (puc. 11.6),

b}
p~p(C)=Cuset U u B;.
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OrtoxecTBeHre MHOXECTB A; 0 A, ABASETCA roMeo-
mopdusmonm, nepesomsuunm CNA; B B;. Tak kak CNA;
3aMKHYTO B A;, TO B; 3amkuyTo B A, # Tak Kak A,
samMkHyTO B X, T0 B; 3amxuyTo B X. [Moatomy p~ip (C)
3aMKHYTO # p(C) 3aMKHYTO MO ONpeleJeHHio (hakTopTO-
nogorud. Hrak, p: X — M—s3zaMkHyTOe OTOGpaKeHHUE,
Tak kak X —KoMnakTHOe XaycAopdoBo MpOCTpaHCTBO, TO
no teopeme 8.11 M TakXke KOMNAaKTHO M Xayc1opdoBo,
T. €. fIBJseTCs ABYMEpPHBIM MHOF000pasueMm.

OrtoxaectBaeHns, u3obpakeHHble Ha puc. 11.3, MoxkHO
MpOBECTH B HallleM TPeXMepPHOM [POCTPAHCTBE, KaK MOKa-
3aHo Ha puc. 11.7. KoHeuHBIi pe3y/bTaT Ha3blBAETCs
Kperdesem.

Hpyrofi cnoco6 peasusaunu MHorooGpasus M uzobpa-
xeH Ha prc. 11.8. Cnavuana HYKHO BBIGPOCHTbH OTKPBITHIA
JCK, ABJIAIOMUACA OKPECTHOCTBIO TOUKH MHOroo6pasus M,
MOJIyUeHHOH CKJEMBAaHHEM BepLINH BOCBMUYIOJbHHKA X,
Kak [okaszaHo Ha puc. 11.8(a). 3arem oTOXKIECTBUM
CTOPOHBI, 00O3HaueHHble uepe3 a,, ¥ noayuum (c). Pac-
cMoTpuM TeMHYIo obaactb ¥ Ha (d). Ona romeomopdua
noanpoctpanctey R?, nsobpazkenHomy Ha (e). OtoGpaxe-
Hue f, onpele/ieHHOe paBeHCTBAMH

(((x(@+2y(b—a)/b, y) npn 0<Tx b u y<0,

—b) (1l —a—2y (b —
F(x, y)=1 <(x HE = tat o ) y)
| npu b<Lx <1 u y<0,
| (xarb, y) mp y=>0

(rre 0 <a<<b< 1), sABaserca romMeoMOpH3MOM MPOCT-
paHcTB, H300pakeHHBIX Ha puc. 11.8 (e) u (f). 3amernm,
YTO f TOXKAECTBEHHO HA TPEX CTOPOHAX 3Tofi 06JacTH, He
MMEMmuX BbicTyna., Mrak, Mel nogayunsan romeomopdusm
npoctpaHcTsa Y Ha ce0si, TOXKIECTBEHHEIl Ha TpeX CTO-
porax Y, He coiepxawWlux a,. Mcnoabsysa stoT romeomop-
¢usm npoctpanctBa Y H TOXKAECTBEHHOE OTOGpaXKeHUE
HezaTeMHeHHOH uacTy {(d), moJayduM romeoMopdusM Mexay
(d) u (g). Urak, (c) u (h) romeomopdunl. IlogoGHBIM ke
crnoco6oM MoxHO yGeautbes, 4To romeomopdunl (h) u (k),
NoMb3ysch I NOCTPOCHUA roMeoMopdu3Ma TEMHBIMU
o6nactamu Ha (i) H (j). OtomaecTBACHKE CTOPOH, 0603Ha-
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©

Puc.11.7

yeHHbIX Ha (k) uepes a,, aaer (l). AHa/jornuHO nMosydaem
(m), romeoMophHOE HCXOJHOMY MPOCTPAHCTBY ().

Jlanee nepefizem x puc. 11.9 u nocsne npocteix pacts-
rHBAIOIKX TFOMEOMOP(H3MOB [OJNyYHUM MOPOCTPAHCTBO HA
puc. 11.9(c). Hakonen, Bx./enBas o6paTHO BeIOPOHIEHHI
paHee JUCK, TMOJYYHM KpeHJesab, H300paxKeHHbldl Ha
puc. 11.9(d).

OxaseiBaercsl, Bce KOMMNAKTHBIE ABYMEpHbIE MHOroo6-
pasus MOXKHO MOJIYyYHTh KaK (PaKTOpPIPOCTPAHCTBA HEKO-
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TOpPBIX MHOrOYTIOJIbHBIX obJactedl. [Jlajee B 3TOH rJ/1aBe
Mbl BepHeMcsl K COOTBETCTBYIOIMIEMY MOCTPOEHHIO.

Pue.11.9

11.2. Ynpaxuenns. (a) [lokaxurte, d4To OTKPHITOE MOAMHOMKECTBO
f1-MEPHOTO MHOro0Gpasis TaKike SBASETCS A-MEpPHBIM MHOroo6pasueM.

(b) [Mycte CP" =S4}~ rie ~ —OTHOIIGHHE BKBHBANEHTHOCTH
na S¥+ic Crt+l, mpy KoTopom

X ~ Yy & x=(exp 2nif) y ans wexoToporo t€l.

Jokaxute, uto CP? ecTh 2n-mepnoe MHOrooGpasue. (3aMeTM, d9TO
~ CTATHBAET OKPYXKHOCTH B S¥7+1 B TOYKH; HampHMep, MHOXKECTBO
{(exp 2wit, O, ..., 0): (€[} npencrasaser oany Touky B8 CP%)

(c) Mycts p—Hatypanbuoe 4UC/IO H L,=S**+1/~, rge ~—o0T-
HOlIEHHE 3KBHBAaNEHTHOCTH ma S?+1c Cr+i npu KoTOpOM

X ~ 4§ & x=(exp2min/p) y, n=0,1, ..., p—1.

Hoxaxute, 410 L, sBasercs (2n--1)-mepabiM  MHOrooGpasues.
(Lp=82%)/7,, rtie Z, odyesuiHpiM 06pa3oM CBOCOAHO AeHCTBYeT
Ha S¥+l)

(d) IMycts X-—mnexkoropoe G-npocTpanctso, npuiem rpynna G
KoHeuHa H Aeficteyer ma X cpoboamo. Jokamxurte, 4T0 ecin X —
KOMIAKTHOE f-MEPHOE MHOrooGpasde, TO TAaKOBO K€ INIPOCTPAHCTBO
op6ut X/G. Kpome Ttoro, jokaxute, uto ecan X/G—muoroo6pasue,
To X —Toxke MHOroo6pasnue.

(e) Hokaxure, ato ecan M ecTb n-mepHoe MHOTOOGpasue, TO
Kaxjas Touka M HmeeT OKpeCTHOCTb, FOMEOMOP(HYIO 3aMKHYTOMY
n-MepHoMy AHCKY D%,
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(f) [lycte M —KoMnakTHOe n-MepHOE MHOroo6passe. [lokaxuTe,
yto M romeoMopdHO NOANPOCTPEHCTBY HEKOTOPOIO €BKAHAOBA IIpO-
cipacrBa R, (Ykasanne. Tax kak M KOMNAaKTHO, TO HaliieTcs
koHeunoe nokpuitue {Dy, Dy, ..., D,,} muorooGpasus M u romeomop-
¢usmul h;: D; — D, Bocnoabsyiitecs ynp. 8.14 (j) 4 (k) gaa moay-
ueHHs romeomopdusmos M/(MND;) = (D)= == (D7) = S», Tak kak
M xomnaktHO M xaycioppoeo, a MND; 3aMKHyTO, TO NpOEKIHs
pii M — M/(M\D;) senpepbiBHAa, M Mbl [OJyuaeM HellpephiBHbIE
oTo6pamenus f;; M — S%, Onpegeaum f: M — (S%)”  dopmy.oi

)= &), f2(x), ..., [n (). Haxowen, (§%)=c (Rr+ijm =
Rr+b) m,

(g) Ilycts M ectb n-mepHoe muorooGpasue u D — nognpocrpan-
ctBo M, romeomopduoe D”. Tak Kak Dm e R? = S"™{(0, ..., 0, 1)},

10 uMeeTcs romeomMoppusm gi D — SPN{(0, ..., 0, 1)}. Onpegenum
f: M — 8" ycuosuem
f(x—{g"‘) apu  x €D,
)= ©, ...,0, I) npu x€&M\D.

Hoxaxure, uto [ HenpepriBHO. Bocmosbayfitech sTHM pesy/bTaTom
I/ HOBOTO [0KasaTeabCcTBa yTBepAeHus m. (f).

B nepByio ouepeib Hac HHTEpECYIOT KOMIAKTHLIE CBSi3-
Hble MHOroo6pasusi. Bce KOMIakTHbIE CBS3HBIE HyJIbMEPHbBIE
MHoOroo6pasus romeoMopdHul Mexay coGoil. OKpyKHOCTDb
S* AB/AE€TCA KOMNAKTHBIM CBA3HBIM OJHOMEPHBLIM MHOLO06-
pasuem. B aeficTBuTesbHOCTH S—eJHHCTBEHHOE ¢ TOY-
HOCTBIO 0 romeoMopdusama KOMIAKTHOE CBSI3HOE OJIHO-
MepHOe MHOroo6pasue. JlokasartesbcTBO 3TOr0 ¢akrTa He
O4eHb TPYAHO, H Mbl JaiuM ero Habpocok. [lepBmifi war
(BeposiTHO, caMblfi TPYAHBIH, HO BNOJHE HAarJsiAHBIN) CO-
CTOHT B HCII0JIb30BAHHH KOMIAKTHOCTH JJIA JOKa3aTe/IbCTBA
TOrO, 4TO ecjJu M —KOMNAKTHOe CBA3HOE OJHOMEpPHOE
MHOroo6pasue, TO OHO JONYCKaeT «xopouiee» pasGueHHe
Ha KOHEYHOE YHCJO IOAMHOXKECTB, IOMeOMOP(DHBLIX eau-
HHYHOMY OTpe3Ky /. Ecan HasBaThb romeomopdHble ofpasbl
ortpeaka [ Oyeamu, a obpasbl Touek {0, 1} eepuwurnamu
3THX Ayl, TO NOJ «XOPOLIMM» pa36HeHHeM Mbl MOHUMaeM
Takoe, NPH KOTOPOM HH OfHA Ayra He NepeceKkaerT camy
ce6d, a JBE€ AYrH MOTYT IlepeceKaTbcsi TOMbKO MO OJIHOM
Hid Asym BepuinHam. (Mpaea aokasatesbcTBa coienyoias
(i) nokpeITb M OTKPBITHIMH OKPECTHOCTSIMH BCEX €ro TOYeK,
romeomMopdubiMi D 2 1, (ii) BELIE/HTb 3 3TOrO NOKPBITUA
KOHEYHOEe, YTO BO3MOXHO B CHJy KOMIAKTHocTH M,
(lif) Bnucatb B nosyueHHOE KOHEYHOE MOKPLITHE 3aMKHY-
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TOe MOKPBITHE MHOXKECTBAMH, IOMeOMUPEHBIMI [, #, HAKO-
Hell, (iv) BOCNOJIb30BATbCA ONpeje/eHHeM OJIHOMEPHOrO
MHOroo6pasus u nokasatb, uto M HmeeT «Xopolleey pas-
Guenue.) OueBUAHO, YTO B XOpolieM pasdueHun M ua ayru
H BepLIHHBI KaxJas BepIlHHA fBJSETCH BEPUIHHON TOYHO
JABYX Pa3JIHYHBIX AYT, a Kax<Aas 1yra uMeeT [Be pasJnu-
Hble BepluHbl. (Ecau nekoropas BepuiiHa siBasieTCs Bep-
IIHHOA TOALKO OJHON WM OoJee uem ABYX Jyr, TO y Hee

HeT oKpecTHOCTH, romeomoppuoft D) Tlpeanosnoxum, 4To

Ay As

a

M cocrtout Gosee uem u3 aByx ayr. [lyers A, A,—1Be
ayru B M, nepecekatolnyecs no oowefi sepunse a. [lycets
hy Ay — 1, hyt Ay — [ —ToMeomopduambe, onpesessioiime
A; n A, kak ayru. MoxHO cumTaTh, 4TO A, (a@)=1 u
hy (@) =0; nHauye HYXHO B3ATb KOMMNO3MIUNO f; U (uJH) h,
¢ romeomopdusmoMm fi | — /, onpenescnsuniv GopMyJIoH
f()=1—1t Onpeneaun g: A, UA, — | ycaopusivu

[ B (x)/2 npy  x €4,
gx)=
\ (1+h,(x)/2 opu xgA,.
DTo oTOGpazKeHUe ONpejeseH0 KOPPEKTHO H, KaK JErko

BHAETb, fBJAeTCA OHeKTHBHBIM. UYUTOOb yCTaHOBHTH ero
HenpepLIBHOCTDL, 3aMeTM cHauaja, 4To A; 0 A, 3aMKHYTH
B A;UA, nB M. Ilyets C-—3aMKHYTOE NOAMIOKECTBO [;
TOT/1a MHOKECTBO

g~ CO)=h' ([0, 12]nCO)URT(1/2, 11N C)

OueBHAHBIM 06pa3oM 3aMKHYTO B A, U A, H, caejoBaTeNbHoO,
g HenpepblBHO. OTCIOfa N€TKO BHITEKAET, UTO g-—TOMeO-
Mopdusm. 3HAUUT, Mbl MOXKEM 3aMeluTb AyrH A,, A, onHok
ayroit A. Tenmepp Mbl umeeM pasbueHde M, B KOTOpoMm
OJHOH Ayrol W oxaHoll BepwHHON MeHblue. [lpoxonxkas
3TOT MpoUEece, Mbl NpuieM K pasbuenuio M, cocrosuemy
U3 ABYX AYT H, CJeJ0BaTeNbHO, UMEIOLIEMY JBE BEPIIHHLL
Takum obpasom, M romeomopdHO ABYM 3K3eMmnaspam I,
CKJICEHHLIM CBoMMH KoHIamu. [lostomy M romeomopduo
OKpyKHOCTH S3,
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KOMOaKTHBlE CBA3HLIE ABYMEpHbIE MHOrOOOpa3Hs Has3bl-
paioTca nosepxHocmamy. [IpuMepamn noBepxHOCTEN siBJsI-
jotcst cepa S2, Top T =3S8'XxS?, BeulecTBeHHAs! MpOEK-
THBHAs MJAOCKOCTL RAP? W ONUCaHHLIA Bollle KPEeH.AE/b.

Puc.11.10

[lepBble Tpu mpHMepa —OCHOBHLIE B TOM CMbIC/e, 4TO M3
HUX MOXHO [MOJYYHTh JMI0O0YIO MOBEPXHOCTh MNPH MOMOLLH
«cBsI3HOM cyMMbl». [lycTb S; u S,— Be HenepeceKalomHecs
NOBEPXHOCTH; WX cssazHas cymma S, # S, noayvaercs
BLIOpACLIBAHHEM MaJ/Oro OTKPBLITOrO JHCKa Ha KaxAof
MOBEPXHOCTH M CKJ/EHBaHHeM Mo TIpaHHIam o0pas’oBas-
wuxea Awipor (puc. 11.10).

YTo6Ll 001y4nTh 60JIEe CTPOroe onpejeenue, BeidepeM
crnayaida D, = S, n D, = S,, romeomopdune D2 Jlerko
BHJETh, UTO Takhe 06JacTH cymecTByIOT. B camom nene,
nycTh X-—TOYKa Ha KAaKOH-HHOYAb I10BEPXHOCTH; OHA
uMeeT OKpecTHoCTh N, A/ KOTOpofi cyliecTByeT TOMEO-
mopduam h: N — D2 [loanpoctpanctso h~'(Dfn) = N,
rue Df/gCD'Z—SaMKHyTI:Iﬁ IHCK paanyca 1/2, romeo-
mopdiuo D? npu romeomopdusme y—>2h (y).

Urak, nyetb D, = S; u D, = S,—noanpocTpaHncTaa,
romeomopduuie D3, u nyctb hy: Dy — D?, hy Dy — D*—
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cootBeTcTByloILMEe romeoMopduambl. Ompeleaum S, 3 S,,
noJsiaras ) )

Sl‘ # Sz = ((Si\D1) u (Sz\D'z))/Nr
rje -~ —OTHOILEHHE SKBHBAJEHTHOCTH, HeTPHBHAJAbHOE
Toabko Ha 0 (S;N\D,) U3 (S,\D,)=0D,UdD,, rie oHO
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Puc.11.11

8ajaeTca COOTHOWEHHeM x ~ Ay *h; (x) npu x € 0D;. MoxHo
NOKa3aTb, YTO 3TO ONpejesieHue CBA3HOH CyMMHl HE 3aBH-
cuT ot Bhifopa Auckos D;, D, n romeoMopdusmoB Ay, hs.
HerpyzHno Buzeth, uto S, 3 S;—NOBEPXHOCTb! E€AHHCT-
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BEHHEBIE TOUKH, OKPECTHOCTH KOTOPBIX HY>KHO pacCMOTpETh,
5T0 TOUKH u3 0D, u 0D,. [leTanu Mbl OCTaBJISEM YUHTATEJIIO.

Kpenzneabp saBJaseTcsi CBA3HOH CyMMOH JBYX TOpOB
(puc. 11.10). Bytemika Kaeiina—cpsasHas cymma ABYX
MPOEKTUBHBIX MJIOCKOCTEH. DTO Jerko cjaelyer H3 ra. 5,
a TeoMEeTpHUEeCKOe JlI0Ka3aTeJbCTBO  H300pa)ieHo Ha
puc. 11.11. HauneM ¢ ABYyX NPOEKTHBHBIX [JOCKOCTEH
Ha puc. 11.11(a), sateM BHIOpPOCHM JBa OTKDBITHIX IHCKA,
3amTpuxoBaHHbIX Ha (b). TMosyuum mpocTpaHCTBO, roMeo-
mopduoe (c). CwkJjeupanue (T. e. oOpa3oBaHHe CBR3HOH
cymmbl) gaer (d). CnenaB paspes, Kak ykKasaHO Ha (e),
nosyuuM daxTopnpocTpancTso (f); mepemecTHB TpeyroJb-
HHKH, OOJY4HM (g); OTOXKAECTBJEHHE BEPTHKAJIbHBIX CTO-
pon npaer (h) 4 npocTofl romeoMopduaM OpHBOAUT K (i),
KoTopoe siBasieTcss OyTolakoll KiefiHa.

Tor dakrt, 4TO Bce MOBEPXHOCTH MOXKHO NOJYYHTL U3
cthepni S?, topa T =S8'XS' U BelleCTBEHHOH NPOCKTHB-
HOU nJockocTH RP? npu NOMOILH CBA3HBIX CYMM, COCTaB-
JSIET COMEPKAHHE TAK HA3BIBAEMOR KAQCCUDURALUOHHOLL meo-
pemst A nosepxHocmedl.

11.3. Teopema. Bcakas nosepxHocms S eomeomoppHa mou-
HO 00HOH 13 caedyowux nosepxHocmeli:

S THTH...&T (m=0),

St RPEP#HRPP .. .#HRPE (n=1).

JloKas3aTeqbCTBO pacmajzaeTcss Ha JABe yacTH, B nep-
BOH YaCTH JOKa3bIBaeTCs, YTO BCAKAas MOBEPXHOCTb TOMEO-
MopdHa xoTa Obl OfHOH W3 NOBEpXHOCTell, NepeunceH HbIX
B Teopeme 11.3. Mbl He 6yleM BXoANTb BO BCe NOIPOG-
HOCTH 3TONl 4acTH, a JajuM JIHIb KpaTkuii Habpocok na-
Jee B 3TOH Ke rJjaBe. Bo BTOpoH uacTu goKaswiBaeTcH,
YTO HHKAaKHe [IBe TNOBEPXHOCTH, NepeylcjeHHble B Teope-
Me, He romMeoMopdHbl; 5TO MbI CTPOrO AOKaxeMm B ri. 26.

Bastie cBA3HOH CYMMBI C TOpPOM 49acTO HasbIBAIOT
npuxaeusaruem pyuku (TAe py4Kka—3STO TOp C BHIOPOLICH-
HBIM OTKDBITHIM JUCKOM); MpPHYHHA TAKOrO Ha3BaHHs Ode-
BuaHa (cM., HanpuMep, puc. 11.12(e), (f)). Huorga mmt
OyleM TOBODHTb O APUKAGUSAHUU UUAUHOPA: B TaKOM
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c/ydae W3 NOBEPXHOCTH BLIOPACHIBAIOT [BAa OTKPBITBIX
JNCKa W [pUKJEHBAlOT UHJAHHID, KaK TOKasaHO Ha
puc. 11.12(a). Baxno cpenatb 310 npaBuabHo. Henpa-
BHJIbHOE TPHKJEUBAaHHE LHJIHHJIpa (T. e. obpalleHHe cTpes-
KM HA OJHOH W3 rPaHHYHBIX OKPYKHOCTEH) 5KBHBAJEHTHO
B3SITHIO CBsI3HOH cyMMbl ¢ G6yTeIIKOR Kaoedna.

Puc.11.12 (8) — (c) [Npukaensanne ouannppa. (d) — (f) [pukaensa-
HHe PYYKH

Bssitue cBA3HOH CyMMB! ¢ BelleCTBEHHO! TNPOEKTHBHON
NJIOCKOGTBIO 4acTo HAasbIBAOT ApuUKAeusanuem aucma Mé-
6uyca (puc. 11.13). 310 BBHI3BAHO TeM, 4TO MOPOEKTHBHAS
[JIOCKOCTh G BBIOPOIUEHHBIM OTKPBITHIM JAHCKOM €CTh B TOY-
HocTH JucT MéGuyca (cm. ra. b).

[loBepxnocTn, NoJiy4eHHBle B3ATHEM CBA3HOH CYMMBI C
RP%, or/MuaorcA TeM, 4TO OHH ABJSIOTCS OXHOCTOPOH-
HHMH. DTO O0OBACHAETCS TeM, 4YTO OHH COEpKaT JHCT
Mé6uyca, KOTOpHIfi, Kak Mbl ByieJH B rJ. 5, o6jagaer
HEKOTOPBIMH CTpPaHHBIMH cBoficTBaMH. Hasosem nosepx-
HOCTb OpueHmupyemol, €Clii QHa He COJep:KUT B cebe
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aucta MéGuyca. Ecau ke NOBEPXHOCTb COAEPKHT JHCT
MéGuyca, To OHa Ha3bIBAETCS NeEOpUeHIUpyeMOLl.

Taknum o6pasoM, GyTbika Kuelina n BeliecTBeHHast
NPOEKTHBHAS NJIOCKOCTb — HEOPHEHTHPYeMble 0BEPXHOCTH,

Puc.11.13. ITpukneusanue Jucta Mé6uyca

TOTAa KaK cgepa, TOp ¥ KpeHAeab opueHTHpyeMul. [lo-
BEDXHOCTb

SHTHTH.. 4T  (m=0),

m

KOTOpy!0 Mbl OyjJeM 3a0HChiBaTb COKpAaUleHHO B BUJe
S® 4 mT, HasbiBaeTcs cmandapmuol opuenmupyemott no-
sepxnocmero poda m. [loBepXHOCTDb

StH RPEHRP H... 4 RP? (n=1),

n

cokpateHHo S? # nR P2, HasbiBaeTcs crmandapmmuoli Heopu-
enmupyemoli nosepxHocmeto poda n.

BosHHKaeT ecTecTBeHHbIH BONpOC: KakHe NOBEPXHOCTH
noJy4aTcs, €c/IH B3ATb CBA3HbIE CYMMBl TOPOB H NPOEKTHB-
HBIX nJjocKocTedd? Jlpyrumu c/oBamu, Kakof CTaHRapTHOH
NOBEPXHOCTH rOMEOMOp(hHa MOBEPXHOCTb

THTH.. . #T # RPH.. #RP:=

m 2

=mT # nRP?

npu m, nz>=1? Takas noBepxHOCTb, OYEBHAHO, HEOPHEH-
THpyeMa, H €CJH NPeANoJOXKHTb CNPaBelJUBOCTb TEOPEMbI
11.3, to mT #nRP? romeomopdHa noBepxHocTH kR P2
npH HeKOoTopoM k. Mpr Halllem 3Hauenwe k B caydae
m=n=1 n ocraBuM OOLMHA cayuall B KauecTBe (IETKOr o)
ynpaxHeHus,
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77 (a) - - . (b)

© (d)

Puc.11.14
11.4. Nemma. T HRPP=RP2HRP2HRP?,

- Hokasameascmso. O6GosHaunum T 3 RP* uepes S, a
RP2 4 RP? H RP? uepes S,. [lpeacraBum cHauana S, u
S, B BHAE GAKTOPNPOCTPAHCTB. S;—(DaKTOPNPOCTPAHCTBO
wecTuyronbHofi obaacty X (puc. 11.14).

3ameTnM, 4TO Bce BepWHHH X OTOMXIECTBJAIOTCA C
ofHON Toukofl M3 S;, u HafJeTcd OKPeCTHOCThb bl- 3TOH

ToukH B S, roveomopduas D? (puc. 11.14(e)). BuiGpa-
ceiBaHHe 3TOH OkpecTHocTH (pHc. 11.15(a)) m mposenenue
HY3KHBIX OTOXKICCTBJCHUH 1a€T npocTpancTso puc. 11.15 (c),
KOTOpOE NocJe MOAXOAAIEro romeoMophusMa mpeBpalia-
etcad B (d) na Tom ke pucyHke. OnuieM noc/eloBaTe N b-
HOCTb romeomopduamoB, mnpeobpasylomux 11.15(d) B



GOG
@
¢ Q

Pug,11.15
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11.15 (0). Urtobui nepeiitn ot (d) K (g), paccMOTPUM TeM-
Hylo objacTts Ha (¢) u (f). Mcnombaya Te ke coobpaxe-
HHA, Y4TO W paHbue B cBssu ¢ puc. 11.8, HerpyAHo onu-
caTb romeomopduam mexay (d) n (g). To, uro (g) u (h)
roMeoMopdHbl, sicHo. HToGbl yGeanTbes B roMEOMOP(PHOCTH
(h) u (k), ucnosbayem TemHble o6Jacti Ha (i) H (j). Ana-
JOTHYHO /s BhIsABJeHHA romeomopduoctd (k) u (n) we-
nonb3yem TeMHble ofaactn Ha (1) m (m). Hakowen, serko
Bujetb, 4to (n) u (0) romeomopdHel. Takum oGpasowm,
S,\D1 romeoMopdHO MPOCTPAHCTBY, H300paxkeHHOMY Ha
puc. 11.15 (0).

C JApyroii CTOPOHH!, S, HMEET NpEeICTaBJEHHE B BHIE
dakTopnpoctpancTBa, HaoOpaxkenHoe Ha puc. 11.16(c).
BriGpaceianue sawtpuxoBanHoll Ha (d) okpectHOCcTH D,
KoTopasa romeoMopdHa OTKPLITOMY AHCKY, H NpOBeleHue
HeoGXOUMBIX OTOXKIECTBJEHH AacT HaM IPOCTPAHCTBO Ha
puc. 11.16(g). OueBHAHO CYILLECTBOBaHWE TOMEOMOpU3MA

h:SA\D, 2= S;\D,.
BoJsiee TOTO, ACHO, YTO A MHAYLHPYET rOMeOMOP(PH3M
9 (S:\Dy) =2 9(S:\Da).

StoT romMeoMopdusM TpaHHL MOXKeT OLITb [IPOJOJ/IKEH
no romeomopdusma mexay D, u D,. Ecam h: 0D, — 0D, —
atot romeomopdusM u h,: Dy = D?, hy: D, = D?, sanuwem
x € D?* B nossIpHBIX KOOpAMHATaxX B BHAe x=(r, [), rle
0<<r<<1 u t€aD*=_5* Onpegenum H: D, — D, ¢op-
mynoit H(y)=hz'(r, hhhi (1)), rtae h, (y)=(r, 1)€D™
Ouesugno, uto H|0D,=h u uto H-—romeomoppusm.
Takum obpasom,

Sl = (Sl\bl)u D1 = (Sz\éz) u D2=S-z- O

Ecte u Apyrofft cnoco® HarJ/siHOTO [PeACTaBJeH:s
romeomopdusMa mexay S; #u S, Haunem ¢ npeacraie-
Hust ceasHoil cymmbl T # RP? Kak pyuku (T. €. Topa ¢
ABIpKOE) BMecTe ¢ JucToM MEGuyca, KOTOpHIA JOJKeH
GblTb K HEH MpHKJeeH. DTO NpelcTaBJeHHe H300paxKeHo
Ha puc. 11.17(a) u oueBHIHBIM 06pasoM romeoMOpdHO
npoctpauctBy Ha puc. 11.17(b). Beinosxus romeomop-
dusmbl (¢)—(f), mbl npugem x puc. 11.17(g).
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Puc.11.16



Puc.11.17

e)
Puo,11.18
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Paccmotpum 6yThlKy KiefiHa ¢ BbIGpOILEHHBIM JHCKOM.
Kak BBIMJISIMT 3TO POCTPAHCTBO, NOKa3aHo Ha pue. 11.18.

CpaBuuBas puc. 11.17 (g) u 11.18 (g), Mbl BuauM, YyTO
S; = K #RP? rae K—Gytolaka Knefina. Ho K ~RP? 3
H RP?, orkyaa S;=<S,, 4T0 U TpeGOBaIOCh MOKa3aTb.

11;5. Ynpaxuenns. (a) [Myers Sj;, S; n S;—nosepxHoctu. [lokaxu-
e, uat0  SyFH Sy S H# Sy, (SiSo) H Se= S H(S: 3 Sa),
82 4+ Sy == Sy, OGpasyeT au rpynny MHOXKECTBO T[OMEOMOPQHBIX Io-
BEPXHOCTEH OTHOCHTENILHO omnepalmuyu cBsisHo# cymmei? [loueMmy Het?

(b) INycte My, M,— Henepecekaioiyecs CBSI3HbIC /1-MePHbIE MHO-
roo6pasus. Ilyers Dy u D,—noamuoxectsa M; u M, coorsercT-
BEHHO, I‘OMGOMOp%—IbIe Dn npu otobpaxenusx hy, h, Onpegenum
cBAsHyO cymmy M; # M, mHoroob6pasuii M; u M, kak daxrop-
npocTpancTeo ((My I)U(M2\52))/~, rie ~ OTOXKJECTBJSAET TOUKY
xEﬂ(Ml-\f)l) ¢ Toukoii h7'hg(x). HokawuTte, uto M;$ M, ects
n-MepHoe MHorooGpasue. "

(c) Nycte S=mT #nRP? npu m, n=1. Kaxoil crangaptHofi
[IOBEPXHOCTH romeoMopgua S?

(d) Myctb S— noeepxHoctb. okaxute, uto S romeoMophHa pOBHO
oxHoH M3 caepyromux nosepxHocted: S® 4t nT, RPE nT, K4 nT,
rie K —6ytuaka Kuefina 1 n =0,

(e) HonyctuM, yto moBepxHocts S aBasercs (-HPOCTPAHCTBOM,
rae G == Z,,+7—LHKJIWUECKAs TpyNna HeUeTHOro HopsaKa. JlokaxH-
Te, 4T0 S/G—noBepxHoCTb. 3ameruM, 410 ZeficTeHe G Ha S ne Nped-
noJiaraercsi CBOGOIHbLIM. '

Januv Tenepr HaOGpOCOK MepBOro Llara B JOKasaTe/b-
CTBe KJaCcCUUKALHOHHOH TeopeMbl AJs1 [OBepXHOCTeH.
TloanpocTpaHCTBO HEKOTOPOrO MpPOCTPaHCTBA HasblBaeTCs
npocmoti samxHYymow Kpueoid, ecln OHO FOMeOMOP({HO OK-
pyxuoctn S*. Eeau C—npocTas saMKHyTas KpHBas Ha
nosepxHoctd S, To 6ynem rosoputs, 4to C pasdersiem
S, ecnn S\C HecBs3HO, T. e. paspe3anune epoab C Je-
gaet S HecsasHod (puc. 11.19).

[TycTe S—noBepxHOETb, cojAep:Kalllas NPOCTYIO 3aMK-
HYTyI0 KpuBylo C, He pasjessouywo S. MOxKHO 10Ka3aTh,
yto C UMeeT OKPeCTHOCTb, IOMEOMOpPPHYI0 JHOO LHJHHA-
py, Jau6o aucty MéGuyca (puc. 11.20). MutyntuBnO 3TO
JOJI2KHO OBITb SICHO.

Bri6pocuM Tenepb 3 S BHYTPEHHOCTb 5TOTO LHJHHI-
pa uam Jaucta Mé6uyca. B nepBom caydae nosyyarcs ABe
JABIDKH, H MBI 3aKJeHM HX AByMs AHCKaMH, a BO BTOPOM
c/ayvyae MOJYYHTCR OAHA JAbIPKA, KOTOPYIO Mbl TOXe 3a-
KJEHM JHCKOM. Mbl nmpugeM K moBepXxHOcTH S, NOJyYeH-
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Hofi u3 S M6O npuKJeHBaHWeM UHJAHHAPA (IPaBHJIbLHBIM
W/ HeNpaBHJbHEIM), JHGO NPHKAEHBaHHEM JucTa Mébnyca.
Wuave rosops,

S=S,4T, S=S,#K um S=S,##RP

PaccmoTtpum Temepb S;, HaiizeM Ha Hefl mPOCTYIO 3aMK-
HYTYIO KDHBYIO, He pasJefioulylo ee (ecsu Takas CyIllecT-
ByeT), H NOBTOPHM OMHCAHHBLIH BHIIIE MPOLECC; NOJAYYHM

(9) (&

Puc.11.19. C; pasgenser S%, a C, ue pasgenser T

NOBePXHOCTL S,, anst Kotopolh S, =S, # T, S,=S,# K
uan S; =S, 3 RP2 [lpogonxas Takum ke o6pasoMm aa-
Jiee, mnocJjie { LIarOB MOJyYHM MOBEPXHOCTH S, I KO-
TOpO#

Puc.11.20

S=35, 4 i,T 4 i,K 4 i,RP?,

rae i, +4i,+i;==i. OxkasbiBaeTcsi, N0OCJe KOHEUHOrO YHCJ/a
waros (06osHayuM ero uepes k== 0) 3ToT npouecc o6pul-
BaeTcsi, T. €. BCAKas NMpocTas 3aMKHyTas KpHBas B S,
pasaeaser S, Haxkoneu, Bocnosbsyemcs Teopemofi, cor-
JIaCHO KOTOPOH MOBEPXHOCTb S, KOTOPYIO pasjessieT Jio-
6as npocTas 3aMKHyTas KpuBas Ha ueil, roMeomopdua
chepe S2.

C TOUHOCTBIO MO HENOKA3aHHBIX yTBepKIEHHUH ) Mbl

) O6a nocneannx yTBepKjAeHHA HETPYAHO AOKA3aTh NpH AOMOJ-
HHTEJILHOM TIPEANOJOKEHHH, YTO NOBEPXHOCTb S TPHAHIYJAHpYyeMa.
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b a
a, ! a, 5
l), a‘Z as
b; &
aq, 3
a, g \
b/n ;
[/
N z a,
\\ /" AN
\
() (D]
Puc.11.21
ag a,
A b # b, b, =
i 1t \
s o), <
ay a
3
Puc.11.22

BUAMM, 9TO noOBepxXHOCTb S romeomoppua S? 4 IT 4
# mK H# aRP? s vekotopuix [, m, n =0 ({+m+4n=~k).
[lpu nomowu semmel 11.4 nerxo ycTaHoBUTH, 4TO NOBEpX-
Hoctb S? 4 IT H mK # nRP? romeomopdra

ST npu m+n=0,

S*H @ +2m+n)RP* npu m-tn>0.

UTo6H! 3aBeplINTb [A0Ka3aTeJIbCTBO KJAacCH(PHKAIHOH~
HOH TEopeMbi, OCTaJOCh NOKa3aTb, YTO HHKAKHE ABE NO-
BEPXHOCTH, MepedHcJeHHble B TeopeMe 11.3, He rowmeo-
MopdHBl. JTo ByAeT caeJiaHo B Ia. 26.

11.6. Ynpamuenna. (a) [lokaxure, uto Ha tope T HailgyTtcs ape
pa3auyHble (HO MepeceKkaloImHecs)) TMpocThHe 3aMKHYThe KpuBbie C,
C,, taxne, uto T\(C,UC,) cBs3Ho.

[MockonbKy cTporoe A0Ka3aTeabCTBO 3TOro (aKTa JAOBOJIBHO YTOMH-
TeJbHO, TPHAHTYJAMPYEMOCTb TOBEPXHOCTEH OOLIUHO TNpeloaraerTcs C
caMoro Hauaja (cM., HanpuaMep, CrneHbep 3., AareGpaHueckas TONO-
gorusi. Ilep. ¢ aura. —M.; Mup, 1971, c. 195, uau Maccu Y., Ctoa-
anure k., AareGpanyeckas TonoJiorus, Beegenne, [lep. ¢ aHra, —-
M.: Mup, 1977, c. 30). —pum. ped. i
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a, a4 ap
@ ' = ap ) ‘ZZ“
a a, a,
Puc.11.23 ’
ay Qs
a,t Ya,# ES
' a a;
Puc.11.24

(b) INokaxute, uto na Tope T He cywecrmsyem Tpex pasiauuHBIX
npoctelx 3amknyTeix Kpubbix Cy, Cp, Cs, Takux, uto T\ (C;C,Cy)
CBA3HO.

(¢c) O6obwuTe (a) u (b) HA Apyrde NMOBEPXHOCTH,

Mbl 3akoHYuM 3Ty TJaBy pe3ysibTaToOM, yKe YNOMH-
HaBLIMMCS paHee: BCAKYH NOBEDXHOCTb MOXKHO NpeICTa-
BUTb B BHJe (PaKTOPNPOCTPAHCTBA HEKOTOpPOH  MHOrO-
yroabHO#t obJaactu B R

11.7. Teopema. Ecau S—opuenmupyemas nosepxocme
poda mz=1, mo S ssasemecs Paxmopnpocmparncmeon
4m-yeonbHUKA C OMONCOCMBACHUAMI, YKASAKHbIMU HA pUC.
11.21 (a).

Ecau S neopuenmupyeman nosepxnocms poda n > 1,
mo S aernemca HaKmopn pocmpaHcmeon 2n-y20rbHuUKa ¢
omoxcOecmerenuamu, yxkasannoimu Ha puc. 11.21 (b).

UTobbl 10Ka3aTh 3TOT pe3yJ/bTaT, AOCTATOYHO MOKa-
3aTb, 4T0 mT w nRP? umeoT ykasanubiil BUA. Mbl npocto
HIMOCTPHPYeM caydall m <(2, n < 3. Kak mokasaHo ua
puc. 11.22, T 4+ T wumeer nyxublhi BHA. SlcHO, Kak npo-
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JOJKHTb 3TO NMOCTPOEHHE, 4TOOBl MOJIYYHTb pe3yJbTaT B
OpHeHTHpyeMOM c/aydae. HeopueHTupyemomy ciydaw coot-
BeTeTBYIOT puc. 11.23 mma RP2H RP? u puc. 11.24 paa
RP2H RP2# RP2 CHoBa A0MMKHO GHITH ACHO, Kak [po-
LOJIXKUTb MOCTPOEHHUE.

11.8. ¥Ynpaxnenusn. (a) n-mepHoim mH02000pa3uem ¢ Kpaem Ha3LIBAET-
ca xaycaopposo upocTpaHcTBO M, Kaxnzasm TOUKa KOTOPOTO HMeeT
OTKPBITYiO OKPeCTHOCTb, romeoMopduyio au6o K7, nubo ero sepxuemy
NOJyNpPOCTPAHSTBY, T. €. MHOXeCcTBY {(x1, ..., x,)ER™ x,=0}.
MuoxectBo Bcex Touek M, HMeOWMX OKPECTHOCTH, roMeoMopbHbIe
BepXHeMY MOJIYTIPOCTPAHCTBY, HO He HMEIOUIHX OKpecTHOCTeH, roMeo-
mopHex R7, naspiBacTcs kpaem MHorooGpasus M. Iokaxute, 4TO
Kpail n-MepHOTO MHOroo6pasust ¢ KpaeM spasercss (n— l)-MepHEM
MHoroofpa3uem (6e3 kpas).

(b) KomnakTHoe cBs3HOe JByMepHOe MHOroo0pasue ¢ Kpaem
Ha3LIBACTCA hosepxHocmoto ¢ Kpaem. JlokaxKuie, 4TO Kpall HOBepX-
HOCTH C KpaeM fiBJseTcsl o6BbeJHHEHHEM KOHEUHOrO YHCJa Hellepece-
KaloWHXCSA OKpyXHocTed. BouiBelnTe oTCiOfa, UTO NMPHKJIEHBAHHEM KO-
HEYHOro YHCJA JHCKOB MOXKHO H3 KaX[OH IOBEDXHOCTH C KpaeMm Mo-
Jy4uTh NOBEPXHOCTb 6e3 Kpas.

(c) [ToBepxHOCTb C KpaeM HA3bIBACTCSA OpUeHMUpYemOl, eCJd OHA
He collePKHT aHcTa Mé&6uyca. JIOKaxuTe, 4TO MOBEPXHOCTH C Kpaem
OpPHEHTHpYeMa TOr4a H TOJIbLKO TOTJa, KOrja OpHeHTHpYeMa COOTBeT-
cTByioUIas el nosBepxHocTh Ge3 Kpasi {cM. (b) Bhiiue).
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Ny U NMUHEMHO CBA3HBLIE MPOCTPAHCTBA

B ra. 9 Mol w3aydamu cBs3HocTb. B 3Toll riaee Mul
H3Y4HUM [OXOMee, HO BCe e HECKOJBKO OT/AuYalolleecs
OT MPeXHEro MOHATHE CBA3IOCTH: JHHEHIYI CBS3HOCTh.
Chavyana BpeleM HeoGXOAMMOE A/ 3TOTO NOHSITHE NYTH.
I[lymem B npoctpaHcTBe X HA3BIBAETCS HENPEPLIBHOE OTOG-
paxenue f: [0, 1] — X. Toraa f(0) nasuiBaetcs Haua104,
a f(1)—«xonyom nytu. Tosopar, uto f coepnuser [ (0) u
f(1) u uto f—nyte u3 f(0) B f(I).

3aMeTHM, UTO MyTb—3TO HMeHHO otobpaxkeHue f, a
ne ero o6pas f([0, 1]), kotopelii naswiBaeTcs kpusoi B X.

O6eyno MBI mpeacTaBasieM cebe 1€[0, 1] kak Bpewms,
n Toraa f(f) —mnonoweHHe B MOMEHT ¢.

[Tpoctefiunii npumep nyTH —MOCTORHHBI NyTb &,:
0, 1]— X, onpenenenHblfi papeHcTBOM e, ({)=x 0.9
Bcex f€[0, 1], rae x—mnekoropas touka u3 X. Ha atom
NyTH MBI HaXOAMMCH Bce BpeMsl B OZHOH Touke x € X,

Fmeetcs ABa npocTbX, HO BaKHBIX cnocoba nodyye-
HHsl HOBBIX NyTe# M3 cTapblX. OHH MpUBEJEHLI B CJENyiO-

wed Jgemme. Ilepsuii comocTaBasieT nyTu f nyTe f, noay-
YaeMbll MpoXoxJeHHeM MyTH [ B 0GpaTHOM HampaBJeHHH.
BTopoil coeanHseT ABa nyTH f H g (CCJM 5TO BO3MOXKHO),
YTOOBE NOJIYYHTb HOBBIH NYTb f#g.

12.1. Jlemma. (a) Ecau f—nyme 8 X, a [ onpedeireno
pasercmeom f({)=f(1—1{), mo f—marace nymo ¢ X.
(b) Ecau f u g—0sa nymu 6 X, npudem xowey f
cosnadaem ¢ wawaaom g, mo ¢yuxyua fxg: [0, 1] — X,
onpedeneHHas paseHCMam
f @) . 0<t <172,
(f*g)(l)={ _
g@2t—1) mpu 1721,
aganemca nymenm 8 X.
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Horasameascmeo. Yactb (a) oueBuina, a wacts (b)
noJjydaeTcs U3 CJeAYIOWIEro pesyJbTaTa, Ha3biBAEMOrO
aemmotl 0 cxaedke. []

12.2. Jlemma. [lycme W, X -—monoaoeuueckue npocm-
parcmea, npuvem W=AUB, 20e A u B samxuyme ¢ W.
Ecau |: A— X u g B— X —wnenpepoisroe omo6pasice-
Hus, npuiem [w)=g(w) 0612 ecex we€ ANB, mo omo-
6pancenue h: W — X, onpedesennoe paseHcmeamu

F@) npn w4,
h(w’={g<w) npn wEB,
Hen pepoieHo.

Hokasameabcmeo. 3ameTuM, 4TO h OfpejeseHo Kop-
pekto, [lycth C—3aMKHyTO® MOAMHOXKeCTBO X; Torja

h=(C)=h"*(C)N(AU B)=
=hONAHUETTCONB)=["(CO)Ug (.

Tak kak [ wenpepeiBHo, To [~ (C) samkuyTOo B 4 W,
caenoBateabio, B W, nockoibky A samkHyTo B W. Ana-
joruuno g~*(C) samxHyto B W. CaenosatesnsHo, h~* (C)
samguyTo B W, u h nenpepsiBHO. [

12.3. Onpenenenue. [IpocTpancTBo X HasblBaeTcs auHeli-
HO (8A3HbIM, €CJH JJa JoOLIX JByX TOYEK X,, X; € X
HafjeTcs COelHHSOWNHA HX nyTb B X,

3ameTHM, 4TO, B CHJY JeMMbl 12.1, gocTaTouno purcu-
poBatk x,€ X W norpeboBaTb, YTOOH AJsi JoGoro x € X
Haitescs nyTb B X, COCNHHSIOMWUN X, C X.

Hanpumep, R” ¢ obbluHOH TOMmoJIoruell JIHHEHHO CBA3-
HO, TaK Kak A Jo6oil mapbl Touek a, bER” ortobpa-
weupte f1 [0, 1]—R", onpexensiemoe dopmysoi f(f) =
=tb4(1—1{)a, sBaserca nyTtem u3 a B b. BooGuie, Bca-
KOoe BBINYKJOe MOAMHOXKECTBO R” nHHeHHO cBasHo. [loa-
MHOXKecTBo ECR” HasblBaeTcs 6bnyrioiM, ecjad BMecTe
¢ moObMH TOYKaMH a, b€ £ OHO CONEPMHUT MHOKECTBO
{tb+ (1 —Ha: 0TI}, 1. e. E BHINykJO, €can nps-
MOJIHHEHHBIH OTPE30K, COCNHHSAOUWIHA OOyl napy Touer
u3 E, cam Jsexut B E. [Ipumepnl BbITYKJOTO H HEBBHIMYK-
Joro noxmHoxects R® cM. Ha puc. 12.1,
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B uactHOCTH, BcAKui uHTepBad B R!' JMHERHO CBA3EH.
Heckoabko caepywulsx pesyabtatoB 12,4 —12.7 ana-
JIOTHUHBI pe3yabTataMm 9.4—9.7.

Puc.12.1. Caea— BRHNYKJOE MHOXeCTBO, CIIpaBa— HEBLITYKJOE MHO-
JKeCTBO

12.4. Teopema. 06pa3 AUHEIHO CBA3HO20 RPOCHPAHCMEA
npu HenpepolgHOM O0MObpPANeHUU AUHEIHO CB873eH.

Hoxasamenscmeo. [lyete X JuHeAHO CBA3HO H gt
X — Y — genpepbiBHOE CIOPBEKTHBHOE oTobpaskeHue. Eciu
a, b—nBe Toukn u3Y, TO HalifyTcs Touku a’, b’ € X, nas
kotophix g(a')=a n g(b')=>. Tak kak X sunefino css3-
Ho, Haiizetcs nytb f us @' B b'. Ho Torma gf—nytb u3
aBb O

12.5. Caencteue. Ecau X u Y —comeomoppole monoao-
cuseckue npocmparcmea, mo X AuHelHo c6A3HO moeda
u moaeko moeda, Ko20a Y AuHeLiHO CEA3HO.

U3 TeopeMbl c/eflyeT, 4YTO OKPYXHOCTb S' JuHedHO
cpsi3Ha. Ilosb3ysicb 3THM, MOXHO HOKasaTb, UTO JIHHEHHO
censupl R7FINJO}, S* u RP? mpu n>1 (aaa RFIN{0}
5TO CJeIyeT M3 TOro, 4YTO JIOGbIEe JBE €ro TOYKH JexaT
HA HEKOTOPOH OKPYXXHOCTH, He mpoxojauledl yepes O; ass
S” u RP"—u3 TOro, 4t0 OHHU ABJAIOTCA HENpepbIBHLIMH
obpasamu R\ {0}).

11.6. Teopema. [Iycmp {Y j € J}—cemeiicmeo aunedHo
ceasHbLx nodmroncecme npocmparcmea X. Ecau 0 Y =,
ied
mo Y= UY, auneino ceasHo.
jed

Jlokasameascmeo. Ilycte a, bEY; torna a€Y, u
beY, naa nekotopbix k, [€J. Ilyets c—omobas Touka
us Y, Tax xak Y, junefino cpssno u a, c€Y,, TO

jeJd
Haiijetcs NyTh [ W3 a B ¢. AHaJOruyHo, Haijetcsd mnyTh
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g u3 ¢ B b. [lytem, coepnnsiomum a ¢ b, Gyier Toraa
h=/fzg, 1. e.
[(28) npu 0t 1/2,

h‘”‘"{ g@—1) mpu 12<i<l. O

10T pe3yabTaT AaeT APYrofl cnocob AOKa3aTeabCTBa
nnHefiHON cBssHOCTH mpocTpaHcTBa R*IN{0} (a caeno-
BateJbHO, S* u RP™) npu n>= 1.

12.7. Teopema. Tonoaoeuueckue npocmpancmsa X u Y
moeda u moabKo mozda AuHeliHo céa3Hb, koeda X XY au-
HelHO C8A3HO.

JokasaTeJbcTBO, COBMajamilee ¢ JA0KAas3aTesJbCTBOM
teopemel 9.7 (¢ 3aMeHOR CBABHOCTH Ha JMHEHHYK CBA3-
HOCTb), MBI OCTaBJIIEM YHTATEJIO.

[Npeasiayline pe3yanTaTel He AOJXKHBI BBOAMTb 4YHTa-
Teas B 3abayxjeHHe, OyATO MeXxAy CBASHOCTHIO U JIHHeH-
HOH CBA3HOCTBIO HET HHKaKoi pasHHuUbl. Kak rokasbiBaer
caeAyrollas Teopema, 3TO He TaK.

12.8. Teopema. Bcsakoe aunellHo (64a3HOE N pOCMPAHCITEO
65310, OOHAKO He B8CSIKOE (6A3HOE NPOCIPAHCIMGO AUHEIHO
C8A3HO.

Hoxasamenscmeo. Tlycts X —nHeiHO cBA3HOe npo-
crpaHeTBo. Jlokaxem, 410 X cBssHo. Ilyetb X=UyV
¢ orkpeithiMH U HenycToiMu U, V. Tak kak X numefino
cBasno u U, V Henyctsl, To Hafigerca nyth f: [0, 1] — X,
ans xoroporo f(O)e U u f(1)€V. Otpesok [0, 1] cesizen,
nostomy f([0, 1]) cesisHo, u, smaunt, UNJ(0, 1)) u
Vnf(O0, 1)) momxubn nepecexartbcs. Ho rtoraa U u V
nepecekaworcs, Tak 4y1o X CBA3HO. [

Uto6El MOKasaTb, YTO He BCe CBSI3HEIE NPOCTPAHCTBA
JUHEHHO CBA3HBl, NpuBeJeM NpHMEp, H3BECTHBI Kak
«6n0xa u rpebenkar (puc. 12.2). PaccMOTpHM NOAMHOXe-
ctBo XcC, rne X=A4U B, npuuem

A ={i} (6noxa),

B=[0, 1Ju{l/n+yi: neN, 0<Ly< 1} (rpebeuka).
Mul ytBepxkaaem, 4yto X CBA3HO, HO He JIMHEHHO CBSI3HO.

Yro6el nokasarte, 4T0 X CBSI3HO, 3aMeTHM CHayaja, 4To
B nunefino ceasno (npumeHsieM TeopeMy 12.6 K cemeiicTBy
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muoxects B,=[0, 1JU{l/n+yi: 0<<y<C1} npu neN)
¥ notomy cBsisHO. [1ycTb U —OTKpBLITOE H 3AMKHYTOE NOA-
MHOXKeCTBO X. MoxHo cuuTath, 4To AcU (4Haue Jo-
noJiHeHHe K U Opuio Obl OTKPLITHIM M 3aMKHYTBIM [OA-
mHoxectBom X, cogepxamum A). Tak kak U OTKpBITO

Puc.12.2. Bnoxa u rpebenka

u i€ U, 10 Haiigetcss Takoe &> 0, uto {x: |[i—x|<eln
nXcU. CymectByeT HaTypaJbHoe #, JJ8 KOTOPOro
l/n4i€U; B uactioctn, UNB=* . Ho B ces3no u
U N B— HenycToe OTK PHITOE H 3aMKHYTOE MOAMHOXKECTBO B.
Takum obpasom, UNB=28, 1.e. BcU. Ho X=AUB
u AcU, nostomy U =X u X csasno. (B cymnoctu, mbl

nokasaad, yto Be X< B, u cBagHocth X caeayer us
yap. 9.8 (f).)

Uto6bl 10Ka3aTb, 4to X He sBJseTca AUHEAHO CBA3-
HBIM, Mbl MOKakeM, YTO €IMHCTBEHHbI# ny1b B X ¢ Ha-
yasgoM B Touke { € X—3T0 noctosinubii nyTth. [lycth f—
nyts B X ¢ Hauanom B Touke {. Tak KaK 3Ta TOUKa 3aMK-
nyta B X, T0 [~1(i) 3amknyto B [0, 1] u, Gosee Toro,
f=1 (i) %= &, tak kak 0 € [~ (i). Tlycts U —oOTKpbITOE NOA-
MHOKECTBO X, onpeleseHHOE Kak

U=Xn{zeC: |z—i| < 1/2}.

Ecau ¢,€f~* (i), To, B CHJy HENpPepbIBHOCTH f, HaiizeTcs
takoe € >0, uto f({)€U npu |t—1{,] <& Mp yTBEpXK-
naem, uto [ (({,—e, t,+e) N[0, 1))=i Has nokasa-
TeJbCTBA MPEANOJNOKHM, uTo |, —¢,| <e n [({,)€B.
Mmuoxectso U N B saBagetcst oO0beidHEHHEM Henepece-
KaIOUUXCsl HHTEPBAJOB, BbICEKAeMBIX M3 HEro MpaMbIMH
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x=1/n, n €N. Beskuil Takofi uHTEpBaN OTKPHIT B U/, TaK
KaK COBNajaeT ¢ MHOXecTBOM {x+yi: l/(n+41) <x <
< l/(n—NO}nU, v samkuytr B U, NOCKOJBKY paBeH
{1/n+yi: 0<Ly<<1})nU. B gactHoctH, wuntepran V,
copepxauiuil [ (¢,), OTKpHT U 3aMKHYT B U, H ero nepe-
ceyeHne ¢ MHoxkectBoM W =f(({,—e, {,+2e) N[0, 1)cU
OTKPHITO W 3aMkHyTO B W, a Tak kKak W CBA3HO ¥ cO-
JIEPAKHT t'=f(t0)$V, T0 VNW == (S, 4T0 NpoTHBOPEUYHT
npeanonoxeuuto f(¢#,)€V. IDTuM [AOKa3aHO, YTO €CJH
t,€f71(i), 10 ({,—e, t,+8) N[0, 1]cf~1(), n notomy
f~1 (i) otkpeto. Ho f~ (i) Tak:ke M 3aMKHYTO, a OTPE30K
{0, 1] cBasen, nostomy [=*())={[0, 1], T.e. f ([0, 1])=".
Cief0BaTebHO, He CYIIECTBYET NYTH, COEAHHSOMEr0 | € X
¢ Kakofi-ymmbo apyrodl touko#t m3 Bc X. Hrak, X He saB-
JsieTcsl JIMHeHHO CBS3HBIM, []

MmeeTcs MHOTO ApYrHX (MOXOXKUX) MPHMEPOB CBSI3HLIX,
HO He JHHEHHO CBA3HBIX MPOCTPAHCTB'); CM. yNpaKHeHHs
HUKE.

ITocsenHuil pesyabTaT, KOTOPHIH MBI JOKaxeM B STOH
rJjaBe, OTHOCHTCS K OTKPBITHIM CBSI3HBIM NOAMHOKeCTBaM R*,

12.9. Teopema. Bcakoe Henycmoe omkpoiunoe céa3Hoe Hoo-
mHoxcecmeo E npocmparncmea R™ auneliHO cesa3Ho.

Hoxasamenscmeo. [lycts p € E, u nycts F— noaMHo-
ecTBO E, COCTOsIlee M3 BCeX TOYEK, KOTOPHIE MOXKHO
COeJMHHTL C p myTeM, JexalldM B E. Mpl yTeepxjaaem,
uro F oTkpuito. UroGp AoKa3aTh 3T0, BO3bMeM g€ FCE.
Tak kak E OTKpPBITO, HalileTcl OTKPBITHI 7-MEPHBIA JHCK
Dc E ¢ neHTpom B TOUKe ¢, T. €.

geD={x: |g—x| <e}cE

npu HekotopoM & > 0. OTKpLITEI aHCK D MuHeiHO cBAseH
(on romeomopden R?), nostomy mobyio ero TOYKY MOKHO
COeNMHATL ¢ ¢ mnyTeM, Jexauum B D, CrepoBartesbHO,
MmoOy0 TOUKY 3 D MOMKHO COEJUHHTb ¢ p NyTeM, JexKa-
mum B E, u notomy g€ Do F. Wrax, F oTkpbiTo.

1) Cesi3HbIM, HO He JMIeHHO CBASHLIM MOXeT GhITb MPOCTPAHCTBO
KOMNAKTHOH rpynnsl. THNHYHEIM NpuMepOM TaKOR FPyNmLl CJIyKHT
2-ajuyeckuii conenoun (cM. yxasausyito B . 30 kuury Crunpoga u
diisenbepra, c. 286).~— pun. ped.
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Mul Takke yTBepkaaeMm, uto F 3aMKHyTO. UTOOH ycTa-
HOBUTL 3TO, NOJOXUM G==ENF, T.e. G COCTOHT U3 TeX
TOYEK MHO:KeCTBa E, KOTOpbIE HeMb3A COEIHHHTD C p NyTeM,
JexamuMm B E. PaccykaeHHs, aHaJOTHYHBIE NPOBEJEHHBIM
BBILle, NO3BOJAIOT M0Ka3aTb, YTO0 G OTKPLITO, H moToMy F
3aMkHyTO. MrTak, noaMHOxKecTBO F Hemycrto, OTKPHITO H
saMkHyTo B E; HO E cBAasno, nostomy E=F u, 3Haumr,
E nuHeflHO CB$I3HO.

12,10, ¥Yopaxueuns, (a) [okaxure, 9to JI060€ MPOCTPAHCTBO C aHTH-
IUCKPETHOH TOMOJIOTHEH JMHEHHO CBASHO.
(b) Kakue u3 caegywomux nojmuoxects O JHHEAHO CBASHBI:
{2: l2] # 1), {z: |z]=1}, {2 2* sewecTsenuo}?
(c) Joxaxute nemmy 12.2 8 cayuae, koria A u B otkpeitel B W,
(d) Tlyets X = Al B —noanpocrpancteo R2, rae
A={x, v): +=0, =l<<y<1},
B={(x, y): 0 < x<<1, y=cos m/x}.
[TokaxuTte, uTo X CBsA3HO, HO He JIMHEHHO CBSI3HO.
(e) Myets X = A} B— noanpocrpanciso R?, rae
A:{(X, y): x=07 '—1<y<1}!
B={(x, y): 0 < x<l, y=sinl/x}.
[Togaxute, uro X CBSI3HO, HO HE JIHHEHHO CBA3HO.
(f) Paccmotpum cuaepylowue noamuoxecrsa R2%

A={(x, y»: 0<<x<<1, y=x/n npu nEN},
B={(x, v 12<x<1, y=0}.
Jokaxure, 4yto A{JB cBsi3HO, HO HE JIHHEHHO CBA3HO.

(g) HonyctuM, 410 A —JIHHEHHO CBSI3HOE NOAMHOXKECTBO NpPOCT-
anctea X u {A;: j€J} —cemelicTBO JHHEHHO CBA3HLIX NOAMHOKECTB X
/ ’

KaXJoe M3 KOTOpuX nepecekaetcs ¢ A. Hokaxure, uro A{) {jEJ A/}
JIHHENHO CBA3HO.
(h) Hyers S7=S8TSZ, rae
b={ERY Jx|=1, x0y1=0},
T={gRrtE x]=1, x,11 <0}

HUcnonbsya ynp. 8.14 (h), nokaxure, yto S” jHHEfiHO CBA3HO NpH
n > 0.

(i) TlycTs ~ — OTHOLIEHHE HA MHOXKECTBE TOUEK NpocTpancTsa X,
NpH KOTOPOM X~y TOT4a W TOJBKO TOria, KOTAa Haiijerca nyTb B X,
coe/HHALHR x ¥ y. LOKaXuTe, 4TO ~ — OTHOILEHHE SKBHBAJIEHTHOCTH
B yto X Torja W TOJLKO TOrAa JHHeHHO cBs3HO, Korja ¢akiopnpo-
CTPaHCTBO X/~ COCTOHT 43 OJHOH TOYKH.
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(j) OTxkpHITan OKPECTHOCTE TOUKH X € X —3TC OTKPHITOE MHOMe-
crBo U, comepxkamee 31y Touky. ITpocrpanctBo X HaswmBaetes 40-
KQAbHO JUHELHO C6A3HbIM, €CMH 1aA J060i TOukH xE X mobas ee

Puc.12.3

OTKPHITAasA OKPECTHOCTb CONEPIKHT JIMHENHO CBA3HYIO OTKPHTYIO OKpECT-
HOCThL x. JIOKaxuTe, yTo ecau X JOKaJbHO JuHeHAHOo cBsisHo u UC X
OTKpHTo, To U noKanbHO JnHefiHO cBA3no. Jokaxute, uto R” Jo-
KaJbHO JMHEefHO CBSI3HO (M notoMy Jw6oe ero OTKpPhITOe MOIMHO-
JKECTBO /IOKAJbHO JuHelHO cBf3Ho), Jlokaxute, uto ecau X CBA3HO
H JOKaJbHO JMHEHHO CBA3HO, TO OHO JIMHEHHO CBSI3HO (T€M CaMbIM
8auH0BO Oyler AoKasana TeopeMa 12.9).
(k) Tlycrs p, g€X. Topopar, uto nonMuoxectBa Ay, A,, ...,
Ay npocTpanctBa X o6pa3yloT apocmyio yens, COeIHHAIOMYIO p U g,
ecan pE€A;, €A, AiNA;= mpu [i—j| > 1 u AiNA;j1 # O
npu i=1, 2, ..., k—1 (puc. 12.3). Jokaxure, 4To ecau X CBA3HO
w ecan (U, j€J}—otkpertoe mokphiThe X, TO MOGYIO mapy Touex
H3 X MOKHO COGMHMTL OpOCTOH WENbIO, COCTOAMmEH W3 3JeMeHTOB
9TOTO MOKpHITHA. (YKaszanue: 111 p € X paccMOTPHTE MHOKECTBO TOUEK
13 X, KOTOphle MOMKHO COEIUHHTbL G P HEKOTOPOH NpPOCTOH Uemblo,
cocrosinell W3 aaementor nokputaa {U; jEJ})
() Ucnoneaysi (k), nosyudTe eme OAHO [0Ka3aTeJbCTBO Teo-
pemul 12.9.
(m) Hokaxuie, 4TO ¢BsI3HOe n-MepHOe MHOTroofpaswe JHHEHAHO
CBfI3HO.
(n) Hokaxute, 4To n-MepHoe MHOTooOpasme JOKaJbHO JHHeHHo
CBAI3HO. ,
(o) Hoxaxure, yTo npoctpanerBo Y < R, 3ajannoe kak Y=
=ABUC, rae
A={x m): 2+yt=1, y=0},
B={(x, y): —1<x<0, y=0},
C={(x, y): 0 < x< 1, y==(1/2) sinm/x},
JIHe{IHO CBfI3HO, HO He JIOKAaJbHO JHHEHHO CBf3HO.
(p) MMycts Z=YYDER?, rae Y —npocTpancrtso 3 (0) u D —
oxpyxuocts {{x—1)2--y*=1}. Jlokaxure, 410 Z NHHE#HO CBSZHO,
HO He JIOKaJbHO JHHEHHO CBSI3HO.

