
1 Âåêòîð-ôóíêöèÿ ñêàëÿðíîãî àðãóìåíòà
1. Íàéòè ïðîèçâîäíûå ïî t îò ñëåäóþùèõ ôóíêöèé:

a) ~r 2 b)
√

~r 2 c) ~r ′ × ~r ′′

d) (~r ′, ~r ′′, ~r ′′′); e) (~r ′ × ~r ′′)× ~r ′′′ f)
√

(~r × ~r ′)2,

ãäå ~r = ~r(t)

2. Ìîæíî ëè óòâåðæäàòü,÷òî
à) |~r ′| = |~r | ′;
á) < ~r,~r ′ >= |~r| · |~r| ′.

3. Äîêàçàòü, ÷òî åñëè ïðîèçâîäíàÿ âåêòîð-ôóíêöèè ~r = ~r(t) ðàâíà íóëþ ïðè âñåõ t èç íåêî-
òîðîãî ïðîìåæóòêà, òî ~r = const â ýòîì ïðîìåæóòêå. Âåðíî ëè îáðàòíîå óòâåðæäåíèå?

4. Äîêàçàòü,÷òî åñëè â íåêîòîðîì èíòåðâàëå |~r| = const, òî ~r ⊥ ~r ′. Âåðíî ëè îáðàòíîå?

5. Äëÿ òîãî ÷òîáû âåêòîð ~r(t) èìåë ïîñòîÿííîå íàïðàâëåíèå, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû â èíòåðâàëå èçìåíåíèÿ t ~r(t) è ~r ′(t) áûëè êîëëèíèàðíû. Äîêàçàòü.

6. Äëÿ òîãî ÷òîáû âåêòîð ~r(t) áûë ïàðàëëåëåí íåèçìåííîé ïëîñêîñòè, íåîáõîäèìî è äîñòà-
òî÷íî,÷òîáû â èíòåðâàëå èçìåíåíèÿ t âûïîëíÿëîñü óñëîâèå (~r, ~r ′, ~r ′′) = 0. Äîêàçàòü.

7. Âåêòîð-ôóíêöèÿ ~r = ~r (t) îïðåäåëåíà íà ñèãìåíòå [t1, t2] èèìååò íà íåì íåïðåðûâíûå
ïðîèçâîäíûå ~r ′, ~r ′′, ~r ′′′, êîòîðûå ïðè âñåõ t ∈ [t1, t2] êîìïëàíàðíû,íî ~r ′ 6‖ ~r ′′ Äîêàçàòü,
÷òî ãîäîãðàô âåêòîð-ôóíêöèè ~r = ~r(t) åñòü ïëîñêàÿ ëèíèÿ. Âåðíî ëè îáðàòíîå?

8. Äîêàçàòü, ÷òî åñëè íà íåêîòîðîì ñåãìåíòå [t1, t2] âåêòîð-ôóíêöèÿ ~r(t) íåïðåðûâíà âìåñòå
ñî ñâîåé ïðîèçâîäíîé ~r ′, ïðè÷åì ~r 6‖ ~r ′ ,íî ~r ′ 6= 0 è ~r 6= 0, òî ãîäîãðàô âåêòîð-ôóíêöèè
~r = ~r(t) åñòü îòðåçîê ïðÿìîé ëèíèè.

9. Äîêîçàòü, ÷òî åñëè íà íåêîòîðîì ñåãìåíòå [t1, t2] âåêòîð-ôóíêöèÿ ~r = ~r(t) íåïðåðûâíà
âìåñòå ñ ïðîèçâîäíûìè ~r ′ è ~r ′′, êîòîðûå îòëè÷íû îò íóëÿ è êîëëèíåàðíû ïðè âñåõ
t ∈ [t1, t2], òî ãîäîãðàôîì âåêòîð-ôóíêöèè ~r = ~r(t) ÿâëÿåòñÿ îòðåçîê ïðÿìîé ëèíèè.

10. Äîêàçàòü, ÷òî ãîäîãðàô âåêòîð-ôóíêöèè

~r = ~r0 + ~r 1t + ~r 2t
2,

ãäå ~r, ~r1, ~r2-ïîñòîÿííûå âåêòîðû , åñòü ïàðàáîëà , åñëè âåêòîðû ~r1 è ~r2 íå êîëëèíåàðíû.
×òî áóäåò â ñëó÷àå êîëëèíåàðíîñòè âåêòîðîâ ~r1 è ~r2?

11. Äîêàçàòü, ÷òî ãîäîãðàô âåêòîð-ôóíêöèè

~r = ~r0 + ~r 1 cos t + ~r2 sin t

åñòü ýëèïñ, åñëè ~r1 è ~r2 íåêîëëèíåàðíû. ×òî áóäåò â ñëó÷àå èõ êîëëèíåàðíîñòè?

12. Äîêàçàòü ÷òî ãîäîãðàô âåêòîð-ôóíêöèè

~r = ~r0 + ~r 1 ch t + ~r 2 sh t

åñòü ãèïåðáîëà, åñëè âåêòîðû ~r 1 è ~r 2 íå êîëëèíåàðíû.
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13. Äèôôåðåíöèàëüíîå óðàâíåíèå äâèæåíèÿ ìàòåðèàëüíîé òî÷êè åñòü

~r ′′ = − λ

|~r|3~r

Äîêàçàòü, ÷òî òî÷êà äâèæåòñÿ ïî êðèâîé 2-ãî ïîðÿäêà.

14. Íàéòè ëèíèè, îïðåäåëÿåìûå äèôôåðåíöèàëüíûìè óðàâíåíèÿìè:

(a) ~r ′ = ~ω × ~r , ãäå ~ω � ïîñòîÿííûé âåêòîð.
(b) ~r ′ = ~e× (~r × ~e), ãäå ~e � ïîñòîÿííûé åäèíè÷íûé âåêòîð.

2 Ñïîñîáû çàäàíèÿ êðèâûõ
1. Äàíà ëèíèÿ x = t3−2t, y = t2−2. Ïðîâåðèòü,ëåæàò ëè íà íåé òî÷êè M(−1,−1), N(4, 2),

P (1, 2). Íàéòè òî÷êè ïåðåñå÷åíèÿ ëèíèè ñ îñÿìè êîîðäèíàò, à òàêæå òî÷êó ëèíèè ñ
ìèíèìàëüíîé îðäèíàòîé. Çàïèñàòü íåÿâíîå óðàâíåíèå ëèíèè.

2. Ñîñòàâèòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ îêðóæíîñòè

x2 + y2 − 2ax = 0,

ïðèíÿâ çà ïàðàìåòð:

(a) óãëîâîé êîýôôèöèåíò ïðÿìîé, ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò è òî÷êó ëèíèè;
(b) óãîë ìåæäó îñüþ Ox è ïðÿìîé, ïðîõîäÿùåé ÷åðåç öåíòð îêðóæíîñòè.

3. Äîêàçàòü, ÷òî êîîðäèíàòû òî÷åê êðèâîé 2-ãî ïîðÿäêà ìîæíî ðàöèîíàëüíî âûðàçèòü
÷åðåç óãëîâîé êîýôèöèåíò ïåðåìåííîé õîðäû êðèâîé, ïðîõîäÿùåé ÷åðåç êàêóþ-íèáóäü
âûáðàííóþ òî÷êó êðèâîé.

4. Íàéòè ïàðàìåòðè÷åñêèå óðàâíåíèÿ äåêàðòîâà ëèñòà x3 + y3 = 3axy, âîñïîëüçîâàâøèñü
óðàâíåíèåì âñïîìîãàòåëüíîé ïðÿìîé y = tx.

5. Äîêàçàòü, ÷òî òî÷êè Äåêàðòîâà ëèñòà, ñîîòâåòñòâóþùèå çíà÷åíèÿì ïàðàìåòðà t1, t2, t3,
ëåæàò íà îäíîé ïðÿìîé òîãäà è òîëüêî òîãäà, êîãäà t1t2t3 = −1. Òî÷êè ðàçëè÷íûå.

6. Óêàçàòü, êàêèå ëèíèè èçîáðàæàþòñÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè:

(a) x = t2 − t + 1, y = t2 + t + 1;
(b) x = t2 − 2t + 3, y = t2 − 2t + 1;
(c) x = a sin2 t, y = b cos2 t;
(d) x = a√

1+t2
, y = at√

1+t2
;

(e) x = 3t + 3−t, y = 3t − 3−t;
(f) x = a−t

a+t , y = t
a+t ;

(g) x = a ln t, y = a
2 (t + 1

t );
(h) x = a + R 1−t2

1+t2 , y = b + R 2t
1+t2 .

7. Ïàðàìåòðè÷åñêèå óðàâíåíèÿ ãèïåðáîëû ìîæíî âçÿòü â âèäå

x =
a

2

(
t +

1
t

)
, y =

b

2

(
t− 1

t

)
.

Êàê äâèæåòñÿ òî÷êà ïî ãèïåðáîëå, êîãäà ïàðàìåòð t ðàñòåò îò −∞ äî +∞? Êàêîå ïðå-
îáðàçîâàíèå ïàðàìåòðà íóæíî ñäåëàòü, ÷òîáû ïàðàìåòðè÷åñêèå óðàâíåíèÿ ãèïåðáîëû
ïðèíÿëè âèä x = a chϕ, y = b shϕ?
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8. Ïîêàçàòü, ÷òî
x = a

1 + t2

1− t2
, y = b

2t

1− t2

åñòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ ãèïåðáîëû. Êàê äâèæåòñÿ òî÷êà ïî ãèïåðáîëå ïðè èç-
ìåíåíèè ïàðàìåòðà â ïðåäåëàõ −∞ < t < ∞, t 6= ±1?

9. Ïîêàçàòü ÷òî óðàâíåíèÿ
x = a cos θ, y = b sin θ

è
x = a

1 + t2

1− t2
, y = b

2t

1− t2

ïðåäñòàâëÿþò îäíó è òó æå ëèíèþ. Êàê äâèæåòñÿ òî÷êà ïî ëèíèè, êîãäà ïàðàìåòð t
ðàñòåò îò −∞ äî +∞?

10. Çàïèñàòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ êðèâûõ:

(a) (x2 + y2)x− 2ay2 = 0;
(b) r = a(1 + cos ϕ);
(c) (x2 + y2)x + a(x2 − y2) = 0.

