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CBOMCTBA B LIEJIOM KPUBBIX B TPEXMEPHOM EBKJIMIOBOM
NPOCTPAHCTBE, CBA3SAHHBIE C KPYUEHHMEM

10, A, Aumunos

Xapreros

[Tosenenne mpocTpaHCTBEHHON KPHEOH B 3aBHCHMOCTH OT YCJOBHI,
HalaraeMblX Ha KDHBHSHY H KpydYeHHe, HCCJEINOBajJCCh MHOTHMH apTo-
pami. B uacTHOCTH, paccMaTpHBAJCs BONPOC O HEOTPAHHYEHHOCTH KpH-
Boil. B pa6orax [I, 2] ycTaHoBJeHBl AOCTATOYHBLIE YCJOBHS HEOTPAHH-
YEHHOCTH B MPOCTPAHCTBE KPHEOH C NEPHOJHYECKHMH KDPHBH3HOH H
Kpy4YeHHeM.

B sroii cTaThe paccMaTpHBAETCH CJEAYIONIEE: B KAKOM  cayuae
KpHBas OECKOHEYHOH NJHHB € Kpydenuem x > const >0 u goxanbeo
BBINYKJION NPOeKUHed HeorpaHHueHa B NPOCTPAHCTEE?

Teopema 1. Ecau peeyrapran «spueaa T OGeckomeurod daumst
usteern kpususny k>0, rpyvenue » > const =0 u pacnosowera wa
BAMKHYMON CMPo2o 6HINYKAOM WUAUHOPe, MO OHG HEO2PAHUNENA
& npocmpascmee.

B n. 3 crpourcs npHMEp 2aMKHYTOH KpHBOII ¢ KpydeHimeM x >
=%y >0 U MOKaJBHO BHINYKJOH mnpoekunedl, Pagumyc KpHBHSHHI mpo-
eKUHH p yIOBJeTBOpsieT HepaBeHCTBaM 0<C py << p << py (%g, pye 03—
nmocTosiHHbIE). OnHAKO, €caH MOCTOSAHHAA *, BEJHKA, TaKoi npHMep
nesosmoxken. Mmeer mecro

Teopema 2. [lycm» xpueas I OGeckoneunod Oaunpt pesy1apHo
NPOEKMUPYEMCA 6 AOKAALHO BBINYKAYID Kpueyw | ¢ Kkpusustod (<

< % < const. fMycms y kpueoid T kpyuenue » > %E ?IF- . Torja kpupas

HEOZPAHUMEHA 6 NPOCHPAHCHIGE.

3ameTHM, YTO KpHBas He 06f3aHA TNOAHMMATHLCSA MOHOTOHHO BEEpX,
Jla’ke ec/i ee KpyueHHe TNOJOMKHTEJNbHO H OHa pacioJioXKeHa Ha Bhi-
nykJaoM unaHHApe, Hanpumep, xpupasm x = coso, y=sing, z=¢ —
— 2sin¢ HMeer GECKOHEYHO MHOTO JIOKAJLHBIX MAKCHMYMOB H MHHH-
MYMOB KOMIMOHEHTH! 2. B To ke Bpema ee Kpyuenne « = 1/(6 4- 4 cos ¢) >
> 0,1. Ho kommonenta 2z Gymer umerb ne GoJee ABYX SKCTPEMYMOB

ec/iH xp ;;%. Tie p-—pagHyc KpPHBH3HE  [POSKUHH. 3HauyeHHe



1 i
GeapasMepHOit BeTHYHHBL %p = & B HEKOTOpOM poOJie¢ KDHTHUeCKOe i

1
nopenenns Kpupoil. Ecii p 2> 5, TO HA pasBepTKe LHJIMHAPA KpHBAA

' Gyger muverh He Oojiee JBYX TOUeK meperuGa, u QyHKuMA 2y, —
propasi TPOM3BOJHAA KOMIOHeHTH 2 1O JjmHe Ayrd I'—npu nocra-

. 1
rouno GoabIHX S He MeHser sHaka. Ecam e infwp < 5 —e, rIE

e > (0—cKOAb YrOfHO Majioe 4HCA0, TO (YHKUHA 2z, MOMET ObITh
ocummpytomedi. Hanmpuwmep, KpHpasd Ha Kpyrosodm UHIHHIpE X =