3aKoHUMM 3Ty TIJIaBy OpHUMEPOM HEOOLIYHOTO MNYTH.
dtor nyms fi I — I* cioppertuBer. O Takux npumepax
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FOBOPAT KaK O «KPHBBIX, 3aMOJHAIOWHX MPOCTPAHCTBOY.
Brepesie ohn Gbutd nosydenst Jik. [leano oxoso 1890 .
IlyTs f onpenesen kak mpejea nyted f,: [ — [*. IlepBrie

PSAARALS
IS s
RN AR Bl coten
\ T2ASTNTR
ol R e
knfan) fa
PAMIRZNES
(1) 5,1 £5(1)

Puc.12.4

TpH W3 HUX n3oCpameHnl Ha puc. 12.4. Yuratesp Ges
TpyAa HarJsAHO MpeicTaBHT cebe n-ii war. [locse n waros
a106as Touka KBajpaTa /2 JexKHT Ha pacCTOsiHHU He GoJee
(1/2)" ot mexoTopoii ToukHn o6pasa f, (/). B npeaene nony-
yaeM HenpepblBHOE CIOPBEKTHBHOE 0TOOpaxeHue fi [ — [2
3ameTnM, 4TO Ha JmoOOM llare MHLEKTHBHOCTb HEMNPEepbIB-
Horo otobpawkeHusi f¢ [ — [* wapyluaetcs TOMbKO B TOY-

kax {0} u {1} us [. B peficTpuTte bHOCTH [ f (0 ro-
meomop(HBL. B mpesene 310, KOHEWHO, HEBEPHO.

MPUNOMEHME K [NABE 12. TEOPEMA XOPLAHA

12A.1. Onpepenenne. [1pocmas samxuymas kpuéas C —
370 romeoMop(HbI 06pas OKPYXHOCTH. Komnonenma —
3T0 MAaKCUMaJbHOE CBSI3HOE MOANPOCTPAHCTBO.

M3 aByx caeayioux yTBep:KAeHHI OIHO BEepHO, a Apy-
roe — Her.

(A) Tycers C—npocTas 3aMKHYTas) KpuBas Ha €BKJIM-
nosoit naockoctn. Torma R®*N\C HeCBA3HO H COCTOHT H3
ABYX KOMMOHeHT, ofuieli rpanuueli Kotopbix ssuisercs C.
B TOYHOCTH OfHA W3 3TUX KOMMOHEHT OTpaHHYEHA.

(B) Iyctb D— NOAMHOXKECTBO €BKJIHI0BO MJOCKOCTH.
Ecau D apasieTcsi rpaHulled KaKJI0H KOMIOHEHTH CBOEro
nonoJHeHust H ecan R®N\D nmeeT OrpaHHYeHHYIO KOMIO-
HeHTy, To D-—npoctas 3amMKHyTas KpHBasl.

[TocTpoum Tenmepb NpHMep, NOKa3bIBaroUlWH, 4TO 004
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5TH yTBEP:K[EHHs| He MOTYT OBITb BEDHBIMH OJHOBPEMEH HO.
[lpumep H3BecTeH NOA Ha3Banuem o3ep Bade.. Bnepseie
ero onvcan K. Eusama B 1917 r. Paccmorpum obaacThb
B Buie ABofiHoro koJsbla (puc. 12A.1). IlpeacraBum cebe

® 0 ® 0

®

Puc.12A.1. Oszepa Baawm

ee Kak OCTPOB IOCPelH MOp#, Ha KOTOPOM HMEIOTCsl 03epa.
Jns ynoGctBa BoAy B oO3epax H300pasuM I0-pasHOMY.
OnpefenuM TpH OTKDHITBIX CBSI3HBIX MHOXECTBa, 0DOpPBIB
Ha OCTpOBE KaHaJel OT Mopsi u o3ep. B momeHT { =0 BHI-
poeM KaHaJ OT MOps, AOCTaBJISIOUIME MOPCKYiO BOAY Ha
paccrosinue He GoJiee | oT ymoGoli TouKkH ocTpoBa. B MomeHT
[ =1/2 BBIpOEM KaHaJ OT UepBOTO 03epa, AOCTABJAIOLLUH
ero BOJy Ha paccTosiHHe He GoJee 1/2 oT mo6oll TOUKH
octpoBa. B MomeHT {=3/4 BeIpoeM KaHAaJ, AOCTABJAOLUH
BOJy BTOPOrO 03epa Ha pacCTosHHe He Gogee 1/4 oT mobod
TOYKH cywH. Ilpososmkas 3ToT npolecc, NOCTPOHM B MO-
menT 1-—(1/2)® kaHaja, AOCTABJSIOUHA BOAY COOTBETCT-
BYIOIILErO BOJOEMA HA pacCcTosHue He GoJee (1/2)” oT moboi
TOYKH CyWH. DTH KaHaJ/bi, KOHEYHO, HE JOJ/DKHBL Ilepece-
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KaTecs. [lBa os3epa ¢ HX KaHaJaMH U MOpe CO CBOHM
KaHaloM 00pasyloT TPH OTKPBITBIX CBSI3HBIX MHOMKECTBA,
a OCTAaTOK cyid D CayXuT ux obuieli rpaHunei.

Ecau Bepro (B), To MHOoxecTBo D B o3epax Baxml
SIBJISIETCSl MPOCTOM 3aMKHYTOH KpHBOH, W nortomy (A) He-
BepHo. Iloatomy, ecan BepHo (A), To (B) mOMKHO OBITH
HeBepHBIM. TeM caMbiM 10Ka3aHO, YTO M3 ABYX yTBEPHK-
IJexud (A), (B) cnpaBeanuBo He 6oJjiee omHOrO.

Ha camom nesne (A) uctuHHO, a (B) soxkHO. ¥YTBEp k-
Jende (A) HaswiBaerca meopemor Koplama no uMeHH
K. Xopaana, xoTopmii B Hawase 90-x rofioB OpOLLIOrO
BeKa yKasal, 4YTO, HeCMOTP Ha HHTYHTHBHYIO OYE€BHA-
HOCTb (A), TpefyeTcs CTpPOroe JOKasaTesbCTBO 3TOrO YT-
pepxaenusa. Takoe N0KkasaTeJbCTBO Jaj B Hauaje BeKa
O. BebGuaen. [TpuBoaumoe siech J0Ka3aTeJbGTBO OCHOBAHO
Ha HeJaBHO OTKDHITOM «3/IEMEHTapHOM» JOKasaTeJIbCTBE,
KOTOpHIM Mbl 00sizanbl XeJbre TeepGepr.

[TpocTyto 3aMKHYTYIO KDPHBYIO Ha3bLiBaIOT TaKiKe %(Op-
darnosoid kpusod. JKopranoBa kpuBas C Ha MJIOCKOGTH —
5TO0  noAmpoctpanctBo R?, romeomopdpnoe S'=={z€ Ci
|2|=1}. Bynem rosoputb, 4To KOpAaHOBa KpuBas sadarHa
orobpaxenneM fr S'— R?, ecou C=/(S'). KoneuHo, f
He €JHHCTBeHHO. )KopJaHoBa KpHBas HasblBaercs 2opoa-
HOBbIM MHO20Y20AbHIKOM, €CJIR OHA COCTOUT H3 KOHEYHOIO
YHCJIAa OPSMOJIMHEHHEIX OTPE3KOB.

Mebl Bcerma npeacTaBssieM OKPYXKHOCTb S' Kak 0OJ-
MHOKECTBO KOMIJIEKCHOH MJIOCKOCTH, B R? ymo6uo mpen-
CTaB/JsATb KaK KOMIJIEKCHYIO MJIOCKOGTb. TakuM 06pasoM,
paccrosiHue MexJly TodkaMmu X, y u3 R? uan S* Gyger
obosHauatbea |X—y| Ecau A u B—jBa Henepecexaro-
IUXCA KOMNAKTHBIX NOAMHOXKecTBa, onpelejuM d(A, B)

KaK
d(A, By=inf{la—0b|: a€A, b€ B}.
B uyactHOcTH, eci A COCTOHT H3 OJHOH TOYKH, CKakeM
{x}, To0
d(x, b} =inf{{x—b): b€ B}.
Ilokaxem npexge Bcero, uto Teopema JKopaaHa cmpa-
BEAJHBA JJ/IA XOPJAHOBEIX MHOTOYIOJIbHHKOB,

12A.,2. Teopema, Teopema Kopdana eenornsemcs Oasn
0pOan08bIX  MHOSOY20A6HUKOS, M, e, ecau C — 2copdaros
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mroeoyeoreruk, mo R¥*N\C cocmoum u3 dsyx xomnonenm,
umerowux C 6 kadecmee obwiell epaHuupl, 1 8 MoYHOCMU
00HQ U3 3MUX KOMNOHEHM 02 paHuseHd.

Hoxasameascmeo. [lokaxem cHayaja, 4To ecau C —
OPJIaHOB MHOTFOYrOJIbHHK, To R®\C HMeeT He MeHee ABYX
komnoneHt. [lyctsb p€R®*\C; paccmotpum moGofi ayu,
ucxopswHi u3 Touku p. [lycte P (r, p) o6osHauaer yucsao

Puc.12A.2

nepeceyeHul Jyda r ¢ MHOTOYTOJbHHKOM C, MOJCUUTAHHOE
C y4eToM cJaejywoulero corqaamenua. Ecan r apoxomur
uepe3 BepPIIHHY V /K COAEp:KUT Ueayio CTOPOHY L muoro-
yroapHuka C, TO CYHMTaeM TakOe HepeceueHHe ABAXKILI,
Korja CTODOHHI, CMexHble ¢ V winm L, Jexar no omHy
CTOPDOHY OT Jlyuya 7, B [OPOTHBHOM CJy4de MepecedyeHHe
cuhraerca ofHOKpatHo. Hanpumep, Ha puc. 12A.2 umeem
P(rb p)=1’ P(r2» p)=11 P(f3, p)=1: P(rcn p)=57
P(fs, p)=3, P(ry, p)=3.

Ipu BpaiueHuy 1yua r BOKPYT TOUKH p 3HaueHue P(r, p),
Booflle TroBOpSl, MeHSeTCs, HO €ro YeTHOCTb OCTaercs
HenameHHo#. [lo9TOMY MBI MOKeM OMpeleNuTb MNOHATHE
YEeTHOH HWJH HedeTHOH TOYKH p B 3aBHCHMOCTH OT TOrO,
UeTHO WJM HeuyeTHo yucno P (r, p) aaa moboro Jyua, Hc-
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xoAsmero u3 TOYKH p. CBOHCTBO TOUKH p OLITh 4YeTHOH
HJIY HEYeTHOH Ha30BEeM H4ermHOCHLbIO.

Takum o6pasom, R¥\C pacnagzaercsi Ha MHOXecTBa
YETHBIX W HEYETHBIX TOUEK, 0603HaYaeMble COOTBETCTBEHHO
X, n X,. OueBuano, qTo[R"’\C X UX,n XonX,=¢.
l'loxameM uto X, 1 X, OTKpPLITH B Rz\C ﬂyCTb p ERINC
1 d(p, )—8 310 o3Hayaet, 410 B_ (p)cR*\ C. UeTHOCTD
BCeX TOYeK u3 B, (p) coBmaigaeT ¢ YeTHOCTbIO p: JJ8
X € B:(p) HyXHO paccCMOTpeTb Jy4Y ¢ HauaJjoM B p, mpo-
xoAawni yepes x. Mrak, X, n X, oTKpbITHl, Tark yto R*\ C
HECBSI3HO M COCTOMT HE MeHee 4YeM H3 JABYX KOMIOHEHT.

Muoxecta X, ¥ X, nunefino cssasubl. UToOb J0Ka-
3aTh 3TO, BbibepeM J060# oTpe3oK Ha C # JABe TOUKH a,
b n3 R®™\C, 6.mskue K C, HO HaXoJsLiecs 0O pasHbie
CTOPOHBI OT BBIOPANHOTO OTPe3Ka, Tak 4TO, CKaxeM, a € X,
u b€ X, Hanee, ecan p—mobasi TOUKa H3 [Rz\C, TO,
oueBHJHO, B R®*\C cymecTByer n0yTh, COeAMHSIOUHA p
¢ HeKOTOpoH Toukofl, 6au3koll K C (HO He 0653aTeJbHO
K BblOpaHHOMYy oTpe3ky Ha C). IlpogosuB 3TOT nyTh
Brosab C Tak, 4ToOnl OH ocTaBajcss B R*\C wu BGausmu C,
MOKHO JOCTHYL TOUKH @ HJH b. DTO paccy:leHHe noka-
sbiBaeT, 4T0 X, U X, JHHEe{HO CBA3HBl M MOTOMY CBf3HBI,
YTO 3aBepliaeT [0Ka3aTeJbCTBO TeOpembl. []

Jns jpanpHefiiero HaM NOHAAOBGUTCS MOHATHE paBHO-
MEpHOH HENpepLiBHOCTH H TOT aKT, YTO HenpepLiBHOE
oToGpaxenue [: S' — R? paBHOMepHO HempepbIBHO.

12A.3. Onpeneaenne. Ilycts M;, M,—wveTpnyeckue npo-
CTpPaHCTBA C METPHKAaMH COOTBETCTBeHHO dy, dy. OtoGpa-
xenue f: M, — M, HasbiBaeTCs pasHOMEPHO Henpepbzeﬂbun
ecJn 11 JIIO6OI‘O € > 0 mafizetcst Takoe 8 > 0, uto d, (f (x)
fy) <e naa Beex x, y us My, aaa Kotopoix d, (x, y) <0

3aveTuM, YTO 3TO yCJIOBHe CHJbHee OGBLIYHOM Henpe-
PBIBHOCTH.

12A.4. Teopema. [lycms M, M,— mempuueckue npocm-
padcmsa ¢ mempuxkamu  coomeemcmseHno  d;, d,. Ecau
[ M, — M, — renpepuisroe omo6 pascerue u M, komnarmeo,
mo f PASHOMEPHO HEN PepbleHo.
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Jloxasameascmeo. Nycts &> 0. [daa moboro x € M,
naiigercs Takoe 8 (x) >0, uto ecom yE€M, n d,(x, y) <
< 28 (x), 10 dy(f(x), f(y) <e/2. MnoxectBa {Bs (¥):
x € M,} obpasyior otkpniToe mokpeite M. Tak xax M;
KOMMAKTHO, TO HaHAeTCi KOHEYHOe MOANOKPLITHE

{Bé(xl) (x1)7 Bﬁ(xz) (xz)' eo ey Bé(xn) (xn)}‘
Myets 8 =min {8 (x,), 8(x,), ..., 8(x,)}. Ecm x, y €M,
ud, (%, y) <98, 10 X € Bs(xp (x;) mpu HekoTopom { (1<i<n),
u motomy d, (f (x), f(x,) < &/2, Tak Kak 8 8 (x)). Hanee,
dy (5, %) <d; (g, x)+d, (%, x) <O+8(x) <20 (x)),

tak uto dy (F(y), [(x) <e2. Wrak, d,(f(x), [W)<
Ldy (F (%), Fr))+do(F(x), (o) <e O

12A.5. Cnenctsue. Beaxoe wenpepoigroe omobpadicerue f:
St — R? pasHOmMepHO HenpepbleHO.

Jloka3areqbcTBO OUEBHIHO.

12A.6. Caenctsne. [Tycmo M, M,— mempudeckue npo-
CMpaKcmea ¢ mempukamu coomsemcmeento dy, dy. Ecau
f: M, — M,— nenpepeigroe omobpasiceriue, npusesm M, kom-
nakmuo u f: M, — [(M,) s81semcs eomeomoppu3mon, mo
A4 aroboeo & > 0 nadidemcs maroe 8 > 0, umo npu d, (f (x),
f(y)) < 8 6ydem sunoaneno Hepasencmso d (x, y) < €.

Joxaszamenavcmso. [~ f (M) — M, —uenpepsIBHOE OTO-
fpakenHe KOMIAKTHOrO MeTpHYECKOro mpocrpancrea. [

12A.7. Teopema. [Tycms C—oopdanosa Kpusas, 3adax-
nas omobpancenuen f: S* — R [las awboeo € >0 nad-
demca swopdaros mHoeoyeorbruk C', sadasaembili omobpa-
senuen [ S'— R2, dqn komopoeo |f(x)—["(x)] <e
npu ecex x €S

Hoxasameavcmeo. Tag Kak [ paBHOMEPHO HEIPCPBLIBHO
Ha S!, To naiizercs Takoe g, > 0, 4TO
lx—y| <e=|f0)—fW)] <e2

Tag xak f: S! — C—romeomopdu3M, TO, COrJacHO CJel-
ctealo 12A.6, Hafizercss Takoe g, > 0, uTo

If 1) =1 @)] < &= |x—y| < min (e, V3).
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(Tpuunna nosBaenns )3 B ToM, uTo 1A noAMHOMKeCTBA A

OKpY:KHOCTH S' ;mavetpa menbire )3 HalifleTcss HauMeHb-
was 3aMKHYTas Ayra, B KOTOpPO# OHO COAEPIKHTCA.)
[ycts 0=min (¢/2, &,). [lokpoem C kBaapatamu Sj,
Sy, ..., S, nuametpa 8, KoTopble MOTYyT mepecekaTbcs
TONMBKO MO cTopoHaM. Tak kak O <(e&,, TO CyllecTByeT
HauMeHbllas 3aMkHyTas Ayra A, = S', coxepxailas
f~1(Sy). Cnpavum Tenepb f(A,), o6pa3oBaB :KOPAAHOBY
kpuByto C;, T. e. onpemennM f,;i St — R? dopmynamu

Fle(t) apn e (1) ¢ Ay,
file ()= {—a t—a
: | (1 =522) Fle @)+ =% e ) mpn e (0 € A,

rae A= {e(fh a<{t<{b} u e(f) =exp2nit, a 3arem
nonoxum C, =f; (S'). 1o, 0UeBHIHO, KOPJAHOBA KpHBas.
3ametuM, 49TO f(A,) He 06f3aTe/IbHO CONEpXKHTCA B S; H
gro [T (S) < f71(S;) npu i=2, 3, ..., n.

Cnpsivum Temepsb f; (A,), roe A,—HauMeHbllaa ayra,
cogepxkamas i (S,). [loayuum xoppanoBy Kpusyio C,,
3ajlaHHyo oToGpamenueM f,t S* — R? (ecau fi' (S,)= &,
nonoxuM f,==f; u C,=C,). CHoBa 3ametuym, uyto f;7(S;)
< [74(S,) npu i=3, 4, ..., n. [lpomomkas TakuMm xKe
o6pasoM, MOAYYHM KOpA4HOB MHOrOyroabHHk C,, 3alaH-
HbIft oToOpaxeHuem f,; S' — R% HyxHo nposeputs, 4To
C, e-6msok K C.

[ycts x €St u f,(x) 5[ (). Toraa f,(¥=F, ()=
== [, (x) Ana wekoroporo j=1, rae f;=f. [lo moct-
POEHIIO, X NPHHALJEKHT Ayre A; KOHIBI KOTOPOH 060-
3HauynM yepea y, z. Takxe mo moctpoentio f;(y)=/[(y)
u f,(2)=[(2). Nueen

[F ) —Fa @) [=[F)—=F ) +F ()~ () [<

<[FO—FW 1 ()= W 1<
<IFO—F@1+8<IF () —F @) +e/2,

Tak kak |[f()—[(y)| <6< ey, 10 [2—y|<<e. Ho
|x—y| <|z—y], TaKk 4TO |Xx—y| < &, H, CJICLOBATRJBHO,
[F () —F ()] <e2. Hrak,

=l <e2+e2=e 0O
12A.8. Teopema. [Tycme C—opdanos MHO20Y20AbHUK,
aadannoili omoGpasicenuen [i S* — R Toezda oepanuuen-
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nas komnonenma R2EN_C codepocum omrpeimpit  Ouck,
8 nepeceuenuu epanuybt komopoeo ¢ C uatidymea dse mou-

ku [@, f©®) cla—b|=V3.

Hokazameascmeo. [1ycTs D — OTKPHITEIA AHUCK, JeXK LU
B orpaHuueHHofl kommonedTe R*\ C u Taxoil, 4T0 Hal-
ayTcs ABe To4KH [(a), [(b) €0D ¢ MakcumanbHeIM |a—Db .
Takoit auck cymectsyer. [lpeanonoxum, uto|a—b | < V8.
Torza a u b poaxHbl GbITb KOHUAM® HeKoTopo#t ayru A
AnuHe Goablie 4m/3. [paHnuHas OKpyxkHoOCTb Jucka D
He MOXKET nepecekathest ¢ MHOKecTBOM | (A) N\ {f (a), f (D)},
noromy d4ro max{|a—c|, |b—c|} >]a—b] ana Bcex

c€ AN\ {a, b}.
f(v,)/ f(vn)

(-1

(@
Puc.12A.3

Myere f(vy), f(v,), ..., f(v,)—Bepuunn C, npunag-
aexamue f(A), B nopsigke obxopa ot f(a) K f(b). Hme-
I0TCA YeTblpe BO3MOXHOCTH: (i) v, 5=a, v, b, (ii) v, #a,
v,=b, (iii) v,=a, v,=b n (iv) v,=a, v,=b. B nepsom
cay4ae OKpyXHocTb 0D Kacaerca npsmpix f(a)f(v,) u
f)f(v,) u naiigercs auck D' < R*N\ C, Gauskuit k D
¥ TaKoOi, 4To OKpyxHOCTb 0D’ Kacaercs C B Toukax f(a’)
u f(b'), 6au3kux K f(a) U f(b) ¥ ;exammx COOTBETCT-
BeHHO Ha orpeskax f(a)f(v) u [ ) [ (v,) (puc. 12A.3 (a)).
Tak kax |a"—b'|>|a—b]|, noayuaem mpoTusopeune.
B cayuae (ii) okpyxHocts 0D Kacaercs npsmoit [ (a)/ (v,)
U Ha#gercs auck D’ < R*\ C, rtakoit, uto dD" ka-
caetcg € BOamu3u [(a) Ha cropode {(a)/(v,) u npoxo-
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JUT 4epe3 HEKOTOPYK TOUYKY CTOpOHb [ (b) [ (v,_,)
(puc. 12A.3 (b)). D10 npuBomuT K npotuBopeuHio. Cayuait
(iii) anasnornuen (ii). B cayuae (iv) paccmorpum 06-
Jacte R, orpaHudeHHywo ayro# f(A) u paguycamu D, npo-
BeJeHHbIMH B ToukH f(a) u f(b). IlpoBesem u3 uentpa D
Jyd, nepneHIMKyJapHbl oTpesky f(a)f(b) w nanpas-
JeHHbI BHYyTpb obaactd R. [ns yo6oil TOUKH x 3TOro
Jydya CyLUIeCTBYeT €JMHCTBEHHAs OKPYXKHOCTb S, ¢ UeHT-
poM B x, npoxonsuas depe3 f(a) u f(b). HenpepniBro
nepemMernas x oT UeHTpa D BAOMb 3TOTO Jyda, Mbl MO1yYHM
npu x, GausKHX K ueHTpy D, okpyxkHoctu S,, orpaHu-
yuparomue aucku D,, gexamue B R2\ C. B koHile Kou-
OB 1/ HEKOTOPOrO X OKDPYKHOCTb S, JH6O nepeceder
f(A) B HekoTOpO# TOuKe, oTauuHOH OT f(a) u f(b), 1uGo
cTaHeT KacaTe/IbHOH K ofHOH u3 npsmbix f(a)f(v,) uaH
f®) f(v,-,). HeBo3amoxHOCTb mepBoro cayuas Gbia yxe
JoKa3aHa, a BTOPOH MPUBOAHTCA K MPOTHBOPEYHIO TeM ke
MeToioM, 4TO H cJaywai (ii). Bce sty npornBopeuus oc-
TaBJ/SIOT TOJLKO OAHY BO3MOXKHOCTb, @ HMEHHO 4TO

la—b|=V3. O
IokaxeM Tenepb yactb Teopembl JKopaaHa.

12A.9. Teopema. FEcau C — scopdarosa kpusas, o
R2N\ C umeem He meree Osyx KOMNOHEHM.

loxazamenscmso. O4eBHIHO, 4TO CYLUIECTBYeT Heorpa-
HHueHHAasl KoMmnoHeHTa. [Tokaem, UYTO CyLIECTBYeT Takxke
¥ orpannueHsas xommonenta. [lycts Cy, C,, ...— nocJe-
JI0BaTe/IbHOCTh JKOPJAHOBBIX MHOTOYTOJLHHKOB, CXOAf-
wasicss ¥ C B cMbicyie Teopembl 12A.7, rie & mpoGeraer

MOC/Iel0BATENBHOCTD €, €, ..., CXOMAAUIYIOCA K HYJIO.
[yers C, C,, C,, ... 3agaHbl COOTBETCTBEHHO OTOGpa-
wenusimu f, fi, fo, ... Tak, uto f, — [ npu n — oo. Tlo

teopeme 12A.8 ana kaxjaoro C, Halijerca muck D,, ne-
xKalui B orpaHuueHHod komnorente R2\ C,, rpanuua
KOTOpOro nepecekaercsi ¢ C, M0 MHOXKECTBY, COAepHKaILEeMYy
ToukH f, @) u f,(b,) ¢|a,—b,| =V 3. O6o3Hauum UeHTp
gucka D, uepes z,. CywecTByeT auck D, comepaiuuii Bce
)opaaHoBel KpuBble C, u C u, caefloBatesbHO, Bce D,
Urtak, nocaegoBaTtesqbHOCTb 24, Z,, .. OrpaHdueHa B R?
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, 3HAYHUT, COLEPKUT CXOLSLLYIOCS MO/MNOC/EA0BATENLHOCTD.,
[TosTOMY MOMHO CUHTATb, YTO CaMa MOCJIeA0BATE/IBHOCTD 2,
nZ>=1, cxoaurca K 2z Opu n — oo.

HOaa Gonpuiwx n TOUKW 2 U 2z, JeXKar B OfHOH U TOH
xe kKomnouente R2N\ C,. Mbl mokaxeMm 3To CJ/enylOUHM
obpasom. Hafizeres takoe & > 0, yto ecat [ x—y| = V'3,
10 |F(x)—F () |=8. Torza | (a, —f(b,) |>8 npn bcex
n>=1, u noromy |f,(a,)—f,,)|>6/2 npu n=N, rae
N HACTOJLKO BENHKO, 4TO ey < 6/2. ITO 0O3HAYaAeT, 4TO
guamerp S, npu n > N Goablue 8/2, u notomy d (z,, C,)>
> 6/4. Ho ans focTatouHo GOABUIHX N HMeeM |2-—z,|<
< 8/4, Tak 4TO 2z U 2, NOJIKHBI JIexKaTh B OJHOH M TOH Xke
gomnoHente R?\ C,, a UMEHHO B OTpPaHHUYEHHOH KOMITO-
HEHTe, TaK KakK [0 ONpeje/eHHI0 Z, JIEXKHT B Or paHHUYEH-
Hofi komnoHeHTe R?2\ C,. [loka:keM, 4TO z He MOXKeT Jje-
KaTb B HeOrpaHuyeHHOH KommnoHeHnte R\ C.

[TpeanonoxuM, YyTo 2 JEHUT B HEOrpPaHHUECHHOHN KOM-
nonete R\ C. Torpa B R*\ C Hafizercss nyTh g U3 2
B HEKOTOpYI TOYKY BHe D, (no Teopeme 12.9 oTKpbITOE
CBA3HOEe nojgMHoxecTBO R? JsuHefiHO cBsisHO). [lycThb
d(g(l), C)==38. dna Goabux n umeeM [f, (x)—f(x)]| <
< §/2 u, caenosatednro, d{g (), C,) > 6/2, a 310 o3Ha-
YaeT, 4To AJA GOJBbLIMX A TOYKA Z JeXHT B HeOrPaHH-
ueHHOA KomnoneHTe R?\ C,. Ho sTo nporusopeuut no-
Ka3aHHOMy paHee (aKTy, 4TO 2 JIEXKHT B OrpaHHYEHHOH
komnoHenre R?\ C,. Orcioga 3akmaouaeMm, 4To 2z He Je-
KUT B HeorpaHuueHnoll komnosente R2N\ C, u noromy
R2\ C uMeeT Takxe OrpaHUYEHHYIO KOMIOHEHTY. []

Yro6n AoKa3aTb BTOPYIO uacTe TeopeMnl )KopaaHa,
HaM NOHaA00ATCs elle OJHO OMpejeJIeHHE H JIeMMa.

12A.10. Onpepeaenne. Xopdoi I' xopnaHosoit kpusoil C
Ha3LIBAETCs MpPSIMONHHEHHbIl OTPe30K, rnepeceKaromuiics
¢ C TombKO B cBoux Kovmax. Takum o6pasom, 3a HCKaIO-
yeHHeM KoHLoB, [' jexutr 8 R\ C.

3amerum, uto ecau C-—3KOpJAaHOB MHOTOYTOJNbHHK H
I'—ero xopaa, 0 '@ XUC, rae X —ozxHa u3 Kommo-
et R?2\ C, u, 6osee toro, X\ I' coctour u3s pnsyx
KOMIOHEHT.
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12A.11. Jlemma. [Jycme C—copOaroe MHO20Y2OAbHUK U
a, b—0ee mouxku 00HOl u moi e xomnoweumot X MHO-
acecmea R*\ C, npuuem d({a, b}, C)= 8 npu nexomopon
8 > 0. [1pednoroscum, umo das awboii xopow T, aexca-
weil 8 XUC u umerowed Oruny menowe 28, obe mouxu
a u b aesam 6 O00HOI U MmOt He KOMIOHeHmE MHOJCe-
cmea X\ I'. Toeda ¢ X natdemcs maxoil nyme g, wmo
d(g(l), €)=6.

Hoxazamesscmeo. Hlaea coctouT B TOM, 4TOGB B3ATh
OTKpBITBI AHCK pajuyca O ¢ meHTpoM B Touke a W npo-
TAlHTb €ro B TOYKY b, OCTaBasch BCe BpeMsi BHYTpH X.
ENuMHCTBEHHOE, UTO MOXKET MOMEMIaTh TaKOMy Mepemeile-
HHIO JHCKa (AuameTp KOTOporo paeen 26), —sTo Haiuuue
xopabl aJubbl MeHbwe 26 B X UC. Ho npeanonoxenus
JIEMMBbl HCKJIIOYAlOT TaKyl BO3MOXHOCTb. []

12A.12. Teopema. [Tycmo C — xopdanosa Kpusas;
moada R*\ C umeem He Goree Osyx Komnouewm.

Loxasamenscmeo. [lpeanonoxum, uto R:EN\ C umeer
TpU uJM GoJiee KOMMOHEHT, W OYCTb p, ¢, r—TOUKH U3
TpeX passHuHbBIX KomnoHeHT. [lyets d({p, ¢, r}, C) =e

v Cy, Cy, ...—IM0CTE10BATENLHOCTD *OPAAHOBBIX MHOTO-
yrosbHUKOB, cxoasmasca K C. [Ipeanosoxum, uto C,
Cy, Cy, ... 3ananbl orobpamenusmu [, fy, fy, ... COOT-

BeTCTBeHHO. [na 6ombiiux n umeem d(C,, C) < /2, H
notomy d({p, q, r}, C,) > /2. Teopema 12A.2 nokaswl-
BaeT, YTO /s JOOOro NOCTATOYHO GOJLLUIOrO 7 1Be H3
TpeX TOUYEK p, g, r JeXAT B ONHOH M TOH Xe KOMIO-
Henre X, mHoxectBa R*\ C,. [lepexons, ecin mnyxHo,
K [OANOCJ/e10BATENBHOCTH, MOXHO CYHTaTh, 4YTO p H ¢
cojepxarcs B X, 1 BCeX A.

HonyctuM, uto Hafizercss 8, 0< 8< e wu 6Gecko-
HEYHO MHOTO 3HaYeHH# n, LA KOTOPBIX TOYKH p H g
coelHHeHn nytem g, B X, ¢ d(g,(/), C)=96. Haa
Gouabwux n umeem d(C,, C) < 8/2 u noromy d (g, (1), C)>
> 0/2, oTKyla BHIHO, Y4TO p W ¢ JeXKar B OZHOH W TOH
xe KomnoHente R?\ C. D10 npoTHBOpeuHe 03HAuaeT, 4To
Takoro 8 He cymecrtByer. [Ipumenss semmy 12A.11, nony-
9aeM, 4TO A/ GECKOHeYHO MHOTHX n HafiyTest xopawl I,
AMMEB 8., TakHe, 4TO p W g JeXKaT B Pa3HbIX KOMIOHEH-
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tax X,\I', u 6,—0 npu n- oco. O6osnauum 310 n
B BO3pacTaioieM nopsike uepes s (l), n(2), .... Ilycs
kouuamu I, ;, saBasioTCA TOUKHM f, (@) u [, (b)), Tak
Kak 6)1([)—)0 npu i—>00, HMEEM fn(i)(a[)_‘fn(i) (bl)—"
— 0 npu i— oo, u, cuenosarensuo, f(a;)—f(b;)— 0
npu i — oo, oTkyAa a;—b; — 0 npu i — oo.

Tak kak p n g JexaT B pasHbIX KOMIOHEHTaX X, ;'\
N T, TO ana GeckoHeuHO MHOTHX 3HaueHWil { OfHA M3
3THX TOUYEK, HANpPUMEp p, NPHHAIJEKHT KOMIIOHEHTEe MHO-
xectBa X, ;) \ I, ,, orpanngennoit xopuoii T, u ay-
roii [, (A;), rae A;—wmeHbas u3 Ayr B S' ¢ KOHHaMH
B a; u b. Tak xak a;—b; — 0 npH i — oo, To auaMeTp
3TOH KOMIOHEHTH [NpPH JOCTAaTOYHO OGOMBWIOM { CTaHeT
Menblle e. B uwactnoctd, |p—f(a;)| < e, uTto naer npo-
THBOpEYHe, JOKasplBawollee Teopemy. []

Teopema JKoprana caieayer tenepb us 12A.9—12A.12.

12A.13. ¥Ynpaxnenns, (a) JokaxKute, 4To ec/H A—ofpaz B R?
HHBEKTHBHOTO HENpepEIBHOTO oTobpaxeHus [: [ —R2, 10 R2~_A
CBSI3HO.

(b) Myctb C—3xopaaHosa KpuBas, 3alaHHas oto6pakenuem f:
8! — R2. Onpenenum 8, nosaras

S=min{|f(®)—f®| x y€S* u |x—y|=V 3}

Hokaxute, 4to OrpanndenHas Kommonenta R2N\ C comep:ut oTKpsl-
TBIH AHCK AHaMeTpa O.

{¢) B R? MoXHO pacuoJioxuThL HecueTHoe MHOKECTBO Helepece-
KaIOUHXCsA TPOCTEIX 3aMKHYTLIX Kpusbix, nanpumep {C,: r &R}, rae
Cr={(x, y)ER™ ¥*+y*=r}. Bocomepxodi 1a3biBACTCH IPOCTPAHCTEO,
romeomMopdHoe muomectBy {(x, y) ER%: (x + 1)2+y®>=1). okaxure,
uto ecan {E;: j€J}—cemelicTBO HeNepeceKaloWHXes BOCbMEpOK B
R2, 1o J He 6osee ucM CYETHO.
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romoTonmsa HEMPEPLIBHLIX OTOBPAXKEHUMN

B 3rtofi rsaBe Mbl BBeJeM OTHOLICHHe 3KBHBAJEHTHOCTH
A/l HeNpPepLIBHBIX OTOOpaKeHWil TOMOJOTHYECKHX OpPOCT-
pancTB. OHO OyAeT UrpaThb OCHOBHYIO POJib B CJEAYIOUIHX
riaBax, OCOGEHHO B NPUMEHEHUH K TYTAM.

['py6o rosopsi, 1Ba HenpepbiBHbIX OTOOpaxeHus f,, fi:
X — Y Ha3bBalOTCA TOMOTOMNHBIMH, €CJH  CYLIECTBYET
CeMeHCTBO MPOMEXYTOYHBEIX HenpepblBHbIX OTOOpaXKeHwuii
fi+ X—Y, rne 0<{{<{1, HenpepulBHO 3aBHCAUX OT ¢
(puc. 13.1(a)). Ha puc. 13.1(b) wusobpaxeHbl nBa Hero-
MOTONHBIX OToOpaxenus. 3pece X =38!, a Y -—xkoablo
B R2.

Bosiee To4HOE onpejeseHHe TAaKOBO.

13.1. Onpepenenne. [1Ba HenpephiBHBIX OTOGpaReHHs [,
f.i X — Y HasblBawTCH 20MOMONHbIMU, ©CJIH CYLIECTBYeT
HenpepblBHOe oToOpaxeHHe F: XX [ -—Y, rakoe, uro
Flr, O)=f(0) 1 F(x, )=F (x).

[pumep cm. Ha puc. 13.2.

OroGpaxenue F HasblBacTcs 2omomonuell wexiay f,
v f;. Mpl nnmewm fo~f, wm Fi {,~f,. Idas kaxngoro
t€{0, 1] vl obosnauaem F (x, {) uepes f,(x), u orobpa-
xeHue ;i X — Y HenpephiBHO.

3ametum, 4To ecau fi | — Y —nyTbh, TO [ romortonHo
NOCTOAHHOMY NYTH &, NOCPEACTBOM romoromun F: [Xx
X1 —Y, rpe F(x, t)=f({(1—1)x). Ecau Mmbl XoTuM H3-
0erkaTh TaKHX CHUTYaluH, Mbl [OJb3yeMmcs 0oJee OOIIHM
MOHATHEM TOMOTONHH —TOMOTONHEH OTHOCHTENLHO NOIMHO-
xecrBa A. Ilpu srom Tpebyercs, UToGB FOMOTONHUSA OCTAB-
JfiJa H3 MecTe BCe TOUKH A.

13.2. Onpenenenne. [lyctes A—nonmuoxectBo X u [,
[, —HenpepuiBHble oToOpaxenus X B Y. Hasosem f, u [,
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X )

Puc.13.1. (a) ToMotonusie oToSpaxenus. (b) HeromortonHble oT0G-
paxelus

Puc.13.2

20MOMONHbIMI OMHOCUMEAbHO A, eCld CyllecTByeT ToMo-
tonua Fi XX/ —Y wmexay f, u f,, Takas, uto F(a, )
He 3aBucHT OT ! apu a € A. JIpyrumu caosamu, F (a, )=
= [, (@) 1ns Bcex a€ A u Bcex [ € 1.

3ametuM, 4yTO B 3TOM cJaydae [,(a)=/,(a) Ana Bcex
ac A. Tomoronua F HasblBaeTcs eomomonued OmHocu-
meabHo A W sanuchiBaeTea 8 Bule [, f, (rel A) nan
fo > cerafy

[Tpumep cm. Ha puc. 13.3, rae X =17 n A={0} < X.

B kagecTBe Apyroro mpumepa paccMoTpum puc. 13.4,
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e e,

............... ) .
-------------------- __—a
XxI
Puc.13.3
Pue.13.4
rae X==1, A={0, 1} u Y —xoabuo B R2. Oro6ipaxenus

o, [ HeromoTonHm oTHOcuTeTBHO A, XOTS OHH M T OMO-
TOMHB! B a0COJIOTHOM CMbICJIE.

Korneuno, npw A= (J romoronus OTHOCHTeNbHO A
npeBpallaeTcs B oOBIKHOBeHHYIO romoronuio. Crelyiomui
pe3yJbTaT MOKAashBAeT, YTO TOMOTOIHS OTHOCHTEJBHO A
ABJIIETCA OTHOLLIEHHEM 3KBHUBAJEHTHOCTH.

13.3. JlemMa. Omuouierie ~; o) 4 HA MHOXCECMBE Henpe-
polgretx omobpasicenuti X 8 Y seafemcs omuoulenuesm 9k-
BUBAAEHMHOCMIL.

Hoxasameavcmso. OTHOLIeHHe pedJEKCHBHO, NOTOMY
at0 F (%, {)=/[(x)—romoronus OTHOCHTENLHO A MexLy
[ n f. OHO CHMMETPHYHO, TaK Kak ecau Fi [ o 4 g, TO
el
G: g1 s [, Tie G 3amano pasenctBoM G (x, {)=F (x,
1 —1¢). Hakowen, 3To oTHOWeHHe TPaH3HTHBHO, NOTOMY
UTO €ClM Fi fr~v o a g u G goeerahy, TO Hi [ a b,
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rjae H 3alaHO paBEeHCTBAMH
(F(x, 21, 0< < 172,

Hx, H)=
( )1G(x,21~—1), 12 <t < 1.

JleMma o ckJ/efike mokasbiBaeT, 4To [ HempepbiBHO. ]

13.4. ¥Ynpamuennn. (a) Ilycte X —unpoctpancrso, fi S'— X —ue-
npepeiBHOe oTodpaxenue. [lokaxure, 4yto f romotonso Hymo (1. e,
NOCTOSIHHOMY 0TO6pa’KEeHHI0) TOTrdd W TOJIbKO TOrAa, KOrja CylLect-
BY€T HelpepeiBHOe oTo6paxkenue g: D? — X, mas goToporo g|S*=
= f, (YKa3aHue: eciu ¢-— NOCTOSIHHOE OT106paxKenne U F: ¢~ f, mo-
JoXKHATe g (rx) = F (x, r) npu x €S, r €/ u Bocnosbayitecs ymp. 8.14(f).)

(b) ITyctb %, y€ X. O6o3naunm uepe3 P (x, y) MHONKECTBO KJjac-
COB 3KBHBaJIEHTHOCTH NyTeH B X M3 x B y [0 OTHOILEHHIO T'OMOTOIN-
HocTH otnocuteabHo {0, 1}. ([Lpyrumu cjoBamH, fABa NyTH p, g / ~
— X U3 x B Y 9KBHBAJEHTHbl TOTAZ H TOJbKO TOTAA, KOMAd p o2
(rel {0, 1}).) Tlokamunte, uto mexay P (x, yy 0 P(x, x) Toria u
TOIBKO TOrJd CylllecTByeT B3aHMIO OJHO3HAYHOE COOTBETCTBHE, KOTAa
P(x, y) # a.

(c) Tlyete 0 < s < 1. Ona panuex nyrell pu g ¢ p(l)=q(0)
onpefesaum A ¢GopmyJaaMu

{p(t/S), 0<t<s,

MO\ g =g ra—s), s=i<l.

JloKamuTe, 4TO A M p*q TOMOTONHHI OTHOcHTeabHo {0, 1}.

(d) Masi gansoro nytd / 0603HaUHM uepe3 [ MyTh, ONpele/eHHblil
dopmyaoht f (£)=f (1 —¢). Hokaxure, uto [~ g (rel {0, 1}) Torga u
TONLKO TOraa, korda f o~ g (rel {0, 1}).

(e) Tlokaxute, uT0 €cld fo =~ rel afy: X —>VY v g ¥V —Z—tne-
npepbiBHOe o10Gpaxenue, 10 gfg 22 rel agf1: X — Z.

(H Oyers foxfi: XY u gy~g: Y —Z [okaxure, uTO
gofo =~ gif1: X - Z. (Yxasanue: socnosbayiitech cHadana (€), 4ToGbl
noKasatb, 4T0 gofo = gof1, @ 3aTem Mokaxure, 4T0 gof1 =~ gif1.)

(g) Ilyers X, Y —ronosoruueckne mpoctpaHerBa U F (X, Y) —
MHOXKECTBO He:..pEphIBHHIX OTOOpaxeHHii X B Y ¢ KOMNAKTHO-OTKpHI-
1ol Tomogordedt (em. ynp. 7.13 (d)). Moxaxute, uto ecan fo~ g
X ~ Y, 10 Haiigetca nyte u3 [ B g B npoctpanctee F (X, Y). Io-
nyctuM, uto X KOMIAKTHO H xaycaopdoso. [lokaxure, 410 NyTh U3
f B g B npoctpanctBe F (X, Y) cyilecTByeT B TOM M TOJBKO B TOM
cayudae, ecsd f~ g X =Y. (Jlaa CIOpaBelJIHBOCTH IOCJAELHEIO pe-
3yJbTaTa JOCTATOYHO, 4TOObl X OBLIO JIOKaJbHO KOMIAKTHBIM M Xayc-
aopthoBbIM.)

[TonsiTHe TOMOTONHBIX OTOOpaeHH[l MOXKHO HCIOJb30-
BaTh A/ OMNpeJieJieHHs] OTHOLIe HUSl 9KBHBAJEHTHOCTH TOMNO-
JIOTHYECKUX MPOCTPAHCTB.
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13.5. Onpenenenne. [0BOPAT, 4TO mpocTpaHcTea X u Y
umetotn 0OUH U MOML e 20MOMORUYECKUL mumn, ecad Cy-
IIecTBYIOT HenMpepelBHble oTo6paxenua f: X —Y, g1 Y —X,
takne, yto gf ~ 1: X — X, fg >~ 1: Y — Y. Ot06pasenus
f ¥ g Ha3bIBAIOTCA B 3TOM CyUae 20MOMONUHECKUMU FKGU-
sareHmuocmamy. ToBopat Takxke, uto X u Y eomomonu-
HECKU IKBUBANCHITLHBL.

OueByano, roMeoMop(HEIE NPOCTPAHCTBA HMEIOT O H-
HAKOBBIl TOMOTOMMUYECKHH TUM, HO o0paTHOE HE BepHO.
Hanpumep, npu n >0 n-mepubifi muck D?cR” He romeo-
mMopdeH ofHOl Touke (CKaxKewm, {y} < D*), Ho HMeeT FOMOTONH-
yecKHil THI ToukU. YToBE MOKa3aTk, YTO 3TH NPOCTPAHCTBA
TOMOTOTIHYECKH SKBUBAJICHTHbl, PaCCMOTPHM OTOOpaKeHHe
BRJoYeHusi f: {y} — D" (3anaHHOe paBEHCTBOM [ (y)=y)
¥ [OCTOsIHHOe OToGpawmenue g: D" — {y}. OueBupno, yto
gf =1, torpa kak F. D"x [ — D", onpepeJier Hoe popMy-
aoi F(x, t)=tx-+(l—t)y, aBafeTcA romotonued memay
fg u 11 D*— D= [lpocTpancTBa, TOMOTOTNHYECKH 3KBH-
BaJICHTHHIE TOHKE, HOCAT ClellHanbHOe Ha3BaHUe.

13.6. Onpeneaende. [lpocTpaHcTBO X, TOMOTONHYECKH
SKBHBAJEHTHO® TOUKE, HA3HIBACTCH CHIASUBACMbIM.

Taxkum ofpasom, muck D7 ctarusaem. Booblie, Beskoe
BbIYKJIOe MoAMHOXKecTBO R” cTsiruBaemo. ['oBops HecTporo,
NPOCTPAHCTBO CTATMBAEMO, €CJH ero MOXKHO pofedopMi-
poBaTb 1o cefe B TOUKY (HaNpUMep, C OKPYKHOCTBIO HTOTO
HeJlb351 CHe/aTh).

Hpyro#t npumep mapel FOMOTOMHYECKH 3SKBHBAJEHTHBIX
NPOCTPAHCTB NpPeACTaBJAAIOT UHAHHAP C H OKPYXKHOCTh ST,
Urobm B 3TOM yGeautbcs, npeactaBuM C #u S* B Buje

C={(r, y. ER: v +y=1, —1 <2<},
St={(x, v, DER% x4yi=1, z=0}.

Onpepenuam @ S* — C kak Bk/mogenue U r: C— S npu
noMomy paBeHcTBa r(x, y, 2)=(x, y, 0). Ouesnano,
ri==1: 8* — 8* rtoraa kak otobpaxenue F: Cx [ —C,
onpeaeneHHoe ¢opmynoil F ((x, y, 2), t)=(x. y, {2), B-
Jsietcs romoronued mexay ir u 10 C — C.

PaccmoTpeHHble NPUMEPEL MPHBOAAT K HOBLIM ONpeje-
JICHHSIM.
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13.7. OnpenencHue. [loIMHOXKeCTBO A TOMOJNOrHYECKOrO
npocTpaHcTBa X HasblBAaETCA pempakmom NpocTpaHCcTBa X,
eC/IM CyLleCTByeT HENMpepbiBHOe oTobpaxenue 71 X — A,
takoe, uto ri=11 A — A (uau, sxBuBanentHo, 7| A=1),
rge it A — X —BkriawoueHde. OrobpakeHue r HasblBaeTcs
pemparyued.

13.8. Onpegenenne. [logmHOkecTBO A mpocTpaHcTBa X
HasblBaeTc Oeopmayuonneim pempakmom X, ecad Cy-
mecTByeT Takas perpakmus ri X — A, uto ir >~ i X — X,
rae i: A — X —BKJOUeHHe.

Jpyrumu cioBamu, A fBiseTcs 1eOpMalMOHHBIM peT-
pakToM X, ec/ld CyllecTByeT Takas romoronus Fi X X [— X,
yto F(x, 0)==x as Bcex x€ X u F(x, 1) — perpakuus
X ua A.

TakuM 06pasoM, OKpY:KHOCTb— 1e(QOPMALMOHHBIA peT-
PAaKT WMAMHAPA. 3aveTHM, 4To ecau A — aeopMalHOH HBIH
petpakT X, TO A u X roMmoronHyecki 3KBHBaJECHTHHI.
B npuMepe C OKPYXHOCTBIO H ILJIMHIAPOM OTOOpakeHue ir
Ha caMOM JleJie TOMOTOMHO TOXAECTBEHHOMY OTHOCHTENBHO
OKPYKHOCTH. DTO NMPHUBOIHT K €lile OAHOMY ONpeje/IeHHIO.

13.9. Onpepenenne. [logmuoxkectBo A npoctpancta X
HAa3LIBACTCA CUAbHBIM OeQOpMAUUOKHbIM PEMPAKmMOM, €CJH
cyllecTByeT Takas petpakiua r: X — A, 4TO0 ir oy , 18

X —

JIpyrumu clioBavi, A —CHbHbIN lefopMalHOHHb perT-
pakT X, ec/ CyllecTBYeT Takaa romotonus Fi X X [ — X,
gyto F(x, 0)=»x ana scex x€X, F(a, )=a aa Bcex
a€A, tel, uw F(x, €A 11 scex x€X.

Cusbiblfi  AeOpMAlHOHHBIH  peTpakT AB/seTcsd, oOue-
BUAHO, AedopMalOHHBIM peTpakToM. [loHATHE CHIBHOTO
AeOpMAHOHHOr O PeTpaKTa GyJeT MoJe3HO B Aa/bHedlleM.
[lpesocTepexkeHie: B HEKOTOPBIX KHHTaX CHJbHBIA edop-
MAlHOHHBL peTpakT HAa3bIBAIOT NpPoCcTO Ae(opMallHOHHBEIM
peTpakToM. Mbl BO3JIepKHMCS OT PUMEHEHHS STOH TEpPMH-
nosoruu. [oBops Hectporo, A spjsercs CHIbHEM ledop-
MAalMOHHBIM PeTPAKTOM mpocTpaHcTBa X, ecaH X MOXKHO
npoaedopmupoBate No ce6e B A, ocTaBJasa TOUKH u3 A
HEMO/ABHKHBIMH.
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[lpuseiem cJeAytOW U NPHMEp, HJIOCTPHPYIOWHI 1o-
HsTHe CcHJBHOTO Ae(hOpMALHOHHOro peTrpakTa. PaccMoTpuM
noamuoxectBo Y =C, UC, npoctpaHcTBa R?, rae

Cr={r=(x, x): (n—1+=1}
Co={x=(x;, %) (x,+ 1)*4xi=1}.

Taknum o6pasoM, Y —3TO BOcbMepKa, T. €. ABE OKpPYX-
HocTH ¢ oaHoil ofwelt Toukoil. Ilycte X =VY\{(2, 0),
(—2, 0)}; Torma Touka x,==(0, O) sABJaAETCA CHJBHBIM
JZedopMallHOHHBIM peTpakToM X. UYToObl 3TO yCTAHOBUTH,
paccMOTPHM OueBHAHBIE OTOOpa)keHus it {x,} — X u r:
X —{x,}. ScHo, uto ri=1. Uto6bl yOEAHTbHCH, UTO
ir~ 1 (rel {x,}), ucrnojb3yem CJAeAyIOLLYI0 TOMOTONHIO F:
XxI— X:

Fx, ) == x/[{(1 —s) x; + (=1, (1—9)g)]
npu x€C;, i=1, 2.
3ametM, uto ((1—8)x; +(—1), (1—5)y,) == (0, O) npu
x € X. Jlerko nposeputb, uto F HenpepwviBHO. Tak kak
F(xy, $)=xq, F(x, 0)=xu F(x, 1)=x,, T0 ir~~1 (rel{x,})
H, TakuM 00pasoM, {x,}—cuabHbifi 1ePOPMALMOHHBII peT-
pakt X

13.10. ¥Ynpaxnenun, (a) Moxaxure, uto na aucte Mé6uyca uaiinerca
OKPYMHOCTB, SBASIONIASCA er0 CHAbHLIM AeOPMAallHOHHEIM peTPaKTOM.
Brigeaure orciofa, uto Jmet MéGuyca U UMNHHIP rOMOTONMYUECKH 3K-
BHBaJEHTHbI.

(b) IokaxuTe, 4To mpocTpaHcTBo X TOTAa U TOJLKO TOTAa CTH-
rHBaeMo, Korja ToXJecTBennoe otofpaxenue l: X — X romoronuo
MOCTOSTHHOMY OTOGPaKeHHUIO.

(c) Hoxamure, yt0 perpakuus r: D% —s S7-1 cymectryer Toraa
H TOJbKO TOTZa, Koraa S%-1 crarueaemal). (Ykasawwe. ITycts F:
S§7=13] — S?~1—roMOTONHS MeXAy TNOCTOAHHBIM H TOMXKIECTBEH-
HEIM OTOGpamenusiMu. BocnonbayfiTecs ecTeCTBEHHBIM OTOGpaKeHHEM
Sn=1xl— D7 suna (x, t)+—>tx u TeM pagTomM, uto F (S"—1x{0})—
ojHa TOYKAa.)

(d) Hoxaxute, yT0 ecau X CBA3HO W HMEET TOT e TFOMOTONH-
yecKM# TN, YTO H Y, TO Y Takke CBS3HO.

{¢) MoxmnoxectBo A X Hasbizaetcst caaloim pempaxmos 1po-
CTpaHCcTBA X, @M CYMECTBYeT HEnpepsiBHOe OTOOpaxenue r: X — A,
Takoe, 4to ric2li A— A, rpe it A—+ X —pkmouenue. Perpaxr,
OYeBH/HO, fBJIseTcA caalhiM perpakToM. [lpmBeante nmpumep caaoro
peTpakTa, He SBJAKINETOCT DPETPAKTOM.

7) Hecrarupaemocts cdepel S”—1 BhiTexaer, Hanmpumep, W3 npen-
Jgoxennit 29.8 u 29.19.— Ilpum. ped.



rOMOTOINNU YA HENMPEPLIBHBIX OTOBPAXEHUHA 139

(fy [Tpuseaure npumep AeQOPMAUHOHHOIO peTPaKld, HE ABAAOLLEs
rocsl CHIbHHIM Re(DOPMALBOHHEIM PETPAKTOM.

(g) MoamuoxecTBo A X HaswlBaeTcA caaboim OedOPMALUOHHbIM
pempaxmom npocTpancrea X, ecau oro6paxeHue BraodeHus (A — X
ABJ/ISETCA ['OMOTOIHYECKOR 3KBHUBA.IEHTHOCTb!O, [akuM 0B/pasoM, Aetop-
MAlHOHHEIH pETPAaKT ABJAACTCA H CJaabbiM gedOpMALHOHHEIM PeTPaKTOM.
[MpuBesuTe npuMep ¢1a60ro nepopMaLHOHHOIC peTpaKTa, He SABISIOLles
rocsi jedopManHOHHbLIM PETPAKTOM,

(h) Mycrs A—nognpocrpanctBo X, u OycTb Y — HemycToe TOmO-
JIOTHYECKOE MpocTpaHcTBo. Jlokaxkute, 470 AXY TOrga ¥ TOABKO
Torja siBisieTcs perpakToM npocrpanctea X XY, korga A — petpaxT X

(i) Hokaxure, uTO OTHOIWEHHE «OBITh PETPAKTOM» TPaHSHTHBHO
(. e. ecnis A—perpakT B, a B—perpakr C, 10 A—perpaxt C),

(i) Hokaxute, 910 nogMHOKecTBO S!X{xy} ABAAETCH peTpaxTOM
npoctpanctBa SHXSY, HO He ABASETCA €rO CHILHBLIM AeDOPMALHOHHEIM
peTpakToM HH AJA Kakol TOukM x,€SY. fpaserca am owo pedopma-
HHOHHEIM PeTparTOM? CraGuiM aedopMalMOHHBIM PETPEKTOM?

(k) Myets %, €R% Haiizure okpyxuocts B R3 seasowywcs
cuIbHBIM AedOpMallHOHHBIM peTpakToM mpocTpancTBa R*N\{x,}.

() Oycrs T —7op, a X — IOmnoJHEHHE K HEKOTGPOH €ro TodKe.
Haiigute noAMHOXKECTBO X, TOMEOMOD(DHOE BOCBMEPKE H fIBJAIOLIEECH
CHILHEIM AeOPMALHOHHBIM DPETPAKTOM NpocTpaHciBa X

(m) Hdoxkaxure, 410 S%-—cHJbHBIH Je)OpMAlHOHHBIA peTpax?
npocrpaHcTea RA+IN {0}

(n) Tlokaxmure, 94TO peTpakT xayca0pdoBa MPOCTPAHETBA 3AMKHYT.

(o) Mlycts Y —moanpoctpauctse R” u /, g. X — Y — nenpepeoie-
Bple oToOpamenns, [[OkaxKute, 4TG ecau IS BCAKOro x€ X TOuKM
f(x) 4 g(¥) MOKHO COEJHHHTb (PAMOJHHEHHHIM OTpeskoM B Y, ro
} o~ g. Brsesute orciofa, 4To Mmobkle ABa oToGpaxeHus [, g: X — R#2
FOMOTOIMHBL.

(p) Mycts X —pousBOJLHOE MpPOCTPaHCIBO # [, g1 X — S —
HenpepuiBHEIE OTOOpaMeHHs, [/ KOTODBIX [ (x) #—g(x) npu Bcex
x€X, Iokaxurte, 410 [ o2 g. (YKasawue: paccmolpuTe OToOparieHHe
RN {0} — S"~} Buna x +> x/| x[| u npumenute (0).) BrseauTe orcioga,
4TO BCHKOE HenpepbiBHOe oro6paxenne fi X — S*, He asaslouleecs
CIOPBEKTUBHBIM, FOMOTOIHO OOCTOSAHHOMY OTOGPaKEHMUIO.
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YMHOMEHME NYTEW

Ecin fu g—nytu 8 X, npuuew f(1)=g(0), To nox
npousgedeHues f u g Mbl [NOHHMaeM IyTb [ #g, Onpeje-
JIeHHLIA B IV 12 QopmyJamu

[ @), 01 <1/2,
(f*g)“)z{g@t—l), 2<t<l,

Hanee B 3TOH r/1aBe Mbl IOAPOGHEE H3YHHM 3TO KYMHO-
xeHue» nyTed. TouHee, Mbl pacCMOTPUM yMHOXeHUe nyTeil
C TOYHOCTDLIO 10 TOMOTONHH OTHOCHTeJbHO {0, 1} 1 yBHAMM,
B KaKOH CTeNeHH 3TO yMHOXKEHHE YIOBJETBOPSET aKCHO-
MaM Tpynnbl.

14.1. Onpenenenne. [pa nytu f, g B X Mbl HasniBaeMm
SKBUBAACHMHbIMIL W THIIEM [~g, €ClH OHH TOMOTOMHLI
oTHocHTeabHO {0, 1}.

3ameTu™, uto nytH f,, f; B X B5KBHBAEHTHbI, €CJH
CyllecTByeT HenpepelBHOe otobpaxkenue Fi Ix[ — X,
TaKoe, 4TO

F(t, O)=fo() w F(t, )=[ () npn t€l,
FQO, sy)=f,0 u F(, s)=f,(1) npu s¢gl

(puc. 14.1). B srom cayuae wbl 6yaem nucatb F: f, ~ fy.
Kak nokaspiBaeT lemma 13.3, ~ —OTHOLIeHHE 5KBHBaNeHT-
HOCTH Ha MHOxecTBe nytell B X. OG03HaunM KJacc 3KBH-
BaJeHTHOCTH nyTH [ uepes [f]. Haw nepsuifi pesy.ssrar
MOKA3LIBAET, YTO MPOH3BEJieHHe KJACCOB 3KBUBAJEHTHOCTH
myTeil KOppeKTHO onpeneseno yciosueM [f][g]=[f=g].

14.2. Jlemma. [Iycmo fo, f,, go, & —nymu & X, npuuen
oM =g,(0) u f,(1)=g,(0). Ecau [, ~f, u 8o~ &, Mo

¥ g ~f1% g5
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Hokasameascmeo. Ilycte F: [, ~f, n G: gy~ g;—romo-
tornu  orHocuteabHo {0, 1}, peaansyiwoume 3TH 3KBHBA-
nentHoctd. Onpepenum A [ x ] — X dopmynamu

o F(2t, s), 0112,
=1 G@Et—1,5 le<i<l.

[To nemme o ckaefike H HenpeprlBHO, Tak Kak F (1, s) ==
= fo(1)=g,(0)=G (0, s). Jlerko BupeThb, uto H sBaserca

Puc.14.1

Puc.14.2

romotonueil ornocutennho {0, 1} mexnay fo=g, u [, =g
(puc. 14.2). O

Cneayrouuii pe3yabTaT ycTaHaB/IHBAeT acCOIMATHBHOCTD
YMHOXEHHA KJaccoB myTedl, HHpivH cj1oBamy, ([f][g]) [A] =
=[f](g][h]), Korma 3TH DpOU3BEAEHHS HMEIOT CMBICI
(r. e. nmpu f()=g(@©) n g(l)=h(0). 3amerum, uro,
BooGite roBops, (f*g)«h=%f«(g=h) (cm. ynp. 14.6 (a)).

14.3. Jlemma. [Tycme [, g, h—mpu nymu ¢ X, 012 Ko-
mopotx f(1)=g©) u g(l)=h(©). Toeda (f=g)xh~
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~[s(gh).

Jokaszameascnigo., 3ameTHM cHadaJa, 4To

( [(49),

0t 1/4,

(Froshy =1 g@—1),  114<i<1/2,
h(@2t—1), 1/2 <1 <1
f@21), 0112,
(Fx(gh) ()= ! gUt—2), 12134,
l h(4t—3), 3/4 <Lt << 1,
I306pa3um 3T NyTH Auarpammamu
f g Ao ~ f g /’z__
o i 3 P N
(Fxg)xh f*(gxh)

OTH JuarpavMMbl MOXKHO HCNOJNb30BaTh AJIsi OYEHb NPOC-
TOro anre0panyeckoro ONHCaHHA HAallHX nyTed. Paccmor-
pnm, Hanpumep, (f # g) = A Tlpn 174 <t <{1/2 ucoombayem g

f g h
L]
s 0 s+1s+2 1

L.,

Puc.14.3

B KOMMOSHLHH ¢ JHHeHHOH (yHKUMeH, nepeBojsmled oOT-
pesok [1/4, 1/2] B [0, 1], a umenso ¢ —> 4 —1. Ha camom
AeJle MOXHO HCI10Jb30BaTh J06YI0 HENPePLIBHYIO (Y HKIHIO,
otobpaxatomyto [1/4, 1/2] B [0, 1], koTopas nepesomdT
1/4 80, a 1/2 81 (cM. ynp. 14.6(¢)), HO OOLIYHO npOLLE
BCETrO BHIOpAaTh JIMHEHHYIO (yHKIHIO.

UroGbl  NOCTPOHTL romotonuio MexAy (f*g)#h o
| #(g % h), paccmotpum puc. 14.3. [Ipu naHHOM 3HaueHHH s
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ucnonbayem | Ha otpeske [0, (s+1)/4], g na orpeske
[(s41)/4, (s42)/4] u h na orpeske [(s42)/4, 1]. Mero-
JIOM, OMHCaHHLIM Bhillle, Mbl [pHIEM K ompefesendio F:
I x I — X paBeHcTBamu
F (4L +9)), 0<t<(s + 1)/4,
h((4t—s—2)/2—s)), (s+2)/4<i<].

OtoGpaxeHne I HenpepniBHO H

F(t, 0)y=((f=g)=h) (1)

F(O, s)=[(0)=((f *&) = 1) (0),

F(t, D=(f=(g=) (),

F(l, sy=h)=(({=g) = (1).
Htak, F sBJasercs HyxHOH romoronued. [J

[das x € X 6611 onpefie/ieH NOCTOAHHBIA nyTh e [— X,
e, ({)=x. Kuacc SKBHBaJEHTHOCTU MOCTOSHHOrO MYTH Be-
get cefs Kak (JeBas WM Npasasi) eAuHuia, T. €. [e,][f] =
=(f]=1f][e,], ecan nyTb [ HaunHaeTCs B X U KOHYARTCA B Y.