11. Òî÷êà M âðàùàåòñÿ ðàâíîìåðíî âîêðóã íåêîòîðîé ïðÿìîé è ðàâíîìåðíûì äâèæåíè-
åì ïåðåíîñèòñÿ ïàðàëëåëüíî ýòîé ïðÿìîé. Ëèíèÿ, îïèñûâàåìàÿ òî÷êîé M , íàçûâàåòñÿ
âèíòîâîé. Ïðèíÿâ óêàçàííóþ ïðÿìóþ çà îñü OZ, íàïèñàòü ïàðàìåòðè÷èñêèå óðàâíåíèÿ
âèíòîâîé ëèíèè. Íàéòè åå ïðîåêöèè íà êîîðäèíàòíûå ïëîñêîñòè.

12. Ïîâåðõíîñòü ñôåðû ðàäèóñà R ïåðåñå÷åíà êðóãëîé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ, äèà-
ìåòð êîòîðîé ðàâåí ðàäèóñó ñôåðû è ïðîõîäèò ÷åðåç öåíòð ñôåðû. Ëèíèÿ ïåðåñå÷åíèÿ
óêàçàííûõ ïîâåðõíîñòåé íàçûâàåòñÿ ëèíèåé Âèâèàíè. Ñîñòàâèòü åå óðàâíåíèÿ â íåÿâíîì
è ïàðàìåòðè÷åñêîì âèäàõ.

13. Ëèíèþ
x = t, y = t2, z = et

ïðåäñòàâèòü êàê ïåðåñå÷åíèå äâóõ ïîâåðõíîñòåé.

14. Ïîêàçàòü, ÷òî ëèíèÿ

x = sin 2ϕ, y = 1− cos2ϕ, z = 2 cos ϕ

ëåæèò íà ñôåðå è ÿâëÿåòñÿ ëèíèåé ïåðåñå÷åíèÿ ïàðàáîëè÷åñêîãî è êðóãîâîãî öèëèíäðîâ.

15. Íàéòè ïðîåêöèþ íà ïëîñêîñòü (xz) ëèíèè ïåðåñå÷åíèÿ êîíóñà y2 = xz è ïëîñêîñòè
x− y + z + 1 = 0.

3 Êàñàòåëüíàÿ ê êðèâîé
1. Ñîñòàâèòü óðàâíåíèå êàñàòåëüíîé è íîðìàëè (íîðìàëüíîé ïëîñêîñòè) ê ñëåäóþùèì ëè-

íèÿì:

(a) x = t3 − 2t, y = t2 + 1 â òî÷êå A(t = 1);
(b) x = a ch t, y = a sh t, z = bt â ïðîèçâîëüíîé òî÷êå;
(c) x3 + y3 − 3axy = 0 â òî÷êå A( 3a

2 , 3a
2 );

(d) (x2 + y2)2 − 2a2(x2 − y2) = C;
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(e) r = aϕ;
(f) r = 2a cos ϕ â òî÷êå A, äëÿ êîòîðîé ϕ = π

4 ;
(g) x = 2 cos t, y = 2 sin t, z = 4t â òî÷êå t = 0;

(h) x = t, y = t2 z = t3 â òî÷êå t = 1.

2. Ñîñòàâèòü óðàâíåíèÿ êàñàòåëüíûõ ê êðèâîé y = x3 + 3x2 − 5, ïåðïåíäèêóëÿðíûõ ê
ïðÿìîé 2x− 6y + 1 = 0

3. Ñîñòàâèòü óðàâíåíèå êàñàòåëüíûõ ê êðèâîé y = x2 + 2x, ïðîõîäÿùèõ ÷åðåç òî÷êó
P (1,−3), è âû÷èñëèòü óãîë ìåæäó íèìè.

4. Ïîêàçàòü, ÷òî êàñàòåëüíûå, ïðîâåäåííûå ê ãèïåðáîëå y = x−4
x−2 â òî÷êàõ åå ïåðåñå÷åíèÿ

ñ îñÿìè êîîðäèíàò, ïàðàëåëüíû ìåæäó ñîáîé.

5. Íàéòè óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó P ( 1
2 , 2), êàñàþùåéñÿ ãðàôèêà ôóíê-

öèè y = −x2

2 +2 è ïåðåñåêàþùåé â äâóõ ðàçëè÷íûõ òî÷êàõ ãðàôèê ôóíêöèè y =
√

4− x2.

6. Íàéòè êîîðäèíàòû òî÷åê ïåðåñå÷åíèÿ ñ îñüþ Ox òåõ êàñàòåëüíûõ ê ãðàôèêó ôóíêöèè
y = x+1

x−1 êîòîðûå îáðàçóþò óãîë ϕ = 3
4π ñ îñüþ Ox.

7. Íàéòè âñå çíà÷åíèÿ x, ïðè êàæäîì èç êîòîðûõ êàñàòåëüíûå ê ãðàôèêàì ôóíêöèè y =
3 cos 5x è y = 5 cos 3x + 2 â òî÷êàõ ñ àáñöèññîé x ïàðàëëåëüíû.

8. Íà ãðàôèêå ôóíêöèè y = x3 − 3x2 − 7x + 6 íàéòè âñå òî÷êè, êàñàòåëüíàÿ â êàæäîé
èç êîòîðûõ ê ýòîìó ãðàôèêó îòñåêàåò îò ïîëîæèòåëüíîé ïîëóîñè Ox âäâîå ìåíüøèé
îòðåçîê, ÷åì îò îòðèöàòåëüíîé ïîëóîñè Ox. Îïðåäåëèòü äëèíû îòñåêàåìûõ îòðåçêîâ.

9. Êàêàÿ èç ïðÿìûõ, èäóùèõ èç íà÷àëà êîîðäèíàò, ïåðåñåêàåò ãèïåðáîëó xy = a2 ïîä
ïðÿìûì óãëîì?

10. Â óðàâíåíèè ïàðàáîëû
y = x2 + bx + c

ïîñòîÿííûå b è c îïðåäåëèòü òàê, ÷òîáû ïàðàáîëà êàñàëàñü ïðÿìîé y = 3x− 5 â òî÷êå ñ
àáñöèññîé x = 2.

11. Â óðàâíåíèè ïàðàáîëû
y = ax2 + bx + c

ïîñòîÿííûå a, b, c îïðåäåëèòü òàê, ÷òîáû ïàðàáîëà êàñàëàñü ïðÿìîé

y = 4x− 1

â òî÷êå ñ àáñöèññîé x = 1 è ïðîõîäèëà ÷åðåç òî÷êó A(0, 1).

12. Ïðè êàêîì çíà÷åíèè a êðèâàÿ y = x3+ax
b ïåðåñåêàåò îñü Ox ïîä óãëîì 45◦ ?

13. Òîò æå âîïðîñ äëÿ êðèâîé y = ax
1+bx2 .

14. Äîêàçàòü, ÷òî óãîë ìåæäó ðàäèóñ-âåêòîðîì, ïðîâåäåííûì èç íà÷àëà êîîðäèíàò, â òî÷êó
(r, ϕ) êðèâîé rn = an cos nϕ è åå êàñàòåëüíîé ðàâåí nϕ + π

2 .

15. Äîêàçàòü, ÷òî êðèâàÿ r = eαϕ ïåðåñåêàåò âñå ðàäèóñû-âåêòîðû, èäóùèå èç íà÷àëà, ïîä
îäèíàêîâûì óãëîì.

16. Íàéòè óãîë ìåæäó êàñàòåëüíîé ê êàðäèîèäå r = a(1 + cos φ) è ðàäèóñ-âåêòîðîì òî÷êè
êàñàíèÿ.
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17. Äîêàçàòü, ÷òî òîëüêî îäíà íîðìàëü ëèíèè y = xn (n-öåëîå ïîëîæèòåëüíîå ÷èñëî) ïðî-
õîäèò ÷åðåç íà÷àëî êîîðäèíàò.

18. Äîêàçàòü, ÷òî âñå íîðìàëè ê ðàçâåðòêå îêðóæíîñòè

x = a(cos t + t sin t), y = (sin t− t cos t)

îäèíàêîâî óäàëåíû îò íà÷àëà êîîðäèíàò.

19. Íàéòè òî÷êè ïåðåñå÷åíèÿ è óãëû, ïîä êîòîðûìè ïåðåñåêàþòñÿ ñëåäóþùèå ëèíèè:

(a) y2 = 4x, x2 = 4y;
(b) x2 + y2 = 8x, y2(2− x) = x3.

20. Äîêàçàòü, ÷òî ñëåäóþùèå ëèíèè ïåðåñåêàþòñÿ ïîä ïðÿìûì óãëîì:

(a) y = x− x2, y = x2 − x;
(b) x2 − y2 = a, xy = b.

21. Äîêàçàòü, ÷òî ó êðèâîé x = 2a ln(sin t) − 2a sin2 t, y = a sin 2t îòðåçîê îñè Ox ìåæäó
êîñàòåëüíîé è íîðìàëüþ ðàâåí 2a.

22. Äîêàçàòü, ÷òî êàñàòåëüíûå ê êðèâûì y = af(x), èìåþùóþ îáùóþ àáñöèññó òî÷êè êàñà-
íèÿ, ïåðåñåêàþòñÿ â îäíîé òî÷êå.

23. Íàéòè ãåîìåòðè÷åñêîå ìåñòî òî÷åê, èç êîòîðûõ ìîæíî ïðîâåñòè ê ïàðàáîëå äâå âçàèìíî
ïåðïåíäèêóëÿðíûå íîðìàëè.

24. Äîêàçàòü, ÷òî èíâåðñèÿ (r, ϕ) −→ (a2

r ), a = const åñòü êîíôîðìíîå îòîáðàæåíèå.

25. Ïîêàçàòü, ÷òî òàíãåíñ óãëà, îáðàçîâàííîãî êàñàòåëüíîé ê ëèíèè r = r(ϕ) ñ ðàäèóñîì-
âåêòîðîì, ïðîâåäåííûì â òî÷êó êàñàíèÿ, îïðåäåëÿåòñÿ ïî ôîðìóëå

tg µ =
r
dr
dφ

26. Ïóñòü γ-çàìêíóòàÿ êðèâàÿ êëàññà C1. Äîêàçàòü, ÷òî äëÿ ëþáîãî âåêòîðà ~a íàéäåòñÿ
òî÷êà x ∈ γ â êîòîðîé êàñàòåëüíàÿ ê γ îðòîãîíàëüíà ê ~a.