= cosp, §=sing, z=9—0sing HMEeT KpyyeHue x > 1/(2+ 20 +
L p?), MHHHMYM KOTODOTO NpH MaoM b Majo OTJIHYaeTCS a*r-é— . DyHK-

wHs 2, MPONOPUHOHANBHAS 2y, = bcos g, ocumninpyer. [lnA nokasa-

TeJbCTBA HEOTPAHHYEHHOCTH KPHBOH MOMKHO HECKOJIBKO CHUSHTL 3Ha-
|

ueHHe xp = -, OFPAaHHYHB, OIHAKO, KPHBH3HY NPOEKLHH CBEPXY H

CHH3Y.

Teopema 3. [Tyems kpucas T' ¢ OGeckoneunold OAuHOL U Kpyde-
HUEM % UMEEm AOKAABHO GHNYKAYW MPOEKUUID, Paduyc KPHEUSHBL KO-
mopoti p ydosaemsopaem wepasencmsam 0 <<p, <p < pilpy 4 p1—
nocmosntbie). [lycms

(FPL)E e < inf xp.

Va2Vae

Toeda wpucas T' HeozpanudeHa 6 NPOCMPAHCITIGE.

Ecmu p; 61HM3KO K p,, TO NMOCTOAHHAA cJepa Oyner MEHBLLIE%.

1. Jloxazateanctso Tteopemul. 1. Ilpexne BCero sameTHM,
yTo W3 ycioBHil k== 0, x = 0 ¥ BBRINYKJOCTH UHJHHIPA CJeiyeT, 9TO
KpHBaa He Kacaercs ofpasylomell WWIMHApPa. B mnpoTHBHOM caydae
B TOUKE Kacauus rjasHas HOpMaab OyJeT KacaTbCa WHAHHApa H O-
HOpPMA/Ib TOfIeT Mo HOpMaiH K UHAHHAPY. [losTomy mpoekims KPHBOI
KA NJOCKOCTh KacaTeMbHOH H OHMHOPMAJH B OKPECTHOCTH TOYKH Kaca-
Hust GyNeT BHIMYKJOR KpHBOH, YTO NPOTHBOPEUHT BHIY NPOEKUNH
kpusoii ¢ k50 u » < 0 (cm., nmanpmmep [3, crp. 61]). Ilyere 7, (£)—
MJIOCKAA KPHBAsd, JIEKAINAd B MJAOCKOCTH, OPTOrOHANBHOH K IHAHHADY,
¢ AauHOfL AYrH I e-— HOCTOAHHBIH eNUHHYHKLIN BeKTOp, HAllpaBJeH-
Heiil mo obpasyiomedi nmwmnapa, Kpusyio I' mpejacraguM B BHIE

r)=r,(O+z@0)e,

roe z(f)— B CHIy Bhllle CKa3aHHOro pery/apHas QyHKuua. OG03HAUYHM
sepes 1/p kpuBu3Hy r,(f). Ilo ycaosmio Teopemst 1/p > 0. Mcenoap-
3yeM BhIpaXKeHHe s r (f) 4 GOpMyJNy AAA KpPYyYeHHHA
s (r'r'r™
Lot T



B KOTOpOii BO3tMeM B KauecTee napamerpa f{. Torjga nouydsm
B ]- - I g & I "o r J'
ZF_E 5 +EF E’.”p—l-zp'-l-E?
* = = . (1)
I o 142" 4 z"2p2
st + d
p* P
TAe IITpHXaMH OG03HAYEHLI NMPOH3BOXHLIE 10 £.

[lyers ¢ — yron, KoTopwifi cocTaBnasfer KacareqapHas K 7y (f) ¢ He-
KOTOpLIM (PUKCHDOBAHHBIM HANpPABJEHHeM B TJIOCKOCTH KDHBOf, TOTIa
difdp =p. Tak xax 1/p >0, MOXKHO NpHHATL ¢ 3a Napamerp Ha
Kpupoii r,. OGoswaumm 2z = W,. Ina stoii yHKumM cocTaBmM Hud-
(epenuHaipHoe ypaBHeHne. Mmeem

dt "
Wop = 2"p" + 2" pp’.
Henonwssya sti Beipaxenus u (1), maxogmm ypasuenue nas T
v+ 7 _
| 4+ W2 4 wg
Ilokakem, uro kpueaa I' menaer GecKOHeuHOe YHCJIO BHTKOB MO
LHAHHADY .