3T0 J0Ka3blBaeTCs B CJ'IEILYKOLLLEIjl JIeMME,

14.4. Jlemma. Ecau [—nymo 8 X ¢ Hauaa0m 6 X U KOH-
yom ¢ y, mo e xf~f u fre,~Ff
Hoxasameascmeo. JLOKameM TOJBKO, 9T0 e,#f ~ f.
JlokasaTeJbCTBO TOrO, 4TO /‘*8,/~ f, npoBoauTCs aHaso-
ruuno. Pacemortpum puc. 14.4. Onpemennw F: X[ — X
tdhopmynamu
0t <<(1 —9)/2,

£,
V@ =149/ +s), (1—s2<t<1.

Torna F(f, O)=e.=f, F({, )=[() u F-—romoronus
orsocuteapHo {0, 1} [

F(, s)=

PaccMoTpum, HakoHel, oOpaTHble NyTH (C TOYHOCTBIO
JO0 3KBUBaJeHTHOCcTH). Hamomuum, 4to A5 nyTH [ yepes f

0603HauaeTca NyTb, ONpeje/eHHbl papeHCTBOM f(f) =
= f(l —{). 3amerum, 4TO f~ g TOrZa W TOJBKO TOr[1a,

Kkoraa f ~ g (nokasars 3710 Jerko). Crefywouinii pesyJ/brar
MOKa3blBaeT, 4TO KJacC SKBHBaJeHTHOCTH [ Hrpaer poJb
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o6paTHOrO A/ KJacca SKBHBaJleHTHOCTH [, T. e. [f][f] =
=[e,], [f1[f]={e,] an nyTn f c HauasomM B x u KOHIOM B y.

14.5. Jlemma. Hycn_zb f—nyr_nb 8 X ¢ Ha4aiom 8 x u KO-
yom 6 y. Toeda f=f~e, u fef~e,

Hokaszameascmeo. JloKaxeM TOJbKO, YTO f#f~e,.
[yt f=[f sanan dopmyJsamu

— f(29), 0Lt 12,
FeDO=1 5 _
f(2—21), 1/2 <t 1.

On npeacrasiser oGOl MyThb, MO KOTOPOMY MBI ABHKEMCS
MepByIo MOJOBHHY BPeMEHH BAOMb f, @ BTOPYIO MOJOBHHY —

B1OJb f B oOpaTHOM HanpaBjeHuH. YToOn npofitu 3a equ-
HHLY BPEMEHH H3 X B y W OOpaTHO B X, Mbl JABHMKeMCsl

f

Puc.14.4

CO CKODOCTLIO 2 (T. e. ¢ yABOEHHOH «HOPMa/bHOH» CKO-
poctbio). Ecau Tenepb MeHSTL CKOPOCTb NPONOPILHOHAILHO
(1—s) npu s€l, To ans moOBOro s Mbl TOJIyYHM NyTb,
KOTOpHIH HauuHaetcs B8 X, uAeT 40 [(2(l-—s)) u satem

BosBpautaercss B x. [lpy s =0 nmoayuum f=xf, a npus=1
noayunM .. [lostomy onpenenum Fi I x 1 — X dopmynamu

_ j 2t (1—s)), 0<<t<1/2,
L= He—ani—a).  12<i<t.
OueBuano, F HenpepuiBHO H
F, 0=(¢=H@, — Fl, D=F0)=e. ),
FO, 9=10)=¢=NQ), F(, 9=[O)=({=H(),
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TaK 40 f%f~e, [J

Ipyras romotonus Mexay [#[ u e, 3ajgaerca orobpa-
xeunem G: [ X[ — X, rue

f21), 0<CI<<(1—9)/2,
G(t, 9= [(1—sy), (1—=92<1<<(1459)/2
| fe—20, (+92<i<l

Mpea coctont B TOM, 4YTO Bpemsi, B TedeHHE KOTOPOrO MBI
ABHUKEMCs BAOJb [, mponopuHoHaabHo (1 —s). Takum o6pa-
30M, NEPBYK0 4acTb BpeMeHH, paBHy (1 —s)/2, MH HiIeM
BIOJb [, 3arTeM xKfieM B Touke [(l-—$) u, Hakomeu, Bo3-
BpallaeMcs BJIOJIb [ 3@ NOCJIEAHION YacTb BPEMEHH, paBHyIO

(1—s)/2. Hrax, npu s=0 sT0T nyTb coBmagaer ¢ [xf,
a npu s=1 MB Bce BpeMs [POBOJUM B TOUKE X, T. €.
NPOXOIUM NyTh &,.

B caenpytomeli riaBe Mbl BepHEMCS K KJaccaM 3KBHU-
BAJIEHTHOCTH MyTel W HX NPOH3BEAEHHAM.

14.6. Yuopaxneuun, (a) Ilpuseaute npumepsr nytell f, g, & B HeKo-
TopoM npoctpancTee X, aaa Kotopuix [ (1)=g (0), g(l)_h(O) H
@ (f*g)*h % falgeh), (i) (Fog)sh=[+(g#h).

b) Haiite npsmoe J[0Ka3aTe/lbCTBO TOTO, HYTO & () sf ~ f*s F

(c) Myere f—nym B X, u nycts h: | — [ —Henpepoiaoe
oro6paxenne, aas koroporo h (0)=0, h(l)=1. okaxute, yToO
f~fh
(d) HcnoabsyfiTe (c) Aag OpAMOro J0Ka3aTeNbCTBA TOrO, YTO
f~ef, e f—nyTb ¢ HauasoM B X,

(e) lyers f, gr 1~ X—nym B X u3 x B y. Jlokaxute, uto
f ~ g Torza m TONIbKO TOrxa, KOrja fsg ~ .

(f) Myere h: [ — [ —mnenpepbiBHas  QYHKUMA, LI KOTOpOH
h(0y=1 n h(1)=0. Ilokaxnure, uto ecau f—nyTtb, 10 f ~ fh.

(g) Myete O=tfy<<ty=Cfy=1 u [: [ — X —HEKOTOpPLIH NyTh.
OnpesenuM nyTH fy, f, paBeHCTBaMH

L@ =F({(L=0t+1tt), [ () =/{1—1t)i41t).
Loxaxute, ut0 [13%fy ~ [. (YKa3zanue: npumesute (c).)

(h) Hyere O=tfy<<ty<<lp<<...<<ly=1 u [: | — X —nexo-
TOPHIfl ITYTb. Onpeﬂenum oyta fq, f2, .«., [q DaBeHCTBamu f; (f) =
=f (1 =1y iy it;). Jlokamute, 910 [f]=[f1] [[a] --- [igl-

(i) Myetb X —mnpocTpancTBo, IpeicTaB/entoe B BHIe X=UV,
rae U u V —oTkpuThe noamHoxectsa. Ilokawurte, 410 ecan [ —
nyte 8 X, 10 |f] moxHO mpeactasuts B Buge [f]=[f1][fa] ... [/q],
rie Ka)KJlOB fj—mbo nyte 8 U, au6o nyto 8 V. (\’Kasaﬂue Pac-
CMOTpHTE OTKpmoe NOKpPbITHE {f‘1 (U), =1 (V)} orpeska /, sanumute
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F=1(U) n [~' (V) BBUIe 00bEIHHERHS HENepeceKaloHXCa OTKPHITHIX
MHTEpBAJOB H BOCHOJb3YATECH KOMMAKTHOCTR'O /, HIH MOXHO MpHMe-
auth ynp. 7.13 (g). Hakonsen, npumenure (h).)

(j) (i) Hokaxure, uto ecan h: (0, 1) — (0, 1)—romeomoptusm,
TO cymecTByer romeomopgusm f: [0, 1] — [0, 1], npu koropom
F1(0, 1)=h. Ioxaxute eAHHCTBEHHOCTb TaKOTO TOMEOMOp(pH3MA.
(Yxasarune: paccmotpure HutepBan (0, a], saMKHYTHI} B /, H mOKa-
xure, uyto h ((0, a]) umeer Bun (0, b] wau {c, 1) 1% weroTOpOrO b
wii ¢.) (il) Hoxkaxure, uto ecau h: [ —s [—roMeomopdusM, TO
h(@ly=0/. (YrKasanue: socnoJbaylitech caasnocthio.) (iii) IlycTs
. g I— X—nym B X, takue,utof: | —f()ng [ —g(l)—
romeoMopgusmbl. okaxure, ato ecm f(/)=g (), 1o 6o [ ~ g,
Jaubo f ~ g. (Ykasauue: acnonesyitre (ii).) (iv) [Myems f, g0 1 — X —
saMkHyTele nytH B X, rtakue, uto fi [—f()) n g [ — g () —
romeoMopgusmsl. lokaxute, 4to ecn f(/)=g (/) u f(2)=g(0!),
TOo 60 [ ~ g, mubo f ~ g,
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DOYHAAMEHTANBHASR TPYNMA

B npenpiayiiefi riaBe Mbl BUZEJH, YTO KJAacChl SKBH-
BAJEHTHOCTH NyTefl (NyTH 3SKBHBAJIEHTHBEl, eC/JH OHH TO-
MoTonHbl oTHocuTesbHO {0, 1}) B mpoctpanctBe X noutw
yIOBJAETBOPSIOT akcuoMaM rpynnbel. [Ipo6sema TOMBKO
B TOM, YTO' yMHOXeHHe He Bcerja onpeleseHo, a efuHHIa
«iagaet». O50ATH 9TH TPYAHOCTH MO3BOJSIET HCHOJB30-
BaHME 3aMKHYTBHIX OyTef.

15.1. Onpepenerne. [lyTh HasplBaeTCs 3AMKHYMbIM, €CIH
F(O)=/(1). Ecmu fO)=f(l)=r, 10 roeopar, 4to f—
3aMKHYTBII OyTb 8 mouke X.

B uekoTopblX KHMrax 3aMKHYTBEIl NyTb Ha3bIBaIOT
nersed.

3ameTuM, 4TO MNpou3BeleHue fxg ompeleseHO AJs JIO-
Gofl mapbi 3aMKHYTRIX NyTeHl B HeKOTOpOH Touke x € X.
OGo3HayuM MHOXKECTBO KJAcCOB 3KBHBAJEHTHOCTH 3aMK-
HYTHIX nyTedl B TouKe x € X uepe3 m(X, x). D10 MHO-
xecTBo HalesneHo ymHoxenueMm: [f][g]=[fxg¢] nmpu [f].
[g] € n (X, x), KOTOpOE OHpeje/IeHO KOPPEKTHO IO JeMMe
14.2. Cnenyroliuil pe3yabTaT ycTaHaBJAWBaeT, yto i (X, x) —
rpynna;, oHa HasbiBaeTcs (pynHOQMEHMAAbHOU epynnol npo-
crpaHcrea X B Touke X.

15.2. Teopema. n (X, x) fsasemca epynnod.

310 cnepyer u3 ra. l4. IlpousBefeHue yxe GBLIO
onpefieneHo. EIMHHUHBIM 5JeMeHTOM siBasercss [e.] (cM.
gemmy 14.4.), obpathble 3J€MEHTBHI 3a3Jal0TCsl PABEHCTBOM
[f17*=[f] (cm. nemmy 14.5), a accoLHaTHBHOCTb CJAefyeT
u3 snemMel 14.3.
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BBHAy accouHaTHBHOCTH YMHOMEHMsI KJ/dcCOB 3KBHBa-
JIEHTHOCTH HyTeil Mbl 4acTo OyleM BMmecTo [(f«g)sh] nucarb
[fxg=h]. 3amernm, onHako, 4TO MHCATh fxg#h BMECTO (fxg)sh
HeJIb3sl.

[Tpexkne uem ABUraTbes fajbilie, MPEAsiaTaeM YHTATEMO
CJIeAYIOIHE YIPAXKHEHHS.

15.3. Ynpaxuennn. (a) [louemy wnesn3s onmcats su(X, x) Ges mnpu-
BJICUEHHS] TOUKH x?

(b) TMokaxkuTe, uTo et X — KOHEUHOE TOTOJNOrHUECKOE MPOCTPAH-
CTBO ¢ IHCKDETHOH TomoJjoruedl, To (X, x)=0.

(c) Beruucaure n(Q, 0), rze Q -—MHOXeCTBO panHOHAMLHBIX
upcesl ¢ TONOJOTHed, HHAYLHpOBaHHOH oObiuHOH TOmonorued R,

(d) IMycrs X —npoctpancetso, Ans Kotoporo (X, x)=0. [Tora-
xuTe, uyT0 ecmd f, g—uaea nytn B X, npudem /[ (0)=g()=x u
f(l)=g (1), 10 f ~g. (Yxazauue: socnoibayiitecy ymp. 14.6 (e).)

Ecan Befpats 1Be pasJuuHble TOYKH X, y€ X, To
3apaHee He BMAHO [PHYHH, [0 KOTopeM 7t (X, x) n 1t (X,y)
A0JKHBl  OBITH CBA3aHHl Apyr ¢ apyrom. Ho ecqan nafi-
IeTcs MyTh H3 X B 4, TO TaKasg CBSI3b HMEETCs.

15.4. Teopema. [Iycme x, y€ X. Ecau 8 X naiddemces
nyme us x 8y, mo epynnst 1 (X, x) u n (X, y) usomopgrot.

Hokasamenscmeo. Ilycts f—nyTs 3 x B y. Ecan g—

3aMKHYTHI NYTb B TOYKE X, TO (f#g)xf —3aMKHYTHI nyTh
B Touke y. [losTomy mMOxHO ompeaennTs oTOOpamenue u:

n(X, x)— 1 (X, y) paBeHCTEOM uf[g]=[ﬁ=g+sf]. 310 OTO-
Opa’keHHe —rOMOMOpPGH3M IPYNI, MOTOMY YTO
u ([gl[h]) =u/[gsh] =[Frgshsl]=

=[fegsfsfshaf] = [fagx[[fehzf]=u,[g]u, [h].
Uenonb3ys nyTh f U3 y B X, MOXKHO ONPEeHTb uz (X, y)—
— (X, X) paBeHcTBOM u);[h]=[faeh+ef]. Kak nokasbiBaet
npocTas NPOBepKa, TOTAA Ui, [el=]g] u gl [A]=[A],

TaK YTO «, OHEKTHUBHO M NOTOMYy #BJAeTCA H30MOpGuU3-
MoM. [

15.5. Caeacrsue. Ecau X — auHelino c6a3H0e 1 pocm paHcmeo,
mo 0Oan aoboix x, y€ X epynnot (X, x) u a(X, y)
U30MOPPHOL.
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Stor pesysbTar He OyAeT BEPHBIM, €C/¥ ONyCTHTDH
yesopue JnHefiHoi csizHocTw X, # ecytn X TOJIBKO CBSI3HO,
oH, BOOGLIe ropops, Toxe He uMeeT mecrta. [locae TOrO
KaK Mbl BHUHCJIUM HECKOJbKO (QyHIAMEHTAJbHBIX Tpynn
(B MOCJeAyIOWMX TJaBax), 4YHTaTeJb CYMeeT DOCTPOHUTH
npUMephl CBSI3HLIX NPOCTPAHCTB, A KOTOPBIX a (X, x)
u m(X, y) He H30OMOpP(HBI I HEKOTOPBIX 0ap TOUEK
x, yeX.

Beuny caenctsusi 15.5 BOSHUKAET HCKYILEHHE ONYCTHTD X
B n(X, X), ecnu X suHefiHo CBA3HO. ITO ONACHO, TakK
KaK KaHOHHYECKOro n3oMopduama Mexay (X, x) u n(X, y)
He CYLLECTBYET, NOCKOJALKY pasJiiuHble NMyTH H3 X B Yy
MOTYT OMNpele/siTh pas/uuHble H30MOP(PH3MbL.

15.6, Ynpamuenus, (a) [okamxure, uTo 1Ba NyTH f, ¢ U3 ¥ B ¥
TOr@ ¥ TOMbKO TOTAA ONpEeNsOT OAHH W TOT e H30MOPGUIM MCKLY

a(X, ¥) un(X, g (1. e up=u,), Koraa [gs+f] IpHHALICKHT IEHTPY
(X, x). Lenmp Z (G) rpynipt G~ onpenensietcss Xax
Z(Gy={a€G: ab=>ba nnsa ecex bEG}
(by Mycts up (X, x) — n(X, y)—mnsomopduam, onpeneses-
HEIfl HEKOTODHIM TyTeM [ W3 x B y. IlOKamkuTe, 4TO U TOrJ@ H TOJALKO
Torga He 3aBHCHT ot f, Xorma « (X, x) —a6enesa rpynma.

B ocraBiuefica 4acTH TJaBbl Mbl OyjieM H3y4aTb, Kak
pejeT cebs (yHlaMeHTalbHas Tpynna npH HEOpepbBHOM
oTOGpaxKeHuHd  TOmoJoruyeckux  mpoctpaHcts.  [lycts
@: X — Y —HenpepuBHOe OTOOpaxkeHue; CjenylOLlHe TpH
(hakTa OueBHJHBL

(i) Ecau f, g—nytu B X, 10 ¢f, pg—uyTmu B Y.

(ii) Ecu [~ g, T0 of ~ og.

(iii) Ecom f—3amkHyTHE nyTh B X B TOouke x € X,
T0 @f —3aMKHYTHI# 0yTh B Y B TOY4Ke @ (x).

Urak, ecau [f]€n (X, x), 10 [@f]—KoppekTHO omnpe-
JeJeHHblH saemeHT rpynnm st(Y, @(x)). Ilostomy ompe-
JeauM @, 70 (X, x) — (Y, ¢ (x)) paBenctsom ¢, [f1={¢f].

15.7. Jlemma. @,—eomomopdusm 2pynn.

B cavon sere, o (11D = 0u [frgl=[o (g)] =
g e, e (gD e el = ()]

15.8. Onpepenenne. [omomopdusm ¢, (X, x)—
—n(Y, ¢(x)), onpeleseHHbll paseHcTBoM @ [f]=[of],
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rae ¢ X — Y —HenpepuiBHOE OTOBpa)KeHHe, H43biBAETCH
rOMOMOP(H3MOM, UHOYYUPOBARKEIM OTOBPAKEHHEM (.

JloKa3aTeJbCTBO CJEYIOLUX ABYX pPe3yabTaToB POCTO
H NpeJoCTaBJsAeTCS YHTATEJIO.

15.9. Teopema. (i) [Iycmo ¢: X —Y u Y1 YV — Z—ne-
npepoigroie omobpansicerua; moada {(Po), = PPy

(if) Ecau 1: X — X —moocdecmsennoe omob pancerue,
mo 1, —moxcOecmsernpiil eomomoppusm epynnot (X, x).

15.10. Caepcveue. Ecau ¢: X — Y —eomeomoppusm, mo
Py (X, x) — (Y, @ (x))—usomoppusn.

Hrak, ¢ynaaventaibHas rpynna jaer CpejiCTBO nepe-
Xoja Ot TonoJoruy K anarebpe. Jas storo npouecca xapax-
TEpPHBl CJelYOlUIHE YepThl.

(i) Kaxaomy rtomoJ/ioruueckoMy mpocTpaHeTBY (@ OT-
MeUeHHOHl TOYKOM) ComocTaBJseTcsl HekoTopasl Tpymnna
(B maHHOM cayuae ¢yvHIaMeHTasbHasd Trpynna).

(ii) Kaxaomy HenmpepbiBHOMY OTOGpaKeHHIO TOMOJIO-
THYECKHX [POCTPAHCTB CONOCTABJ/AETCS HEKOTOPHIH (B JaH-
HOM CJlyyae HHAYLUMPOBaHHBIA) romMoMopdHu3Mm rpynm.

(iii) Komnosuumuu mnenpepelBHBIX OTOGpaskeHui como-
CTaBJISIETCS KOMIIO3HILHS HHAYLLIPOBAHHBIX TOMOMOP(H3MOB,

(iv) ToxaecTBeHHOMY OTOGpaXKEHHIO OTBEIAET TOKIECT=
BEHHEIH TOMOMOPGU3M.

(v) Fomeomoptuamy orseuaer H30MOPGH3M.

OnucaHHBIH npoLlece Mepexoia OT TOMOJIOTHH K anredpe
JlaeT XOpOWIMHA MpHUMep, MOKAa3blBalOWME, UTO Takoe a4eel-
paudeckas monosoeus. Mel 3ameHsieM TODOJOrHIO anreSpoi
W HCNOJb3yeM Haule 3HaHHE aJre6phl, 4ToObl Y3HATb Koe-
yto 0 TonmoJiorud. KoHeuHo, ecsin dyHiameHTaJbHbIE Fpymn-
nbl JByX MNPOCTPAHCTB H30MOP(HEI, 3TO He 03Ha4aeT, 4To
npocTpancTsa romeoMopdubl. Ho ecnn ¢yHaaveHTasbHBIE
Tpynnb He H30MOpP(HEI, TO POCTPAHCTBA 3aBEJOMO HE ro-
MeoMO PQHBI.

Samewarue. OTMeueHHnle Bhine €BoicTBa (i) —(V) AatOT
npumep @yrcmopa. Ktak, dyHiaMeHTaIbHAS [P yNIa— 5TO
(YHKTOp H3 TOIOJOrMH (COBOKYNHOCTH TOMOJIOTHYECKHX
NpPOCTPAHCTB € OTMEUYeHHLIMH TOYKAMH W HelpepBBHAHIX
oTo0pakKeHuil, NepeBOASIULMX OTMEUEHHYIO TOUKY B OTMe-
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yeHHY!0) B anrebpy (COBOKYMHOCTBL TPYNNm H HX [OMOMOp-
(pusMoB).

15.11. ¥Ynpaxuenus. (a) [Ipusenute npuMep HenpepnBHOTO HHbHEKTHB-
noro orobpaxerus @: X — Y, LJIf KOTOpPOro ¢, He HHBEKTHBHO
(npeAnonarast u3BectHHIM 1), uto m(SY, x) = 7, m (D?, x)=0).

(b) IIpusepure npuMep HenpepuiBHOIO CIOPLEKTUBHOIO oTOGpane-
HHA @@ X — Y, LIl KOTOpOro ¢, He CIOPBEKTHBHO.

(c) Jlokaxure, uto eciu ¢: X —- Y HempepelBHO H f—nyTh H3
X B Y, TO Quil =1,y (X, )— (Y, ¢(y), rne usu Ugs—
H30MOPPH3MEL (yHIaMeHTaJbHEIX TPYNI, OnpejesieMble NYTIMH [ H ¢f.

(d) Joxaxure, 4TO IBA HET PEPBIBHBIX OTCOpaKeHHs ¢, P: X — Y,
IOMOTONHBIE OTHOCHTEBHO HEKOTOPOH TOUKH xo€ X u cOnajaiomue
cBOHCTBOM @ (xg) =1 (X3), HHAYUUPYIOT ONHH H TOT XK€ TOMOMOP(HH3M
rpynnst (X, xo) B 1 (Y, ¢ (X))

(e) Mycto A—petpakt X ur: X —» A—perpaxuus. [Jokaxure,
uro i, 7 (A, a) — (X, a)—monomopdusm (rapei: A — X —BKJl0-
yexne) H uto r: (X, a) — 1w (A, a)—snuMopdusaM A JOGOH
Touku a € A.

(f) B ofo3nadeHnax (e) MPeAnoNoXHM, dTO {7 (A, a) — Hopmalb-
nas noarpynna m (X, a). Hokaxure, uto 7 (X, @) —npsiMoe npous-
BefleHHe NoArpynn im i, u ker r,.

(g) Horaxure, uto ecau A — cubHLI AedOpMAUOHHBIE peTpakT X,
10 oTo6paxenue BrJoueHus 1 A — X uHaymipyer uzomopusm
it (A, a) — 7 (X, a) nns qoboll Touku a € A.

(h) IToxawxure, uto ecan ¢: X — X — HenpepniBHOE oTOGpaxe-
HHE, TOMOTOMNNOE TOXKAECTBEHHOMY, TO (P, 1 (X, xg) — 1 (X, ¢ (X)) —
H3oMopduaM AN J1060H TOUKH Xo € X (B cayuae 3aTpymHEHHS 3aris-
HHTe B JIOKa3aTesbCTBO TeopeMbl 15.12).

Crnenpyromufi pesyastat obobuiaer ynp. 15.11 (d).

15.12. Teopema. [Ifycme ¢, 2 X — Y —Henpepoiausie
0moB pagicer A MonoAOUHECKUX NpOCpanime u F: ¢ o~ Pp—
eomomonusn. Ecau o ] —Y—nymo uz ¢(x,)) 6 $(x,),
onpedenernouti pasencmeom [ (fy=F (x,, 1), mo eomomop-
d)uamm Qs R(Xr xo)—+ﬂ(Y, (P(xo)) Uy .T[(X, xn)_"
— (Y, ¥(x,)) céasaner coomuowenuem = u,p,, ede
up—usomopguam epynn w (Y, @ (x,)) u n (Y, §(x,)), onpe-
Oenernuoil nymem f

Joxasamenbcmeo. I—lyxmo noKasaTb, YTO eclH [g] €
€n(X, x,), 10 [Yg]=[/#q@g#[]. Ipyrumu caoBamu, Hy*HO
NoKa3aTb, 4TO MyTH (f#q@g)+f W Yg >KBUBAJEHTHH. 3ame-

1) Cm. crenylomyio raasy. — 1 pus. ped.
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THM, 4TO
_ (F(1—41), 0L I/,
(Fr00)N) (1) =1 eg(4l—1), 1412,
[ F@t—1), 12<t <L
STO MOZKHO nepeanaTb B BHAC
B ( F(x,, 1—4t), 0t < 1/4,
((Frog) D) = F (g (a1 —1), 0),  114<t <12,
LF(xO, 21-—1) 12<t<l.
Mexay tem g (¢) g (), 1). Urofer ycmoTpers romo-

TonmuIo Mexay ( f*q)o +¢f 5 ¢g, 3aMeTHM, 9TO NyTb (g 3K-
BHBAJEHTEH 0yTH (gxyg)xe,, rae x=1vy(x,). IlyTb
(e, #Pg)#€, HMeeT BUA

Fxg 1), 0<<t << 1/4,
((exxpQ)*e,) (1) = F (g (4t —1), 1), 1/4 <<t << 1/2,
| Fx,, D), 12<t<1.

[Tostomy onpenesnm oroGpaxenne H: [x 1 —Y dopmy-
JaMu
!F(xo, 1 —4¢ (1—s)), 0 <I<1/4,
H(t, s)= 4 F(g4t—1), s), 174 < 1<1/2,
Fx,, 1+2(—=1)(1—5s)), 172<t < 1.

Orobpasenne [/, O4eBHAHO, HENpPEepHIBHO W

A, 0)=((Fepe)=/) (1), H{t, 1)=((exyQ)xe, )
HQO, 9)=F(x,, D=y (x,), H(1, s)=F(x, 1)—\!
CnenoBatenbio,  (fxqg)sf ~ (e #pg)*e, ~ Vg, OTKylla
u/(P*—-IP

DTy Teopemy MOMXHO c(OpMyJHPOBATE N0-APYyroMy,
CKa3aB, 4TO HMEET MCCTO KOMMyTATHBHAs AHArpAMMa

P
W(X>-750) ——— TT(Y,QD(xo))
Y “r

(¥, (o))
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Caepyrouine JBa pe3yabTaTda OTHOCATCA K FOMOTOIH-
YECKH 3KBHBAJCHTHBIM NPOCTPAHCTBAM.

15.13. Teopema. Ecau ¢: X — Y —eomomonuseckas sxeu-
sarenmuocmo, mo ¢u: (X, x)--n(Y, ¢/(x))—uzomnop-
puam 0as awboii mouku x € X.

Hokasamenrscmeo. Tak Kak ¢-—romMoTOmHYecKasi 5KBHU-
BaJ€HTHOCTb, TO CYLIECTBYeT HENPepblBHOE OTOOpaxKeHHe
YV — X, aasagoroporo gy~ 1Y Y upea~ 11 X - X,
[To Teopeme 15.12 umeem Up ()= 1,, U Tak Kak Uy ¥
l,—usomopdusmbl, TO  (p@), = Y,¢p,—TOXKe  u3OMOp-
¢usm. 1o o3navaer, yToO W, —30UMOPPH3M, a ¢, — MOHO-
mopdusMm. AHanoruuHo, ¢, P, —H30MOPHHIM, OTKYIA @,—
snuMopdu3M, a P, —MoHOMOpPH3IM. []

15.14. Caencteue. Cmazusaemoe npocmpancmeo umeem
MPUBLARBHYIO PYHOAMERMAALHYIO 2pynny.

15.15. Onpepenenne. TomnoJioruueckoe IPOCTPaHCTBO X
Ha3blBACTCA O0HOCAAZHAIM, €CJAH OHO JHHEHHO CBSI3HO M
(X, x)={1} nas nekoTopoil (1, cieL0BaTeNbHO, MOGOI)
TOYKH x € X.

Takuv o6pasoM, cTsTHBaeMOe OPOCTPAHCTBO  OLHO-
ceasno. O6paTHoe, KaK YnTaTeJb B AaJdbHeleM ybenurcs,
HEBEPHO.

15.16. Ynpaxnenus. (a) Ilycte A—cnabmii perpakt X (cM. ynp.
13.10 (). Hro moxHO ckasaTe o romomopdmsvax i: (A, aj —
— (X, a), ry: (X, a)— n(A, a) npuag A?

(b) Tosopat, uTo nmpocTpancTBo X o06sanaer csoiictBom C, ecin
AJsL JIIOGOTO 3aMKHYTOrO IyTH f: [ —> X CyUleCTBYeT Takas TOMOTO-
nua F: [ X[/ — X, uto F (¢, 0)=f (), F (¢, 1) — nocTosinHOe orobpa-
xeHue, £ (0, s)=F (1, s) ana scex s€/. 3amerum, uto F me o6s3a-
TeJBHO sBAseTCH romoronuell orHocutensHo {0, 1}, lokamure, uTo
ecin X obaapaer csoficteoM C, To X 0jHOCBA3HO.

(c) Myets X=UYV, rae U, V orkpuitel u omnocsasuul, 1 UNV
auHeHO cBasHo. [Hokaxure, 4to X oanocssaado. CrejaoBaTequHo,
chepa S7 npn n =2 onHOCBs3HA. (YKasaHHe! BOCNOJb3YHTECH
ynp. 14.6 (i) n (e).)

Iocneannit pesynbTat 3TOf rJael OTHOCHTCS K QyH-
JaMeHTaJbHOW rpylle TONOJOTHYECKOrO I[POH3BEACHHA
npoctpancTs. OH Mor OblThb MOJyY4eH B 3TOH rJaBe u
paHblue.
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15.17. Teopema. [Jycme X, Y —0dea aUHEIHO C(BAZHbLX
monoaoeuteckux npocmparcmea. PyrndamenmansHas epynna
npoussedenus X XY ugomopdra npoussedenuto Gyroamer-
mansvHolx epynn npocmpancms X u

Hoxasameascmgo, Ilycts pi X XY — X, g8 XXY —
— Y —npoekuun. Onpegenuvm ¢: n(XXY, (x5 Yo)) —
— (X, x) X (Y, y) paserctsom ¢ [f1=(p.[f], 4. [[)=
= ([pf1, [9/)-

[TpoBepuM cHaya/na, 4TO ¢ KOPPEKTHO OMpele/eHo.
Ecanu f~ g, TO umeeTcsi HenpepeiBHOe oTofpameHne [
Ix[— XxY, takoe, uto F (¢, O)=f(f), F{¢£, I)=g()
u F©, s)=F (1, sy=1(x,, y,). Henpeprigubie orobpaxe-
Huss pF: IxX1— X u gF. IxI—Y onpeiensior 3KBu-
BaJEHTHOCTH pf~ pg u qf ~qg, tak uto @[fl=¢[g]
H ¢ KOPPEKTHO ONpejeneHo.

YTo6bl yCTAHOBUTL CIOPBEKTHBHOCTb ¢, MHPEANoJo-
xmM, 410 ([fi], [f.) €n(X, xo)xn (Y, y,). Paccmorpum
orobpaxenue f. [— X XY, onpejeneHHoe paBeHCTBOM

@O =( (&), [2(1)). OueBHiHO, 4TO olf1={f] [f))-

YTo6H MOKA3aTh MHBEKTHBHOCTD (p, NPEANOJOXKAM, UTO
(p[f] ¢[g]. 210 osnauaer, uto pf ~ pg u gf ~ gqg. Ecan
s IxXT—Xu Fy: Ix] .Y 3a1a10T 5TH SKBHBaeHT-
HocTH, TO F: IX[— X XY, onpeienenHoe paBeHCTBOM
F(t,s)=(F,(¢, 8), Fy(¢, s)), naer 5KBHBAJEHTHOCTb [~ g
Haxonet, roMoMOppHOCTL ¢ caejyeT M3 TOro OYeBH]-
noro dakta, 4to ecam f, gt [— X xY —nytucf(1)=g(0),
To p(fxg=pf*pg n qf+g =qgf+qg O

Hpyrue cnocobnl AoKasaTeabcTBa Teopembl 13.17 co-
JleprKaTCsi B yNpaXKHeHHUsX.

15.18. ¥Ynpaxnenus. (a) [lokaxuTe, 4TO I1poM3BeleHMe ABYX OAHO-
CBSI3HBIX IPOCTPAHCTB OJLHOCBS3HO.

(b) Myets f: 1 — X, g1 | — Y —saMxkuyThie NYTH B TOYKax
x€X H Yo&Y coorsercrpeuno. Ilycte &8 X — XXY nji ¥V —
—» X XY —BKJl0ueHHS, omnpejesleHHble paBeHCTBaMH { (x)=(x, Yo)
W j(y)=(xo, y). [lokaxure, ato nytn (i)« (jg) u (jg)=* (if) 8 XXY
9KBHBaJEHTHDI.

() B o6osnavenunx (b) nokaxure, 4To OrobpaxeHne MPOH3Be-
aennst (X, xo)Xn (Y, yo) B R(XXY (x0, ¥o)) Bupa ({f], lgh)r—
—> [(6f) = (jg)] aABasercs n30M0p¢u3M0M rpymnm.

(d) Tonoaoeuneckod epynnod G waswiBaeTcs rpynna, KoTopas
ABJIIeTCH TAKIKE TOMNOJOrHYECKHM MNPOCTPAHCTBOM, MPHYEM OTOGpaxe-
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i p: GXG—G u v: G— G, onpenesesHbe paBeHCTBAMH
B (81, 82)=g18» H Vv (g)=g~1, HempepHBHHL. Myers f, h— samkny-
Thie IyTH B G B Touke e€G. OnpenennM f-A paBencrsom f-n @)=
=pn (), h(9), t € [. Hokaxute, ut0 [ h ~[h ~h %], U Bhige-
JuTe OTCioJa, 4T0 (yHjaMeHTanbHas rpynna (G, ) abenesa. IToka-
HHUTE Janee, 4To roMoMopdHuaM v,: m (G, ¢) — n (G, ) yIoB/eTBO-
psieT yeaosuwo v, [f] =[f]-L

(¢) Onpenem Ha OkpyxkHocTH S'C C ymuoxenue p: S1X S —s St
PaBEHCTBOM I (21, 2,)==2;Z, H oToOpaxenue v: S _— S1 PaBEHCTBOM
v (2)=2z-1, Jlokaxure, uyTo Sl— TOnomoruyecxkas rpynna. Brisenure
oTctofg, 9to 7 (S, 1)—abesesa rpynna.

(f) O6o6utim pesyasrar yop. (d). IlycTh xp—Touka NpoCT paH-
ctea X. TIpenronioXuM, YTO CyLIECTBYET HeMpephlBHOE oTo6paxenne
pr XXX — X, Takoe, uto W (x, x0)=p (xy, ¥)=x 15 Beex x€X.
Hoxaxure, uro ecu f, g1 [ — X — 3aMKHYThie NyTH B TO4YKe X, & X
ui, i X— XXX —prmouenna i(x)=(x, x)), j (x)==(xo, X), TO
u ((if) = (jg)) =/ + g. Brisemure ua (b), uto m (X, x,) — abesiena rpynmna.

(g) O6obmum pesyavrar ynp. (f). Ilpoctparcteo X HaswiBaercs
H-npocmparncmson (B uects Xaiinna Xonda), ecan CYLIECTBYIOT He-
npepeiBHoe oTofpaxenue u: XXX — X u Touka x, € X, Takue, uTo
pioe [ (rel xg) u pj o 1(rel xp), rie i 1 j—rte Ke BKJIOUEHHS, yTO
u B (f). 3amertum, uto p (¥, xo) =X,. Ilokaxute, uro dyH1aMenTab-
Hast rpynna n (X, x) H-mpocrpanctea a6enepa. (¥ KasanHe: MoKaxure,
ato p ((if) = (jg)) ~ [ % g.)

Oyunpaventanpuyo rpynny m(X, x,) 4acto 06o03Ha-
uatoT 1; (X, x,), rAe uHIeKc | HanmoMHHaeT O ToMm, 4TO
npu onperesteHun QyHAEMEHTANbHON IPyINNb HCIIOMb30Ba-
JHCh NyTH (oTOOpaxenns oTpeska /< RY). B obuewm cay-
4ae MOXKHO Onpelesuthb &, (X, x,), UCNO/B3Ys OTO6paxKe-
Hug Kyba /"R B X. Dta rpynna wuaswiBaercss n-ii eo-
momontiueckol epynnotl npoctpanctea X B Touke x,. Mol
HAMETHM KpPaTKO COOTBETCTBYIOLIHE Ofpeje/IeHHs; YUTa-
T€JIb, KOTOPOr0 3TO HE HHTEPECYET, MOXKET NEepeATH NnpsMo
K cleaywooUed riaee.

ITyets 07" osnagaet, kak oGBlUHO, Kpail [”, T. e.

oln={(t;, by ..., 1) € 1" ;=0 uan 1 a1s HeKoTOpPOrO i}.
MuoxecTBo 1, (X, X,) COCTOMT H3 TFOMOTOMHYECKUX KJIac-
COB OTHOCHTENbHO Of" HenpepbiBHBIX OTOOpaxeHuil f:

I"— X, nas xoropex f(0/")=x, Tlpoussenenue onpe-
nenserca kak [f][g]=[/+*g], rue

[ i f(?tp [2$ AR ) tn)’ o<t1<1/2,
(F=g)( )*1 g@t—1, 1y ..., t,), 2t <1
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MoXHO NpOBEPHTb, 4TO MPOM3BEACHHE ONPEJCNCHO KOp-
peKTHO H 3ajaeT Ha m, (X, x,) cTpykrypy rpymnst. Ko-
HEYHO, NpH 7 = ] Mbl NI0JTy4aem pyHAaMeHTaIbHyIo Tpynny.
dyHiamenTalbHas Cpynna, Kak Mbl yBHANM Janee, He
obsisaTespHO abenesa, Ho (X, x,) npH n_=2 Bceria

aGenena.

15.19, Ynpasnenusn, (a) Hoxaxure, 410 7, (X, xo)—TIpynua.

(b) Horaxute, 90 ecan B X CYuleCTBYET NyThb H3 Xp B X3, TO
7, (X, xp) B 7, (X, xp) nsomopbubL

(c) JIns nenpepiBHOrO 0TOGpamenus ¢: X — Y ompellesnte ¢y
n, (X, x) — 7, (Y, ¢(x)) ¥ Aoxaxure, 49TO (P — FOMOMOPEU3M.
Jokaxute Takxe TeopeMmy 15.9 aa1a n-X TOMOTOMMYECKHX [Pyl
BhiBeETE, 4TO TOMEOMOP(HbIE POCTPAHCTBA HMEIOT H30MO PhHBIC TOMO-
TOMUYECKHe TPYNIb.

Puc.15.1

(d) Joxaxute, 9T0 TOMOTONHYECKH SKBUBAJEHTHbIE NPOCTPAHCTBA
HMeIOT H30MOp(HBEE TOMOTONHYECKHEe TPYyNIbL.

() Hokamute, wro npu n==2 rpymna i, (X, x) abenesa. (¥Yka-
sanpe: TOMOTOMNHMS MeXAy [#g H g#f nH306pakeHa Ha pHC. 15.1.)

[ pumesarue. Vimeer Mecro pesyJbTar, B HEKOTOPOM CMEiCTIe OGpar-
Helfi K (d). DTo—Teopema Y aliTxela, KOTOpas YTBepHKJaer, 4TO eC/H
X u Y —7Tomosoruyeckye fpocTpaHCcTBa ONpPeNe/eHHOro Iuna (Tak Ha-
3LIBAEMBIC JIHHERHO CBfA3HbIE KJIETOUHbIE KOMIJIEKCE!) H ¢: X — ¥ — e-
11pepbIBHOE OTOOPAXERHE, HHAYLHPYIOLIEe H3OMOPGUIMBL ¢y Ty (X, xp) —
— 1, (Y, ¢ (x)) 0pu scex n==1, TO p-—TrOMOTONHYECKAS 3KBUBA-~
JICHTHOCTb.
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DYHOLAMEHTAJILHAA TPYIMMA OKPYXHOCTHU

3a HCKJ/IOUEHHEM HeCKOJMbKHX TPHBHAJbHBIX CJydaecs,
Mbl 110 CHX MOp HE BBIYHCJHJM (YHIaMEHTaNbHOH FPyMObl
HH OJHOrO NPOCTpaHcTBA. B 3TOH rsiaBe Mbl BHIYUCJAHM
(byHAAMEHTANbHYIO [PYNNy OKPYXKHOCTH S' U B pesysib-
TaTe noJyuum rpynny Z ueablx 4ucen. MHTyutuBHO 3TOT
pesyJbTaT MOXKHO OObLACHUTb CJ/cAyloWwuM ofpasoM. Bes-
KHil 3aMKHYTHIE nyTh f B S* B Touke 1€ S! HaBopaun-
BaeTCA HEKOTOPOE YHCJO Pa3 HA OKPYMKHOCTb, 3TO YHCJIO
Ha3bIBAETC YHCJAOM OOGOPOTOB WJIH CTENeHbW OTOGpaxke-
uusl f. (Haunem ¢ f(0)=1 u paccmorpum f(f) mo mepe
BO3paCTanus {; KaxAblil 06X04 OKPYXHOCTH MPOTHB 4aco-
BOH CTpeNKU cyHTaeM 3a -1, a KaxJbill 06X04 MO Yaco-
BOH cTpeske 3a —|. CyMMa noJiyyeHHLIX 4Mces ecThb YHCJIO0
000poTOB Hsu cTeneHb f.) MTak, KamaoMy s3aMKHyTOMY
nytd f B Touke | Mbl comocTaBuaM uesoe yueao. Okaswl-
BaeTcs, JBa 3aMKHYTHIX NMYTH TOLJA H TOJBKO TOrJA 3KBH-
BAaJIEHTHbI (T. €. TOMOTONHBI oTHOcuTenbHO {0, 1}), Koraa
UX CTencHH coBnajawT. Hakoweil, ans mwoboro uesoro n
CYLECTBYeT 3aMKHYTHE NYTb CTENEHH A.

Uro6bl nosyyuTs GoJiee CTPOroe onpejiesieHHe cTerneHu
3aMKHYTOrO MYTH, PacCMOTPHUM cJIeAyollee OTOOpaKeHHe
BEIECTBEHHO! npaMol R Ha S e: R — S, ¢—>exp 2mit.
I'eomeTpuuecKkH Mbl NpeicTaBsieM NPSIMYIO B BUAE CIHPaJIH,
a orofpakeHHe e—kax mpoexkiuio (puc. 16.1). 3ameTum,
uto e~ ! (1)=ZcR. HUxes coctour B ToMm, uTO eciu RaHO
otobpamenue f: [ — S, ams koroporo f(0)=f(l)=1,

TO CyWIECTBYET eIMHCTBeHHOe oToGpakeHue fi | — R, anas
kotoporo f(0)=0 u ef =/ (oTobpaxkenne f HasblBaeTCs
noousmuen [). Tak gak }(l)==1, 10 f(l)Ee‘1(1)=Z;
5TO LleJIoE 4YHCJO H HasblBaeTca creneHbio f. Jlalee Mhbl
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TMOKasKeM, 4TO eCJiM f, ¥ f;—3KBHBaJeHTHBE NyTH B S, TO
fo (1=, (1). 910 npusoauT K 0TOOpaxenuto n (S, 1)—Z,
KOTOPOE, KaK MBI [I0KakKeM, sIBJISeTCs H30MOP(HH3MOM Ipynil.

.
s
o

o

Puc.16.1

Aror Meron BoiuucaeHus 1 (S?, 1) ofobuiaetcsi Ha He-
KOTOpBIE JApYrHe mpocTpaHcTBa; cM. ra. 17—19. Cuenyio-
mas JeMMa fBJISeTC HCXOAHBIM MYHKTOM [JIsi OCHOBHOIO
orpejleJieHusl, NpuBelleHHoro B rJa. 17.

16.1. Jiemma. [Iycms U —kakoe-Hubyds ompeimoe 1nod-
mroscecmso SN{1} u V=[Ine ' (Uy=R. Toeda e~ (U)
ecmb  OUBBIOHKIMHOE 06Be0UHCHIe  OMKDbIMbLY  MHONCECTB
V4n={v+n,veV}, n€Z, kandoe uz xomopoix e 2oxeo-
mopepro omobpascaem Ha U.

Horkaszamearocmeso. [lpennonoxum, 49to / — OTKPHITHI
HHTepBaJj, T. €.

U=={exp 2nit: O0<{a <t<<b<{1}

s HekoTtopulx @, b. Torma V=(a, b) u V4+n=(+n,
b+ n). OueBuano, uto e~ (U/)— IU3BIOHKTHOE OOGbeaHHe-
HUe OTKPBLITHIX MHOXxecTB V 41 (n € Z). Ilyets e, oGosna-
yaeT OrpaHHueHHe e Ha (a-+n, b+n). OdeBuaHo, 4To ¢,
HenpepbelBHO H OMekTHBHO. JJs1 NpOBEpPKY TOTO, UTO €5
HelpepBiBHO, PACCMOTPHM TOUKy x€&(a-n, b+4n) u 3a-
KJo4uM ee B oTpe3ok W =[x—e, x+e¢], rae ¢ >0 Ha-
cTo/IpKO MaJio, uto W (a+4-1, b+ n). Tak kak otpesor W
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KOMMaKTeH, a OKpyKHOocTb S*' xaycuopgosa, 1o 00 Teo-
peme 8.8 ¢, onpenensier romeomopdpusm W — e, (W). Touka
e, (x) He mMoxeT ObITb KOHUOM NyrH e, (W), Tak Kak B 3TOM
ciaydae ofipa3oM cBs3HOro MHoxkecTBa e,(W)\e,(x) npu
romeoMopdusme e; ' 66110 6bl HecBA3HOE MHOXKecTBO W\ {x}.
[lostomy e, (W)—okpecTHOCTE TOUKH €,(x) B S u B U,
¥ TaK Kak OToOparkeHue e;', OrpaHUUeHHOe Ha 3Ty OKpecT-
HOCTb, fABJFETCA [OMEOMOP(H3MOM, TO OHO HEmpepblBHO
B TOuKe e,(X), a Tak Kak Touka x € (a4 n, b+ n) npous-
BOJIbHA, TO ;' HEeMmpepblBHO Ha BCEM MHOXecTBe e, (a1,
b+n)=U, u noromy e,—romeomopdusm. [J

16.2, ¥Ynpaxuenne, [lokaxure, yro Jemma crpaBefsnsa i S™N({x},
rie x —InpousBosbHas Touka Si,

16.3. Caepctsue. Lcau f: X — S ne cropwexkmuswo, mo f
20MOMONHO HYAL.

Hokasameaecmeo. Ecan x He mpuHajsexut obpasy f,
10 S'™N\{x} romeoMopdHO CTATHBaEMOMYy MPOCTPAHCTBY
(O, 1) (x=exp2nis npu HekoTOpoM § M S'={exp2mil:
s<t< 148D O

[lepeiizeM Tenepb K mepBOMy OCHOBHOMY pe3yJbTaTy
3TOM TJIaBbl: Tak Ha3bIBAEMOM Meopeme 0 HaKPblearouem
nymu (ans e: R — S%).

16.4. Teopema. Bcakoe nenpepoigroe omobpasicesue f: [ — S*

umeem noouwamue f: I — R. FBoaee moeo, ecau x,€ER —
mouka, 8 xomopotl e (x,)==f(0), mo cywecmsyem eduncm-
sennoe noouamue f, 0an womopozo f(0)=x,.

Hoxasamenscmeo. dasa moboro x € S* nycts U, —Takas
OTKpbITast OKpecTHOCTb x, 4T0 e~ * (U,)— AM3bIOHKTHOE
oObeflHHEHHE OTKPBITHIX MOAMHOMKECTB R, Kaxaoe u3 Ko-
TOpLIX romMeoMopdHo oTobGparkaercss Ha U, npu nomouiH e.
Mmuoxectso {f~*(U,): x €S} MoxHO 3anucaTb B BHJe
OTKPLITOrO MOKpHITHS {(X;, y;)NI: j€J} otpeska /. Tak
KaK OTpe3oK | KOMMaKTeH, TO HalleTcss KOHedHoe [OJ-
nokpeiTHe BuAa [0, £, 4 &), (f,—&,, fh+8y), ..., (£,—8,, 1],
rpe t,4+e >t —e;, npu i=1, 2, ..., n—1. Buife-
pem tenepb a; € ({;4,—&;+1, L+ &) npui=1,2, ..., n—1
TaK, 4To0b O=a, < a, < a, < ... <a,=1. OueBuguo,
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. F(lax, A1)

f e_Sk\A
0 Gk ks )

Puc.16.2

uto f([a;, a;4,]) CONEPKUTCA B HEKOTOPOM OTKPLITOM MOA-
MHOMXeCTBe S; OKpyKHOCTH S, TakoM, 4To e~ (S;) aBaseTcs
JAH3DLIOHKTHEIM OObeIHHEHHEM OTKPBITBHIX MOAMHOXKECTB R,
KaJ0e W3 KOTOphIX TFOMEOMOP(HO oTobpamaercs Ha S;
NpH [OMOLIH €.

Onpenenum nomustua [, nan [0, a,] no HHAYKIHE (DU
E=0, 1, ..., n tagk, 4t06nl f,(0)==x, [lpu k=0 310
TpuBHaIBHO: [, (0)=1x,, u Apyroro swiGopa met. [lpeano-
Joxum, 4to [t [0, a,]— R onpeneneHo H eIHHCTBEHHO.
Hanomuum, 410 [({ag, a4 NS, 1 €71 (Sy) — AH3DIOHKT-
Hoe ofbeauHenne MmHoxects {W, j€J}, A1 KOTOPBIX
e|W; W; — S,—romeomopusm npu MoGom j€J. Hanee,
[e(a,) €W 18 HeKOTOpOro OJHO3HAUHO ONpelesNeHHOr O
muoxectea W wus {W . je€J} (puc. 16.2). JhoBoe npo-
JOJKEHHE f[,,, NOJKHO OTOOpa)ath [a,, ay.,] B W, TaK
KaK OTPE3OK |dy, Qy.,] JHHEfHO cBasen. Ho orpauudenne
e|W: W — S, siBiseTcss roMeomMopg3moM, No3TOMy Cylile-
CTBYET €AHHCTBEHHOe oToGpaxkerne 0 [a,, ax.,]— W
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TaKOe, 4T0 ep =/ |[ay, a,.,] (Ha cavoM geqe p=(¢|W)~1f).
Onpenennm Teneps [, Kak

fk+i(s)={ fk(s)y 0<S<aks

p (s), U S Qpyye
3To OTOGpa)eHHe HEeNPEPHIBHO [O JeMMe O CKJeliKe, TaK
KaK [, (ag)=p(a,), W elMHCTBEHHO MO mocTpoeHuw. Ilo
HHAYKIUHK noJydaeMm noguatue f. [

OTa Teopema 103BOJAET OMPENE/HTH CTENEHb 3aMKHY-
toro nytd B S [lycTs f—3aMkHyTHI# 0yTh B S! B TOuKe |
U f: [ — R—elMHCTBEHHOE ero NOJHSTHE, A KOTOPOro
f(0)=0. Tax kak e~ (f(1)) =e™*(1)=Z, 1o [(I)—uenoe
YUCJI0; HasoBeM ero cmenensto f. UTo6b 10Kasath, 4To
3KBHBAJIEHTHLIE NYTH MMEIOT OJHHAKOBBIE CTEMCHH, I0Ka-
KEM CHauasa, YTO 3KBHBAJCHTHBIC NYTH HMEIOT 3KBUBA-
JIeHTHbIE NOAHATHA. N8 3TOro samMeHuM B npepAyLel
Teopeme [ Ha [* W MOJYYHM CJICAYIOLIYIO JEMMY.

16.5. Jlemma. Besaxoe wenpepoigroe omobpaxcerue F: [* — St
umeem nodusmue Fi I* — R. Boaee mozo, ecau x,€ER —
mouxa, 8 komopoi e(x,)=F (0, 0), mo cywecmeyem edun-
cmeennoe noduamue F, dan xomopozo F ©, 0)=zx,.

Hokasameascmeo. PaccyxjaeM TOUHO Tak ke, Kak HpH
AokasaTenbcTBe Teopembl 16.4. Tak kak xBajpat [? KoM-
NaKTeH, MOXHO BHIOpaTh

O=q,<a, < ... <a,=1, O=b, <b; < ... <bp=1
TaK, 4T06bl £ (R;;)cS,;, rae R;,—npsaMoyrobHHK
Rij={(tv 5)6[2: ai<t<ai+11 b/<3<b,+1},

a S;,—OTKpHTO® MNOAMHOXKECTBO S, s KOTOPOTro
e~ (S;;) — AN3BIOHKTHO® OGBEJAHHEHUE OTKDPHITHIX MOAMHO-
KecTB R, Kaxiaoe u3 KOTCPLIX romMeoMopdHO 0TOGpaxaetcs
Ha S;;, npu nomown e. [logusitue F onpepensieTcs MHAYK-
THBHO Hall 0psMoOyrosbHuKamun R, Ry, ..., Ry, R,
R,,, ... npH nomowM OpOUECCca, aHaAMOrHYHOIO WCMOMb-
30BaHHOMY B JoOKasaTe/JbcTBe Teopembl 16.4. Jertanau Mul
OocTaBJseM yurtartes. []
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B kayecTse cJeACTBHSI [MOJydYaeM TaK Ha3bIBaeMYIO
meopemy 0 monoOpomuu Anas et R — S, xotopas yTBepK-
JaeT, 4TO 3KBHBAJEHTHBIE NYTH HMEIOT OZHY U Ty Xe CTe-
NEeHb.

16.6. Caepcrsue. [lycmo f, u f;—oKeusarenmuoie nymi
8 S ¢ mourke 1. Ecau fo u fl—ux noonamus, 0a8 KOMo-

porx F, (0)=F,(0), mo f,(1)=F; (1).

Hoxasameascmeo. [lyctb F—roMoTonus OTHOCHTENLHO
{0, 1} mexny fo ¥ ;. OHa ofHO3HAUHO NOAHHMAEETCs AO
F: P—Rc FO0, 0)=F,(0)=],(0). Tax xax F(t, 0)=
=fo®) u Ft, )=}, (t), 10 F(t, O)=F,()) n F(t, 1) =
=}, (). Hanee, F(1, )—nym wus f,(1) 8 },(1), mno-
ckoupky F (1, £)=Fy(1)=f,(1). Ho F (1, £) €e™(f, (1))
3TO 03HAyaeT, YTo F (1, {)—nocrosnHbii nyTh, H HOTOMy
fo()=F, (1). 3ametum, yTo Ha camoMm ;Lene F—romoro-
nus otnocutessHo {0, 1} mexny f, w [y

Tenepb MBI B COCTOSHUH BBHIYHCJIUTD q)yﬂﬂameﬂ'ra.nbayxo
rpynny OKPYXKHOCTH.

16.7. Teopema. n (S, 1)~ Z.

Joxasamenrscmeo. Onpepenum ¢t n(S*, 1) — Z pasen-
creoM @ ([f])=degf, roe degf—crenenp f. Hanomnum,
uto degf=7f(l), rie f—enuHCTBeHHOe nOAHATHE [, AJA
koroporo f(0)=0. Orob6parkeHue ¢ onpeae/eHO KOPpPEKT-
HO corJiacHo caeactBuro 16.6. ITokaxeM, 4To ¢ —H30MOp-
dusm rpynm.

[lokaxem cHayana, 4to @—romoMopdusm. [lycrp
l, (f)—nozxuatue fc nauasom B Touke a € e~ (f (0)). Takum
obpasom, [, (f)=F u l,(f)({)=[({)-+a nans HekoTOpOrO
nytd B S' ¢ Havasnom B 1. OueBuiHo, yto I, (fxg) =
=1, ()xl,(g), rae b=[(l)4a Hrak, ecan [f],
[g]l€n (S, 1), TO

o (lleD = w((Fxg) = frg (N=1(Fre) (N=(ly ()l (@) )=
=L @M=b+g()=F()+g )= ([[)+e (g,
rae b=f(1). CnegopaTenbHO, @— FOMOMOPQHU3M.
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Jlerko nokasaTtb, 4TO ¢ CIOpBEKTHBHO. as n € Z nycTb
g: I — R onpeneneno paBeHcTBOM g (f)=nt; TOriaa eg:
[ — S* —s3amgHyTHd NyTh B Touke 1. Tak Kak g—mox-
HATHE eg, AJs KoToporo g(0)=0, 10 ¢ ([eg]) =deg (eg)=
= 7(1)==hx, OTKyZa cJeLyeT, 4TO ¢ CIOPHEKTHBHO.

UTo6E nokasaTb, YTO ¢ HHBEKTHBHO, NPELNOJIONKUM,
uto ¢ ([f)=0, 1. e. degf=0. 310 o3Hauaer, uto MOA-
Hatue | nyTH f YAOBJIETBOPAET YCJIOBHIO FO=Ff(=o.
Tak kak R craruBaemo, 10 [~ g, (rel {0, 1}). JIpyrumu
cJI0BaMH, HaiifeTcss oTOOpakeHHe F: I* - R, n1a Koto-
poro F (0, )=f(#), F(1,H=0 n F( 0)=F(, 1)=0
Ha cavom nene F (s, )=(l—s)f (). Ho eF: ]?— St
yaossaersopsier ycaoBuam eF (0, §)y=F(t), eF (1, t)=1,
eF (t, 0)=eF (¢, )=1, nostomy f[o~e (rel{0,1}), T. e
[[l=1€n(S* 1), 4T0o H J1OKa3bIBAT HHBEKTHBHOCTb .
CrenoBatesibHO, ¢—nsoMopduam. []

DTHUM 3aBepluaeTCs 10Ka3aTeJbCTBO OCHOBHOTO pe3yJib-
taTa Hacrtosmiefl riaBbl. OTclOfa HEMeNJIeHHO moJydaeMm

16.8. CaexctBue. QyHOameHmMarbHAS epynna mopa ecms

ZxZ.

3aBepwuM 3Ty I'VaBy JIBYMS HpHJOKeHHAMH. [lepBoe
M3 HUX H3BECTHO O], HA3BAHUEM OCHOBHOL meopemor QA-
eebpeot.

16.9. CaeactBHe. Bcaxkulli HenocmosHHbil KOMUAEKCHbLL
MHO2040EH UMEEN. KOpPeHsb.

Hoxasameascmeo. Be3 noTepu OBIIHOCTH MOMHO CYUH-
TaTb, YTO MHOTOY/IEH HMEeT BHJ

p(2)=au—]—a,2—]— . +ak_12k—1+2k

npu k= 1. JonycTum, 4To p He HMeeT HyJell (HaH Kop-
neft). Onpegenum ¢ynkmuo G: IX[0, o) — S*'<C dop-
MyJI0H
. _plrexp2ni) |p()l
G =T remnT —r 0

npu 0<CI<<1 w r>0. Ouesnano, G nenpepoisra, Onpe-
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nenum orobpaxenne F: [*— S8' papencTBamu
G (L, s/(1—s)), 0, 0gs<«,

£, s):.—{ exp 2niki, 0, s=1.
OHO HenpepHiBHO, Tak Kax

lim F (¢, s)= lim G (¢, s/(1—s)) = lim G (¢, r)=(exp 2nit)*,
s$—>1 s§—=1 r—>w
Kpowme toro, F-—romotonus otsocuressto {0, 1} mexay
fo=F(,0) u [ ()=F(, 1. Ho f,()=1 n [ ({)=
= exp 2mikt, Tak uro deg/,=0, Torna kak degf, =&,
YTO OPUBOAHT K NPOTHBOPEYHIO npu k> 1. [

BTopoe npumoxenne usBecTHO noj Ha3BanHeM meo-
pemol  Bpayspa 0 HenoOBuXdcHOL mouke HA NAOCKOCHIL.
Hanovmunm, uto B ra. 10 Mbl jokasann Teopemy o He-
MOABHKHON Touke ans otpeska . Cielylowuii pesyJn-
TaT—aHaJorHyHas teopema Ass D2 PesyabTaT crnpasej-
JIUB H B BHICIIHX pa3MepHOCTAX, OJLHAKO A8 A0KA3aTEIbCTBA
TpebyloTcss yaxe ApyrHe CpPejacTBa.

16.10. Caencteue. Bcsxoe wenpeptisroe omoGpascenue f:

D*— D* umeem renodsuscnyro mouky, m. e. makyio moy-
Ky x, 8 xomopoiti f(x)=x.

Hokasamerscmeo. I1peanosioxum NpoTHBHOE, YTO x==f(x)
AJs Beex x €D Toraa moxHO ompepesuts OTOGpae-
HHe @: D® — 8%, nosaras ¢ (x) paBHbIM TOYKe mepeceye-
HHsl Jly4a, NPOBEAEHHOIO U3 f(X) B X, C OKpPyXHOCTBIO S*

f(x)

x=ip(x)

¢(x)
o(x)
Puc.16.3

(pue. 16.3). HenpepuBHOCTs ¢ oueBuama. [lycts i
S* — D?*—pBkJmouenue; Toraa @is=1 H Mbl HMeeM KoMMy-
TaTHBHYIO JHarpammy
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M3 nee CJelyeT KOMMYTAaTHBHOCTL IHATpaMMBbl

(s, 1) ! > 1(st,1)

Iy Pu
7(D?,1)

Ho n(D?, 1)=0, Tak kak auck D? ¢TAruBaeMm, H MBl MO-
JyuyaeMm KOMMYTaTHBHYIO QHArpaMMmy

KoTopasi HeBOo3MOXHa. [
16.11. Yupasuenus, (a) daa [f]€n (S, 1) nyers y—xoutyp {f (¢):

t€ 0. [lonoxum w (f)amj’?z. Hoxasxmure, uto (i) @ (f) —ue-
v
Joe uucio, (i) w(f) ue 3asucut or sei6opa fE[f], (iii) w (f)=deg f.

(b) Myers f: ST — S} —oro6paskenne, onpefeseHHoe GopMyol
f(2) =2* opu uexoropom uesom k. Omuwmre f @ (S 1) — n(SYL 1)
B TepMuHax usomopdusma (S, 1) =< Z.

(¢) MMycts o, f—cnegytowue 3aMkHyTHE myTH B SEXSL: off) =
= (exp 2mit, 1), B()=(l, exp2nif). IlTokaxure NpH MOMOWH Iua-
rpamM, 4ro axf ~ fsa.

(d) Beuucaure m(S*XStX...xSY, (I, 1, .., D).

\.__.“/——/

n

(e) Ucmosnbays ynp. 15.16 (c), sbiBeguTe, 4TO TOp HE COMEOMOp-
¢en cdepe S2,

(f) Hokawmure, 910 MHOMecTBO Touek 2zE€D?, ana KOTOpHIX
D™ {2} onHocessHo, ecTs B TouHocTH S, BriBegure orciona, uto
ecau f: D? — D?—romeomoptuam, 1o [ (Sh)=Sh

(g) Hafinure dyHaaMeHTadbHEIE TPYINEl CEAYOWHAX OPOCTPAHCIB:
(i) C*=0\{0); (ii) G*/G, rape G-—rpynna romeoMopdu3MoB 8HIa
{7 n€7) opun ¢ (@)=2z (iii) C*/H, roe H={(y": n€ 7} npu
1p(z)=2§; (iv) C*/{e,a}, rae e — ToXAECTBEHHBI romMeoMOppUsM H

a(z)=—az.
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HAKPbIBAFOLLIME MPOCTPAHCTBA

B 5T0l M HeCKOMbKHX C/IEAYIOLIHX FJaBaX Mbl H3YUHM
oBo0LIeHHs] pe3yabTaTOB H OOHATUI ra. 16.

Mycts p: X — X —HenpepuiBHOE OTOGpakKenHE. Byaem
TOBOPHTBb, YTO OTKPHITOE MOAMHOMECTBO [/ < X npasuivro
Hakpoimo orobpaxkennem p, ecau p~* (U)— IH3BIOHKTHOE
00beIHHEHHEe OTKPBITHIX MOJAMHOKECTB X, KaxJI0€ H3 KOTO-
peIX romeomopdHo otobpaxkaetcs Ha U mpu nomomy p.
Henpepeisroe orobpamxenne p: X — X HasbBaeTcsi Ha-
Kpoisarowum omodpaxcesues, ecam Jofas Touka x € X
HMEET OTKPBITYIO OKDPECTHOCTh, NPABHJBHO HAKPBITYIO
oToGpaxenuem p. B stom ciayuae Mbl roBopHM, 4TO p:
X — X —naxpomue, X —naxpewsarouee APOCI PAHCMEO
s X u X —o6aza nakpeitia p: X — X.