27. Â êàêèõ òî÷êàõ êàñàòåëüíàÿ ê ëèíèè

x = 3t− t3, y = 3t2, z − 3t + t3

ïàðàëëåëüíà ïëîñêîñòè
3x + y + z + 2 = 0.

28. Íàéòè ãåîìåòðè÷åñêîå ìåñòî òî÷åê ïåðåñå÷åíèÿ êàñàòåëüíûõ ê ëèíèè x = a cos t, y =
−a sin t, z = b et ñ ïëîñêîñòüþ (xy)

29. Çàïèñàòü óðàâíåíèå êàñàòåëüíîé ïðÿìîé è íîðìàëüíîé ïëîñêîñòè â ïðîèçâîëüíîé òî÷êå
ëèíèè:

(a) x2 = 2az, y2 = 2bz;
(b) x2 + y2 − z2 = 1, x2 − y2 − z2 = 1;
(c) x2 + y2 = 1, y2 + z2 = 1;

30. Äîêàçàòü, ÷òî êàñàòåëüíûå ê êðèâîé

x2 − 3y = 0, 2xy − 9z = 0

îáðàçóþò ïîñòîÿííûé óãîë ñ ôèêñèðîâàííûì íàïðàâëåíèåì.
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4 Îñîáûå òî÷êè ïëîñêèõ êðèâûõ
1. Íàéòè îñîáûå òî÷êè è íàïèñàòü óðàâíåíèÿ êàñàòåëüíûõ äëÿ ñëåäóþùèõ ëèíèé

(a) x = a cos3 t, y = a sin3 t (àñòðîèäà);
(b) x = a(t− sin t), y = a(1− cos t) (öèêëîèäà);
(c) x = t2

1−t , y = t3

1−t2 ;

(d) x = t2

1−t2 , y = t3

1−t2 ;

(e) x = t4, y = t2 − t5;

2. Èññëåäîâàòü è ïîñòðîèòü ëèíèè çàäàííûå ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè

(a) x = 3at
1+t3 , y = 3at

1+t3 (Äåêàðòîâ ëèñò);

(b) x = t2

1+t2 , y = t3

1+t2 ;

(c) x = t2

1+t2 , y = (1−t2)
1+t2

3. Íàéòè îñîáûå òî÷êè êðèâûõ:

(a) x3 − 2x2 − y2 + x = 0;

(b) (2a− x)y2 − x3, a > 0;

(c) x4 + y4 + x2 − y2 = 0;

(d) x3 − 27(x− y)2 = 0;

(e) x5 − x4 + 4x2y − 4y2 = 0;

(f) x4 + x2y2 − 18x2y + 9y2 = 0;

(g) x6 − x4 + y2 = 0;

(h) x3 − x2 + xy2 − y2 = 0;

4. Ïðè êàêîì ñîîòíîøåíèè ìåæäó a è b êðèâàÿ y2 = x3 + ax + b èìååò îñîáóþ òî÷êó?

5 Òðåõãðàííèê Ôðåíå
1. Íàïèñàòü óðàâíåíèå ñîïðèêàñàþùåéñÿ ïëîñêîñòè ëèíèè

x = a cos t, y = b sin t, z = et

â òî÷êå t = 0

2. Ñîñòàâèòü óðàâíåíèå ñîïðèêàñàþùåéñÿ ïëîñêîñòè ëèíèè

x = t cos t, y = −t sin t, z = at

â íà÷àëå êîîðäèíàò.

3. Ñîñòàâèòü óðàâíåíèå ñîïðèêàñàþùåéñÿ ïëîñêîñòè ëèíèè ïðåñå÷åíèÿ ñôåðû

x2 + y2 + z2 = 9

è ãèïåðáîëè÷åñêîãî öèëèíäðà
x2 − y2 = 3

â òî÷êå M(2, 1, 2).
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4. Äîêàçàòü, ÷òî ëèíèÿ
x = et cos t, y = et sin t, z = 2t

ðàñïîëîæåíà íà ïîâåðõíîñòè
x2 + y2 − ez = 0

è åå ñîïðèêàñàþùàÿñÿ ïëîñêîñòü ñîâïàäàåò ñ êàñàòåëüíîé ïëîñêîñòüþ ïîâåðõíîñòè.

5. Äîêàçàòü, ÷òî åñëè âñå ñîïðèêàñàþùèåñÿ ïëîñêîñòè ïîâåðõíîñòè ïðîõîäÿò ÷åðåç ôèêñè-
ðîâàííóþ òî÷êó, òî ýòà ëèíèÿ ïëîñêàÿ.

6. Íàéòè ñîïðèêàñàþùèåñÿ ïëîñêîñòè ëèíèè

x = t, y = t2, z = t3,

ïðîõîäÿùèå ÷åðåç òî÷êó M(2,− 1
3 ,−6).

7. Ñîñòàâèòü óðàâíåíèå ãëàâíîé íîðìàëè è áèíîðìàëè ñëåäóþùèõ ëèíèé â óêàçàííûõ òî÷-
êàõ:

(a) x = t, y = t2, z = et ïðè t = 0;
(b) x = t, y = t2, z = t3 ïðè t = 1;
(c) x = y2, x2 = z â òî÷êå M(1, 1, 1);
(d) xy = z2, x2 + y2 = z2 + 1 â òî÷êå M(1, 1, 1);

8. Íàéòè òî÷êè íà ëèíèè
x =

2
t
, y = ln t, z = −t2,

â êîòîðûõ áèíîðìàëü ïàðàëëåëüíà ïëîñêîñòè x− y + 8z + 2 = 0.

9. Äîêàçàòü, ÷òî âåêòîðû ~τ , ~ν, ~β ëèíèè

x = t, y = t2, z = t3

â òî÷êå (0, 0, 0) ñîâïàäàåò ñ åäèíè÷íûìè âåêòîðàìè êîîðäèíàòíûõ îñåé.

10. Ñîñòàâèòü óðàâíåíèå âñåõ ðåáåð è ãðàíåé òðåõãðàííèêà Ôðåíå âèíòîâîé ëèíèè x =
a cos t, y = a sin t, z = bt. Äîêàçàòü, ÷òî ãëàâíàÿ íîðìàëü ïåðåñåêàåò îñü âèíòîâîé ëèíèè
ïîä ïðÿìûì óãëîì, à áèíîðìàëü îáðàçóåò ñ íåé ïîñòîÿííûé óãîë. Íàéòè âåêòîðû ðåïåðà
Ôðåíå.

11. Ñîñòàâèòü óðàâíåíèå âñåõ ðåáåð è ãðàíåé òðõãðàííèêà Ôðåíå êðèâîé

x2 + 2y2 − z2 = 2, 2x2 + y2 − 3 = 0

â òî÷êå A(1, 1, 1).

6 Äëèíà äóãè
1. Âû÷èñëèòü äëèíó äóãè ìåæäó äâóìÿ ïðîèçâîëüíûìè òî÷êàìè ñëåäóþùèõ ëèíèé:

(a) y = x2/3;
(b) y = x2;
(c) x = a(cos t + t sin t), y = a(sin − cos t);
(d) x = a

(
ln tg(t/2) + cos t

)
, y = a sin t.
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2. Âû÷èñëèòü äëèíó äóãè íà çàäàííîì ïðîìåæóòêå ñëåäóþùèõ ëèíèé:

(a) y = ln cosx x ∈ [0, π/3] ;
(b) y = 1

4x2 − 1
2 ln x x ∈ [1, 4];

(c) x = t− 1
2 sh 2t, y = 2 ch t t ∈ [0, 2];

(d) x = 8at3, y = 3a(2t2 − t4) t ∈ [0,
√

2].

3. Íàéòè äëèíó âèíòîâîé ëèíèè

x = cos t, y = a sin t, z = bt

îò òî÷êè ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ (x, y) äî ïðîèçâîëüíîé òî÷êè M .

4. Íàéòè äëèíó îäíîãî âèòêà ëèíèè

x = a(t− sin t), y = a(1− cos t), z = 4a cos(t/2)

ìåæäó äâóìÿ åå òî÷êàìè ïåðåñå÷åíèÿ ñ ïëîñêîñòüþ (x, z).

5. Íàéòè äëèíó äóãè ëèíèè
x3 = 3a2y, 2xz = a2

ìåæäó ïëîñêîñòÿìè
y =

a

3
, y = 9a.

6. Íàéòè âûðàæåíèå äëÿ äëèííû äóãè êðèâîé, çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ.

7. Íàéòè äëèííó äóãè ëîãàðèôìè÷åñêîé ñïèðàëè r = aemϕ.

8. íàéòè äëèíó âñåé ëèíèè

(a) r = a(1 + cosϕ);

(b) r = a cos4(ϕ/4).

9. Íàéòè âûðàæåíèå äèôôåðåíöèàëà äëèííû äóãè ëèíèè â ñôåðè÷åñêèõ êîîðäèíàòàõ.

10. Íàéòè âûðàæåíèå äèôôåðåíöèàëà äëèííû äóãè ëèíèè â öèëèíäðè÷åñêèõ êîîðäèíàòàõ.

11. Ñîñòàâèòü ïàðàìåòðè÷åñêîå óðàâíåíèå îêðóæíîñòè, âçÿâ çà ïàðàìåòð äëèííó äóãè.

12. Ñîñòàâèòü ïàðàìåòðè÷åñêîå óðàâíåíèå öåïíîé ëèíèè

y = a ch(x/a)

ïðèíÿâ çà ïàðàìåòð äëèííó äóãè, îòñ÷èòûâàåìóþ îò âåðøèíû â ñòîðîíó ïîëîæèòåëüíûõ
àáöèññ.

13. Íàïèñàòü ïàðàìåòðè÷åñêîå óðàâíåíèå âèíòîâîé ëèíèè, ïðèíÿâ çà ïàðàìåòð äëèííó äóãè.
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7 Êðèâèçíà è êðó÷åíèå
1. Íàéòè êðèâèçíó è êðó÷åíèå ñëåäóþùèõ ëèíèé:

(a) y = a ch(x/a);
(b) y2 = 2px;
(c) x = a ch t, y = b sh t;
(d) x = a(t− sin t, y = a(1− cos t);
(e) x = 2t, y = ln t, z = t2

(f) x = cos3 t, y = sin3 t, z = cos 2t;
(g) y2 = x, x2 = z;
(h) x = a cos t, y = a sin t, z = bt.