Jdesmma 1. Ecou kpueas T pacnoaodcena Ha cmpoco esinyKiom
yuAUROpe ¢ OCHOGBAHUEM | He Kacaico obpasyroujed, mo umeem mecto

Sudsl{x—kg-?-. 3)
T 1

Ma stoif nemmsr criepyer, uTo aaa JuoGoft KPHBOI Ha BHIMYKJIOM
LWIHHAPE, KOTOpas IepecekaeTcsl ofpasyiouiell UHIHHApa He GoJee
OLHOrO pasa,

IIS *xds‘ < 3w,

Iaa noxasarenbetBa (3) mpoBeneM naNbHERLIHe MpeofpasoBaHHs HAI
BhipakeHuem (2)

T 11)12 o |
o P P ‘| L
IP_1+W“(1+1+‘FE' + 14wt 4wl
- 1 d Tw T
= Vwﬁarctg VW-{- e (4)

3ametum, uto p )/ 1 4- 2" do = ds — ssemenT nauHbl ayru KpHeoi T.
YMHOMHM TpaByl0 H jeBylo "acTb (4) wa 1+ % u npounterpu-
pyem no ¢. Ecmn P, n P, —Touku kpupoii I' u P; n P/ — coorser-
CTBYIOLIHE TOUKH KPHBOIl r,, TO MOJyYHM

r

£y 2y

I df et
5. wds — ._E‘ VL—.TM = E.I"L':tg llr@f]/ri. |- \r2 [E; . (5}
Pg P.E'



Tak Kak KacatesbHasa I' e opTOroHanbHa TJIOCKOCTH KPHBOI 7,
TO JieBaf YacTh STOrO YpaBHeHHA IO Mojy/io meHbme = Orciona
crenyer nepapenctso (3). ITycrs Teneps T' GECKOHeYHOH IJTHHBLI H % =
>x, >0, rae %, =const. Torna jJHHA ee INPOEKIHH TaKke GeCKo-
Heuna. JleficTBHTe/bHO, B NPOTHBHOM Caydae, Tak Kak 1/p ~0 u up-
JHHOP 3aMKHYT, HMeeMm

5 f:-f < const,

re uurerpan Geperca mo npoekuwid. Hemonpsya (3), moayuaem

L7 5 ds << = -~ const,
1

7. e. pansa ' takoke Obiia Obl orpannuena. Mrak, wpusas I' mpoek-
Tipyerca B GeCKOHEYHOE YHCJO BHTKOB 7.

Sanmevanue. Ecim Kpusan I' samMguyTa, a KpHBas r, JOKaJAbHO
BHITYKJ1A C HHAEKCOM m, To us (4) cuaegyer

| S vds ] < Snm.
I

IManee ucnosibayeMm ypaBHeHue (2), sanicas ero B BHJE
Weo +- ¥ = pQ (¢), Qe) ==(1 + 12+ Ty). (6)

M3 Teopun auddepenunatbablx ypasHenni caeayer, uro I MOMKHO Ipea-
CTaBHTh TaK:

¥ (g) = f sin (g; — ¢) Q (¢) pde + Acos g, -+ Bsin g,
L

rie A m B — npoussonbusle nocrofHusle. Hauwamo koopamuat nomec-
THM B TOUKy Kpupoi r,. Koopauxatel paguyc-sBektopa r, ={x, ¥}
MOXKHO 3anucaTb B BHIE

i i
x(t) = | cosg (@) de, y(t)=|sing@)ds,
i 0
rae ©— Apyroe ofosnayenue NIHHB Iyru r,. Ilycre [ — nanHa Beeit

kpueod r,. Tomoxum ¢, =¢(f), p=19(x) 1 Q (¢ () = Q(z). 3ame-
THM, 4T0 pdy = dr. Tak Kak KpHBas r, 3aMKHYTa, NpHpalleHHe Koop-
anHathl z KpuBoii I' nocsie oaHOKparHoro ofxona KpuBoi r, Gyner
TAKHM:

{ i
de = (WO at = Q@[ [ sin e () —e () ar] ds =

= 5 Q ()W () x () —x (=) y () dr.
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