Hpyrumu cnosavn, p: X — X sIBASIeTCS HaKpHITHEM,
ecJu

(i) p ClOpBEKTHBHO H

(ii) nns moBoro x € X Hafifercss OTKPLITAsi OKPECTHOCTb
U toukn x, takas, uto p~1(U)= U U, 1ns nekoroporo

ied
cemeiictsa {U,: j€ J} noamuoxkecTs X, yA0BJCTBOPSIONULIK
yenosusm U, NUp=@ npu j=k n p|Up, U,—U—
roMeoMopuam Aast Beex € J.

Ms ra. 16 Mb 3naem, uto e: R — S!'—nagprithe. Oue-
BHIHO, 4TO BCSAKHA romeoMopduaMm h: X -— X aBasercs
HaKpbIBAIOWHM OTOGpaenuem. JIpyrofi TpuBHa/bHBIA npy-
Mep HaKpbITH p: X — X MOJAYUHTCS, €CJAH OOJOMUTH X
paBubIM X XY, rae Y — anckperHoe npocTpaHCTBO, H B3ATh
B KauecTBe p KaHOHHYECKYIO MpPOoeKUHI0. HHTepecHEM
NPHUMEPOM ABIACTCS HAKphiTHE p,: S' - S, rne p, (2)=z"
(n#0, oxpyxnocTb S' cunraem Bjaoxernnofi 8 C). Utofm
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yOeIUTbCA, UTO 3TO Ha CavOM JeJe HakpBIBaollee OTO-
6pakeHue, IOCTATOYHO 3aMeTHTb, YTO AJsa JoGoro x € St
MHOXECTBO S*\ {¥} NpaBHJLHO HAKPBHITO OTOGP AXKEHUEM P,
K HakpolTHAM TPUBOAAT Take HekoTopble (-mpoct-
panctBa. [lycte X ectb G-nmpoctpancTBo. Byaem rogo-
puthb, 4TO AelicrBue G Ha X coBCMEEHHO paspuisHo, ecd
Aaa JoBof Toukn x € X HafjeTcs ee OTKpPBITas OKpeCT-
Hoctb V, Takas, uto g-VNg'-V= npuscex g, g' €G,
g==g'. 3aMeTuM, 4TO eciu AefiCTBHE COGCTBEHHO DA3phLIB-
HO, TO g-Xx==x NpH BceX g& G, g1, u Bcex x€ KX,
Tak Kak u3 x €V caenyer g-x€g-V. [lpexae uem pac-
CMOTpETh IPHUMEPBI, Mbl JOKaKeM TEOPEMY, KOTOpas O0bACHHT
NPHYHHY BBEJEHHSA COOCTBEHHO Pa3pbIBHBIX JEHCTBHA.

17.1. Teopema. [lycme X ecms G-npocmpancmso. Ecau
Oeticmeue G na X cobcmeenro paspowsto, mo p: X —X/G—
HaKpoLmue,

Horasameascmeo. 3ameTum cHadaga, 410 p: X-— X/G—
HenpephiBHOe ClopbeK THBHOE oToGpaxeHHe. [To teopeme 5.12
orobpamxenuye p otkpeito. [lycts U —oTKpeiTag oxpect-
HOCTb TOUKH ¥ & X, yIOB/ICTBOPAIOUAS YCAOBHIO COOCTBEH-
HOH pa3pelBHOCTH. Tak Kak p—oOTKpbIToe OTOOparkeHue,
10 p(U)—OTKpHITaA OKpPecTHOCTb TOUKH G- x—-p(x) H

p~r(pU))= U g-U (cMm. noxasaresbcTBo TeopeMsl D, 12),
€G

npuyem {g- U gEG}——HenepeceKa}omneCH OTKPBITBIE O/~
mHOoxecTBa X. Hanee, plg-U:g-U — p (U)—HenpepuiBHOE
OTKpHITOE OHEeKTHBHOE omﬁpameane H, CJeI0BaTeJabHO,
romMeoMopdusM. []

Heficteie rpynnsl Z Ha R BuAa X — x -1 COBCTBEHHO
pa3pelBHO, Tak Kak ecau xE&R u &< 1/2, 10 (x—6,
x-+ e)—oTKphiTaa OKPECTHOCTb X,  YIOBJETBOPSIOIIAS
Hy:KHOMY ycjoBHio. Tax Kak 31O fefictBue Z Ha R npe-
BpawaeT R B Z-1pocTpaHCTBO, Mbl BUANM, 4TO p: R—s R/Z —
Hak pbiBaolee oTo0parkeHHe (YMTaTe b JOJIKEH MPOBEPHTD,
YTO 3TOT NpHUMep coBmajgaer ¢ e: R — S?).

Crenyrioluii nmpuMep MOKa3bIBaeT, 4TO ecTeCTBeHHOE
oTobpaxenue S” - RP" aABafeTca HakpbiTHeM. PaccMmot-
puM Z,-npoctpaHcTBo S*, riae Z, AeHicTByer no dopmyJe
4= 1. x==ux. [pn x € S* MHOxECTBO {y € 8™ |ly—x||<1/2}
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ABJISIETCS] OTKPBITOH OKPECTHOCTLIO X, Y/JAOB/ETBOpAIOLLEH
YCJOBHIO M3 onpejeneHdss COOCTBEHHOH pa3phIBHOCTH.
Unaue, Tak Kak x%=—x H S”—XxaycjopdoBo npocrpaH-
CTBO, HABAyTCA HelepeceKalolLHecs! OTK PhIThle OKPECTHOCTH
V u W coorBercTBeHHO ToYeK x¥ M —x. OKDPeCTHOCTb
VN(—W) toukn x ynOBJETBOPAET YCJOBHIO COOCTBEHHOH
pasphIBHOCTH. DTOT mpuMep Jonyckaer o6obienne. Hanom-
HuM, 4YTo Tpynna G gefictByer Ha X ceo600HO0, ecnu
g-xx 1asa Bcex x€X u g€, g=~1.

17.2. Teopema. Ecau G — xoHeunasn epynna, 6060010 Oeticim-
syrowas Ha xaycoopgosom npocmparcmee X, mo dedicmeue
G nHa X cobcmeerHo pa3pblero.

[Hoxasamenvcmeo. [lycts G={l=g,, g, g;, ..., &.}-
Tak kak X xaycmopdoBo, HaHLyTCsl OTKDPHITHIE OKPeCT-
woctw U,, U,, ..., U, TOUER Gy X, g1 X, ..., G, X
COOTBETCTBEHHO, Aas KoTopelx U, NU,= npu j=1, 2,

n

., n. Ilycte U—nepecedenne N g7'- U, KOTOpoE, oue-
/=0

BHIHO, ABJAETCS OTKPHITOA OKpPeCTHOCTbiO x. Fimeem
g,--U=I_QOg,--(g,-‘1U,)cU,~ ng, Ung;-U=g;({(g'g;-U)N
NU)=g,;(gUNU)=¢ npy HEKOTOpOM k, TaKk Kak

g.-UcU, u UcU,. Ilostomy neicrue G Ha X coGer-
BEHHO pasphiBHO. []

Xopotumii npamep cBoOOJAHOr O NeHCTBUsl JaeT JeHcTBHE
UMKJWUECKol rpynisl Z, Ha 3-mepHOi chepe SPc=(C?, S*=
={(2q, 2,) €C%: |2, |*+ |2, |*=1}. Ha g, B3aumuo mpoc-
Toro c¢ p, onpejeanm hi S*— S* dopmy.oit

h(2,, 2,) = (exp (21i/p) 2,, exp (2niq/p) z,).

Torpa h—romeomopdusm S, npuuem A?=1. Onpenenaum
neficteue Z, Ha S#, noJsaras

n-(zq, 2;)=h"(2,, 2,), n€Z,={0,1, ..., p—1}

D10 geficTBue cBOGOAHO M S? XaycaopgoBo, N03TOMY
§? — 8%/Z ,—naxpoitue. [IpocTpancTBO OPOUT S%/ 7, naspl-
BAeTCs AUHE06bIM hpOCMparcmeom u obo3navaercs L (p, g).
. 3avetum, uto L (2, 1)—310 RP3, Hmeerca oueBHAHOE
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ofofleHue 3TOr0 npumepa—AeicTare Z, Ha Sn+l=Cntl,
JeTaJd MBI OCTaBJsIeM YHTATEJIO.

[Topa npucTymuTh K JOKA3aTeNbCTBY HEKOTOPBIX OOIIHX
pesysJbTaToOB O HAKPBITHAX. 3amMeTHM, 4YTO B [PHMEpax,
CBSI3aHHBIX ¢ JeficTBHeM Ipynm, HaKpblBaiollee OTOOpaKe-
HHE OTKpHITO, a 6a3a uMeeT GaKTOPTOMNONOTHIO OTHOCH-
TeJIbHO HaK phlBaioliero otobpaxenus. Ha camom mese sto
BEPHO /I8 BCEX HaKPBITHH.

17.3. Teopema. [lycmo p: X — X —Hakpoisarouee omo-
6pasicerue. Toeda

(i) p —omxpeimoe omobpaxcerue;

(i) X umeem paxmopmonoroeuio omMHOCUMENIbHO .

Hokasameascmeo. [Tyctb U — OTKpBITOE NOAMHOXKECTBO X
u x €p(U). Tak xak p—HakpblBaollee OTOGpaXKeHHE, TO
MMeeTCsl NpaBHJIbHO HAKPLITAs OTKPHITAA OKPECTHOCTb V TOY-

kn x. [yets x€p~t(x)NU. Tak kak x€p~* (V)= U V,
ies

TO HaHJeTcs OTKPHITOe MHOXKecTBO V,; B X, cojepxauiee x.
Tak kak V,NU orkpeito BV, u p|V,—romeomMopdusm V,
Ha V, 10 p(V,nU) otkpeito B V. ﬁo V otkpeiTo B X,
nostoMy p(V,nU) otkpuito B X. Tak kak x€p(V,NnU)c=
<p(U), 10 p(U) OTKPLITO H NOTOMY p— OTKPHITOE OTO-
OpaxeHue.

Btopas yacTe TeopeMmbl ciefyeT H3 TOro, UTO p— He-
npepbIBHOE OTKpPBLITOE OTOOpa)KeHHe, H MOTOMY [OAMHO-
)kecTBO V npocTpaHcTBa X TOr'Ja U TOJMBKO TOTJa OTKPHITO,
korga p~t (V) otkpeiTo. (J

MHorue pesyJbTathl, MOJYUYeHHbIE B OpeAbIIyLLel rJaBe
AN HaKkpeITHA e: R — S, o6obwmatorcs Ha JApyrue Ha-
kpoitua. Ecmu pi X -— X —HakpbiTie ¥ fi ¥V — X —ne-
NpepelBHOE OTOOpaXKeHHe, TO nodwsmuem [ HasblBaeTCH

HenpepelBHOE oToOpaxeHue f: ¥ — X, nna kotoporo pf==f.
Chnenymomuii pesyabTaT MOKasbIBaeT, YTO €CJH [OJHATHE
CYLIECTBYET, TO OHO (B CYLIECTBEHHOM) €IMHCTBEHHO.

17.4. Jlemma. [ycmo p: X — X —nakpounue u J,
Y — X—0ea nodnamus omobpascenus f: Y — X. EcauY
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€8A8HO UL f J0)~f(y0) 018 Hekomopoti mouku Yy, €Y, mo
f=F.
Hokasamearscmeo. Onpegesum Y * Kak MHOKecTBO {y €Y

f(y) =T ()}. Ouo ne nycto, nockoabky y, € Y’. Tokakeny,
urto Y’ orkpuito M samxuyTro. [lyets y€Y,; Torja mai-
JIeTCsl OTKpbITAss OKPeCcTHOCTb V' TOUKH [(y), NPaBHABHO
HakphlTasg OTOOpaKeHHEM p, T. e. p~ ! (V)-— m3BbIOHKTHOR
o6venunenne Muoxkects {V i j€J} u p|V V,—»V—ro-

MEOMOPQH3M 1J1s1 mo6oro;€] Ecou yEY’ 10 f(1)=f(y) €
€V, npu nekotopom kE€J u [~1 (V) nj- 1 (V,) —oTkpHTas
OKPeCTHOCTb TOYKH y, Jexkawas B Y'. Uro6pl yGeautbes
B 3TOM, BO3bMeM xeft (Vkln?‘l(vk); toraa f (x) €V, n
f(x)EVk, a takxe pf (x)=pf (x). Tak kaK p|V,—romeo-
Mopdnam, To f(x)=f(x). 3maunt, Kaxnas Touka us Y'
UMeeT OTKPLITYIO OKPeCTHOCTh, Jexaulylo B Y', H nortomy
Y’ otxpeito. C apyrofi cTopowbl, ecsu yQY’, o [(y) €V,
H f:(y)EV, NpH HeKOoTopbx k, I, k=41, CiaepoparesbHo,

7YV N[~ (V,)—oTKphITan OKPEeCTHOCTb y, JeKalas B
JIOTOJIHEHHK K Y (ZokasbiBaeTcs, Kaxk u mpexne). Mrak,

Y’ samkayTo. [Tockoabky Y cBszHo, To Y=Y’ u f=f. []

Orclona BHITEKaeT 3abaBHOE CJEICTBHE.

17.5. Caencteue. [1pednoaoxcun, umo X AuHeiino cessro
u ¢ X — X —Henpepeigroe 0mo6pascerue, 04 KOmopozo
pe=p. Ecau ¢ (x,)=1x, 015 nexomopoli mouxu x, € X, mo

¢ (x)==x 041 6cex xeX (m. e. @—moocdecmeennoe Omo-
6pa9fceHue)

Horasameascmeo. [lycts x-—untobas touka ws X u o
I — X —nyts n3 x;, B x. Tak KaKk @ (x;)=2x;, TO OyTH
o 1 (o HauMHAOTCA B Touke x;. [anee, po= ppa, Tak
9TO o0 U (poe— noAHATHS NYTH pa: I — X. Tlo nocaegneti
JIeMMe @ == ¢Q; B 4YacTHOCTH, KOHUBI NyTefl & H ga co-
BNajaoT, T. e. ¢(x)=4x. (]
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Crepytoilyli  pesyJabTar, H3BeCTHBII gaKk Jeopema o
Hakpeosarowell comomonuu 0as nymedi, NOKA3bIBaCTCA TaK
®e, Kak teopeMa 16.4 u jemma 16.5.

17.6. Teopema. /lycmeo p: 5(——»X—Hafcpbtmue.
() Hdas nymu fr [— X u mouku a € X, maroii, 4mo
p(a)y=[(0), wuatlemcsa eduncmsennoii nyme fi 1—X,
dan komopoeo pl=f u [(0)=a.

(i1) Man uenpepeisrozo omobpamcenua F1 IxX[— X u
mouku a € X, makoii, umo p(a)=F (0, O), Hatidemca-e0un-
CIMGEHHOE Henpepoigroe 0mobpasierie Fy IxlI—X, dan
KOMmopoeo pF=F u F(0, 0)=a.

Kax eJeIGTBHE mnOJyuyaeMm meopesy O MOHOOpOmuULL,

J0Ka3aTeNbCTBO KOTOPOH COBHAafaeT ¢ J0Ka3aresbeTBOM
caegcTeus 16.6.

17.7. Caencteue. Hycmb fo u fl-—a/ceuea/zeﬂmubze nymu
6 X. Ecau [,(0)=[;(0), mo [,(1) =T, (D).

[Tponomxan obobuienne pe3yabTatoB ra. 16, nosyuaem
caepylomui pesyJsbrar.

17.8. Teopema., [lyeme pi X — X —nakpeimue ¢ 00HO-
CBSABHBIM N POCITLPAHCITIGOM X. Toeda CYLPCmayem 3auMHO
00HO3HA1HOe coomeememaue mencdy mroancecmsamu (X, p(a))

u p=t(p(@), 20 aeXV.

Hoxasameascmeo B OCHOBHOM COLEPXKUTCH B JOKasa-
TeqbeTBe Teopembl 16.7. [IpuBemem ero cyliecTBeHHbIe
MomenThl. CHavana onpenessie @i (X, p(a)) — p~Y(p(a))
paBeHCTBOM ()= F(1), rme f—nonuatue f, m1s KOTO-
poro f(O)_.a OrtofpaxkeHye  onpeiesJeHO KOPPEKTHO
corJiacno eaeacTBHio 17.7.

Hanee onpegensiem $i p~t (p(a)) — n(X, p(a)). Yrobu
caenaTb 970, BuibupaeM x € p~'(p(a)) ¥ HeKOTOpLIH OYTh f
w3 a B x. Tak Kak X OZHOCBA3HO, JIOOLIE ABa TAKHX NyTH

4) Cm, 1aKke ynp., 184 (¢). —{fpum. ped,
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SKBMBAJIEHTHDBI, M03TOMY [pf]—KOppeKTHO onpepenenubli
anement (X, p(a)). [onoxum ¢ (x)={[pf]. Jlerko mnpo-
BepuTb, 4T0 QY =1Hu Yo =1, TaK uto @ U P—Ouexunu. (]

CMpICJT 3TOTO pe3yJbTaTa B TOM, YTO JJIS BhIYKCJEHHA
(X, x,) Hy>kHO Ha#Tu HakpbitHe pi X — X ¢ opnoceas-
HbIM HAKpPLIBAKOLWIUM NPOCTPaHCTBOM X, a 3areM HaiTH
TpyNnoBYyIO CTPYKTypy Ha p~'(x,) TaK, uToObl GHEKIIHA (:
(X, xg) — p~(x,) cTana wusoMopduaMOM Tpymn. IDTHM
MBI, B CYIIHOCTH, H 3aHHMaJ/uCh B . 16. BooGuie rosops,
caenatb  3T0 He npocto. Hekortopble uwacTHBE CcJaydau
[0ABATCS B MOCJEAYIOIMX TJIaBax (CM. Takxke ra. 21).

17.9. Ynpaxnenns. (a) Ilycrs p: )?—»X—-Haprxsalomee oTobpa-
xenue, Xo—noamuoxecteo X u Xy==p=1(X,). Hokamure, 410 py:
Xo—> X,, oTpefeseHnoe paseHCTBOM Py (x) ==p (x), aBAsSETCA HAKPBI-
BAaIOLIHM OTOGPaKEHHEM.,

(b) Iycte X={(x, y) € R% x uau y uejoe} u X={(z1, 2,) €
€ S'XSt zg=1 nm z,=1}. Ilycrs p: X — X onpeleseHo paseH-
cTBOM p (x, y)==(exp 2nix, exp 2mniy). [lokaxute, uto p: X — X —
HakphblBaloulee OTOOpaKEHHE.

(c) Kakue wu3 cseiylomux oTo6paKeHHH fBASIOTCS HAKPLIBAIO-
waMi: (i) pi C* — C*, 3aganHoe Kak p (z)==2" npu QUKCHPOBAHHOWM
weqoM n; (i) sin: € — GC; (iif) p: U — C*, zanannoe dopmynok
p@E)=(1—2z)? 2" rae m, n—duKkcHpoBannbie UeJble YHC/IA H
U=C"(1}? -

(d) Tlyers p: X — X u g: Y — Y —HaxpuBaomue oToOpaxe-
nus. (i) Hokamxure, 9t0 pXq: X XY — X XY — nakpriBatoutee 010-
Gpaxenne. (ii) [lokaxute, uto ecsm X=Y u W={(x, y ¢
€ XXY: p(x)~:q~(y)}, 10 otobpaxenue f: W -— X, onpegeaennoe
paBeHCTBOM [ (x, y)=p (x), aBAsAETCH HakpuiBawouuy. (iii) HYro Takoe
W n [ B cayuae, korza oba orobpamenns p: X — X u q¢: ¥ — Y
coBnajair ¢ e: R — 81, e e (f) =exp 2nit?

(e) Mycts @: C—C u b: C — C-—romeomMopdu3mbl KOMIEKC-
Holi nuiockoctd C, onpefedenubie  GOpMyJaaMH az=z-f, bz =
=2z-}-1/2--i. Tlokaxure, 9To0 ba=a~%h, u BhBegUTE OICIOA4, 4TO

G={amb": m € 7, n € 7}

apasercs rpynnodl roveomopgusmos C. Ilasiee jokaxkute, 4to jeficT-
Bie G cofcTBEHHO Da3pHiBHO W 4YTO TPOCTPaHCTBO op6ut C/G xayc-

Aopgoso.
(f) (nponosxkenne (e)). Halignte noqyOTKpLITHI MPAMOYIOABHHK,
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CollepXalluil POBHO OAHY TOUKY H3 KaKaoil opGuTH geficTus G, no-
KasaB TeM CambiM, uto G/G— OyThiika Kaeiina.

(g) (nponomxenne (f)). Baooxenue Gymomsku Kaeina & R4, Tycts
¢: 0 — R5 onpeneneno dopmysnoli ¢ (x--fy) =(cos 2my, cos 4mx,
sin 4nx, sin 2my cos 2mx, sin 2mux sin 2ny). TlokaxuTe, 410 @ Wepeso-
IUT Kaxayio op6uty rpynnel G B OZHY TOUKY, ¥ BbIBeIUTE OTCIOMA,
uto C/G romeomopduo obpasy .

[lokaxure, urto orpanuuenne oroGpamenus P: R® — R4, rge
v, g9, r 8 H=(p+2)q, (p+2)r, s, ), sa o6pa3 ¢ aApageTCS
roMeoMo phH3MOM.

(h) Myers pr X — X — makpeiThe ¢ JuHedino cBasHbiM X. Jlo-
KaxXyTe, UTO MOUIHOCTb MHOXecTBa p~!(x) He 3aBmcu1 OoT x € X 1),
Ecan oma KoHeusa W paBHa n, To ropopsT, uto p: X — X ecrb
n-AUCMHOE HAKpbUTILE,

(i) Haiinute npysiucroe nakpurue p: S'XSY—s K, rie K —G6y-
Thlika KaefiHa.

(J) NoamMHOXecTBO ¥ HEKOTOPOro NMPOCTPAHCTBA HA3LIBAETCS MPO-
cmod  samkuymold  xkpueod, ecan oHO romeomopdHo St [lyctb
p: S§? — RP?—kaHoHuueckas npoekuusi cdepbl Ha NPCEKTHBHYIO
MIOCKOCTb. JloKaxuTe, 4TO €CiH Z—0pocTas 3aMKHYTass KpHBas B
RP% 10 p~1(Z)—uubo npocTas 3aMKHyTas XpuBas B S2, au6o
o0belHHEHHe JBYX HeMepPeceKatolunxcs MPOCTHIX 3aMKHYTHIX KpHBBIX.
(Vxa3anne: paccmoTpute I Kak o6pa3 HEKOTOPOro 3aMKHYTOro MyTH
B RP2%)

(k) Boiuncnte m(S'XSY, (1, 1)) npsamo u3 pesyabTaToB 3TOl
raaeb. (YKasanue: Hcnoabayst uactb (i) ynp. (d), Hafiamre Hakpbi-
paomee oTo6paxenne RXR — SIXSY, a satem Bocnoabayiitech
Teopemoii 17.8.)

(1) MNpeanonaras H3BecTHOH ORHOCBA3HOCTL S” MNpH n==2 (ymp.
15.16 (c)), noxaxure, uto ¢yHZameHTasbHas rpynma RP% npu
n = 2—uuKanyeckas nopsaika 2. Jlaree nokamxure, 4TO €CJAH p —
npocToe 4He/a0, TO QyHAaMenTasbHas IpPynna JHH30BOrO MPOCTPAHCTBA
L (p, q) uHKauyeckas nopsiika p.

(m) CymecTByeT /15 ToNoJOruuyeckoe npocTpaHcreo Y, pas xoro-
poro StXY romeomopduo RP? wau S%?

(n) Myere pr X — Y —mnakpoithe u X, Y —xaycaophoBsl npo-
cTpaHctea. Jlokaxure, 49to X TOrZa M TOJBKO TOTJa SBJSETCH
n-MepHBIM MHOToOGpa3ueM, Korfa Y ecTb n-MepHoe MHOrooGpasmue.

(o) Myers p: X — X —HakpeiTHe 4 Y -——HEKOTOPOE mpOCTpaH-
creo. [lpeanonoxkuM, uto f: ¥ — X umeer moguarue f: Y — X. Io-
Kaxute, uTo JoGylo romotonuio F: Y X/ - X, pas  koropoit
Fly, Oy=f(y), y €Y, MOXHO nogHaTe A0 romoronuu F: Y X/ — X
cFy, O)=fy), yev. N

(p) Nyers p: X — X —unakputie # f, g0 Y — X—nBa wenpe-
PLIBHBIX OTOGpaXKeHHsA, IS KOTophix pf=pg. IokaKnre, 410 MHO-
AECTBO TOYeK B Y, B KOTOpHIX f M g COBNAjaioT, OTKPHITO H 3aMK-
HYTO

Y} Cp. ¢ ynp. 18.4 (¢}, —Ilpum. ped.
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(q) Hycts p: X —> X — HaKpLITHE C AOKAILHO JHHEHHO CBA3HBIM
X (cm. ynp. 12.10 (j)). dokaxure, yto X TakKe JI0KaJbHO JHHe{HO
CBSI3HO.

(r) Croavmcenuem wnarpuitHs p: X —> X HasplBaeTcs OMEOMOp-
¢usm h: X — X, nsa xotoporo ph=p. IloKkaxkure, YTO MHOXKECTBO
BCEX CKOJBMKEHMII obpasyeT rpymuy.

(s) Hyers p: X —s X —nakpoitie, s KOTOpOTO X cBs3HO H
JIOKAIbHO JIMHEAHO CBA3HO. JlOKaMnTe, 4TO AeficTBHE TPyNNbI CKOJb-
XKeHUl HaKpLITUA p: X — X ma X coGerenno paspbiBHO 1),

Y) CuM. reopemy 21.8.— Hpum. ped.
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MYHOAMEHTATIBHAA TPYMMA
HAKPbLIBAIOLLIETrO MPOCTPAHCTBA

DTa raaBa MOCBALLCHA Tpyrmie n(X, X,) u ee cBA3M ¢
(X, x,), rae p: )2—>X-——Haprlme n p(x,)==x, Bomb-
IIHHCTBO PE€3YJ/IbTATOB CONEPKHUTCS B YMNPaKHEHHAX.

[TepBuiit pesyabTaT CJeAYyeT HENOCPEICTBEHHO W3 TEO-

pemnl 17.6.
18.1. Teopema. Ecau p: X — X —Hakpoimue ¢ makumu
x,€X, x,€X, umo p(X,) =X, MO uHOYUUPOBAHHDL 20-
MOMOPPUBM Dy n()?, fo)—wt(X, Xo) A8A8eMCA MOHO-
MODPUIMOM.

EcTecTBEHHO MOCTABHTb BOMPOC, UYTO HU3MEHHTCS, €CJH
W3MEHHTb TOUKH X, H ¥,. OTBET IaeT c/Ielyiomas

18.2. Teopema. Hycmb p: X — X —Hakpbimue ¢ AUHELRO

ceasnbim X. Ecau X, X, € X, mo ¢ X naigdemcs nymo f
us p (%) 8 p(xy), marod, umo u,pe(X, £o)=py (X, x,).

Jokasamenscmseo. [lyets g—nyTs B X u3 x0 B %i.
[lyte g ompenenser usoMopduam u, rpynm (X, x,) u
n(X, %)), Tak 410 U rc(X x)—n(X ). Ilpumenenne

~

romMoMopdu3Ma  p, AT Pl I (X, x)=p(X, %,). Ho
Puty==typs (M. ymp. 15.11 (¢)), Tak uto myTh f=pg
yILOBJIETBOpHeT HYXHBIM yCJOBHAM. [

Ecau B 70l Teopeme p (X)) = p (x,)=2Xy, TO NyTb [
onpeneaser ajnemedT [f] rpynnu :rt(X, X,) ¥, TakuM obpa-

30M, o o

n(X, %) =[f1" (et (X, WD
Jpyrumu cjoBavu, TOArpynnsl p,au(X, %) u p,o(X, x,)
conpsixenbl B 7 (X, x,). Ha cavom nene MOXHO yTBEpHK-
JaTth GoJblie:
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18.3. Teopema. /Tycms p: X — X —naxpsunue ¢ AUHEUHO
censnom  X. Ilpu x,€X  mHO%Mecmeo {pe (X, X,):
X, € p~1(x,)} ecme Kaacc conpamennocmu 8 m (X, x).

Hokasameascmeo, Mul yxe noxasanu, 4T0 JuoOble aBe
NOATPYMNIB U3 3TOTO MHOXMECTBa compsikeHnl. Ilpeamoso-
KHM Temepb, uTo H ——-noerpynnan(X X,), CONpAKEeHHAasA

ONHOH H3 MOATPYIN Pt a(X, x,). Takum ofpasom, H =
=7 Py (X, x,))o npu HekoTOpOM € n(X, x,). Tycrs
a=[f] n f—-no;mﬂme f ¢ Hasanom B x,. Torma p.m(X,
f(l))—ufp,,n (X, x,)=H, Tak uto H NpHHALIEKHT HaIle-
My MHOXeCTBY. []

JlpyrHe cOOTHOIEHHST MEXLY a(X, x) u a(X, x)
JAaIOTCS B KauecTBe YNpa)KHEHHH.

18.4. ¥Ynpaxeesusa. B stHx ynpaxueHusx p: X — X —HarpoiTHE
¢ JMHelno cBA3HEM X u x, € X.

(@) Hast £ € p=* (xo) 8 [f] € n(X, xo) onpenemnm 7-{f] pasen-
ctBoM x-[f]=7f (1), rae f —eanncTBeHHOE NOAHATHE |/ C HAYAJIOM B X.
HokaxuTe, 4YT0O STHM Onpefesieno npaBoe [JeHcTBHE  rpymmml
n (X, x) Ha MHOXectBe p—!(x,). (YKa3aume: MOCMOTpHTE 10Ka3a-
TeNbCTBO TeopeMbl 16.7 u ucnosb3yiite oGo3nauenue /, (f) as nog-
HATHA [ ¢ Hawa/loM B a.)

(b) Toeopar, uro rpymna G nefictayer MPAHIUMUGHO HA MHO-
mecrne S, ecnm A JuoGHX a, b € S HaildeTcsl TakoH SJeMeHT
g € G, uyto g.a=b. [pyrnmr ciosamn, S=G-a, opbute TOYKH

a € S. [oxaxure, uto (X, x() LelicTBYeT TPaH3NTHBHO Ha p~ ' (xy).

(c) JIokakuTe, 4TO CYLIECTBYET SKBHBAPHAHTHAR OTHOCHTENHHO
rpynnm (X, x,) Ouexuust MexAy p~!(xy) H MHOKeCTBOM npaBbix
CMeXHBIX KJaccoB rpymne (X, Xo) MO TONrpynue  p,m (X xo)
(Yka3anue: Bocrnogssyditecs ynp. 5.9 (d) ¢ 3amMeHOH JIeBBIX CMEXKHBIX
KJ1acCOB Ha IpaBble H MOXaXKHTe, UTO CTabuIH3aTop AedcTBHA Tt (X, xg)

a p=1 (xo) ectb po (X, %).)

(d) BuBeaute H3 (c), uyro ecau X ONHOCBS3HO, TO CYHIECTBYeT
9KBHUBADHAHTHAS OTHOCHTeNbHO JHeficTBHA 1 (X, x,) OHeKUHA MeXny
p~Y (xo) B (X, xo).

(e) TMoraxure, uro ecmu p: X —> X €CTb A-JMCTHOE HAKpHITHE
(r. e. p~1(xy) cocrouT 3 n TOYEK), TO p*n(X xp) — 1 (X, xp)
ABJIsieTCsT BKJOUEeHHEM MOArpynnsl HHAEKCa f.

() HonycteM, uTo (yHAaMeHTaJbHadg [pyMma npocTpaHerBa X
ecTb 7 W MHoxectBo p—!(x,) koneuno, Haiinute dyHaamenTanbuyio

rpynny npoctpanctsa X.
(g) Hokaxkurte, uto eciH X OJHOCBA3HO, TO P — FOMEOMOP(QH3M,
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(hy ITycte X=X. J[lokaxHTe, 4TO ecJH (yHIaMeHTalbHas
rpynna X KoHeuHa, To p—roMeoMopduam. OBszatensno Jn p Gyrer
romeomopduamoM, ecaH GyHIaMeHTalbHasg rpynna X GeckoHeuHa?

(i) HakpoitHe nHasbiBaercsl _pecyaspuois, ecin A HEKOTOpol
TOUKH %, € X noarpynna p,a (X, x,) HopMadabHa B (X, xo). Jdoka-
XKUTE, YTO eC/M f—3aMKHYTHIH MyTb B X H HaKPobiTHE PeryJsipHO, TO
Ju6o BCAKOe NMOJHATHE [ 3aMKHYTO, JHG0 HHKAaKOe MOJHSITHE He
3aMKHYTO.

(i) Hpeanonoxum, uro p: X — X —HaKPLITHE, NOJyueHHOE H3
co6ctBenno paspoiBroro fefictBuft G Ha X (1. e. X =X/G). [loka-
®KuTe, yro p: X — X peryaspuo ).

(k) Hdoxaxute, uTo p TOTA4 H TOJbKO TOTAa fBJISIEICS TOMEO-
MopduamoM, Koraa p,au (X, xg) =n (X, xg) 2).

1) Cm. teopemy 19.1 u gemmy 19.2. [IpH ecTecTBeHHBIX NONOJIHH-
TeJbHBIX OTPAHUUCHUAX CNPABEATHBO TaKXKe 06paTHOe yTBEpHICHHE,
cM. npegnoxenns 21.8—21.10.— [Tpum. ped,

2y Cm. ynp. (c) Buiuie.— [ pun. ped.
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OYHOAMEHTANBHASA TPYTNA
MPOCTPAHCTBA OPBUT

B sroft rnase Mpl Gynem npexnosarath, u4to X — -
HEHHO CBA3HOE [MPOCTPAHCTBO, HAa KOTOPOM OIPEAEJNeHO
COGCTBEHHO pa3peiBHOe jeficTere rpymmel G. Takum obpa-
3oM, p: X — X/G—unakpeitie. [lens 310l raaBsl— HalTH
cooTHOWeHHe MexAy G u QyHAaMeHTaJbHOH IPynnoHl mpo-
cTpancTBa op6ut X/G.

[Tyete x,€X u y,=p(x,) € X/G. 3ametum, uTo
Pt (y)={g-x: g€G}. Ecm [fl€n(X/G, y,), 10 cy-
IECTBYET €IMHCTBEHHOE MOAHATHE [ nyTd [ ¢ HauasoM B
Touke X, € X. daement f(1)€p~'(y,), u noromy cymecrt-
BYeT eIMHCTBEHHHI] 3/emMeHT g,€ G, TakoH, uto f(l)=
=g, x,. Cle1oBaresbHO, COOTBETCTBHE f—> g, onpenenser
oto6paxenne ¢: n(X/G, y,) — G.

19.1. Teopema. Omobpascenue ¢: n(X/G, y,) — G s8rs-
emesa 20MOMOPPUIMOM epynn.

Lokasameascmeo. PaccMoTpuM IBa 3aMKHYTHIX NyTH f,
f" B X/G B touke y, Ecan f’;}l——eﬂ,HHCTBeHHOE NOHSITHE
f«f' ¢ nauamom B x,€ X, TO f:f’:f*la (), rae f—enun-
CTBEHHOE TOJHATHE [ ¢ HauaJoM B Xx,, a [, (f')—emuuct-
BeHHOE noaHaATie f' ¢ HavaJoM B Touke a=f(1). 10 cJe-
AyeT u3 TOro, uto fxl,(f')—TaKke NOLHATHE f«f' ¢ na-
yasoM B Touke x, € X. [lycte f' —enuncrBennoe monms-
e f° ¢ magagom B Xy Tak Kak gff'—nozmﬂﬂ:le e
HauasoM 8 g, x, #a=f(l)=g, x,, 10, (f)=g, ['. Cne-
JOBaTeNbHO,

fef (1) =g, () =g, (gp- %) = (€81 %o
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Orcioga caeayer, ato @ ([f1[/' D=0 (/Do (/') n ¢—ro-
moMopusm. [

Brupcaum aApo romomopdusMa ¢.

19.2. Jlemma. Sdpo comomoppusma ¢: w(X/G, y,) — G
cosnadaem ¢ nodepynnot p,a(X, x,).

Jlokaszamenscmgo. SIAPO ¢ -—3TO  MHOXKECTBO TaKHX
snementoB [f]€ n(X/G, y,), uto ¢ [f]=1. 310 B TOUHOCTH
te snemenTh H3 @ (X/G, y,), Ans Kotopelx f(l)=x,, T. €.

f—samknyTtoiii nyte B X B Touke x, € X. Taxum oGpa-
30M, B3TO MHOXECTBO 3JIEMEHTOB [flen(X/G, y,) Buna

[pf] npr [flI€n (X, xo), T. & pst(X, x,). O

B uacrHocTH, p,t{X, x, —HOpMaJ/bHas NOATpynna B
a(X/G, y,), u noToMy onpejejena QakToprpynna
7 (X/G, Yo/ putt(X, Xo).

19.3. Teopema. pynnve nu (X/G, y,)/p.n (X, x,) u G uso-
MophHbL.

Jlokasameavemeo. HaM HYXHO TOJIbKO M0KasaTbh, YTO
romomoppuam ¢: w(X/G, y,) — G cioppektnsen. s
g € G obosnaunM uepe3 f, nyTb B X U3 X, B g'X,. Tem
caMbiM onpefieneH saemeHT [pf.J€n(X/G, y,). Tlo onpe-

Jie IEHHIO, (p([pfg])~x0=pfg(1), rae  pf,—enMHCTBEHHOE
noausiThe pf, C HauaaoM B X,. Ho Takum noauarsem sBJsi-
etea f, u [ (1)=g X, Takum o6pasom, ¢ ([pf, })=g, uto
M JIOKA3LIBaeT CIOPBEKTHBHOCTE @. []

19.4. Canepcteue. Ecau X odnocesano, mo n(X/G, y,) = G.

I3 3TOro CJeICTBHS MOXHO BHOBb NOJYYHTb pPE3YJb-
TaT ra. 16 o ToM, 4TO pyHAaMeHTa/bHas FpPyNna OKPyXK-
HOCTH €CTb Z. DTO CJIellyeT H3 TOro, YTO OKPYXKHOCTb S*
romeomopdra R/Z. TeMm ke CmocoGOM MOXHO BLIBECTH,
yTo ByHIaMeHTadbHas TPynna npocTpancTBa (S') = R7/Z"
usomopdua Z». [Ipyrue npuMepni, 4acTO OCHOBaHHBIE Ha
MpUBEAEHHBIX paHee YyNDaXXHEHHAX, COAEPHATCA B Clles
Aytoulell noASopke ynpaxHEHHH.
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19.5. Ynpamuenns. (a) llokamuie, uio tyngamentaasuas rpynna
JIMHB0BOIO 1pocTpanctsa L (p, ¢) usomopdua Z p. (B euay ynp. [5.16
(c) cepa S? oanocsaAsHA.)

(b) [okaxute, uro aas J0BOH KOHEUHO MOPOIKLEHHOI abeseBoii
rpymnsl G cyumiecTyer npoctpauctso Xg, dyHIaMeHTalbHast rpynna
Kotoporo papha (. (YuTHTe TOT ¢aKT, 9To G ecTb NpoOH3BencHHE He-
KOTOPOro 4YHcad 3K3eMIJASAPOB 7, U HECKOJbLKHX KOHEYHBIX UHKJIH-
YeCKHX Tpynim.)

(¢) Myetb Y'=C*/K, rae C* =C\{0} u K —rpynna romeomopdus-
MOB BuAa {9 n€ 7} ¢ ¢ (z)=4z. Jokaxure, HCH0AbL3YA  CAelCTBME
19.4, uto dynnamentanpuas rpynna Y ects 7 X 7%. (VKasanue. Haii-
AnTE OAHOCBA3HOE MpocrpancTBo X, rpynny G n B Heli HOPMAALHYIO
noarpynny H taxk, urober X 6bito G-npoctpamcteom, X/H = C* nu
G/H =K. Ilanee pocnois3yiiteck ynp. 5.13 (c).)

(d) Hokaxure, uto dopmyna Tz=z41--i onpejesaseTr romeo-
moppusm T: X — X, e X=Rx[0, 1] < C. [Nokaxnte, uTo eciu
G—rpynna roMeomopduaMoB, nOpoKAeHHas oTobpaxenueM T, To
X/G —nucr Mé6uyca. Buiseante otcrona, uTo dywaamenTaibuas rpyn-
na Jgucra Mé6uyca ecto 7.

(e} Ilokaxute, uto dyHAamenTanbHas rpymnma 6yThiiKu Kaefina
nmeer BHA G={amb" m, n€ 7, ba=a=1b}, 1. e. G—rpynna ¢ 1By~
Msi 00pa3yloIuMH ¢, b N OIHHM COOTHOLWEHHEM ba==g—1b.

(f) Iyets G cobersenno paspuiBHO geficTByer Ha X. Hanomuum,
4To, cornacko ynp. 18,4 (a), rpynna nu(X/G, y,) neiicteyer na p—! (o)
(cnpapa). Hokaxute, urto (g-x)-[f]=g-(x-[f]) upn SEG, xEp~1(yy)
i (f1€7 (X/G, go)-

(g) lyers G u H —rpynnel, feficTaylomue na Muoxectse S, npu-
ueM U nedicTsyer ciesa, a H —cnpasa. [lpeanotoxum, uto (g-x) -
~h=g-(x-h) 11a scex g€G, x€S, h€H. Hokaxute, uto ecan G
AeitcTByeT Ha S cBOGOANO W TPAH3WTHBHO, TO MOXKHO ONPEeNUTb IO-
moMophusm @: H — G rtak, uto6bl €ro 2,1p0 COBNALAI0 CO CTAGHIH-
3aTOPOM TOUKH X €S npy neitcteun A, rae S={g x,: 2€G}. (Yxa-
3aHue: onpefeaute ¢ (h) npu A€ H Kak eIMHCTBEHHBI 3JeMeHT g € G,
ANl KOTOPOro g-xg==Xq-h.)

(h) Tlpu nomoww (f) u (g) naiite nopoe nOKasaTenbcTRO TeopeMul
19.1 u aemmbr 19.2,

(i) lpu nomown () 1 ynp. 18.4 (c) nafite HOBOE [OKA3aTENbCTRO
Teopemb 19.3.
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TEOPEMA BOPCYKA —YJTAMA }
M TEOPEMA O C2HABWYE C BETYMHON

JlaguM HeCKOJbKO MPUJIOMKEHHH pe3ysabTaToB Mpejbl-
aymux rias. OHu oGo6wator pedysbTatsl ra. 10 u onu-
paiotcsi Ha TeopeMmy bBopcyka—VYiama (copmynuposad-
uyto C. Yaamom u jokasaunyio K. Bopcykom B madasze
30-x ronos).

20.1. Teopema. He cywgecmeyem HenpepsigHozo 0mobpasice-
nus ¢ St — S, npu komopom @ (—x)=—q (x).

Sta teopeMa 0000HlaeT pe3yabTaT O TOM, 4TO He Cy-
lleCTBYeT HelpephlBHOro ortobpaxeHusa ¢: S — SO, npu
KOTopoM ¢ (—x)=— @ (x) (Takoe OTOGpa)KeHHe JOJIKHO
GblI0 6bl ObITh CIOPHEKTHBHBIM, HO OKPYKHOCTb S! ¢Bf3-
Ha, a S°—Her). Ha camom aene cnpasenasus Gojee 06-
KA pe3yJabTaT: NpH 7 2= | He cyulecTByeT HempepuiBHOTO
otobpaxenus @: S* — S"71 npu KOTOPOM @ (—x)=— (x).
[lpu n > 2 N0Ka3aTeJbCTBO BBLIXOAUT 32 PAMKH 5TOH KHH-
I, TakK Kak OHO [O/LKHO HCNOJb30BAaTb APyTrHe CpPeicTBa,
HanpuMep BBICILHE TOMOTONHYECKHE [PYIIILL.

Hdaa nokasateascTBa Teopembl 20,1 ApeAnonomuM, 4To
CYLLECTBYET HeNpepbiBHOE OTOGpaxenne ¢: S* — S, npu
KoTopom @ (—x)= —¢ (x). [pynna Z,={x1} anrtuno-
JaJIbHO eficTByeT Ha S® 1 Ha St(1. e.a= 1. x=+x), 4 B oGOUX
cayuasx AeACTBHe COOCTBEHHO paspblBHO. Ec/H pyr ST —
— 8% 7, u p;i St — SYZ,—KaHOHHUECKHE NPOEKIUH, TO
@ HMHAYLUHPYeT HerlpepblBHOE ortobpaxeHue : S¥Z, —
— SYZ,, LI KOTOPOTrO p,¢==1yp,, a UMeHHO P ({tx})=
={4 ¢ (x)} {cM. n0okaszaTenbcTBO Teopemel 5.5). [lycTh
a=(l, 0, 0)€S8? rue, Kak OOLIUHO,

SE={(x, y, DER® x*fy*+ =1}
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[Mycts b= p, (@) € S%/Z,. Lcan | —nym B 5* us a B —a,
3ajaHHbIl Qopmyolt [(f)=(cosnt, sinaf, 0), 0Lt <<,
T0 p,f —3aMKHYTHIl NyTb B S%)Z, B Touke b. Mbl yTBep-
HKLaeM, 4T0 saeMeHT [p,f]€ n(S¥YZ,, b) yaosaersopsier
yeaIoBuIO [pof]*=[¢,]. Hmeem

(p2 (cos 2nt, sin2mnt, 0), 0t <172,
(Pafpaf) (F) =1 ps (cos (2t — 1) m, sin (2t — 1), 0),
{ 2<t <1,
= p, (cos 2n¢, sin2nf, 0), 0t =L 1.
Onpenenum F: [ X[ — 5% papeHcTBOM
F(t, s)=(s+(1—s)cos2nt, (1 —s)sin2nt,
V' 2s (1—s) (I —cos 2af)).

Mbl BHEuM, uTO p,Ft [ X[ — 8%/ Z,—HenpepbisHoe 0106-
paKeHHe, YAOBJETBOPAIOLLEE YCJIOBHSIM

paF (¢, 0)= (pufxpaf) (2),

sz(t» 1)=p2(1’ 0» 0)=6b(t),

pF (0, §)=p, (1, 0, 0)=p,F (1, 9),

OTKYJa CJEAYeT, UTo [p,f]t=={¢e,]€ n(S¥Z,, b).
Orobpaxenne P: S*/Z, — S'/Z, unHpyuupyer romomop-

pusm
Vu TS Zy, ) — (S Zy, (b)),

TaK 4TO [Yp,f1P=[ey ] € M (SYZ,, } (b)). OueBuano, uto
SYZy xS u a(S8'/Z,, V(b))={a" n€Z} npu HeKoTO-
pom a€n(SYZ, (b)) (Ha camom fene a=[p,g|, rae
g: [ — S* onpeseneno dopmyJoil g (¢) = exp nit € S1=Q).
U3 pasencra [Yp,f]*=[ey ] cienyer, uto [yp,f]=
==[&y )], BOCKOABKY [Yp,f]=af npu HekotOpom k, u
af=qb Bjeuer 3a cobON af =t

Sameuanue, Yup. 15.16 (c) yrBepxjaer, 4t0 chepa
S* oamocessHa (cM. Takxe caeicTBHe 23.9), mostomy H3
OpeAbIAYLIeH TJaBEl Mbl BBIBOAMM, 4TO (PyHAAMEHTAJIBHAS
rpynna S*%Z, ectb Z,. Crano GbiTh, {,— rOMOMOpPQH3IM
rpynnsl Z, B Z; 40 BCsKMil Takofl roMomMopdusm TpuBHAa-
JIeH, noatoMy [p,f]=[e, ;] € n (SYZ,, ¢ (b)). [peapiay-
liee paccyxkieHHe ObIO LIPOBEAEHO TOJBKO 3aTeM, YTO-
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Obl He HCIOJbL30BaTh pe3y/abTaThl YOPaxkKHeHHH H pe3y.b-
TaThl, KOTOpble OyAyT NOKa3aHbl [103Ke.

BosBpalasice K JokasartesancTBy Teopemnl 20.1, Bcriom-
HUM pe3yabTatsl . 17 W paccMOTPHM OJAHO3HAYHO OMN-
pesesieHHbIE TOAHATHA NyTel Pp,f U &y p B S ¢ HAYAIOM
B TouKke ¢ (@). VMu 4BJSIOTCH COOTBETCTBEHHO ¢f U &g (4
(nanomHuM, 4TO Yp,=p;¢). Ho ¢f (1)=¢ (—a)=—q(a),
TOT1d KaK £ o (1)=@ (a), YTO NPOTHBOPEUHUT PaBEHCTBY
[¥rsf]=[ey @] Iloaromy oTOGpaeHHA @ He CylIeCTByeT
(3ameTuM TaKxke, uto [p,f]==le,] € (S Z,, b)). O

20.2. Caepcreue. [Tycme 1 S? — R*—mnenpepoistoe omo6-
pagceriite, 048 Komopoeo f(—x)=—f(x) npu scex x € S2.
Toeda cywecmeyem mouxa x € S%, ¢ komopod [(x)=0.

Hokaszameavcmeo. Tlpeanonoxkum, 4to f(x)s=0 npu
BceX x €S%, u onmpereanm g: S — S' dopmynofi g (x) =
= [ (x)/|f (x)]. OrobpaxeHnue g HenpeprlBHO M g (—x)=
= —g(x), yTo mporuBopeuut Teopeme 20.1. ]

20.3. Caepcrsue. [Tycmeo [: S — R*-—Henpepoisroe omo-
6pancenue. Tozda cyuecmsyem mouxa x € S, 6 Komopod

[(x)=F(—x).

Hokazameascmso. Ecmu f(x)5=f(—x) npu Beex x € S%,
TO MOXHO ONpefenuTs g S — R? dopmynoil g (x) =f (x)—
— f(—x). D10 orToGpaKeHHEe HENPEPBIBHO H YLOBJETBO-
pseT ycJaoBHAM g(—x)= —g(x) U g(x)=~=0 nna Bcex
x € 8%, gto npotuBopeunT caeacteuio 20.2. [

Caencreie 20.3 ectb 06061eHHe caencteas 10.3. Oba
NPeAbIAYLIHX CAEACTBUS OCTAIOTCH CMPABEJIHBHIME H [DPH
sameHe S? u R? na S” u R~

Caencteue 20.3 yTBepKJ1ae€T, B YACTHOCTH, YTO HE
CYIIECTBYET HENPEPBIBHOTO HHBEKTHBHOIO OTOGDAXKEHHS
S$? B R% Orciofa HEMOCPEACTBEHHO MONYYaeTcs

20.4. CaepcrBue. [Huxkakoe nodmuoscecmso R wHe eomeo-
mophHo S2.

Kak n B ra. 10, mbl nomyuaem ¢H3HYECKylO HHTEp-
NpeTall 3TOTO yTBEP KALHIIS.

20.5. CaexcrBue. B 110000 MOMEHIN GPEMEHU HG 3eMHOL
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nosepxHOCMu HAi0emcs napa aHmunooaibHelx movex, 8 Ko-
MO pbLX OOHOBPEMEHHO COBRADAIOM memnepamypa 1 Oasienue.

AHaJstorom nepBoil TeopeMbl O GJIMHAX SIBJISIETCS 110~
pema o0 cIHOsuue ¢ GemuuHOl, KOTOpas yTBepKIaeT, 4YTO
TPeXCJIOHHBI CIHJBHY MOXKHO pas3pe3aTb TOYHO [10OM10JaM
OJIHHM B3MaxoMm Hoxa. TouHee, uMeeT MecTO

20.6. Teopema. [Iycmo A, B u C—oepanusiertbie no0mHo-
aecmea ) R Tocda ¢ R® wmadfemca naockocme, KOmopas
Oeaum kaxc0oe u3 HUX MOYHO nonoiam no o06vemy.

Hoxasameavcmeo. PaccyIeHUS aHaJOTHYHBI JI0KA3a-
TeqbcTBY Teopembl 10.5. MoxkHO cuurtath, uto A, B un C
Jgexkat BHyTpH cdepnt S B R® nuamerpa | ¢ uentpom
B Ttouke 0. [lpw x €S o6osnauum uepes D, xuamerp S,
npoxoAsiluil depe3 Touky x. Ilpu £ €/ ofo3HaunM uepes
P, njockocTs, nepneHankyJaApHy0 D, U Nmpoxoisulyio ue-
pe3 Touky Auamerpa D, Ha paccrosuud ¢ oT x. IlnockocTsb
P, pemur A wa nase uactH A, u A,, U3 KOTOPHIX A, G-
xke kK x, 4em A,. Onpepeanm o¢yukuud f;, f, pasen-
CTBaMH

fi(@)=o00beM A;, [,({)=o006pem A,.

OueBuiHoO, YTO f; W [,~—HenpepbiBHbIE QYHKIIHH, OTO-
Gpaxatouie otpesok / B R, npuueM [, MoHoTOHHO
He yObIBaeT, a f, MOHOTOHHO He Bo3spactaer. Cief0oBa-
TeqbHO, QyHKUHMA f: [ — R, onpenenennas kak f ()=, ({)—
—f.(f), HempepbiBHA W MOHOTOHHO He yObiBaet. [laJee,
f(0)= —F(1), Tak 4TO mNo TeopeMe O MHPOMEKYTOUHOM
3HaueHuu Haiigercs Takoe ¢ €[, uto f(f)=0. Tak xkax f
MOHOTOHHO He yOmlBaeT, To oHa oOpaliaeTcs B HyJb JHOO
B OfHOMl Touke @, /uG0 Ha otpeske [a, b]. B nepsom
cnyyae o803HauuM depe3 o (x) TOUKYy @, a BO BTOPOM —
Touky (a+-0)/2. Torpa Py, OdenmuT A Ha [IBe paBHbE
yacTH. 3ameTuM, uTo otobpamenue a: S — R HenpephBHO
U YIOBJIETBODPSAET YCJOBHIO & (¥)=1—a (—x).

Ananor {4HO MOXKHO ONpeesHTb HelpepHBHHE (yHK-
unn B, p: S — R, as1s kortopoix B (x)=1—f(—x), y(x)=

1) Kak u B teopeme 10.5, mpefnoJaraercs, 4T0 MHoZecTsa A,
B n C nmeoT obvem. — [lpus. nepes. '
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=1—y(—x) ¥ Py Py Aemir coorserctsento B u C
touyHo momnoJgam. Ilpu nomowwu ¢yHkumi o, p u y onpe-
neauMm Temepb ¢: S — R? paBeHcTBOM

@ (%) = (2 (x)—B (1), a(x)—7 ().
Tak xak o, §, U y HempepuiBHE, TO (p HenpepniBHO. [la-
Jee, ¢ (—x)= —q(x), Tak 4TO, COrJaacHo caeacTauio 20.2,
HafijeTcss Touka y €S, B Kortopoil ¢ (y)=0. Ho 310 03Ha-

yaer, 410 o{y)=P(y) =7y (y), no3TOMY MNJIOCKOCTE P,
nejqut A, B u C TouHO momnoJam.

20.7. YuopaxHeuus. (a) [lokaxurte, uTo 1pm n>==2 HE CYUIECTBYeT
HEMpPEPLIBHOTO 0TOOpaxenus ¢: S” — St, npu KoTopoM @ (—x)=—¢(x).

(b) Mpexnonoxum, uTo rpynna 7 , neicrayerna S* < C*n SIcC
caeflyomuM o6pasoMm:

k-(z1, 25)== (exp (2nik/p) z,, exp (2nikq/p) z,),
k-z=exp (2nik/p) 2,

rae kREZ ,={0, 1, ..., p—1} u g—nenoe 4uc/I0, E3AHMHO NPOCTOE
¢ p. IlokamxuTte, uTO He CYLIECTBYET 7, ,-5KBHBAPHAHTHOIO HENpephIB-
soro otoGpaxenus S® s Si.

(c) CywecTsyeT JiM B TpeXMepHOM I POCTPAHCTBE aHANOI BTOPOH
TeopeMbl 0 GaHHAX?

(d) Myere X u Y —npocTpancrsa, Ha KOTOPHIX COGCTBEHHO pas-
puiBHO gedictyeT rpynna G. Ilpeanonoxum Takue, uto @ X — Y
ecTb G-3KBHBapHaHTHOE HenpephiBHOoe oToGpaxenue. [lycts P: X/G —
— Y/G —oto6paxenye, HHAYIHPOBaHHOe OToGpaxenueM @. Jlokaxure,
yto romomopdusm P, : 1 (X/G, p (x0)) — 7 (Y/G, g (xp)) HHAYLHPYET
roMoMopdH3M

7 (X/G, p X))/ P (X, xo) = 0 (Y/G, gp(x0))/q47 (Y, @ (x0)),

KOTOpHil aABJseTc usomoppusmon, rpe p: X - X/Guq:Y -Y/G—
KaHOHHYECKHe TPOEKIIHH.

(e) Mpu nomowmu (d) faiiTe HOBOe OKa3aTeJabCTBO TeopeMsl Bop-
cyka — Y/ama H pesyapTata ynp. (b) (kaxjaoe B OJHY CTPOUKY).
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ELLIE O HAKPbIBAFOLLIMX MPOCTPAHCIBAX:
TEOPEMbI O NOAHATUU

Iycte p: X — X —unakpeitie # ft Y — X —uenpepeis-
Hoe oToGpamenne, npudeMm Y cBasHo. Hanommum, yTo,
KaK ObIO Mokasano B I, 17, ecinm noausitue f oroGpa-
xeHust f1Y — X cymecTsyeT, TO OHO (B CylleCTBeH-
HOM) eAMHCTBEeHHO. [lanee, ecJiM MOAHATHE [ CylecTBYeET,
TO CJelylolas AHarpaMma KOMMyTaTHBHA:

ﬂ(};;o)

7(Y.y0) Px
\

f* . ﬂﬂ(X,xo)

FOMOM0p¢>H3M Ps ABJISICTCSE MOHOMOP(H3MOM (Teopema 18.1)

H p*,*_f*' TaK uTo f, (Y, Yo) = p*f*ﬂ Y, Yo) S Pyl (X xo)
I/ITaK HeOOXOﬂHMbIM aJII‘erqueLKHM yCJIOBHEM CyLLLeCT-

BOBaHHUsA NOAHATHA [ sBJasetcs BRJodeHue [f,7(Y, ) N

< p(X, x,). OxaspiBaercsi, 570 ycqoBue OGyJleT # Jo-
CTAaTOYHBIM, €CJH HaNOMKHUTb OAHO JONOJHHUTEJBHOE YCJIO-
e Ha Y. Takum ofpa3om, YHCTO TOMOJIOrMYECKHH Bom-
poC 3KBHBAJIEHTEH YHCTO ajredpaudyeckoMmy Bompocy. Yc-
JIOBHE Ha Y COCTOUT B TOM, YTOGE OHO OBbLIO CBSI3HBIM
I JIOKaJbHO JIMHeHHO c¢BA3HEIM. [IpocTpaHcTBO Y Haswbl-
BAETCH AOKAALHO AUHELHO CBA3HbIM, eCU AJs Joboro y €Y
BCsIKasA OTKPLITAs OKPECTHOCTh TOYKH Y COAEPIKUT JIHHEHHO
CBA3HYIO OKDECTHOCTb 3TOH Touku (cm. ymp. 12,10 (j)).
Casi3HO® # JIOKAJIbHO JIMHEHHO CBA3HOE NPOCTPAHCTBO fIB-
Agetcsa JiHHeliHO CBA3HBIM. JloKameMm 3TO.
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21.1. Jlemma. Ecau Y c653HO U A0KQABHO AUHELHO C653HO,
mo Y auHelino C8A3HO.

Hokasameasvcmeo. 1lycTb y—HEKOTOpasd TouKa U3 Y u
U — MHOXKeCTBO ToueKk Y, KOTOPBIE MOXKHO COCJHHHTbH C y
nytem B Y. Ecan u € U, ToO u uMEET OTKPHITYIO JHHEHHO
CBSI3HYI0 OKPECTHOCTb V' (Tak Kak Y —OTKpbITas OKpecT-
HOCTb ¢ H Y —JIOKAJbHO JHHEHHO CBSI3HOE NPOCTPAHCTRBO).
Ecau v&V, 1o B V mnHafizercs nyTb W3 4 B U, a B Y—
nyTh H3 y B 4, TaK 4To B Y Hafijercs nyTb u3 y B 0.
Caepoparteanho, Vo U. D1uM nokasaHo, uto U OTKpBITO.
AnajioruunbM 06pasoM MOXKHO IOKasaTb, uTo Y\ U oO1-
KpbiTo, Tak uTo U OTKpBITO H 3aMKHYTO. Tak Kak y€ U,
3T0 MHOXKecTBO' He nycto. Ho Y cBssHo, n motomy U
JO/IKHO coBmaiatb ¢ Y, 4TO M JIOKasblBaeT JHHeEHYIO
CBSI3HOCTb Y.

21.2. Teopema. [Tycme p: X — X —naxpomue, Y —cga3-
HOe U A0KAAbHO AUHELHO CB83HOe Npocmparcmeo u Yy, €Y,

X, €EX, p(X)=2x, Jlaa HznpepbisHozo omobpasceHus [
Y — X ¢ f(y,)=x, mozda u moasko mozda cyuecmsyerm

noousmue f: Y — X ¢ fy,)=x, Kozda
[ (Y, o) © pat (X, %).

Joxasameavcmso. Mpl yxe BHIesH, UTO 3TO YCJAOBHe
HEeOOXOJHMO, OCTaeTcsl NPOBEPHTb ero AOCTATOUHOCTb. ITo-

9TOMy npeanonoxum, uto fum(Y, yo)cp*n(X X,), H 10-

KameM, uTO cyumlecTByeT noausitue |. Onpenenum f cae-
aytonm obpasom. Ilyets y €Y, u nycts @: [ — Y —nyts
BY us y, By Torna f(p—nyTb B X U3 ¥, B f(y) ITo
TeopeMe O HaKpBIBaollefi TOMOTONHH JAJIA nyTeH (Teope-

Ma 17.6 (i) CylecTByer e,Z[I/IHLTBeHHbIH nyTh f(p I — X,
IJ9  KOTOPOro /’(p(0)=x0 u pfq>=fq>. Onpenesm | (y)
Kak f?ﬁ(l) (pue. 21.1). _

Heosxnpanusiv  ofpasoM [ OKaselBaeTcs KOPPEKTHO

ONpeACJEHHBIM H HENPEDPLIBHBIM. IMok axemM cHayaJsa, 4To
[ xoppexktHo onpejeneno. LEAHHGTBEHHEHIH BHIGOp, KOTO-
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pbIff MBI JeJanaH, —3To BBIGOp NyTH ¢ H3 y, B y. llycts
Y—apyroil nyt B Y u3 y, B y. [lpoussenenne @sPp—
3aMKHYTBHIl 1yTe B Y B Touke y,. Mmeem

f* [(P*IIS] = [IL(P*hE] 6 f*ﬂi (Y’ yo)-

Ho f.u (Y, _l/o)Cp*fL(X, X,), H [OTOMy HafifeTcs 3auk-
HYTBI nyTe @ B X B TOuKe ¥,, A1 Kotoporo [fe«fp]=
=[pa]. Mcnoabsys pesyaptarsl ri. 14, noayuaem
fo ~ foxe, ~ fox (Fxfp) ~ (Fox/p) s/p ~ pasfy.