2. Äîêàçàòü, ÷òî äëÿ ñëåäóþùèõ ëèíèé êðèâèçíà è êðó÷åíèå îòëè÷àþòñÿ çíàêîì:

(a) x = a ch t, y = a sh t, z = at;
(b) x = 3t− t3, y = 3t2, z = 3t + t3.

3. Íàéòè êðèâèçíó ëèíèè, çàäàííîé óðàâíåíèåì

(a) r = r(ϕ);
(b) F (x, y) = 0.

4. Íàéòè êðèâèçíó ñëåäóþùèõ ëèíèé:

(a) r = aehϕ;

(b) r = a(1 + cos ϕ)

(c) x2

a2 + y2

b2 = 1

(d) x2

a2 − y2

b2 = 1

5. Âû÷èñëèòü êðèâèçíó êðèâîé (x− y)2 − x5 = 0 â òî÷êå A(1, 0).

6. Äîêàçàòü, ÷òî ñëåäóþùòèå ëèíèè ïëîñêèå è ñîñòàâèòü óðàâíåíèå ñîäåðæàùåé èõ ïëîñ-
êîñòè:

(a) x = cos t, y = sin t, z = sin t + cos t;
(b) x = 1+t

1−t , y = 1
1−t2 , z = t

1+t .

7. Îáîáùåííîé âèíòîâîé, èëè ëèíèåé îòêîñà, íàçûâàåòñÿ ïðîñòðàíñòâåííàÿ êðèâàÿ, êàñà-
òåëüíûå ê êîòîðîé îáðàçóþò ïîñòîÿííûé óãîë ñ ôèêñèðîâàííûì íàïðàâëåíèåì. Äîêà-
çàòü, ÷òî ëèíèÿ áóäåò îáîáùåííîé âèíòîâîé, êîãäàâûïîëíÿåòñÿ îäíî èç óñëîâèé:

(a) ãëàâíûå íîðìàëè ïåðïåíäèêóëÿðíû ôèêñèðîâàííîìó íàïðàëåíèþ;
(b) áèíîðìàëè îáðàçóþò ïîñòîÿííûé óãîë ñ ôèêñèðîâàííûì íàïðàâëåíèåì;
(c) îòíîøåíèå êðèâèçíû ê êðó÷åíèþ ïîñòîÿííî.

8. Äîêàçàòü, ÷òî åñëè âñå ñîïðèêàñàþùèåñÿ ïëîñêîñòè ëèíèè ïåðïåíäèêóëÿðíû íåêîòîðîé
ïðÿìîé, òî òî ëèíèÿ ïëîñêàÿ.
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8 Ôîðìóëû Ôðåíå
1. Ïðîâåðèòü, ÷òî äëÿ ëèíèè ~r = ~r(s) âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ:

~r ′2 = 1, ~r ′′2 = k2, |~r ′′′|3 = k4 + k2κ2 + k′2,

< ~r ′, ~r ′′ >= 0, < ~r ′, ~r ′′′ >= −k2, < ~r ′′, ~r ′′′ >= kk′

2. Äîêàçàòü:

(a) (~τ , ~β , ~β ′) = −κ;

(b) (~β ′, ~β ′′, ~β ′′′) = k5
2(

k
κ )
′
.

(c) (~τ ′, ~τ ′′, ~τ ′′′) = −k5(κ
k
)′.

3. Äîêàçàòü, ÷òî â òî÷êå M0 êðèâèçíà ëèíèè L ðàâíà êðèâèçíå ïðîåêöèè L∗ ëèíèè L íà
åå ñîïðèêàñàþùóþñÿ ïëîñêîñòü â òî÷êå M0.

4. Äîêàçàòü, ÷òî ôîðìóëû Ôðåíå

~τ ′ = k1~ν , ~ν ′ = −k~τ + κ~β , ~β ′ = −κ~ν

ìîæíî çàïèñàòü â âèäå

~τ ′ = ~ω × ~τ , ~ν ′ = ~ω × ~ν , ~β ′ = ~ω × ~β

Íàéòè âåêòîð ~ω (âåêòîð Äàðáó) è âûÿñíèòü åãî ñìûñë.

5. Äèíèåé Áåðòðàíà íàçûâàåòñÿ ëèíèÿ, ãëàâíûå íîðìàëè êîòîðîé ÿâëÿþòñÿ îäíîâðåìåííî
ãëàâíûìè íîðìàëÿìè íåêîòîðîé âòîðîé ëèíèè, îòëè÷íîé îò ïåðâîé. Äîêàçàòü, ÷òî ëèíèè
Áåðòðàíà õàðàêòåðèçóþòñÿ çàâèñèìîñòüþ:

λk + µκ = 1,

ãäå λ è µ � íåêîòðûå êîíñòàíòû.

6. Ïîêàçàòü, ÷òî óãîë ìåæäó êàñàòåëüíûìè â ñîîòâåòñòâóþùèõ òî÷êàõ ïàðû ëèíèé Áåð-
òðàíà ïîñòîÿíåí.

7. Äîêàçàòü, ÷òî ðàññòîÿíèå ìåæäó äâóìÿ ñîîòâåòñòâóþùèìè òî÷êàìè ïàðû ëèíèé Áåð-
òðàíà ïîñòîÿííî.

8. Ïóñòü S-ïëîùàäü ìåæäó êðèâîé è ñåêóùåé, ïðîâåäåííîé ïàðàëëåëüíî êàñàòåëüíîé íà
ðàññòîÿíèè h. Ïðîâåðüòå, ÷òî

lim
h→0

S2

h3
=

32
9k

,

ãäå k � êðèâèçíà êðèâîé â òî÷êå êàñàíèÿ.

9. Ïóñòü γ-ðåãóëÿðíàÿ êðèâàÿ êëàññà C3. Åñëè â òî÷êå P ∈ γ êðó÷åíèå κ 6= 0, òî ñîïðèêà-
ñàþùàÿñÿ ïëîñêîñòü êðèâîé â òî÷êå P ïåðåñåêàåò γ. Äîêàçàòü.
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9 Íàòóðàëüíûå óðàâíåíèÿ ëèíèé
1. Íàéòè íàòóðàëüíîå óðàâíåíèå äëÿ ñëåäóþùèõ êðèâûõ:

(a) y = x3/2

(b) y = ln x

(c) x = a(cos t + sin t), y = a(sin t− t cos t);
(d) x = a ch t, y = a sh t, z = at;
(e) x = ct, y = c

√
2 ln t, z = ct−1

2. Íàéòè âñå ïëîñêèå êðèâûå ñ äàííûì íàòóðàëüíûì óðàâíåíèåì k1 = k1(s).

3. Íàéòè ïëîñêèå êðèâûå, çàäàííûå ñëåäóþùèìè íàòóðàëüíûìè óðàâíåíèÿìè:

(a) k = a;
(b) R = a s;
(c) k2 = 1

2s .

4. Ñîñòàâèòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ ëèíèé, äëÿ êîòîðûõ:

(a) R = b eα;
(b) R = b α;
(c) s = b tg α;
(d) s = b cos α

10 Îãèáàþùàÿ ñåìåéñòâà ïëîñêèõ êðèâûõ
1. Èññëåäîâàòü ñåìåéñòâà êðèâûõ (α � ïàðàìåòð) è ñäåëàòü ðèñóíîê:

(a) α2x2 + y2 = αx;
(b) x2 + 2α y = 2xy.

2. Íàéòè îãèáàþùóþ ñåìåéñòâà ëèíèé (α � ïàðàìåòð ñåìåéñòâà):

(a) (x− α)2 + (y − α)2 = α2;
(b) x cos α + y sin α− h = 0;
(c) y2 − (x− α)3 = 0;
(d) y3 − (x− α)2 = 0;
(e) 3(y − α)2 − 2(x− α)3 = 0.

3. Íàéòè îãèáàþùóþ ñåìåéñòâà ïðÿìûõ, îáðàçóþùèõ ñ îñÿìè êîîðäèíàò òðåóãîëüíèêè
ïîñòîÿííîé ïëîùàäè S.

4. Íàéòè óðàâíåíèå îãèáàþùåé ñåìåéñòâà ïðÿìûõ, íà êîòîðûõ ëåæèò îòðåçîê ïîñòîÿííîé
äëèíû a, åñëè åãî êîíöû ñêîëüçÿò ïî îñÿì ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò.

5. Ïðÿìàÿ âðâùàåòñÿ ñ ïîñòîÿííîé óãëîâîé ñêîðîñòüþ âîêðóã òî÷êè, ðàâíîìåðíî äâèæó-
ùåéñÿ ïî âòîðîé ïðÿìîé. Íàéòè îãèáàþùóþ ýòîãî ñåìåéñòâà ïðÿìûõ.

6. Íàéòè óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü òî÷êè îãèáàþùåé ñåìåéñòâà ëèíèé

F (x, y, α, β ) = 0,

ãäå α è β ñâÿçàíû ñîîòíîøåíèåì ϕ(α, β) = 0.
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7. Íàéòè îãèáàþùóþ ñåìåéñòâà ëèíèé:

(a) x2

p
+ y2

q
, ãäå p + q = 1 ;

(b) λx2 + µ y2 = 1, ãäå λ + µ = λµ;
(c) b2x2 + a2y2 = a2b2, ãäå a + b = const;
(d) bx + ay = ap, ãäå a + b = const.

8. Ñîñòàâèòü óðàâíåíèÿ è íà÷åðòèòü ãðàôèêè ýâîëþò ñëåäóþùèõ ëèíèé:

(a) x = a cos t, y = b sin t;
(b) x = a ch t, y = b sh t;
(c) y = x2;
(d) y = ln x.

9. Ñîñòàâèòü óðàâíåíèå ýâîëüâåíò îêðóæíîñòè x2 + y2 = a2 è ñäåëàòü ðèñóíîê.

10. Ñîñòàâèòü óðàâíåíèå ýâîëüâåíòû öåïíîé ëèíèè y = a ch(x/a), ïðîõîäÿùåé ÷åðåç åå âåð-
øèíó, è ñäåëàòü ðèñóíîê.

11. Ñîñòàâèòü óðàâíåíèå ýâîëüâåíò ïàðàáîëû x = t, y = 1
4 t2 è ñäåëàòü ðèñóíîê.

12. Âòîðîé ýâîëþòîé êðèâîé íàçûâàåòñÿ ýâîëþòà åå ýâîëþòû. Íàéòè êðèâèçíó âòîðîé ýâî-
ëþòû.

11 Ðàçíûå çàäà÷è
1. Îâàëîì íàçûâàåòñÿ ïëîñêàÿ ðåãóëÿðíàÿ ïðîñòàÿ çàìêíóòàÿ êðèâàÿ ñ êðèâèçíîé k > 0.

Âåðøèíà ðåãóëÿðíîé ïëîñêîé êðèâîé � ýòî òî÷êà, â êîòîðîé k èìååò ëîêàëüíûé ýêñòðå-
ìóì. Äîêàçàòü, ÷òî ëþáîé îâàë èìååò ïî ìåíüøåé ìåðå ÷åòûðå âåðøèíû.

2. Ïóñòü ~r(s) - îâàë è òî÷êà P ëåæèò íà ~r(s). Äîêàæèòå, ÷òî ñóùåñòâóåò òî÷êà P ′ íà îâàëå,
òàêàÿ, ÷òî ~τ , (P ′) = −~τ , (P ), ãäå ~τ , (s) = ~r ′(s). Òî÷êà P ′ íàçûâàåòñÿ ïðîòèâîïîëîæíîé
ê òî÷êå P .

3. Åñëè ~r = ~r(s) - îâàë, òî ~τ ′′ ïàðàëëåëåí ~τ ïî êðàéíåé ìåðå â ÷åòûðåõ òî÷êàõ. Äîêàçàòü.

4. Øèðèíîé îâàëà ω(s) â òî÷êå P = ~r(s) íàçûâàåòñÿ ðàññòîÿíèå ìåæäó êàñàòåëüíûìè ê
îâàëó â ïðîòèâîïîëîæíûõ òî÷êàõ P è P ′. Îâàë íàçûâàåòñÿ îâàëîì ïîñòîÿííîé øèðèíû,
åñëè ω(s) = const. Ïóñòü ~r = ~r(s) - îâàë ïîñòîÿííîé øèðèíû. Äîêàçàòü, ÷òî ïðÿìàÿ,
ñîåäèíÿþùàÿ ïàðó ïðîòèâîïîëîæíûõ òî÷åê P è P ′ îâàëà îðòîãîíàëüíà ê êàñàòåëüíûì
â òî÷êàõ P è P ′.

5. Ïóñòü ~r(s) - îâàë ñ íàòóðàëüíîé ïàðàìåòðèçàöèåé äëèíû L. Îáîçíà÷èì ÷åðåç θ óãîë
ìåæäó ãîðèçîíòàëüþ è êàñàòåëüíûì âåêòîðîì ~τ , (s). Ïóñòü ω(s) - øèðèíà îâàëà â òî÷êå,
ñîîòâåòñòâóþùåé óãëó θ. Äîêàçàòü, ÷òî

∫ 2π

0

ωdθ = 2L

6. Ñôåðè÷åñêàÿ êðèâàÿ - ýòî êðèâàÿ ~r = ~r(t), äëÿ êîòîðîé ñóùåñòâóåò òàêîé ïîñòîÿííûé
âåêòîð ~m, ÷òî

< ~r(t)− ~m,~r(t)− ~m >= r2

Åñëè âñå íîðìàëüíûå ïëîñêîñòè êðèâîé ïåðåñåêàþòñÿ â îäíîé òî÷êå, òî êðèâàÿ ñôåðè-
÷åñêàÿ. Äîêàçàòü.
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7. Äîêàçàòü, ÷òî åñëè ~r = ~r(s) - êðèâàÿ, ïàðàìåòðèçîâàííàÿ íàòóðàëüíûì ïàðàìåòðîì,
k 6= 0,κ 6= 0, òî ~r(s) ëåæèò íà ñôåðå òîãäà è òîëüêî òîãäà, êîãäà

κ
k

= (
k′

κk2
)

èëè
κR = −

(
R′

κ

)′
,

ãäå R = 1
k .

8. Èñïîëüçóÿ ðåçóëüòàòû ïðåäûäóùèõ çàäà÷, äîêàçàòü, ÷òî êðèâàÿ ~r = ~r(s) ëåæèò íà ñôåðå
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò òàêèå êîíñòàíòû A è B, ÷òî

k
(
A cos(

s∫

0

κ)ds + B sin(

s∫

0

κ)ds
)
≡ 1

Ïóñòü ~τ , ~ν è ~β - âåêòîðû ðåïåðà Ôðåíå â òî÷êå P êðèâîé γ. Îòëîæèì âåêòîð ~τ , îò
íà÷àëà êîîðäèíàò. Êîãäà òî÷êà P ïðîáåãàåò êðèâóþ γ, ìíîæåñòâî êîíöîâ âåêòîðîâ ~τ ,
îïèñûâàåò êðèâóþ íà åäåíè÷íîé ñôåðå ñ öåíòðîì â íà÷àëå êîîðäèíàò. Ýòà êðèâàÿ íà-
çûâàåòñÿ ñôåðè÷åñêîé èíäèêàòðèñîé êàñàòåëüíûõ êðèâîé γ. Àíàëîãè÷íî îïðåäåëÿþòñÿ
ñôåðè÷åñêèå èíäèêàòðèñû ãëàâíûõ íîðìàëåé è áèíîðìàëåé êðèâîé γ.

9. Ïóñòü s∗ - äëèíà ñôåðè÷åñêîé èíäèêàòðèñû ãëàâíûõ íîðìàëåé êðèâîé ~r = ~r(~s), ïà-
ðàìåòðèçîâàííîé íàòóðàëüíî. Ïîëíîé êðèâèçíîé K(P ) êðèâîé â òî÷êå P íàçûâàåòñÿ
ïðåäåë

K(P ) = lim
Q→P

∆s∗

∆s

ãäå ∆s - äëèíà äóãè PQ êðèâîé, ∆s∗ - äëèíà ñîîòâåòñòâóþùåé äóãè èíäèêàòðèññû
ãëàâíûõ íîðìàëåé. Äîêàæèòå, ÷òî åñëè ïîëíàÿ êðèâèçíà âî âñåõ òî÷êàõ êðèâîé ðàâíà
0 , òî ëèíèÿ ÿâëÿåòñÿ ÷àñòüþ ïðÿìîé.

10. Äëÿ òîãî, ÷òîáû çàìêíóòàÿ ñôåðè÷åñêàÿ êðèâàÿ γ áûëà èíäèêàòðèññîé êàñàòåëüíûõ
çàìêíóòîé êðèâîé Γ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû γ íå ïîìåùàëàñü íè íà êàêîé
ïîëóñôåðå. Äîêàçàòü.

11. Êàñàòåëüíûé ñôåðè÷åñêèé îáðàç ðåãóëÿðíîé çàìêíóòîé êðèâîé íå ìîæåò ëåæàòü íè â
êàêîé çàìêíóòîé ïîëóñôåðå, çà èñêëþ÷åíèåì ñëó÷àÿ, êîãäà îí ÿâëÿåòñÿ áîëüøîé îêðóæ-
íîñòüþ, îãðàíè÷èâàþùåé ïîëóñôåðó. Äîêàçàòü.

12. Äîêàçàòü íåðàâåíñòâî Ôåíõåëÿ: ∫

γ

k ds ≥ 2π,

ãäå γ � ðåãóëÿðíàÿ ïðîñòàÿ çàìêíóòàÿ êðèâàÿ â E3 ñ êðèâèçíîé k, ïðè÷åì ðàâåíñòâî
äîñòèãàåòñÿ òîëüêî â ñëó÷àå, êîãäà γ � ïëîñêàÿ âûïóêëàÿ êðèâàÿ.

13. Åñëè γ � çàìêíóòàÿ âëîæåííàÿ êðèâàÿ íà ïëîñêîñòè, òî
∫

γ
ko ds = 2π. ãäå ko � îðèåíòè-

ðîâàííàÿ êðèâèçíà êðèâîé. Äîêàçàòü.

14. Ïóñòü γ � ïðîñòðàíñòâåííàÿ çàìêíóòàÿ êðèâàÿ. Ïðåäïîëîæèì, ÷òî 0 ≤ k ≤ 1
a äëÿ

íåêîòîðîãî a > 0. Äîêàçàòü, ÷òî äëèíà γ óäîâëåòâîðÿåò íåðàâåíñòâó L ≥ 2πa.

15. Ïóñòü γ � ïëîñêàÿ ïðîñòàÿ çàìêíóòàÿ ãëàäêàÿ êðèâàÿ èìååò äëèíó L è îãðàíè÷èâàåò
îáëàñòü ïëîùàäè F . Òîãäà L2 ≥ 4πF , ïðè÷åì L2 = 4πF òîãäà è òîëüêî òîãäà, êîãäà γ �
îêðóæíîñòü (èçîïåðèèìåòðè÷åñêîå ñâîéñòâî êðóãà). Äîêàçàòü.
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16. Âîññòàíîâèòü êðèâóþ ïî åå ñôåðè÷åñêîé èíäèêàòðèñå êàñàòåëüíûõ.

17. Âîññòàíîâèòü êðèâóþ ïî åå ñôåðè÷åñêîé èíäèêàòðèñå ãëàâíûõ íîðìàëåé.

18. Âîññòàíîâèòü êðèâóþ ïî åå ñôåðè÷åñêîé èíäèêàòðèñå áèíîðìàëåé.

19. Äàíà ñôåðè÷åñêàÿ èíäèêàòðèñà γ∗ êàñàòåëüíûõ ðåãóëÿðíîé êðèâîé γ. Íàéòè êðèâèçíó
è êðó÷åíèå γ.

20. Äàíà ñôåðè÷åñêàÿ èíäèêàòðèñà γ∗ ãëàâíûõ íîðìàëåé ðåãóëÿðíîé êðèâîé γ. Íàéòè êðè-
âèçíó è êðó÷åíèå γ.