[lyTe o 3aMKHYT, 3HauurT, poc*flp=a*f\1‘p, B 110 Teopeme
0 MoHoApoMuM (Teopema 17.7)

~ o~ ~ ~

fo (1) = pashp (1) = (asfp) (1) = fp (1),
YTO H JOKa3blBACT KOPPEKTHOCTb OMpELeseHus f(y). 3a-

MeTHM, YTO /s OllpefeseHHs [ HaMm HyxKHa Oblja TOJbKO
JuHeliHasl CBSA3HOCTEL Y,

0 1 1
Puc.21.1

Hro6b1 f0Kasate, uTo f HenpepelBHO, notpebyertcs 10-
[IOJIHHTENbHOE NPEANOJOKEHHE O TOM, 4TO Y JIOKAaJbHO

JuHeino csasno. [lycts U —oTkpeiToe nogMuoxecteo X.
Mycts y€f~1(U); toraa U — OTKpBITasn OKPECTHOCTD [ ().
[lycts U'—npaBuipHO HaKpbITas OKPECTHOCTb TOYKH
pfy)=F(y), ama kotopoi U'cpU). Tlo onpenenenno
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p~ U= U V/, rie Kamxjoe V/ romeoMoptHo U’
jed

HO) €V, npu nekoropom k. Tak kak V, u U —oTkpbi-
Thle OKPECTHOCTH f(y), 1o W=V,nU—rakxe oTkpbiTas

OKPECTHOCTE f(y). Samemw 4TO p(W/)——npaBnJIbHo HAaK-
phITas OKPECTHOCTb f(y), Tak Kak U’ mpaBu/bHO HAKpbITa
u pW)cU'. OToﬁpameHne [ HempepeiBHO, H 0OTOMY
= (p (W))—OTKprTaﬂ OKpecTHOCTL TOUKH y & Y. Tak kak
Y JoKa/JbHO JHHEHHO CBSI3HO, TO HaHfeTcs JHHEHHO cBA3-
Has OTKpbITas OKpecTHOCTB V Toukm gy, Jexaumas B

[~ (p (W)). Mbi yTBepmAaeM uro f(V)cU. Ouesuao,
f(y)euU. Ecau ¢ —ﬂpy rag rouka u3 V, 1o B V nafigercs
NyTh @ U3 y B y', U NO ONpeAeNeHHI0 [ Mbl BHIHM, 4TO

f(y’) COBMajaer c f(p(l), rie fF(E——eAHHCTBeHHOE [IONHATHE

fo ¢ Hauasom B [ (y) (€CTH y—nyTb U3 y, B Y, TO |#(p —
T ~

nyTe H3 y, B Y, 1 f (P=@) (1) =f¢ (1) no Teopeme 0 HakpoI-

BalOlleH TOMOTOMHUH /12 nyTeH). Oﬁpas NyTH fo JNexur B

f(V)cp(W) 1 notoMy o6pas nyTu fcp JeKHT B p~t (p (W)).
Ho p™' (p(W))= U W,, rae W,—nonapuo nenepecekaio-
jed

i Hecst MHOXKecTBa, romeomopdueie p (W), u oano us nux,
Hanpumep W,, cosnagaer ¢ W. Tak kak }?p 0)=f wew,
TO /Ec\p(l)zf(y’)EW. tum nokasano, 4o f (V)eWcU,
H, caeaosaTenbho, Vcf='(U). Hrak, mobas Touka wus
f *(U) nmeeT OTKpBITYIO OKPECTHOCTL B f=* (U), Tak uto
f=*(U) otkpuito, u noromy f HenpepreBHO. [

3ameTHM ewe pas, 4TO AJs OnpejeseHus [ Mbl TpeGo-
BajH OT Y TOMbKO suHefinofl cBasHoctd. [ Henpepwis-

HOCTH f' HYXKHO, 4TOObI Y OBINO JIOKANBHO JIHHEAHO CBA3-
HeM. [lpuBedem Tenmepp npumep, MNOKA3BIBAIOIKH, YTO
ecau Y JHHEAHO CBA3HO, HO HE JIOKAJbHO JHHEHHO CBsi3-

HO, TOf He o6s3aTenbHO genpepeieno. Ilyete Y —cue-
Idytomee noiamHoxecTso R%: Y =AU BUC, rae

{9 B +yt=1, y=0},

{0, ) —1<x<0, y=0},

{(x, 9 0<x <1, y=(1/2) sin (n/x)}

I

A
B
C

I
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(puc. 21.2). ITo NpPOCTPAHCTBO HA3RIBACTCH NOABCKOU OK-
PYINCHOCHLBIO.

OueBngHo, uto Y JmHefiHo cBsisHo. Jlanmee, Tak Kak
BUC ue gBnsiercd JHHEHHO CBHA3HLIM, TO Y OAHOCBA3HO

Puc.21.2

M He JIOKaJkHO JMHeHHo cBfA3HO. PaccMoTpuMm HakphiTHE
e R — 8 u nyers fi Y — S'—otoGpaxenue, onperesneH-
Hoe $opMysaamu

Fix )_{(x, Y mpH (¥, y)€ACY,
9= (x, ——-Vl—xz) npu  (x, y) EBYCCcY.

OueBupno, uto [ HenmpepwiBHO. [losaras y,=(1, 0),

X,=0, MBl BHANM, YTO yesosre [ (Y, yo) S py (X, x:l)
BLINOJIHEHO (37ech p=e, X =R). Moxuo ompenemuts f,
KaK B JOKa3aTessCTBe Teopembl 21.2, ¥ noay4yutb
- {(arccos x)/2n npu (x, y) €A UB,
fe, m)= .
{ (arccos x)/2n—1  npu  (x, y) €C.

Ouesuano, uto pf=/{, f(l, 0)=0, HO [ paspeIBHO B TO4Y-
e (0, 0)eY.
[Tpusenem neckosbko caefcTBuit Teopemel 21.2. [lepsoe
M3 HHX He HYKI3eTcs B JOKa3aTeJsbCTBE.

21.3. Cnenctue. Ecau Y 00HOCGA3HO Ui NOKAAGHO ANUHELHO
C8A3HO, MO GeaKoe Henpepolgtoe omobpascenue fiY — X
nodrumaemes do fr Y — X.

21.4. Caencrsue. [Tycmo p;i X;— X, pyi Xy — X—dsa

Hakpoumus, s wkomopeix X; u X, C6A3HOL U AOKAABHO
AuReldno cesasnot. Tlycmes Xy, X,, X,—OMMEUEHNbIE MOYKU
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8 X;, X,, X coomeemecmeenno, npudem Py (Xy) == p, (Xy) = Xq.
Ecau pl*I}(Xl-, X)) =Py (X Xp), MO cyweemsyem cox-
PAHAOWUE OmMedeHble mouku eomeomoppuam hi X; — X,,
npu Komopom p.h=p.

Hokasameavcmeo. HakpeiBatoline otoGpaxenus p; H
pa_ MOAHHMAIOTCS 10 OTOGpazkeHHi }1 U p,, TAaKHX, 49TO
PaPy=Pp; U pipy=py. llycts £P=P2P13 ~)<1' — X,; Toraa

P1§ = D1 (P2P1) = (P1P2) P1 = PPy == Py
Hanee, ¢ (x,)=1x;; 103TOMy, COrJIacHO cJeAcTBHIO 17.5,
otofpaKeHue ¢ TOXKACCTBEHHO, T. €. 5251=1. Mensasn
Mmectamu X; H X,, yOexpaeMmcs, 4TO f)l,;)?=l. Urax,
Py U Py—TOMEOMOP(H3MEI, H HAIUE yTBEp:KICHHe noJy-
yaercs BasTHEM A=p,. []

B gactHOM caydae OAHOCBA3HBIX NPOCTPAHCTBE X; U X,
noJy4aem

21.5. CaeactBue. [lycme p;: X, — X, py: Xy — X—0sa
HaKpoLmusa ¢ 00HOCBA3HBIMU U AOKAALHO AUNELHO CBAZHLIMU
npocmparcmeanu X, u X,. Toeda cyuwecmeyem 20meomop-
Gusm h: X, — X,, npu komopom pyh==p,.

K3 Teopembl 15.9 serko caenayer yTsep:kieHue, oGpat-
Hoe cjeiacteuio 21.4.

21.6. CaeactBue. [Tycme p;i X;— X, pyi X, — X —Ha-
KpbUmUs ¢O CEA3HOIMU 1 AOKQAALHO AUHEIHO COS3HbIMU f1p0-
cmpancmeanu X, u X, [lycms xy, x,, Xx,—OMmmeuerHble
moukw, npudem p,(x)=p, (X)) =x, Ecau cywecmeyem
omeomopusm  h: X;— X,, npu Komopom p.h=p, u
hx)=x,, mo Pyt (Xy, x1)=Past(Xy, Xy)

Bynem roBopuTb, 4TO [Ba Hakpeltud p;: X, — X,
P2t Xo— X aKsusasenmrb, €Cad CyUIeCTBYET [OMEOMOp-
dusm A X;— X,, 0pu KOTOpPOM p.h==p,. 3aveTuM, 4TO
5TOT romeoMmopduam He o0f3aH [epeBOAHTL OTMEUEHHYIO
TOUKy B oOTMeueHHywo. [lonyuaem obobLieHne cjeACTBHi
21.4 u 21.6:

21.7. Teopema. [Iycmo pyt Xy — X, pyt X, — X —mHakpor-
MUA CO CBAZHBIMU U AOKAALHO AUHEUHO c8A3HbIMU X, U X,.
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yeme x,, X, Xo—OMMEUEHHbIE MOUKU, HPUdes py(Xy) =
= p, (X,) =X, Imu Hakpomus moeda u moavko mozda
sxsusasenmuol,  kozda  nodepynnet  pya(Xy, %) d
Doy (Xy, X,) conpsisicensr 8 epynne m(X, x,).

Jlokaszameabcmeo. ITO HENOCPEACTBEHHO BEITEKaeT H3
caepcteuit 21.4, 21.6 u Teopemn 18.3. [

I'pynnoti ckoavacenuti Hakpbhitaa p: X — X HasblBaeTcs
rpynna Bcex romeomopdusmo h: X — X, mpu KOTOpHIX
ph=p (cm. ynp. 17.9(r)). Dra rpynna obo3nadyaercs
G(X, p, X). Ouesuauo, uro X ectb G(X, p, X)-nmpo-
CTPaHCTBO.

21.8. Teopema. Ecau X ¢8A3H0 U A0KAAGHO AUHELHO CBA3HO,

mo deticmeue epynner G(X, p, X) na X cobecmeenno pas-
PBIGHO.

Joxasameavcmeo. Tlycts x—mo6as Touka U3 X u U —
npaBuJBHO HAKPbITasi OKPecTHOCTb ToukH p(x). Toraa
p~* (U)— n43bI0HK THOE ofbennHenne muoxects {V,, j€ J},
npuueM x €V, aas HekoToporo k. [lyetb A€ G(X, p, X).
Ecau h(x)==x, To, corsacHo caeiactsuio 17.5, oToGpaxke-
nue h ToXJecTBeHHO. pyrumu caosamu, ecau hsg: 1, TO
h(x) #%x. Tak kak ph(x)=p(x), 10 h(x)€V, npn Hexo-
topom (. Hanee, ec V,=V,, 16 h(x)=1x. Orcrona 3a-
KJaogaem, uto ecan h==1, 10 x €V, u h(x)€V, npuuem
V.nV,=o.

MoxkHO cunTaTb. 4TOo {/ J/MHEHHO CBAA3HO, NOCKOJIBKY
X (a caenosateqbio, U X) JIOKaJbHO JKHEHHO CBA3HO.
Urak, kampgoe u3 muoxects V,, j€J, nuHe#iHO cBA3HO.
Hwmeem ph (V,)=U, rtak uto h(V,)= UV,. Ho muoxecrtsa

Iy

V, j€J, uneiino cBssupl 0 A(x) €V, npu HEKOTOPOM
x€V, omxyna hA{V,)cV, u notomy V,nh(V,)=d.
DM jokasaHo, 4to AedictBue rpynnsl G(X, p, X) cober-
BEHHO pa3pbiBHO. []

Mcnonb3ys 9TOT W HeKOTOpble (pejbIAyIIHe pe3y b
TATHI, TIPHXOAUM K CJEAYIOUUM HHTEPECHBIM 3aKJTIONEHHSM.
21.9. Teopema. [Tycme X 65310 u AOKAAGHO AUHELIHO
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c6:310. Ecau p,n (X, x(,)—-—Hopma/szaﬂ nodepynna n (X, x,),
mo X eomeomopipro X/G (X, p, X).

Hokazameavcmeo. Tak Kak p,m (X E)—Hopmanbﬂaﬂ
MOArpymnna, To u3 Teopemel 18.3 cienyet, 4to p.(X, x)
=p,.m (X X,) MR Bcex X, € p~t(x,); NpH 3ToM p(x) =
= x,=p(x,). Cornacuo caegcteuio 21.4, 8 G(X, p, X)

HafijleTcsi 3JeMeHT A, A/ KOTOpOro h(x ) = x;. O6partHo,
ecan h(X,) —x1 NMpH HEKOTOPOM K € G(X, p, X), 10 oue-
BHAHO, 4TO p (X,)=p (X,). H7aK, rpynna G(X, p, X)
OTOXKIECTBJIAET TOYKH nNpocTpaHctBa X TOUHO TaK iKe,
Kak p. DTumM JokasaHo, 4To mexay X u X/G(X, p, X)
HMEETCS B3aWMHO OJHO3HayHoe cooTBeTcTBHE. OHO ABJSA-

eTcs l"OMeOMOp(pHSMOM NIOTOMY 4TO KaxKA0€ H3 3THX MHO-
KECTB HMEET ECTeCTBeHHYlO CpaKTOpTOHOJIOFI/I}O onpenaesasne-

mylo npoexmusivi pi X — X u n: X — X/G(X, p, X). O

21.10. Caexcteue. [Tycme X C6A3HO 1 N0KAABHO AUNELHO
c8a310. Ecau p,nt (X xo)—-uop/ua/lbuaﬂnodepynnan(X Xo)s
mo w(X, x)/p. (X, x)=G(X, p, X).

Jlokasameavcmeo. IT0 HENOCPeA:TBEHHO BBITEKAET H3
Teopem 21.9 w 19.3. [

21.11. Caepcreue. Fcau X 00HOCGASHO 1 A0KGALHO Aus
Helno ceasno, mo n (X, x,) == G (X, p, X).

21.12 Ynpaxnenusa. (a) [lokaxure, 4to mnognpocrpasctso P npamoit
R, onpenenennoe kax P {0, 1/n: n— saTypaibHoe uYHCJO}, He sBJs:
eTcs JOKAaAbHO JIHHElHO CBﬂ3HbIM

(b) Myctb py2 Xy — S, py: Xy — ST cyTb n-JUCTHBIE HAKPLITHA
(n— HaTypaJibHOe YHCJO). Hoxamme YTO OHH 3KBHUBAJIEHTHBI,

(c) OmpenenuTte Bce HAKPEIBAKOMIKE NPOCTPAHCTBA /sl CJAEAYIOUHX
npoctpancrs: (i) 8§, (i) S'XS!, (iii) 0AHOCBA3HOrO H JIOKaJbHO
JIHHEHHO CBSZHOI'O MPOCTPAaHCTBA X.

(d) IMyerb py: Xy — X, pyt Xy — X — HAKPHITHA CBAZHOTG H JIO-
KaJbHO JHHeHHO c¢BA3HOro mpoctpanctea X. (i) Jokaxkure, 410 ecan
CYILLECTBYET HEMpephlBHOE CIOPBEKTHBHOE oToGpaxenue f: X; — X,
N pH KOTOpOM pof =p1, TO OHO aBJIsieTC HAKPLIBAIOWAM OTOOpANKE-
HHeM. (ii) Jokaxure, yto eciH X, JHHeHO CBS3HO H CYIECTBYET
HempepelBHOE oroﬁpa;xermef X — Xg, UIPH KOTOPOM pof = py, TOf —
HakK pbiBaiolee 0Tob paKeHue,
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(e) Myery py: Xy — X 8 pyt Xy — X —wuakpwirus, npuuem X
OJHOCBAISHO H JIOKAJEHO JIHHEHHO CBA3HO, 8 X, CBSA3HO W JIOKAJbHO
JuHeHHO cBA3HO. J[OKaXHTe, YTO CYILECTBYET HENpepbiBHOE HAKpHI-

Baiowee otofpamenue p: X; — X,.
(fy Mycrs X —ceasuoe G-npocTpaHcTBO, npHueMm aeiicteue G Ha

X cobcTBenno paspeiBio. JIOKaxuTe, 4TO TPYINIIa CKOJLKEHHH HaKphi-
tHa p: X — X/G cosnajpaer ¢ G.

(g) Mycers p: X — X —Hakpbl1He €O CBA3SHBIM H JIOKAJILHO JIH-

HellHO cBfI3HLIM npoctpaHcteoM X. Hokawxuie, uto G (X, p, X) peii-
creyeT Ha p~! (xo). Ianee nokaxure, uto geficteue G (X, p, X) ua

p~1l(x¢) TOrga H TONLKO TOTJA TPAH3HTHBHO, KOTAA p,T (X, xo) —
HopMasbuas momrpynna m(X, xo) (ompeje/ieHHe TPAaH3HTHBHOLO Jeii-
cTBug c¢M. B ymp. 18.4 (b)).
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ELLUE O HAKPbIBAKOLLIMX MPOCTPAHCTBAX:
TEOPEMbl CYLLIEECTBOBAHUA

B npenwlaywieli riape Mbl 110Kas3ald, YTO HaKkpbiTHe
p: X — X ounpejensieTcsi ¢ TOYHOCTHIO 10 3KBUBAJICH THOCTH

KJ1aCCOM COTpSKEHHBIX TOArpynn p, (X, xo) B (X, x).
EcTecTBeHHO CIPOCHTh, CYWECTBYET JH I JaHHOIO
KJacca CONpsKEHHbIX moarpynn (X, x) HakpbiTHe
p: X — X, orBeuaiomlee 31oMy KJaccy. Kak Mbl MOoKaxeM
JaJjiee, OTBeT MOJOKHTeJEeH, ecan X YJOBJETBOPAET ele
HEKOTOPbIM JOMOJHHTR/IBHBIM YCJIOBHAM (KpOME CBSIBHOCTH
U JOKaJbHON JuHeHHOA cBsi3HOCTH). Bcerga cyuiectByet
HAaKpPBITHE, COOTBETCTBYIOWIEE KJacCy CONPsKEHHOCTH BCel
dynnaventanbhoii rpynms X, a umenuo | X — X. Ho
OHO He mpejcTaBaseT uHTepeca. Hanmporus, nakpertue, co-
OTBETCTBYIOUIEE KJACCy COMPSKEeHHOCTH TPHBHAIbHOA MOA-
rpynnbl, OYeHb HHTEPECHO. IJTO HAKPBITHE, €CJH OHO
CYUIECTBYET AJs1 JaHHOro X, Ha3bBACTCSH YHUBLPCAALHOLM
Haxpoimues upoctpanctsa X. Hrak, yHuBepcasibHOe Ha-

KpeitHe X —3T10 HakpbitHe pi X — X, A1s KOTOPOro X
OJIHOCBA3HO. Bckope Mbl jagum HeOGXOJAMMOE W J0CTATOY-
HOE YCJIOBUE CyLLeCTBOBAHHA YHHBEPCANbHOr O HaKPbITHsS X.

[lycts p: X — X —yHuBepcaibHoe Hakpbitie X. Eciu
x—Jmobasg Touka U3 X U x € p~(x), TO HafjeTcs npa-
BHJIBHO HAKpbiTash OKPeCTHOCTh U TOUKH X, A/l KOTOPOf
p~ (U) sBAsIeTC JIM3LIOHKTHBIM OODbeJHHEHHeM MHOMKEeCTB
{V, j€J}, ux€V, npu uekotopom k. O6oznauum V,
yepes V. [duarpamma
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V——X
PV l P
U___l__)x

NPUBOAUT K KOMMYTaTHBHOH JuarpamMve (QyHIaMeHTalbHBIX
rpynn

(V%) —s n(z,'a‘c)
(I, l ; l e
n(U.x) ——; 7(X,7)

Oro6paxenne p[ViV — U —romeomopdusm, 1 notomy
(P V)4 —n3omopdusm. Tak kak p:X — X —yunsepcan-

HOC HakpheiTHe, TO rpynna m (X, x) TpuBHa/dbHa, H OTOG-
paxeHue {, IO/KHO GLITb TPHBHAIBHLIM FOMOMOPdH3IMOM,
T. €. i, (2)=[e,] a5 Bcex a € (U, x). DTHM MOKa3aHo,

4To ecau p: X — X — yHuBepcanbHOe HakpnitHe X, TO Jio-
6as Touka x € X umeer okpectHocThb U, Aas KOTOPOM
romoMopusm n (U, x)— n(X, x) tpuBuaneu. [Ipoctpan-
CTBO X C TakKMM CBOHACTBOM Has3blBAeTCH N0AYAOKANLHO
odnocengnein. Takum o6pasom, npocTpancTso X NoJyJIo-
KaJIbHO OJAHOCBSI3HO B TOM H TOJNLKO B TOM CJyyae, eCcJ
AJst J1i060# TOUKK X € X HalileTcs Takas OKpecTHOCTb U,
4yTo MO0 saMKHYTHH NyThb B {/ B TOUKe X 3KBHBAJEH-
TeH B X [OCTOAHHOMY OyTH e&,. 3aMeTuMm, 4TO OpH CTS-
THBAHMM 3aMKHYTOrO nyTH, Jexaero B U, B TOuky x
JOnyCTHM BBIXOA 33 npeflessl U/, 3aMeTHM Takxke, 4TO
eciv U-——Takas OKDeCTHOCTh X, YTO BCSAKHH 3aMKHYTHI
nyts B U B TOYKe X 5KBHBaJEHTeH B’ X MOCTOSHHOMY
nyTtd, T0 J06an okpectHocTs (/' TOuKu x, jexkamasi B
U, takxe of1afaeT 3TUM CBOHCTBOM.

HauGosiee nutepecHbie npocTpancTsa sBJSIOTCA nOAY-
JIOKQJIbHO OAHOCBfISHBIMH (CM. YNpa)KHEHUR), U [PHUAETCS
Kak CJelyeT NOAyMath, YTOOLI NPHBECTH NPHMED CBSI3HOO
¥ JIOKAJbHO JIMHEHHO CBASHOrO MPOCTPAHCTBA, HE SBJISIO-
LIerocs MOJyJOKAMbHO OAHOCBA3HBIM. TakuM mpuMepom



TEOPEMBI CYUIECTBOBAHUS 197

MOXeT CJIyXUTb moinpoctpancTso X< R?, 3ajganHoe Kak
X= U C,, rae C,—OKpyxHOCTb ¢ uenrpom (l/n, 0) € R?
n>0

pamuyca 1/n. Touka (0, 0) € X He ynoBIeTBOpSIET yCJAOBHIO
MOJYJIOKaJbHO! OJHOCBA3HOCTH npoctpancTBa X. Takum
06pa3oM, S5TO MPOCTPAHCTBO HE HMEeT YHUBEPCAJbHOIO
HaK pBITHSL.

OT0 HeOOXOAMMOE YCJIOBHE CYIIECTBOBAaHHA YHHBEp-
CasNbHOTO HAKpbITHA MpocTpaHcTBa X SABJSETCA Ha CaMOM
Jesie d JOCTaTOYHBIM.

22.1. Teopema. C8A3H02 U N0KAAGHO AUHELHO C8A3HOE
npocmparicmeo X moeda u moavko moeda obiadaem yHu-
gepcaroroim Hakpoimuenm p: X — X, ko20a X ROAYAOKAALHO
OOHOCBA3HO.

Jloxasamenocmeo. CHayana nmocTpoMM NpOCTPaHCTBO X
u orobpawenue p: X — X, a 3aTeM MOKaxeM, 4TO OHH
o6sajaloT HyxHbIMH cBodcTBamHu. [lycTb x, € X —orMme-
yeHHas TOYKa U X -—MHOXKECTBO KJAacCOB 3KBHBAJEHTHO-
cTH myTedl ¢ HayaaoM B X, (cM. onpenesenue 14.1). Ta-
KuM obpasoM,

X={lalias | = X, a(0)=2x, [a]=[B]oa ~p}.

Onpenennm tenepb pi X — X pasenctsom p([a])=a (1).

Tenepb HyxHO BBeCTH Ha X rononorui. Ilycts U ot-
Kpbito B X U i [ — X —1yTb ¢ HayajoM B X, H KOHILOM
B HekoTopoil Touke X; € U. Onpenenum [U, a] kak

[U, a]={[as8]:f1 ] — X, B(O)=a(l), B(/)cU}.

Jpyrumu caosamu, [U, @] cOCTOMT H3 KJaccoB 3KBHBa-
JeHTHocTH nyTedl axf, rAe P HauuHaerca B a(l) n umenu-
KoM JexxuT B . Hcnosnb3yeM »TH MHOXKeCTBa [/ ollpe-

fenenus romosorun U Ha X CelyloMUM 06pa3oM: OTHe-
ceM k ronoyorun U mHOXecTBa J, X n npousBonbHbIe
obbeanHenns noamuoxects X suaa [U, a]. Uro6bl npo-
BEpHTb, 4TO A —TOMOJIOr Usl Ha X, BoCTaToOYHO NMPOBEpPHTD,
yTo nepeceueHue ABYX MHOXecTB M3 U npunamiexut U
(Bce OCTaNbHbie aKCHOMbI TOMOJIOTHH BBITONHATCA TpH-

BuasbHO)., [lokamem cHauana, uto ecau [y]€[U, a], to
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[U, v]=[U, a]. Tak xak [y]€[U, a], To nafigerca nyt
B, nexkamu#h B U, ana xoroporo [y]=[axp]. Ecan 6 —
Mo6oit myTe B U ¢ navanom B P (1), o [y#0]=[(axp)x0] =
= [ax(x0)], orkyna caeayer, uto [U, a]>[U, y]. To ke
camoe paccyxJeHHe mokaseiBaet, yto [U, a]<[U, 7v],
Tak  yro [U, vy]=[U, «]. Paccmorpum Tenepb
(U, alnU’, o], rre [U, a] u {U’, a’'] npunaan-
qexat U. Ecoim BE[U, aln[U’, a'], 10 [U, p]=[U, a]
u [U', p]=[U’, a’']. HemocpencTBeHHo oueBHAHO, 4TO
WnUs, pleU, a]n[U’, @'] n, crenosatensto, [U, a]n
N{U’, a'] sBasercs OOBCAHHEHHEM MHOXKECTB BHAA
{LUNU' B]: BE[U, a]n[U’, a]}, a notomy [U, aln
N[U’', a’']€U. Tlposepky TOro, 4To nepeceyeHue MoOOHIX
ABYX MHoxecTB u3 U npunaanexutr U, bl ocrabisem
apraTesao (370 npocto). Takum obpasoM, U—rtonosorus

Ha X. i

[IpoBepum Tenepb, 4To oTobpaxenue p: X — X Hen-
pepeiBHO. [lycth U —otkpnitoe noamuoxectso X. Ecan
p~1(U) nycro, npoBepsitTb Hewero. [Ipeanosomum, 4To
[@]€p~ (U); Torna no onpepenenuto [U, a]—oTkphiToe
HOAMHOXecTBO X H

p (U, al)={(:p)(1): [e=p] €[U, a]}=
={B(1): [a=B] € [U, a]}<=U,

TaK Kak 1o onpeleseHiio mHoxectsa [U, a] nytu B je-

xar B U. llostomy p*(U)= U [U, o] ssasetcs
N fale p~ 4 U

OTKPHITBIM MHOXECTBOM B X W p HENpPephIBHO.

Janee mposepuM, uyto p: X — X CIOPBEKTHBHO. IT0
NpocTO, NOTOMY 4YTO ecadu x € X, To Hafifercs nyte B X
C HayaJIoM B X, H KOHUOM B X (NpoCTPaHcTBO X JuHefiHo
csasno). OueBuano, uto [a]€ X n p([a])=x.

Urobbl nokasath, 410 p: X — X —HakpbiTHe, HAM OCTa-
JIOCb NPOBEPHTD, UTO Ji06as Toyka H3 X UMeeT NPABHJBbHO
HaKpBITYIO OKpecTHOCTb. [lyetb x€ X u V —oTkphras
JIHHEAHO CBA3HAs OKPeCTHOCTb, AJIS KOTOPOH BCRKHH Je-
XKalnid B Hell 3aMKHYTHI NyThb B TOYKE X SKBHBAJICHTEH
B X noctosHuoMy nytn &, Umeem p=2 (V)= uy [V, al.

leJep=t(V)
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ECJIH[V a]N[V,B] = &, To naitgercs anement [y] €[V, x| N

V, Bl n notowy [V, y]=[V, o] n [V, 1= Bl
Tax a1 [V, a]=[V, B]. Otum nokasano, uto p~
JHBLIOHKTHOE OGbeHHeHH e OTKPBITHIX MHOXECTB. nymo
MoKas3aTb, 4TO p roveoMopdHo oTofpaxaeT Kakioe H3
3THX MHOxecTB Ha V. OrtoGpaxenne p.=p|[V, a]:
[V, @] — V HenpepniBHO Kak OrpaHuHuyeHHe HEMpPEepPEIBHOIO
otobpaxenus. Ilpu x €V nycts p—unekotopbii nyts B V
u3 a(l) B x; Toraa [axB]€[V, a] u p([osp])=x. ODrum
0Ka3aHo, YTO Py CIOPBEKTHBHO.

UTo6bl A0Ka3aTh HHBEKTHBHOCTb pg, MPEANONOKHM,
4TO Pg ([oxP]) == po ([otsy]) 405t HEKOTOPBIX 3eMeHTOB [t ],
[axyp] €[V, a]. Torna B u y UMEIOT OZHH H Te Ke KOHIUEL
[Mostomy nytb Pxy 3amxHyT W sexut B V. [lo Hamemy
BbIGOpY V 3TOT NyTh 3KBUBajJeHTeH B X MOCTOSHHOMY
nytd e, B uyactHoctH, f~9, u notomy [oxf]=[oaxy],
OTKYZa CJAefyeT HHBEKTHBHOCTb pPg.

Uro6bl 3aBepmdTh JOKa3aTebcTBO OMEOMOP(HOCTH
oTOOpaxKeHHs! Py, OCTAJOCh MPOBEPHTH, UYTO pg' Hempe-
PBIBHO, HJIH, YTO TO e caMoe, YTO p, — OTKPEITOe OTOGpa-
xenue. Ilycts [W, B] orxpwito B [V, o] Toraa N =
=p([W, p])—>310 MHO)KecTBO TOuek H3 W, KOTOpLIE MOXKHO
COCMHHTD NMyTeM B W cpB(1). dna MoGoro y € N maiigerca
OTKpEITOE JMHeHAHO cBsA3Hoe noamHoxectso W =W, conep-
Kamee y. Tak kKak y€N u W HHERHHO CBSI3HO, TO
W,cN, u noromy N= y W,k Hrax, p (W, BD)=N

yeN
OTKPHITO H pa——FOMeOMOp(bI/IBM; 3TO 3aBepluaeT JoKasa-
TeMbCTBO TOro, 4To pi X — X — HaKpHITHE.

Uto06bl 3aKOHYHTL A0Ka3aTeNbCTBO TeopeMul 22.1, ocra-

JIOCb TPOBEPHTH, YTO X oanocesizHo. [lokaxkem cHauada,

gto X JmHeitHo cesisHo. [lycth x,=[e]—KJaacc sKBuBa-
JIEHTHOCTH MOCTOSIHHOrO MyTH & B TOYKE X, H [ot] —Ipons-

Bo/bHBIA saemeHT X. Onpemesum ot [ — X Kak a(s) =
=[a], s€/, rue as(f)=a(st), t€l. Toraa &——HyTb
B X us x, B [o]. dtuM fokasano, uto X JHHEHHO CBA3HO
(3aMeTHM, YTO O — NOJHATHE Q). B .

[ycts P—samMgHyTHIL NyTh B X B Touke X, B cuay
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€IHHCTBE HHOCTH NOAHATHH, [3=;[3, H NIOTOMY
[pB]={p (B)] =[PP (1)] =X, =[],

Hrak, nyts P = pp 3KBHBaJeHTEH NOCTOSHHOMY OYTH

B X, u noroMy X OZHOCBS3HO, H J0OKa3aTeJbCTBO TEO-
peMbl 22.1 3akoHueHo. []

22.2. CnenctBue. [Tycme X —c85i3H0e, A0KANLHO AUHELIHO
C6A3HOE U NOAYAOKAALHO O0HOC8A3HOe npocmparcmeo. Ecau
H —nodepynna n (X, x,), mo cywecmeyem Hakpoimue py:
Xpy— X, eQuHcmeeHHoe ¢ MOUHOCIbIO DO 3KBUBANCHMHOCTU,
08 komopoeo H=py+n(Xy, x4). B wacmrnocmu, das at0-
6oeo kaacca con pasKerHbLx nodepynn epynner (X, xo)
Haiidemca Haxpoumue p's X' — X, 0aa komopoeo pln (X', x')
NPUHAOAENCUNL IMOMY KAQALCY.

Hokasameascmeo. Ilyets p: X — X —yHuBepca/bHOe
Hakpbithe X W G (X, p, X)—rpynna ero ckoJ/bkeHui.

Tak kak G(X, p, X)=n(X, x,), T0o B Kauecrse H’
MOXKHO B3SiTb IIOATPYNNY, COOTBETCTBYyloUyko [1 pu 3TOM

nsomopdusme. 3ateM nosomuM X, = X/H' v nyctb py —
oTo6paxeHHe, HHAYLHPOBaHHOe oToOpazkeHueM p. JleTann
Mbl OCTaBJIIeM YHUTATEJNI. [ ]

Ycnoeus Ha X B caeacTBHH 22.2, o6eclneuiBarolie
CyLIeCTBOBaHHe Xy, MOXKHO oclaGHTb (cM. ymp. 22.3(e)).

22.3. ¥YnpaxHenns, (a) Jokaxure, YTO ONHOCBASHOE NPOCTPAKCTBO
TOJ1YJI0K&JbHO OJHOCBS3HO.

(b) Ilokaxure, YTO CBA3HOE N-MePHOE MHOI00GpA3He TO/YJ/0KaIbHO
OHOCBA3HO. JIOKaXHuTe, 4TO CBASHOE n-MepHOe MHOroobpazue M umeet
yHHBepcaJbHOe HakphTHe p. M — M, rme M —takxe n- MepHoe
MHOroo6pasue.

(c) Hdokaxure, 4To rpynna 3 (S™, x¢) npu n > 1 TpHBHasbHa,
caenyoumuM obpasom. ITyers p: Sv— S”— yHHBepca/bHOe HaKPhITHE,
Onpepenute orobpaxkenue f: D" — 87, nepesoasiuiee 0D” B x,, Tax,
ytober chepa S7 cTana q)aKTopnpochaHCTBOM ZHcKa D7 OTHOCHTeABbHO
orobpaxenus f. Ilokaxkurte, uro f nogmumaercs jpo f': D= — 8y
yto f' onpejesser (NpH MNoMomu nepexoia X (aKTOpnpocTpaHcTBY)

HempepbiBHOE oToGpakeHue f”: S —» S%, naa kotoporo pf”=1. Hako-
Hell, TIDHMEHRTe (PYHKTOD QyHIaMeHTaAbHON IPYNNbI K NOCAEA0BATE/ b=

- P
HOCTH 87 — §7 — S” u yBenurecn, 4T0 rpynmna i (S?, X,) TPHBHAJbHA.
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(d) [yctb X —cBsi3HOe, JIOKAJbHO JHHEHHO CBA3HOE H MOJYJO-
KaJbHO OJHOCBSI3HOE MPOCTPAHCTBO, H mycTh [ —noarpynna 7 (X, xp).
Iycth § — MuokecTBo nyreit B X ¢ HauajaoM B X, OnpefesuM OTHO-
IIeHHe ~ y HAa J° YCJOBHSIMH

a~phpSa(l)=p(1) u [a=p]EH.
JIOKauTe, 4TO ~ p— OTHOLIEHHE 3KBHBAJEHTHOCTH HAa . OGo3HaunM
KJIacC 3KBHBaJeHTHOCTH & uepe3d [at]y. OmnpenenuM Xpy Kak Pl~y,
u nyerb pgy: Xy — X onpeneneno paseHCTBOM pp([a]y)=a ().
Mycts U otkpeito B X 4 a: /| — X —nyte 8 X ¢ HavyalioM B xo H
KoHuoM 8 U. Onpenenum [U, aly xak

W, alg={[a*Blm p: 1 — X, pO)y=a(l), B (/) cU}.
[ToxaxuTe, uyTO COBOKYNHOCTb MHOMKECTB g, cocTosmas H3 &, Xy
M TPOH3BOJLHBIX OGbeAHHEHHH MuoxkecTB BHia [U, a]y, ABnsercs
tononoruell Ha X p. Haxonen, fokamxure, uto pgyt X g~ X —HaKpH-
THe H Py, Xy, xp)=HcC n(X, x).

(e) Mlycte X —cBA3HO® H JIOKAJbHO JHHEHHO CBSI3HOE NPOCTPaH-
ctBo. [lycte H—nmoarpynna (X, Xo). [okaxure, 4TO HaKpHITHe
prt Xy — X, ans gotoporo py.an (Xp, xy)=H, cymecrsyer Torja
H TOJIbKO TOTAa, Korja Jio6as Touxa x € X umeer Takyio okpectocts U,
YTO BCAKHH 3aMKHYTHi nyTh B U B TOuKe x SKBHBaJeHTeH B X HeKO-
TopoMy 3JeMeHTy noarpymnsl H C m (X, x,). (Yxasanue: BupOH3Me-
HUTe JOKasaTeabcTBo ynp. (d).)
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TEOPEMA 3EHA®EPTA—BAH KAMIEHA,
. OBPA3YIOLWME

Teopema, KoTOpYyl0 Mbl cobupaeMcs OGCyINHTb, AaeT
o0yl MeTol BLIYHCJeHHs GyHAaMeHTa/abHbIX rpynn. OHa
Oblna BHepBble A0Kka3aHa B Havaje 30-X IT. HE3aBHCHMO
apyr ot gpyra X. 3efideprom # 2. Ban KammneHom.

[lpennonoxkumM, YTO TPOCTPAHCTBO X ABJAAETCHA OObe-
AHHeHHeM JBYX OTKPHITHIX JHHEfIHO CBS3HBIX MOANPOCT-
pancte U, u U,. [lpeanojoxum npanee, uto U, NU, He-
nycTo H JuHefiHO cBsisHO. Teopema 3efidepra —BaH Kawm-
neHa JaeT cnoco0 BbIYHCJEHHs QyHAaMEHTa bHOH TPynibl
X, €CJIH U3BECTHEl QyHAaMeHTaAbHbe IPYNITbl 1POCTPANCTB
Uiy, Uy n U NU, (vacTHHfi cayyail 5Tofi TeopeMbl Ipu-
BefieH B ynp. 15.16 (c)).

Iyets x, €U, NU, u $;: U; — X —BKmoueHns npu
j=1, 2. T'py6o rosopsa, Teopema 3efidepra—Ban Kam-
NeHa OTNHCLIBAET:

(i) OGpasyoune rpynnel (X, x,). Ecan o € (X, x,),

n

TO @ = kH Y (ysy, TAE Ay € T (U @y, Xo)y M) =1 nm 2.
=1

(i) Coornowenus rpynnmel m(X, x,). Ilyctb o =
n

= T 2 @.,—231event rpynns o (X, x,). Daement a
k=1

TOrJa H TOJBKO TOTJa fBJSIETCS €AHHHYHBLIM, KOTAA ero
MOXKHO [IPHBECTH K eAHHHYHOMY KOHEYHBIM YHCJAOM OIe-
pauui, Kaxias H3 KOTOPLIX BCTaBJ/SCT B O HJH HCKJIO-
YaeT H3 HEro BLIPAXKEHHE H3 HEKOTOPOrO CHHCKAE. ITOT
CIHCOK 3aBHCHT OT (U NU,, x,), n(Uy, x,) 1 n(U,, x,).

Hangple us (i) v (ii) 06 06pasyOUIHX H COOTHOLLIEH HSIX
HasblBalOTCAl KoupeAcTaB/eHHeM rpynnsl (X, x,). [as
TOYHOH (OPMYJHPOBKH TeopeMbl 3efibepra —Ban KamneHa
HYXKHO CTPOr0O ONpeJe/INTb, YTO TaKoe KOMPeJACTaBJ/eHHE
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rpynnui. Ha camom Jene oHo siBJseTCSs H3ALLHBEIM CIOCO-
60OM 3amucH TpPynnel NpH MOMOULIH 00pPa3yIoUIHX H COOTHO-
weHull. [lpexxne 4ueM roBopHTh 06 3TOM Jaljblle, BBeAEM
HeKOTOpbie 0603Ha4YeHHs.

PaccmoTpiiM MHOXKeCTBO S, npeAcTaBJss cefe ero sije-
MEHTHl KaK HEKOMMYTHpPYIOLULHe MeXJAy COOOH CHMBOJILL
Ilpa nomoly 3THX CUMBOJOB o0pasyeM caosa, T. €. Bhpa-
KeHHA BUJa

W=xtOxf®, xg®d,

rie x; €S (nonyckatorcst nosTopenus) H & (i) == 4=1. (Mnaue
rOBOPS, MBI CTPOHM H3 MHOXecTBa S ={y;: j € J} anpasut
{y}, y7'+ j€J}, u3 koToporo 3atem ob6pasyem cJoBa.)
Y 106H0 paccMaTpPUBATL M AYCcmoe CA060, HE Ccojepxaluee
cuMBoJ10B. CJIOBO HasLIBAETCS pedylyil pOSAHHbIM, €CJH OHO
He cojep:xkUT x! Bcaex 3a x~' uad x~' Besex 3a x' HH
npu kakom x€S. Tak, xixjx]—pelyunpoBanHOe CJ/OBO,
a xixylxt—Her. JlioGoe CJOBO MOXKHO MPUBECTH K peny-
LHPOBAHHOMY CJOBY OTOpacelBaHHeM nap Buia x'x~! usn
x~1x* (rze x€S), ecau ouu umerorcs. Hanpuwmep,
X xbxsixixt nmpusoadTcs K xi'xix}, a OHO B CBOIO oue-
pelb K Xi.

Hcrnob3yss B KauecTBE KOMIO3HIMH pellyllHPOBaHHBIX
CJIOB NPHUIHCHIBAHHE HX OJHOTO 3a APYrHM U NPHUBEAEHHE
NOJIyUeHHOTO C/I0BA K PeAyUHPOBAHHOMY, MOX(HO IpeBpa-
THUTb MHOXecTBO ( pelyUHpOBaHHHIX CJOB B andaBute S
B rpynny. Posb elHHHUB! HrpaeT mycToe cJOBO, a CJOBO,
ob6patioe K W = xfWxE®, xf® umeer BuA

Wt yp® Py (-l | xg® G0,

IIpoBepKy aKCHOM Ipynnel Mbl OCTaBJAEGM YHTaTe o, ITa
rpynna HasblBaeTcs c60000KH0U epynnoti, noposcdeHHO MHO-
arcecmsom)S. KOHEUHO, caMi CHMBOJILI H3 S HECYILUeCTBEeH HH,
U ecan S'—pyroe MHOXKECTBO, HaxOAsLLeecs BO B3aHMHO
ONLHO3HAUHOM COOTBETCTBHHM C S, TO CBOGOAHBIC TPYIMIIHL,
nopoxaeHHble MHOXKecTBaMu S u S’, usomoppuel. Ecaun S
KOHEYHO H COAEPXKUT 7 3JEMEeHTOB, TO CBOOOJHAs TPyMIa,
MOpOXKJAECHHAs MHOXECTBOM S, Ha3blBaeTCs c80600HOL epyn-
noit ¢ n 05pasyrouuMU.

3ametnM, uto CBOOOAHAA rPpynna ¢ ofAHOH obpasyolel
{x} cocToHT H3 3/1eMEHTOB
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I, x%, x™1, xxt, x7'x7Y oxtxtxt, xTxTixCR, oL
H, KakK HeTPYyJIHO BHIAETb, H30MopdHa rpynmne uesablXx 4H-
cen Z. Uacto nuYT COKPAILEHHO X BMECTO x*, x* BMECTO
x'x!, x~*® svecTo x“'x~! M T. A. 3aMeTHM Takxke, UTO CBO-
6ozHas rpynna c n ofpasyloWumd npu # > 1 —6ecko-
HeyHas HealeseBa rpymmna.

Y 106HO B3r/ISHYTb HAa CBOGOAHYIO IPYNNY C HECKOJBKO
HHOM TOUKH 3DEHHA H paccMOTPeTb KJAacchl 5KBHBAJIEHT-
HOCTH CJIOB I10 HEKOTOPOMY OTHOLIEHMIO 3K BHBAJIEHTHOCTH,
OnpegenuM cieayloliye onepalHyd Haj CJAOBAMH:

(i) BCTaBUTb B JaHHOE CJOBO xx™' umu x~'x, rie
x€S;

(ii) BBIGpPOCHTL M3 JAHHOTO cJoBa Xxx~! wiaH x~'x,
rae x€S.

(BcraButs xx~' B caoBo W —3unauur sanucate W
B Buge W, W, v satem nepefitn K cioBy W xx ='W ,; koneuno,
sgecb W, uan W, moxer GbITb nycTeiM.) JBa caosa W,
W' nasblBaloTCsl 5KBHBANEHTHBIMH, ecqau W' MOXKHO noJay-
YuTb H3 W KOHe4yHHIM YMcaoM onepauui Buaa (i) u (ii).
SIcHO, 4YTO 3TO—OTHOLIEHHE 3KBHBAJEHTHOCTH, OYEBHIHO
H TO, YTO BCAKOE CJIOBO SKBHBAJ/EHTHO CBOEH peAyLHpO-
BaHHOH ¢QopMe. MHOXKECTBO KJacCcOB 3SKBHBAJEHTHOCTH
c/710B B ajdaBHTe S ¢ NPUNHCHIBAHHEM B KAYeCTBE 3aKOHA
KOMIIO3HLIMH 06pasyeT CBOGOAHYIO TPyNNy, MOPOKIEHHYIO
MHOXKecTBOM S. [lJs KpaTkocTH Mbl oGbIMHO 0GO3HaYyaeM
KJacc 3KBHBAJIEHTHOCTH, coAepzkauiuii ciaoso W, Toil xke
6ykBoil W. 9T0 He NOMKHO NPHBOAHTD K HELOPA3yMEHHsIM.

[Tpeanonoxkum Ttenepb, 4To R —HEKOTOpPOE MHOXKECTBO
cios B andaeute S. MoxnO paccMOTpeTb cJelyiomue
JOMNOJIHHTENbHbIE ONMepaldy Haj CJAOBaMH B Si

(iii) BCTAaBHTb B JaHHOe CJIOBO r uiu r~%, rge r € R;

(iv) BOpOCHTB H3 JaHHOT O CJIOBa r MJH r~1, rae r € R,
Bynem Tenepn roBoputhb, uto aBa caosa W, W' skBuBa-
JeHTHbI, ecau W' moxno moayuuth u3 W npu nomomu
KOHEeYHOro uucJa onepauuit BuAa (i)—(iv). YuraTean
MOXeT JIETKO MPOBEPHUTb, YTO 3TO-—OTHOLICHHE 5KBUBA-
JEHTHOCTH M YTO MHOXKECTBO KJaCCOB SKBHBAaNeHTHOCTH
o0pasyeT Tpynmy ¢ NPHIHCHIBAHHEM CJOB B KauyecTBe
KoMnosuuuu. I'oBopaT, uTO 3Ta epynna sadana Konped-
cmagarenuem (S:R), ¥ 0603HAYAIOT ee CHUMBOMOM <S:R>.
Kak u BbIIe, Mbl 060O3HAYaeM KJacC SKBHBAJIEHTHOCTH
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cmoBa W 1ol ke OykBoit W, w cHoBa 3To He JOJIKHO
NPHUBOAHTL K HeJOpasyMeHHsiM. DJEMeHTH S HasblBaroTCs
obpasyrowumt, a 3JeMeHThl R —coomHoweruamy Tpynnst
(SR>,

[TpuBeseM Tpu npocThix npumepa. Bo-mepswix, rpynna
¢ KonpejcTaBjaeHneM (S:¥)—3To cBoGoAHas Tpynna, no-
poxjennan muoxectsoMm S. Bropo#t npumep —<{{x}:{x"}>,
rae n-—QPUKCHPOBAHHOE HATypasJbHOE YHCJO. DTa rpynna
COCTOHT U3 cJoB |, x, x%, ..., x®~! W, KaK JIeTKO BHJETD,
nsomopdia UHKJIHYEeCKOH rpynne Z,. B kadecTne TpeTbero
npuMepa pacemotpum  <{x, y}:{xyx~'y~}>. fcHo, uTO
XYy=yx, TaK KaK NPH moMmouu onepanuit (iii) u (ii) mosy-
yaeM xy = (xyx~'y™H " xy=yxyT'x"xy=yxy~ 'y = yx.
Hetpyano BuzeTb, uTO x%yb==4bx® 1J19 BCeX LeJbX @ H b,
H 10TOMY Jo00oe CJ0BO g == x@WLpb Dya - ya (k)b (k)

k

MOXHO Mepenucatb B Buie g=x%y, rae a= 2 a(i) u

=1

k
b= X b(i). Wrax, rpynna 4x, yh{xyx~ty=t}> nsomopdua

(=1 :
ZXxZ.

Ecau o —ciioBo B andasute S n a==1 B rpynne <S: R,
TO o He 00A3aTe/bHO MNPHHALIENKHT R, HO €ro MOXKHO
NPHUBECTH K NMyCTOMY CJOBY NPH [OMOLLH KOHEUHOH noce-
A0BaTe/IbHOCTH omepaunii Buaa (i)—(iv). B stoMm cayuae
TOBOPAT, UTO & sBJsETCs caedcméuenm cooTHowenufi R. Ha-
npuMep, x%ybx~%y~t—cjefcTBHE COOTHOLIEHHH xyx~ly~!,

PassuHele KonpeacTaBjeHUsi MOTYT ONPEAE/siTb H30-
vopduble rpynnn. Hanpumep, rpynna <{x, y}:{y}> wuso-
mopdua rpynne <{x}:@>. Auanornuno, rpynna <{a, b}:
:{baba=1}> usomopdua rpynne <{a, c}:{a%*?>. UroOm
yOeautbest B 3ToM, onpedenum f: ({a, b}:{baba=}> —
— <{a, c}:{a*?}> na ofpasywowux dopmynamu f(a)=a,
f(b)=ca n rooOlue

Flep@xg B @)= (x1)® W f (0)° @ f ()
Tax kax [ (baba=)=caacaa™' =ca%* =c(a*?) ¢ 1=cc™' =
=1, TO MBI moOJyuaeM KOPPEKTHO ompejlesicHHOe OTOOpa-

XeHHe, KOTOpOe, Kak JIerKO BHJETb, ABJSETCH TOMOMOp-
¢usmom. Ecau onpeleauts

g: {a, c}{ac?}> — <{a, bj:{baba~}>
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Ha 06pasyiolulHX paBeHCTBaMH g (a)=a, g)y=ba™t, 10
JETKO TPOBEPHUTH, YTO g OTpPEJEEHO KOPPEKTHO, ABIAETCS
romomopduamom u fg=1, gf=1, tak uto f u g—uso-
mMopdH3Mbl Tpyni.

Onpenesnts, U30MOPQHBI MJM HET [BE IPYNNbl, 3alaH-
Hble CBOMMH KOINpeACTaBJEHUsSMH, B 00lleM Cyyae KpailHe
TpyaHo. Jlake ecau HM3BECTHO, 4TO JBE TAKHE TPYNIbl
u30MOpGhHbI, GbiBaeT TPYAHO NMOHATL mnouemy. Hanpuwep,
rpynna <{x, y}:{xy*x~'y~?, yx®y~'x~*}> n3omopdua TpH-
BHaJbHOH rpynme 1, HO J0OKa3aTb 3TO O4YeHb TPYyIHO.
(UnTaTesio TeM He MEHee CTOMT MONbITATHCHA TO CAeNaTh.)
HecmoTpsi Ha 3TH OropuHTe/bHbIE (AKTHI, UMEIOTCA Pa3HbIe
npuembl, MO3BOJISIIOUIME y3HATh, PA3JIHYHBI WJIH HET ABE
paccMaTpuBaeMble TPYNINbl. DTH NpHeMbl OyAyT H3JaraThes
10 Mepe HeOOXOAUMOCTH.

Bynem roBoputb, yTo AaHHas rpynna G umeer KOnpea-
craBienue (S:R), ecnin G usoMopdma <S:R>. Beskas
rpynna G umeeT KompeicTaBieHHe (SgiRg), rae

Seg={g€G}, Rg={(xy)y~'x7"% x, yE€Gh

3gech (xy)!—cumpoJi, npeicrasasiomuil xy € G. Iokasa-
TenbCTBO TOro, yto rpynna G usomopdua <Sg: Rg>, npeno-
CTABJSAETCA YMTATENIO B KayecTBE YlpaXKHEHHS.

HMHorna yno6uee sanuchbiBaTh 3]eMeHTh H3 R KaK COOT-
HOWIEHHUs, T. €. BMECTO MHOXKecTBa {ri r€ R} nucatb
{r=11 r € R}. Bosee TOro, ecu r-—InpoU3BEJeHHE IBYX
CJIOB 4y, TO MOXHO 3ameHuTb r=1 Ha u=v~1 Tak, Ha-
npuMep, MoxHO 3anucath <{A, B}:{ABAT'B~'}> Kak
<A, B}:{ABA™'B~*=1}> um kak <{4, B}:{AB=BAP.
Jlpyroii npumep —pacCMOTPEHHOE BBIE MHOXKECTBO Rg,
KOTOpoe MOXHO 3anucath Kak {(xy)*=x'y" x, y€G}.
Atu HedopMasbHbie 0603HAYEHHA HE JOJKHBI NPHBOAHTD
K HEAOpa3yMeHHsIM.

23,1, Ynpaxnenusn. (a) INokaxure, 4To Bcsigas rpynna G n3oMopdHa
<Sai(§)og, rre Sg={g€G}, Ra={£x%)1g}“1§;1: x’RyE{A:‘ 4ip-1
eMy paBeH NOPSAJIOK I'PYNNL , B}:R>, rre R={A% -z,

A3BA-1B—F}?p PHIOK Ipy {

(c) Moxaxnte, uro rpynna {{A, B}:{A*% B?, ABA-'B-!}) nso-
mMopdHa Z 43X Zo-

(d) Tyers G —rpynna, sagannas Kompencrapaenuem (S:R). [lyets
AG —rpynna, sajansas xonpeicrasiaeuueM (S:AR), rie

AR=RU{xyx~1y~1: x, y€S}
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[oxaxute, uT0 AG— abenesa rpyrnna H yTO CYWECTBYET SMHMOPGH3M
G — AG. UYemy paBHO siZpo 3TOr0 3MUMOpHH3MA?
(e) Ucnomuaya ynp. 19.5 (e), noxaxure, uto (yHAaMEHTANLHAS
rpynna GyTekH KJeiina nmeeT konpeicrasienme ({a, b}:{abab=1}).
() Oyers G=<S:RY. Nyets T; (f=1, 2,3, 4) —caenylouine npeot-
pasoBanust mnaph (S:R) (Tak nasniBaeMble npeo6pasosanus Tumye):
T.: Ecmw r—caoBo B S, a r=1-—COOTHOLIEHHe, KOTOPOE BHIMNOJ-
nserca B G, notoxum S'=S, R"=RU{r}.
Ty Ecan r € R TakoBO, 4TO COOTHOLIEHHE 7 == | BHIMOJHACTCA B IPyMne
(SRNJr)), nomoxum S'=S, R =RX\]r}.
Ta: Ecan w—caoso B S, 8 x-— CHMBOJ, He MpHEaajexauwi S, mo-
aoxuM S’ =SU{x}, R'=RU {wx~1}.
T, Ectn x€S, a w—caoso B S, He cogepxaliee x WM x~1 1 Takoe,
4To Wx~ 1€ R, TO NOACTABAM W BMECTO X B KaXAHH 5JEMEHT M3
RN {wx~!}, uto6u monywuts R’, u nosomuM S’ = SN\ ({x}.
Tlokaxute, uto ecan (S”:R”) noayuaercs u3 (S:R) npH nomomn
KOHEUHOH TOoCJe0BaTeJbHOCTH [pecSpasoBannii Trrtue, To rpynna
{(S":R") nsomoppua {(S:R)>.
(TTpeo6pazosauus T; n Ty oTBevaloT COOTBETCTBEHHO A06aBJIEHHIO
M UCK/IOYCHHIO JIMIIHEro cooTHowenHa, T3 M T,—COOTBETCTBEHHO
NOOABJNEHHIO M HCKJIUEHHIO TTHIUHeH cOpasyouies.)

Bepuemcsi Terepp K Hawemy TOMOJOT HYECKOMY MpO-
cTpaHcTBYy X —OGBeJMHEHHIO [ABYX OTKPBIThIX JIHHEHHO
CBASHEIX NoAMHOMkecTB U; u U, ¢ HeNnycTHM H JIHHEHHO
CBA3HBIM nepeceveHueM. T1ycTb @g, @, Py, Pp— pasauynbe
BKJIIOUEHHs, KaK NOKa3aHO Ha JHarpamme

4 Ul%
U,mf,/ X
%UAV
2

BuibepeM B KauecTBe OTMeYeHHOH TOUKy x, & U, N U,. lo-
JyuuM CJeyIOmyl0 KOMMYTaTHBHYIO JHarpammy roMmomop-
¢hu3MoB: ’

(U,
%‘/‘:( 1»-‘170) d’l‘
Uy N U, ,x0) n(X,x0)
tpm\"ﬂ'((fz,xo) 'I’z..

[1peAnonOKHM, UTO H3BECTHHI (yHAAMEHTAbHBIE TPYI-
nel npoctpancts U; N U, U; n U, v 3a\aHbl KONPEACTaB-
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neHus 3tux rpynm n(U,NU,, x,)=<S:R>, n(U,, x,) =
= <SR, n(U,, Xo)=<Spt Ry>.

Ecnn s€S, 10 ¢.8€n (U, Xy) H @aisE€En(U,, x,),
TaKk 4TO MOXKHO BEIPa3HTb 3TH 3JIEeMEHTH B BHJE CJOB
B andaBuTax COOTBETCTBEHHO S;, S,. [lycTb «@,.8»
«(P24$» —CJIOBA, NPEACTABJAIONINE COOTBETCTBEHHO (48 H
P24S.

23.2. Onpeaenedne. J603HAUUM yepe3 R g MHOKECTBO CJle-
Aylomux csaoB B aadasute S, U S,:

(«P1459) (¢@2482)72, seS.

Moxno npeactaBasts Rg Kak MHOMXECTBO COOTHOLIEHMI;
NpH 3TOM OHO 3aNUCHIBAETCS B BUJE {45y =«P2,8»: S € S},

Cthopmyanupyem Tenepb teopemy 3efidepra u Ban Kam-
neHa.

23.3. Teopema 3eiidbepra—san Kamnena. I'pynna n (X, x,)
usomoppra epynne, sadannoi obpasyiowumu S,US, u
coomrowenuamu R, UR,U Ry.

3ameTHM, uTo cooTHomeHuss R rpynnel nu (U, NU,, x,)
He HCIOJb3YIoTCS.

Fpy6o rosops, m(X, x,)—HanmeHbllas rpynmna, no-
poxnaenHasi rpynnamid n(U,, x,) u n(U,, x,), Aaa KOTo-
POl @1.8=@s,8, SEN (U, NU,, x)).

IlokasatenbcTBO TeopeMbl GyfleT pasjiesieHO Ha JBe
yacTu. [lepBas uacTh KkacaeTcs 00pasylolHX H Oyjer
JoKasaHa B 3TOH rJaee. BTopas uacTb Kacaercsi COOTHO-
wennit u OyJeT JNoKkasaHa B cjaefylowell raase. Ceiluac
Mbl JIOKaKeM pe3yJbTaT, KOTOPBIH OyJAeT NOJNEe3HBIM B JaJlb-
HeflleM (Ha CcaMOM Jeje 5TO B TOUHOCTH ynp. 7.13(g)).
37ech MBI MOTJIM GBI, K&K U B TJ. 16, o60lTHCH 6e3 Hero.

23.4. Teopema. [Tycme X —Kxomnakmnoe monoaoeuteckoe
NpOCIMPAHCINEO, BOSHUKAIOWIEE U3 HEKOMOPO2O MEM PUIECK020
npocmpancmsa ¢ mempukod d. das aw6oeo omkpeimozo
nokpoimus {U;: j€J} cywecmeyem marxoe 8 >0 (nasei-
saemoe 4ucaoM Jlebeza amoeo nokpeimus), umo anboe nod-
MHONMeCcmeo Ouamempa metivuie & coleprcumcs 8 00HOM
us mroxcecme U, j€J.

Hoxasameavcmso. Tak Kak X KOMIaKTHO, MOMKHO CUH-
Tath, 4T0 J KoHeyHo. IIpn x € X u j € J onpenennm fj(x)
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paBEHCTBOM '
fi=d(w X\U)=_inl d(x, ).
yeX\U,
OueBnHo, 4TO f; HenpepeiBHa, Kak W QyHkuua f, onpe-
JeJeH Hasl q)opMyJIou f(x)—maxf/ (x). Tak kak X\U,;
!

€J

3aMKHYTO, TO f,(x)=0 Torza m TOJIBKO TOrJa, Korjla
x € X\U,. TaKHM o6pasoMm, [(x)=0 Toraa u TOJBKO
Toraa, Korfa x € X\U, nas scex j€J. Ho{U,;: j€J}—
nokpeitie X, u noromy f(x) >0 npu Bcex xEX Kom-
nakTHOCTH X H HenpepelBHOCTH [ o3HauawoT, uto f(X)—
KOMMaKTHOe NOAMHOXKecTBO R, Ha caMoM Jesie —HHTepBaJa
(0, 00) = R. CrnenoBaresibHo, Haijercs takoe 6 >0, uto
f(x) > 8 nna Bcex x € X. Mbl yrBepxaaeMm, uTo J060€
MHOXKECTBO S 1HaveTpa MeHblie & JOIKHO NMPHHALMENKATb
HekoTopomy Uy, k€ J. UTo6bl yGelHTLCA B 3TOM, BO3bMEM
x€S; rtorna f(x) >0 u, 3Hauur, f,(x) > 06 npu HekoTo-
poM k, OTKyja B CBOIO oOdepeib cJaelyeT, yTo x € U,.
Ho nnamerp S menbume 8 u d(x, X\ U,;) >0 1a Heko-
Toporo x €S, Tak uto S uesuxom Jsexur B U [J

[lepBuiii war B AoKasaTeJbCTBe TeopeMsl Jefidepra —
BaH Kamnena orHocuTca K ofpasyromum. [lo cymecrtsy,
MBl NpuBOAUM pemieHne ynp. 14.6 (g), (h) n (i).

23.5. Jlemma. I'pynna nt (X, x,) noposxcdena MHOMCECMEom
Yt (U, %) U $oadt (U, o).

Apyeumu crosamu, ecau o€ m(X, x,), mo a=]] PackysCgs
ede o € (U, Xo) U AM(R)=1 uau 2

Hoxasameascmeo. TlycTb f—3aMKHYTBIH NyTh B TOUKe
xo € X. Ilycte 8—uncno JleGera OTKPHITOIO MOKPHITHS
{F~2(Uy), f 1(U,)} otpeska I. D10 03HauaeT, 4YTO €CJH
ty, 1y, 1 ..., f,—I0OCJEOBATENbHOCTb BEUIECTBEHHLIX
upceJ1, AJd KOTopoﬁ

0=t <<ty <o <=1

ut;—t,_, <8, to f([t;_1, t;]) comepxurca B U; wm U,
npu i=1, 2, , . MoxHo cuurats, uto f({;)€ U, NU,.

(Ecm (7, )QU NU, 10 [{;_1, 1] 1 [£,, ,+1] NeXaT 064
B U, unu o6a B U,, TaK 4TO MOXHO OOBEIHHUTL 3TH
OTpesKH B ONHH [f;_y, %;41], A8 KoTOpOrO f([#;5, 1;41])
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F(to=x=Ft)A

Puc.23.1

comepxutcs B Ui Han B U,.) Tenepb nepenymepyem TOUKH
¥ mpojosxKuMm npotecc (puc. 23.1).
Onpepemum nyma fii I — X mpu i=1, 2, ..., n pa-

BEeHCTBAMH
fl f l't)ttl'*'”)

3ameTHM, 4TO ny’rb f; mexur B U; mbo B U,, Hauu-
naercst B f(¢;_;) n koHyaetrca B [({;). Mml yTmepxkiaeM,
uro [f]=I[f.]If.] - .- [f.]- Ha cavom mene sto Gwino ycra-
HopjeHo B ynp. 14.6 (i), HO MBI AJS DOJHOTH JAafUM
JI0Ka3aTeJbCTBO.

23.6. Jlemma. [Tycmo fi | — X —nyms u O=t0<ti<
<t < ... <t,=1 Ecau fp [—-»anuj—l,2,
onpeae/zeubt PABEHCINBAM L f(t)~f((1—t) - 1-Hlf) mo

1=Ud1] - [Fa]:

Hoxasamenscmeo. [lposefem uHaykuuio no n. IlycTb
chdayana n=2; torpa O=¢,<{{, <f,=1u

F1 (2), 012,
f2et), 0<<t <12,
—{f((l—(2t—l))f1+21—l), r2<t<L

Hcnoarsya romoronuwe F: I X[/ — X Buza
Ft s)__< f((1—s) 2tt, +st), 0<t<1/2,
PIT A=)t @E—)(1—t ) +st), 1/2<I<],
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MOMHO YOEINTbCA, 4TO [y % f, ~ |
[peinosoxuM Tenepp, YTo n>2 H JeMMa chpasel-
JAMBa [1J8 BCeX MEHbIIMX HaTypadbHbX unces. Hwmeem
O=t,<<t, <. <t,=1. Tak rak O0={,<1t, <1y,
TO MO onasam—xomy nonyqaeM f~g=f,rne g(t)=[(t,-,).
Janee,
0= _to_

tn—l

tl
tn—l

< L gtn—zgtn—i.:l’

n-1

<

o~

TaK YTO Mo npeanonoxkeHmo MHAYKUuH [g]=[g,][g.] .-+
. [ n- l]v rie g() g((l—t)t, 1/tn 1+tt /t -1)
RSNt tt)=F; (). Wrax, [FI=[R][R]- 1) O

MoxHo 61510 Gb MPEAJIOKHTb CJelyiolllee MpaMoe 40-
KasateqabcTBO (Ge3 unaykuun). Fmeem

(o GasF e s ) w) ()=
@), 0<t<
f @t —1), (3)7'<t<

...................

f. @t —1), F<i<l,
f@rit), o<i<(g)",
P @ 1 —1) (=1,

(z)7"=1=(2)™

..................

=1 [+ Q@ F U= 1) (ty—1,i), =[ k()

1 \n~-k+1 1 \n-k
(5 =3

------------------

rae h: I — I—nenpepblBHan QYHKIHA, onpejesncHHas pa-
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BEHCTBAaMH

on=17¢, 0!I < (%)"",

h(y=1 L+ QU= (t,—1 1),

(%)"‘k“gtg(%)”‘k, £=2.3,..., n
Onpegemum F: Ix 1 — X Qopmynoit F (¢, s)=f(sh () -}
- (1—s) f). OueBnano, 4to F HeNpepLiBHO, H MOTOMy
f~C. . ((Ffy#f)=fs)#...)% [, 4TO U NOKasblBaeT Hy:KHBIH
pesyJbTar.

Puc.23.2

Bosspamadch K A0Ka3atesbCTBY JMeMMul 23.5, Buibepem
nytw g [ — X mpu i=1,2, ..., n—1 t1ag, urobul
g 0)y=x,, q;{()=f{{;) v ¢g;(OYeU,nU, nas scex t€ 1.
Onpenesum Takxe g, H g, paBeHCTBaMH ¢, ({)=gq, ({)=x,
(puc. 23.2). Tak kak [fl=[f,][f.] .- [f.), TO

(1=10] (19 [0 [Fa] (9] - - - [Gna] [F,1[0.) =

=[o2h#qllgisfaxqa] - [quosxfanqa],
M KaxJapli u3 nytefi g; % (f;.1%¢;+.) B TOUKe x, 3aMKHYT
W JexuT ueaukoM B U; um B U, CaejopatesbHo,
[g:%fis1%q; 1 ]—3nement mmbo noarpynner ¢,m (Uy, X,),
JH60 mOArpynnel Y, (U,, x,). HUTak, KaxIblll 3JeMeHT
rpynnsl @ (X, x,) MOXKHO 3amHcaTb B BHJE NPOH3BEICHHS!
o6pa3oB 3aeMeHTOB M3 1 (U,, x,) U n(U,, x,), 4TO H J0O-
KasblBaeT Jemmy 23.5. [
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23.7. Caeactene. ['pynna n(X, x,) nopoudena mHoxcec-
6om P1.S; U $aeS,, 20e S, u S,—obpasyrowue coomeemem-
gernro epynn m(Uy, x) u n(U,, X,).

[lucate Bce BpeMA P, M P,y CJHIIKOM IPOMO3JIKO,
MO3TOMY Mbl YCJIOBHMCA MHCATb S BMECTO Y,,S IpH SE S,
j=1, 2. lpyrumu caosamu, eca f: [ — U;, TO KoMIO-

f vy
suuuio [ — Uj—’>X o003HauuM Takxke uyepes f. B asrtom
CMBbICJIE Fpynna (X, x,) mopoxaeHa MHOxeCTBOM S, U S,,
rre S;, S, mnopoxzaaoT cootBercTBeHHO 3 (Uy, X,),
T (Uss Xo).
HenocpenctBenno u3 caencteus 23.7 moJyuaercs

23.8. Cuencteme. Ecau S =S,= &, mo epynna n (X, x;)
MpusUanbHA.
Orcrofia, B 4acTHOCTH, BBITEKAeT

23.9. Caencteue. [Tpu n>=2 cgpepa S" o0noceasna.

B camom nene, S* moxHo npexctasuthb B Buge U, U U,,
rae U, =8"\{(1, 0, ..., 0)}, Uy=S"\{(—1,0, ..., 0)k
O6a wmuoxectBa U; u U, ONHOCBA3HBEI, TaK KaK OHH
romeoMopdel R” npu romeomopdusmax

(2 Ui—*Rn: cpl(xh ""xn+1)=(_xg_': ey Tnt1 )s

l—x T—x
: " ot
¢yt U, — R7, (P2(xi""'x"+1)=(l_—{——27{""’ lfijxl)'

Wcnonpsys pesyapTatsl ra 19, Mbl MoxeM Tenepb
NOJIY4UTh

23.10. Caencrsue. DyHOAMERMALLHAS 2pynna N pPOEKHILLE-
Ho20 npocmparcmea RP™ cosnadaem ¢ £, a AuH308020
npocmparcmea L (p, q)—c Z,.

n
23.11. Ynpaxnenue, Ilycts X = ‘Ul Ui, rae xaxpoe Uy, (=1, 2,
1=
«e+y N, OTKPHITO M JHHEAHO cBA3HO. [lpe;nosoXHM Takike, 4TO
n

n
N U; menycro u aumelino ceasuo. Ilyems x€ () U [oxaxure,
i=1 i=1]

n
uTO rpynna (X, xo) nopoxaena muoxectsom U ;7 (Ug, xo), rhe
i=1

Py Uy —> X — BRIIOYCHHA,
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TEOPEMA 3EM®MEPTA —BAH KAMIMEHA
Il. COOTHOLLEHNA

B s70fi rnaBe mbl 3aBepiIMM J0Ka3aTesNbCTBO TEOPEMBI
3efipepTa—bBan KamneHa (teopemsl 23.3). Hanomuuwm, uto,
N0 Hamemy,npefnonoxeruo, X=U,UU,, rae Uy, U, u
U,NU,—Henyctele OTKPEITHIE JUHEHHO CBSI3HBIE MOAMHO-
xecTBa X. OTMeueHHYIO TOURY X, BbiGHpaeM B U, N U, X,
v rpynna n(U,NU,, x,) NOpOxKAEHAa MHOMXKECTBOM Ofpa-
syowmux S, a rpynnst 1 (U, x,) HMeIOT KONpEICTaBJEHHS
(S;:R;) mpu j=1, 2. HakoHneu, Rg—MHOXKeCTBO COOTHO-
LIEHHE Q8> =«@,,s» Npu s€S. B npenplaywell rnase
Mbl MOKasanH, yto rpynna o (X, x,) NOpoKIeHa MHOXECT-
Bom S, US,.

24.1, Jlemma. Obpasyrowyue S,US, epynnor ww(X, x,)
yoosremeoparom coomruoueruam Ry, R, u Rg.

Hoxazamenscmeo. Tax gax P, n (U, x,) — 7 (X, X))—
roMomMop¢usM npH j=1, 2, TO J060OE COOTHOLIEHHE, KO-
TOPOMy yAOBJIETBOPAIOT 3JieMeHTsl S, B 1 (U, X,), BBINOJ-
HAGTCS M /s 97eMeHToB S, < (X, x,). Takum obpa-
30M, €CJIH Mbl BOCIIOJIb3YEMCSl COrJamleHueM o0 ONnyCKaHuu
Ve, TO 37eMeHTH H3 S, US, B m(X, x,) yAOBJETBOPAIOT
cooTHOWeHAM R; u R,.

Ecmu s€S c n(UyN Uy, x4), TO Pya®148 = PpepsS, TAK
KaK P;@;=V,¢,. Ecam Cl0BO B S, NpeicTaBJAeT .S,
TO 3TO Ke CJIOBO B S; NPEACTABJSAET V048 B 7 (X, X,),
TaK YTO

P 1pS» == K(Pq4S», se€S. O

JokasarennctBo TeopeMnl 3efipepra—BaH KamneHna
6yleT 3aBeplleHO, €CJH Mbl NOKaxeM, 4TO JAPYrHX COOT-
HolleHuH, KPoMe yKas3aHHbIX B Jjemme 24.1, Her,



TEOPEMA 3EHO®EPTA = BAH KAMIIEHA. I1. COOTHOWEHHA 2]5

24.2. Teopema. Ecau szemenmor S,US, 8 n(X, x,)
YO08AEIMBOPAIONM. HEKOMOPOMY COOMHOWEHUID, MO OHO A6
agemes caedcmeuem coommuowenutl R, R, u Rg.

Hoxasamenscmeo 31O Teopembl HETPYAHO, HO JOBOJBHO
JJIKHHO U TpeOyeT BBeJeHHs OOJbLIOr0 KOJHYecTBa 0003Ha-
YEeHHH.

[Mycts afPas® ... af® =1-—CcooTHOIICHHE MEKIY
saeMeHTaMi MHOXKecTBa S, U S, @ (X, x,). 3mech e (i)==1
noa; €Sy npu i=1,2, ,k,rne A())=1 nm 2. qna
Kaxjaoro i=1, 2, ..., k Bbl6epew 3aMKHYTBIH MyTh f;
B U, B TOuKe X, Tak, 4Tobu [f; ]—oc""” Hpyrumu cio-
Bamu, o;=[f;] npu e(i)=1 u o;=[f;] npu e(i)=—1.
Onpeaeval nyt f: [ — X paBeHCTBaMH

FOy=F(—i+1) pn  (—1k<I<ilk,
i=1,2, ...,k

3amernM, uto f; ({)=[((1—1)(j—1)/k+1;/k), u Tak Kak
0= O/k<l/k< .<k/k=1, 10 H3 Jemmbl 23.6 cie-
leeT l1To [f]——[f][f2] [fk] Tak kak afPa® .,
.. =1, Tef O.Hycrx;Fs[x[-»X—,
I‘OMOTOI]HH Memny f H e, T e

F(,00=[@), F{ )=F(Q,s)=F(,s)=x,.

[ycts Tenepy 8 —uucno JleGera OTKPEITOrO MOKPHITUS
{F-Y(U,), F~*(U,)} «xBampara [XI; BniGepeM uHncsa
O=t,<t,<t,<...<t,,=1, 0=5,<5,<8,< ... <5, =1
TaK, 4TOOBI

() {Vk, 2k, ..., (k—1)kR} = {t;, Ly ooy i)y
(i) (4, —1t;-)% 4 (5)—s;-1)* < 6% nna Beex {, |.

OueBnano, 4to Takoil BHIOOp BO3MOXeH. Ecsm R;,—mnps-
MOYTOJIBHHK [{;_y, £;]X[S;_¢, s;] B I X/, TO F(R,,) conep-
KHUTCA Jaub0 B Ul, Jméo B U, Mjaa kaxaod napw i, j.

Jas Kamaon napu £, i HyLTb a;;¢ | — X—nyrb 43 x,
B F(l;, s;), nexxaunit 8 U, (umu B U,, i B U, NU,),
ecn F({;, s) JIEXKHT B U1 (nan B U,, wma B U, NU,
COOTBeTCTBeHHO) Taxkoil BEIGODP BO3MOXKEH, TAK KAK KaxK-
Joe H3 MHO)KeCTB U,, U, nU,NU, nubefino ces3no. Ecim

F(,s 7 )= Xy, TO MBI Tpe6yeM, 4TOGH! a;; =&, (puc. 24.1).
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F(ti-1.57)
b;, j(1)

ci, j(

F(tt':{i-l)

a:o )
Puc.24.1

Onpenennm Takxke nyta b;,, ¢;, paseHcTsaMu by, (f) =
= F((I—=8)tiy+ 1t 5), ey (D =F (t;, (1—1)s,_,+1s,),
Tak 4T0 b;;—nyTb U3 F(f;_y, ;) B F(¢,, s;), a ¢;;—nyT
us F (¢, s;-1) B F(¢;, s;) (puc. "24.1). 3amerum, uTo

[f]z[bll][bm] T [bml]’ [8x0]=[b1n][b2n] cee [bmn]'

Iytu b; ;o1%¢;; W ¢_q, ,#b;; SKBABATEHTHBI (KaK
NYTH): HHTYHTHBHO fICHO, YTO HMX MOXHO mpoaedopMHpO-
BaTb OJMH B JApyrofi BHYTpH F(R;;). DKBHBaNEHTHOCTH
9THX OyTed ABHO 3anaeTcs roMortonued fA: X[ — X, rae

H(t, )=
F((1—s) (1 —28) £, 2¢8;) + st
(I1—=9s)s;_1+s((1—2t)s,_, +2ts))), 0<Ct<1/2,
T F(1—9)t; +s(2—26)(¢; .+ @2t —=1)1y),
(I—=s)(@—2t)s,_, + 2l —=1)s)) +s53)), 12<t<1,
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3ametum, yto H (IxI)c U,, U, v U,NU, B 3aBu-
CHMOCTH OT TOr0, Kakoe u3 BkJoYeHHd F(R;;) < Uy, U,
n U;NU, uMeer MmecTo.

Onpenennm Tenepn 3aMKHYTbIE TYTH f;; U g;; B TOYKE X!

fl-j=(ai_1,j*b,-j-)*a,-j., gijz(ai,j_laec[j)*aij.

Tak kax bi, j'—l*ct'jNCI'—i,j*bl'j'i TO 1IyTH fi,j—l*gij
M g;_;,;%[;; 3KkBUBaJeHTHH. Dosiee Toro, sKkBUBa/JeHT-
HOCTb uMeeT mecto B Uy, U, nau U, N U, B cOOTBETCTBHH
¢ TeM, Oyzer au F(R;) < Uy, U, wm U, NU, Creno-
BATEJIbHO, fi, Jj=1 ~ (gi—l, j*fz'j)*gij, T. €. [f[, j—l] =
= [€;-1,;1[f:;1[8;;]- Buipasum Temepb Kaxablii M3 3THX
3JIEMEHTOB B BHA€ CJ0Ba M3 S; WIH S,, 4TOGH MOJAYYUTh
cootHowenre  «f; ;_ =g, i ;P f;;]P g, mmbo
B n(U,, x,), 6o B n(U,, x,) coorBeTcTBeHHO. [losaTOMy
nocjejHee COOTHOLIEHHE NOJIKHO ObITh CJEACTBHEM COOT-
HOWEHHA R, wiH R,.

[ycts teneph lik=1; oy torma [f]=[fi,][fs] - .-
oo [fiw, o], m TaK Kak f,—3aMKHyTBHIl nyTb B U o,
B TOYKE X,, TO MOXKHO IpH IOMOIIH COOTHOIIEHHMH R} 4,

Bblpa3utb [fi,], [fe0] -+ [fiy, o] B BHAE cJ0OB B aida-
BUTe Sy o, MTak, mosmyunm coorHomeHue

at O =[f]=dfrp (ol - L, oy

KOTOpO€ AABJISIETCS CJISACTBHEM COOTHOWEHHH R, ,,. MoxHo
HOJIYYUThL aHANOTUYHBIE COOTHOLICHHA s a$®, af®, ...
., af®. Hrak,

a=af Vet ® , , af®= Aol <[fao] oo Afmo]?

— COOTHOLIEHHe, sBJAsOUIeecs caeacTBrHeM R, U R,. [lepe-
MUILIEM 3TO B BHJE COOTHOLIEH HS

o= («[go:]» «[f11 ] <<[§11]») («[gy1 ] «[far]? <<[§21]>>). o
M («[gm—l, 1]» «[fml]» «[gml]»):

KOTOpOe Tak:Ke fABjadeTcad cJjaeacTBueM R, u R,. Ilocse
HOBOH pacCTaHOBKH CKOOOK MOJYYHM

a= (g ) «[fr:]» («[gTil]» «[g11]”) «fau] (<<[§21]>> «[gmk)) ce
voo ([@m-1, 1] L8 n=1,1]) fm POl gmi])-
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Wmeem g,,=g,,=¢, , Tak 4T0 «[g,, =1 Hg,p=1—
TpuBHaJbHEIE cooTHOWeHHs. CooTHolenue g, » g p=1
TaKKE TPUBHAJIBLHO, €CIH «[ g, [ 1 «[g;,]» BrpaxeHs! B Buge
cJ10B subo u3 S,, mubo u3 S,. Hoecau g;i—nymslU,NU,,
TO OZHO H3 CJOB «[g;]» HIH «[g,]> MOXHO BHIPA3UTDH
B angasute S,, a Apyroe—B S,. B 3TOM cayuae cooTHo-
wenne «[g,]» «[g;]»=1 aBasercs cueicTBHEM COOTHOLIE-
HHH Rg. HTak, nosyuaem, 4To cooTHOLIeHHe

a=fy P for] .o [ ]

fAIBJACTCA CJIEACTBUEM COOTHOmeHH# R, R, u Ry,
[lToBTOpAs 3TOT mpolecc, NOJNyd4UM COOTHOLIEHHE

a=fi, P [foul - . [frn) =&, el e ]
B Ka4eCTBe CJIEACTBHS U3 yIIOMSAHyThIX COOTHOWEHHH. Takum
006pa3oM, NepBOHAYa/IbHOE COOTHOLIEHHE — CJAeICTBHE 3THX
cooTHomeHHH, HMrtak, Teopema 24.2, a BmecTe ¢ Heill u
Teopema 3elipepra—Ban Kamnena noxkasausl. [

BrlgHuc/eHHs ¢ NpHMeHeHHeM Teopems! 3eiidepra —Ban
Kamnena Mbl OTJOXKHM 70 CJeNYIOWeN TJaBbl, 3a HCKJIO-
YeHHeM OJHOTO NpHMepd, OCHOBAHHOrO HAa MNPHBE/ICHHOM
HHXeE CJIeJCTBHH.

24.3. Caencteue. Ecau U, N U, 00nocessno, mo nu (X, x,)—
epynna ¢ obpasyouwumu S;U S, u coomrowenusmu R, U R,.

OTO yTBepKIEHHE OUYEBHIHO.

B kauecTse mnpHMepa mNpUMEHEHHs JTOTO CJEACTBHUS
paccMOTPHM BOCBMEDKY, T. €. MoAnpocTpanctso X < R?
Buga C,UC,, rae (puc. 24.2)

Cr={(x, PERY (x—1p 44y =1},
Co={(x, ) ER} (x4 D4 y=1}

YUTo6b! BOCNO/IB30BATBCA CAEACTBHEM, HYXKHO [OKA3aTh,
4TO X AB/IAETCA OODENMHEHHEM OTKDHITBIX JIHHEHHO CBA3-
HBIX NMOAMHOXKecTB U,, U, ¢ OOHOCBSI3HBIM NepeceyeHHeM
UyNU,. Nas storo nonoxum Uy =X\ {x,} 1 U,=X\{x,},
rre x,=(—2,0), x,=(2,0). Ouesuano, uto U, u U,
OTKDBHITHl H JIHHEHHO CBa3HBL, a U, NU,=X\{x;, x,}
MuHeAno cBasHo. [lanee, U;NU, onHocBsi3HO, nOTOMy
YTO OHO TIOMOTOMHYECKH 3SKBHBAJEHTHO {x,}. Ha camom
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aene {x,}—cuapHbifl gedopmaunonubiil perpakt U;n U,
(cm. komen ra. 13). Iloatomy nmpumenumo crefctsue 24.3.
Hanee, U; u C; roMoTonuyeck# 3KBHBA/JEHTHHl OTHOCH-
TeJMbHO X, IpH j=1, 2 (Ha camoM jene cHOBa C,—CHJb-
HeIH jpedopmanuonnsi perpakt Uj). Hrak, n(é 7 Xo) —
cBoOOMHas rpynna c OAHOH obpasyioulefi, H, COrJIacHoO
caeacTBh0 24.3, dyHlaMeHTaJbHAs Ipynna BOCHMEPKH —
cBoOoMHas rpynna ¢ AByMs 0GpasyiOUIUMH.

Puc.24.2

HeTpyno o600uuTh 3TOT peaysbTat Ha COBOKYNIHOCTh
n OKDYXKHOCTEeH, COENUHEHHBIX B OJHOH TOYKe, H MoOJy-
YUTh, YTO (QyHAaMeHTa/JbHas IPyNNa 3TOrO NPOCTPAHCTBA
ecTb CBOOOJHAA rpynna ¢ n obpasyrouiumy. Mpl octasJiseM
3TO B KawdecTBe (IPOCTOro) yrnparKHeHHs.

24.4, YnpaxHenus.

(a) Mycrp X, —oO0befsHEHHE 71 OKPYIKHOCTeH, IepeceKalomuxcs
(nomapKo W Bce BMeCTe) B CAMHCTBEHHON TOUKe x5 JIOKaXKuTe, 4TO
70 (X 4y Xp) —cBOGOAHAR Tpymna ¢ n obpasyiomumu. (BHTh MOXeT, [0
HHAYKIHA?)

(b) yerp X —cnenyomee mogmuoxectso R2:

X={(x, )€ER: —Il<x, y<<l u x nwm yez).

Onpezeante dyHaamenTadbHylo rpynny X,

(c) Mycts Y — omoO/NHEHHe CJelYIOUlero NOAMHOXecTBa R2:
{(x, 0)€R* x€7}. Doraxute, uro xt (Y, (1, 1)) —cBoGoanas rpynna
€O CUETHBIM MHOXECTBOM 06Pa3yioUIuX.

(d) Tlyctb X —xaycnopdoBO MPOCTPAHCTBO, MpeCTaBUMOe B BUe
X=AUB, rae kaxjaoe u3 A, B romeoMopdHo TOpy H ANB={xp).
Briuncsute 5 (X, x). (Ykasanue, HaiiiuTe cTArHBaeMyIo oK pecTHOCTD
C,4 Toukn xo B A u monoxure Uy=B|C,. Ananornuno omnpejeauTe
U;=AyCp, rae Cg—crsarupaeMas OKPECTHOCTb ¥, B B.)

(¢) Iycts X —npocTpancTtBo, MonydeHHoe u3 S#—1XR BpLI6pa-
ChlBatueM k HelEPeCeKAOLHXCH NOZMHONKECTB, FOMEOMOP(HLIX OTK Phi-
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TOMY A-MepHOMY IHCcKY D7, KakoBa dynpamentajbHas rpynna X?

() Oycte X={(x, y ERPEXRPA:; x=x, nm y=ux), Tie
Xo—GukcupoBannas 104ka 3 RP#% (X —sT0 jBa sksemmnspa RP#
C ofHOH obmeli TOukoff x,). Buuncaure =t (X, x;). Koneuwa i s1a
rpynna?

(g) Mycts X=U;YU,, rae Uy u U, OTKPLITH H JHHEAHO CBA3-
wel, a U1 U, menycTo u ymuefino cesano. Ilyets ¢ UNU, — Uj
uPy: Uy — X — Brmouenust. [loxaxute, uto ecim U, OfHOCBA3HO,
T0 Y1t (U4, %) — 1t (X, xp) —snumMopdusM.

Janee noxaxure, 410 AP0 OTOGPAXKEHHT Pj, —5TO HAHMEHbINAS
HopMasbHas noarpynna s(Uy, xo), conep:ramas of pas iU N Uy, %o).

(h) Myete X=U,YU,, tae Uy, Uy u U;[)Uy~—OTKpHITEE He-
NyCThle JHHEHHO CBS3Hble NOAApOCTpaHcTBa. JloKaxkuTe, 4TO ecn Us
i UiNU, omnocBaanbl, T0 dyHAaMenTalbible FpYNIBl NPOCTPAaHCTB
Uy, 1 X usomopbHLL.

(i) IMycts K —koMnaKkTHOe NOAMHOMKecTBO R” ¢ auHefino cBA3-
weM R72 N K. Myets At R?— SN {(1, 0, 4., 0)} — romeomopcuam,
3aJaHHbIA GopMy ol

1

. — 2
h (xli Xoy ooy xn)—‘(”x“ l! QxI» 2x2’ 149, an) (l_l_”xuz)O
Hokaxute, 910 Npr x,€RAN K rpymna n (R"\ K, x) usomopdua
(87 N\ h (K), h (x). (Yxasanue: KCBy (0) npu nekoropom k., Pac-
emorpute Up=h (RPN K), U,=h(R2\ B, (0)U{(1,0,0, ..., 0)}
H Boclogbay#teck ynp. (h).)

(j) Tycte X —Top ¢ oxHolt BuIGpoweHHOH TOUKOH. [Tokaxure,
4To (yHIaMeHTaNbHAsi rpynna X —cpoboJKas rpynna ¢ AByMs o6pa-
3YIOIUHMH,

(k) TlokaxuTte, uto dynfamenrtanpnas rpynna RP?N\ {y}, rze
yE&RP?, uaomopdua 7.

(1) Tyctp Y, —cnenyoumee nognpoctpauctso O:

Yo={2€C: [a—j+12]=1/2, j=1,2 ..., 0},
Ide n—HartypaabHoe uHca0, Bruuuenure m (Y, 0).
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TEOPEMA 3ENMEPTA —BAH KAMMEHA
ill. BbIMUCNEHUSA

B 370ii ra1aBe Ml Bocnosb3yemcs TeopeMoil 3efipepra —
BaH KaMmnena Aja Bbluuc/eHHs (yHIAaMeHTalbHbIX rpynn
HEKOTOPbIX MNpPOCTPAHCTB. [l nepBHIX Tpex npumepos
oTBeT Obl1 MOJMYYeH paHee (B KauyeCTBe YNpaXKHEHHs HJIM
CMEACTBHUs)) NPH MOMOLH IPYTHX METOLOB.

% T G X
L4 >
& c
a1 \ L a] al ‘y [ at
! 4
> d >
a, ] a, Ly
(@) (6) (c)

Puc.25.1

Haunewm ¢ nokasaresbctBa Toro, uto ¢yniaMentatbuas
rpynna topa T usomopdua Z X Z. Ilpeactasum T B sume
KBaJpaTa CO CTOPDOHAMH, OTOXKAECTBJEHHBLIMH, KaK MOKa-
3aHO Ha puc. 25.1 (b). OtoxIecTB/IsIEMblE CTOPOHBI 06O-
3HaYHM 4epe3 a, H d,.

I[lycTh y—mHekoTopas Touka BHYTpM KBaapaTa, Kak
nokasano Ha puc. 25.1(c). Ilycts U, =T\ {y} u U,=
=T\ (¢, Ua,), 1. e. U,—BHYTpeHHOCTb KBaapara. Oue-
BUAHO, U; u U, OTKDHITBl M JIMHEHHO CBfI3HBI, TaK Ke
kak u U, NU,. Takum 06pa3oM, MOKHO NMPHMEHHTb Teo-
pemy 3efipepra—nan Kamnena. Ilycts x,, x,—Toukw,
yKkasaHHble Ha puc. 25.1 (). (3aMeruM, 4ToO X, nosiBAAETCA
Ha DHCyHKe YeTblpe pasa, TakK KaK 3TH YeThlpe TOUKH
OTOKAECTBJIAOTCA B OAHY TOUKY npoctpaHcTsa 7.) [Tycts,
HAaKOHEW, ¢—OKpyXHOCTb C LEHTPOM B Y, MPOXOAALLAS
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yepes X,, a d-—nNpAMOJNHHEHHBI OTPE3OK, COoeHHAOIWUA
X, U Xy, KaKk nokasauo Ha puc. 25.1 (¢).

I'panuna ksazpata (puc. 25.2 (a)) nocsie OTOXKAEC TBJIE-
nusi gaeT BochMmepky B T (puc. 25.2 (b); oM. Takxe
puc. 25.1 (a)). Ona, oueBUAHO, ABASIETCA CHILHBIM nedop-
MallHOHHBIM peTpPakToOM MHOXecTBa U ;.

a,
x, > Xy
ay
a A Aay
v a T
33] > xl z xl
a,
(a) ()

Puc.25.2

Ecan a; ¥ @,—3aMKHyTele nyTH B U; B TOuke Xy,
06XO0/sIIHe 0 OJAHOMY pa3y @, H 4, COOTBETCTBEHHO B Ha-
MpaBJeH usX, OTMEYEHHBIX Ha puc. 25.2 (b), 0 (U, x,) —
cBoGoAHas rpynma ¢ obpasyiowumu [a,], [a,]. 3amertnm,
ato [a,] u [a,] onpenenensl oanosnauno. Hycts 8 —nyTh
B U, U3 x, B X;, COOTBETCTBYloWHi OTpesky d (1. e. &
I — d—romeomopdusm); torga a(U,, x,)—cBoGojaHas
rpynna ¢ obpasytomumi [Oxo,x0], [82a,%6], koTOpBIE MBI
o6osnaunm uepes A; u A, COOTBETCTBEHHO.

OHOTOUEUHOE [POCTPAHCTBO {X,}—CHJbHbIA aedop-
MaLHOHHbI peTpakT MHOXecTBa U,, U notomy n(U,, x,)=1.
OKpyXHOCTb ¢ SIBJACTCA CHJbHBIM 1eDOPMALHOHHBIM DeT-
paktom nepecedennss U; N U, Ecau y—3aMkHyTHl 0yTh
B U,NU, B TOUKe X, OJHOKPAaTHO OOGXOAAwHA ¢ B Ha-
npaBJeHHH, DOKa3aHHOM Ha pHC. 25.1(c), 10 n(U;NU,,
X,)—CBOGOAHAs rpynna, MOPOXIeHHas 3JeMeHToM [y].

Teopema 3efidepTa—Ban Kamnena yrtBepxaaeT, uTO
rpynna n(T, X,) DOPOXKIEHA MHOMKECTBOM 06pasylollnX
{4, A,} n uvMeeT eIHHCTBEHHOE COOTHOLUEHHE «Pr [Y]=
=Py [y]>.- B U, nmeem

[p,7]= [Sxar woyn00, 20,50 =
= [Osor#0 | [ Oxcryu8] [8x0r,56] [ Ss0y28],
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TaKk 410 «@, [y =A;4,A7'A;'. C apyrofi  cTOpOHH,
«Py [y]»=1, TaK uto rpynna n(7T, x,) uMeeT Kompei-
craBienne ({A,, A,}:{A,A,AT'A7'})) u, caenoBaTtesbHo,
nsomopdua Zx Z.

B kausecTse cueayioulero npumepa paccMOTpuM Oy-
oKy Kuefina K. Bouuciende ee QynaameHTa/nbHOM
TPYNOE BO MHOTOM aHAJIOTMYHO BBIYHCJIEHHIO (yHAaMeH-
TaJbHOH rpynnel Topa. IlpeacraBum OyTelIKy Kuaeit-
Ha K, Kak na puc. 25.3(a), u ucrnoap3yeM 06GO3HayeHHs
puc. 25.3(b).

Nycte U, =K\ {y} v U,=K\ (a,Ua,); Torma Uj,
U,, U,NU, yrnoBaeTBopaAIOT yCJI0BHAM TeopeMbl 3elidep-
ta—BaH Kamnena. ['paHunma kBaapata nocje OTOXIECT-
BJIEHHS CTaHeT BOCbMepKOH (pHc. 25.4), M 3Ta BOCbMepKa
IBJISIETCS CHUJIbHBIM JleOPMallHOHHBIM DETPAKTOM MHOXe-
ctBa U,.

Cnenosarenbno, n(U;, X,)—cBofogHas rpynna, no-
poxjieHHas obpasyiomumu [a,], [a,], rie a,, o,—nyty,
COOTBETCTBYIOLIHE CTOpPOHaM @, H a,. Ecan 8—nyrs,
otsevatouuit orpesky d, To (U, x,) —cBobonHas rpynna,
nopoxjeHHas sjaemeHtamu [Oxa,x0], [8xa,#0], koropnie
MBl 0003HAYUM COOTBETCTBEHHO A, u A,.

[1poctpanctso U, cTarusaeMo, u notomy (U, x,)==1.
Hakonet, okpyXHOCTb ¢—CHJLHBIA AedopMalHOHHELH pert-
pakt U, NU,, tak uto (U, NV, x,)—cBoboauas rpym-
na, NOpOXAeHHas ajeMeHTOM [y], rae y—unyts B U, N U,,
COOTBETCTBYIOUIMA ¢, T. . NPOXOASAILIKI ¢ OAHH pa3 B yka-
8aHHOM HanpaB/ieHHH. B U; nmeem

[(PI‘V] = [G*OLl*az%al*az*S] =
=[O0, %8| [ Owar, 8] [Owar 0] Oxcyxd],

TaK 4TO «@, [y =A,4,A7'4,. C npyrofi  cTOpoHH,
«@qq [y]»=1. UraK, n3 teopemnl 3eiicdepra—pan Kamnena
HeMeJJIeHHO moJydaeM, 4To mu(K, x,) usomopdra rpynme
{4, Az}:{A,A,AT A} (em. Takxke yop. 19.5(e)).

B kauecTBe TpeTbero npumepa Mbl MOKaxeM (CHOBA),
uTo (QyHJaMeHTanbHAs Tpynia BEeLLECTBEHHOH NPOEKTHB-
Holi mJuockoctn RP? usomopdra Z,. IlpeacraBum RP2
B BuJle GakTOPIPOCTPAHCTBA, KaK NOKa3aHo Ha puc. 25.5(a).
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a, a,
> Ly > X
an Aay aypr HC oy rq
Lo
d
< /B < @,
a, a,
(@) ()
Puc.25.3
a,
X >- x, B
al/\ /\a]
< &y
X <€ X
1 1
a,
@ (b)
Puc.25.4

[lyctb X4, %,, y, ¢ U d—TOYKH, OKPYKHOCTH M OTPE3OK,
nsobpaxeHnple Ha puc. 25.5(b).

[yers U, =RP*\ {y} n Uy=RP?\ a; Torna U,, U,,
U,NU, ynoBieTBOPSIOT yC/JIOBUAM TeopeMbl 3efidepra —
Ban Kamnena. Kpusas a npeacrasisier okpyxuocts B RP?
W ABJSETCS CHJbHBLIM JeOPMALMOHHBIM DPEeTPaKTOM MHO-
xectBa U,. Takum obpasom, n(U,, x,) —cBoboiuas rpyi-
ma, nopoxkjeHHas saementoM [af, rme a—nyts B Uy,
cootBeTCTBylomHUi KpuBo# a. Ecau —unym w3 x, B x,,
cooTBeTCTByoMMA orpe3ky d, 1o a(U,, x,)—cBoBoanas
rpynna, nopoxjieHHas 3JjemeHTOM [Oxaxd]= A.

[loanpoctpanctBo U, cTATHBaEeMO B TOUKYy X,, M [O-
oMy 7L(U,, xo)=1. OKpyx’HOCTb ¢— CHJbHBIH gedopma-
uvoHnetit perpakt U,NU,, tak uyro n(U,NU,, x,)—cBo-
6oaHas rpynna ¢ obpasyiomef [y], rae y—nyT™s B U, NU,
B TOYKE X,, COOTBETCTBYWOIHUH ¢, T.e. OOXOAsILHA ¢ OAHH
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a a
X Xt
a a
(a) (6)
Puc.25.5
a
a ~
N
a
a
a
a
S
~
(@)
Puc.25.6

pa3 B ykasaHHOM nanpassienuu. M3 reopems efichepra —
Ban Kamnena nonyyaem, ato i (RP?, x,)—rpynna c o6pa-
ayoueil A M COOTHOWEHHEM «yy [Y]> =«@,u [y]>. B U;
uveeM  [@,y] =[8zaxax0] = [Oxaxd] [6xax8], Tak uTO
«@iq [y]> = A% Mexny Tem «@,, [y]» = 1, Tax uto 7t (RP2, x,)
usomopdua rpynne <{A}:{A4%}>, 1. e. Z,.

Hawum crenytomnum npumepom Gyget npoctpancTso X,
MpeJCTaB/JEHHOE f1-yrOJbHHKOM, BCE CTOPOHH KOTOPOro
OTOXK/JECTBJIEHHl C OJHOH, KaK MOKa3aHO Ha puc. 25.6(a).
3ameTuM, 4TO ecau n=2, to X coBnajaer ¢ RP2.

Hcnonbays ofosnagenus puc. 25.6(b), nosoxum U, ==
=X\ {y} n Uy= X\ a. Ilpoctpancrsa U,, U,, U,nU,
HEmycThl M JMHeAHO cBA3HB. CTOPOHBEI MHOrOYTrONBHHKA
00pasyoT OKpyxHOCTb @ B X. OHa siBJeTCS CHJBHBIM
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a; ay 0 a
a, @ q
a] al a] a]
(X X,
Puc.25.7
a;
Xy
Pue.25.¢ T

AehOpMALUOHHEIM peTpakToM Uy, u motomy mt(Uy, X,) —
cBOGOJHAA rpynna, NOPOMK/JeHHAs 3JeMEHTOM [@], rae
®——3aMKHYTBIH NyTb B TOYKE X;, COOTBETCTBYIOULHIH OKDYHK-
HocTH a. Ecow 6 —nyTs M3 x, B x,, COOTBETCTBYyIOULHA
oTpesky d, to n(U,, x,)—cBoGoanas rpynna, NOPOXKACH-
Haa sjeMeHTOM [Oxax8]= A. [NloanpoctpanctBo U, cTArH-
BaeMo, Tak uto n(U,, x,)=1. Hakonen, OKpy*XHOCTb
C-—CHJbHBIH AudopmanuoHHBE petpakT U, NU,, Tak 4ToO
a(U,NU,, x,)—cBoGoanas rpynna, NOpOXKAEHHas aJe-
MeHTOM [y], rae y—savkuyTslii nyTs B U, N U, B Touke x,,
COOTBETCTBYIOWHI OKPYXKHOCTH C.

[Ipumenss Teopemy 3eiipepra—pan Kamnena, uel
BHANM, 4TO 7 (X, x,) umeeT oAHy obpasywowmyio A H oaHO
COOTHOILEHHE  «@y, [Y]) =«@yu [7]». Jlerko BuaeTs, uTO
[@17]=[Osax. . . 2028] = [82a20]", Tak ut0 «q, [y = A"

|

n
Mexay TeM «@,. [y =1, Tak uTo m (X, x,) HMeeT Konpes-
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craienue ({4}:{A"}), T. e. m(X, x,) nsomopdha UHKIU-
yeckoi rpynne Z,.

Bo Bcex npenwpAylMX npuUMepax SToH IJaBwl npo-
crpanctBo U, crarueaemo. Creayiomue npumephl He obJa-
JAlOT 3THM CBOHCTBOM. PaccMOTpHM OJHOBPEMEHHO TpH
npocrpanctsa. [Tyets X,, X,, Xg—(axTOpnpocTpaHCTBa,
nmoKa3aHuele Ha puc. 25.7. 3amerum, yto B X; cTOpOHa
a, He OTOMIECTBJEHa HH ¢ Kakod JApyrofl CTOPOHOM.
HUcnonbayembie HaMu 0GO3HaueHUst MOKa3aHbl Ha puc. 25.8,

ay 7 a, ay
‘a a, a,
(@ (6) % (0
Puc.25.9
Myers U;=X;,\ b npu i=1, 2, 3. llyetp U;, =

= X;\(q;Ua,) npu i==1, 2, u nycte Uz =X\ (a,U
Ua,Ua,). Torna Uy, Uy, Uy 0 Uy — OTKPHITHIE H JIHHEHHO
CBA3HBIE [TOIMHOXeCTBa NpocTpaHcTs X; npu i=1, 2, 3.
Ha puc. 25.9 nokasaHbl «BHe[IHHe CTOPOHBI» NPOCTPAHCTB
X; mocae OTOXIAeCTBJEHHI.

B Ka¥AOM cJyyae OHH SBJSIOTCA CHJbHBIMH gedop-
MalMOHHBIMH peTpakTamu mofnpocTtpancts U;,. [losTomy
HETPyAHO BHIeTb, uTo n(U,, X,)—CBOGOAHas rpynna
¢ obpa3yoLULHMH
[A, =[bx0,x8], A,=[bsct,8]} npu i=1,
{A, =[bsa,=0]} npu i=2,
{A, =[0xa%8], A,=[8x0t,x0], A3=[6*a3%8]} npu =3,
re B Ka)JAOM CJyuyae Mbl HCIIOJIb3yeM OYeBHAHbIC 0003Ha-

YEHHS O, Oy, Uy H O

IpocTpancTso U, COAEPIKHUT OKPYKHOCTb b B KayecTBe
cubHOTO AedopMallHOHHOTO peTpakTa, (=1, 2, 3. Takum
o6pasom, m (U, X,)—CBOGOAHAs rpynna ¢ OfHO#H o6pa-
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sytomed B=|ex{xe], rne p u e—mnyTH, oTBeyarouHe COOT-
BETCTBEHHO b U e.

OKpYXKHOCTb ¢—CHJIbHBIA J1edopPMalHOHHBIH peTpakT
noanpoctpanctsa Uy, NUyy, Tak uto st (U;, N U, x,) —
cBOGOJHas rpynna ¢ oAHOH obpasyiomeii [y]. B U;, umeem

[@:7]= [6*a2*al*a_l*o—cf*al*a_l*§] =A,A{A7 npu =1,
[o:¥]=] 6*“2*“1*"‘1*?_‘2*“1*?1*9] =1 npy  i=2,
[1v] =[x, ra,50a, 20 50,5050 |
= A,AIA7'AT A _mpu i=3.
Buytpu U, umeem [@,y]=[exPspsPse]= B>
[lpumensa Tteopemy 3efidepra—Ban Kamnena, noJy-

YaéM CJeylollHe KONpeACTaBJCHHS (yHAaMEHTalbHBIX
rpynn mpoctpancTs X

(X, %) =<{Ay, Ay B}i{A,AA7 =B},

T (Xy, X)) =<{4,, B}:{B*=1}>,

n(Xy x,)=<{A;, A4, B}:>.
Hocennuii pesysbTaT nveer mecto, nockoabky A,A2A4;!
XA;'AT'=DB® Torpa ¥ TONBKO TOrjia, Korjia A, =
= A7'B~*A,AjA;', Tak 4To rpynna (A4, 4, 4, B}:
A A AVAT AT AT = B®)> n3omopdua rpynne {4, A4,
B}: o>,

a; ay

ay
P#e.25.10

Hanbuefinne BHIUMCJGHHS C HCIOJB30BaHHEM TEOPEMBI
3efidepra—pan Kamnena GyRYT OpoBefieHH B CJelyko-
WHX rJaBax. ‘
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a, ag
a; a;
a; ay
a,
(a)
a4
dy a4
ay ay a,
a a,
ap
(d)
ay a, a a, dy s
a; a; q a, dy ay
asz ay a, a, a, ay
(9) (h) {0

Pnc.25.11

25.1. Yopaxuenus. (a) [lycte G —koneunas aGesesa rpynna. [loka-
AHTE, YTO CyLleCTBYeT NpocTpaHcTBO X, QyHlaMedTanbHas Cpynna
goToporo usomoppua G (cM. Takxke ynp. 19.5(b)).

(b) MMpoctpancrBo X monyuyeHo H3 MATHYTOJbHHKA (PH [OMOLLH
OTOKJECTBJEHHS €ro CTOpPoH, Kak nokasano ua puc. 25.10. Briunc-
AnTe yHAaMeHTaJbHylo Cpynly mpocrTpancTea X.

(c) ﬂoxax{me,o yro ecan noimHoxectso W < R3 romeomopdHo
oTKpHTOMY mHcKy D2, To W He smasiercsi oTkpmitofi 8 R® okpecrHo-
CTBIO HHKAKOH cBOel TOukH. (Yxasaunue: ecin W — oTkpuitag B R? ok-
pectHocTs ToukH w€ W, To waiinercs noaMuomectso U W, aaa

goroporo wE Uy n Uy = D no OfnpeAe/IeHHo. )
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(d) Iycts X —xpenpess, 7. e. noanpoctpascTso R?, HaoGpasken-
Hoe Ha puc. 11.7(e). Buuncanre ero ¢ynnamentambhyio rpynny.

() Mycte Dy, Dy—iBa IBYyMepHBIX HCKA C PAHHIAMHU Siu S,
cooTeeTcTREHHO. [lyeTh X —ofneauuenne Dy u D,, npuuem Toukn Sp
OTOXKACCTBAEHH C TOYKAMH S, MO MpaBHIy: exp 2nif €Sy oToMJIeCTB-
JsieTcss ¢ exp 2nint B S,, Ile n— HeKoTOpoe (PMKCHpOBaHHOEe HATy-
panpHoe uucao. Jokaxure, uTo X OAHOCBH3HO.

() Bruucante dyHgamentanbuete  rpynnst (axTOpnpoOCTpPANCTB,
H300paxKeHHbX Ha puc. 25,11, )



[nasa 26
DYHAAMEHTANBHAA TPYMNA MOBEPXHOCTU

Tenepb HHYTO He MeliaeT HaM NPHCTYNHTb K BHIYHCe
JIEHHI0 (QyHIaMeHTaJbHOH TPYyNMbl MPOH3BOJLHOA MOBEPX-
HocTH. HamomuuM pesyJbTatel rJ. 11, cOrjacHo KOTOpHIM
JIOOYI0 MOBEPXHOCTb MOXKHO MOJYYHTb U3 cephl, Topa H
IPOEKTHBHOH IJIOCKOCTH MpPH [OMOLIH B3ATHA CBA3HOH
cymMMpl. HamomHuM Takxke, 4To ¢yHAaMeHTaJbHas Tpynna
TOpa uMeeT J1Be ofGpasywoliHe, CKaxeM ¢; H dy, U OJHO
cooTHowenue ¢,d,cy'dy’ =1, Torja Kak (QyHpaMeHTasJbHaA
rpynna rpoeKTHBHOH MJOCKOCTH HMeET OJHY 06pasyIollyio
fi v onHo cootHouleHue fi=1. OOWHUA pe3yJbTaT, KOTO-
pBIil Mbl JOKaKeM, COCTOHT B CJIEJyIOLIEM.

26.1. Teopema. DyHOaMEHMANbHAR epynna HOBEPXHOCHIU
S=384 mT 4 nRP? ecmo epynna ¢ obpasyowumu ¢, dy,
Cgy dgy +ovy Cps Ay Fis For vvvs [ 4 00HUM coOmHOWIE
Huem

cdierdiicgdycs? it Cpdpcnidn il o =1

Hokasameascmeo. MoxHO 3amucaTh S B BHIe
S=XUHUH,U...UH UM, UM, U...UM,,

rie X —cdepa ¢ m-+n=¢ BHOPOLIEHHLIMH OTKPLITEIMH
nuckamu, H,, H,, ..., H,—pyuxku (KaxJ1asa 43 KOTOPbIX —
TOp C BHIGPOLIEHHBIM OTKPHITHIM JuckoM) u My, M,, ...
oo, M, —aucTel Mé6nyca (Kax/IpiHl H3 KOTOPbIX ~— BEIeCT+
BeHHas NPOEKTHBHAA MJIOCKOCTb C BHIOPOLIEHHBIM JTHCKOM),
Ecau b, by, ..., b, cyTb ¢ OKpyxHOCTel, 00Opasyiouinx
Kpait X, TO

XnHi=bi’ l=1, 2, ey I,

XNM;=b,.;, j=1,2, ooy
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3ametum, 4t0 X romeomopdHo ameky D? ¢ g—1|
BBIGPOLUEHHBIMH OTKPHITHIMH RHCKamu. [lycTb x,— Touka
BHyTpn X, Kak nOKasano Ha puc. 26.1. Iycts x,, x,,
e+, X,—TOUKM Ha by, b,, ..., b, Ilycts, Hakomel,
5, Ay, + .., A;~—KPHBBIE, COEAHHSIOMNE X, C Xy, Xgy .., X,
COOTBETCTBEHHO, K4K MOKa3aHo Ha puc. 26.1.

Pue.26.1
INoanpoctpancTso B X, cocTosiulee H3 ay, d,, ..., A,y
v by, by ..., b,y ecTb cuabHREIA fedopMalHOHHE peT-

pakt X. [losTomy HeTpyaHO BHAETb, YTO QyHIAMEHTAJb-
Hasg rpynna X-—3To cpofoanas rpynna ¢ g— 1 obpaayio-
mumu. (Ha caMom J1ene nocse CTATHBaHMR AYT @, @,,
se.y @y B TOYRY X, OPOCTPAHCTBO X TrOMOTONHYECKH
3KBHBAJIEHTHO OTHOCHTeNIbHO {x,} oOObexHHEeHUIO ¢ — |
OKpyx)HocTell ¢ oanoil ofwel touxofi.) Ecau a,, a,, ...
<o, O,—0yTH B X U3 X, B X;, COOTBETCTBYIOLULHE AyraM

Qi, Gay «vey Qg @ Py, Py, ..., B,—3aMKHYyTHE nyTH
B TOYKAX X;, X3, ..., X,, COOTBETCTBYIOLLHE OKPYKHO-
ctaM by, by, ..., b,, To m(X, x,)—cBoGoauas rpynna,

NnopoxJAeHHas 00pas3yoilUMH
B, =la#}xa,], B,=][a,zp,za,], ...
o Byoy =y %D, yxa, ]
Ecan ofosnaunts [o#3,xa,] depes B, 10 Bj'=
= B,B,...By_,, 1. . B,B,...B,_,B,=

HMrak, n(X, x,) MOXHO 3KBUBAJEHTHO OMUCATL KakK
rpynny ¢ oGpasyiownma By, By, ..., B, 0 ORHUM COOT-
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HowenueM B,B,...B,=1. O1a dopmyrupoeka Gyael no-
Je3Ha B JanbHeHIneM.

Ecnu B3aTb Apyrue OTMeuyeHHble TOYKH, HANPHUMED X,
i=1,2, ..., 9, To a(X, x)—rpynna ¢ 06pa3yOUHMH
hi(B), hy(By), ..., h;(B) ¥ ONHHM COOTHOILlEHHEM
hy(BiBy....B)=1, rne hpy n(X, x;) — n(X, x;)—wu3o0-
Moptusm, onpefenensbil dopmyaol h, ([0]) =[ox9%x,;].
3ametum, 9to h,(B,)=[B;].

8 (1)

\7:(1)

§i(h)

Puc.26.2

Paccmotpnm Teneps pyuky H,. W3 npexunx suaucae-
HUA Ham M3BECTHO, YTO (yHAaMeHTanbHas rpynna H, —
csBo6oAHas rpynna ¢ AByms ofpasywouiuMi. B oBosxaue-
HuAxX puc. 26.2 m(H,, x;)—cBo6oaHas rpynna, nopoxacH-
Han anementamu C,;=[exyxe;] u D,=[ex0xe,], rhe
g;—MyTb, COOTBETCTBYIOWMHUI KpuBok ¢, B H, a y; 6,—
3aMKHYTHle nyTH B H;, u3ofpaxeHHble Ha puc. 26.2.

3ameTuM, 4TO SaMKHYThIH NyTb {3;, COOTBETCTBYIOMKH
OKDYXHOCTH b;, MOXHO BbIPa3uTbh uyepe3 C;, u D; B BHIE
[B;]=C,D,C7*Di

Paccmotpum et Mébuyca M, ®DynpamentanbHas
rpynna M,—ceoGonHasi rpynna ¢ onHoll o6pasyomeit
F,=[8/+m“(P/*8/+m]» TAE & ,~—NYyTb, SOOTBeTCTByEOLllHIZI
€4+, HA PHC. 26.3, 8 ¢, — H300paKEHHBIA TaM 3aMKHYTHIA
nyTb. 3ameTuM Takxe, 410 [P, ,]=Fi.

Yro6ni BEIYHCAHTD (DyHAAMEHTaNLHYIO [PyNny MNoBepX-
HOCTH S, CKOMGUHHMpYeM NOJydYeHHble pe3y/bTaThl U BPH-
MenuM uaAykuuio. Onpelenum noanpoctpaHcTBa X,
Xi .., X, mOBEpXHOCTH S caeayiouiuM 06pasom:

X=X, X;=X,_\UH, npn i=1,2,...,m,
Xps;=Xaem UM, opu j=1,2, ..., 0.
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[TokaxeMm, uTo ¢QyHIaMeHTaJbHBIE TPYNHbl IIPOCTPAHCTB
X; u X,,; yctpoens caeiyomuM obpasom: 7 (X, x,),
{i=0, 1, ..., my—rpynna c oOpasyomumMu ¢;, dy, Cs

9

3

100
Puc.26.3
dy -, ¢ 4y Biyg, Biyy, ..., B, M OBHHM cOOTHOLIE-
HHEeM  cidyoridiic dycy'ds . L odier AT By, - . By=1, a
1 (Xpep %), j=0, 1, ..., n,—rpynna ¢ 06pa3yiomnmu
C1» dl: 02: dzv ct Crm dm: fiy 2 wfp Bm+j+17 m+j+2y ¢

..+, B, u omuuM cooTHowenueM c¢,d,c7idiic,dycstdyt .
.. .C,”dm(,';lld;,lfffg. ‘ 'ﬁBm+j+le+j+2‘ . 'Bq= ]

Hro6rl 10Ka3aTh 3TOT pesy.bTaT, BOCIIOJbL3yeMCH Teo-
pemoit 3eirdepra—pan Kawmnena, a s 3TOro HyXHO
npeactaButh X, B Buge o0beJHHEHHS IBYX OTKPBITHIX
noamuoxkects. Xota X, =X, _;UY,, rae V,=H; um M,
NpH HEKOTOPBIX [ U j, HO HU OJHO H3 3THX MOANPOCTPAHCTE
He oTkpbiTo. Hanomunm, onnako, pesyiabrat ra. 11 0 Tom,
4TO (MIOCKOJBKY Mbl Opajii CcBsi3Hble CyMMbl) Haijetcs
OTKpbITasi OKPeCTHOCTb N, OKpyXHOCTH b, B S, romeo-
mopbuas S* X (—1, 1), npuyenm ecan g, Npy—S1 X (—1, [)—
COOTBETCTBYIOWKI ToMeoMopdusM, TO g, (b;)=S*x {0} u

g (' X(—1, 0D XXy, ' (S'X[0, 1)V,
Mostomy ompenesim U,=X,_,UN,cX,_,UY,=X, u

Vi=N,UY, <X, ,UY,=X,. Ioanpoctpanctea U, uV,
UpoCTpaHCTBA X, OTKPHITHI U JIMHEHHO CBA3HBI, H UgM
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NV,=N, aunefino cpasno. Temepb MOXHO NPUMEHHTD
teopemy 3eiidepra—pBan Kamnena k X,=U, UV, u or-
MeYeHHBIM TOuKaM X, € b,. OueBnuHo, ut0 X4y, Yy, by —
cuipHBle  nedOpMaluOHHBIE — PETPAKTHl  COOTBETCTBEHHO
npoctpanctd Uy, Vi UpNV,, Tak 4o

T (Up xp) =7 (Xpoi, Xp), (Ve x) =Yy Xp),
n(UeNVy x)=m1(by, x)=<{[Pe]}: &>

dynjaMeHTabHEe TPyNNH 7 (X,, X,) COBCEM JIErKO Bbl-
qUC/SIIOTCA MO MHAYKUMH. HamoctpupyeM 3TO BBRIYHC/E-
mueM rpynnel w(Xg, x,). Mmeem

n(Ug x)=n(X, x)=<{hy (By), hi(Ba), ...
ey Iy (Bq)}:{hl(Ble...Bq)=l}>,
ﬂ(vl': x1)=“(Hi’ x1)=<{ci’ Dl}:®>’
JT(Uan{; x1)=ﬂ(b1'1 x1)=<{[[31]}:®>'

[lo Teopeme 3eiipepra—pan Kamnena n(X;, x,) =
=n(U;UV; x)—rpynna c obpasywowuma Cy, D,,
h,(B)), hi (By), .-, by (By) n cooTHomenusvu hy (BBs. ..
...By)=1, h(B)=C/D(C'Di*, Tax Kax hy (B)=[B]
B X u [p]=CD,Ci*'Di* B H;. Vckmouenne o6pasyio-
weft Ak, (B,) nokasmiBaet, 4to n(X; x,)—rpynoa ¢ obpa-
syowumu Cy, Dy, hy(By), hi(Bs), -+, h,(By) n onnuM
cootnowenneM CiD,CT'Di'hy(ByB,...B)=1.

Otciofla HeMocpeACTBEHHO cJjelyeT, uTo T (X, X,) —
rpynna ¢ obpasylouuMy ¢y, di, By, By ..o, B, u oanum
cooTHoweHneM ¢;d,cr'd ' ByBs. .. B,=1, rae ¢, =h" (C))=
=[a xe %y %e 0] H d,=hi*(D,) =[axe*d %e xa, ].

OueBHAHOE NPOLOJKEHHE 3TOH Mpouefyps! npeiocras-
asetcsa yuTatesao. [ .

HenocpecTBEHHO He BHAHO, HACKOJBLKO DAa3JH4aloTCA
Tpynnsl, nepeduc/eHHEEe B Teopeme 26.1. [lostomy MHI
NPOKOMMYTHPYEM HX, T. €. W3 Ipynubl G=<S,;: Ry obpa-
3yeM 1 pOKOMMYMUPOSARRYI0 2pynny

AG=<S;:RU{xyx~1y~" x, y€ S},

06aBUB COOTHOWIEHHS XYy = Yyx LJA BCEX X, Y& G.
[ycts n=0, T. e S=S*4mT,; roraa An(S, x,) —
rpynna ¢ MHOXKECTBOM obpasytolux S, =={¢y, dy, g, dg, « + s
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veuy Cpy 4, W cooTHOWEHMAMP {7,=l1}U{xy=yx: %,
YyES,}, rae

— -1 4 —1 -1 -1
rp=cdcridic,dyesidyt e duentdnt

B uwactHoCcTh, uMeeT MecTO cooTHOUeHHe ¢,d,=d,c,, TaK
UTO COOTHOLIEHHe 7,==| fBJSETCH CJEACTBHEM COOTHOLIE-
Hull {xy=yx: x, y€S,}. HUrak, An(S, x,)—3rt0 rpynna
<S,i{xy=yx: x, y€S,}>, U HeTpyAHO BULETb, YTO
An (S, x,) == Z*.

Ilpu n>=1, xoraa S=8%3FH mT 3 nRP?, rpynna
An (S, x,) nmeer ofipasytomue S, . ={c;, dy, ¢,, dy, ...
voes Cpo Ay foy Foy oo, [} 1 cooTHOWeHHS {7,,,,=1}U
U{xy=yx: X, yESm+n}’ raie

— =14-1, =1 4= —~14-1f252 9
Tman=Cd 077 Cd,057dT o Cpd e AR RS . T

Cootnowenne 7,,,=1—caelcTBHe COOTHOWIEHHHA {xy =
=yx: x, Y€S, 1} H{(fif.. . [, )?=1}. Boaee Toro, coor-

Howenune {(f,f, ... f,)*=1} —caenctBue  coorHOLEHH

{Tmen=1}U{xy=yx: x, y€S,.,}. Takum oGpasom,
An(S, x)=<S, . {xy=yx: x, y€S,,; .U
U{(Ffer - 2=}

Iostomy moGoit snement w3z An (S, x,) MOXHO 3aNlHCaTh
B BHIE '
R N G A s FE R
rae a(i), b(i), e(i) €EZ. D10 BhIpaKEeHUE MOXKHO NEpENH-
catb B BUJE
c§<1’df{<”cg<2’d3‘2’. . _Cg}m)d’l;%m)fel (1)—8(n)fez(2)—em>. ..
o JRETTEO (Fofy O,

U TOrla JIerKo BHAEThb, 4T0 An(S, x,) x Z*»+-1x Z,.

26.2. Caencrsue. []pokommymuposannas QyHoamesmane-
Haa epynna (i) Opuenmupyemod  nosepxHocmu  poda
m(m = 0) ecme Z*», (ii) Heopuenmupyemoti nosepxrocmu
poda n{nz=1) ecmoe 277X Z,.

910 cJeACTBHE NOKA3BIBAET, YTO HHKAKHE ABE [1OBEpX-
HOCTH M3 MepeyucJeHHBX B TeopeMe 11.3 He roMeoMOpgHEL.
Crenyioulee yTBepKIEHHE MOXKHO paccMaTpuBaTh Kak
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OCHOGHOL PE3yAbmam 0 C6A3U hosepxHocmeli u ux ¢ynoa-
MEHMAABHBIX 2PYNNL.

26.3. Caeactsue. Jlge nosepxHocmu moeda u MOALKO
moeda eomeomopdrel, Ko20a ux (NPOKOMMYMUDPOBAHHGIE)
pyHOAMEHMANBHbIE 2PYNIbI L3OMOPAIHGL.

J10 caepyer H3 KJAacCHPHKAIHOHHOA TeopeMbl Aaf
nosepxHoctefl (ra. 11) u caencrsus 26.2.

[losiesno otmeTHThb ellle OAMH pe3yJbTaT, BhHITEKaIOWINi
N3 TOCJEAHEr0 CJAeJCTBHA.

26.4. Cneacteue. [losepxuocme moeda u Mmorsko moeda
00HOC8A3HA, K020a OHa eomeomoppra chepe Si.

Crnencreue 26.2 MOXKHO MCNONB30BATh AJ15 pPeLICHUA
BOMIPOCAa O TOM, SIBJSIETCS! JIM KaKoe-TO 3aZaHHOE TNpOCT-
PAHCTBO MOBEPXHOCTHIO.

26.5. Caepcrsue, [Jycme X — HexkOmopoe npocmpaHcmeo
u x,€X. Ecau epynna An(X, x,) He umeem euda Z>™
urn 21X Z,, mo X —re nosepxtHocme.

B ra. 11 M pannm fpyroe onucanue moBepxXHocTeH
B TepMHHaX (aKkTOpnpOCTPaHCTB MHOTOYI OJILHHKOB. Hesa-
BHCHMOE BBIUMCJenne (yHAAMeHTAJbHOH [PYIMOE MOBEPX-
HOCTH HCXOHASl M3 3TOTO OMHCAHMA ME OCTABJSEM UHMTaTeJIo
B KayecTBe yNpParKHEeHHs.

26.8. Ynpaknenusa. (a) Ilyers M —daxrtepnpocrpanctse 4m-yromn-
HHKAa (m>==1) C OTOXKIECTBJCHUSIMH, YKa3aHHbIMH Ha puc, 26.4 (a),

a;

(6)

Puc.26.4
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T. e. M —opHenTHpyeMan NOBEPXHOCTb poAa m. [lokaxure Hemocpes-
CTBEHHO (C HcOo/b30BaHMeM TeopeMbl efipepra —Ban Kamnena), uto
¢GyHpamenTanbHag rpynna M —sro rpynna c o6pasyiomumu Ay, By, Ag,
B, ..., Ay, B, uopaum cootromennem A, B8, A7 BT A,B, AT B, ..
e A B AR Bt =1.

(b)y Tlyete M —daktopnpocTpanctso 2n-yroapHuka (n==1)
C OTOXJCCTBJICHHAMH, YKa3anHbIMH Ha puc. 26.4 (b), 1. e. M —He-
OpHEHTHpyeMasi NOBEPXHOCTb poja n. JoKamuTe (NIPHUMEHSA TEOopeMy
3eitepra— Ban  Kammena), uto dyHiameHtaipHas rpynma M —sto
rpynna ¢ obpasywmouwpmu Ay, As, ..., A, W ONHHM COOTHOLIEHHEM

242 2
AjA;. . An=1.

(c) Noxaxwure, uto ecan M; u M, —cCBfi3HLIE N-MepHLIE MHOTO-
o0pasust npu n > 2, To dynaaMeHTaJbHas TpYNNa [POCTPaHCTBA
M, H# M, usomopdua r/p\)/lynne <S1USa:RIU R, rae <S;:R;>—dyn-
JamedrajbHas rpynmua M; npu i=1, 2.