21. Äàíà ñôåðè÷åñêàÿ èíäèêàòðèñà γ∗ áèíîðìàëåé ðåãóëÿðíîé êðèâîé γ. Íàéòè êðèâèçíó
è êðó÷åíèå γ.

22. Ýâîëþòîé ïðîñòðàíñòâåííîé êðèâîé íàçûâàåòñÿ ãåîìåòðè÷åñêîå ìåñòî öåíòðîâ ñîïðè-
êàñàþùèõñÿ ñôåð. Äëÿ äàííîé êðèâîé, íàéòè óðàâíåíèå åå ýâîëþòû.

23. Êðèâàÿ íàçûâåòñÿ ñôåðè÷åñêîé, åñëè îíà ëåæèò íà íåêîòîðîé ñôåðå. Íàéòè óñëîâèå
ñôåðè÷íîñòè ðåãóëÿðíîé êðèâîé.

24. Îïðåäåëèòü ïîâåðõíîñòü � ãåîìåòðè÷åñêîå ìåñòî ýâîëþò ñôåðè÷åñêîé êðèâîé.

25. Ñåìåéñòâî ëèíèé çàäàíî äèôôåðåíöèàëüíûì óðàâíåíèåì:

P (x, y) dx2 + Q(x, y) dy2 = 0.

Íàéòè êðèâèçíó ëèíèé ñåìåéñòâà.

26. Ïóñòü P = γ(s0) è Q = γ(s0 + ∆s äâå áëèçêèå òî÷êè ðåãóëÿðíîé êðèâîé γ. Îáîçíà÷èì h
� ðàññòîÿíèå îò òî÷êè Q äî êàñàòåëüíîé ê γ â òî÷êå P . Äîêàæèòå, ÷òî êðèâèçíà êðèâîé
â òî÷êå P ðàâíà

k(s) = lim
∆s→0

2h

∆s2
.

27. Åñëè íà âñåõ íîðìàëÿõ ïëîñêîé êðèâîé γ, ïî îäíó ñòîðîíó îò íåå, îòëîæèòü îòðåçêè
äëèíîé a, òî ïîëó÷åííàÿ êðèâàÿ γ∗ íàçûâàåòñÿ ýêâèäèñòàíòîé äëÿ γ. Ïóñòm ds è dσ �
äèôôåðåíöèàëû äëèíû äóãè íà êðèâûõ γ è γ∗ ñîîòâåòñòâåííî. Ïîêàæèòå, ÷òî êðèâèçíà
êðèâîé γ óäîâëåòâîðÿåò óñëîâèþ:

k(s) = lim
a→0

ds− dσ

a ds
.

28. Ïóñòü γ è γ∗ äâå ïëîñêèå çàìêíóòûå âûïóêëûå ãëàäêèå ýêâèäèñòàíòû, íàõîäÿùèåñÿ íà
ðàññòîÿíèè a. Äîêàæèòå, ÷òî σ = s ± 2πa è Σ = as ± πa2, ãäå σ è s � äëèíû γ∗ è γ
ñîîòâåòñòâåííî, à Σ � ïëîùàäü, çàêëþ÷åííàÿ ìåæäó γ è γ∗.

29. Ñîñòàâèòü óðàâíåíèå ýêâèäèñòàíòû îãèáàþùåé ñåìåéñòâà ïðÿìûõ

x cosα + y sinα− h(α) = 0.

30. Äîêàçàòü, ÷òî äëÿ ëþáîãî âåùåñòâåííîãî a ñóùåñòâóåò çàìêíóòàÿ ðåãóëÿðíàÿ êðèâàÿ γ
òàêàÿ, ÷òî åå èíòåãðàëüíîå êðó÷åíèå

∫

γ

κ = a.
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31. Äîêàæèòå, ÷òî åñëè ñôåðè÷åñêàÿ èíäèêàòðèññà ãëàâíûõ íîðìàëåé çàìêíóòîé ïðîñòðàí-
ñòâåííîé ðåãóëÿðíîé êðèâîé íå èìååò ñàìîïåðåñå÷åíèé, òî îíà äåëèò ñôåðó íà äâå ðàâ-
íîâåëèêèå ÷àñòè (òåîðåìà ßêîáè).

32. Èç íà÷àëà ðàäèóñîâ-âåêòîðîâ íà ïëîñêóþ "çåðêàëüíóþ" êðèâóþ ~r = ~r(s) ïàäàåò ïó÷åê
ñâåòîâûõ ëó÷åé. Ñîñòàâèòü óðàâíåíèå îãèáàþùåé ñåìåéñòâà îòðàæåííûõ ëó÷åé.

33. Íà ïëîñêóþ "çåðêàëüíóþ" êðèâóþ, çàäàííóþ óðàâíåíèåì ~r = ~r(s), ïàäàåò ïó÷îê ïà-
ðàëëåëüíûõ ëó÷åé, èìåþùèõ íàïðàâëåíèå âåêòîðà ~e. Ñîñòàâèòü óðàâíåíèå îãèáàþùèõ
ëó÷åé, îòðàæåííûõ îò äàííîé êðèâîé.
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12 Îòâåòû, óêàçàíèÿ, ðåøåíèÿ
1. Âåêòîð-ôóíêöèÿ ñêàëÿðíîãî àðãóìåíòà

1. (a) 2 < ~r,~r ′ >; (b) < ~r ′, ~r ′′ > /|~r|; (c) ~r ′ × ~r ′′′

(d) (~r ′, ~r ′′, ~r (4); (e) (~r ′ × ~r ′′)× ~r (4) (f) < ~r × ~r ′, ~r × ~r ′′ > /|~r × ~r ′|.
2. à) Íåò, íàïðèìåð, ~r = (cos t, sin t).

á) Äà, èç ðàâåíñòâà ~r 2 = |~r |2 ïîëó÷àåì òðåáóåìîå ñîîòíîøåíèå.
3. Äà.
4. Äà.
5. Ïîëîæèòü ~r(t) = φ(t)~e(t), ãäå |~e(t)| = 1.

7. Ðàññìîòðåòü åäèíè÷íûé âåêòîð ~a, ïåðïåíäèêóëÿðíûé âåêòîðàì ~r′, ~r′′, ~r′′′, è
äîêàçàòü, ÷òî ~a = const.

8. Ñì. çàäà÷ó 5.
9. Ñì. çàäà÷ó 5.

13. Äîêàçàòü, ÷òî (~r × ~r ′)× ~r ′ + λ ~r
|~r | = const

14. à) Îêðóæíðñòè, öåíòðû êîòîðûõ ëåæàò íà ïðÿìîé, ïðîõîäÿùåé ÷åðåç
íà÷àëî ðàäèóñ-âåêòîðîâ, êîëëèíåàðíû âåêòîðó ~ω, à ïëîñêîñòè ýòèõ
îêðóæíîñòåé ïåðïåíäèêóëÿðíû óêàçàííîé ïðÿìîé.

á) Ïðÿìûå, ïî êîòîðûì ïåðåñåêàþòñÿ ïëîñêîñòè, ïåðïåíäèêóëÿðíûå âåê-
òîðó ~e, ñ ïëîñêîñòÿìè, ïðîõîäÿùèìè ÷åðåç ïðÿìóþ, ïðîâåäåííóþ ÷åðåç
íà÷àëî êîîðäèíàò êîëëèíåàðíî âåêòîðó ~e.

2. Ñïîñîáû çàäàíèÿ êðèâûõ
1. y3 + 2y2 − x2 = 0.

2. à) x = 2a
1+k2 , y = 2ak

1+k2 ;
á) x = a + a cos ϕ, y = a sin ϕ.

4. x = 3at
1+t3 , y = 3at2

1+t3 .

6. à) Ïàðàáîëà;
á) ÷àñòü ïðÿìîé x− y − 2 = 0, ãäå x ≥ 2.
â) îòðåçîê ïðÿìîé x

a + y
b = 1, çàêëþ÷åííûé ìåæäó îñÿìè;

ã) ïîëóîêðóæíîñòü;
ä) âåòâü ãèïåðáîëû;
å) ïðÿìàÿ x + 2y − 1 = 0;
æ) y = a ch(x/a) � öåïíàÿ ëèíèÿ;
ç) (x− a)2 + (y − b)2 = R2 � îêðóæíîñòü.

7. t = eϕ.
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10. à) x = 2at2

1+t2 , y = 2at3

1+t2 -öèññîèäà Äèîêëåñà;
á) x = a(1 + cos ϕ) cos ϕ, y = a(1 + cos ϕ) sin ϕ;

â) x = a(t2−1)
t2+1 , y = at(t2−1)

t2+1 .

11. x = a cos t, y = a sin t, z = bt;

ïðîåêöèè:
x2 + y2 = a2, y = a sin z

b , x = a cos z
b .

12.
{

x2 + y2 + z2 = R2,
x2 + y2 −Rx = 0;

íàïðèìåð,
x = R

2 (1 + cos t); y = R
2 sin t, z = R sin t

2 .

13. Íàïðèìåð,
y = x2, z = ex

14. Óðàâíåíèÿ èñêîìûõ öèëèíäðîâ:

x2 + (y − 1)2 = 1,
y

2
+ (t− z)2

15. x2 + z2 + xz + 2x + 2z + 1 = 0, y = 0

3. Êàñàòåëüíàÿ ê êðèâîé
1. (a) êàñàòåëüíàÿ 2x− y + 4 = 0, íàðìàëü x + 2y − 3 = 0;

(b) êàñàòåëüíàÿ x− a cosh t

a sh t
=

y − a sh t

a ch t
=

z − bt

b
,

íîðìàëüíàÿ ïëîñêîñòü (a sh t) x + (a ch t) y + bz − (a2 sh 2t + b2t) = 0;
(c) êàñàòåëüíàÿ x + y − 3a = 0, íîðìàëü x− y = 0;
(d) êàñàòåëüíàÿ x(x2 + y2− a2)(X −x)+ y(x2 + y2 + a2)(Y − y) = 0, íîðìàëü y(x2 + y2 +

a2)(X − x)− y(x2 + y2 − a2)(Y − y) = 0;
(e) êàñàòåëüíàÿ (sinϕ + ϕ cos ϕ)x− (cos ϕ− ϕ sin ϕ)y − aϕ = 0,

íîðìàëü (cos ϕ− ϕ sin ϕ)x + (sin ϕ + ϕ cosϕ)y − aϕ = 0;
(f) êàñàòåëüíàÿ y − a = 0, íîðìàëü x− a = 0;
(g) êàñàòåëüíàÿ x = 2, 2y − z = 0, íîðìàëüíàÿ ïëîñêîñòü y + 2z = 0;

(h) êàñàòåëüíàÿ x− 1
1

=
y − 1

2
=

z − 1
3

,
íîðìàëüíàÿ ïëîñêîñòü x + 2y + 3z − 6 = 0.