(d) Hokaxure, uto ecan G,—csob6oaHas rpynna ¢ n obpasyro-
UHMH, TO CYWIECTBYET ueThlpexMepHoe MHoroobpasue M, c dyHpa-
MeHTalbHOR rpynnofi G,. (Ykasauume; nafigute My.)
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Y3nbl. |. MPEABAPUTEJTbHBIE CBEAEHNA
U TOPUYECKME Y3Jlbl

¥ 3e4—9TO NOANPOCTPAHCTBO R3, roMeoMOpdHOE UKDy kK-
pocty S!. Hekoroprle npumepbl ys3JOB NpHBEAEHBl HA
puc. 27.1. XoTts BCe NPOCTPAaHCTBA HA 3TOM DHCYHKe
romeoMopubl Mexka4y cofoH (Kaxj[oe W3 HHX MO olpene-
JEHHIO TOMeOMOPHHO OKDYMKHOCTH), HHTYHIHA NOACKA3bI-
BaeT HaM, 4To BJoxeHH B R® oHH He oxuHakoBo. Tak,
ecaH cjenaTb BepeBOYHbIE MOJeJH y3J0B, TO B HalleM
TpeXMepHOM MHpe He/lb3sl, HampuMep, MpeBpaTHTb y3el (a)
Ha puc. 27.1 B y3en (c), He paspe3as BepeBKH. ITO Mpo-
UCXOAMT MOTOMYy, 4TO y3esa (C) «3aysJeH», TOraa Kak
y3eq (a) «He3ays/eH». PasyMHO cuuTarth yses HesaysJeH-
HBIM, €CJH €ro MOXHO COBMECTHTb C y3J/oM (a) puc. 27.1
npy MOMOULH HENpPephLBHOrO JBUIKEHH: B TPEXMEPHOM Mpo-
cTpaHcTBe. DTO HABOAMT HA MbICJb, YTO, KPOME Hempe-
PbIBHOTO JBUXKEHHs y3/1a, NPOHCXOAHT HempepbiBHAA Je-
dopmaiisi U OOBEMJIOLLEr0 TPEXMEPHOro NpoCTPAHCTBA
Takum ofipa3oM, MBl NPUXOAHM K CJAelyllleMy onpeleJe-
Huio. ¥3ea K Ha3biBAETCS HE3aY3AEHHbIM, €CJN CYLIECTBYET
romeomopdusm h: R — R*, npu kotopom fi(K)—craH-
JapTHas OKpykHOCT {(X, y, O) ER* x2 442 =1} B R*CR®
Hrak, y3aol (a) u (b) Ha puc. 27.1 uesaysneHbl, a OCTaJb-
Hble 3ay3JeHbl (M0 KkpalHell Mepe, B 3TOM yGexjaer Hac
NpakTHYECKHA OMBIT HJIH uHTynuua). [Hasnee B 3Toit raase
Mbl JOKaxeM, 4To y3Jel (c), (d) u (g) Ha puc. 27.1 nei-
CTBHTEJNLHO 3ay3JeHbl. B ciepyiouied riabe MH CMOXKEM
J0Ka3aTb, 4TO 3ay3JeHH W BCe OcTalbHble Y3Jbl Ha
puc. 27.1.

UpraTeab MOXKET YAHBHTBCH, MOYeMy Mbl OOpeesHIIH
ysen Kak mnoanpoctpanctso R®. (He tosbko au notomy,
4yTO MBl KHBeM B TpexmepHoM mupe?) [losemy 6Bl He
OrfpeiesnTh y3es K xak MOAN POCTPAHCTBO R",romeomopr
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0
3

(a) (5)

(d)

S
&
S

(e) (f)

(3
@
&

(g)

Q

(i

~—

3
S
()

D

0 (k)

£

(1) tm)

<.

)

Q

Pec. 27.1. Hekoropuie yanpl. (c) Ilpaswifi Tpuanctauk. (d) Jleswilt
TpuancTHUK. (e) [lpaBasi socbmepka. (f) Jlesas socbmepra. (h) Ku-
Tafickaa posa. (i) Decenounbii ysen. (j) ¥Y3end uCTHHHON ApYkObl,
(k) Babywxrun ysen. (i) Ysen nomuoli apym6u. (m) Cksep-y3ein
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@3@

(6)

P

Puc.27.3. I'lpasbm (cseBa) M JeBbll peneptl.

Puc.27.2

Hoe S'? OueBuaHo, 4YTO 7 JOMKHO OLITh He MeHee 2
(npuuuna —caeacreue 10.3). Oxnako npu n=%3 Bcerza
cywectsyeT romeomopdusm A: R — R”, Takofi, uto A (K)—
CTaHAapTHasl OKPYXKHOCTb B R”, Mbl He GyneM JOKa3biBaTh
510T pesyJsabTaT. [lpy n=2 3To 3HameHHTass Teopema
Iléndauca. Ilpy n2=4 5T0 03HauaeT, 4TO ecju Obl MHI
XKHJIH B YETHIPEXMEPHOM MPOCTPAHCTBE (MM B MPOCTPaH-
cTBe 60slee BHICOKOH Da3MepHOCTH), TO MEI MOMJIH Gbl pas-
Bfi3aTb Bce y3Jbl. MIHTYMTHBHO 3TO ICHO: AONOJHUTEJbHOE
H3MepeHHe JaeT MecTO AJsl MPOTAacCKHBaHHS OJHOrO KycKa
BEPEBKH «CKBO3b» ADYrofl. JTUM OOBACHSETCS, OYEMY MbI
onpefeUNH Y376l KaK FoMeoMOpdHbie 06pasbl OKPYKHOCTH
B R® MoxHo Grto 6bl paccMaTpHBaTh MOANPOCTPAHCTBA
R#*, romeomopdurie S”~. Bonpoc 06 ux 3aysnaeHHOCTH
HMeeT CMBICI H NPHBOAUT K HEKOTODEIM HHTEPECHBIM
pesyabTatam, HO OHHM BBIXOAST 32 PaMKH 3TOf KHHIH,
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Bepuemcs k ysnam B R®. Hrak, Mbl onpenesnnu, uto
3HAYHT 1)1 y3Ja ObiThb He3ay3JeHHbIM. Boofule, HazoseM
aBa ysna K, u K, sxeusarewmroimu, €ClH CyLIECTBYET
romeomoppusm h: R®* — R®, npu kortopom 4 (K,)=K,.
Hanpumep, Ha puc. 27.] 3KBHBAJEHTHBIMH SIBJISIIOTCS y3Jbl
(@) u (b); (c), (d) u (2); (&) u (f) u 1. a. To, uto (a) m
(b) skBHBa/NeHTHk!, O4eBHAHO. TaK ke JIerko OGHAPYKHTDH
3KBHBAJIEHTHOCTb y3J0B (g) U (c). UTobnl yGeauthbes, 4To
(c) u (d) sxBHBaJNEHTHLI, MOMECTHM OJMH M3 HHX NpPSAMO
Hal npyruM. HMckomeiM romeoMopduamom Gyer sepKalb-
HOe OTpayKeHHe OTHOCHTeJbHO MJOCKOCTH, PacloOMKeHHOH
MeJy HHMH. AHaJIOrHYHBIH TrOMeoMOpP(H3M HMeeT MecTo
ana napet (e), (f). Ecte n apyrofi crnoco6 ycTanoBuTbL
5KBHBAJIEHTHOCTb y3J0B (e) u (f). On wusobpaxen Ha
puc. 27.2. UYurtaTesqio pekOMeHAyeTcsl cleaTh y3ena (e)
puc. 27.1 wu3 BepeBKH H npoiedOpMHPOBATL €ro, Kak
NMOKa3aHO Ha pHc. 27.2.

3ameTuM, OfHAKO, 4TO (PH3HYECKHH 3KCNepuUMeHT (ro-
NLITAUTECh €ro MPOBECTH) MPHBOAUT K 3aKJIQUEHHIO, 4TO
JeBblil W mpaBeifl mpuaucmuuku (puc. 27.1 (c), (d)) me
OJIMHAKOBLI B TOM CMBICJIE, YTO B TPEXMEPHOM [POCTpaH-
CTBE HeJib3s mpeofpa3oBaTh JeBLIH TPHIHCTHHK B MpaBHIf,
Ha camom gene nia nepexola oT ONHOIO K JAPYromy
norpebyercs 3epkaJjo. 3epKasabHOe OTpayKeHHE NePeBOJHT
npaBuii penep B R*® B seBblll penep (puc. 27.3), Ho 1e-
peBecTH OJMH M3 HHX B Ipyrofl nBHxKeHHeM B R® ne-
BO3MOXKHO.

Hasosem romeomoppusm h: R®*-— R® coxpanawowum
OpueHmaiuo, €Cli OH TMepeBOJHT nNpaBwifi penep B npa-
BoIil penep’). ¥Yanw K, w K, uasblBaiotcs cmpozo sxeu-

}) OTo ompepesenne HMMEET CMLICT TOJBKO [JSI TOMEOMOP(HIMOB,
IubdepeHHpYyeMbIX BMECTE CO CBOMMH ofpaTHhIMH. B ofuwem cayuae
COXpaHeHHe OPHEHTALMH MOKHO ONpeNeJHTb NDH MOMOUA TEOPHH
romoJioruit (ra1. 29) caeayowuM o6pazoM. OproOToYeuHass KOMMAKTH-
tukanusa npocrpanctBa R? ects S% (ynp. 8.14 (k)), u romeomopduam
h epuucTBeHHbM 06pasoM npojosxKaeTcss J0 romeomopduaMa h%:
S% — §3, nepesoasuiero TOuky o 8 ce6. [omMeoMOpdH3M A™ HHAY-
uupyet usomopduam hx: Hy(S%) — Hy (S3) (crencteue 29.13). Ho
H43(S%)==7 (reopema 29.19), nostomy A< sBaseTcs AHGO TOXKIECT-
BEHHBIM H30MOPdH3MOM, MO0 ymHOMeHHeM Ha —I. B nepsom cayuyae
TOBOPAT, 4TO h coxpansem, a BO BTOPOM—uto h ofpawjaem opuenta-
wmto npoctpanctsa RE,— [Tpum nepes, ‘
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BAAEHINHbLMIL, €CJH CYLIECTBYET COXPaHAIOUIHA OPUEHTALHIO
romeomopdusm h: R® — R®, ama kotoporo h(K,)=K,.
Takum obpasoM (no KpafiHeli Mepe HHTYWTHBHO), JIEBbIH
¥ NpaBblili TPUJIMCTHHKH He SBJAIOTCA CTPOTO 3KBHBAJICHT-
HeiMd. C Jpyrofi CTOpOHBI, Kak mokaspiBaeT puc. 27.2,
7eBasil W MpaBas BOCLMEPKH CTPOrO 3KBUBaJeHTHbL [lons-
THE CTPOrofl 3KBHBAJIEHTHOCTH Y3JIOB XOPOLIO COTJIaCyeTcs
C HarJsjHLM [peicTaB/]eHHeM O TOM, KakKue y3Jbl cJe-
JyeT CYMTaTh OJAHHAKOBbIMH. Ha caMom Jese MOxHO A0-
KasaTb, 4TO y3Jbl K, u K, Toria u TOJbKO TOrja CTporo
5KBHBAJEHTHLI, KOrjla Hafigetcs yucjo &> O u romeomop-
¢usm h: R* —R®, npu koropom h(K,)=K, n h(x)=x
npu |x|>=k. DroT (HeTpUBMAJBLHLIA) pe3yJbTaT HMeeT
cepbesHyo (U3HUECKYIO NOJONJeKY, pa3o6parbesi B KOTO-
po¥ Mbl npejfocTaBiseM uHraTemo. Mpl He GyldeM €ro Hu
J0Ka3blBaTb, HH HCHOJ/b30BATh.

27.1. Yopaxnennd, (a) [lokaxure, 4TO OTHOLIEHHS SKBHBAJEHTHOCTH
H CTPOrOi 5KBHBAaJIEHTHOCTH Y3JI0B JeHCTBHTE/IbHO SBJSIOTCH OTHO-
IIeHHSIMH 5KBHBAJEHTHOCTH.,

(b) Oycte h: R3 — R3-—uneiinoe orobpaxenue (1. e. A (Aa -+
+pby=Ah(@)+pha(d) mpu A, p€R, a, bER?). Ioxaxure, uto h
COXDAHAET OPHEHTAIMIO B TOM H TOJILKO B TOM cilyuae, ecau det A>0.

(c) Hokaxure, uro ysen K Torga M TOJbKO TOTAd CTPOTO SKBH-
BaJIeHTeH CTaHJAPTHOM OKpYy:KHocTe B R®, Korja oH sKBHBaJIeHTeH eH.
(Ykasanue: CTaHJIapTHAs OKPYXKHOCTb «CHMMETPHYHA».)

(d) [puBeguTe, ecin 5TO BO3MOXKHO, NpHMEpL Y3/lI0B K, AJd
kotoprix (i) K=S?cR3, (i) KcropcR?3, (iii) KCkpengeabcR3,

(e) Oycre K—y3sen B R3®, cocTosmuii H3 KOHEYHOrO YHC/IA R
npaMouHedinbx orpeskoB. ITpu Kakux snauennax & (0<Ck<C10)
yses K MOxKeT GbITb 3ay3/IEHHBIM?

() Nycre p: R® — R®*—ecrectBennan npoekuus R* na R2 (1. e,
P (x1, x3, x3)=(xy, x2)§R2CR3). Kpamnoi, modkod s yana K
pashiBaeTca Touka x€R? w1s Kortopoit p—!(x)(] cocToumt H3 ABYX
uiH GoJee Touek. DTa TouKa HaspiBaeTcs Osodnod, ecau p~*(x)N K
COCTOHT M3 JByX TOYeK. B 2TOM c/lyuae Mbl Ha3blBaeM ee HeCOOCTBEH-
HOH ABOHHOH TOYKOH, €cJH IpH MaJoOM IIEBEJIEHHH Y3/a OHa nepe-
craeT OuTh KpaTHOM (pHc. 27.4).

PaccmoTpuTe yanbl, I/ KOTOPbIX BCE KpaTHLIE TOYKH FBJISIOTCH
CO6CTBEHHBIMH ABOHHLIMU TOUKamu. HaBjuTe Bce Takue y3Jibl C OfHOH,
AByMs, TPeMs, 4eTBIPbMSi, NMATbIO M LIECTHIO KPATHBIMH TOYKAMH.

Fcan K, u K,—>3KBUBaJEHTHEIE y3JbI, TO CYMECTByeT
romeoMopdusm mexay RPN\ K,; u R¥*\K,. CaenoaresbHo,
¢pyHJaMeHTalbLHbEIe TPYONLl AONOJHEHHH IBYyX 5KBHBAJEHT-
HBIX y3JI0B u30MopQHbI. Bribepem mobyto Touky x, € R¥NK
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u HasoBeM rpynny n (R3\ K, x,) epynnod ysia K. OKBH-
BaJleHTHEIE, HO HE CTPOrO 3KBHBAJIEHTHHIE Y3JbI HUMEIOT
H30MOpGHBIE TPYNNBEL. ITHM OOGDBACHAETCSA, MOYeMy MHl pac-
CMaTpUBaeM 3KBHUBaJeHTHbE, 4 He CTPOrO SKRHBAJEHTHbIE

X K

Pnc.27.4. Co6ersennas (cneBa) W HecoGCTBEHHAs JBOMHBIE TOUKH.
27.2. Teopema. ['pynna He3aysreHHo20 y3aa u3omopdra 7.

Hoxasameascmeo. Tlyets K ={(x, y, 2) € R¥ x? 4 12=1,
2=0}—crannapTHaa okpyxHOocTb B R®. Bosbmem .moGoe
e >0 un onpeiesum noanpoctpancTsa X, Y npocTpaHcTBa
R3*\K paBeHCTBaMH

X={x, y, 2 ER*1 x <e}N(R*\K),

Y={x, y, 2)€R% x>—e} N (R \K).
Jlerko BHAETb, YTO NOAMNPOCTPAHCTBO

{x, ¥, 2 €ER* x=0, y = O\{(O, 1, 0)}
SIBJAETCS CHJBHBIM Ae(OPMALLUOHHBIM DETPAKTOM [POCT-
pacts X u Y. Urak, ecaim O—Hagano koopauHat B R3,
TO dyHAameHTanbHble rpynnsl 7t (X, 0), n (Y, O) usomopd-
Hbl Z u uMeloT obpasyiomue [ax], [oy], rae axt [— X
Hay: [-—Y—nym Buga ¢t~ (0, l—cos2nf, sin2nf).
[Moanpoctpanctso {(x, y, 2): x=0}\{(0, 1, 0), (0, —1,0)}
IBJSETCS CHJLHBIM J1epOpMAlUOHHEIM DPETPAKTOM MPOCT-
pauctBa X Y, Tak uro n(XNY, O)—cBoGoanas rpynna
¢ aByms obpasyromumu [B;] u [B_;], onpereneHHbIMH Kak

B, (¢)=(0, 1 —cos 2nt, sin2ni),
B.i(#)=(0, —14cos2ut, sin2nf).

Ecmu @yt XNY — X, ¢y: XNY — Y —ecrecTBenHBIE

BKJIIOUEHHS, TO OUEBHAHO, 4YTO

PxBi =y, PPy =0y,
Pxbi~oy, e i~oy.
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Bce ycaoeua Ha X, Y, XNY, Heo6xoaumele aa1s1 npH-
MeHHMOCTH TeopeMbl 3efipepra— Ban Kammnena, EeinoJ-
HeHBl, U H3 3TOH TeopeMHl CJelyeT, YTO PpyHAaMeHTaabHas
rpynna zmt (R3\ K, 0) siBseTca cBoGOAHON TPyNnoi ¢ On-
HOH of6pasymomweil [a], rae nym a: [ — R*\K 3anan
paBeHCTBOM a ()= (0, 1—cos2nf, sin2mnf).

Hawa caenyromas neas— nokasarb, 4T0 HE BCe y3JIbl
HesaysJeHbl. Msl cresmaeM 37O, BBIYHCJAMB TIPynny TpH-
JHCTHHKA M HEKOTOPOro KJacca aHa/JOTHUHBIX Y3JOB.
TpUAHCTHHK NpHHANJIEKHT K YHCJAY TaK HA3BIBAEMBIX TO-
PHYECKHX y3J0B. D10 — GOJIbUIOH KJace y3J0B, ABJSIONIHXCS
NPOCTHIMH 3aMKHYTHIMH KpHBHIMH Ha Tope B R®. Mul mpen-
ctaBisieM TOp B Buie S1xS!, mpuuem Touka Ha S'Xx S?
3afiaeTcsi mapoii uyuces (exp ip, expi0) mpu 0 <o, 0<2m.

“ten d
% :
Ve
LITTYTL 13 ‘p
3,
s

Puc.27.5

Y no6uo npeacraBasatb R® kak CxR u nenoabsoBaTh mo-
JsipHbie KoopiuHathl (r, 0)==re®® B C. Tarum o6pasom,
Toyka B R?® npexacraeasercs Tpofikol (7, 8, 2). B stux
0003HAYeHUsIX ONpefeJHM HeMpephlBHOE OTOGpaxeHHe [
S x 8§ — R* dopmynoit

f(exp ig, exp i0) = (1 4 (1/2) cos ¢, 6, (1/2)sin ¢);
Torfa S* X S romeomopdHo obpasy f(S*x S?) (cm. puc. 27.5

u 5.4).
[TycTs m, n-—B3aMHO NPOCTble HaTypaJibHble YHCAA.
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O

S

\

(a)

5O

£3

Puc.27.6. (a) Tun (1, 1). (b) Tun €, 3). (c¢) Tun (3, 2). (d) Tun (5, 2).

(e) Tun (4, 3)

Onpegennm K ,,, , KaK cJedyrollee NOAMHOXKECTBO TOPa B R3;
K, .=\ (exp2nimt, exp2nint); L€ I}

Hetpyano nposeputb, uTO oTOGpaxeHue gi S'— K, .,
onpeseseHHoe Kak g (exp 2nif)={ (exp 2nimt, exp 2nint),
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siB/IsieTCsi roMeoMopuaMom, Tak uto K, ,—y3sesa. Haso-
BeM K, ,, mopuseckum yzsom muna (m, n). [puMepsl Topu-
YeCcKHX y3JoB CM. Ha puc. 27.6. Ha tope umerotca npe
CTaH/apTHble OKPYXHOCTH, 3ajlaBaeMble Kak f(exp 2mit, 1)
u [ (1, exp2nif). Topuyecku#i ysen tuna (m, n) OGXOIHUT
1 pas BOKPYT TOpa B HaNpaBJeHHH OKPYXKHOCTH f (exp 2mit, 1)
M m pa3—B HampaBJIeHHH JAPYTOH CTaHAAPTHOH OKpYX-
HoctH. Ecsm npencrasuTh TOp B BHAE (GakTOpHpOCTPaH-
crea R*Z% 10 K,,, ,—o6pa3 B T npsmMoii B R?, npoxo-
AslleHd Yepe3 Hayalo KOOPAHHAT C YFJIOBHIM KO3(dHIHEH-
TOM n/m.

st BBYHC/IEHHS! TPYNNbl TOPHYECKOTO y3J1a K=K, ,
yHo6HO cJjerka pasiyTb 3ToT y3es. [lycTh a— monoxu-
TeJIbHO® 4HCJI0, He mnpeBocxoasiuee |(1/2)sinm/n|. Ipu
0<<b<Ca onperesiM K, Kak cJeAyIOllee MOAMHOMKECTBO
R? (=CxR):

{(x+ 14 (1/2)cos 2amt, 2nnt, y-+(1/2)sin 2nmt):

0L, 224 y2 b2

Ouesnuuo, yto K =K. BooGme, ecau D,={(x, y) € R
x*+ y* < b*}, 1o cymectByer romeoMopdusm h: ST Dy — K,
Onpe/leIEHHLIH PaBeHCTBOM

h(exp 2nit, (x, y))= (x+ 1 4+ (1/2) cos 2mmt, 2nnt,
y+(1/2) sin 2aumt).

(OroBpaxenue h, O4eBHIHO, HENMPEPHIBHO H CIOPBEKTHBHO.
Herpynno nposeputs, 4To A HHBEKTHBHO; NPH 3TOM HCIIOJIb-
syercst yesosie b <Ca < | (1/2) sinm/n|. TomeomopduocTs A
CleqyeT Toraa u3 Teopemn 8.8.)

Okaspisaercst, R\ K u RPN\ K, romeomopdusl mnpmu
Bcex b, 0<Cb < a.

27.3. Teopema. [Tycmo a— noaoscumensroe 4ucao u npu
0 << b << a cyujecmeyem eomeomoppuamh: S' X D, — K, = RS,
Ecau 0<<b <a, mo R\ K, eomeomoppro R\ K,.

Hokaszameascmeo. Onpenenum e RNK, — R\ K,
caepyiomum  o6pasoM.  Ecau x%Ka\Kb, MOJIOXKHUM
Qx)=x, a ecmn x€K,\K, TO MOXKHO HamucaTb
x="h(z, rexpi0) npu b<r<Ca, B 3TOM cJayuae onpeje-
JHM @ (x) Kak h(z, (r—b)(a/(a—b))expiB). Amnanornyso
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onpeaesuM RN\ K, — R*\K, caenyiowum o6pasom.
Ecmn x ¢ K,\K,, 70 ¢(x)=x, a ecin x€K\K, TO
x=h(z, rexpi0) npn 0 < r<Ca n ¥ (x) onpenensercs KaxK
h(z, (r (a—b)/a-b)exp iB). I[lposepky Toro, uro Yo=1,
@Y=114TO @ U P HENPEPLIBHBI, MBI OCTABJAEM YUTaTEMO. [ ]

27.4. Teopema. I'pynna mopuueckozo yssa muna (m, n)
aeasemca epynnot ¢ Osyma obpasyowumu a, b u 0dHum
coommoueruem a*==>b",

Hoxazamenscmeo. Onpepenum fi CxS* — R} (=CxR)
Kak

(rexpig, expif)— (14 (1/2) rcosq, 6, (1/2) 7 sin @).
QOueBuano, 4to [ HenpepeiBHO. O6Gpa3 [(S*x S?) apnsercs
TopoM B R3, onucanHeIM paHee. Briepem &3>0 Tak,

yto6el 2e < @, Tle a, KaK M paHee, HE NPEBOCXOAUT
|(1/2)sinm/n|. Onpenenum noanpoctpanctda X u Y Kak

X={f (r exp i, exp i0) 0 < ¢, 0 < 27, 0 < 7 < 1+&]\Kie,
Y=RN\{f(rexpig,expif): 0, 020, O0<<r<l—
—8}\K25.

Takum obpaszoM, X UY =R\ K:e == R*\K. Ilyems x,€
exXny.

KzenH

Puc.27.7

Jlerko Bupetb, uto Z={f (0, expi0): 0<LO <L 2n}—
CHJIbHBIA JedopMauHOHHBIA peTpakT X, a Y —cuJbHbli
JedopmanyonHslil petpakt R*N\Z. Ha pue. 27.7 nokasa-
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Hbi paccMaTpuBaemble 06/1aCTH MPU n=3 B CEUEHHH [O-
Jaynnaockoctbio A B R?, cocrosielt u3 touek Buua (r, 0, 2)
npu ¢ukcupoBaHHoM O (Hanmpumep, npu 0=0). ScHo, uTO
Z—ctaHjapTHas OKpyXHocTh B R3, u motomy = (X, x,)
H n(Y, x;)—cBobonnsle rpynnel ¢ obpasyomumu [a] U
[B] cooTBercTBeHHO. 3a€Ch A -——3aMKHYTHA n0yTs B X,
KOTOPBI MPOXOAHT H3 TOUKH X, K OKPYKHOCTH Z M0 1yre,
o6o3HayaeMOH 4epe3 ay, OGXOAUT OJAHH Pa3 OKPYKHOCTb Z
U BO3BpallaeTcsl BAOJIbL AYTH ay oOpaTtHO B x,. OGpasyto-
was [B] mpexcraBneHa 3aMKHYTBIM nyTeM f B Y, BBbIXO-
JAMHM H3 X, MO AyFe @y K OKPY2KHOCTH

{(1 4 (3/4)cos 2nt, O, (3/4)sin2nf): tel},

OJIHOKPATHO OOXOAfILIHM 3Ty OKPYXKHOCTb W BO3Bpalllaio-
WHMCS BAOJL AYTH 4y B TOYKY X,. [IpocTpancTBo XY —
5TO B TOYHOCTH

{f(rexpip, expif): 0<{q, 0 <L 2n, 1—e < r <1 +EIN\ Kae;
OHO COAEPKHT MNOANPOCTPAHCTBO
W ={f (exp 2ni (m! 4 8), exp 2nint): 0 <t 1}

npu HekortopoMm 8 (Hampumep, § =n/2) B KauecTBe CHJb-
HOTO JepOpMallHOHHOT O peTpakTa (monpoOyfiTe NpHUBECTH
HECKOJILKO MPHMEPOB NpH MaJelX m, n). Iloanpoctpan-
ctBo W fABJsIeTCA OKPYKHOCTBIO, W notoMy (X NY, x,)—
cBOGOJIHAA TPyNNa ¢ OAHOH ofipasytouleil [y], rae y—samk-
HyToll nyTe B XY, obxoaamuit ofWH pas Bokpyr W
(ecan BuIGpaTh x, € W).

Ilycts 9p: XNY — X, ¢yt XNY —Y —ectectpen-
Hble BKJOUYeHHs. HeTpyaHo Bupaeth, 4TO

®xs [v]=[2]" nam [a]™",
Pvs [v]=[B]" wnan [B]77,

MO3TOMY, 3aMEHSf, eC/JAH HYXKHO, o Ha @ ¥  Ha 5, mo-
ayanM @x. [y]=[2]*, @y [v]=[B}". Puc. 27.8 namocrt-
pupyeT caydad m=3, n=2.

ITpoctpanctea X, Y, X NY yIoBJAeTBOPSIOT yCJAOBHAM
teopemnl efidepta—BaH Kamnena, us KOTOpoH Hemed-
JIEHHO CJefyeT AOKasblBaevblil pe3yJabTat. 3aMeTHM, 4TO



250 I'JIABA 27

Teopema 3eiiepTa-—BaH KamneHa Gbisia Gbl HenpUMEHHMA,
ecsu Obl B peAblAyLLeM paccyKAeHUH MBI NOJ0XKHAH e=0.

XoTs rpynna TOPUYECKOIO y3Jjla BBIYHCJEHa, HO He-
AICHO, TPMBHAJbHA OHAa MJIH HeT. AHa/JOrHUHYIO 3ajady
AJIs1  [OBEPXHOCTEH Mbl peIIHJH, [OPOKOMMYTHPOBAaB HX

Puc.27.8

dyHzamenTabuple rpynnsl. OkasbiBaeTcs, OIHAKO, 4TO
NPOKOMMYTHDPOBaHHAsl rpynna y3Jja Bceria usomopdua Z.
(Cm. ymp. 27.7(d), rie ecTb yKasaHHe, Kak J0Kasath 3TO
A7 TOpHYeCKHX y3JaoB. B ofuiem ciaydae cM. cJezct-
Bue 28.4.) IlosToMy Hy>KHO HCKaThb APYrod crnocol OTBe-
THTb Ha BONpPOC, 3ay3JieHbl HJH HeT TOPHYeCKHe y3JIHl.

27.5. Jlemma. Topuueckud ysea muna (3, 2) 3aysie.

Hokasamenscmeo. I'pynna artoro ysna ects G=<{a, b}
{a*=">6°}>. Onpepenum G' poGasnenuem B G HECKOJLKHX
COOTHOLLUEHHH#!

G'=d{a, b}:{a*=b?, a*=1, ab=>b""a}>.

Hmeercs oueBuanblii snumopdusm G — G', nepeBoasiut
aBaubsb

Jlerko BuzeTb, uTo G' H3oMopdHa rpynmne nepecraHo-
BOK TpeX CHMBOJIOB, T. €.

G'={l, a, b, ab, b*, ab* ab=b"'a}.

3Ata rpynna HeabeJeBa, OTKyAa caefyet, 4o U G Heabe-
JieBa, Tak Kak roMoMopdublit o6pas abesieBod rpynnel ecTb
abesesa rpynna. Takum ofGpa3doMm, G HeusoMmopdua Z,
OTKYyJa BbITeKaeT Halle yTBEpPKAEHHE.

MoKHO NMpoBeCTH aHAJIOr HUHBbIE PAaCCYyXKAEHHS AJA ApYy-
FHX TOPHYECKHX Y3JI0B, HO 3THM OyAeT AOKa3aHa TOJILKO



V3JIBl. 1. MIPEABAPUTEJILHBIE CBEJEHUSA 251

HX 3ay3/eHHOCTb. Mbl e XOTHM y3HaTh, SKBHBAaJCHTCH
¥ KaxXIbld W3 HHX KakoMy-HHOyab JApyromy. UtoGel
N0Ka3aTb, YTO BCE OHH Pa3J/IHUHBI, HYXKeH JIPYroifl NpHeM.

27.6. Teopema. Ecau Osa mopudeckux ysia munos
(m, n), (m', n'y npu m, n, m’, n'>1 sxeusarenmHot, mo
{m,n}={m', n'}, m. e. m=m' u n=n" ww m=n'u
n=m'. B wacmnocmu, npu m, n >1 ecakul mopuseckuii
ysea muna (m, n) sayssen. Kpome moeo, cyuecmeyem
DecKOHEHHO MHO20 PABAUMHGIX Y3408,

Hoxasameascmeo. Tlpeanaraemele TeOPETHKO-TPYIIOBEIE
paccyxJenvs Obiiu Bnepsnle npusefeHsl O. [lpefiepom B
1923 r. PaccMorpuMm snemeHT a"=b" B rpynne G=<{{a,

p y
b}:{a"=0bm}>. D1OT 3JEeMEHT KOMMYTHpYeT ¢ a u b
yTHpy

aa"=a"*'=q"a, ba"=>bb"=0bm*'=b"b=aq"b,

a [IOTOMy KOMMYTHPYeT ¢ JMOGLIM 3jeMeHTOM u3 G. [lo-
3TOMy noarpynna N, mopoxjeHHas 3JEMEHTOM a”, HOp-
MasbHa B G, W onpefeseHa ¢axrtoprpynna G/N. Bceskoe
€ € G MOXHO 3amucath B BHAe g==qa%Wph) gak)pbik)
npu Hekotopeix o (1), B (1), ..., (R), B (k). TornagN € G/IN
MOXHO 3anucaTh B BHIE

gN = (@* @O NY (B O N). . .(@*® NY (b8 ® N)=
= (aN)a (1) (bN)B 1, ., (aN)O‘ (k) (bN)B "),

oTKyaa cJaenyer, 4to rpynna G/N nopoxJeHa 3JeMeH-
tamn aN u ON. Ecmm gN=N, 10 g€N, U noromy
g=(a")=(b")" npu Hekotopom /. WUTak, COOTHOLIEHHS B
G/N umeror Bua (@N)*=N u (bN)*=N, 1ax uro

G/N =<{aN,bN}:{@N)y =1, GN)"=1}> =~
=c, d}s{cn=1, dm=1}>.

3ametuM, 4To ueHTp G/N TpuUBHAJEH, TaK Kak €CJIH X
npuHaanexut ueHtpy G/N, 1o cx=xc u dx=xd. U3 nep-
BOTO YCJOBHS CJEAyeT, 4YTO X=C% TIpH HEKOTOpPOM o,
a u3 BTOpOoro—uto x==d® npu HekoTopoM P, NO3TOMY
x=1. D10 o3nauaet, uto UeHTp Z(G) rpynnsl G ectb N
(ecmn p: G— G/N —ecTecTBeHHas NpOEKIHs, TO, KaK
JIerko  BuAeTb, p(Z(G))=Z(G/N)).. dpyrumu ciaoBam,
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uMeeM
G/IZ (G) = <{c, d}i{cr=1, d*=1}.

KomMyTHpOBaHHe 5TOll rpynnsl Jaet
e, dyi{en=1, d»=1, cd=dc}> =7, xZ,,.

Ecnv Topuyeckde y3ael THIOB (m, n) u (m°, n’) 5KBH-
BaJeHTHB, To uXx rpynnsl G, G’ usomopousl. Ho rtoraa
rpynnsl G/Z (G) u G'/Z(G') Ttoxe wusoMopoubl. [lpokom-
MYTHPOBaB uX, nojyuuM, uto Z,X2Z, u Zn XZ. u30-
MOpQHBI, a 3TO BO3MOKHO TOJNBKO mpH {m, n}={m’, n'},
TaK Kak (m, n) u (m', n')—napsl B3aUMHO [IPOCTHIX UHCEJ.

27.7. Ynpaxnenus, (a) Ilokaxkute, 4TO TOpHYeCKHe ya3Jbl THIIOB
(m, 1) uau (1, n) Moryt GuITb He3ay3JCHHBIMH.

(b) ITokaxure, 4To TOpHYECKHH y3ea THmA (m, 1) IKBHBAJEHTEH
y3a1y Tuua (n, m). SIBAAIOTCS JH OHH CTPOro SKBHBA/JNEHTHBIMH?

(c) Topuueckue y3ibl OblJIM onpefesieHbl LA [Ap HOMOXHTEIbHBIX
B3aUMHO |TIPOCTHIX ILEJBIX 4HCea (rm, n), HO STO ONpeJiesieHHe HMeeT
CMBICA Jasi JI000H mapsl HeHyJIeBbIX B3aHMHO MDOCTHIX LEJBbIX YHCEJ.
[Tokamure, 4TO ecqH H3MEHHTb 3HaK y m HJIH A, TO MOJYyHEHHEIHA
TOpHYECKHH y3eq OyleT SKBMBAJIeHTEeH HCXOJHOMY. Dyzxer Ju oH
CTPOrO 5KBHBAJIEHTEH HCXOZHOMY?

(d) [Hdokaxure, 4TO NPOKOMMYTHPOBAHHAS TpylNNa TOPHYECKOrO
yana usomopdua 7. (Ykasauue: ecan G=<({a, b}: {a”=0bm}>, ompe-
zeaute @: AG — 7 ¢opmynoil @ (a*bt)=mk--nl.)

(e) Hokaxute, ato rpynna {{a, b}: {a® = b?}> naomopdna rpynme
Ax, y): {xyx=yxy}). (Bocnonvayiitech npeoGpasopanuamu TuTue u3
yop. 23.1 (f).)
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y35bl. H. PYYHBIE Y3Jibl

[Tycts K—y3en B R®. OG6o3nauum uepes p npoekiHio
R® ma naockocts R*={(x;, x,, 0) €R?}, onpeneneHHyto
dopMy ol p (xy, Xy, X3) = (Xq, X3, 0). HanomHuM, 4TO TOYKa
x € p (K) HasbiBaeTcs Kpamr-tou ecau p~ 1(x)nK COCTOUT

\ l/
N /NN

Puc.28.1. Co6cTentas nsom{aﬂ TOYKa (cseBa), TpofiHast Touka (B
eHTpe), HecolcTBeHHas NBOHHAsh TOYKA

foJlee yeM M3 OJHOH TOYKH, U Ogodnod, ecau p~*(x)NK
COCTOHT M3 JABYX Touek (puc. 28.1). [BoiiHas TOuKa Ha-
3BIBAETCA HeCcOOCMBeHHOU, ecsil OHa POoNajfaeT Opu MaioMm
[IeBeJIeHHH y3/1a (Ha H300paxKeHHH HecoOCTBeHHOH JBOH-
HOH TOYKW Ha puc. 28.1 Manblft CABHr «BepXHEro KycKa»
BJIEBO TIPHBOJAMT K HCUE3HOBEHHIO JABOHNHON TOUKH).

28.1. Onpenenenne. Y3en K Ha3bIBAETC pY4HbiM, €CJIR
OH 3KBHMBAJEHTEH y3Jy, HMEIOMEMY TOJbKO KOHEYHOE YHCJI0
KPaTHBbIX TOUYEK, Kax[as U3 KOTOpLIX fiBJsercd COGCTBEH-
HO# JABOHHOH TOUYKOH.

Bce npumepnr ysJsos B npefbiiymedl riase Gblan pyy-
HbIMH. TIpuMep yana, KOTOpbIfi He fIBJISIETCS PYYHBIM, MpH-
Beled Ha puc. 28.2. Takue ysjab HaswiBaloTcs Oukumu.
OTa r/aaBa NOCBAILEHA DPYYHBIM y3J1aM.

28.2, anaxmenun (a) Hoxaxure, 4T0 TOpHUCKufi ysen tana {m, n) —

PY4HOH.
(b) Hokaxkute, UTO y3esl, HMEIOU{HH KOHe4yHOEe YHCJIO KpaTHbIX

TO4eK, Ppy4Hoil.
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(¢) Hdoxaxure, 4TO y3en Torja H TONbLKO TOrAa sABJAAETCA pyd-
HBIM, KOT/Jd OH 3KBHBAa/IEHTEH Y31y, COCTOAIIEMY H3 KOHEJHOTO YHCAA
npsIMOTHHERHEBIX OTPe3KOB.

(d) Hokaxure, yro y3en K TOrAa M TONLKO TOTAA ABAAETCA
pyuHBIM, KOra cyuiectByeT nognpoctpanctso Ke CR3, conepxamee K

AR L9292

Puc. 28.2. Oukuit ysea

n romeomoptroe mpocTpaHcTBy STX D2, nprueM ysen K COOTBETCTByeT
npu 3TOM romeoMopduaMe OKpykHoetH SX{0}.

Ha nporsxenun stoft rnasm K -—pyunoft ysen. Ha-
wei 1esbio GyreT BHUHC/AeHHe rpynnbl yana K. Moxno
cuuTath, 4T0 K JIQKHT B HUXKHEM NOJYNpOCTPAaHCTBE
R3, T. €.

Kc {(xlr Xy, Xg)t X3<0}7

u, Gosee TOoro, 4to K JeXHT B NJOCKOCTH {(xXf, X5, X5)i
x;=0}, 33 HCKJ0YyeHHeM yCTynoB TJyOHHBI & B KaxJoH
aBoiino#i Touke (puc. 28.3).

[TycTs P-—MHOXECTBO TOUYEK y3/aa K, HMEIOLIHX BHI
(X1, X5, — &), AJIA KOTOPBIX p (X4, X,, — €)—KpaTHasA TOUKA.
MoxHo cuuTtath, 4To P =4 ¥, Tak Kak B NPOTHBHOM CJy-
uyae ysen K HesaysaeH. Ilycte p,—oaHa u3 Touek P.
BriGop HanpasJsieHns 06Xola y3aJa K onpejefseT HyMmepa-
I[HIO KPAaTHBIX TOYEK p,, Py, ..., P, MHOxKecTBO P pas-
6uBaer K Ha KOHeyHOE WHCJO AyT @, 4, ..., 4, Hanpas-
JeHHe ofxola y3na K onpefesseT OpHeHTalHIO STHX AyT,
H MOXHO CYHTATb, YTO KOHIOM IyTH @; RBJAETCH TOUKA
P i=1,2,...,n (puc. 28.4).

Hawa cnenyomas neab—onucate 3aMKHyThHe NYTH
B RINK. IMpu i=1, 2, ..., n 0003HauNM yepes ¢; Mayio
okpyxHOCTh B R¥\ K, oxBaThBawmyw Ayry g;, Kak
nokasaHo Ha puc. 28.5. 3amaaum HanpaBJeHye o6xoja
c; TaK, uTo6bl BMECTE C HampaBJeHHeM ofXoga AYTH q;
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Puc.28.3

ay
a, day

Puc.28.4
a, G
Cs
a
9} [# :
Puc.28.5

OHO 00pasoBHIBANO Upasbili BuHT. KOHEYHO, OKpyKHOCTH
€y, €35 ++ .y C, HYKHO BbIOpaTh HeMepeceKarouUMHES.
ITycte x,—oTMedeHHan Touka B RPN\ K, Haxoisuiasics
HeckoabkO Bhiie ysgaa K. Ilpn i=1,2, ..., n o6o3na-
uuM 4Yepes b; 0oTpe3sok B R3\ K, coeunsouuit x, ¢ oOk-
PY2KHOCTBIO ¢;. DTH OTPE3KH MOKHO BBIODATh HEMepeceKaro-
UWHMHCS M JIeKAMHMH B BEPXHEM [0JyPOCTPAHCTRE
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aj

D xy

i

@0y byl 3 J 7] (b)el
Lo
Gi+y
g
a;
©) [y AT Iyl
Puc.28.6

{(x1, Xa, X3): X, 2> 0} (puc. 28.5). Onpenenum y; Kak 3aMK-
HYTHIl NyTb B TOYKE X, KOTOPHIA HauuHAETCa B X,, WIET
BAOAb b;, OAMH Da3 oOXOAMT ¢; B BLIODAHHOM HampasJje-
HHH W BO3BpallaeTcs BAOJL b; B X,.

Mb nokaxem, uto rpynna o(R¥N\ K, x,) nopoxieHa
saementamu  [v:], [ye], -+, [Va): CooOTHOWEHHUSI mexLy
HHMH H306paxeHsl Ha puc. 28.6. Ecaiu nepeceyenue TaKkoBo,
Kak Ha pHc. 28.6(a), To umeeTcs cootHomenne [y;][y,]X
X [y:i+1][v,]=1. [pyras BO3MOKHOCTb—KOrla Ayra a,
OpMEHTHPOBaHA MPOTHBONONOXHO MO CPABHEHHIO G 3THM
PUCYHKOM, a8 MMEeHHO Kak Ha puc. 28.6 (c). B stom cay-
yae umeem cootrowenne [v;1[v;][vi+:][y,]=1. Oxaser-
BaeTcs, APYTHX COOTHOIUEHMH HeT—3TO OyleT NOKasaHo
HuzKe, 37eCb H Janee Mbl NOJAraeM Q. =, Yyr1 =71
H T A

28.3. Teopema. ['pynna pyuHo20 y3ia RNOPOHOEHA 3Ae-

merwmant  [v,]s [ve], -+ s [Ya] © umeem coomHowenus
Pgl] =ri, [Val="a ..., [¥a]=7, Kaokdoe coomnouerue
yil=r, umeem 6ud [y;]= [Yj] 7 [Y/]—l uru  [y;]=

=[v,]7 [v;+111v,] npu nexomopom j. boaee moeo, ao60e
00HO u3 CcOOMHOweRul [yp]=r, MONCHO oOnycmume, u
2pynna Om 9moe0 He USMEHUMCA.
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3nauenue j, KOTOPOe BXOAMT B COOTHOLLEHHE, ompene-
JseTcAs Ayrof a, mepecexkaiwliel MNPOeKHMIO y3/ia Haj
TOYKOH p;. Kakoe HMEHHO M3 AByX COOTHOLIEHHII uMeeT
MECTO, 3aBHCHT OT HanpaB/ieHuii o0Xoja Iyr a; u a,.
B wacTrOCTH, ecan NOBOPOT OT Hanpassenws a; K Hanpas-
JIEHHIO @; [POHCXOAHT MO YacoBOH CTpeJiKe, TO BHINOJ-
HSETCS NMEepBOE COOTHOLICHHE, B NPOTHBHOM CJyyae— BTO-
poe (cm. puc. 28.6 (a) u (c) COOTBETCTBEHHO).

Toanst na cootnowenus B Teopeme 28.3, HememJeHHO
noJyyaem

28.4. Caencteue. []pokommymuposannas epynna  ysaa
ecmo 2.

Has noxasatenpcTBa Teopemsl 28.3 pacemorpuM noa-
npocTpanctea C u A npoctpanctBa R, onpenesennbie
KaK

C={(x;, Xq, Xg): Xy > —2¢/3},
A={(x1, Xq, Xg)1 X3 < —2/3}.

MnoxectBo CNK (v ANK) cocTout us n Helepecekaio-
muxcs Xyr Ges kpaTHbIX Touek. [losTomy sicHo, uTo cyme-

cteyet romeomoppusm h: C— C, nas xoroporo h(C N K)

ecTs ofveannenwe U (S;nNC), rme S;, i=1,2, ..., n,—
i=1
OKPYXKHOCTE {(X1, X, X): ¥, =1 x34+xi=1} (puc. 28.7).
T3
I
xy
— -
V g
Puc.28.7

Takum ofpasom, C\ K FrOMOTONHYECKH 35KBHBAJNEHTHO
AHMCKY C 7 BBIGPOILEHHBIMH TOYKAMH, OTKyAd CJELyeT, 4TO
7 (C\K, x,)—cBoGofHass rpymma c¢ n 06pasywuMu

[vil [vals oo [val:
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AHaJIOTHUHLIM 06pa3oM NOJYyYUM, 4TO (yHAAMEHTa/b-
nas rpynna ANK ectb cBOGOAHas rpynna ¢ n oGpasyio-
wamu. Ho ANK mne comepxkut x, [lostomy sbiGepem
oTpe3aok b, coeauusiomuil X, ¢ MHOXxecTBoM A, He mepe-
cekaiomuii K # ocTanbhble BbiOpaHHBIE Nyrd. OGO3HAUMM

Pnc.28.8

yepes B wmHoxecTBO A B OOBEJHHEHHH C MHOMXECTBOM
BCeX TOueK, HAXOAfNIHXCA Ha paccrosiHuu He Gotee § ot
otpeska b. [lpoctpancTBo BN\K OTKpHTO H JINHEHHO
CBS3HO, ¥ OUeBHAHO, uTO 1L (BN K, x,) —CcBoOO1Has rpynna
¢ n obpasyiomumu [B], [Ba]. ..., [B,] 3aMkHyTHI DyTb
P; uoeT H3 X, BIOJb b K A, 3aTeM B TOYKY, OJMHU3KYIO
K p;, BLOJb OKpyxHOCTH B BN\J/K ¢ HeHTpOM B p; H
o6paTHO B X, (puc. 28.8).

PaccmotpuM  fasee  nmpoctpanctBo  (BNK) N (C\K).
OHO, OUeBHUAHO, HMEET FOMOTONHYECKHHA THI AHCKA C 27 BBI-
GpOLIeHHBIMH TOUKaMH, 4 moToMy 7 (BN K) N (CN\K), x)—
cBoGofHas rpynma ¢ 2n obpasywomumu [or], [ar], ...

oo [7]s [@f ] [@f ], oo vy [ ] YrToBst omucaTh 3TH OG-
pasyiolge, 3amMeTdM, 4TO BnC pas6usaer K na 2n ayr,
KOTOpHIE MOXKHO O0003HAuHThb 4Yepe3 a4y, dz, ..., A W

at,a}r, ...,ar, tle af M af-—yacTy Ayr a; B Q4
COOTBETCTBEHHO, Nexamue B AN C u 6auxaiiige K TOuke
p;» TlyTb @ OGXOZHT BOKPYr @;, @ o OOXOAHT BOKPYT
a” u af (aas yno6erea), Kak H300pa)<eHO Ha pHC. 28.8.

IIycts Tenepb @z (BNCYNK — BN\K # oo (BNCYN
K — C\\K —ecTecTBeHHBE BKJIOuenusl. JIerko oGHapy-
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XKHUTh CJelyIOllHe 5KBHUBAJEH THOCTHI
P ~Pp @Al ~E, Qoo ~ Yo

TorAa  Kak _ Qco! ~ ((V;# ) # Vied)# YV, WIH Qcatf ~
~ ({(Y:#Vy) ®*Vi.1) %Y, B 3aBUCHUMOCTH OT GBSI3H HaMpas-
JeHust 00X0Aa @, ¢ HanpaBJeHHAMH 0oBXOola AyT a; U Gp,q

(na pue. 28.8 u300pakeHO MEPBOE H3 3TUX COOTHOUIEHHH).

Tak kak npocrpancTea BN\ K, C\K, (B\K)N(C\K)
OTKPBLITHl H JIHHEHHO CBSI3HBI, TO MOXHO NDHMEHHTb TEO-
pemy 3eiipepra—pan Kamnesa, 3 KOTOpoOil yTBepie-
HUf 00 00pasylolluX H COOTHOLIEHHAX NOJY4aioTca He-
f10C pe/ICTBEHHO.

Uto6sl N0Ka3aTh, YTO OAHO H3 COOTHOWEHUH H3OGHI-
TouHo, 3ameHiM A Ha A’, rae A'—o6besnHeHne A
€ MHOXECTBOM BCEX TOYEK, HaXONSAWHMXCH HA PACCTOAHHMU

ay

\ w(
a =7 1= 72—1 T
k . &3

1= 'T;1 RERE
\Q

Puc.28.9

OT Hayasna KoopauHat B R*, GoJblueM, 9eM HEKOTOpoe
Goaplioe yucao N. DTuM onpelensieTcs MHOXe¢TBO B'=
=By A'. Oynpamentaspnas rpynna B*\NK Ta xe ca-
mast, 4t0 W y BN\K, HO ¢yHlameHdTasbHasa rpynna
(B'NCON\K umeer Ha onuy oOpasyiilyio MeHbile, 4em
¢ynaamentansias rpynna (BN CYN\K. OTo NpoHEXOAHT
notomy, 410 (B*NC)\K HMEET rOMOTONHYECKHH TUN
cepel S ¢ 2n BbIKOIOTHIMHM TouKamu. Ot6pachiBas 06-
pasytowyo [af] rpymmsl @ (B’ NC)N\K, X,), MBl BHLHM,

s
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uyto cootHoumenne [y,]=r, B 7(R*\ K, x,) Oosblie He
sBaseTcst HeoOGxonuMbIM. [leTann Ml oOcTaB/JsgeM UHTa-
TeJ0. [

HMamocTpupyem 3Ty TeopeMy Tpems npumepamu. s
KpaTKoCTH Gynem o6osHauathb [y,] npocto uepes vy, CHa-
yaJa BLIUHC/JHUM 3aHOBO TPYIMNYy TPUJIHCTHHKA. Mcmosb-
3ya 0603HaueHust puc. 28.9 M Te, 4TO MPHMEHSJIHCh paHee,
MBI BHAMM, YTO TpyNna TPHJIHCTHHKA HMeeT TpH obpasyio-
LIHE Yy, Ve, Vo C COOTHOWEHHAMH Vy == V5 VoV5, Vo ="V Vs¥1»
Ya= V3 '71Ve, OHNHO H3 KOTOpBIX u3aumHe. Hanpuwmep,
TpeTbe H3JHIIHE NOTOMY, YTO €ro MOMXKHO TNOJYYHTb, MOI-
CTABHUB TEPBOCE COOTHOIUEHHE BO BTOPOE:

Vo == V1 P91 ==V Vs (V5 V2¥s) = VI 'VoVs»
OTKYAA y3=7; 'V,Y.- HWTaK, rpynna TpHIHCTHHKA €CTh

Vo Voo Vol {1 =V VeV, V2=V VsV > =
= {Vor Vab iV =75 VT VaVaYs VaVa > =
= <{V2a Y3} : {Vz?s?z = V:ﬂ’z?ab

M, Kak Jerko BUJeTb, u3oMOpdHA rpynne <{a, b}:
H{a®=b%}>.

B kauecTBe cJiepyiollero npuMmepa paccmMoTpuM Oa-
6ywKHH y3es, u3o0paxkeHHbfi Ha puc. 28.10 (a). Mbl BH-

JIMM, YTO TPYINa 3TOro ysJja uMeeT 06pasyIoLHe y,, Py, - - -
.y V¢ H COOTHOLIEHHS

YL=75"VaVs Ve =7V1 VsV1:
Vs =7V "VaVes  Ya=7V5 VsV
Vs ==V1 'VsVs> Ve=75 V1¥s

OHO M3 KOTOpPBIX JHIIHee. Bce COOTHOLIEHHSA MOMKHO
BLIPA3UTH Y€pe3 Yy, V3 U Vs, H HETPYNHO [OKasaTb, 4TO
3Ta Tpynna usomopdHa rpynne ¢ Ttpems o0pasyioLlHMH
Vi Vs> Vs H JBYMS COOTHOLUGHHAMH  Y,V3V1 =7VsVi¥s §B
VsV1Vs =7V1VsV. Hrax, rpymna 6a0yIIKHHOTO y3Ja €CTh
rpynna ¢ Tpemsi o0pa3yioHIUMH X, Y, 2 W JIBYMsl COOTHO-
[MEHUSIMH XYyX =YXy N X2X==2zX2.

B kauecTBe nocjenderc npuMepa paccMOTpUM CKBep-
y3ea, usoOpawenunfi Ha pue. 28.10 (b). I'pynna atoro
y3J1a uMeeT wecTh OOPa3yIOULHX Y1, Vgy +« -y Y U COOTHO-
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Cls a,
OF\ a4 |
dsg \ o 3
a; a,
;"6 @)
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ds al 3
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Puc.28.10. (a) Babyuwkuu ysen. (b) Cxsep-ysen.

LIEHHS!

VI=V5'VeVsr Y2 =7V1'VsVis

Vs=V2 VaVer Vo =VeVsVi '

Yo =ViVeVT's Vo =TVsV1V5 5
OJHO H3 KOTOpHIX JHiuHee. Kak U Aaa 6abyUIKHHOro
y3/aa, JIeTKO HCK/IOUHTL TpH OOGpasyioiiue U NOJAyYHTh
rpynny ¢ TpeMs 00pasymiouwHMH Yy, ¥, ¥ H ABYMS COOT-
HOWEHHUAMH Y131 = YsV1Vs M V5V1¥s = V1751 HTaK, rpynna
CKBep-y3/1a—3TO0 TPYNNa C TpeMms 06PasywoiluMH X, Y, 2
H JIByM COOTHOIWIEHUAMH XyX = yxy W Xxzx=2x2. B uyact-
HOCTH, Mbl BHAHM, YTO Tpynns G6aGyWKHHOTO Yy3jaa u
CKBep-y3ja usoMopduel. OnHAKO H3BECTHO, YTO 3TH JABa
y3Ja He S5KBHMBAJIGHTHEI, XOTSl Mbl He GyIeM 39TO JOKa-
3BIBATE.

28.5. Ynpaxuenwe, [lpumensia teopemy 28.3, BbluMC/HHTE TpyINbI
ysjaos Ha puc. 27.1. Jdna ysna sa puc. 27.1 (b) moxaxure, uTo
TOJIy4aeTess, KaK 3TO M JOJIKHO OuIThb, rpynna 7.

3aKOHUMM Hallle PacCMOTPEHHE y3/10B KpaTKHM OIH-
CaHHeM IBYX KOHCTDYKUHH, CBA3aHHBIX ¢ y3JaMH. BoJb-
UIMHCTBO J€TaJedl U MHTEPECHBIX CBOHCTB 3THX KOHCTpYK-
UU# OCTaBJICHBl YMTATENIO B BHJE yNpa:KHEHHH,
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> ©
g B

Ona asyx ysnos K; u K, 3ajaaum nanpasJeHus
obxola u onpepeauM ux ceasHyro cymmy K, # K, Kar
y3eJ, KOTOpHIfi noJsyuaercs BeIGpacbiBaHWeM HHTepBasia
M3 KaxJIOTo y3Ja H CKJEHBAHWEM OCTaBIIMXCA YacTeR
TaK, 4ToObl HampaBJeHHs KX 00xofa OblJIH COTJIaCOBAHBl
(puc. 28.11). /1pocmem Y3404 HASLIBAETCS y3eJ, KOTOPHIH
HeNMb3R npeacTaBuTh B Buae K, 4 K,, rae ofa ysaa K;
n K, saysnaens. Bce ysan B Hammx Tabaunax (cM. mpu-
JIOXKEHHEe K IJ. 28) I pocThle.

28,6, Yupamnenus. (a) Ilokaxure, ato ysen K; 3 (K, 4f K3) crporo

sxpupasenTer yaay (Ky 4 K.) H K.
(b) TToxamxure, uto ysen K, #£ K, crporo skBuBanented K, 3k K;.
(Ykasanue: cM. puc. 28.12.)

’
(c) Mokaxurte, uro ecaum K, crporo skBuBajeHTeH Kj, a K,

cTporo skBuBajiented Kz, To Ky 4t K, ctporo sksusasenten K 4+ Ko.
OcTaHeTcst JIH 3TO BEPHLIM, €CJIH Y6paTh CIOBO «CTPOTO»?

Crenyomas KOHCTPYKLHS COMOCTABJSET KaXKAOMY
(pyuHOMY) y3Jly MOBepXHOCTb ¢ KpaeM (cM. ynp. 11.8 (b)).
UTo6Hl clenaTh 3To, BHGepeM Ha y3Je HanpaBJeHHe 06-
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DL 22
C > &
X)) o

Puc.28.12
/N M~ m }Y\
(@) ()] () (d)
Puc.28.13

xofa. O6sactb BOJM3M KaxIoH KpaTHOH Toukm (pHC.
28.13 (a)) nepectpauBaeTcs, Kak NokasaHo Ha puc. 28.13 (b).

B pesysbrate mepecTpoek MOJy4yaeTcsi HECKOJIbLKO He-
nepecekaromuxcsl OKpyKHOCTeH. KamaAyo U3 HUX MONHO
3aKJIEHTb JIHCKOM Tak, 4TOObl 9TH JNHCKH He Nepeceka-
Juch. Jlis sTOro B CJayuae, KOIRa OKPY:KHOCTH COAep-
J)Karcs ORHa B JIPYrod, cJierka W3OTHEM JOHCKH, uTODbI
OHH BBILJIH U3 MJOCKOCTH, HAuHHAsh C CaMoll BHYTpeHHel
OKDYXKHOCTH H NEepPexola No ouepein K BHeilHuM. Hakower,
Ha MeCTO NpeXHefl KPaTHOH TOUKH BKJEUM [OJOCKY,
3aKpyueHHyI0 Ha non-o6opora (puc. 28.13 (d)). B pesy.ib-
TATe MOJYYHM OPHEHTHDPYEMYIO MOBEPXHOCTb C KpaeMm. Ee
Kpal, OueBHAHO, COBNARaeT ¢ yajom K. Bynem roeBopuTth,
YTO 3Ta NOBEPXHOCTL C KpaeM wHamsxyma Ha ysesd. Heko-
TOpble MpHMephl aHbl Ha puc. 28.14 u 28.15.

Y3ny Ha puc. 28.15 orTBeuaeT napa OKpPyKHOCTEH,
BJIOXKECHHBIX OJIHA B JPyryio. Mbl 3aKjedBaeM BHYTpEH-
HIOK) OKPYXKHOCTb AMCKOM, JeXAallHM B [1JIOCKOCTH. BHew-
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264 —
(a)
Puc.28.14
(@)
©
Puc.28.15

HAAf OKPYKHOCTb 3aKJenBaeTcs ANCKOM, pPacloJiOKeHHBIM
HHxKe nuockocth. Takum obpasoM, puc. 28.15 (b) moxHO
paccMaTpuBaTh Kak chepy ¢ ABIPKOH, B KOTOpOH Haxo-
Autcs auck. Ha puc. 28.15 (¢) st ABe o6/acTH coefHHEHHI
OATbIO CKPYYEHHBIMH TTOJIOCKaMH.

lon pomom noBepxXHOCTH ¢ KPaeM Mb MOHHMaeM pOA
oTBeudaiollell el nopepxHocTn 6e3 Kpas (B CMbICJE ymp.
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11.8 (b)). Pon noctpoednofl swille fIOBEPXHOCTH C Kpaem
paseH (c—d + 1)/2, rae ¢—uHCAO KpPaTHbIX TOUEK, a d —
YHCJO HenepeceKkalolluXca OKPYXKHOCTEH B HalleM 0o-
CTPOCHHH.

Boofiule roBops, Ha y3ead MOXKHO HAaTAHYTb MHOTO
pasHbIX nosepxHoctell ¢ KpaeM. Pod y3na K onpegessercs
KaK HauMmeHbluee uesoe g (K), Takoe, uTo Ha K MOXHO
HaTSIHYTb OPHEHTHPYEMYIO MOBEPXHOCTb ¢ Kpaem poja g (K).

28.7. ¥Ynpaxuenus. (a) [lokaxkure, uto g(K#HL)y=gK)+g (L)
(3TO HETPHUBHAJLHO).

(b) Buigeaute u3 (a), uto Jr060fl y3esa MOMKHO NPEACTABHTL B BHIE
KOHCUHOA CBSI3HOH CYMMDLI NPOCTBIX Y3J0B.

(c) Tloxamute, uTo poj HE3ay3JCHHOLO Yy3Ja paBeH HyJIo.

(d) Noxamure, yto ecanm K sayamen, 1o K 4L 3saysaes s
Jaodoro yana L.

(e) [loraxurte, 40 poj TOPHUECKOIO y3ja THNa (M, 1) He mpe-

socxomdt (m—1) (n—1)/2.
M ‘

|
(c)

dll.

(f) [Mpogenaem caenyiolHe OrepamnuH Hal yanoM K, HapuHCOBaH-
HbIM Ha MJocKocTH. [lpexje BCero 3alTpuxyeM OKPYKAOUWYIO y3ea
puelnow obaacts (puc. 28.16). 3atem 3aTpHXxyeM HEKOTOPhE H3
obsiactefi TakuM o00pasoM, 4TOObl K3 IBYX COCeJHHX ofJjacTedl ojHa
GbTa 3allITpUXOBaHa, a apyrasd —uer. Jlasee o603HauMM BCe 3allTpH-
XOBAHHbIC 06/1aCTH, KpoMe BHeiuHell, 6yksamu Ry, Ry, ..., R, Kax-
Jofi KpaTHOH Touke comocrasum uncsao —+1, —1 wuanm 0 corsacHo
TOMY, HMEET JIH TepeceueHHe B 9TOH TOuKe BHJ, H30ODKEHHBIA COOT-

I Hi

Puc.28.16
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BETCTBEHHO Ha puc. 28,16 (b), (¢) miu (d); nyas nossasercs TOr Aa,
Korja [Ba 3alUTPUXOBAHHKLIX yyacTKa BOAM3H ABOHHON TOYKH OPHHAL-
JIeXaT OJHOH M TOH e ofjacTH.

O6pasyem cumMetpHunyio Matpuny A (K)=(a;;) pasmepa n X n
CJEeIYIOIHM 06pa3oM:

@;; =CyMMa HHCeNl B KPaTHLIX TOYKax of.iacTa Ry,
—Gjj=-—a,;;=CyMMa 4uceJ B OOMMX KpaTHLX TOYKax ob.JacTel
R,’ H R_,u

Hanpumep, ysen ua puc. 28.16 onpegensier MaTpuiy (—12 _é)

[ycte d (K)=det A (K), Tak uro d(K) He 3aBHCHMT OT HyMepa-

LMK 3aLITPHXOBAHHHX ofnactet, [pu n=0 onpexenum d (K)=1.

(i) Haiimure gsa crporo skBuBasentHbIX yana K u L, aas
KoTopulX 7 (K) #d (L). Byger an |d (K) f=|d(L)]|?

(i) Ecnu yaael K u L skBHBajeHTHB, 6yaeT Ju [d(K) |=

=[d(L)]?
(ifi) Ha#imure ysant K n L, He SIBJISTIOIMEC CTPOro JKBHBa-
JEHTHBIMH, A1 KOTophiX |d (K) |=[d (L)].

(iv) Tokaxure, uto d (K 4= L)=d (K)d (L).
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CHUHIYJIAPHBIE TOMONOriA: BBEAEHME

OueHb BaHYI0 YaCThb TONOJIOTHH COCTABJsET TEOPHs
romonoruid. B uacTosmefi riaBe 5Ty TEOPHIO HEBO3MOXHO
H3JI0XKUTb BO BCeH mosHOTe. Mbl TosbKO HIUTOCTpUpYeM
€e OCHOBHbIE HJeH H CBA3b (Ha NpHMepe OAHOrO YacTHOTO
cayyas) ¢ (pyHAAMeHTaJbHOH Tpynmof.

29.1. Onpenenenue. Cmandapmroim n-mepHbiM CUMNACK-
com A, HasbiBaeTCsi Ccaepylollee noanpocrpaHcTeo R#*+1:

n=}x:(xl)) xi; ey xn)eRn+1:
D oxi=1 x;220,i=0, 1, ...,n}.
i=0
Touku v,=(1,0, ...,0), v,=(0, 1,0, ..., 0), ..., v, =
= (0,0, ..., 0, 1) HaspiBaloTCs epuunamu cumnekca A,,.

Tak, A,—>3To Touka, A, —o0Tpe3sok, A,—TpeyrobHuK
¥ Aj—Tterpasap (puc. 29.1).

29.2. Omnpepesenne. [lyctb X —Ttonosoruueckoe npoct-
paHcTBO. CuHeYAApHbIM n-mMepHbim Cumniekcom B X Ha3EL-
BaeTcsl HenmpepblBHOE oToGpamenHe @i A, — X.