2. y = −3x− 6

3. cosϕ1 = 7
5
√

2
, cosϕ2 = 13

5
√

170
.

4. y + 3 = (4± 2
√

6)(x− 1), tanϕ = 4
7

√
6.

6. 2x + y − 5 = 0.

7. (0, 0), (8, 0).

8. x = πn, n ∈ Z; x = π
8 + πk

4 , k ∈ Z

9. (3,−15); 21
2 , 21
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10. y = x

11. b = −1, c = −1

12. a = 2, b = 0, c = 1

13. a = b

14. a = 1

17. π+ϕ
2

20. (a) (0, 0), (4, 4), π
2 , arctan 3

4

(b)
(

8
5 , 16

5

)
,
(

8
5 ,− 16

5

)
, (0, 0, ); π

4 , π
4 , π

2

24. Ïàðàáîëà

28. (−2, 12, 14), (−2, 3,−4)

29. x2 + y2 = 2a2

30. Íàïðàâëÿþùèé âåêòîð êàñàòåëüíîé

~t = grad F × grad Φ

31. (a) X−x
ay = Y−y

bx = Z−z
xy , (X − x)ay + (Y − y)bx + (Z − z)xy = 0

(b) X−x
z = Y−y

0 = Z−z
x , z(X − x) + x(Z − z) = 0

(c) x(X − x) = −y(Y − y) = z(Z − z), X
x − Y

y + Z
z = 1

4. Îñîáûå òî÷êè ïëîñêèõ êðèâûõ
2. (a) (±a, 0), òî÷êà ïåðâîãî ðîäà ñ êàñàòåëüíîé y = 0;

(b) (0,±a)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé x = 0

(c) (2πak, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíûìè x = 2πak, k ∈ Z
(d) (0, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé y = 0

(e) (0, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé y = 0

(f) (0, 0)-òî÷êè âîçâðàòà âòîðîãî ðîäà ñ êàñàòåëüíîé y = 0

4. (a) (1, 0)-óçëîâàÿ òî÷êà ñ êàñàòåëüíûìè y = ±(x− 1);

(b) (0, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé y = 0

(c) (0, 0)-óçëîâàÿ òî÷êà ñ êàñàòåëüíûìè y = ±x;

(d) (0, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé x = 0

(e) (0, 0)-òî÷êè âîçâðàòà ïåðâîãî ðîäà ñ êàñàòåëüíîé y = x

(f) (0, 0)-òî÷êè âîçâðàòà âòîðîãî ðîäà ñ êàñàòåëüíîé y = 0

(g) (0, 0)-òî÷êà ñàìîïðèêîñíîâåíèÿ ñ êàñàòåëüíîé y = 0

(h) (0, 0)-òî÷êà ñàìîïðèêîñíîâåíèÿ ñ êàñàòåëüíîé y = 0

(i) (0, 0)-èçîëèðîâàíàÿ òî÷êà.

5. 4a3 + 27b2 = 0

5. Òðåõãðàííèê Ôðåíå
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1. bx + ay + abz = 2ab

2. −ax + z = 0

3. 4x− y + z − 9 = 0

6. 3x + 3y + z + 1 = 0, 3x− 3y + z − 1 = 0, 108x− 18y + z − 216 = 0

7. (a) x

1
=

y

−4
=

z − 1
−1

- ãëàâíàÿ íîðìàëü;

x

2
=

y

1
=

z − 1
−2

- áèíîðìàëü;

(b) x− 1
11

=
y − 1

8
=

z − 1
1

- ãëàâíàÿ íîðìàëü;

x− 1
3

=
y − 1
−3

=
z − 1

1
- áèíîðìàëü;

(c) x− 1
31

=
y − 1
26

=
z − 1
−22

- ãëàâíàÿ íîðìàëü;

x− 1
6

=
y − 1
−8

=
z − 1
−1

- áèíîðìàëü;

(d) x− 1
3

=
y − 1

3
=

z − 1
−1

- ãëàâíàÿ íîðìàëü;

x− 1
2

=
y − 1

2
=

z − 1
−3

- áèíîðìàëü;

8. (1, ln 2,−4)

10. Êàñàòåëüíàÿ: x− a cos t

−a sin t
=

y − a sin t

a cos t
=

z − bt

b
,

Íîðìàëüíàÿ ïëîñêîñòü: (a sin t)x− (a cos t)y − bz + b2t = 0

Áèíîðìàëü: x− a cos t

b sin t
=

y − a sin t

sin t
=

z − bt

0
,

Ñîïðèêîñàþùàÿñÿ ïëîñêîñòü: b sin tx− b cos ty + az − abt = 0,

Ãëàâíàÿ íîðìàëü: x− a cos t

cost
=

y − a sin t

sin t
=

z − bt

0
,

Ñïðÿìëÿþùàÿ ïëîñêîñòü: x cos t + y sin t− a = 0;

~τ =
1√

a2 + b2
(−a sin t, a cos t, b), ~ν = (− cos t,− sin t, 0),

~β =
1√

a2 + b2
(b sin t,−b cos t, a)

11. Êàñàòåëüíàÿ x− 1
1

=
y − 1
−2

=
z − 1
−3

,

íîðìàëüíàÿ ïëîñêîñòü x− 2y − 3z + 4 = 0,

áèíîðìàëü x− 1
1

=
y − 1

2
=

z − 1
−1

,

ñîïðèêàñàþùàÿñÿ ïëîñêîñòü x + 2y − z − 2 = 0,

ãëàâíàÿ íîðìàëü x− 1
4

=
y − 1
−1

=
z − 1

2
,

îïðÿìëÿþùàÿ ïëîñêîñòü 4x− y + 2z − 5 = 0.

6. Äëèíà äóãè
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1. a) s =
1
27

[(4 + 9x2)3/2 − (4 + 9x1)3/2];

á) s =
1
2
(x2

√
1 + 4x2

2 − x1

√
1 + 4x2

1) +
1
4

ln
2x2 +

√
1 + 4x2

2

2x1 +
√

1 + 4x2
1

;

â) s =
a

2
(t22 − t21);

ã) s = a(ln sin t2 − ln sin t1), ãäå 0 < t1, t2 ≤ π

2
èëè π

2
≤ t1, t2 < π.

2. à) s = ln tg 750;

á) s = 15
4 + ln 2;

â) s = 1
2 (ch 4− ch 0);

ã) s = 48a.

3. s =
√

a2 + b2 t

4. s = 8a
√

2

5. s = 9a

6. ds2 = (r2 + r′2)dϕ2

7. s = a
√

1+m2

m em(ϕ2−ϕ1)

8. à) s = 8a

á) s = 16
3 a

9. ds2 = dr2 + r2dθ2 + r2 sin2 θdϕ2

10. ds2 = dr2 + r2dϕ2 + dz2

11. x = R cos S
R , y = R sin S

R

12. x = a arcsh( s
a ), y =

√
a2 + s2.

13. x = a cos
s√

a2 + b2
, y = a sin

s√
a2 + b2

, z =
bs√

a2 + b2

7. Êðèâèçíà è êðó÷åíèå
1. à) k = a

y2 ,κ = 0;

á) k =
√

p

(p+2x)
3
2

= p2

(y2+p2)
3
2
,κ = 0;

â) k = ab

(a2 sh2 t+b2ch2t)
3
2
,κ = 0;

ã) k = 1
4a| sin t

2
| ,κ = 0;

ä) k = κ = 2t
(1+2t2)2

;

å) k = 3
25 sin t cos t

,κ = −4
25 sin t cos t

;

æ) k =
2
√

1+36y4+64y6√
(1+4y2+16y4)3

,κ = 12y
1+36y4+64y6 ;

ç) k = a
a2+b2

,κ = − b
a2+b2

;
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3. à) k = r2+2r′2−r′r′′
(r2+r′2) 3

2

;

á) k = ∂
∂x

Fx√
F 2

x+F 2
y

+ ∂
∂y

Fy√
F 2

x+F 2
y

.

4. (a) k = 1
r
√

1+h2

(b) k = 3
4a| cos(ϕ/2)|

(c) k = a4b4

(b4x2+a4y2)3/2

(d) k = ab
(a2−εx2)3/2

5. k = − 15√
2197

6. a) x + y − z = 0 b) x− 4y − 2z + 3.

8. Ôîðìóëû Ôðåíå

8. 32
9k

9. Íàòóðàëüíûå óðàâíåíèÿ ëèíèé

2. (a) (27s + 8)2 =
(
4 + 9 36R2

(27s+8)2

)3

(b) s = sec α + ln tg(α/2), k = sin α cos2 α, ãäå tg α = x

(c) R2 = 2as

(d) k = −κ = a
2a2+s2

(e) k = −κ = c
√

2
4c2+s2

3. x =
∫

cosα(s)ds, y =
∫

sin α(s)ds ãäå α � óãîë íàêëîíà êàñàòåëüíîé ê êðèâîé ê îñè
àáñöèññ.

4. (a) îêðóæíîñòü ðàäèóñà 1/a åñëè a 6= 0, è ïðÿìàÿ, åñëè a = 0

(b) ëîãàðèôìè÷åñêàÿ ñïèðàëü
(c) x = α sin α + cosα + C1, y = sinα− α cos α + C2

5. (a) x = a
2 eα(sin α + cosα), y = a

2 eα(cos α− sin α) � ëîãàðèôìè÷åñêàÿ ñïèðàëü
(b) x = a(α sin α + cos α), y = a(sinα− α cos α) � ýâîëüâåíòà îêðóæíîñòè
(c) x = a ln tg(π/4 + α/2), y = a

cos α � öåïíàÿ ëèíèÿ
(d) x = −a

4 (1− cos 2α), y = −a
4 (2α− sin 2α)

10. Îãèáàþùàÿ ñåìåéñòâà ïëîñêèõ êðèâûõ
1. (a) Ïðè C 6= 0 � ñåìåéñòâî ýëëèïñîâ, îäíà èç îñåé êîòîðûõ ðàñïîëîæåíà íà îñè Ox.

Âñå ýëëèïñû êàñàþòñÿ îñè Oy â íà÷àëå êîîðäèíàò. Îãèáàþùàÿ y = ±1. Ïðè C = 0
ïîëó÷àåì îñü Ox, ïðè C → ±∞ ïîëó÷èì îñü Oy

(b) Ïðè C = 0 � ïàðà ïðÿìûõ x = 0, x − 2y = 0. Ïðè C 6= 0 � ïîäîáíûå ãèïåðáî-
ëû, àñèìïòîòû êîòîðûõ ïàðàëëåëüíû óêàçàííûì ïðÿìûì. Öåíòðû ãèïåðáîë (C, C)
çàïîëíÿþò áèññåêòðèññó x− y = 0. Îäíà èç âåòâåé êàñàåòñÿ îñè Ox â íà÷àëå êîîð-
äèíàò. Ïðè C → ±∞ ïîëó÷èì ïðÿìóþ y = 0. Îãèáàþùåé íåò.
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2. (a) x = 0, y = 0

(b) x2 + y2 = p2

(c) îãèáàþùåé íåò
(d) 9x− 9y − 2 = 0

3. Ãèïåðáîëû xy = ±ρ
2

4. Àñòðîèäà x2/3 + y2/3 = a2/3

5. Öèêëîèäà

6. Òî÷êè îãèáàþùåé äîëæíû óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé

F (x, y, α, β) = 0, ϕ(α, β) = 0,
D(F,ϕ)
D(α, β)

= 0

7. (a) ×åòûðå ïðÿìûå x = ±y = ±1

(b) ×åòûðå ïðÿìûå ±x = ±y = 1

(c) x2/3 + y2/3 = α2/3, ãäå α = a + b

(d) √x +
√

y =
√

c, ãäå c = a + b

8. (a) X = a2−b2

a
cos3 t, Y = b2−a2

b
sin3 t;

(b) X = a2+b2

a
ch3 t, Y = b2+a2

b
sh3 t;

(c) X = −4x3, Y = 1
2

+ 3x2;

(d) X = 2x + 1
x
, Y = ln x− x2 − 1.

9. X = a(cos t+(t−c) sin t), Y = a(sin t−(t−c) cos t), ãäå c - ïàðàìåòð ñåìåéñòâà
ýâîëüâåíò.

10. X = a(ln tan t
2

+ cos t), Y = a sin t - òðàêòðèññà.

11. X = t
2

+ 2√
t2+4

[c− ln(t +
√

t2 + 4)], Y = t√
t2+4

[c− ln t +
√

t2 + 4].

12. R2 = R(R′2 + RR′′) , ãäå R = 1
k
- ðàäèóñ êðèâèçíû èñõîäíîé êðèâîé.

11. Ðàçíûå çàäà÷è
1. Ñì. [2, ñ.43].

2. Ïóñòü òî÷êå P ñîîòâåòñòâóåò çíà÷åíèå íàòóðàëüíîãî ïàðàìåòðà s, à òî÷êå p′ çíà÷åíèå
s + l. Ñ òî÷íîñòüþ äî çíàêà

ω(s) =< ~r(s + l)− ~r(s), ~ν(s) > .

Ó÷èòûâàÿ, ÷òî ω(s) = const, ~τ , (s + l) = −~τ , (s) è k(s) > 0, ïîñëå äèôôåðåíöèðîâàíèÿ
ïîëó÷èì

< ~r(s + l)− ~r(s), ~τ (s) >= 0.

3. Ïðèìåíèòü ðåçóëüòàò çàäà÷è 1 è ôîðìóëû Ôðåíå.
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5. Òàê êàê dθ
ds = k > 0, òî θ(s) - ìîíîòîííàÿ ôóíêöèÿ íà ïðîìåæóòêå [0, L]. Ñëåäîâàòåëüíî,

îâàë ìîæíî ïàðàìåòðèçîâàòü óãëîì θ. Ïóñòü ~ρ(θ) - òàêàÿ ïàðàìåòðèçàöèÿ îâàëà. Òîãäà
~r(s) = ~ρ(θ(s)), ïðè÷åì θ ∈ [0, 2π]. Ñëåäóåò ïîìíèòü, ÷òî â ïàðàìåòðèçàöèè θ ïðîòè-
âîïîëîæíûì òî÷êàì îâàëà ñîîòâåòñòâóþò çíà÷åíèÿ θ è θ + π. Ïîýòîìó øèðèíà îâàëà
ω(θ) =< ~ρ(θ + π) − ~ρ(θ), ~ν(θ) >, ãäå ~ν(θ) = ~ν(s(θ)) - åäèíè÷íûé âåêòîð íîðìàëè îâàëà
â òî÷êå, ñîîòâåòñòâóþùåé θ. Ïóñòü ~τ , (θ) = ~τ , (s(θ)) - åäèíè÷íûé êàñàòåëüíûé âåêòîð.
Èñïîëüçóÿ ôîðìóëû Ôðåíå, íàéäåì:

~τθ
′ = ~τs

′ ds

dθ
= ~ν(s(θ))k

1
k

= ~ν(s(θ)) = ~ν(θ).

Òàêèì îáðàçîì, ω(θ) =< ~ρ(θ + π)− ~ρ(θ), ~τθ
′ >. Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì:

2π∫

0

ωdθ = −
2π∫

0

< ~ρθ
′(θ + π)− ~ρθ

′(θ), ~τ(θ) > dθ.

Òàê êàê ~r(s) = ~ρ(θ(s)), òî ~rs
′ = ~ρθ

′k, à òàê êàê ~r(s + l) = ~ρ(θ(s) + π), òî ~rs
′(s + l) =

~ρθ
′(θ + π)k. Íî ~r ′(s + l) = −~r ′(s). Ïîýòîìó ~ρθ

′(θ + π) = − ~ρθ
′(θ).

Çíà÷èò,
2π∫
0

ωdθ = 2
2π∫
0

< ~ρθ
′, ~τ(θ) > dθ =

= 2
2π∫
0

< ~ρ′s
ds
dθ , ~τ(s(θ)) > dθ = 2

L∫
0

< ~rs
′, ~τ(s) > ds = 2L.

8. Ïóñòü R(s) = 1
k(s) - ðàäèóñ êðèâèçíû êðèâîé. Òîãäà ðåçóëüòàò çàäà÷è 11.7 ìîæíî ïåðå-

ïèñàòü â âèäå

κR = −
(

R′

κ

)′
.

Òàêèì îáðàçîì,êðèâàÿ ~r = ~r(s) - ñôåðè÷åñêàÿ òîãäà è òîëüêî òîãäà, êîãäà R(s) óäîâëå-
òâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

κR′′s − κ′R′ + κ3R = 0 (∗)

Òàê êàê ïî óñëîâèþ κ 6= 0, òî ôóíêöèÿ α(s) =
∫ s

0
κ(s)ds ìîíîòîííà

(
dα
ds = κ

)
. Ñëåäîâà-

òåëüíî, ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ s = s(α). Â óðàâíåíèè (*) ïåðåéäåì ê ïàðàìåòðó
α:

R′s = R′α
dα
ds = R′ακ(s);

R′′s = R′′ακ2 + R′ακ′;
κ (R′′ακ2 + R′ακ′)− κ′R′ακ + κ3R = 0;

κ3 (R′′α + R) = 0

Çíà÷èò, êàê ôóíêöèÿ îò α, R óäîâëåòâîðÿåò óðàâíåíèþ R′′ + R = 0 , îáùåå ðåøåíèå
êîòîðîãî

R = A cosα(s) + B sin α(s),

÷òî è òðåáîâàëîñü äîêàçàòü.

10. Ñì [4, c.85].

11. Ìîæíî âûáðàòü ïîñòîÿííûé âåêòîð ~n òàê, ÷òîáû 〈~τ , ~n〉 ≥ 0, è òîãäà ôóíêöèÿ f(s) =
〈~r(s), ~n〉 íå óáûâàåò.Íî òàê êàê f(s)- ïåðèîäè÷åñêàÿ, òî f(s) = const.Ñëåäîâàòåëüíî,
〈~τ(s), n〉 = 0 òîæäåñòâåííî ïî s.
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12. Ñì [4, c.83].

13. Ñì [4, c.82].

14. Ïðèìåíèòü íåðàâåíñòâî Ôåíõåëÿ.

15. Ñì [4, c.97].

16. Îáîçíà÷èì ðàäèóñ-âåêòîð èíäèêàòðèññû ÷åðåç ~r1. Òîãäà ~r1 = ~τ , îòêóäà d~r = ~r1
ds
ds1

ds1.

Ïîëàãàÿ ds
ds1

= φ(s1), ïîëó÷èì: d~r = ~r1φ(s1)ds1. Òàêèì îáðàçîì, ~r =
∫

~r1(s1)φ(s1)ds1.

24. Êîíóñ ñ âåðøèíîé â öåíòðå ñôåðû, íà êîòîðîé ðàñïîëîæåíà äàííàÿ êðèâàÿ.

25.

k =
P

(
Q∂Q

∂x − P ∂Q
∂y

)
+ Q

(
P ∂P

∂y −Q∂P
∂x

)

(P 2 + Q2)3/2

26.
h =

|~τ∆s×∆~r|
∆s

28. à) Äîêàçàòü, ÷òî ds∗ = (1± ka)ds;
á) ñì. [5, c.67].

29.
{

x = (h + a) cos α− h′ sin α,
y = h′ cosα + (h + a) sin α.

32. ~R(s) = ~r(s) +
< ~r, ~ν >

2k|~r|2− < ~r, ~ν >
(− < ~r, ~τ > ~τ+ < ~r, ~ν > ~ν) Óêàçàíèå: ñåìåéñòâî îòðàæåí-

íûõ ëó÷åé ìîæíî çàäàòü óðàâíåíèåì ~R(s, t) = ~r(s) + t~ρ(s) , ãäå s - ïàðàìåòð ñåìåéñòâà,
ρ(s) = − < ~r, ~τ > ~τ+ < ~r, ~ν > ~ν.

33. ~R(s) = ~r(s) +
< ~e, ~ν >

2k
(−~τ < ~e, ~τ , > +~ν < ~e, ~ν >)
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