Taknm ofpasom, cuuryapusifi O-mepHbii cuMIIeRe —
5T0 Touka B X, TOrla KaKk CHHIYJSPHBIL OLHOMEpHb
CHUMIUIEKC —3TO, N0 CyllecTBy, nyTh B X. B camom neie,
€C/IH (p—CHHTYJAPHBIA ONHOMEDHEIH CHMIJIEKC, TO paBeH-
crBo f(f)=e¢ (1 —1, t) 3amaer nyms f: [— X u3 Toukm
@ (v,) B Toury @(v,). O6parHo, nyts fi I — X onpege-
JeT CHHTYJ/IADHBIH OJHOMEPHBIH cuUMIIEKC @ A; — X,
€CJIH MOJOKHUTL ¢ (Xq, Xy)==f (%)

29.3. Onpepenenue. Cuneyaaprol n-meproi yenero B X
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Z}} 2
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vy % A,
v
/A,
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Puc.29.1
UZ
—_—
P(4,)
|
\\\
\\
‘\l(aoq’)
/A 7 '
P 4 "
N
t (0, 9)
uc,29.2

Ha3bIBAETCA BHIpAXEHHUE BUAA 2 n,9;, tae {Q,: j€ J}—
jed

CeMEHCTBO BCEX CHUHIYJAPHBIX 7i-MEPHBIX CHMNJIEKCOB B X
(/ —HeKOoTOpOE HHAEKCHPYIOLEE MHOXECTBO) H 7, € Z,



274 TJIABA 29

NpHYEM TOMBKO KOHEUHOe MHOXKECTBO 4uces u3 {n, j€J}
OTJIHYHBL OT HYJA.

MuoxectBo S, (X) CHHIYJsSpHBIX n-MepHHIX uenefl B X
o6pasyer abeJieBy TpYyNmy CO CJAOKEHHEM, ONpeLeseHHbIM
dopmyJi0f

2%+ 2mp,= Y (n,4m) ¢,

Hynepoii snement—sto X 0¢, a ofpatublM K X n,¢,
ABaseTCA Y\ (—n,) @, ACCOUHATMBHOCTb H KOMMYyTaTHB-
HOCTb MOJYYEHHOH TPYNNbl O4eBH/HBDI.

['pynna S, (X) obnagaer HEKOTOPBIMH XOPOLUMMH CBO#-
CTBAMH, HO, K COXaJeHuio, BooOLle TrOBOps, CJHIIKOM
Bequka. OHa craHeT GoJsiee 0603pHMOH, €Cau BBeCTH Ha
Hell OTHOIIeHHEe 3KBHBAJEHTHOCTH (NOAOGHO TOMy Kak 3TO
JeJajlock Npu onpelejeHHd GyHAAMEHTaJbHOH TpyNMbi).
Beejem cHaua/la MOHATHE TPaHHYHOTO ONepaTopa.

Jsa 1aHHOTO CHHIYJSPHOTO A-MEPHOrO CHMIJIEKCA @
ONpefe/IHM CHHTYJSPHHEIH (n—1)-MepHHIH cumnjekc 0;¢
dopMyJ10#

ai(p (xO’ xf’ v "xn—1)=(P(x0t xiv sevy xi—iv 0, xl:" "xn—l)

npu i=0,1,...,a (puc. 29.2). OueBuino, sTHM omnpe-
Ieasetca romomopdusm rpynn d;t S, (X) — S, _;(X), npn
KOTOPOM X3 1,¢,—> 31,04,

29.4. Onpepenenne. [panuunoii onepamop 0: S,(X)—
— S, _1 (X) onpexrensercst dopmy.io#

0=0,—0,+ )2—...+(—1)na,,=‘_20(—1)fa,..

[Ipn noMoll4 rpaHHYHOTO OMNEpaTopa MOXKHO Ompefe-
JHTb JiBe BaxKpble MOArpynmni B S, (X).

29.5. Onpeaenenne. (a) CuHryJsipHas n-MepHas Lenb
¢ €S, (X) HaspiBaeTcs n-MepHoLM YuKkaOM, ecau dc=0. MHo-
®EeCTBO A-MepHBIX UHUKJOB B X o6o3Hauaerca Z, (X).

(b) Cunryaspnas n-mepras uenb d €S, (X) HasbiBaercs
n-mepHol epanuyed, ecau d=0e 1,5 HeKoToporoe € S, (X).
MnoxecTBO n-vepHbix rpaHun B X o6Gosnauaetcs B, (X).
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Jpyrumu caoBamy,
Z,(X)=kero: S,(X)— S,_,(X),
B,(X)=im0d: S,,,(X)— S,(X),
H, TaKuUM 06pasov| Z,(X) u B (X)—noarpynnst S, (X).
3ameTHM, 4TO BCE CHHTYJISIPHBIE O-ME‘prIe e sB-
JSI0TCS OME‘prIMH UMK JAamMH, T. €. Z,(X)=3S,(X).
OkaseiBaercs, Bce n-mepHbIE l‘paHH[IbI ABJISIIOTCA 11-Mep-
HEIMH  OHKJayMH. D70 HenocpeACTBEHHO BHITEKaeT H3 cJe-
AYIOUIET 0 pe3yJ/IbTaTa.

29.6. Teopema. 00 =0.

Hokasameascmeo. Breiaucsium 00 Ha CHHT yJSIPHOM f-MEp-

HOM CHMIJEKCe (p
n

004 =0 3 (—1 0,5 = z 2(=1"70,0,0.
i=0 =0
Mui yTBEpxaaeM, uTo 0,0, -—6,6/+, npu { < j. ¥Y6enumcs
B 3TOM CJISAYIOLIHM oﬁpasoM
(a ach) (xov L] n- aj (alq))) (x()’ MR ] xn—2)=
=(0,9) (Xg, +--, x/_l», 0, xs «vv, Xp_g)=
=@ Xy, -+, X;1y 0, Xpy oo, Xjets 0, N N e
=(0,019) (Xgs vy Xty 0y Xpy oo, Xpog)=
=(0:0,4.9) (Xgy ++ s Xpog).

Hraxk,
n-1 j
00¢ = Z(—l)’+’00(r+24 > (—1)i+70,0,¢ =
j=0i= i=0i=j+1
n-1
(_])i+/aia/+1¢ + 2
i=0i=j+1

n—l n
(_1) aa/+1(P + 2 (_])i+/ajai(p=

=
|

-

JB

I

- (—1)i*0,0;0=

\
1o

-l
[

_-—O

&
=

1
s -
L
— o
T

Ipai fpa

D (—1vo00=

!
1Y

0

(—I)H_/a az+1¢ +

I
Ll
.M:

(__1)1'+/'—1 aa +

1]

[=}
i?
+
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Takum obpasom, B, (X)—mnoarpynna Z,(X). Tak kak
obe 5TH rpynnn abeJesbl, T0 B, (X)-—HopmasabHas mnoa-
rpynna Z,(X), n notoMy onpefesneHa QakToprpynma

Z,(X)1B,(X).

29.7. Onpepenenne. dJaKToprpynna Z,(X)/B,(X) Hazs-
BAeTCS N-MEPHOL epynnoli eomoroeudl npocmpaucmea X.
Ona o6osnauaerca /1, (X).

Hpyrumu csoBamu, sJeMeHTH [7,(X)—3To KJaacchl
9KBUBAJIEHTHOCTU LHKJIOB [0 OTHOHIEHHIO 3KBHBAJIEHTHOCTH

c~c' ec—c' €B,(X)

npu ¢, ¢’ €Z,(X) (kKak Jerko BHAETb, ~ JAeHCTBHTEJbLHO
SIBJIAETCS OTHOIUCHHEM SKBHBAJCHTHOCTH). B sToM ciyuae
rOBOPAT, YTO LHKJH C H C' 20Mor02uuHbL.

B creayiomux AByX JieMMax BBIYHCJISIOTCS TPYINIb ro-
MOJIOTHH TOYKH M HYJbMepHas rpynna roOMOJIOTHH JIHHEHHO
CBSI3HOI'O MPOCTPAHCTBA.

29.8. Jlemma. Ecau X —o00Homoueunoe npocmpancmeo, mo
Ho(X)=2Z v H,(X)=0 npu n>0.

Hoxazamenrscmeo. Hpu moboM n 2= 0 cymecTByer eauH-
CTBEHHLI!l CHHIYJ/IAPHBIA A-MEPHBIH CHMIIEKC @,,: A, — X,
H, TakKUM 00pa3oM,

Sn(X)‘:Z:{kq)(n): kEZ}
Hanee, 0,y = Q-1 0pu n>0n

0, = 2(_1) 0@ = 2:0 (=) @eny=

{ 0  nopu neuetHoM n,

(¢(,—1) IpH 4eTHoM n > 0.

[pu n=0 umeem Jp,=0. Hs TPEABIAYILEro. BhiTe-
KaeT, 4TO

Z,,(X)={

S, (X), ecin n HeuerHo uau n==0,

0, ecau n yetHo u n >0,
S, (X), ecan n HeueTHo,

0, eCJIH 1 YETHO,
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CJIeJIOBATENBHO,
Ho(x Z, ecan n=0,
n(X)= 0, eciu n>0. O

29.9. Jlemma. Ecau X — Henycmoe AUHEHHO C633HOE NpO-
cmpatcmeo, mo H (X)=Z.

Hokasameavcmso, [1pou3BOJILHEIH HYyJIbMEPHBIH LMK
(nyM, 4TO TO Ke caMoe, HyJIbMEpHas CHHIYJ/IApHAA Lellb)

HMEeT BUA ) A X, THe n,EZ W TOJbKO KOHEHHOe MHO-
r€X
wecTBO u3 uHcesn {n,: x€ X} Henynesne. Onpepenum

Y Ho(X)— Z dopuynoit ¢ (D n.x)=n,.

[1poBepum cHauasa, 4TO 3TO ompejesieHHe KOPPEKTHO.
[ycts ) m x—Apyrofi Hy/AbMepPHLIH WHKJI, TOMOJIOT HY HbIH
Zynxx, T.e. )N X= M, x+0c, rle c—HEKOTopas OJHO-
MepHas CHHT yJsipHad Uellb, DTa Uellb HMEET BHJ C= 2; k,.q)/,

je

rie k,€2Z W ©;—ONHOMEPHBI/l CHHTYJSPHLIH CHMIJEKS.
Hanee,

Oc= 2 k0@, = 2 ky (9, () —9, (vo)),
i€eJ i€d
OTKy/a

Y (Z nxx) =1 (2 myX + OC) =
=1 (2 mx -+ 2 k/(P/ (01)—2 k/fP/ (V)=
=me+2k/—2k/=2mx=w(mex)’
T. €.  onpelieJieHO KOPPEKTHO.

OueBuaHo, 410 Y—romomMopdusm. OH clOpbEKTHBEH,
NocKoJbKy 1 (nx)=n, rae x—mobas Touxka u3 X. [loka-
JeM, HaKOHell, 4To \ WHBeKTHBeH. [1yeTb X1 X—Hy/b-
MEDHBIH UMKJI; TOTAa

M= (On,) x,+ Zx (L x—nx,)=
X €
= (Z n’x) Xo+ d(xezxﬂxq)x),

rjae ¢,—nyTh (HJIH ONHOMEpHBIH CHHTYJAPHBIA CHMIIEKC)
U3 x B X,. Takmv ofpasoM, Xn.x H (Qn.)x, TOMOJO-
ruansl. [Tostomy eemu ¥ () n,x)=0, 10 Xn,=0, a Torsa
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UMK X 7,X [OMOJIOTHYEH HYJMIO, H 3THM [OKasaHa HHbB-

€KTHBHOCTb 1.
10T DOCNeIHHH HIar fIBJSETCSl PellaiolliM, IOCKOJbKY

OH NOKAa3bBaeT, YTO HOBBIH HYJbMEPHBIH UHKA €= X N.X
TOMOJIOTHUEH HyJbMepHOMY WHKJIY (D)n,)X,, KOTOpHIH
NOJIHOCTBIO OMNpejenAeTcs yucaoMm Dy n,. []

Jas wvenpepbiBHOrO oToGpaxenus f: X —Y MOXHO
onpefenuth ortobpaxenue fu: S, (X)— S, (Y) dopmynoi
fa (Z ”,'(P,'> = ,Zn','fq)j-

jeJ ieJ

(Buaumo, HyxHO OblJIO Obl 0603HAYUUTL fu: S, (X) —
— S, (Y) uepes fru: S,(X)— S, (Y), HO 310 OGO3HAUe-
Hue Heonpasi2HHO cJoxkHO.) Ouemnpno, uto f, —romo-
mMop¢usm rpynn. Ha camom gene f, nepeBOAHT IHKJBI
B UMKJBl M CpAHHIL! B TPaHHIBL. DTO BRHITEKaeT W3 cJe-
AyIOLero pesyJbrara,

29.10. Jlemma. Of, =f40.

[lokasamearscmeo. FaccMOTpuM (11— |)-MepHBIH CHHTy-
AApHBIH cuMmniekc ¢. Mmeem
(i &) (@) (o5 Xiy + ey X)) =0, (fO) (Ko, %1, +o vy Xyo0)=
= (f(P) (xov Xy oons X1y 0’ Xiy vy xn—1)=
=f(@(Xgy Xy vvvs Xity 0y X5 vy X )=
= f ((ai(p) (Xgy Xiy vees xn—l)):
= (fach) (xoa Kiy «ony xn—l) Z((f#az) ((P)) (xm Xis +ovy xn—1)9
YTO W JOKa3blBaeT JemMmy. []

29.11. Caencreue. [, (Z,(XN<=Z,(Y), fs(B,(X)<B, ).

[okasameascmeo. Ecan c¢—uukd B X, 10 Ofy (€) =
= f,0(c)==0, otkyma caeayeT, uto f[4(c)—umka B Y.
Ecnu d—rpannua B X, 10 d=3d() u [y (d)=fs0(e) =
= 0f4 (¢)—rpannna B Y. [J

3T0 cJeACTBHE MNOKAa3bIBaeT, YTO CYULECTBYET TOMO-

mMoppusm rpynn f,o H,(X) — H,(Y), onpenenenswii pa-

BEeHCTBOM /[, ( }_‘,Jn/,q;,) = Xn,fe,, rae X n,; ecTb n-vep-
j€ jeJ jed

el uuka B X. [omomopdusm f,0 H,(X) — H,(Y) Ha-
3bIBAETCS UHOYYUPOBAKHbIM 20 MOMODPUIMOM.
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Crenywoliue 1Ba pe3yJbTaTa JOKasbLIBAIOTCS JErKo, H
HX J0Ka3aTe/IbCTBO MpelocTaBasercs uutatesio. CpaBHHTE
ux ¢ teopemoll 15.9 u caexcteuem 15.10.

29.12. Teopema. (i) [lycmo f: X —Y u g: Y — Z—renpe-
poiervle omobpascerus, moeoda (gf), = gufu: H,(X) — H,(2)
npu ecex nz=0.

(ii) Ecau 1: X — X—moacdecmeerHoe omobpasicenue,
mo  1,—moscdecrmeennoii eomomoppusm epynnor  H, (X)
npu scex n = 0.

29.13. Caencteue. Ecau [: X — Y —eomeomopgusm, mo
fe: H,(X)— H,(Y)—u3somoppusm npu ecex nz=0.

Sanmeuanue. [oMoNOrUN ONpeaessioT PyHKTOP H3 TONO-
JIOTUH B aare6py (a MMeHHO B a0eJ/ieBbl TPYNIbl; CM. [pH-
meyanue nepen ynp. 15.11).

Ha camom jese rpynnbl TOMOJOTHH TOMOTONHYECKH
SKBUBaNEHTHBIX M[POCTPAHCTB H30MOP(HbL. ITO BhITEKAeT
U3 CcJeAylOWel meopembt O 20MOMONUMECKOU UHBAPUAHM-
Hocmiu,

29.14, Teopema. [lycms [, g: X — Y —Henpepoigrbie omo-
6pascenusn. Ecau f u g eomomonnv, mo f,=gy H,(X)—
— H,(Y) npu scex n=0.

Hoxasameascmeo. OnpepenuM npu ! € / orobpaxenue
Ayt X — X X I paBeHCTBOM A, (X) =(x, ). [Tycto F: X X [ —
— Y —romotonus mexuy [ u g, t.e. F(x, O)=f(x),
F(x, )=g(x), uau, B TepMmuHax i, Fhy=f, Fh, =g.
Jonyctium, 410 Ay =2A,,; TOrAQ

ft=(F}"o)c=Fc}"0«=Fm7"1&=(F}"l)t=g*-

HMrak, ocTanoch oKasarb, 4to Ay, =A: H,(X)—H, (X X ).
Mbl OKaXKeM, 4TO AJisi TOMOMOPDH3MOB Aoy, Ayui S, (X)—
— S, (XxI) mnaiigercs  romomopdusm P: S, (X) —
— S,+1 (XX I) (HasbiBaeMbIl OonepaTopoM IpHU3MbL), AJA
KOTOPOro OP 4 PO==A 4 —Ayyx. Ec/In Takoil omepartop cy-
IECTBYET, TO TOMOMOPQU3MBI Aoy H A,x HA3LIBAIOTCA Yen-
HO-20 MOMONHbLMLL.

Ecan A,y H A,y LENHO-TOMOTONHBI W ¢-—HEKOTODLIH
n-mepHblil UHKJ B X, TO (A4 —Ayx) (¢)= (0P 4+ PO) (c) =
= 0 (Pc), OTKyAa CNEAYET, YTO Ayul H AyuC TOMOJIOTHUHBI,
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H NOTOMY A,,=h,, WTaKk, Ans noxkasaresbCcTBa TeOPEeMbl
JOCTAaTOYHO MOKas3aTb, 9T0 Ajy H Ayy LEeIHO-TOMOTOIHBL
Yto0Bl cAesaTh 5TO, HyXKHO ONPElENHTb OUEpaTop P.

[ycts ¢: A, — X —CHHTYJIAPHEIH 71-MEPHBIH CHMIIJIEKC
B X, T.e. saeMent S 2 (X). Onpenemm P, (¢) npu i=0,
1, ..., # KaK 3JeMeHT TpYNIH n+1(X>< 1), 3apaHHHH
paBeHCTBOM

Pl((P) (xO’ X1y ooy xn+1)=<(P (xm Xiy oeey xi—i’

;
xi+ Xivtr Xigas < ooy xn+1)) 1——kzoxk>’

H onpeaeﬂm\a P €S, . (XxI) dopuynoii P (¢)=

_'Z (— 1) P;(p). Herpymso sugets, uto P: §,(X)—

— S,z+1 (X x Iy—romomopdusam.
I'pannuy 0P (¢) MOXKHO TeNepp 3amnHcaTb B BHJE

n+1 n+l n

OP ()= 2(#1faP(q» ZZ(—W@P(@)

[epenuwem 0,P; (¢) no- apyromy. [Ipu i < j—1 umeem
9P (@) (X + -5 X)=P; (@) (Xgs v+ s Xm0, 0, X5 ooy Xp)=

=<(P(x0: ey xi—l’ .XL’+X[+1, xl'+2’ e

i
cees X0, 0y 0, xy), 1— > xk>
k=0

=<a/—1(P (os ooy Xjmty X FXpwrs Xpgoy oony X,) I— Zxk>==
=P;(0;.19) (xo - - X)) =Pi0, 1 (9) (X, < vty Xp).

Ilpu i > j noayuum
ajpi ((P) (xO’ L] xn)=Pi ((P) (xO’ LN} x/'—l’ 07 x/'7 ey xn)=

=<(p(x0, ceny %2, 0,

i—1
N
vy xi_z, x"_l—l—xi, x,-+1, c v ey xn), l—z xk>=
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=1
|
= a/(P (xo, ooy Xi gy xi_]—'—x,-, Xigis very xn), l_sz)xk) ==

=Pi—i (a/(p) (x()) ey xn)=Pi—la/((p) (xor ey xn)'
Hakonen, ecat i=/, 10
a/P/ ((P)(xo, “o oy Xn)=P/((P)(x0, ey x/_i, 0, x/, casy Xn)=

j-1
=((p(x0» ey xn)’ 1_2 xk>=

k=0
=P, (@) (Xgy voey X1, 0, Xy ovny X)) =
=djpj-i (@) (Xgy e ey Xp,)
Okonvareasuo umeem 0,P,=0,P, ;, 0,P;=P; .0, npu
i>/, 0;Pi=P0, ; npu i< j—1.
Mcnombsys aTH COOTHOWeHHs W 3anuchiBas 0P B Buie

n+l n
aP=i§0 igo(_*l)”/aipt‘:aopo’l’
+ 21 0,P,+ 2 0(—1)0/P/_1——

i=fj= [=j—-1=

—0,41P, +,:§, (—=D*0,Pi+ 2 (—1)*9,P,

HeTpyLHo yGeautbesd, yt0 0P =0,P,—0,,.P,—Pd. Ho

0Py (@) (X4 ooes xn)=P0((P) (0, Koy evey X,)=
=((\0 (XO, e e, xn)’ 1)'—_—'7\1([) (X'oa ey xn)=}”l# ((P)(xm ey X,,),

an+1Pn((\0)(X:i)! tre xn)=Pn((P)(xo’ AR | Xn, 0)=
=((P (xo: L] xn): 0)=}V0(P(xo’ sy xn)=
=}V0# ((P) (xov vy xn)'

Utak, OP - PO=Mh 4 — Aoy, T. € Ay H Ayy HeNHO-TOMO-
TonHBL. [

29.15, Ynpamuennsn. (a) [okaxure, aro ecau [: X — ¥V —romoro-
mHYecKas SKBHBAJEHTHOCTh, TO [, H,(X)— H, (Y)—usomoppusm
upu moGom n==0.

(by Hokamxure, aro ecan i A — X —pxaodenue perpakra A
B X, 10 iy H,(A) — H,(X)—monomopdusm. [loxakure, 410 €cH
g: X — A— perpakuus, 1o H,(X)=imi, (P ker g, Ilanee goxa-
xute, 4T0 ecan A--jgedopMaloHHbi  peTpakt X, TO {, —K30MOp-
uam.
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(c) fTycrb X —/mHeliHO CBA3HOE MPOCTPAHCTBO 1 xg€X. [lyctb
p: X — {xo}—oueBugnoe oto6paxenne; onpememnm H, (X) kak 1po
romomopdusma p,: Hy, (X) — H, ({x,}). Ilokaxure, uto H,(X)=¢

= Hp(X) D Hp ({x0}).

(d) Mycrs f: X' — Y —nenpepruiBroe oT0GpakeHHe, MepeBOgsAllee
OTMEUEHHYI0 TOUKY B OTMEUYeHHYI0 TouKY. [lokaxuTe, 410 cyuiecT-
BYeT HHAYUHPOBAHHBIA romomopdusm f.: H, (X) — H,(Y). [penno-
JOXHM Jjanee, uro g: X — Y —n1pyroe orofpaxkenye, mepesoisilee
OTMEYEHHYI0 TOYKY B OTMEUEHHYIO TOUYKY, NMpPHYEM f H g FOMOTOMHEI
OTHOCHTEJIbHO OTMeueHHOH ToukH B X. JJokaxure, urto f,=g,: H,(X) —

— H, (V).

Cnenyromuil pesy/bTaT B HalleM KpaTKoM 063ope ro-
MOJIOT U —3TO ONMHCaHHEe CBA3H MeXKAY (yHAaMEeHTaNbHOMN
TPYMNOA W OXHOMEPHOH I'PYMION FOMOJMOTHIl MPOCTPAHCTBRA.

29.16. Teopema. Cyujecmsyem zomomopgusam p: w (Y, y,) —
— H (Y). Ecau Y aunelino cea3Ho, mo eomomopgusm
CIOPBeKMUGeR, u e20 A0po coenadaem ¢ KOMMYMAHMOM
epynnot. (Y, yo). Hpyeumu croeamu, H,(Y) ecmo npo-
Kommymuposarnasa epynna n (Y, y,).

Hoxasamerscmeo. Ilycte f: | —Y —nyrts B Y ¢ Ha-
yanoM B Y, OnpemennM ¢ (f): A;— Y paeenctBom

(D) (%o ) =Fx)=F(1—x5), (xo, ;) €A,

Oro6paxenne P (f) fABIsieTCS OXHOMEPHBIM CHHT YIS pHBIM
cumniekcom. Ecan f—samknyTeit nyts, To 9 (y (f)) =
= Yo—Y,=0, u norouy 1 (f)—onnovepusili uuka B Y.

[TpoBepum Teneps, uto ecau f u f' —3KBHBaJEHTHBIE
3aMKHyThle yTH, T0 Y (f) 1 P (f')—romMoJor uuHbe UK IRL
[lycts f~f', u nyers F: IX]-—Y —roMoronusi orHo-
cureabno {0, 1}, peanmusyiomasi 3Ty 3KBHBAJCHTHOCTb.
Hcnosbsyem F a5l onpenesienus JBYMEPHOTO CHHIyJIAp-
HOTO cuMmekca ¢ Ay —Y creaytomuym o6pasom. Koop-
IuHaThl TOYKH Q B A, MOKHO BBIPA3UTL B BUJAE (1—s,
s (1 —1), st) npu HekoTopwX s, ¢, 0<s, ¢ < 1 (puc. 29.3).
Onpenesanm ¢ (Q) xak F(s, f). B TepMuHAaX KOOpAHHAT
(x5, %4, X,) TOukH Q €A, uMeeM

_J F(l_xoy x2/(1_“x0)) npu xo?‘&l,
CP(XO, Xy, x?)‘—] F(O. 0) npu x0=1.

3ameTum, uTO X,/(1—x,)=x,/(x; +X,) M, KOHEUHO,
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2,'2 Uz= (0,0,])

(o, 1-¢¢

7N, %= (1,00) 7,=(0,1,0)
(1-s5 s(1-t),st;

Puc.29.3

Xo X5, x,220, 1ak uto 0<Cxy/(1 —x)<< 1. Tak Kak
F@©, f)=F(0, 0) npu Bcex f€/, ToO ¢ HenpepwIBHO.
Jlerko BLIYHCIUTL TpaHuLy @:
0@ (X, x)=00, xo, x)=F (1, x)=y,=Vp(e) (x5, %),
rae & [ — Y —nocTosHHER 0yTh & (f)==y,;
019 (x4, ;)= (%o, 0, x;)=

J F(l_xo’ xl/(l—xo)) ipu xo#l,

=l F(0, 0) opu  x,=1;
(F(l=x, 1) npu %, 1,
1\ F(0, 0) npd  x,=1;

=1P(f’) (x5, x0)5
ach(xo’ x1)=(P(x0r Xq 0)=F(1 — X, 0)=q’(f) (xo’ xl)'

Tlpyravu crosayu, 8¢ =1 (€)= () + ¥ ().

Ecau, omHako, onpelleluTh ¢,¢ A, — Y Kak ¢, (x,, i,
Xg) =Yy TO 0yCy==0,Cy==0,C,=0C;, TAe OJHOMEPHBbIH CHH-
ryaspHeit cumnaexkc ¢,: A; — Y onpegenen Kak ¢j(x,,
x,) =y, Hrak, {(€)=0c,, u noromy unkas ¥ (f) u ¢ (f)
rOMOJIOTHUHbl. DTHM J0Ka3aHO, YTO J—KOpPPEKTHO onpe-
Jenennoe otobpaxenne rpynnbl (Y, y,) B 4, (Y).

Yro6ul OpoBepuTh roMoMopdHOCTb OTOOpaxedds 1,
paccmorpuM B Y 3amgHyThie nyT [ » [’ B Touke y,.
HyxHo nokasarb, 4To UHKA Y (f#/’) romonoruuen ¢ (f)--
4+ (), 1. e. uto wuka Y+ ¢ ({F)—p(f+f') aBaserca

rpanuiell HeKOTOPOTrO CHHI'YJSIPHOTO ABYMEPHOrO CHMI-
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Jekca ¢: Ay — Y, Onperenenue ¢ noxckasaHo puc. 29.4
# B sBHOH ¢opMe uMeeT BUI

(%o, Xi, X )_{ f(l -|—x2—-x0) Ipu X0>X2,

o Xt XI=N pr g —x) npy x, < X,

3aMeTuM, 4TO ¢ HeNpepHIBHO NO JNemMe O ckaefKke. Jlerko
BBIYHCJHTE TPaHHUIY ¢
0o (X4, X1) = (0, x,, x)=[" ()= () (x4, %1)3
f(l + X —Xx,) mpH X == Xy,

0 (Xor X)) = (%0, 0, X1)={ frixg—x)  npn x, <xy
ek mpm x <12,
T (2x;—1) npy x; = 1/2 (12K Kak X, +x,=1);
=P (f#f") (xo, X1);

a‘ch (xm x,)=(p(xﬂ, X1, 0)=f(1—x0)=¢(f) (x()i x‘l)‘
Taxum o6pasom, 09 =y (f)—1 (f«f") 4+ ¢ (f), oTkyza LuKa
VY (f«f’) romomorwuen ()4 (f), H, cJAeROBaTeNBHO,
{~—romoMoppusM.

o
rat

o

Uy
O

Ilpennonioxum Temeps, uto Y JuHeHHO cBA3HO. [loka-
XeM, 4TO P clopbeKTHBHO. [TlycTb ¢= Y1, ¢;— onHOMep-
Helf wukJa B Y, Torga Oc=0, 1. e. Zn/ (@, (V) —
— @, (v,))=0. 3anucas dc B Buge X m,y, noayaam m,=0

€Y ’

Pre. 29.4

Y
npn Beex yE€Y. Ias moGoro j&€J BrGepeM nyThb g;, U3
Yo B @; (0)=0,9, (1) n nyte g;; U3 y, B §; (v,)=0.9, (1).
OTH nyTH NOMKHB 3aBHCETb TOJBKO OT KOHIOB, T. €.
npu ¢, (V) =@, (v,) HOMKHO BBINOJHATECS PaBEHCTBO
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€0= 8ro- OUEBHAHO, UTO B 3TOM CJydae

2 1, ($(gs0)—V (gjn)) =0.
(MycTb g, —HEKOTOPHIE MyTb U3 Y, B ¥; Torka 2, (Y(g;)—
—(gy,)) MOXHO 3anucaTb B BHIE > m,$(g,).)
€Y ‘

y
[Tonaras 0'/ paBHBIM OﬂHOMepHOﬁ CHHTYJIIDHOH [LEIlH,

onpelesieHHOR PaBEeHCTBOM O, =\ (g,,) + ¢, — (g;1), 00

nyaum c¢=»n;0, Eenu fi [—Y —nayTs, 3ananubi

opmyJioli [, (£) =9, (1 —t, t), TO (g;o%[;)%g;, —3aMKHYTBIH

nyTe B Y B Touke 4, npuueM Y ((g;*f,)2g;) =0, u

P (II [(g,.,,*f,)*gﬂ]”/) =¢, OTKyla CJIeAyeT COPBEKTHB-
7

HOCTb romoMopduama .

HoxaxewM, uto sizpo { coBHajaeT ¢ KOMMYTaHTOM.
[Tpexnonoxum, uto nuka P (f) romosoruues HyJuo, T. e.

S

¥ (=2 (Z ﬂ/(P;>= 2, (@ —0 + @),

jed iedJ
rie ¢, (j€J)—IBYyMepHBIl CHHIYJADHBIH CHMIIEKC W
9,=0;9, ({=0,1,2). Tak xak (f)—oanovepHslii cun-
I'YJIAPHBIH cUMONeKe, TO P (f)=¢,, NpH HEKOTOpLIX R, [,

‘PJ' (vy)

Gi2 (D)

Go(l)

gir(
Puc.29.5

¥ Mocjie NpHBeJeHUs MOJO0HBIX UJIEHOB B NpPAaBOH UaCTH
nocselHero seipaxenus aiaa Y (f) B Hell Oymer coxep-
KAaTbCsl ¢p; ¢ Kosdpduuuentom 1, a Bce apyrue charae-
Mble —¢ KoahdpunueHTOM O,

Myets g;; (j€J, i=0,1,2)—nyts BY U3 4, B ¢, (v)).
Kaxk u paHblle, myTb g;; MAOJIKEH 3aBHCETb TOJBKO OT
KOHIAa ¢, (v;), a He oT HuHAekcoB. Ecmu ¢, (v)=y, TO
BeifepeM MOCTOSHHBIN NyTb (pucr 29.5).
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[ycts };; (j€J, i=0, 1, 2)—nymn 8 Y, onpeaesen-
Hble paBeHCTBaMH [, ()=¢, (1 —{, )=0,9,(1—1¢, ¢);
onpelesuM nyTtH hy, (j€J, (=0, 1, 2) popmyaamu

h;o = (g/1*f/o)*é;jz: h/] = (g/o*ljl)*§/21 hj2 = (g/o*sz)*é-/i-

Haxkoneun, onpenenum nytu 4, (j € J) kax h;= (h,o*ﬁﬂ)*h,-,.
Herpynno Bumets, uto nyTs h; sKBHBaJenTeH mnyTH
(gjl*((fjo*fjl)* 72))#& 1, KOTODBIfi, OUEBHAHO, SKBHBAJEHTEH
NOCTOAHHOMY nyTH &. Mrak, H[h,]”i: 1.

7
[lycte An (Y, y,)—dakroprpynna n (Y, y,) no Kom-
MyTaHTy, T. €. MNpOKOMMyTupoBaunan rpynna n(Y, y,).
Ecimn [a]—sgement a(Y, y,), ofosnaunv uepes [[a]]
cooTBercTBYIOUHE 3aemenT rpynnb An (Y, y,). Tak kak

IHirT =11 [I[[x]] =1
bl 3HaeM, 4TO Y (f)=1p,, Opu Hekotophix k, I. [lo-
stoMy f=f,; u (no Hawemy BHIGOPY g;;) Takxke [= T,
Tak xak rpynna An(Y, y,) aGesesa, TO MOXKHO NpPHBECTH

NoA00HbE YJieHHl B BBIpaXKEHHH H[[h/]]"/ H MOJMYYHTb,

aro [ [, 1" =[[F]].

Takum obpasom, [[f]]=1, 1. e. [f] npuHanEKHUT KOM-
MyTaHTy. [lostomy saapo romomopdusma  coaepHTCSH
B KomMmyTanTe. C 1pyrofi CTOpOHEI, TOT GakT, 4To rpynma
f,(Y) abenepa, o3HauaeT, 94TO SAPO Y COAEPHKHT KOM-
MyTaHT. DTO 3aBepllaeT LOKa3aTe/bCTBO TeOpeMbl. []

29,17, ¥Ynpaxuenus. (a) [lokaxute, uto H, (S)=~7 u H, ((SHYy")=zn.

(b) Mpusenure npumep, noxasbBalOWKE, 4TO ecan Y He gBigeTcs
JHHERHO CBA3HHIM, To ctpynna An(V, y,) MoxeT GhiTb He H3OMOpG-
Ho#i rpynne H, (Y).

(c) BuludC/IHTE ONHOMEPHYIO TPyNly rOMOJOrHil OpHEHTHpYeMofl
[OBEPXHOCTH POAa g H HEODHEHTHPYEMOIi NOBEPXHOCTH pPOAa g. Buise-
AMTe OTCIOa, YTO [B€ MOBepXHOCTH S; W S, TOrAa H TOJABLKO TOCJA
romeoMopgurl, kKorie Hy(S;) = H, (S,).

(d) Upeanonoxum, uyro Y .mneiino cBA3HO. JloKaxuTe, 4To
a(¥, yo) u H{(Y) Torga u ToaLKO TOrja H30MOPGDHLI KOrAa nY,y,)
abesieBa.

(e) llokaxure, 410 OAHOMEDHAs rpynna roOMOJOTHE BOCHLMEpKH
H30MOppHA Z X 7.

() Mycte S-—mneKoTopas noBepxHOCTL, a S’ moayYeHa u3 S Boi-
GpacbiBaHWeM OTKPHITOTO JMCKa [lokaxute, uto H(S) & H, SN

[lpu sbiuncseHun ¢yHAaMeHTaNbHRIX T[pynn  OdeHb
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nosesHoll 6ui1a Teopema efipepra—Ban Kamnena. Ana-
JOTHYHas TeopeMa HMeeTcs W B TEOPHH TOMOJOT HH.
[ycte X=U,UU,, rae U; u U, —OTKpbITHIE MOAMHO-
xectBa X, u nyetb ¢ U, NU,— Uy P2 Up— X —
BKJoueHus npu =1, 2. Onpeneaum romoMopdu3Mbl

i Hk(Uln Uz)_’Hk(U1)EBHk(U2)’
j: Hy(U) D H,(Us) — Hy(X)

paBeHCTBaMH £ (€)= (P (€)s Pox (€)), /(C1s Co) =ya(c;) —

— Py (Co)-

29.18. Teopema. liyeme X=U,UU,, 20e U; u U, om-
kpoemer 6 X. Cyuwecmsyrom makue eomomopdusmer A
Hy(X) — H,_ (U,NU,), umo 8 nocaedosamensrocmu epynn
U 20MOMOPPLUIMO8

A { R
coo s Hy (X) = Hy (Ui U — Hy (U) @ Hy (Uy) =
A
— H(X)— Hey (UiNU) — ..

A0po Kkaxndo2o eomomopdusma pasgro 06pasy npeduiecmayro-
we2o 2omomopusma.

Bonee mozo, ecau Y —O3pyeoe npocmpancmeo, npuvem
Y=V, UV, (V;,Vy, omxpoumer 8 Y), u [: X — Y — nenpe-
poigroe  omobpasicerue, 0Oan  komopoeo [(U)cV; mo
FlU. MUY A=Af,, m. e. eomomoppusmer A kommymu-
pyrom ¢ UHOYYLL POBAHHHIMU 20 MOMOPPUIMAMU.

ToMoMopdH3MEl A HAa3BIBAOTCH CA3GIBAIOUUMU  20MO-
Moppuamamu, a nocaeroBateqbHOCTb B Teopeme 29.18
HasblBaeTcA nocaedosamenrsrocmeto  Madepa — Beemopuca.
Boo6uie, mocaeloBaTelbHOCTh TPYNN H TOMOMOP(HH3MOB,
B KOTOPOH SApPO KaxKaoro rovMomopdusma paBHO oOpa3y
npejLecTBYIOUIEr0, HAa3blBAETCA HIOUHOL nocaedosamens-
nocmoo. Takum o0pasoM, nocaeloBaTeNbHOcTh Maliepa —
BbeTopuca TouHa.

Mp ne Oylem JaokasbiBath Teopemy 29.18, oanako,
yTOGLI MPOLEMOHCTPHPOBATL €€ MONE3HOCTb (a TeM CaMbIM
MOJIE3HOCTh TEOPHH TOMOJOTHUIT), JOKaXeM MpH MOMOLLH
Hee OJMH pe3yJbTAaT W BLIBEJEM H3 Hero BaKHBIE Cael-
CTBUS.
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29.19, Teopema, [lycme n— HamypaibHoe HUCAO,
| Z npn k=0, n,

Hy (Sn)=\[ 0 B npoTHBHOM caydae.

Foaree mozo, ecau T, S™— S"—ompascenue, sadanoe
gopmyarots T, (xy, X1, ooy X)=(—X%Xy, X, «v., X,), MO
T, H,(8") — H,(S") ecmo ymrnoocenue na —1.

Joxasameavcmeo. JlokaxeM 5Ty TeopeMy MO HHAYKUUH
C HCNOJb30BaHHEM MOCAELOBaTENbHOCTH Mafiepa— Bbeto-
puca. Ilycte U,={x€S% x,>—1/2} u U,={x€S™
x, < 1/2}. 3amertum, uto U; u U, crsaruBaems 1 U, N U,
TOMOTONIHYECKH SKBHBAJEHTHO S"~1, Tak 4To

p | Z nmpu k=0,
k(Ui)':I 0 B NPOTHBHOM CJayuae,
H,(UynU,)=H,(S"Y).

Hasnee, ecan nopencrasuth S*~!' Kak {x € S® x,=0},
10 T[S =T, ;.

[Tyctb n=1; Torma npu k=1 nocneloBaTe bHOCTD
Maiiepa—BrpeTopuca umeer Buj

= 0L H(SYSH, Y S ZPZ ..,
9TO MOXKHO repenucaTtb Kak

0L H O SzZpzLzpzZ S .,

rae i(x, y)=(x+y, x+y). ['omomopdusm A HHbeKTHBeH,
nockonpKy ker A=im j=0. Hanee, rpynna im A = ker ==
={(x, —x)€Z@ Z} usomopdua Z, Tak uto H, (S)=2Z.
Ouesunno, uto T, (X, y)=(y, x), ¥ Tak Kak T,,A=AT,,,
10 T, —ymHOKeHUHe Ha —1. [lpu 2> 1 nocsenosates-
HOCTb HMeeT BHJ

e 05 Hy(SY) 5 Hyl (S0 ..,

M JIETKO MPOBEPHTh, 4TO A-—130MOPHU3M (3TOT TOMOMOp-
¢u3M HHbEKTHBEH, TAaK KaK kerA=imi, U ClOpbexTHBeH,
tak Kak imA=kerj). [lostoMy npu n=1 Teopema jo-
KasaHa.

[Tycte m > 1 u pesysibrat cnpaBefsuB npu n=m—1,
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Nokaxem ero npu n==s. [lpu k=1 nmeeMm
= 0L H (S S H (ST ZDL— .,
4TO MOXKHO mepemHcaTb B BHIE
o= 0 LH SN S Z S ZRZ— ...,

rie i(a)={(a, @), tak uyro keri=0, a cJ/ex0BaTENbHO,
imA=0 u H, (S"=0. [lpn &> | nmeem

e 0L H, (S7) 5 Hyy (S0 =0,

OTKyAa JenaeM BHIBOX, 4T0 [1,(S™) = H,_,(S™"1). lanee,
npu k=m, ucrnonp3ys paseHcTBo T ,_ A=AT,,, nomay-
yaem, yto T ,,—ymMHONKeHne Ha —I1. OTciona no HHAYK-
MU CJeAyeT yTBep:KAeHHEe TeopeMbl. []

29,20. Cneacteue. (a) Ecau n==m, mo cgepor S* u S™
UMEOM  PA3HbIL 20MOMORUMECKUt mun.

(b) Beakoe wenpepeistoe omobpascerue fr D* — D"
UMeem HenooBUIICHYI0 MOUKY,

(c) Ompascernue T,: S*—S” He 20momonHo modmOe-
CMBeHHOMY OmOBpasceruto.

(d) Anmunodansroe omobpasicenue A: S** — SP*, on pe-
denennoe paserncmeom A(x)=—x, He 20MOMONKHO mocde-
CMEEHHOMY 0mO0bpaNCenro.

() Ecau [: 87— S 20MOMONHO MONOECHIBEHHOMY
omob pascerwio, mo [ useem HEROOBUNCHYIO MOUKY.

(f) He cywecmeyem Henpepoigroeo omobpascerusn  f
Sz S Qa5 KOMOpPOzO GeKMOpbl X u [ (x) OpmozoHasb-
Hot 8 R*"*Y npu ecex x.

Yacth (a) cjeiyeT U3 TeOpeMbl O TOMOTONHYECKOH
uHBapuaHTHOCTH (Teopema 29.14); cm. ynp. 29.15 (a).
Yactb (b)—310 meopema B payspa 0 HenodsudxcHol mouke,
OHAa [OKa3hBAETCA TOYHO TaK xe, Kak caeictsue 16.10.
UacTh (¢) cleAyeT U3 TeOpeMBl O FOMOTOMHYECKOA WHBa-
puanTHocTd. Yacts (d) caenyer us Toro, 410 A= R, R;. ..
...R,,, rae R;—otpaxeHde BAOJb i-d KOOPAUHATHI,
tak 410 Ay H,,(S*) — H,,(5%7) — yMHOXeHHe Ha
(—1)?#*'=—1. lna joxKasaTenbCTBa (€) AONYCTHM, 4TO
f He uMeer HenoOABUXKHBIX TOYek; TorAa (1 —1)f (x)—ix=40
IpH BCeX X, M MOXKHO ONpeje]uTh romotonuwo Fi S*7X
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X1 -— 8" mexay [ u A dopmynoi
Fx, )=((1—0F(0)— )| (1 —1) [ (x) — ().

Hakonen, dacts (f) caenyer us (e), motomy 4TO ecJH X
u f(x) optoroHanbHu, TO f(X) =% x.

Uactu (e) u (f) umelor npu n=1 dusnueckoe Hcrto.-
KOBaHHe, OOLIYHO HA3BIBAEMOE MEOpeMOl O G0A0CAMOM
wape. Ona yTBepijaer, uTo BoJocaThii wap (T. e. D3,
Ha KOTOPOM H3 KamJoW TOUKH ero MoBepXHOCTH S? pacTeT
BOJIOC) HeJb3s TJafKO npuuecatb. B camom jede, JoBas
Takasi MOMbITKA MPHBOAHT K 00pasoBaHu0 «npofopar HJIH
«MaKylWKH». [l JoKasaTeJbCTBa JOCTATOUHO 3aMETHTh,
uTO Ha [J1aAKO npHuecaHHOH cepe eIHHUUHEIH BeKTOD f(x),
YKa3bIBAIOUIHH HanpaB/eHHe BOJIOCA B TOUKe X, OLL Gbl
opToroHaJjeH BekTopy x. OTMETHM, OIHAKO, 4TO BOJIOCa-
TBIH TOp MOXHO npHYecaTb TJAaAKo, DTOT GakT umeer
BaXXHOE 3HAUEHHE JJA TEPMOSIIEPHBIX SHEPreTHUECKHX
YCTaHOBOK OyIyIIero.

29.21. Ynpaxnenus. (a) [Ipn nomouwn nocremosateshoctn Maiiepa —
Breropuca BhiuncaAnTe romosiorun R P2,

(b) ITpn oomoutn nocnepoBaTenabHocTH Maiiepa — Bretopuca Bhi-
YHCJHTE TPYNNbL FOMOJIOTHH [AOMONHeHHs K Y3.1y. BhBenuTe oTcrona
cilencteie 28.4.

(c) JlokaxkuTe, 9TO He CYIIECTBYeT pETPaKUHH fHCKa D7 Ha
chepy Sn-1,

(d) Myets M eeTe m-MepHoe MHOrooGpasue, a N — HekoTopoe
n-mepHoe MHoroofipasue. Jokaxure, uTo ecam m #n, 10 M u N nme
romeoMopHLl. D10 €BOHCTBO HA3LIBACTCS MONOAOSUYECKOL UHBAPUAHM
Hocmeto  pasmeprocmu. (Y Kasanne: BOCHOJb3YHTECH FOMEOMOpPHHIMOM
M/MN\D) == 8™, omacauuem 8 ynp. 11.12 ().)

EcTb MHOTO ApDYTHX CMOCOGOB ONpeneseHHs TOMOJOTH-
yeckux rpynn. JIas IHMPOKOro KJacca MPOCTPAHCTB (Ha-
MpUMEP, JJISi KJETOUHBIX KOMIIJIEKCOB) BCE 3TH TEOPHH
coBnajarT. Ha 3TOM OCHOBaH aKCHOMATHUECKHH NOAXOA K
TEOPHH TOMOJIOTHH, npednokeHHBH C. ijeHGeproM u
H. Crunporov B Hauate 50-x rr. OnuiieM MHOMeCTBO
aKCHOM TaK Ha3hiBA€MHIX «IIDHBEJEHHBIX TEOPHH FOMOJIO-
THH». DTO TEOPHH, ONpeleNeHHble IS TOMOJOTHYECKHX
NPOCTPAHCTB C OTMEUEHHON TOUKOH (Kak (yHIameHTaJ bHas
rpynna). [lpHBeleHHble CHHIYJspHBIE TPYNIL TOMOJIOMHI
npocTpaHcTBa X ¢ OTMEUEHHOM TOUKOH X, € X onpeaens-
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KTCAH paBeHCTBOM
A, (X)=ker (py: H(X)— H,({5.,})),

rae pr X — {x,}—ouesuanoe oroGpamxeHue (CM, ymp.
29.15 (¢)). Has orobpamxenus f: X — Y, nepesoisuiero
OTMEUEHHYI0 TOUKy B OTMEUEHHYIO TOUKY, CYILeCTBYeT
MHAYUHPOBAHHLI  [OMOMOPPH3M  f4! A,(X)—H ),
onpejieJieHHbI! OYeBUAHBIM 06DPasOM.

[pexae uem chopMyaUpOBaTH AKCHOMBI TPHBEAEHHOH
TEOpHY FOMOJIOrHH, BBEEM KPATKO HEKOTOphble 0603HaueHHUs,

29.22. Onpenenenue. [lycte X — Tonosoruueckoe mnpo-
CTPaHCTBO C OTMeYeHHOH Toukol x, Onpelemum XX Kak
dakropnpoctpanctso (X X [)/(X x I U{x,}x[) c oueBua-
HOfi oOTMeueHHOB Toukofl. Haszosem XX (npusedentodl)
Hadcmpodikoi Hag X,

3ameTuM, yto ecan [: X — Y —HenpephBHOoe oToOpa-
eHHe, MepeBojislllee OTMEUEHHYI0 TOYKY B OTMEUEHHYIO
TOYKY, TO OHO HHIYIUDPYeT COXpaHAIOIEE OTMEUYeHHEIe
TOYKM HempephiBHOe oToGpaxenue Xf: ZX — XY, ompe-
JesleHHOe OYeBHAHBIM 0OPa3OM.

29.23. Ounpepenenue. [1pusedennvil «ornyc CX Hap X
onpeznensietcs  Kak  (dakrtoprnpocTpaHcTBO (X X 1)/(X X
X{1U{xg X D).

Ecin f: X — Y —uenpepriBHOe oTOGpaxeHue, nepeso-
Jflee OTMEUEHHYIO TOUKY B OTMEUEHHYIO TOUKY, TO KOHYC
C, omobpasicenusn | ects dpakTopnpoctpancTso (CX UY)/~,
rje -~ —OTHOLIEHHe 3KBHBAJCHTHOCTH, OINpeJe/eHHOe
ycaoeuem (x, 0)~ f(x) mpu (x, 0)€CX u f(x)€Y.
OTmeuenHol Touko# kKonyca C, ABASIETCS TOYKE, COOTBET-
CTByIOlIasi OTMeUeHHOR Touke Y, €Y.

3aMeTuM, UTO HMeeTcs €CTECTBEHHOE  BKJ/IIOUEHHE
Y—C ’
29.24, Yopaxnenus. (a) Jokaxure, yro ecau p: X — {x,} —no-
CTOsiHHOe OToOpaXKeHHe, TO C,, coBnagaer ¢ 2X.

(b) HokaxuTe, 470 ecs X xaycnopchBo TO [aKOBO Xe 2X,
(c) Horaxure, arc ES?

CoopmyJmpyem Tenepb akcuoMmbl DiijieH6epra— Cru-
poia NpuBeJeHHOH Teopuu romosorud. HaumHas ¢ storo
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MeCTa, BCE MPOCTPAHCTBA UMEIOT OTMEUYEHHBIE TOYKHM ¢ BCE
oTOOpaxKeHHs! TaKHX MPOCTPAHCTB HENPEPHIBHHI H [EPEBO-
ST OTMedeHHbIe TOUKM B OTMEUEHHBIE TOUYKH.

[l puseOennan meopus 20m0a02uil, onpeje/ieHHasi Ha He-
KOTOPOH COBOKYNHOCTH (BO3MOXKHO, BCEX) TOMOJOrHYECK HX
NPOCTPAHCTB C OTMEUEHHOH TOUKOf, BK/IOYaeT B cebs
caeayoune O6bEKTHL.

(A) CewmeiicTBo {H,: n€ Z}, takoe, uto H, craBuT B
COOTBETCTBHE KaXKAOMY NpoCTpaHcTBY X M3 paccMarpHBae-
MO# coBOKynHocTH abeaesy rpynny H,(X). 9ta rpynna
Ha3bIBaeTCsl n-MepHOU npuselenroii epynncit 2omoroeuil X.

(B) das mo6oro HenpepbiBHOro o106paxenus f: X — Y,
nepeBOASAIIEr0 OTMEUEHHYI0 TOYKY B OTMEUEHHYIO TOUKY,
cyllecTByeT undyyuposannbiii eomomoppusm fui H,(X) —
— f,(Y) npu Bcex n.

(C) Huns moGoro npoctpancTBa X M J:060TO [EJNOTO £
cyulectByeT romoMopdusm o, (X); Hn(X)——rﬁnH(Z‘.X),
Ha3bIBAGMBIH 20MOMOPPDUIMOM HAOCHLPOLIKUL.

ST OGBEKTH JAOJKHB NOAUYHHATBLCS CJASAVIOUIUM CEMH
aKcHoOMaM.

(1) (Axkcuoma toxaectBa.) Eenu 11 X — X —roxKaeCT-
BeHHOe OTOGpaXKeHHe, TO WHIAYIMPOBAHHBIH roMomopduswm
l,: H,(X)— H,(X) ABJAeTCA TOXAECTBEHHBHIM H30MOp-
¢dbusmoM npH JOGOM HesoM .

(2) (Akcuoma komnosunuu.) Ecan fi X—Y u g
Y — Z —oTobpaxkeHns (HenpepbiBHLIE W MNEepeBOAdllHe
OTMEYEHHBIE TOYKH B OTMEUEHHBIE TOUKH), TO (g), = Z.fs.

(3) (AkcHoMa €CTeGTBEHHOCTH HalcTpoiku.) Ecau
f: X — Y —muenpepriBHOE oTOGpaK€HHE, TO CJefyoulan
JuarpaMMa KOMMYTaTHBHal

i W
H,(X) » Hp (2X)

Fw (Ef)*

N 6,(Y) -
Hp(Y) > Hy 41 (ZY)




CUHT VJISIPHBIE TOMOJIOTHHM: BBEAEHUWE 203

(4) (Akcuoma romoronuu.) Ecau orobpaxenus [, g
X — Y roMOTONHB OTHOCHTEJBHO OTMEHEHHOH TOUKH B X,
TO HHAYUHPOBaHHBIE roMoMOpdH3MBl [, U g, COBNANAIOT.

(5) (Axcuoma naxctpoiiku.) Hancrpoeunwlfi romomop-
¢dusm o,(X): H,(X)— H,,,(2X) aBaserca usomopdpus-
MOM JAJa BceXx X U BCEX 1.

(6) (Akcuoma TouHOCTH.) st BCAKOTO OTOOpaXKeHMst

~ f ~ l* o~
fi X =Y nocaenosatennuocts H, (X) - H,Y)— H,(C))
obJaajaeT cBoHcTBOM im f,=keri, npu Bcex n, TrAe
it Y — C;—ecTecTBEeHHO BKJIIOYEHHE.
(7) (AKcroma pasMepHOCTH.)

- Z npu n=0,
Hn(SO)={ 0 B mpoTHBHOM cJaydae.

29,25, Ynpaxuenue. [lokaxuTe, uTO NpHBEIEHHAS CHHIYASAPHAs TeO-
pHsl COMOJIOTHI fIBJIAETCS TIpHBEJeHHOH TeopHefi TOMOJIOTHA B OnHcan-
HOM BBILE cMBiC/Ie. (YKRasanme: AJs npoBepku akcuoM (5) u (6) eocc-
HOJIb3YHTECh MocJiefloBaTesbHOCThI0 Manepa — BreTopuca.)

Ecan BMECTO NpPHBEJACHHOH BbIIE AKCHOMbI Pa3sMepHO-
CTH MOTpe6OBaTh BbiMOJHEHHs YycaoBusa [ ,(S°)=G, ana
HEKOTOPOH COBOKYMHOCTH aGeseBblx rpynn G,, n€Z, 10
MBI [0J1YY UM 0000LEHHYIO 1pUsedeH Y0 Meopury 20moa02ul
¢ koappuyuenmamu {G,; n€ Z}. Takue Teopuu npHOG-
pesin B COBpeMEeHHOH anrefpandecKOd TONOJOTHH UPE3Bbi-
4ailHO BaXKHOE 3Ha4EHHE.
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DT1a rJaBa CcOAEPKHT NOAGOPKY KHHr 1714 JajbHed-
wero atenus. Cioga Xe BKJIOYEHbl KHHUTH, TpebyloLlue
AJis CBOGro uTeHus ropasno 6oJsiee OOLIMPHBIX CBeJEHHH
M3 TOMOJIOTUH, YeM H3JOXKeHHble B 3Tof KHure, BriGop
npeisaraeMblx KHHI OCHOBAH Ha (NpeAB3ATHIX) BKycax
aBropa. Tak, BO MHOTHX cJy4yasix YyNOMHHaeTCs KHHTa
Cnenbepa; 3TO NpPeBOCXOAHbIH BCECTOPOHHHH yYeGHUK MO
anre6panueckoli TOMONOrWHM, XOTS KOE-KTO HAXORLHT €ro
TPYAHBIM LJ1 YTEHHS.

MHnoz006pasus. Hekotopyto o6IyI0 TeOpHIO MHOrooGpa-
3ufi cogepxkut kHura Hdompga. O KByMepHBIX U Tpexmep-
HBbIX MHOTooOpasHusx cM. y Moii3a. BaxXHbIM KJ/accoMm MHO-
roofpasuil fBJAIOTCA TaK HasblBaemble AH(depeHuHpyeMble
MHOroo6pasusi; HM NOCBslleHAa KHHra X HpLua.

Teopus eomomonuii. PexomenayeM TpH KHHru: [pes,
Cnenbepa u ¥aiitxena.

Haxpowsarowue npocmpancmea. Teopusi Hak PHIBAIOLLHX
[IPOCTPAHCTB BJHBACTCH B TEOPHIO PacC/OCHHBIX 11po-
CTPaHCTB, XOPOLIUMH MNOCOOHAMH NO KOTOPOH ABJIAIOTCH
kHuru Xbiosmoiiepa u Crnedbepa.

Hedcmeusn epynn. Ha tononoruueckux npocTpadcrTsax
cM. y DBpemona. Ha wmuoroo6pasusix em. y Kounepa u
Qnofiza u y Konrepa.

Teopus y3r06. Kuuru Ponbdcena u Kpoysana — Poxca.

Teopua eomoaveuti. HanpHefiuue CBeJeHHS O CHHry-
JSipHOH TEOpPHH TOMOJOTHE #MeTcs B kHurax HoJjbjia,
[punbepra, Cnenwepa 4 Bukka. JlBe Apyrue pasHOBUI-
HOCTH TEOPHU COMOJOTrHA —3TO GHMIJIRIHANbHBIE TOMOJIO-
rug v romosoruu Yexa ‘)ﬁz\xﬂ/ﬁre Cnenrepa u3Jjararores

Y [paBuapree saspBaTe HX TOMOAOr UMy AneKcan gposa — Hexa, —
llpunm. ped,
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obe stu Teopun. KHura MayHumepa xopowa 1Jsi 3HAKOM-
CTBa C CHMIJHIHAJBHEIMH FOMOJIOTHAMH, a KHUTH [losbia
¥ Maccu MOXHO DEKOMEHJAO0BaTb A H3yueHUs TeOpHH
romosiornfi Uexa. OGoOluieHHBIE TEOPHH TOMOJNOrHH CM. y
Ipea u Ceurtuepa. B kHure I'pes o6oGuiennbie Teopuu
FOMOJIOTHH UCCJeAYIOTCA C YHCTO TOMOTOMHYECKOH TOYKH
spenuda. HakoHen, Knaccuyeckas KHHra MO aKCHOMaTH4e-
CKOH Teopuu romonoruéi—sto kHura CTuHpoga u dijeH-
Gepra.
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— — — HaTgHyTa# Ha y3ea
263—264

Moarpynna 10

— MOPOXKJAeHHAN

[Tognnarue 157

— otobpaxenus 169

[loanoxpbiThe 57

[ToAnpocTpaHCTBO TONOJIOrHYECKO-
ro npocrpascrea 3l

[Toxpuitue 57

MonynoKanbHO OXHOCBA3HOE npO-
cTpancTBo 196

Moabekast okpyxHOCTE 190

TocroaHHas GyHKIHA HA TONOJO-
FHUECKOM fpocTpaHcTBe 26

l'Ipl%Buano HaKpLITOE MHOXECTBO

6

sneMeHTOM 11

[IpuBesenHast TeOpHs TOMOJOTH
290, 292

— — — ofobuesHas ¢ Kosthdu-
uxeHtamp 293

[IpuBenenspi konyc 291

[IpuknenBanue nucra MéGuyca
100

— pyukn 99

— uuJaHHApa 99

[MponsBenenne nyreit 140
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235

[Tpoo6pas 9
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120, 173

— nensp 119

[Mpocroit ysen 262
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~— — y3J40B 262

CBA3HOE TOMOJIOTHYECKOe MpPOCT-
paHcTBO 73
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CHMMETPHYHOCTL OTHOWeHHA 10

CuHryasipHas n-mMepHaq lenb
272273

CuHryaspHeii
Jekc 272

CkBep-ysen 260, 261

CroJbKeHne HaKpbITHa 174

Cna6buiii feopMallMOHHBIH peTPaKT
139

— pertpakt 138

CuneactBHe (COOTHOWEHUA TPYINNEI)
205

CioBa 203

CmexHHe Kjaaccel B rpymne 10

Co6CTBEHHO pa3phIBHOE JeHCTBHE
rpynnel 167

Coornowmenust 205

CoxpaHsiloutH#  OpHeHTaIlH0 TroO-
meoMopH3M 242

Cra6unusatop 48

CranjapTHas HEOpHEHTHpyeMas
noBepxuoctk poja m 101

n-MepHBIR  CHMII-

— OpHeHTHpYyeMas MOBePXHOCThb
poaa a 10}

CTanfapTHBll  n-MepHLH  cuMn-
Jeke 272

Crenens mytn 161
Grepeorpaduueckan npoexuua 85
Grugpog H. 290

Cmunpofa — 3Siiaenbepea aKcH-
oMbl 291--293

Crporo  SKBHBaJeHTHhE  y3JBl
242243

CTpykTypHas TeopeMa Anas Ko-
HEUHO MOPOXKJeHHHX abeseBBIX
rpynn 12

Crarpsaemoe npoctpacrso 136

CiopvexkTBHas ¢ysxuua 9

Tsep6epr X. 122

Teopema o moJocaToM wmape 290

— O rOMOTONHYEeCKOH HHBAapHaHT-
uocts 279

— O MOHOApoMHH 162

— O HaKpblBaoUied T[OMOTONHA
naa nytedt 171

— 0 HakpbiBalomleM mnytH 159

— O HemnoABHXKHOH Touke 79

— 0 NPOMeXYTOUHOM 3HaueHHH 79

— 0 csujBuue @ BeTuvHoi (84

Tumye npeoGpasopauns 207

ToxpectBennasi ¢yHKUHA HA TO-
MONIOTHYECKOM [IpOCTpPaHCTBe 26

ToxnecTBeHHOE OTOGpaKeHHE
MHOXKecTBa 8

Tononornueckas rpynnma 154

~— HHBapHaHTHOCTb Pa3MepHOCTH
290

Tomosornyeckoe OTOXKJECTBJIEHHE
41

— [pOH3BeJeHHE TONOJOTHYECKHX
npocTpanerd 52

— mnpocrpaHerBo 20

Tonoaorna 20

— KOHEYHBIX JonoJjHeHu# 21

Top 42

Topuueckufi ysenm 247

Toynas mnochefoBatenbHOCTE 287

TpaHsuTHBHOE [eHCTBHE IpYIIOLI
176

TpausutuBHOCTs OTHOWeEHHs 10

Tpusuaasuas rpymna 10

Tpunuernux 242, 260

Yaidmxeda Teopema 156

Ysen 239

Yaam G. 180

YuuBepcancnoe Hakpbithe 195

®akroprpynna 11
daxropronosorua 38
dyHpaMeHTanbHas rpynna 147
— — GyToIKH KaeiiHa 180, 223
— — BOCbMepKH 219

— — JINH30BOTO  MPOCTPAHCTBA

180, 213

_— nncfa/m/yca 180

~- — OJAHOTOYEYHOI'O MpPOCTpPaH-
cTBa 222

— — okpyxHoctH 157, 222

— — mnoBepxHocTH 231

— —— [POEKTUBHOH IJIOCKOCTH
223227, 231

~— = — - @ BEIOpOIIEHHO# TOu-
ko 220

- — MPOEKTHBHOT'O MPOCTPAHGT-
Ba 213 :

— — DNpPOCTPaHETBa OpOHT 178—
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— — Topa 163, 220223, 23l

-—— — ~— G BHIOPOIIEHHOH TOUKOM
220

®yugrop 150, 279

Pyukuusg 8

Xaycnopdoso
Xondp X. 155
Xopaa 129

IpOCTPaHCTBO 64

Uentp rpynmm 149

LlenHo-roMoronsbe
MHl 279

Hurn 274

Hurauveckass rpynna 12

FOMOMOp¢H3-

Wlengpauca Teopema 241
Mpefiep ®, 251

Ainendepr G, 290
OKBHBAJNCHTHHE HakphiTHa 191
— ayta 140

— y3ne 242

OKBHBapHaHTHOE OTOOpaxeHHe 49

Anpo romomopdusma 11

G-npocrpascteo 50
H-npoctpaserso 155
Ty-upocrpanerBo 65
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